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Abstract

An efficient and reliable method for the prediction of outputs of interest of partial differential
equations with affine parameter dependence is presented. To achieve efficiency we employ
the reduced-basis method: a weighted residual Galerkin-type method, where the solution is
projected onto low-dimensional spaces with certain problem-specific approximation proper-
ties. Reliability is obtained by a posteriori error estimation methods — relaxations of the
standard error-residual equation that provide inexpensive but sharp and rigorous bounds for
the error in outputs of interest. Special affine parameter dependence of the differential opera-
tor is exploited to develop a two-stage off-line/on-line blackbox computational procedure. In
the on-line stage, for every new parameter value, we calculate the output of interest and an
associated error bound. The computational complexity of the on-line stage of the procedure
scales only with the dimension of the reduced-basis space and the parametric complexity
of the partial differential operator; the method is thus ideally suited for the repeated and
rapid evaluations required in the context of parameter estimation, design, optimization, and
real-time control.

The theory and corroborating numerical results are presented for: symmetric coercive
problems (e.g. problems in conduction heat transfer), parabolic problems (e.g. unsteady
heat transfer), noncoercive problems (e.g. the reduced-wave, or Helmholtz, equation), the
Stokes problem (e.g flow of highly viscous fluids), and certain nonlinear equations (e.g.
eigenvalue problems).
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Chapter 1

Introduction

1.1 Overview

In engineering and science, numerical simulation has an increasingly important role. The
systems or components in consideration are often modeled using a set of partial differential
equations and related boundary conditions; then, a discrete form of the mathematical prob-
lem is derived and a solution is obtained by numerical solution methods. As the physical
problems become more complicated and the mathematical models more involved, current

computational resources prove inadequate.

Especially in the field of optimization or design, where the evaluation of many different
possible configurations is required — corresponding to different choices of the design pa-
rameters, — even for modest-complexity problems, the computational cost is unacceptably
high. Especially for design problems we resort to more traditional approaches: the design
goals and constraints are prescribed, and then empirical or semi-empirical approaches are
employed to solve the design problem. Numerical simulation is used at the final stages only,
as a validation tool. In this case, the results are oftentimes less than satisfactory, relying on
crude assumptions, intuition or even luck. To more efficiently utilize the existing computa-
tional resources, reliable methods that reduce the complexity of the problem while at the

same time preserve all relevant information, are becoming very important.
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1.1.1 Input-Output relationship

Central to every design, optimization, or control problem is the evaluation of an “input-
output” relationship. The set of input parameters p, which we will collectively denote as
“inputs,” identify a particular configuration of the system or component. These inputs
may represent design or decision variables, such as geometry or physical properties — for
example, in optimization studies; control variables, such as actuator power — for example
in real-time applications; or characterization variables, such as physical properties — for
example in inverse problems. The output parameters s(u), which we’ll collectively denote
as “outputs,” are performance indices for the particular input u — for example maximum
temperatures, stresses, flow rates. These outputs are typically expressed as functionals
of field variables associated with a set of parametrized partial differential equations which
describe the physical behavior of the system or component. Then we are interested in
calculating the outputs s(u) = F(u), for many different inputs/configurations p chosen from
a parameter space D C RY (P is the number of input parameters). Here, F encompasses

the mathematical description of the physical problem.

I F(p) s()
BlackBox

Figure 1-1: Input-Output relationship.

For the evaluation of F the underlying equations have to be solved. Usually, an analyt-
ical solution is not easy to obtain, rather a discretization procedure like the finite-element
method, is used; then F is replaced by F},, a discrete form amenable to numerical solution.
The basic premise, is that as the discretization “length” h — 0, then F;, — F, and conse-
quently sp(pn) — s(u), Vu € D but as h — 0 the cost of evaluating F;, becomes prohibitive.
Especially in the context of design, control, or parameter identification where “real-time”
response or many “input-output” evaluations are required, a balance between computational

cost and accuracy/certainty is essential.
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1.1.2 Computational Method

Identifying the problem in the high dimensionality of the discrete problems, model-order
reduction techniques have been developed. The critical observation is that instead of using
projection spaces with general approximation properties — like in finite-element or wavelet
methods — we choose problem-specific approximation spaces and use these for the dis-
cretization of the original problem. Using such spaces, we can hope to construct a model
that represents with sufficient accuracy the physical problem of interest using a significantly
smaller number of degrees of freedom. Depending on the choice of the global approximation
spaces many possible reductions are available.

The computational methods developed in this work permit, for a restricted but important
class of problems, rapid and reliable evaluation of this partial-differential-equation-induced
input-output relationship in the limit of many queries — that is, in the design, optimization,
control, and characterization contexts. In designing new methods, certain qualities must be

considered:

e Ffficiency is crucial for the problems in consideration. To achieve efficiency, we shall
pursue the reduced-basis method; a weighted-residual Galerkin-type method, where
the solution is projected onto low-dimensional spaces with certain problem-specific

approximation properties.

e Relevance. Usually in a design or optimization procedure we are not interested in
the field solution or norms of it, but rather in certain design measures such as the
drag coefficient in the case of flow past a bluff body, or the average temperature on a
surface in the case of heat conduction. The methods developed as part of this work
give accurate approximations to these outputs of interest, defined as functional outputs

of the field solution.

e Reliability. To quantify the error introduced by the reduced-basis method, a posteriori
error analysis techniques must be invoked. A crucial part of this work is the develop-
ment of procedures for obtaining rigorous and sharp upper and lower bounds directly

for the outputs of interest.
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1.2 Model Problem

To motivate and illustrate the various aspects of our method we consider the problem of
steady-state heat conduction in a thermal fin. In this section, using the model problem, we
present the main ingredients of the method, compare with more traditional approaches, and

present some indicative results.

1.2.1 Problem Description

Consider the thermal fin, shown in Figure Bi
. . [ k ' ! 1
1-2, designed to effectively remove heat from e o S I
a surface. The two-dimensional fin consists T - |
3 ! [ 3
of a vertical central “post” and four horizon-
tal “subfins”; the fin conducts heat from a | Tk I
prescribed uniform flux “source” at the root,
Qo
[T kq ! ! Q [ T Ja
[oot, through the large-surface-area subfins  —— — — — | [F— — — — — 1|—L
B
to surrounding flowing air. -
root

The fin is characterized by a seven com-

ponent parameter vector or “input”, p = Figure 1-2: Two-dimensional thermal fin
(phyp?, . pw"), where p =k, i =1,...,4,
1’ = Bi, u® = o, and p” = 3; p may take on any value in a specified design space D C R".
Here k; is the thermal conductivity of the i** subfin (normalized relative to the post con-
ductivity k; = 1); Bi is the Biot number, a non-dimensional heat transfer coefficient re-
flecting convective transport to the air at the fin surfaces; and « and 3 are the thick-
ness and length of the subfins (normalized relative to the post width). The total height
of the fin is fixed H = 4 (relative to the post width). For our parameter space we choose
D =10.1, 10.0]4 x [0.01,1.0] x [0.1,0.5] x [2.0 x 3.0], that is, 0.1 < k; < 10.0, i =1,...,4 for
the conductivities, 0.01 < Bi < 1.0 for the Biot number, and 0.1 < o < 0.5, 2.0 < 3 < 3.0
for the geometric parameters.

We consider two quantities of interest or “outputs”. The first output is Tio0t, the average

temperature at the root of the fin normalized by the prescribed heat flux into the fin root. The
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particular output relates directly to the cooling efficiency of the fin — lower values of Tio0t
imply better performance. The second output is the volume of the fin, V', which represents
weight and material cost — lower values are preferred. In general, better performance —
lower temperature — requires larger fin volume (e.g., larger o)) or materials with higher
conductivity; in both cases the production cost of the fin would increase accordingly. Hence

there are design trade-offs that must be investigated.

1.2.2 Governing Equations

The temperature distribution (), is obtained by solution of the following elliptic partial
differential equation:

—k; V2u;(u) =0in Q;, i =0,...,4, (1.1)

where V? is the Laplacian operator, and w;(p) = u(p)

q, refers to the restriction of u(pu)
to €;. Here €; is the region of the fin with conductivity k;, ¢ = 0,...,4: € is thus
the central post, and €);, ¢ = 1,...,4, corresponds to the four subfins. We must also

ensure continuity of temperature and heat flux at the conductivity-discontinuity interfaces

[ =00,n08Q;, i =1,...,4, where 0€2; denotes the boundary of €;:

uo(p) = uilp)
—(Vuo(p) - 1) = —ki(Vui(p) - 7;)

OnFi, Zzl,,4,

here n; is the outward normal on 0€2;. Finally, we introduce a Neumann boundary condition
on the fin root:

—(Vug(p) - o) = —1 on Tyoer,

which models the heat source; and a Robin boundary condition:

—kZ(VUZ(M) . TALz) = Bi UZ(,LL) on Fexti7 1= 0, ce ,4,

which models the convective heat losses. Here I'ey; is that part of the boundary of §;

exposed to the fluid.
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For every choice of the design parameter-vector i — which determines the k;, Bi, and also
the fin geometry through o and 3 — solution of the equations above yields the temperature
distribution u(u). The average temperature at the root, Tioe, can then be obtained from

s(p) = Troor = £9(u(p)), where

) = /F v, (1.2)

(recall T'ot is of length unity). The volume, V', can be calculated using a simple algebraic

relationship V(u) = 4 + 8af.

The thermal fin problem exercises many aspects of our methods as there is a relatively
large number of input parameters that appear in the problem equations and boundary condi-
tions. The variations in geometry are treated in an indirect way by mapping the parameter-
dependent solution domain €2 to a fixed reference domain Q. The geometry variations enter
then in the problem as parameter-dependent effective orthotropic conductivities. The output
or the inhomogeneities in the equations above are not parameter-dependent, by the choice
of our non-dimensional variables — this will simplify the presentation and the notation,

without loss of generality.

1.2.3 Discretization — Finite Element Method
Finite Element Mesh

Obtaining a solution to the continuous problem (1.1) using analytical techniques, is not
easy. Instead, the finite-element method — among many other possible choices — is used
to obtain numerically an accurate approximation the exact solution. The point of departure
for the finite-element method is an integral re-statement of the equations, called the weak
form. The weak form has several advantages: it allows for more general solution spaces, the
boundary and continuity conditions are integrated in the problem formulation; see [107] for

more details. The problem can then be written as: find u(u) € Y the solution of

Alpulp) = F; (1.3)



with A a linear (distributional) operator, and F' a linear functional. The precise definition

of Y, A and F are alluded to the following chapters.

TAYAY O AVAAVA U NNV, VAN TAVAVaVAN

:XAVAVAVAVAVaYAVAVAVAVZ NVAVAYAVAVAY.VAVAVAVAVAZ WAV

;«nuvnAuvIIAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVNV‘ NA
5
e Av4

AVAVAVAN ZAVaVav, VA 74V, N ZAVAVAYA 47, \VAVAVAVA /4 /0
KORRIOORIAIORRRIRRRE

YN ATAVAVAVAVAVAVAYAVAVAVAVAYAVAVAAVAVAVAVAVAAVAVAVAV S
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N

Figure 1-3: Finite element mesh.

For the solution of (1.3), a triangulation 7, of the computational domain is introduced,
as in Figure 1-3. We assume that the triangles, also referred to as elements, cover the
computational domain Q , (72 = Urp, eThTh (Th is the closure T},) and that each of the elements
do not overlap, Ty N T; }JL =0, VI}, T ,]L € 7,. The subscript h denotes the diameter of the

triangulation defined as:

h = sup sup |z —yl; (1.4)
TheTn zycTy

here | - | is the Euclidean norm.
Discrete Problem

Using then the triangulation 7j, we define the space Y}, as the space of continuous functions

which are piecewise linear over each of the elements T}, € 7j:
Yy, = {v e CUQ)|v|y, € PY(T}), YT}, € Tp}. (1.5)

If AV is the number of nodes in the triangulation, we introduce the functions ; € Y}, , such
that ¢;(x;) = 0;;, i =1,..., N, where x; are the coordinates of node j, and ¢;; = 1 if i = j,
or §;; = 0if i # j . Each function ¢; has compact support over the region defined by the

elements surrounding node i (shaded area on Figure 1-3). Then, it is not hard to see, that
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these functions form a complete basis for the finite element space Y;,. And Y}, can also be

defined in terms of this basis:
Y, =span{y;, i=1,...,N}. (1.6)

Since p; is a basis for Y}, any function v, € Y}, can then be written as v, = Zﬁl Vh Qi
where vy, ; = vp(z;) the value of vy, at the node i. From this last expression, we see that we
need N values at the nodes of the triangulation to define each function in Vj,. Therefore
V}, is a finite-dimensional space with dim V;, = N. Different choices for the finite-element
spaces are possible, for example we can choose to approximate the function using higher
order polynomials over each of the elements; these and other choices are discussed in [20)].
Using a Galerkin projection in the space spanned by the ¢;, we compute an approximation

up € Y}, to the solution v € Y, from:

A (), () = Fy; (1.7)

here A, is an N' x N matrix, and w,(u) a vector for which wuy,;(p) = up(x;; 1), with z; the
coordinates of the node i. Solving the linear system above, we obtain the nodal values w;, (1),
and therefore uy(p) = Zfil upi(1)p;. The output approximation sp,(u) can then be easily

computed from:

sn(1) = €9 (un(p)). (1.8)

Computational Complexity

We see that the original problem has been replaced by a finite-dimensional one. The a priori
convergence theory for this type of finite-elements and assuming sufficient regularity of the
solution u(u), suggests that the error in the output |s(u) — s5 ()| will converge as h?, where
h is defined in (1.4). Moreover as h — 0, we get uy(u) — u(p) and s,(p) — s(u). The above
a priori result suggests also, that to decrease the error in the output by a factor C' > 0, we
need to increase the number of elements and therefore N roughly by the same factor. We

see that as the requirements for accuracy increase or the geometric complexity increases, we
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need higher N to obtain accurate and reliable results (to ascertain the accuracy we need a
posteriori error estimators). Moreover, in the presence of singularities or boundary layers,
local refinement is essential, further increasing the required degrees of freedom.

The discussion above suggests that even for relatively simple problems, A can be large.
For the thermal fin problem, N' ~ O(10%), but it is not uncommon for N to be O(10°) or
higher. We also see the difficulty, as A increases, so does the size of the linear system (1.7),
that has to be inverted. By virtue of the compact support of ¢;, the matrix A, is sparse and
therefore iterative solvers can be used to obtain a solution. The computational complexity
scales as O(N®), where a depends on the condition number of the problem (which increases
quadratically with 1/h). Especially in contexts where repeated solution of (1.7) is required,

the computational requirements soon become unacceptably large.

1.2.4 Reduced-Basis Method

Low-dimensional approximation

Identifying the problem in the high dimen- A

Y
sionality of the finite-element spaces, we look for
ways to further reduce the computational com-

u(ps3)
plexity. The large number of degrees of free-

dom required in the case of finite-element meth- \
. . . : ulp) u(p2)
ods, is attributed to the particular choice of ba- >

sis functions, which have general approximation
properties for functions in Y. To further re-
duce the computational complexity we look for
: . . . . Figure 1-4: Low-dimensional manifold
spaces with approximation properties specific to
the problem of interest.
Our method of choice is the reduced-basis method, first introduced in [71]. The crit-
ical observation is that the solution and the output evolve in a low-dimensional manifold

induced by the parametric dependence of the problem. Central to reduced-basis methods,

is constructing an approximation to this manifold. In our approach, slightly different from
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earlier approaches, we construct linear reduced-basis spaces comprising of solutions to (1.3)
at different parameter points. We then use these spaces to find an approximation uy () to
the exact solution.

Earlier approaches viewed the reduced-basis method as a combined projection and con-
tinuation method. A different view, suitable for our purposes, is that of multi-dimensional
parameter-space interpolation. The required interpolation weights are obtained by solv-
ing suitably defined low-dimensional problems chosen to minimize the approximation error
measured in problem-specific energy norms.

Reduced-basis space

I

Figure 1-5: Basis functions for Wy

To construct the reduced-basis space we choose N points — N is small, typically O(10)
—pu; €D, i=1,...,N. We then compute the solution of (1.3) for each of these points and

construct the reduced basis space Wiy:

Wy =span{u(y;), i=1,...,N} =span{¢;, i=1,...,N}; (1.9)
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the (; form a basis for the space Wy. By the construction above, and assuming linear
independence of the basis functions, the dimension of Wy will be dim Wy = N. Then using

a Galerkin projection we compute uy(u), the solution of:

Ay (puy (i) = Ey; (1.10)

note that, uy(u) can be understood as the interpolation weights mentioned above. The
reduced-basis approximation to solution can then be computed from uy(pn) = Zf\il un G,
and for the output sy (u) = £°(un(1)).

The a priori convergence theory, and extensive numerical tests, suggest that the conver-
gence of the reduced-basis approximation to the exact will be very fast. In fact, exponential
convergence is observed in all the numerical tests. This suggests that even with a very mod-
est N, we can hope to achieve good accuracy. The linear system above can be formed and
solved very efficiently in the case where the operator depends affinely on the parameters. In

this case we can separate the computational steps into two stages:

e The off-line stage, in which the reduced-basis space is constructed and some prepro-
cessing is performed. This is an expensive step, that needs to be performed only once,

requiring solutions of finite-element problems.

e The on-line stage, in which for each new parameter value, the reduced-basis approxi-

mation for the output of interest is calculated.

The on-line stage is “blackbox” in the sense that there is no longer any reference to the
original problem formulation: the computational complexity of this stage scales only with
the dimension of the reduced-basis space and the parametric complexity of the partial dif-
ferential operator. The “blackbox” nature of the on-line component of the procedure has
other advantages. In particular, the on-line code is simple, non-proprietary, and completely
decoupled from the (often complicated) off-line “truth” code. This is particularly important
in multidisciplinary design optimization, in which various models and approximations must

be integrated.
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1.2.5 Output Bounds

The computational relaxation introduced in the previous section, allows us to compute very
efficiently accurate approximations to the solution and the output of interest. Thanks to
the expected rapid convergence N could, in theory, be chosen quite small. However, in
practice we do not know how small N should be: this will depend of the desired accuracy,
the choice of p; in the construction of the reduced-basis spaces, the output of interest and
the particular problem in question; in some cases N = 5 may suffice, while in other cases
N = 100 may still be insufficient. In the face of this uncertainty, either too many or too
few basis functions will be retained: the former results in computational inefficiency; the
later in unacceptable uncertainty. For the successful application of reduced-basis methods
it is therefore critical that we can ascertain the accuracy of our predictions; we develop in
the next chapters, rigorous error-estimation approaches, directly for outputs of interest, to

a posteriori validate the accuracy of our predictions.

We prove that these estimators s (1) and sy (1) are upper and lower bounds, respectively,

to the “true” output s,(u) that would be obtained by solution of the expensive finite-element

problem:

sn (1) < su(p) < sy(p). (1.11)

Unlike the exact value, these error estimators can be computed inexpensively — with a

complexity that scales only with the dimension of the reduced-basis space.

In reality the error in the output has two components:

s(p) = sn(p)] < |s(u) = su(p)] + |sn(p) = sn(p)l;

the first related to the discretization error (see in Section 2.1.2); and the second to the
reduced-basis error. In practice, both of these errors have to be estimated for reliability
in our predictions. Estimation of the discretization error has been treated extensively in
the literature; see [$7] for a review. For our purposes, we assume that h is chosen very
conservatively such that s,(u) ~ s(u) and the dominant error is due to the reduced-basis

approximation.
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Figure 1-6: Pareto efficient frontier.

1.2.6 Design Exercise — Pareto curve

We close this section with a more applied example. We fix all parameters except a and
(3 so that D = [2.0,3.0] x [0.1,0.5]. As a “design exercise” we construct the achievable
set — all those (V(u),s(u)) pairs associated with some («, 3) in D; the result, based on
many evaluations of (V(u), sk (n)) for different values of (o, 3) € D, is shown in Figure
1-6. We present the results in terms of s} (1) rather than sy(u) to ensure that the actual
temperature s,(u) will always be lower than our predictions (that is, conservative); and we
choose N such that si(p) is always within 0.1% of s;,(11) to ensure that the design process
is not misled by inaccurate predictions. Given the obvious preferences of lower volume and
lower temperature, the designer will be most interested in the lower left boundary of the
achievable set — the Pareto efficient frontier; although this boundary can of course be found

without constructing the entire achievable set, many evaluations of the outputs will still be

required. As regards computational cost, the calculation of s3(u) is roughly 24 times faster
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than direct calculation of s,(p). The computational savings are quite modest; for more

complex problems, savings of the O(100) or even O(1000) should be expected.

1.3 Outline

The discussion above suggests that for design, optimization and control problems reduced-
basis output bound methods are attractive alternatives to more traditional approaches. In
the following chapters we develop rigorously and with more details these methods. More
specifically: first, we investigate what the definition of the reduced-basis spaces and the
projection operator should be, and how these choices affect the accuracy and stability of our
approximations; second, we develop error estimation procedures, directly for the outputs
of interest; and finally, corroborating numerical results are presented. In all cases, we give
computational complexity estimates and implementation details.

The issues above are investigated in conjunction with the mathematical properties of the
underlying partial differential operator. In our presentation, we consider the following classes
of problems: coercive — for example, heat conduction problems; elliptic non-coercive — for
example problems in acoustics; parabolic problems — for example unsteady heat conduction;
eigenvalue problems; and Stokes problems — for example, highly viscous fluid flow.

In the next chapter, we review some of the earlier work related to model-order reduction
and in particular to reduced-basis methods; also, we give a few mathematical preliminaries
required in the following. Then we develop the reduced-basis method for the different classes
of problems: in Chapter 3 for coercive problems; in Chapter 4 for parabolic problems; in
Chapter 5 for non-coercive problems, like the reduced-wave (Helmholtz) equation; in Chapter
6 for the Stokes problem; and in Chapter 7 for eigenvalue problems. We conclude in Chapter

8, with some suggestions for future work.
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Chapter 2

Background

Before we proceed with the development of reduced-basis output bound methods, we give in
this chapter some relevant background information. The issue of reducing complexity while
preserving all relevant information, has been a very active research area in many disciplines.
A characteristic of systems whose behavior is governed by partial differential equations is
that the resulting state models, obtained by a discretization procedure, are of very high-
dimension. Therefore some of the existing methods developed, for example in control systems
theory, are not directly applicable. We summarize in Section 2.1, recent developments and
relevant approaches. The references provided in the following and additional references at
the end of this thesis, although by no means exhaustive, should cover most of the recent
work. As model-order reduction methods are by definition pre-asymptotic, validation of the
obtained results has been recognized to be a critical ingredient. Even though residual-based
error measures have been suggested, no rigorous a posteriori error estimation procedures have
been developed. In other contexts, like estimation of the discretization error in finite-element
analysis, a plethora of a posterior: error estimation methods exist. Some of these methods
are relevant for our problems; we discuss in section 2.1.2 the connection and differences
between them. Finally, we review in section 2.2 some mathematical concepts that will be

used extensively in the following.
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2.1 Earlier Work

2.1.1 Model-Order Reduction

Proper Orthogonal Decomposition

We start our discussion with the proper orthogonal decomposition method, probably the
most popular model-order reduction technique. Underlying this method is the solution of
the following approximation problem [11]: given a (possibly large) set of vectors, identify
the best approximating N-dimensional plane (subspace) such that the root-mean square Lo-
projection error is minimized. A solution to this problem can be obtained using the singular
value (or Karhunen-Loeve) decomposition [18, 59]. The proper orthogonal decomposition
has been applied and (re-)discovered in many different areas: system dynamics, stochastic
processes, image processing, to name a few.

For reduction of physical systems, it has been extensively applied to time-dependent
problems. In this case, time is considered as the varying parameter, and “snapshots” of the
field variable (e.g. temperature, displacement) at different times — parameter points — are
obtained using numerical or experimental procedures. The optimal N-dimensional approxi-
mation space (for N small) is constructed by applying the singular-value decomposition to
these vectors, and keeping only the N singular vectors corresponding to the largest singular

)

values. As the singular values are related to the total “energy” of the approximation, these
modes can be identified as the ones preserving most of the energy. The reduced model is
then obtained by using a Galerkin projection to the space spanned by these vectors.

The optimality property and generality of these ideas, has led to the successful application
of the method in many areas: turbulent flows [00], fluid structure-interaction [22], non-linear
structural mechanics [51], turbo-machinery flows [115]. Extension of these methods to general
multi-parameter problems has been quite limited. The problem is that the singular values
are not system invariants as they depend on the choice of “snapshots” and the particular
configuration in consideration. It has been observed that reduced-order models obtained for

one configuration were not optimal for other configurations; using such models often lead

to inaccurate or, even worse, incorrect results. It has been suggested in [19] to give more
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weight or preselect some of the vectors in the starting basis, leading to “weighted-POD”
or “predefined-POD” methods, but the selection of the required weights is not automatic
limiting the generality of such approaches.

An analysis of the model-truncation error suggests that the error can be attributed to
two sources: first in the inability of the low-order model to reproduce the exact loading; and
second, for the approximated loading, in the inability of the low-order model to recover the
exact solution [19]; see also [90] for similar ideas. Using terms from control-systems theory,
the first error is related to the controllability (primal) and the second to the observability
(dual) of the low-order model. In a similar manner, for our methods, we use a combined
primal-dual approach to estimate both of these errors. The notion that a truncation of
the model should balance both of these errors, led to balanced-truncation methods [72].
For high-dimensional systems, computation of the required observability and controllability
grammians is very expensive. A number of methodologies combining the proper orthogonal

decomposition and the balanced-truncation method have been constructed [55, 115].

Reduced-Basis Methods

We turn now to reduced-basis approaches, upon which our method is also based. The
reduced-basis method has been proposed in [0, 74] for the non-linear analysis of structures.
In these approaches, only single-parameter problems were considered and the method was
viewed as a continuation procedure. The method has been further investigated and extended
by Noor [75, 76, 77, 78, 79, 80, 81, 82], where it was realized that the method could be
applied for general multi-parameter problems. Much of the earlier work focused: first, on
the selection and efficient computation of basis functions; and second, on validation of the
efficiency and accuracy of reduced-basis approaches in a number of test problems.

As was mentioned in the introduction the reduced-basis method recognizes that the field
variable is not, in fact, some arbitrary member of the infinite-dimensional solution space
associated with the partial differential equation; rather, it resides, or “evolves,” on a much
lower-dimensional manifold induced by the parametric dependence. In these earlier ap-

proaches, the approximation spaces for the low-dimensional manifold were typically defined
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“locally” — relative to a particular parameter point. Fink and Rheinboldt [33] placed the
method in this geometric setting and carried out an error analysis for a general class of single-
parameter problems. Porsching [91] considered Lagrangian, Taylor and discrete least squares
approximation spaces, and extended some of the a priori analysis. In [34] a general local
error estimation theory for single-parameter problems was developed containing the earlier
estimates as special cases. The extension of the error analysis to multi-parameter problems
was presented in [101]. Finally, evaluation of the constants that appear on the error bounds
was considered in [14]. The a priori theory as developed in the works above concludes that,
close to the parameter point selected for the construction of the reduced-basis spaces, the
error converges to zero exponentially fast with the number of basis functions used.

Reduced-basis approaches have been subsequently developed in many other areas. Pe-
terson [39] applied it to fluid flow problems and the Navier-Stokes equations, and in [11, 10]
it was used for control of fluid problems. Also an analysis was carried out for ordinary
differential equations [92], and differential algebraic equations [50]. The reduced-basis ap-
proach as earlier articulated was local in parameter space in both practice and theory. As
a result, the computational improvements — relative to conventional (say) finite-element
approximation — were often quite modest [91]. Balmes [12], was the first to consider general
multi-parameter problems. In his approach, similar to the one developed below, he suggests
choosing the basis functions by sampling globally in parameter space. Finally, in [70] a
combined reduced-basis domain-decomposition approach is proposed for the treatment of
geometric parameters. Even though the importance of error estimation is emphasized in the
literature, no rigorous validation methods have been developed.

The work here differs from these earlier efforts in several important ways: first, we
develop (in some cases, provably [69]) global approximation spaces; second, we introduce
rigorous a posteriori error estimators; and third, we exploit off-line/on-line computational
decompositions (see [12] for an earlier application of this strategy within the reduced-basis
context). These three ingredients allow us — for the restricted but important class of
“parameter-affine” problems — to reliably decouple the generation and projection stages
of reduced-basis approximation, thereby effecting computational economies of several orders

of magnitude [94].
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Other Methods

Krylov-subspace techniques like the Arnoldi or the Lanczos methods and their variants,
have traditionally been used for the calculation of a small set of the extremal eigenvalues
and eigenvectors for large-scale eigenproblems. But these are precisely the eigenvalues and
eigenvectors of interest for model reduction. Many reduction approaches based on Krylov-
subspace techniques have been developed; for an overview see [7, 45] and the references
contained therein. The iterative nature of the algorithms, makes it difficult to develop error
bounds; moreover, the stability of the reduced-order problem is not always guaranteed.
Finally, for the sake of completeness we mention that a number of other approaches —
not based on model-order reduction — for the efficient and reliable evaluation of “input-
output” relationships are available: from “fast loads” (e.g., [18, 30]) to matrix pertubation

theories (e.g., [4, 116]) to continuation methods (e.g., [5, 100].)

2.1.2 A posteriori error estimation

The issue of a posteriori error estimation and, more generally, validation of the numerical
predictions has received considerable attention in the finite-element literature. The problem
of interest there is related to the choice of mesh to be used for the definition of the finite-
element spaces. Following the discussion on Section 1.2.3, it is understood that there are
certain trade-offs associated with the choice of the finite-element mesh: on one hand, a con-
servative choice, ensures high accuracy but also the computational costs become formidable;
on the other hand, the choice of a relatively coarse mesh ensures efficiency but the accuracy
is dubious. More to that, for a specific choice of mesh, the obtained accuracy is not easy to
calculate as it depends on the topology of the mesh, the particular problem in consideration,
the choice of finite-element spaces, or even the way we choose to measure the error. We can
also relate a number of other problems like, for example, the choice of elements to be refined
in adaptive refinement or, more generally the choice of “optimal” meshes (i.e. meshes which
for a given accuracy minimize computational cost). For all these problems, the ability to
estimate and therefore control, the discretization error is critical.

The extensive a priori theory can not be used as the provided error bounds depend
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on norms of the exact solution which, in general, is not known. Rather, the a posterior:
error estimators give bounds which depend on computable quantities, like residuals. The
study of these types of error estimators started in the 70s with the first paper by Babuska
and Rheinboldt [10], and since then the literature has grown appreciably; a review can be
found in [3]. Most error estimators developed give bounds for abstract norms of the error.
Relevant to this thesis are a posteriori error estimators directly for outputs of interest; see
for example [$7, 88] for relevant work.

The parallel with the discussion in Section 1.2.5 for the reduced-basis method should be
clear: instead of the finite-element mesh and the discretization error, we have the parameter
space “discretization” (in the sense, of the choice of p; in (1.9)), and the reduced-basis
approximation error; refinement of the mesh, corresponds to adding more basis-functions
in the definition of Wy (1.9). But there are also differences, the most important being the
parameter-dependence of the operator, consideration of which is not required in the finite-
element case. Even though the methodologies are distinctively different; some of the general

ideas [38] for a posteriori error estimation are common.

2.2 Mathematical Preliminaries

In this section, we introduce some notation and review some basic definitions that will be
used extensively in the following. To start, let Q@ C R, d = 1,...,3 be an open domain with

Lipschitz-continuous boundary. The following function spaces can be defined:

Spaces of Continuous Functions.

Definition 1. Choose k a non-negative integer, and define C*(Q) as
C*(Q) = {v| D" is bounded and uniformly continuous on Q, 0 < |a| < k}; (2.1)
where a 15 a multi-inder and

N olel
D:_—ﬁad, = (oq,...,00), |a = Zal.
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Then C*(Q) is a Banach space (i.e. a complete normed linear space), with a norm:

o = D(x)|.
v]lcr @) ogﬁﬁk?ﬁg' v()]

Also, recall that C§°(2) is the space of continuous, infinitely differentiable functions with
compact support, i.e. vanishing outside a bounded open set 2 C €. In general, we will use

the subscript 0 to indicate spaces with functions of compact support.

Lebesgue Spaces

Definition 2. We choose 1 < p < oo, and define LP(Q2) as:

v| /\U]pdx<oo}, 1<p<o
Lr(Q2) = . : (2.2)
v| ess sup|v(z)| < oo}, p =00
xeQ)

these spaces are also Banach spaces, with an associated norm:

1
[ollr(e) = (/ Dlig dl’) , 1<p< o
Q

[v] o< (@) = ess sup|v(z)], p= o0
€

We assume here (and in the following) that fQ is the Lebesgue integral. Also, in theory,
v is not a function but rather an (equivalence) class of functions that differ over a set of
measure zero. The essential supremum in the definitions above is the greatest lower bound

C" of the set of all constants C, such that |v(z)| < C almost everywhere on .

Sobolev Spaces

Definition 3. Choose k a non-negative integer, and 1 < p < oo, the Sobolev spaces WHP(Q)
are then defined:

{v|] D% € LP(Q), Ya: |a| <k}, 1 <p< oo

WhP(Q) =
{v] D% € L*(Q), Ya : |a| <k}, p= o0,

(2.3)
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these spaces are Banach spaces with an associated norm:

[vllwrr) = Z |ID%Pdx] , 1<p<o0
jaf <k 72

[ 0] e ) = maxeess sup|D*v(x)|, p = oo.
‘O‘|§k5 xe)

The Sobolev spaces are the natural setting for the variational formulation of partial
differential equations. The derivatives here should be interpreted in the proper distributional
sense [39]. Choosing k = 0 we see that W?(Q) = LP(Q), and the Lebesgue spaces, are
included in the Sobolev Spaces. Of particular interest in the following, is also the choice

p = 2 which is a family of Hilbert Spaces.

Hilbert Spaces
Definition 4. Choose k a non-negative integer, then the Hilbert Spaces H*(Q) are defined:
H*(Q) = {v] D € L*(Q), Va : |a| < k}; (2.4)

these spaces are Hilbert spaces with a norm:

N|=

e = [ 3 / D*Pde |

lal<k

which 1s induced by the following inner product:

(w,v) ey = Z /Do‘w - D% dx.
Q

|la|<k

The Hilbert spaces will be used extensively in the following, note that from the Lebesgue
spaces only L?(§2) is a Hilbert space. Hilbert spaces is the natural generalization of Euclidean

spaces in the functional setting. The fact that the norm is induced by an inner-product,
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implies that the Cauchy-Schwarz inequality holds:

|(w,v)Hk(Q)| < ||w||Hk(Q)||U||Hk(Q)-

Dual Hilbert Spaces

For a general Hilbert space Z, we denote the associated inner product and induced norm by

(,-)z and || - ||z respectively; we identify the corresponding dual space Z’, with norm || - || z#
given by:
f)
I = sup 410
vez ||Vl

The dual space Z’ comprises of all the functionals f : Z — R for which the norm || f||z is
bounded. This space is also a Hilbert space and if Z = H*(2) we will denote the dual (and

for good reasons) Z' = H*(Q2). In general:
HYQ)c---cHY(Q) CL*(Q CcH YY) C---C HH Q).

From the Riesz representation theorem we know that for every f € Z’ there exists a p? SV

such that
(07,0)7 = F(v), Vo € Z.

It is then readily deduced that

pf = argsup /),
vez ||v]|z
and
I1fllz = llo7]l2;

which we will use repeatedly in what follows.

The duality pairing between members of Z” and Z will be denoted by 2 (-, ) z, and unless

no confusion arises we will write (-, -).
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Time-Dependent Spaces

Definition 5. Let T' > 0 we then define, for 1 < g < oo

T

L0, T; WkP(Q)) = {v (0, T) — WHEP(Q)|v is measurable and / |v(t) |y dt < oo}
0

(2.5)

with the norm: 1
T . q
||U||Lq(07T;quP(Q)) = </O ||U(t>||wk,p((2) dt)

In a similar fashion we can define C°([0, T]; W*?(Q)) and more generally the Sobolev
spaces W*P(0,T; W#1(Q)); see [57] for more details.
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Chapter 3

Coercive Problems

We start our presentation with the case of coercive elliptic problems. In Section 3.1, we
introduce an abstract problem formulation and an illustrative instantiation for the model
problem of Section 1.2. In Section 3.2 we describe, for coercive symmetric problems and
“compliant” outputs, the reduced-basis approximation; and in Section 3.3 we present the
associated a posteriori error estimation procedure. In Section 3.4 we consider the extension
of our approach to noncompliant outputs and nonsymmetric operators, and finally in Section

3.5 we give some numerical results.

3.1 Problem Statement

3.1.1 Abstract Formulation

We consider a suitably regular domain  C R%, d = 1, 2, or 3, and associated function space
Hi () C Y C HY(). The inner product and norm associated with Y are given by (-, )y
and || - ||y = (-, )"/2, respectively. We also define a parameter set D € R”, a particular point
in which will be denoted p. Note that {2 does not depend on the parameter.

We then introduce a bilinear form a: Y XY x D — R, and linear forms f: Y — R,

¢: Y — R. We shall assume that a is continuous,

a(w,v; p) < y(p)llwlly[lolly < vollwlyllvlly, Vi e D; (3.1)
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furthermore, we asume that a is coercive: there exists a(p) > 0 such that

a(w, w; p)

e Ve D, (3.2)

and symmetric, a(w, v; u) = a(v,w; u), Yw,v € Y2, Vu € D. We also require that the linear
forms f and ¢ be bounded; in Sections 3.2 and 3.3 we additionally assume a “compliant”

output, f(v) =¢°(v), Vo €Y.

We shall also make certain assumptions on the parametric dependence of a, f, and ¢©.
In particular, we shall suppose that, for some finite (preferably small) integer ), a may be

expressed as

a(w,v;p) = 0%(n) a’(w,v), Yw,v € Y?, Vu €D, (3.3)

q=1
for some 07: D —Randa?: Y XY — R, ¢g=1,...,Q. This “separability,” or “affine,”
assumption on the parameter dependence is crucial to computational efficiency; however,
certain relaxations are possible — see in [106]. For simplicity of exposition, we assume that

f and ¢© do not depend on p; in actual practice, affine dependence is readily admitted.

Our abstract problem statement is then: for any p € D, find s(u) € R given by

s(p) = €0 (u(p)), (3-4)

where u(p) € Y is the solution of

a(u(p),v; ) = f(v), Yo €Y. (3:5)

In the language of the introduction, a is our partial differential equation (in weak form), p is
our parameter, u(u) is our field variable, and s(u) is our output. For simplicity of exposition,

we may on occasion suppress the explicit dependence on pu.
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Figure 3-1: Two-Dimensional Thermal Fin.

3.1.2 Particular Instantiation

Thermal Fin

In this example we consider the two-dimensional thermal fin problem, discussed extensively
in Section 1.2 — see also, Figure 3-1. The physical model is simple conduction, and the
strong form of the governing equations was given in 1.2.2. The starting point for variational
solution methods is the weak form: the (non-dimensional) temperature field in the fin, u,

satisfies A
Z/ ki Vi - Vi +/ Bi i :/ 5, Vo€ H(Q), (3.6)
1=0 Qz BQ\Froot Croot

where €, is that part of the domain with conductivity ki, and 9 denotes the boundary of €.
We now apply a continuous piecewise-affine transformation from Q to a fixed (u-independent)
reference domain € (dashed and solid lines on Figure 3-1, respectively). The abstract problem
statement (3.5) is then recovered. Recall that here p = {kq, ko, k3, k4, Bi, «, 8}, and p €
D C RP=7; with ky, ..., k4 the thermal conductivities of the “subfins” relative to the thermal
conductivity of the fin base; Bi the non-dimensional form of the heat transfer coefficient; and,
«, [ the length and thickness of each of the “subfins” relative to the length of the fin root.
It is readily verified that the bilinear form a is continuous, coercive, and symmetric; and
that the “affine” assumption (3.3) obtains for () = 16 (two-dimensional case). Note that

the geometric variations are reflected, via the mapping, in the ¢%(u). For our output of
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interest, s(u), we consider the non-dimensional average temperature at the root of the fin.
This output may be expressed as s(u) = £ (u(u)), where €9 (v) = Jr.. v. Tt is readily shown
that this output functional is bounded and also “compliant”: (9 (v) = f(v), Vv € Y.

3.2 Reduced-Basis Approach

We recall that in this section, as well as in Section 3.3, we assume that a is continuous,
coercive, symmetric, and affine in p — see (3.3); and that £°(v) = f(v), which we denote

“compliance.”

3.2.1 Reduced-Basis Approximation

We first introduce a sample in parameter space, Sy = {p,...,un}, where u; € D, i =
1,..., N; see Section 3.2.2 for a brief discussion of point distribution. We then define our La-
grangian [91] reduced-basis approximation space as Wy = span{(, = u(u,), n=1,..., N},

where u(p,) € Y is the solution to (3.5) for u = p,. In actual practice, u(u,) is replaced by
an appropriate finite-element approximation on a suitably fine truth mesh; we shall discuss
the associated computational implications in Section 3.2.3. Our reduced-basis approxima-

tion is then: for any p € D, find sy(u) = l(uny(p)), where uy(p) € Wi is the solution of

a(un(p),v;u) = L), YveWy. (3.7)

Non-Galerkin projections are also possible, they will be discussed in Chapter 5.

3.2.2 A Priori Convergence Theory
Optimality

We consider here the convergence rate of uy(p) — u(p) and sy(pu) — s(u) as N — oo. To

begin, it is standard to demonstrate optimality of ux(x) in the sense that

) —un(ully <4 /25 b flu(e) —wxlly. (3.8)



(We note that, in the coercive case, stability of our (“conforming”) discrete approximation is
not an issue; the noncoercive case is decidedly more delicate (see Chapter 5).) Furthermore,

for our compliance output,

s(p) = sy(p) + lu —uyn) = sy(p) + alu,u — un; p) (3.9)

= sy(p) + alu —un, u — un; p)

from symmetry and Galerkin orthogonality. It follows from (3.8) that

s(u) —sn(p) <c inf u(p) —wy|5

wnEWN

and the error in the output converges as the square of the error in the best approximation.

Also from coercivity, we notice that sy(u) is a lower bound for s(u), sy(p) < s(u).

Best Approximation

Regarding the dependence of the error in the best approximation as a function of N, the
analysis presented in [69] applies. The theory is restricted to the case in which P = 1,

D = [0, fimax] and suggests (under weak assumptions), that for N > N (In fmax),

. —(N -1
inf ||u(p) —wy(p)]|x < crexp {¥} , Yu € D; (3.10)
wnyEWN Co
for the precise definitions of Ny and ¢, cg, see [69]. The important thing to notice is that

exponential convergence is proved, uniformly (globally) for all p in D, with only very weak
(logarithmic) dependence on the range of the parameter (fimax)-

The proof exploits a parameter-space (non-polynomial) interpolant as a surrogate for
the Galerkin approximation. As a result, the bound is not always “sharp”: in practice,
we observe many cases in which the Galerkin projection is considerably better than the
associated interpolant; optimality (3.8) chooses to “illuminate” only certain points p,, auto-
matically selecting a best “sub-approximation” amongst all possibilities — we thus see why
reduced-basis state-space approximation of s(u) via u(u) is preferred to simple parameter-

space interpolation of s(u) via (un, s(p,)) pairs. We note, however, that the logarithmic
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[s(p) —sn(W] | An(p)
i S| ™
10 1.29x1072 |860x1072] 2.85
20| 1.29x 1073 ]9.36x 1073 | 2.76
30| 537x107* |4.25x107%| 2.68
40 | 8.00 x 107® | 5.30x107* | 2.86
50| 3.97 x107° | 297 x107*| 2.72
60| 1.34x107° |1.27x107*| 2.54
70| 810x107% |7.72x107°| 2.53
80| 2.56x1076 |224x107°| 2.59

Table 3.1: Error, error bound, and effectivity as a function of N, at a particular representative
point p € D, for the two-dimensional thermal fin problem (compliant output).

point distribution implicated by the interpolant-based arguments is not simply an artifact of
the proof: in numerous numerical tests, the logarithmic distribution performs considerably
(and in many cases, provably) better than other more obvious candidates, in particular for
large ranges of the parameter.

Similar exponential behavior is observed for more general problems. Consider for exam-
ple the thermal fin problem. We present in Table 3.1 the error |s(u) — sn(p)|/s(p) as a
function of N, at a particular representative point p in D. The pu, for the construction of
the reduced-basis space are chosen “log-randomly” over D: we sample from a multivariate
uniform probability density on log(u). We observe that, the error is remarkably small even

for very small N; and that, in both cases, very rapid convergence obtains as N — oo.

3.2.3 Computational Procedure

The theoretical and empirical results of Sections 3.2.1 and 3.2.2 suggest that /N may, indeed,
be chosen very small. We now develop off-line/on-line computational procedures that exploit

this dimension reduction.

We first express uy (1) as

N

un(p) = un (1) & = (uy (1) ¢,

j=1

(3.11)
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where u, (1) € RY; we then choose for test functions v = ¢;, i = 1,..., N. Inserting these

representations into (3.7) yields the desired algebraic equations for uy(u) € RY,

An(puy(p) = Ey, (3.12)

in terms of which the output can then be evaluated as sy (1) = Fauy(p). Here Ay(p) €
RM*N is the SPD matrix with entries Ay, (1) = a(¢j, G pn), 1 <i,j < N,and Fy € RV is
the “load” (and “output”) vector with entries Fy; = f(¢;), i =1,..., N.

We now invoke (3.3) to write

ANi,j( ) =a Cyugza Cmg) (3'13)

|| M@

or

q
AN?

|| M@

where the Ay € RY*Y are given by ANZJ =a%(;,G), 1 <i,j <N, 1<q<@Q. The off-
line/on-line decomposition should be clear. In the off-line stage, we compute the u(u,) and
form the A% and F: this requires N (expensive) “a” finite-element solutions and O(QN?)
finite-element-vector inner products. In the on-line stage, for any given new pu, we first form
Ay from (3.13), then solve (3.12) for uy(u), and finally evaluate sy(p) = Fauy(p): this
requires O(QN?) + O(2N?) operations and O(QN?) storage.

Thus, as required, the incremental, or marginal, cost to evaluate sy (i) for any given new
1 — as proposed in a design, optimization, or inverse-problem context — is very small: first,
because N is very small, typically O(10) — thanks to the good convergence properties of
W; and second, because (3.12) can be very rapidly assembled and inverted — thanks to the
off-line/on-line decomposition (see [12] for an earlier application of this strategy within the
reduced-basis context). For the problems discussed in this thesis, the resulting computational
savings relative to standard (well-designed) finite-element approaches are significant — at

least O(10), typically O(100), and often O(1000) or more.
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3.3 A Posteriori Error Estimation: Output Bounds

From Section 3.2 we know that, in theory, we can obtain sy(u) very inexpensively: the
on-line computational effort scales as O(2N?%) + O(QN?); and N can, in theory, be chosen
quite small. However, in practice, we do not know how small N can be chosen. Surprisingly,
a posteriori error estimation has received relatively little attention within the reduced-basis
framework [79], even though reduced-basis methods are particularly in need of accuracy
assessment: the spaces are ad hoc and pre-asymptotic, thus admitting relatively little intu-
ition, “rules of thumb,” or standard approximation notions. Recall that, in this section, we
continue to assume that a is coercive and symmetric, and that ¢ is “compliant.”

The approach described in this section is a particular instance of a general “variational”
framework for a posteriori error estimation of outputs of interest. However, the reduced-basis
instantiation described here differs significantly from earlier applications to finite-element
discretization error [67, 65] and iterative solution error [35] both in the choice of (energy)

relaxation and in the associated computational artifice.

3.3.1 Formulation

We assume that we are given a positive function g(u) : D — R, and a continuous, coercive,

symmetric (pu-independent) bilinear form a : Y x Y — R, such that
cllvlly < g(walv,v) < av,v;p), Y €Y, YueD (3.14)

for some positive real constant c. We then find é(u) € Y such that
g(p)a(é(p),v) = R(v;un(p); p), Yv €Y, (3.15)

where for a given w € Y, R(v; w; p) = £(v) — a(w, v; p) is the weak form of the residual. Our

lower and upper output estimators are then evaluated as

sn(p) = sn(p), and sy (p) = sw(p) + An(p), (3.16)
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respectively, where

An(p) = g(p)aé(u), e(n)) (3.17)

is the estimator gap.

3.3.2 Properties

We shall prove in this section that sy (u) < s(u) < sk (1), and hence that |s(u) — sy ()| =
s(u) — sn(pu) < Any(p). Our lower and upper output estimators are thus lower and upper
output bounds; and our output estimator gap is thus an output bound gap — a rigorous
bound for the error in the output of interest. It is also critical that Ax () be a relatively
sharp bound for the true error: a poor (overly large) bound will encourage us to refine an
approximation which is, in fact, already adequate — with a corresponding (unnecessary)
increase in off-line and on-line computational effort. We shall prove in this section that
An(p) < 2(s(pn) — sn(p)), where 7o and c are defined in (3.1) and (3.14), respectively. Our

two results of this section can thus be summarized as

1 <nn(p) <C, VN, YVueD (3.18)
where
o AN(P’)
v (p) = S — sw() (3.19)

is the effectivity, and C' is a constant independent of N or y € D. We shall denote the
left (bounding property) and right (sharpness property) inequalities of (3.18) as the lower
effectivity and upper effectivity inequalities, respectively.

We first prove the lower effectivity inequality (bounding property):

Lemma 3.3.1. For sy(p) and s () defined in (3.16),

snlp) < s(p) < sy(u), Yu €D,

Proof. The lower bound property follows directly from the discussion in Section 3.2.2. To
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prove the upper bound property, we first observe that

R(viun; p) = a(u(p) — un(p),v; p) = ale(p), v; p),

where e(p) = u(p) — un(p); we may thus rewrite (3.15) as

g(p)a(e(pn),v) = ale(p),vip), Yo €Y.

We thus obtain

A~

g(wa(e,é) = g(pa(ée —e,é —e)+2g(pa(é, e) — g(p)ale, e)

~

— GAe — e,é — ¢) + (ale, ¢ 1) — g()a(e, ) + afe, e512)
> ale,e;p) (3.20)

where g(p)a(é(u) — e(u),é(u) — e(p)) = 0, and ale(u),e(p); ) — gp)ale(n), e(n)) = 0
from (3.14). Invoking (3.9) and (3.20), we then obtain

s(p) — sn(p) = ale(p), e(p); p) < g(p)ale(w), é(p));

(1), as desired. O

&
jm]
(o
-+
=
c
n

=

=

S~—

IA
V2]
=

—

=
_l’_

=
=
Q>
=
=

2

=

S~—

S~—
il
Va)

=+

We next prove the upper effectivity inequality (sharpness property):

Lemma 3.3.2. For the effectivity nx(p), defined in (3.19),

_ Ax() To
nn(p) = —S(H) —on () < o VN, Yu € D.

Proof. To begin, we appeal to a-continuity and g(u)a-coercivity to obtain

afe(p). ey ) < 29 age ). o). (3.21)
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But from the modified error equation (3.15) we know that

Invoking the Cauchy-Schwartz inequality, we obtain

g(ma(e, e) = ale, & p) < (a(é,épn))'*(ale, e; n))"/?

< ()" (gu)a(e. )" afe.c: )

the desired result then directly follows from (3.9) and (3.17). O

We now provide empirical evidence for (3.18). In particular, we present in Table 3.1 the
bound gap and effectivities for the thermal fin example. Clearly ny (i) is always greater than

unity for any N, and bounded — indeed, quite close to unity — as N — oo.

3.3.3 Computational Procedure

Finally, we turn to the computational artifice by which we can efficiently compute Ay (p) in
the on-line stage of our procedure. We again exploit the affine parameter dependence, but
now in a less transparent fashion. To begin, we rewrite the “modified” error equation, (3.15),

as

» 1 9
el v) = s («v) - Zzaw)um(umq(cj,v)), e X,

q=1 j=1
where we have appealed to our reduced-basis approximation (3.11) and the affine decompo-
sition (3.3). It is immediately clear from linear superposition that we can express é(u) € Y

as

Q N
é(p) = 1 (20 +) 0> o(wuy j(u)z;f) , (3.22)

9(r) po e
where 2y € Y satisfies a(Zp,v) = £(v), Vv € Y,and 2] € Y,j =1,...,N, ¢ = 1,...,Q,

satisfies a(2],v) = —a?((j,v), ¥V v € Y. Inserting (3.22) into our expression for the upper
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(1)), we obtain

o
o
=
B
~
V)
Z+
—
=
I
»
2
=
_|_
Ne)
—
=
Q>
‘™
E
“Cb>

Q N Q Q N
o) (Co +2) ) o (pun (AL + ) Y Z Zaq(ﬂ)aql(M)UNJ(M)uNj'(M)F?g’/>

1
g(# q=1 j=1 q=1 ¢'=1 j=1 j'=1

(3.23)

= (2 2.

where co = a(%, %), Al = a(%, £]), and T

The off-line/on-line decomposition should now be clear. In the off-line stage we compute
Zyand 2{, j=1,...,N,¢=1,...,Q, and then form co, A, and I‘??;: this requires QN + 1
(expensive) “a” finite element solutions, and O(Q*N?) finite-element-vector inner products.
In the on-line stage, for any given new u, we evaluate s}, as expressed in (3.23): this requires
O(Q*N?) operations and O(Q*N?) storage (for ¢, AY, and F?g:). As for the computation of
sn (1), the marginal cost for the computation of s3(u) for any given new  is quite small —

in particular, it is independent of the dimension of the truth finite element approximation

space Y.

There are a variety of ways in which the off-line/on-line decomposition and output error
bounds can be exploited. A particularly attractive mode incorporates the error bounds into
an on-line adaptive process, in which we successively approximate sy(u) on a sequence of
approximation spaces WNJ/_ - WN,N; = Ny2/ — for example, WN]'. may contain the Nj‘
sample points of Sy closest to the new pu of interest — until A N/ is less than a specified
error tolerance. This procedure both minimizes the on-line computational effort and reduces

conditioning problems — while simultaneously ensuring accuracy and certainty.

The essential advantage of the approach described in this section is the guarantee of
rigorous bounds. There are, however, certain disadvantages related to the choice of g(u)
and a. In many cases, simple inspection suffices: for example, in our thermal fin problem
of Section 3.1.2, g(p) = ming, ¢ o0%(p) and a(w,v) = Zqul a’(w,v) yields the very
good effectivities summarized in Table 3.1. In other cases, however, there is no self-evident
(or readily computed [68]) good choice. For example when g(u) is very small, then the

effectivities will be unacceptably large. The remedy in these cases, is to replace condition
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(3.14) with a more general spectral condition. The development of these spectral conditions,

and “bound conditioners” satisfying such conditions, is given in [113].

3.4 Noncompliant Outputs and

Nonsymmetric Operators

In Sections 3.2 and 3.3 we formulated the reduced-basis method and associated error estima-
tion procedure for the case of compliant outputs, ¢(v) = f(v), Yv € Y. We describe here the
formulation and theory for more general linear bounded output functionals; moreover, the
assumption of symmetry (but not yet coercivity) is relaxed, permitting treatment of a wider
class of problems — a representative example is the convection-diffusion equation, in which
the presence of the convective term renders the operator nonsymmetric. We first present the
reduced-basis approximation, now involving a dual or adjoint problem; we then formulate
the associated a posteriori error estimators; and we conclude with a few illustrative results.
As a preliminary, we first generalize the abstract formulation of Section 3.1.1. As before,
we define the “primal” problem as in (3.5), however we of course no longer require symmetry.
But we also introduce an associated adjoint or “dual” problem: for any p € X, find () € X
such that
a(v, (s 1) = —O(v), Yo € X; (3.24)

recall that (©(v) is our output functional.

3.4.1 Reduced-Basis Approximation

To develop the reduced-basis space, we first choose — randomly or log-randomly as described
in Section 3.2.2 — a sample set in parameter space, Sn/a = {fi1, ..., fin/2}, where y; € D, i =
1,...,N/2 (N even); we next define an “integrated” Lagrangian reduced-basis approximation
space, Wx = span{(u(u,), ¥(pn)), n=1,...,N/2}.

For any p € D, our reduced basis approximation is then obtained by standard Galerkin

projection onto Wy (though for highly nonsymmetric operators minimum residual and
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Petrov-Galerkin projections are attractive — stabler — alternatives). To wit, for the primal

problem, we find uy(u) € Wy such that

a(un(p),v;p) = f(v), Vv € Wi
and for the adjoint problem, we define 15 (1) € Wy such that
av, o (p); ) = —L9(v), Yo € Wy.

The reduced-basis output approximation is then calculated from sy (1) = €9 (un(p)).
Turning now to the a priori theory, it follows from standard arguments that uy(p) and

Yy (p) are “optimal” in the sense that

—u M in u(p) —w

)~ uxolly < (1+ 25 int ) = wxll,
gD

o0 ol < (14 ZE) int 1900 - wnl-

The best approximation analysis is then similar to that presented in Section 3.2.2. As regards

our output, we now have

(1) = s ()] = 1€ (u(e)) = € Cun ()| = la(u = un, v o)
= la(u —un, ¥ — ¢Yn;p)l (3.25)

<vllu—unl|xll —¥nlly

from Galerkin orthogonality, the definition of the primal and the adjoint problems, and the
Cauchy-Schwartz inequality. We now understand why we include the ©(u,,) in Wy: to ensure
that ||¢(u) —¥n(p)|ly is small. We thus recover the “square” effect in the convergence rate
of the output, albeit (and unlike the symmetric case) at the expense of some additional
computational effort — the inclusion of the (1, ) in Wy; typically, even for the very rapidly
convergent reduced-basis approximation, the “fixed error-minimum cost” criterion favors the
adjoint enrichment.

For simplicity of exposition (and to a certain extent, implementation), we present here
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the “integrated” primal-dual approximation space. However, there are significant computa-
tional and conditioning advantages associated with a “non-integrated” approach, in which
we introduce separate primal (u(u,)) and dual (¢(u,)) approximation spaces for u(u) and
(), respectively. Note in the “non-integrated” case we are obliged to compute ¥ (1), since
to preserve the output error “square effect” we must modify our predictor with a residual
correction, f(¢¥n(p))—a(un(p), ¥n(p); ) — see the next chapters for more details. Both the
“Integrated” and “non-integrated” approaches admit an off-line/on-line decomposition sim-
ilar to that described in Section 3.2.3 for the compliant, symmetric problem; as before, the
on-line complexity and storage are independent of the dimension of the very fine (“truth”)

finite element approximation.

3.4.2 Method I A Postertor: Error Estimators

We extend here the method developed in Section 3.3.2 to the more general case of noncom-
pliant and nonsymmetric problems. We begin with the formulation.

We first find éP"(p) € Y such that

g(p)a(e” (p),v) = R (v;un(p); 1), Vv €Y,

where RP"(v;w; pu) = f(v) — a(w,v; u), Yo € X; and (i) € Y such that

g(p)a(e™(p),v) = R*™(vin ()i p), Vv €Y,

where R (v;w; pu) = —£(v) — a(v,w; p), Vv € Y. We then define

sx(0) = swin) — 2 a0 (), 6 (), amd (3.26)
2

( 2
Aty = P aer (), e ()] fate (0, e (). (3.27)

Finally, we evaluate our lower and upper estimators as

sy (1) = 5n (1) = An(p). (3.28)
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Note that, as before, g(u) and a still satisfy (3.14); and that, furthermore, (3.14) will only

involve the symmetric part of a. We define the effectivity as

Al (3.29)

W) = T — s

note that s(u) — sy(p) now has no definite sign.

We now prove that our error estimators are bounds (the lower effectivity inequality):

Proposition 1. For sy (i) and s (n) defined in (3.28) then

sy(p) < s(p) < sy (), VN, Y e D.

Proof. To begin, we define é*(p) = éP () F 2 (p), and note that, from the coercivity of
a,
1 1
gl — 264, o — 162) = nguia(em,em) + S (et o) wglu)ae,em) > o

(3.30)
where eP"(p) = u(p) — un (i), e (i) = () — ¥y (1), and & is a positive real number. From

the definition of é*(u) and éP*(u), é4(u), we can express the “cross-term” as

~ jay T T T 1 u T
g(u)a(ei, eP) = RP"(e”; un; p) F ERd (e’ n; 1)
1
— ae”, e 1) F —ale”, ™ p) (3.31)
K

=a(e™, e’ p) £ %(S(H) —sn(w),

since

R (e 5 un; p) = alu, e p) — alun, €5 p) = a(e™, e ),

RM(eP; ¢y 1) = a(e™, ¥; ) — a(e”, s p) = a(e™, e™; ),
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and

9(n) = €°(un) = —alu — uy, ¥ )
= —a(u —un,¥ —Yn;p) (using Galerkin orthogonality)

= —a(e”, e ).
We then substitute (3.31) into (3.30) to obtain

(s() — () <~ (ale” ") — gl o) + D agex o)
RO o et o)
4 7 ?

since kK > 0 and a(eP"(u), eP (u); 1) — g(p)a(eP (p), eP" (1)) > 0 from (3.14).

1 sdu

Expanding é*(p) = é () F 2% (pu) then gives

1
(s(10) — sw(pr)) < L [ma@pﬂ o)+ Lagem, o) 5 ga(er e | |
K

or

+ (S(u) — (sn(p) — nga(épf,édU))) < T 5 aor oy #a@dwdu). (3.32)

so as to minimize the right-hand side (3.32); we then obtain

|s(1) = sn ()| < An(p), (3.33)

and hence sy (1) < s(u) < si(p). O

We now turn to the upper effectivity inequality (sharpness property). If the primal and
dual errors are a-orthogonal, or become increasingly orthogonal as N increases, then the

effectivity will not, in fact, be bounded as N — oo. However, if we make the (plausible)

55



hypothesis that |s(u) — sy ()| > ClleP (1) |y ]le?®(i)||y, then it is simple to demonstrate that

2

10 1
]? < . .
N(lu) — 2Cc (33 )

In particular, it is an easy matter to demonstrate that

9"2() (@ (@ (). & ()" < 5l (wlly

(note we lose a factor of ”yé/ ? relative to the symmetric case); similarly,

972(1) (@ (), ()" < 205 e (w) -

The desired result then directly follows from the definition of Ax(u) and our hypothesis on
[5(1) = sn ()l

3.4.3 Blackbox Method

Finally, turning to computational issues, we note that the off-line/on-line decomposition
described in Sections 3.2.3 and 3.3.3 for compliant symmetric problems directly extends to
the noncompliant, nonsymmetric case — except that we must compute the norm of both the
primal and dual “modified errors,” with a concomitant doubling of computational effort. The
details of the blackbox technique follow. For convenience we define N as the set {1,..., N},
and Q as the set {1,...,Q}.

Off-line Stage

1. Calculate u(u;) and ¥ (u;),i =1,..., N/2, to form Wy.

2. Compute A? € RV*N as Al = a%((;, (), Vi, j € N? and Vg € Q.

3. Solve for 2°P* € Y and 2% € Y from a(2°"",v) = f(v), Vv € Y, and a(2°,v) =
—(°(v), Yv € Y, respectively. Also, compute zl €Y from a(z],v) = —a(¢j,v), Yv €Y,
Vs € N and Vg € Q.

pr _ ~/20pr 20pr). .du _ ~/20du z0du). .prdu __ ~/s0pr z0du). 77Pr __
4. Calculate and store ¢’ = a(2"P", 2°P"); cf" = a(2°", 20°1); ™" = a(2°P, 20N Py, =
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f(¢;) and F]‘\i,uj = 9((), Vj € N; AP = a(zorr, z{) and Agdu = d(iOd“,ég), Vj €
N and Vg € Q; T = a(2], 2]), Vi, j € N* and Vp,q € Q*.

This stage requires (NQ+ N +2) Y-linear system solves; (N2Q*+2NQ+3) a-inner products;

and 2N evaluations of linear functionals.

On-line Stage

For each new desired design point y € D we then compute the reduced-basis prediction and

error bound based on the quantities computed in the off-line stage.

1. Form Ay = Zqul () A? and solve for uy = uy(p) € RN and ¢ = ¢ (u) € RY from
Ay uy = F% and A} Yy = — 9", respectively.

2. Evaluate the bound average and bound gap as

SN = (F?\}J)T Un—

N N Q Q
ZZZZuNz@Z)N]Up qu +ZZ¢NJU(1 qur
i=1 j=1p=1g=1 j=1q¢=1
ZZUNJUCI <1du+c}f)nrdu)7
j=1g=1
and X
An(p) = TR
N N Q Q
(D> D D uniunjo"(w)o qu+222uzvjaq (L) AT + )2
i;1 j;lpgl qgl p 1q 1
<ZZZZ¢NWNNP( qu+222¢1v]0q Aqdu e
i=1j=1p=1q=1 s
respectively.

For each u, O(N2Q? + N3) operations are required to obtain the reduced-basis solution and
the bounds. Since dim(Wy) < dim(Y’), the cost to compute sy(u), Sn(p), and Ay (u)

in the on-line stage will typically be much less than the cost to directly evaluate u(p) and
s(p) = €°(u(p)).
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3.5 Numerical Results

We presented in Table 3.1 for the thermal fin example, the behavior of the relative error,
the bound gap, and the effectivities as a function of N. We see that even for small N, the
accuracy is very good; furthermore, convergence with N is quite rapid. This is particularly
noteworthy given the high-dimensional parameter space; even with N = 50 points we have
less than two points (effectively) in each parameter coordinate. We also note that the
effectivity remains roughly constant with increasing N: the estimators are not only bounds,
but relatively sharp bounds — good predictors when N is “large enough.” The behavior we
observe at this particular value of p is representative of most points in (a random sample

over) D, however there can certainly be points where the effectivity is larger.

3.5.1 Thermal fin — Shape optimization

We conclude this Section with a more practical application: suppose we wish to find the
configuration which yields a base (e.g., chip) temperature of s, (say 1.8) to within € = .01
by varying only the height « of the radiators. To start, we choose a relatively large number
of basis functions in the design space D defined above, and perform the off-line stage of the
blackbox method. For efficiency in the on-line stage, we then enlist only a subset of these
basis functions — those which are closer in the design space to the desired evaluation point
— and refine when higher accuracy is required. A binary chop algorithm, summarized 3-2,
is implemented to effect the coupled approximation-optimization; we assume monotonicity
for simplicity of exposition.

In the particular test case shown in Table 3.2, we begin with N = 10 points and set N* =
10 as well; we initialize a; = 0.1 and «,. = 0.5. During the optimization process, refinement
is effected twice, such that a total of N = 30 basis functions are invoked (considerably less
than the 50 available). The savings are significant, yet we are still ensured, thanks to the
bounds, that our design requirement is met to the desired tolerance of ¢ = .01. One can also
apply a dynamic adaptation strategy in which only a minimal number of basis functions are
generated (initially) in the off-line stage: if these prove inadequate, we return to the off-line

stage for additional basis functions and also revision of the necessary matrices and inner
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for i = 1:max_iterations do
Choose @ := (o + ;) /2
Blackbox for @ = sk, sy
dy :=max (|s, — s |, [s« — syl)
dy :=min (|s, — s}/, [s« — sy|)
if dy > ¢ then
if s} > s, and sy > s, then

o =
else if sj\“, < s, and sy < s, then
= Q
else
N:=N+N*
end if
end if
if d; < € then
Stop.
else
N:=N+NT
end if
end for

Figure 3-2: Optimization Algorithm

products.

a s} SN o | o

0.3 |1.683|1.753|0.1]0.5
0.2 | 1.716 | 2.056 | 0.1 | 0.3
0.2 |1.766 | 1.807 | 0.1 | 0.3
02 |1.771 | 1.778 | 0.1 0.3
0.15 | 1.817 | 1.840 | 0.1 | 0.2
0.175 | 1.792 | 1.806 | .15 | 0.2

STl W N s

Table 3.2: Shape Optimization

If we choose a tighter tolerance ¢, or if we wish to investigate many different set points
S, or if we perform the optimization permitting all 7 design parameters to vary, we would
of course greatly increase the number of output predictions required — and hence greatly
increase the efficiency of the reduced-basis blackbox technique relative to conventional ap-

proaches.
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Chapter 4

Parabolic Problems

4.1 Introduction

In this Chapter, we consider the extension of reduced-basis output bound methods, to prob-
lems described by parabolic partial differential equations. The essential new ingredient in the
parabolic case is the presence of time in the formulation and solution of the problem. For
the parametrization of the problem, time is considered as an additional parameter, albeit
a special one as we will see in the development to follow. For the numerical solution of
the problem the finite-element method is employed for the spatial discretization. For the
temporal discretization the discontinuous Galerkin method [12, | is used; although not
the only choice, the variational origin of the discontinuous Galerkin is desirable for the de-
velopment and proof of the bounding properties. A procedure to efficiently calculate upper
and lower estimators to the outputs of interest is developed. We prove that these estimators
are bounds to the exact value for the output. These bounds can be calculated efficiently by

assuming an (often-satisfied) form for the partial differential operator [66].

4.2 Problem Statement

To start, consider a bounded open domain  C R? d = 1,2,3 with Lipschitz-continuous

boundary; if T > 0 is the final time and I = (0,T) (I = [0,T]) the time interval of interest,
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we define the “space-time” domain Q7 = [ x ). Furthermore, let V' be a closed linear
subspace of H'(), such that Hj(Q2) C V C H'(Q). The space L*(I; V) can be defined as in
Section 2.2. Similarly, we define C°(I; L?(Q2)) the set of functions which are continuous (and
therefore bounded) in time, and L?(Q) in space for t € I; also, we will use in the following
LY Qr) = L*(I; L*(Q)), and H = L*(I;V) N C°(I; L*(Q)) [57, 97]. For the parametric
dependence, let P be the number of input parameters and D C R the set of allowed

configurations; a particular configuration will be denoted by u € D.

Let f(;pn) € L*(Qr) and ug(p) € L*(Q) be known functions which depend on the
parameter p. The problem we are interested in solving is: given a u € D, find the solution

u(-; ) € H to the equation:

(Oput; ), v) + alult; p), v p) = (f(tp),v), Yo €V, (4.1)

u(0; p) = uo(p);

here (-,-) denotes the L?(Q)-inner product and a(-,-;u) : V x V — R is a continuous and
coercive-in-V bilinear form, uniformly in ¢ € D. Equation (4.1) has to be understood in
the proper distributional sense for t € I. Under the assumptions above the problem is
parabolic and a unique solution u(-; ) € H exists for all u € D [97]. We should also mention
that a solution to (4.1) exists under weaker assumptions than the ones presented above
(e.g. f(;u) € LA(I; V'), with V' the dual of V) — this generality is not required for our
presentation. Also to keep the notation minimal, we assume that the L?(Q)-inner product

and the bilinear form a(-, -; #) do not depend on time.

As was mentioned in Section 1.2, in practical applications the solution field wu(-; u) is less
important than relevant outputs of interest. We consider here the output of interest which

is obtained from s(u) = S(u(-; p)), with S : H — R a linear functional

S(v) = / (O(t), v(t)) dt + (4°, v(T)):

with v(t%) = lim,_+ v(t & s). Here (9(-) € L*(Qr) (or more generally, (¢ € L*(I;V')) and

g° € L*(Q) do not depend on p — a parametric dependence of the output can be readily
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treated.
It will be useful in the following to replace (4.1), with a space-time weak formulation:

given p € D, find u(-; 1) € H such that

/, (Orult; ), o(8)) dt + / afult; 1), v(£); ) dt + (u(0%; 1), 0(0%) =
/ (£t ) 0lt)) dt + (uo(ja), 0(07)), (4.2)

I

Vv € H. It is obvious that if u(-; u) is the solution of (4.1) then it is also a solution of (4.2).

We can readily prove the following:

Lemma 4.2.1. The problem in (4.2) is stable, and therefore u(-; u) € H is the unique weak
solution to (4.2).

Proof. Stability and therefore uniqueness, follows from the coercivity of the bilinear form
a('a " :u)7
Je > 0 such that c||v|| g1y < a(v,v;p), Vv € V,Vu € D;

which implies that

[ @(o).0) dt + [ atele),o®i de+ @07),00%) =

I I
1

ST, o(T ) + 5(0(0%), 0(07) + / a(v(t), o) p) dt > cllol3amy, Yo € Hy v 0.

]

We will also require in the following ¢ (-; ) € H which is the solution of the following
dual problem:

— [ @wttip) o) dt+ [ alwl@), ot i) e+ (T 30T ) =

—/(ﬁo(t)m(t)) dt — (g°,v(T7)), Yo € H; (4.3)

I

the importance of the dual problem will become clear in the analysis that follows. Notice

that if we define 7 = T — ¢, (4.3) becomes parabolic — the dual problem evolves backward
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in time. Therefore, under the requirements above for the primal problem a unique weak
solution ¢(-; ) to (4.3) will exist.

In practice, for the solution of (4.2) and (4.3), we replace V by a finite but high-
dimensional finite-element space V}, so that Vj, & V (dimV}, = ). Given an input config-
uration p, solution of the resulting system of ordinary differential equations (and relatedly,
calculation of the output of interest), can be very expensive. We develop in the next section,

a reduced-basis approach to significantly reduce the complexity of this problem.

4.3 Reduced-basis Approximation

We define i = (t,u) € D = I x D, and introduce the following sample sets S% =
o, .. @} and S$ = {av, ..., 494}, In general, N # M and g™ # g, i =1,..., N,

7
j=1,...,M. We then compute the solution of (4.2) for all {g € I | 3t: (¢t,u) € Sy }, and
of (4.3) for all {p eI |3t:(t,u) € S$}}. Using these solutions we define the Lagrangian

reduced-basis approximation spaces, as follows:
WY =span{¢; = u(@"), i =1,..., N}, Wi =span{¢& = (™), i =1,..., M},

where dimW} = N, and dimW{* = M; by construction WY, Wit c V. We can then

define the following spaces,
HY = LA WE) N CYT; LA(Q)), and HYy = L(I; W) N CUT; LA(9)).

In the construction of the reduced-basis spaces the choice of p; € D (and consequently fi;)

for the sample sets S& and S{ is critical. Both the a priori theory [69] (in the context
of elliptic problems) and extensive numerical tests [94] suggest that the points should be

chosen “log-randomly” over D: we sample from a multivariate uniform probability density
on log(D). Especially for large ranges of the input parameters, this logarithmic distribution

performs considerably better than other obvious candidates.

The reduced-basis approximation uy(+; ¢) to u(-; u) is obtained by a standard Galerkin
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projection: given a u € D, find uy(+; 1) € Hy, such that

[ @ty o®) dt+ [ atun(t:m.v(0: ) di+ (un(0%:0.0(0) =

I I

/ (F(E: 1), 0(8)) dt + (o), 0(0%)), Yo € HE. (4.4)

I

The error to the approximation of u(-; ) by uy(+;p) is e’ (¢; p) = u(t; pu) — uy(t; 1), and
relatedly RP*(v; u) is the residual for the primal problem:

RP (v 1) = / (F(t: ), o(t)) dt — / (Brun (8 1), 0(1)) dt

- / (o (t; 1), 0(8): ) dt — (un (0% 1) — o), 0(0)) (45)
- / (OueP" (15 ), (8)) dt + / Qe (8 1), 0(t); ) dt + (0% ), 0(07))

the last line above follows from (4.2). Similarly, for the dual variable, we obtain an approx-

imation ¥y (+; p) € HYY to (- p) € H from:

- / (Ortbaa (8 1), 0(2)) dt + / a(w(t), oar (t; 2); ) i+ (Yar(T™: 1), 0(T)) =

—/(ﬁo(t),v(t)) dt — (g%, v(T7)), Yo € HE. (4.6)

I

The residual for the dual problem R (v; ) is then:

R*sn) = = [ (©0.00) de+ @, o) ai

1

- /a(v(t), (b 1) 1) dt — (Y (T3 1) + g%, 0(T7))

N _/I(atedu(t;“)’“(t)) dt+/la(v(t),€d“(t;u);u) dt + (e*™(T; p),0(T7)) 5
(4.7)

from (4.3) and defining e®"(t; u) = ¥(t; ) — Yar(t; ).

Using now the reduced-basis solutions to the primal and dual problems, we can obtain
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an approximation to the output of interest sy (i) from:

sn(p) = Sun (1) — R (e (5 p); 1)

) ) ) (4.8)
:/I(é (1), un(t; 1)) dt + (9, un(T75 1)) — R (ar (-5 10); o).

Regarding the convergence of the output approximation (4.8), we have the following:

Lemma 4.3.1. Let

eng = inf ([l raonee) + ez x [l = Xarllzeies) + 11 = xarll 2]

XM EHGY

+e® |l r2crezy | — xaell ez}

then

[s(k) = sw ()] < C [lle” |22y + 1™ | 2crm] X [[le™ | poe(riz2) + €[ z2(rmm)] + Cesy-
(4.9)

Proof. We start with an auxiliary result that will also be required below,

soo-—sN<u>— [XzOno dt + (4%, u(T"))

—/I(EO;UN) dt — (g%, un(T7)) + RP (Yas; 1)

:/I(Eo,epr) dt + (g2, e’ (T7)) + RP (Yo 1)

2[@%@Uﬁ—[MWWMMF%MT%WUW%HWWMM
:—[W@mmﬁ—[mwmewwwmm¢ww+waMn
= —RP (e p); (4.10)

using (4.3), integration by parts, (4.5) and linearity of the primal residual. From (4.10)

s(p) — sn(p)| =

[ @iy et [aeretp der @000 @
I 1
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we look at each of the terms on the right-hand side separately. Let x(-) € HI%, with
XM(0+) = ’I,DM(O+) Then

/(@epr,ed“) dt’ =
I

<

/(atepr, Y —xm+ X — Vur) dt‘
I

[ @ dt\ n

I

/(3t€pra¢M - XM) dt‘ .

1

For the first term above we use integration by parts to get:

/@tepr, ¥ = Xu) dt' < C [lle” poe ezl = xarll ooy + €™ 2oz 1 = xallm ez 5
I

and for the second term from (4.5) and using the Galerkin orthogonality property (since

Uur(t) — xar(t) € W), we get:

[ @ a = xan) dt\ = | [ aler var = xarin) de + (@707), par(0%) ~ xar(0°))

I I d

-0
< AlleP |2z lvar — ¥ + ¥ — xmll 2 m

< e N2y (10a = Dl + 10 = xarllz2a)) 5

with 7 the continuity constant of a(-,; 1). Combining the expressions above:

/ (8t€pr, edu) dt‘ S ’Y‘|epr||L2(I;H1)||eduHL2(I;H1) + OE?\; (412)
1

The second and third terms in (4.11) can be bounded using the continuity of the bilinear

form a and the Cauchy-Schwartz inequality, giving

s(p) — sn(p)] <

/(ateprvedu) dt‘+’YHGPTHLQ(I;HI)HeduHLQ(I;HI)+||€erL°°(I;L2)HeduHLw(I;L?)-
I

(4.13)
The desired result follows directly from (4.12) and (4.13). O

The previous lemma gives an a priori bound on the convergence of the output approxi-

mation, defined in (4.8), to its exact value; as we see from (4.9), a term appears involving 4%
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— a measure of how well members of the reduced-basis space H$} approximate the solution
to the adjoint problem — as well as norms of the error to the dual problem e®". Had we used
S(upn(+; 1)) instead of (4.8) to calculate the output approximation, the corresponding bound
would depend on norms of the primal error e only. As M increases, the term involving
the dual errors will become smaller and, given the approximation properties of W*, will
converge to zero; this suggests faster convergence of the adjoint-corrected output and use of
(4.8) is justified.

In the calculation above we have, in effect, replaced V' (or V},) with W' for the primal
and Wt for the dual problem. These reduced-basis spaces have approximation properties
specific to the problem of interest, so only a small number of basis functions need to be
retained to accurately represent the solution. Significant computational savings are affected,
since the computational complexity scales as N(= dim W}') and M (= dim W) instead of
N(= dimV}), and N, M will be small — typically O(10) — and independent of /. As
N, M — oo, and given the specific choice of the approximation spaces, uy(+; 1) — u(+; p),

() — (5 p), and sy(p) — s(p) will converge to the exact values very fast.

4.4 A posteriori error estimation

The computational relaxation introduced in the previous section, allows us to compute very
efficiently accurate approximations to the solution and the output of interest. Thanks to the
expected rapid convergence N and M could, in theory, be chosen quite small. However, in
practice we do not know how small NV and M can be: this will depend of the desired accuracy,
the choice of fi; in the construction of the reduced-basis spaces, the output of interest and
the particular problem in question; in some cases N, M = 5 may suffice, while in other cases
N, M = 100 may still be insufficient. In the face of this uncertainty, either too many or
too few basis functions will be retained: the former results in computational inefficiency; the
later in unacceptable uncertainty. It is therefore critical that we can ascertain the accuracy of
our predictions; we develop next, a rigorous error-estimation approach, directly for outputs
of interest, to a posteriori validate the accuracy of our predictions.

To begin assume that we may find a function g(u) : D — R, and a symmetric, continuous
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and coercive bilinear form a : V x V — R such that
cllvlli < g(p)a(v,v) < a(v,v;p), Yo € V, Vu € D; (4.14)

we understand g(u) as a lower bound to the a-coercivity constant.

We then compute the “reconstructed” errors éP(-; u) € H and é%(-; ) € H such that

o) [ a(E (s v®) de = R, Vo €, and

gwy[a@%umﬂw»m/: R (03 1), Vo € H. (4.15)

Note that a unique solution exists for problems (4.15), by an application of the Riesz-Frechet
representation theorem since RP" and R are continuous linear functionals on the Hilbert
space L*(I; V') and [, a(-,-) dt is a scalar product in L*(I; V). An estimate for the output

is then computed, sp(u):

sulu) = swl) = 287 [ (e, et ) e (4.16)

and a bound gap A(u):

AW%=%@[/d@th£m@uDﬁr{/&@WEM£“WMDﬁ;- (117)

1 1

Finally, upper and lower output estimators can be calculated from s*(u) = sp(p) & A(u).
We now prove that these estimators s* (1) are always rigorous bounds to the true output s(u).
In the proof that follows, unless it is essential, we will not explicitly indicate dependence on

the variables ¢ and pu.

Proposition 2. Let sg(p) be the output approrimation, defined in (4.16), and A(u) the
bound gap, defined in (4.17). If we then define s*(u) = sp(u) £ A(u) then

s (1) < s(p) < s7(p), Y € D;
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that is, sT(u) and s~ () are rigorous upper and lower bounds to the true output s(u).

Proof. To start, notice that RP*(ed%; u) = RI4(eP'; 1) since:

R (e ) = /j(@tepr,ed“) alt+/la(ep1r W) dt + (eP(07), e (07))
= —/(8ted“,epr) dt+/a(epr W) dt + (e (T7),e™(T7))

1 I
= RM(e™;p);

using integration by parts, and the definition of the primal (4.5) and dual (4.7) residuals.
Therefore from (4.10),
R ) = (1) — sn (1) (4.18)

We can now start the proof of the bounding property, and define é* = éP" %éd“, with £ > 0.

From the coercivity of a, we have:

o) [ ater -

DN | —
(N}

/{g(u)/ld(epr,epr) —I—K@/I&(éi,éi) — /ig(,u)/ld(éi,epr) >0. (4.19)

Since 6 = éP" F 1é% and using (4.15) we get:
o) [ (e ) dt = RIs ) 5 LR ) (4.20)
But:
RP (e’ u) = /(atepf eP) dt + /a (e’ P p) dt + (e”'(07), eP (01))
I I

vV
N | —

Gl ) (@O0, 7)) + [ aer, i) di

>0

v

> gl [ a(em. e
I

since from (4.14) we have [, a(e",e”; u) dt > g(u) [, a(e’, e”) dt. Replacing in (4.20) for
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RPT(ePT; i) the expression we just obtained, and (4.18) for R (eP"; 1), we have:

g [alet ey de < <wglu) [a(em e deF (50— sl (@2)

1

Combining now (4.19) and (4.21), we get

Expanding é* = éP* F %édu we have

+(s(p) — sy(p)) < # {n/l&(épr,épr) dt+%/ld(é v edm) dt:|:2/1 a(err, ) dt}

and from the definition of sp(u) = “ ) [;a(err, et dt,
+(s(pn) —sp(p)) < /€g4u) /oz(epr érr) dt + %/&(édu,édu) dt. (4.22)
I ko Jr

Since k is an arbitrary positive constant, we choose it as:

B f[ Adu du dt
" fla(epr,epr) dt )’

so that the right-hand side in (4.22) is minimized. Then

£(s() - sp(p0) < L0 { Jateem dt} % [ [ et dt} g

which from the definition of A(u) becomes +(s(u) — sp(p)) < A(p), or

s (1) = sp(p) — Alp) < s(p) < spp) + Ap) = 57 ().

So following the previous proposition, instead of using the exact value for the output

s(p), we can use the output prediction sp(p) and the bound gap A(u). The basic premise
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is that these two quantities can be computed more efficiently than the exact output. This is
indeed the case when a certain decomposition exists for all the parameter-dependent linear
and bilinear forms [01]. More specifically, assume that for ¢t € I, p € D and for Q,, , , € N

the following “affine” decomposition exists:

Qu
a(w,v; p) Zaq )al(w,v), Yw,v € V? Zaft,u : ):ZUZ(u)ug
q=1
(4.23)
with O'Z, o functions which depend on g and ¢, whereas the a?, f? and u! do not. For

a large class of problems such a decomposition exists; certain relaxations are possible for

locally non-affine problems [94].

Using (4.23) and following the same steps as in [(6], a two-stage computational procedure
can be developed: Off-line the reduced-basis space is formed and a database with certain
auxiliary quantities is created; this is a relatively expensive preprocessing step which needs
to be performed only once. On-line, for each new p, using the database: the reduced-basis
problem is formed and solved; the reduced-basis solution is used to compute the output
approximation; and finally, the output bounds are calculated. The incremental cost for each
on-line step is minimal and scales only with the dimension N, M of the reduced-basis spaces

and the parametric complexity @), ¢, o of the linear and bilinear forms.

The definition of the reduced-basis spaces comprising of snapshots to the solution at
different parameter points is not the only possibility. An alternative approach is to construct
the reduced-basis spaces by using the entire time-dependent solution at certain parameter
values. A space-time Galerkin projection can then be used to obtain the reduced-basis
problems. Moreover the a posteriori error estimator, defined above, could be easily adapted
to this case. There are certain advantages in this alternative approach; for example, instead
of solving the low-dimensional parabolic problems (4.4) and (4.6), one has to solve linear
systems of small dimension. Also, there is some simplification in the computation of the error
estimator. On the other hand, during the preprocessing/off-line stage the computational cost
and required memory storage become much higher, making overall this second approach less

attractive.
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4.5 Time Discretization —

Discontinuous Galerkin Method

In the previous section we presented the general theory without any reference to the time-
discretization procedure. Here we consider one possible time-discretization method, the
discontinuous Galerkin method. The discontinuous Galerkin method was first introduced in
the context of time-dependent problems by Jamet [12], and was further analyzed [71, ].
The variational origin of the discontinuous Galerkin method, will allow us to extend the a
posteriori error estimation method developed in the previous section for the discrete-in-time

approximation.

Consider a set of L + 1 points in [ = [0,7] such that tp = 0 < t; < t, < ... <
t; = T is a partition Z of I in intervals I; = (t;_1,%), | € £ = {1,...,L}. The diam-
eter for each I will be At = t;, —t;_y, | € L. We then define the spaces PI(I;;V) =
{v:L = V]v(t) =31 vst* vy €V} C L*(I;V)NCL; L*(Q)),VI € L, and VIL; V) =
{ve LA(L;V) | v|, € PUI; V), VI, € T}. Obviously, if v € V4(Z; V) then the function can
be discontinuous at the points ¢;, [ € L. We further define the jump at these points as
W), = vt —v(t;), 1 €{0,..., L}, with v(t;°) = lim,_o+ v(#; £ s). The problem is then to
compute using the discontinuous Galerkin method a solution u?(-;u) € V94(Z; V) — which

is a discontinuous approximation to wu(-; u) of (4.2) — from:

/(5’tuq(t;u)7v(t)) dt+/a(uq(t;u)>v(t);u) dt+ Y ([ )1, 0(t) =

I I leL

/ (F(t: 1), 0(t)) db, (4.24)

I

Yo € VA(Z;V); with [ud(-; u)]o = u?(0F; p) — uo(p) (or u?(07; p) = up(p)). In (4.24) we can
solve separately for each I;; continuity is imposed only weakly due to the presence of the

additional jump terms. For the dual problem, we can compute a solution ¥?(-; u) € V4(Z; V)
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from:

- / (Ot ), o(t)) dt + / a(w(t), 09(t; 1)s ) dt — 3 (05 ), 0(E) =

I I lec

- / (€°(t), v(t)) dt, (4.25)

I

Yo € V(T V); with [Y9(p)]r = =g — 4T 5 p) (or 9(T"5p) = —g©). The output of

interest s?(u) can then be calculated using u9(-; u), from:

s'(p) = /(fo(t),uq(t;u)) dt+ (g%, u?(T~; ) = Z/ (€2(t), u?(t; ) dt+ (g%, u?(T75 1)),
4 lec Y h

(4.26)

The reduced-basis spaces are formed similarly to the continuous case, by obtaining “snap-

shots”of the solution to the primal and dual problems for all points in the sets S% and S{}

respectively:

W]I\)fr:Span{CiEuq(ﬂ$r)7i:1a"'7 ) /:LfrESJF\);}’

Wit = span{& = 4", i = 1,..., M, pd e S},

The reduced-basis approximation to u9(t; i) can be obtained by a standard Galerkin projec-

tion: for a given pu € D, find u}(+; u) € VI(Z; Wy'), such that

[ @5, v(0) dt [ a6, vle) e (s, o(t)) = [ (F i) o(o) e

1 1 1

Vo € VYZ,Wx) with [u% (5 1)]o = v (075 1) — ue(p); similarly, we define the dual prob-
lem and obtain ¢%,(;u) € VI(Z;W3). The primal and dual residuals are defined as:
R (vyp) = D> e R (v ) with R} (v; ) the residual for the primal problem in the
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time interval I;:

RP (s 1) = / (F(t; 1), (8)) i — / (Ou (8 ), (8)) dt

I I

- / (e (1 ), (8 )t — ([ ()]s 0t 1))

Iy

B /(@eprq(t;u),v(t)) d”/“(eprq(t;u),v(t);u) dt + ([e” (5 )i, 0(t2,));

I 1

where eP" U(t; 1) = ui(t; u) — ul(¢; 1), the error in the primal variable. The residual for the

dual problem R{™%(v; 1) is defined as:

R = = [ (0, 00) di+ [ @ty te ), ot0)

I I

- / a(w(t), Wy (1 ): )+ (1 (- ) o(8))
- ‘/ (D™ 9(t; 1), (1)) dt + / a(w(t), €Mt ) 1) dt — (95 )]sy o(t)):

Il Il

from (4.25) and defining e 9(¢; u) = 9(t; u) — 4, (¢; p), the error in the dual variable. An

approximation to the output of interest s% (u) can then be obtained from:

SR

/ (£9(t), ul (t; ) dt—R?rq(%(';u);u)} + (g% ul (T ). (4.27)

I

Turning now to the a posteriori error estimator, we compute “representations” of the
error éP4(;;u) € VUZ; V) with e9(:;u) = (- u)|y, and éd9(;;u) € VI(Z; V) with
eM9( ) = e%4(-; )|y, such that:

g(,u)/ a(e 1t p),v(t))dt = R (v;p), Yo e PI(L; V), VI, € T and

I;

g(,u)/ a(@™ (), v(t)) dt = RI™U(v;p), Yo e PUIL; V), VI, € 1. (4.28)
I
For the error estimator we first calculate the output approximation, s%(u):

sb() = stlp) ~ 25 [ (et ), ot ) at (4.29)

leL v+
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and the bound gap A%(u) is defined as:

1
2

ar(u) = 1) [Z [ e dt] [Z / (0 ), 6 )
lec /h lec

(4.30)

Finally, as before, symmetric upper and lower output estimators can be calculated from

st9(u) = sL(u) + A%(p). We can then prove the following:

Proposition 3. Let s%(u) be the exact value of the output for the semi-discrete problem,
defined in (4.26). If we define s%(p) and AY(u) as in (4.29) and (4.30), respectively, then
sta(p) = sh(u) & A(u) are upper and lower bounds to the true output:

s (p) < s%(n) < sT(u), Vi € D.

Proof. We first obtain some results for ), . R} /(e? % pu) and ), RMU(ePra; 11) that will
be required in the following. First we look in the error for the output, which from the

definition of s7(p) (4.26) and s%(u) (4.27) becomes:

)= 4 = 3 |-

lel

/(&epr",wq) dt—/a(eprq,w;u) dt + Ry (3 (5 ) ) | + I

I I

using (4.25) and integration by parts. The additional terms [; can be simplified, as follows:

L= ) [ e (6)) + (0008 ), e () = (0(tE), e U (52,))] + (99 (), e (T7))

lel

= > [@HE), e (1) — (W), e (6 ,)) — WU, [ i)

+(9%(p), e (1))

= (g9, e (T7)) + (WI(TH), e (T7)) — (¥I(07), P 9(07)) = > ([e™ oy, w7(t,));
~—— ——

lel
—99(w) 0

using in the second line the definition of the jump operator e (¢, ) = [eP"7];_1 + P 4(t;_,);
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and in the last line, ¥4(T*; u) = —g© and eP*4(0~; ) = 0. Therefore,

) =40 = X |

lel

—/MW?WWMFHW%AWWED+MMWMHWW; (4.31)

- / (D7, 1) it

I

I
= SR
lel

r u du r .
But 3, Ry (e 1) = 300, Ry (€779 1), since

ZRfrq(ed“q;m = Z /I (8teprq,eduq) dt—l—/a(eprq,eduq;,u) dt (4.32)

leL leL 1
([P Yy, et )]

= Z —/ (@ed“q,eprq) dt—l—/a(eprq,eduq;,u) dt| + I

leL - I I

-3 —/ (Dt a, e 9) dt+/a(eprq,ed“q;u) dt — ([e™ s, e (1))

lec b U0 L
R ) (433
leL

from integration by parts and the definitions of the primal and dual residuals. The additional

terms Iy are calculated below:

L= Y (e (t), e (i) — (€ U6, e t0) + (P U(6,) — e Uty e U (t)]
lel

= > [ t) [ ) + (Pt ) e ) — (Pt ), e Ot )]

lel

== > (e e )

lel

again the definition of the jump operator has been used, and eP*4(07) = e 4(T+) = 0.

Combining (4.31) and (4.32) we obtain:

=D R ) = (M) — s (w)- (4.34)

lel
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Turning now to )., R;" (eP"%; i), we first compute I3

I = ZB(em‘I(t;),eM(t;)%%<ep“1<tf1>7ep”<tfl>>

lel
H(E () — e U(ty), e ()]
1 prq 2 1 pPrq(m—\ prq/— 1 Pra/n—\ ~Pra/n—Y))-
= ;5\![6 (t-2)] Iz + 5 (e™(T7), ™ U(T7)) = 5 (e 0(0 ), €”(07));

as before we used here the definition of the jump operator and simple algebraic manipulations.

But then,
SRt = 30| [ @ty e o e i (@, 0 o)
leL lec LI I
= 3 [ ol a2 gt [[aers,en)ar (4.35)
tec I

since I3 is the sum of non-negative terms, and also using (4.14). We turn now to the proof
of the bounding properties, and as before, for k > 0 we define é+9 = P 4 %éduq. From the
coercivity of a,
~ r 1 At r 1 =
kg(p) [ a(e”?— == P — —¢x9)dt >0
I 2 2
(4.36)

T
kg(p) /d(eprq, eP ) dt + %(,u)/ a(et, ex9) dt — kg(pu) /&(éiq, ePr ) dt > 0.
I 0 I

From the definition of é*7, éP*¢ and é%"9 we have:

1
~(sEtq _prq dt = TRPrd(pra. - Rduq pry.
g(u)/la(e , e’ ) > RPI(e ) F > R p)

lel lel

Using (4.35) to replace >, RY" 9(eP % ), and (4.34) to replace 3, R{™“4(eP % ), we get

gl a1yt < —glu) [l A F (1)~ {w). (@30

1
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Replacing now (4.37) in (4.36), we get

£ (st(0) — st o) < 2 a0y an

The rest of the proof follows similarly to that of the continuous case. O]

To measure the quality of the computed bounds, we define the a posteriori effectivity

index n(u), as the ratio of the computed error over the true error in the output prediction

B A(p)
1) = Tty = s50)

The previous Proposition suggests that the prediction of the error in the output will over-
estimate the true error and therefore the effectivity will always be larger than one, n(u) >
1, Vu € D. Large effectivities indicate that the computed error bound largely overestimates
the true error and therefore the bounds obtained are not sharp. This implies that for a given
accuracy, the error estimator suggests the use of a higher number of basis functions than are
actually required and the computational cost will be unnecessarily high. For efficiency, it is
therefore desired that the effectivities will be as close to one as possible. The choice of a and
g(p) is critical to obtain good effectivities; for a discussion see [94]. For better effectivities,
it is possible to choose different @ and g(u) which satisfy (4.14) only in subregions of the
parameter domain. Also the more general bound conditioners, developed in [113] for elliptic

coercive problems, can also be extended to the parabolic case.

4.6 Results

We consider the problem of designing the thermal fin of Figure 4-1 to cool (say) an
electronic component at the fin base, I';oot; the description of the problem is given in the
introduction.

Initially, the non-dimensional temperature is uo(p) = 0. A uniform heat flux is applied at
the root of the fin at £ = 0 and remains on until the final time t = T' = 3. The temperature

increases until it reaches the final value u(7~; u). On the original domain the bilinear form

79



is given by, a(w,v; 1) fQo Vw - Vv + Z?Zl k; le Vw - Vv + Bi faQ\Froot wv; with Qg the fin
central-post domain, and Q); the ith radiator domain. We then map the original domain O
to a reference geometry €2, shown by solid lines in Figure 4-1. The original bilinear form
a(w,v; p) is replaced by a(w,v; ) defined in the fixed domain € — the variable geometry
appears as domain-dependent effective orthotropic conductivities and Bi numbers. Similarly,
the L*inner product (w, ’U)LZ(Q) is replaced by (w,v)r2(q) = b(w,v; it), defined on the fixed
domain — the variable geometry also makes the L?-inner product parameter-dependent. We

consider two outputs: the first, is the mean temperature of the base I',oo; averaged over the

M=) =5 [ [t ase

the second, is the mean temperature in the shaded region g, (with area Aq

time interval (0,7):

out

) at the final

time t =7T":
1
2(0) = (w5 m) = / W(T=: 1) dS.
Qout out

Both outputs are, to a certain extent, indicators of the cooling performance of the fin.

Taking advantage of the natural domain decom- Bi
position afforded by our mapping, it is not difficult to ) N R e !
cast the problem such that the affine decomposition — | =
assumption is verified:
I_ |_ _k'g_ _ K o | _|
a(w,v; ) Zaq Yal(w,v), Yw,v € V2, and
[ i i ™ T Ta
o ___[,»___%—L
b(w,v; ) Zab )0 (w,v), Yw,v € L*(Q); o

with @, = 16 and @, = 3. Choosing a(w,v) = Figure 4-1: Two-dimensional ther-
Z " al(w, v) fﬂ VonU—i—fBQ\Fmot wv, and g(p) = mal fin
Mingeq1,..Q.3 0&(1) (the ol(p) are all bounded below

by a positive constant), we are able to verify (4.14).
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Thus all the requirements are honored, and the bound
method can be applied.

We choose the total (non-dimensional) height of the thermal fin H = 4, and the length
and height of the radiators @ = 2.5 and B = 0.25 respectively; the reference geometry Q is
thus completely defined. To obtain the “exact” solution: first, for the spatial discretization,
we introduce a very fine triangulation 7, and define the finite-element space V =~ V}, = {v €
HY(Q)|vl|y, € P', VT, € T} with piecewise linear polynomials over each of the elements Tj;
and second, for the temporal discretization, the discontinuous Galerkin method is used with
q = 0 and the time interval I = [0, 3] is partitioned into L = 30 intervals of uniform length
ATl = A7 =0.1, VI € L. (The same parameters are used for the reduced-basis problems.)

Next in the definition of our problem, is the specification of the ranges for each of the
input parameters. We choose a parameter space as follows: D = [0.01, 100.0]* x [0.001, 10.0] x
[0.2,0.6]x[2.3,2.8], that is 0.01 < k1534 < 100.0,0.001 < Bi <10.0,0.2 < a <0.6and 2.3 <
[ < 2.8. Points in this parameter space — for example, for the construction of the sample
sets S¥ and S{}' — are obtained by sampling “log-randomly” (see Section 4.3). A point
w € D, describes a particular configuration. For example, u; = {0.4,0.6,0.8,1.2,0.1,0.3,2.8}
represents a thermal fin with k&, = 0.4, ky = 0.6, k3 = 0.8, ky, = 1.2, Bi = 0.1, a = 0.3,
and § = 2.8; this particular configuration will be used as a test point u; in the following
numerical experiments.

For the construction of the primal reduced-basis space we sample D and obtain a num-
ber of points u!*. For each of these points the primal problem is solved and the reduced-
basis vectors are obtained by taking “snapshots” of the solution at different times. The
sampling times or the number of snapshots can vary arbitrarily from one configuration
to the next; in the following, for each configuration, four “snapshots” were obtained at
t = 1A7, 10A7, 20A7, and 30A7. For example if N = 20, five different configurations
were considered, each giving four basis vectors for the construction of the reduced-basis
space. For the dual reduced-basis space the same procedure is followed, solving the dual
problem for a different set of parameter points and taking “snapshots” of the solution at
t =29A7, 20A7, 10A7, and OAT.

As a first test, we study the convergence of the reduced-basis solution to the exact one.
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N =y | ) = TGl | Tsh () — 5% ()]
st (p) s%(pue)

8 1.22e — 01 2.03e — 01

20 3.15e — 03 6.41e — 03
40 1.18e — 04 4.61le — 04
60 3.91e — 05 3.02e — 05

80 1.16e — 06 2.56e — 06
100 7.42¢ — 07 1.22e — 06
120 1.74e — 08 2.46e — 07

Table 4.1: Relative error by the reduced-basis prediction of the outputs of interest for dif-
ferent values of N = M.

For this, we sample log-randomly the parameter space D and construct reduced-basis spaces
of increasing dimension N = M. Using these spaces we compute, for the test point uy,
the reduced-basis solution and the two outputs of interest. In Table 4.1, the error in the
prediction of the adjoint-corrected output relative to the exact value, is shown for increasing
values of N. We can see that, for both outputs, the output prediction converges very fast to
the exact value, albeit at a different rate for each output. If, for example, a 1% accuracy is
required — which is sufficient in many engineering applications, — then only N = 20 basis
functions would be sufficient. This implies that the incremental cost for each new output
evaluation is very small; depending on the dimension of the space V},, the computational
savings can be of several orders of magnitude. For sufficiently large values of N, M the
vectors that comprise the reduced basis spaces are closely related and this leads to ill-
conditioning problems. Indeed in our case increasing N, M above 120, ill-conditioning leads
first to deterioration of the convergence rate and eventually to incorrect results. The issue
of ill-conditioning in the reduced-basis context is very important, but an analysis will not
be further pursued; first, because we are usually interested in the pre-asymptotic region
(small values of N); and second, because even for the conservative triangulation used here,
the discretization error is of the same order of magnitude as the reduced-basis error when
N = M = 80 — using higher values for N is not relevant except, maybe, for testing the

convergence rate.

The choice of the sample set Sy, is critical for the approximation properties of Wy'. For
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N 20 40 60 30 100

M 100 80 60 40 20
A () 1.10e =03 | 7.62¢e —04 | 839 —04 | 1.22¢—03 9.98e — 04
A% (1) 2778 —03 | 210e—-03| 2.33e—03| 3.25e—03 3.47e — 03
() | 34.2 53.0 13.7 41.7 106.1
n*(pe) | 184.8 22.3 16.5 33.1 88.2

Table 4.2: Bound gap and effectivities for the two outputs of interest, for different choices
of N =dim WY and M = dim W (N+M=120).

the same N, different choices for S& can give different reduced-basis spaces and consequently
different output approximations; relatedly the approximation error can vary significantly for
different test points u € D. Moreover, even for the same sample set S/, the error for different
outputs can be quite different. For example, in Table 4.1, for N = 40 and the particular
point u;, the error in the prediction of the second output is four times larger compared
to the error in the first output. Ascertaining the accuracy of our predictions without, of
course, computing the exact solution, is therefore critical for the successful application of
the reduced-basis method; the importance of efficient and reliable methods to a posteriori

estimate the error in our predictions should be clear.

We turn now to the a posteriori error estimator procedure and investigate its behavior
in the context of the model problem. To calculate the bounds, we need to solve using the
reduced-basis method both the primal problem of dimension N, and the dual problem of
dimension M. These dimensions determine the accuracy of the approximation to each of
the problems and can, in principle, be chosen independently. To understand how this choice
affects the accuracy of the predictions, we fix the total dimension N 4+ M = 120 and choose
different combinations for NV and M. In Table 4.2, for the particular point u; and the two
outputs of interest, the bound gap A(u;) and the effectivity n(u;) are presented for different
choices of N and M.

To understand the behavior the bound gap, recall that it is defined (4.30) as the product

of norms of representations to the primal é” and dual errors éd"

— which are directly
related to the true errors. As IV increases the error in the primal solution becomes smaller,

while at the same time, M is decreasing and the error in the dual solution becomes larger.
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Therefore, as we can verify from Table 4.2, the bound gap does not change appreciably for
the different N and M. The small variations can also be attributed to the different selection
of basis functions in the formation of the reduced-basis spaces. On the other hand, the dual
correction term in the output approximation (4.27), ensures that the output will be more
accurate when either N or M are large. In these cases the error in the output is small
and given that the bound gap does not change significantly, justifies the higher effectivities.
The discussion above suggests that, for a given accuracy — as dictated by the bound gap
A(p), — we can choose N or M arbitrarily, such that the total number of basis functions
is constant. On one side, we have the case M = 0 (N = 0), which corresponds to a pure
primal (dual) problem; on the other, we can have a mixed approach with N = M. The
computational cost for the second case is roughly two times smaller in the off-line stage and
four times smaller in the on-line. The use of both the primal and the adjoint problems is

thus dictated by computational efficiency considerations.

10+! 50 .
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Figure 4-2: Convergence of the bound gap  Figure 4-3: Effectivity as a function of
as a function of N(=M), for the point ;. N(=M) for the point .

As a final test, we choose N = M and for the test point u;, we vary the dimension of
the reduced-basis spaces. The behavior of the bound gap as a function of N = M is shown
in Figure 4-2, and of the effectivity in Figure 4-3. Despite the relatively high dimension
of the parameter space, we observe the good accuracy and rapid convergence of the bound
gap. Also, given that the effectivity remains bounded for all values of N, we conclude that

the bound gap converges at the same rate as the true error in the output. This suggests
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that instead of using the high-dimensional model to evaluate outputs for different parameter
points, we can replace it with a reduced-basis model. Due to the rapid convergence only a
few basis functions are required and therefore we can obtain high efficiency. In addition, we
recover certainty as the error bounds validate the accuracy of the reduced-basis predictions.
In terms of computational effort, the off-line stage requires, typically, a few hundred solutions
of the continuous problem — depending on the number of basis functions and the parametric
complexity of the bilinear forms. But then the on-line cost, for each new configuration p € D
is typically more than a hundred or a thousand times smaller — depending on the dimension
of Vj,. The computational advantages in the limit of many evaluations, should be obvious.
More realistic applications, as well as integration of these components in an optimization or

design framework will be addressed in a future paper.
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Chapter 5

Noncoercive Problems

5.1 Problem description

5.1.1 Problem statement

Given a Hilbert space Y of dimension N (possibly infinite), a linear functional ¢ € Y’ and

a parameter p in a set D C RP, we look for u(u) € Y such that
a(u(p),v; u) = €(v), Yv €Y, (5.1)

where a(-,-; p) is a bilinear form the assumptions on which are detailed below. We further
prescribe an output functional ¢ € Y, in terms of which we can evaluate our output of

interest s(u) as

s(p) = €9 (u(p)). (5.2)

We also introduce a dual, or adjoint, problem associated with ¢°: find (1) € Y such that

a(v, ¥(p); ) = —L(v), Vv €Y.

The relevance of this dual problem will become clear in what follows. It is relatively simple
to permit p-dependence in ¢ and ¢© as well, however for clarity of exposition we do not

consider this here.
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We shall assume (though this is essential for only some of our arguments) that a is
symmetric,

a(w,v; u) = a(v,w; p), Yw,v € Y? VYu € D.

We further assume that a(w,v; ) is uniformly continuous,
la(w, v; )| < Ylwllyl|vlly, Yw,veY?, YueD,

and that a(w, v; u) satisfies a uniform inf-sup condition,

a(wav;ﬂ) — inf M Y

0 < By < Aln) = inf sup Ve D; (5.3)

we¥ vey [lwllyllvlly — wey  flwlly

it is classical that these latter two conditions are required for the well-posedness of our primal
and dual problems. Finally, we shall make the assumption that our bilinear form a is affine

in the parameter p in the sense that, for some finite integer @,
Q
a(w,v; p) = Zaq(u)aq(w,v), Yw,v € Y?, (5.4)
q=1

where the a? are bilinear forms. The assumption (5.4) permits our blackbox approach; non-
blackbox variants of the methods described here — in which (5.4) is relaxed — can also be

developed.

5.1.2 Inf-sup supremizers and infimizers

We can rephrase (5.3) as: for every w € Y, there exists an element 7, w in Y, such that

Blwliy [ Tuwlly < alw, Tyw; p), (5.5)

where T),w is the supremizer associated with |la(w, -; p)|ly+. It follows from Section 2.2 that
T,w = p};(w,;u)? that is,
(T, v)y = alw, vip), Vo € Y.
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It is thus clear that T, : Y — Y is a linear operator; we can also readily show that T}, is

symmetric (since a is symmetric); furthermore, 7), is bounded, since
| T,wlly = a(w, Taw; p) < ylwlly||Tawlly,

and hence
| Twlly

[wlly

(5.6)

Finally, we can now express our inf-sup parameter in terms of 7}, as:

A Twly 1Tl
B(n) = inf - ,
wer oy — Tx(lly

where
[T wlly

= arg inf
X (1) 8 o8 Ty

is our infimizer; we thus also have

__alx(w), Tux(p))
X Iy 1 Tax (1) Iy

B()

It will be useful in the subsequent analysis to recognize that G(u) and x(u) are related
to the minimum eigenvalue and associated eigenfunction of a symmetric positive-definite

eigenproblem. In particular we look for (6(u), A(i)) € (Y x R) solution of
AO(u), v 1) = M) (B(s), )y, Yo € Y, and [9(u)ly = 1, (5.7)
where
A(w,v; p) = (T,w, Tyw)y, Yw,v € Y? (5.8)

we denote the resulting eigenpairs as (0;(u), Ai(p)), i = 1,..., with Apin = Ap < Ay < -
It follows immediately from Rayleigh quotient arguments that
. T 2
M) = i ALY Wty o)

weV (w,w)y  weY [lwll§
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and thus G(p) = /Amin (1) and Orin(p) = 61 (1) = x ().

To further understand the relationship between the infimizers and supremizers, we con-

sider a second symmetric positive-definite eigenproblem: find (T x w) € (Y x R) such that

29(T(p),v)y = w()B(Y (1), v;p), Vv €Y (5.9)

where

B(U), v; :u) = 2’)/('11), U)Y - CL(U}, U3 /JJ)u

note that B is symmetric and coercive. By the usual arguments (and appropriate normaliza-
tiOIl), 2’}/<Tz, Tj)y = wiB(TZ-, T]) = wiéij, with 0 < w; <wy < -+ ; here 51']' is the Kronecker

delta symbol, and (Y;,w;) refers to the i eigenpair associated with (5.9). We can then write
(T, 0)y = 23(w, )y — Blw, v; ),

expand

and exploit orthogonality to deduce that

N
i=1
for d; = 2ye;(w; — 1) /w;. Thus

2
‘ W (H)sz

N
0y
=1

wi(p) — 1
|Twll3 wi(p)

lwll¥

N
Z wi(p)ef
i=1

again by orthogonality. We conclude that

B(p) = 2v

wi*(,u)(:u) - 1‘
Wi (1) (M)
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i*(p) = arg min (5.10)
ie{l,..N'} wi(p)
We thus observe that
wir () (1) — 1
Tux =2y <L) X
Wi (1) (:u)

which states that T, x and x are collinear; in general, T),w and w will be linearly dependent

only if w is proportional to a single eigenfunction Y;.

5.2 Reduced-basis output bound formulation

5.2.1 Approximation spaces
Infimizing spaces Wy

We select M points in our parameter set D, u,, € D, m = 1,..., My, the collection of which

we denote

SM1 - {M1,~--,MM1}-

We then introduce the “Lagrangian” space [91],
Wip, = spanf{u(tin ), Vitm € Sa, }- (5.11)

Similarly, we choose M; points in D, possibly different from the ones above, and define Sy,

and

WJ@Q = span{ ¥ (tm), Ypm € Sar, }; (5.12)

and also M3 points in D to define Sy, and

Wi, = span{x(tim), Vitm € Sis,}- (5.13)
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These three spaces are associated with our primal solutions, dual solutions, and infimizers,
respectively.
We shall consider two approximation spaces Wy. In the first, we set N = M; + M, and

choose Wy = WY, where

Wy =W + Wi,
= span{u(u;), ¢(Mj)v Vi € Smy, Yy € Su, } (5.14)

= span{Ci,...,Cn )
In the second case we set N = M) + My, + Mz and choose Wy = W}, where

Wy =W, + Wi, + Wi,
= span{u(ss:), ¥ (1), X(1r), Vi € Sarys Yivj € Sarys Vi € S ) (5.15)
Span{Cla SR CN}

(Obviously the (n; — the reduced-basis functions — take different meanings in the two cases.)

The role of each of the components of the Wy shall become clear later in our development.

Remark 5.2.1. Compliance. In the case in which (© = {, then ¥(u) = —u(p); if Sy N
S, 70 we need to redefine W3 and WY to remove any linearly-dependent vectors. This
will of course result in computational savings. Note that if (€ is close to £ and Sy, NSyy, #0

then WY of (5.14) and W, of (5.15) can lead to ill-conditioned systems.

We shall see shortly that the Wy will play the role of the infimizing space.

Supremizing spaces Vy

We will also need supremizing spaces. To that end, we introduce Vy C Y, with (-, )y, =
(+,-)y and hence || - ||y, = || - ||y~ To define the supremizing space, we compute 2™ = p}l/q(cn,.)
for 1 <n < N,and 1 < ¢ < Q (where @ and a? are defined in (5.4)); more specifically we
compute

(2™ 0)y = al((p,v), VYweY, 1<¢<Q, 1<n<N. (5.16)
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Our first choice for the supremizing space is then Vy = Zy(u), with

Q
Zn(p) = span{z ol(p)z™, n=1,...,N}. (5.17)

We make a few observations: first, notice that the supremizing space is related to infimizing
space (through the choice of (;); second, unlike earlier definitions of reduced-basis spaces,
the supremizing space is now parameter dependent — this will require modifications is the
computational procedure; and third, we notice that even though we need N functions, the
z™4 the supremizing space has dimension N. The definition above might not seem very

motivated at this point, it should become clear in the following sections.

We shall also consider two other possibilities, in particular: Viy = Wy (= Wy or Wy),

and hence of dimension N; and Vy =Y, and hence of dimension .

5.2.2 Output Prediction

We next define, for all wy € Wy and ¢y € Wy, the primal and dual residuals, RP*(-; wy; p) €

Y’ and RY¥(; on; p) € Y, respectively:

R (v;wn; ) = L(v) — a(wy,v; p), Yv €Y,

R (v; o 1) = —L9(v) — alv, ons p), Yo €Y.
It follows from our primal and dual problem statements that

R (v; wy; i) = a(u — wy, v; 1), (5.18)

R™(v;on; 1) = a(v, ¥ — on; ),

which is the standard residual-error relation evoked in most a posteriori frameworks.

We then look for un (i) € Wy, ¥n(p) € Wy, such that

. . _ RP(v; wy;
un(p) = arg inf | RP" (-; w; p) || vy = arg inf sup M, (5.19)

wyEWN wyEWN veEVN HUHY
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and

() = arg inf [| R on; ) [ vy = arg inf sup M, (5.20)
ONEWN PNEWN vEVN HUHY
which is a minimum-residual (or least-squares) projection; see also [14] for discussion of
various projections within the reduced-basis context.
Our output approximation is then given by:
s (i) = €2 (un (1)) = B (¥ () un () 12); (5.21)

the additional adjoint terms will improve the accuracy [64, 85, 90].
It will be convenient to express our minimum-residual approximation in terms of affine

supremizing operators P/ﬁv : Wy — Va, Dﬁ/ : Wy — Vi, defined by

N VN
PM WN = PRer(wpip)

N,  _ Vn
Dywn = PR (1)

that is
(PlﬁVwN,v)y = RP(v;wn; p), Yv € Vi, (5.22)

(Diva,v)y = RY(v;wy; i), Yo € Vy, (5.23)

for any wy € Wy. In particular, it follows from Section 2.2 that we can now write

un () = arg inf | Pl wnlly,  ¢n(p) = arg inf | D on]ly; (5.24)

wnEWN eNEWN

the p-dependence is through Pf and Div .

5.2.3 Error bound prediction

We first define Oy (1) € R as

Bu(i) = inf sup a(wy,vip) _ of la(wn; -5 )]l (v y
wneWn vevy [[wnly|[v]ly  wxewn |wally

(5.25)
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We can rephrase (5.25) as: for any wy € Wy, there exists an element Tlﬁva in Vi, such

that
On(llwnlly I T wylly < a(wy, T wys p), Yun € Wi, (5.26)

where TYwy is the supremizer associated with [la(wy, -5 1)||(vyy- It follows from Section 2.2

VN
Q(IUN,';,LL) !

that T/fv : Wy — Vi is given by p or more explicitly,

(T/waN,v)y = a(wy,v; ), Yv € Vy,

for any wy € Wy. We can now express Oy(p) as

T ey T X () [y
Oy(u) = inf - 7
wveWn  [Jwy]ly v () 1y
where
1T wnlly

Xn(p) = arg inf
wnEWN HUUV”Y

is our infimizer over Wy ; we thus also have

a(xn (1), T, xn (1))

) = I T () Iy

Then, given uy (i), ¥n (1), and a real constant o, 0 < o < 1, we compute

B 1
o)

An(p) 1RP (-5 v () 1) Iy LR G5 o () ) [y (5.27)

which will serve as our a posteriori error bound for |(s — sy)(u)|.

Remark 5.2.2. Output Bounds. We can of course translate our error bound Ay (u) into
(symmetric) upper and lower bounds for s(u), si(u) = sy(u) + An(p), sy(p) = sn(p) —
AN (u). For coercive problems the output bounds are in fact nonsymmetric — due to a shift
which also effectively reduces the bound gap by a factor of two relative to the noncoercive

case.
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5.3 Error analysis

In Section 5.3.1 we analyze the accuracy of our reduced-basis output prediction sy(u), and
in Section 5.3.2 we consider the properties of our error estimator Ay (u). In both Section
5.3.1 and 5.3.2 we make certain hypotheses about [y(u) that we then discuss in Section
5.3.3. Note that, for convenience of exposition, we shall not always explicitly indicate the

dependence of all quantities.

5.3.1 A priori theory

We first prove that our discrete approximation is well-defined, as summarized in

Lemma 5.3.1. If By(p) > By > 0, Vu € D, then the discrete problems (5.19) and (5.20)

are well-posed.

Proof. We consider the primal problem (5.19); analysis of the dual problem (5.20) is similar.

To begin, we recall that pXN € Vi satisfies
(P, v)y = £(v), Yv € Vy.
It thus follows that, for any wy € Wy,
PF]LVwN = pXN —TlﬁVwN;
from our minimum-residual statement (5.24) we then know that uy € Wy satisfies
(TN un, T v)y = (T v), Vv € Wy. (5.28)

We now choose v = wuy in (5.28) and note that, since Té\’uN is the supremizer over Vy

associated with uy,

(T,iVUNaT,iVUN)Y = a(uN,leVuN;u) > 5N||UN||Y||TZLVUN||Y7
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and thus

1 1
UN|Y§— g|y/§~—||€|y/.
lunlly < =€l % |

We have thus proven stability; uniqueness follows in the usual way by considering two can-

didate solutions. O

The following lemma, connects minimum-residual with more standard Galerkin or Petrov-

Galerkin methods:

Lemma 5.3.2. If Oy(pn) > By > 0 and Vy = Zn(p), the minimum-residual statement is

equivalent to a standard Petrov-Galerkin approzimation: uy(p) = ulS(u), where uRS(u) €

Wi satisfies
RP* (v;up® () ) = 0, Yo € Zn(p); (5.29)

an analogous result applies for the dual.

Proof. For Vy = Zx(p) and from standard arguments we know that, if Gy () > Gy >
0, the Petrov-Galerkin approximation (5.29) admits a unique solution u}%(u). But since

PN ulC]ly = 0, ul® must be the (unique) residual minimizer, and hence uy = uy°. O

Remark 5.3.3. Using the same argument we can prove that for Vy = Wy, then uy(p) =

uSH (), where u§ (1) € W satisfies
R (v;u§™ (p); 1) = 0, Yo € Wy (5.30)

So, for specific choices of Vy, we recover from the minimum-residual statement the Galerkin
and Petrov-Galerkin as special cases. We can then prove that uy(u),¥n(1) are optimal.

Indeed, we have

Lemma 5.3.4. If By (p) > By > 0, Y € D, then

2
) =l < (13 ) | int ) =l

with an analogous result for the dual.
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Proof. Since for any wy € Wy, wy — uy is an element of Wy, we have from (5.26) that

Bnllwy — unlly I T (wy — un)lly
< a(wy —un, T (wy — un); 1)
= a(wN—u+u—uN,TlﬁV(wN—uN);,u)

< la(wy —u, T (wy — un); )| + |a(u — uy, T, (wy — uy); g

(5.31)
= |R™(T,Y (wy — un);wns )] + [RP (T (wy — un)sun; )|

< (1P wnlly + 1B unlly) 17, (wy — uw)lly

<2||PYwn|ly | T (wy — un)ly,

where the last three steps follow from (5.18), (5.22), and (5.24), respectively. We now take
v = PNwy € Vy in (5.22) and apply (5.18) and continuity to obtain

1PN wn|ly <7llu—wylly, (5.32)
which then yields, with (5.31),
2y
||wN — UNHY < ﬁ_NHu — wNHy, VU)N € WN. (533)

The desired result then follows by expressing ||u — un|ly as ||[u — wy + wy — un||y and

applying the triangle inequality, (5.33), and our hypothesis on [y (). ]
Remark 5.3.5. In the case of (Petrov-)Galerkin we can show an improved result:

(i) — un()ly < (1 " ﬂl) inf Ju(u) — wnlly.

0 wnEWN
Finally, we prove that our output prediction is optimal in the following Proposition:

Proposition 4. If Bx(p) > Gy > 0, Yu € D,

(s = sn) ()| < Allu = unlly[[¢ = ¢nlly;
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iof furthermore Vy O Wi, which is satisfied for the choices Vy =Y or Vy = Wy, we show

that:

4 ) .
5= sl <7 (1+F)  inf, Juunly in
YNE

f — )
5, ) untivy WNW onlly

Proof. We have that

(s — sn) ()] = 109 (u) — £ (un) + L(n) — alun, Yy; )]
= | —a(u —un,¥; ) + alu — un, ¥n; p)|
= la(u —un, ¥ — ¥n; p)| (5.34)

<Allu —un|lyl| — Ny,

which proves the first result.

We also know that, for all oy € Wy, wy € Wiy,

la(u —un, 1 — s )|
= la(u — un, ¥ — on + on — YN )|
<la(u —un, ¥ — on; p)| + |a(u —uy, on — Un; p)]

o (5.35)
< [l —unlly [ — enlly + R (on — ¥ uws p)

2y RP" (v; un; p
<~ (1 . T) o — wxllvll6 — oxlly + llox — lly sup ot UniK)
ﬁO veVN HU”Y

where we have evoked continuity, (5.18), Lemma 5.3.4, and Wy C Vy. But from (5.22),
(5.24), (5.32), and the dual version of (5.33)

R (v; up; ) 2y
sup TV ol < 1Yl 22— oy
vevy  |lvlly Bo
2y
< Yllu —wnlly =llv —enlly,
Bo
which with (5.34) and (5.35) proves the second result. O
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Remark 5.3.6. In the case of (Petrov-)Galerkin we can show the following improved result:

=)l <7 (142 ) int o=l int, 6= ol

f
0 wnEWN Wi

Notice that in the previous estimates only the infimizing space Wy appears. As we will
see in Section 5.3.3 the choice of the supremizing space Vy is related to stability, whereas as
we see here the choice of infimizing space Wy is related to approximation.

Proposition 4 indicates in what sense reduced-basis methods yield optimal interpola-
tions in parameter space. We could of course predict s(u) at some new value of p as some
interpolant or fit to the s(u,,),m = 1,..., M; however, it is not clear how to choose, or
whether one has chosen, the best combination of the s(f,,), in particular in higher dimen-
sional parameter spaces. In contrast, Proposition 4 states that, by predicting s(u) via a
state space (Wy), and by ensuring stability (Bg > 0 independent of N), we obtain in some
sense a best approximation — the correct weights for each of the reduced-basis components.
With sufficient smoothness, this best approximation will converge very rapidly with increas-
ing N [33, 91] (see also Section 5.3.3). Note the importance of WAQZQ in Wy in ensuring
that inf, cw, [[¥ — @n|ly is small — had we included only W3 in Wy, this would not be
the case, since reduced-basis spaces have no general approximation properties (that is, for
arbitrary functions in Y).

Of course, Proposition 4 only tells us that we are doing as well as possible; it does not

tell us how well we are doing — our a posteriori estimators are required for that purpose.

5.3.2 A posteriori theory

We can directly show that, under certain hypotheses, our error estimators are indeed error

bounds.

Proposition 5. If By — (5 as N — oo, then there exists an N*(u) such that, VN > N*(u),

(s = sw) ()] < An(p),

for An(p) as given in (5.27).
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Proof. We first note, evoking symmetry and our inf-sup condition (5.5), that

BllY = Unlly 1T (¥ — ¥n)lly < a(Tp(¥ —Yn), ¥ — n; )
= R™(T,(¢ — bw); n; 1)
< IR 9on; )y 1T = o) [l

or

16— dully < @nmw-;wmuw

We then write, from (5.34) of Proposition 4,

(s = sn) ()| = la(u — un, ¥ — Pn; )|
= [RP" (¢ — Y un; )|
<R G uns )yl — ¥wlly

= ﬁ”Rm(uuN;u)HYfHRd“(-;wzv;u)\lw-

The result then directly follows: for o < 1, we have from our hypothesis on Gy that o8y (1) <

B(u) for N sufficiently large, say N > N*(u), and thus

1

(5= 5x)0)] € 5o IR Gl IR )
1 T/, . du/ . .
< aﬁN(u)“RP Csuns ) [y [R5 0w 1) [y
= An(p),
for N > N*(p). O

It is not only important to determine that Ay (u) is a bound for the error, but also that
it is a good bound. As a measure of bound quality, we introduce the usual a posteriori

effectivity,
An(p)

s(p) = sn ()]

NORS (5.36)
Under the hypothesis of Proposition 5 we know that nx(u) > 1 as N — oo, providing us
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with the desired bounds; to ensure that the bound is tight, we would also like to verify that
nn(p) < Const (independent of N) as N — oo. We have no proof for this result, but it is
certainly plausible given the demonstration of Proposition 5, and is in fact confirmed by the

numerical experiments of Section 5.5.

5.3.3 The discrete inf-sup parameter

It should be clear that good behavior of the discrete inf-sup parameter is the essential
hypothesis of Propositions 4 and 5. If Gy(u) vanishes, or becomes very small relative to
B(u), Propositions 4 and 5 indicate we risk that |(s — sy )(u)| and Ax(p) will both become
very large: accuracy of our predictions thus requires Gy (u) > Gy > 0. However, too much
stability is not desirable, either. If Sy (i) is large compared to G(u) as N — oo, Proposition
5 indicates we risk that Ax(u) will not bound |(s — sy)(u)|: certainty in our predictions
thus requires Gy (u) close to B(u). It is clear that the best behavior is y — [ from above
as N — oo.

We now discuss several possible choices for Vy, Wy, and the extent to which each —

either provably or intuitively — meets our desiderata.

5.3.4 The choice Vy =Y Wy = WJ{[ — Method 1

It is simple in this case to prove stability:

Lemma 5.3.7. For Vy =Y (and any space Wy C Y ),

Bn(p) = B(p) = Bo >0,

for all p € D.
Proof. We have

TNw T T
fn(p) = inf M: inf M [T wlly

wyeWn  Jlwylly  wxewy [Jwnlly

> inf

—wey lwlly

= B(u) = By >0,

as desired. ]
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Thus, for Vy =Y, the hypothesis of Proposition 4 is satisfied with Bo = Bo; we are guaranteed
stability. To ensure accuracy of the inf-sup parameter — and hence asymptotic error bounds

from Proposition 5 — we shall first need

Lemma 5.3.8. If Sy, @s chosen such that for pu, € Sa

su in mll — 0
SUp i M [ = g

as M — oo, and if x(u) is sufficiently smooth in the sense that

[[sup [[ Vx|l Iy < o0,

peD
then
inf ||x(p) —wnl|ly — 0, Vu €D, (5.37)
wNGWI{,
as Ms (and hence N )— oo. Note || - || refers to the usual Euclidean norm.

Proof. Recalling that x(u), the infimizer, is defined in (5.7), we next introduce yn(u) € W

as

XN (1) = X(Hum ), m7 () = arg min | — fim|.
me{l,...,M}

Thus

_ 5 <( inf . \Y
I08) = Kbl < _gnd = sl s [

< (sup inf ) | — MH)HSHPHVMXH ly, Yu e D,

HeD mE{l

and therefore for all 4 € D,

pf [lx (k) = wwlly < lx(r) =X (mlly

< (sup inf = ) Fsup [Vl v
pneED M e{1,...M neD

which tends to zero as M3 (and hence N) tends to infinity from our hypotheses on Sy, and

the smoothness of x(u). O
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Clearly, with sufficient smoothness, we can develop higher order interpolants [91], suggesting
correspondingly higher rates of convergence. For our purposes here, (5.37) suffices; the
method itself will choose a best approximation, typically much closer to x(u) than our
simple candidate above. The essential point is the inclusion of Wjj[g in W}, which provides
the necessary approximation properties within our reduced-basis space. We can now prove

that, for Viy =Y, Wy = W}, By(p) is an accurate approximation to 3(u).

Proposition 6. For Vy =Y, Wy =W},

On () = Bttm), m=1,..., M3, pim € Sns,- (5.38)

Furthermore, under the hypotheses of Lemma 5.5.8, there exists a C' independent of N and
an N**(u) such that

2

7 . ) o
J— > )
23(1) w[\}glng Ix(1) —wnl|ly, YN > N*™(u), (5.39)

1B(1) — Bn(p)] < C

and thus from Lemma 5.5.8,

An () — B(p) as N — oo, Vi € D. (5.40)

Proof. To prove (5.38), we note that, since x(um) € Wy,

. 1Ty, wnlly 1T, X () [y
On(pm) = inf = < - = B(pm);
wveWy  [lwy]ly X () |y

but Oy (tm) > B(iy) from Lemma 5.3.7, and thus Oy (pm) = B(pm). To prove (5.39), we
introduce the discrete eigenproblem analogous to (5.7): find (O, Ay) € (W3 x R) such that

AOn (1), 03 1) = An () (On (1), v)y, Yo € Wy, [0n(p)|ly = 1;

by arguments similar to those of Section 5.1.2 it is simple to show that Sy (1) = \/AN min(14)-
We can now apply the standard theory for Galerkin approximation of symmetric positive-

definite eigenproblems. To wit, from Theorem 9 of [9] and (5.37) of our Lemma 5.3.8, there
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exists an N**(u) such that, VN > N**(u),

|)\min(ﬂ) - AN min(,u)| S C1~/4(0min — WnN, emin — W, M)7 va S WN7

for C' independent of N. (One can in fact show that C' may be taken as (1 + 23%)2.)

But from (5.6) and (5.8) of Section 5.1.2, we know that
A(Gmin — Wn, emin — WN; ,u) = ||T,u<9min - wN)H%/ S f}/QHGmin — wN“?/

The result (5.39) then follows by recalling that O = X, (B35)* = AN min, (3)* = A, and
noting that

|(Bn)* = 8% = 1By = B) |(Bx + B)| = |(By — B)[28

since By > ( from Lemma 5.3.7. O

The hypothesis of Proposition 5 is thus verified for the case Vy = Y, Wy = Wj4. The
quadratic convergence of [y(u) is very important: it suggests an accurate prediction for

B(pn) — and hence bounds — even if Wy is rather marginal.

5.3.5 The Choice Vy =Y, Wy = W]% — Method 2

In this case the x(um),m = 1,..., M, are no longer members of Wy. We see that Lemma
5.3.7 still obtains, and thus the method is stable — in fact, always at least as stable as
Wy = WJ. Furthermore, since Wy still contains Wy and W]@Q, we expect ||lu — uy|ly and
| — N ||y to be small, and hence from Propositiond |(s — sy)(p)| should also be small.
There is no difficulty at the level of stability or accuracy of our output.

However, Lemma 5.3.8 can no longer be proven. Thus not only is (5.38) of Proposition 6
obviously not applicable, but — and even more importantly — (5.40) no longer obtains: we
can not expect By(u) to tend to B(u) as N — oo. In short, the scheme may be too stable,
By () may be too large, and hence for any fixed o < 1 we may not obtain bounds even as
N — oo. In short, in contrast to the choice Wy = Wy, the choice Wy = W} no longer

ensures that Gy (u) is sufficiently accurate.
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In practice, however, Sx(p) may be sufficiently close to B(u) that oGy (u) < B(w) for
some suitably small ¢. To understand why, we observe that, in terms of our eigenpairs

(T;,w;) of Section 5.1.2,

N
() = Z #T (5.41)

For “generic” ¢, u(fi,,) will thus contain a significant component of Y;-(,,,.) and hence x ().
It is possible to construct ¢ such that ¢(Y;s) = 0, and hence we cannot in general count
on X(ftm) being predominantly present in WJ; however, in practice, ¢ will typically be
broadband, and thus Wy = W5 may sometimes be sufficient. Obviously, for greater certainty
that our error bound is, indeed, a bound, Wy = W}, is unambiguously preferred over

Wy = W9,

5.3.6 The Choice Vy = Wy, Wy =W, — Method 3

We know from Remark 5.3.3 that this case corresponds to Galerkin approximation, but with
Wz\>5[3 present in our spaces. We first note that not only does Lemma 5.3.7 not apply, but

unfortunately we can prove that for u,, € Sy, On(tm) < B(tim), m=1,..., M:

a(X(km), V5 fm) sup a(X(fm), V; i)

= ﬁN(ILLm)7
(5.42)

: a(w, v; fm)
B(m) = sup inf sup ————~
vey [X(m)llylvlly ™ vewy IX(m)llv lolly ™ wewd vewy lwlly llvlly

since X (ptm) € Wx C Y. Stability and accuracy of the output could thus be an issue, though
not necessarily so if Sy (i) is close to f(u). As regards the accuracy of Gy (p), Lemma 5.3.8
still applies, however (5.38), (5.39) (and hence (5.40)) of Proposition 6 can no longer be

readily proven.

Nevertheless, in practice, Sy (1) may be quite close to 5(u). To understand why, we recall
from Section 5.1.2 that x (i) is not only our infimizer, but also proportional to T}, x(ttm)-
It follows that if x () is the most dangerous mode in the sense that

sup AOltm) Vi) - aw Vi) (5.43)

vewl, [IXCm) [y lolly ™ vewy, [lwlly[lvlly
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then

= ) v i) aO (i), T X (i )3 fim)
Plim) = S0 ol = TG I W)y -

since both X(pm) and T, x(um) are in Wy; note that (5.43) is a conjecture, since the
supremizing space here is W), not Y as in Section 5.1.2. Under our assumption (5.43) we

thus conclude from (5.42) that
B (pm) = B(fm)- (5.44)

By similar arguments we might expect Sy (1) to be quite accurate even for general u € D,
as both x(u) and 7T),x are well represented in the basis. (From this discussion we infer that
a Petrov-Galerkin formulation is desirable — see Section 5.3.8.) The above arguments are
clearly speculative. In order to more rigorously guide our choice of Vy, we can prove an
illustrative relationship between the Galerkin Vy = W]{], Wy = W]{, (superscript “Gal”)

and minimum residual Vyy =Y, Wy = W}, (superscript “MR”) approximations:

Proposition 7. For all 1 € D,
AN () < AR (1), (5.45)

where AMR(u) and AS? (1) refer to (5.27) for the minimum-residual and Galerkin cases,

respectively.
Proof. We first note that

p) = inf sup M_ inf sup

o
weWh vewy, [Wllyl[vlly = wewh vey [[w]lv[lvlly

olw vin) _ guriy - (5.46)

for all y € D. We then note from (5.24) that

1 T u
AN = IRP" (5 uly™; i) Iy 1R G 0N 1)y

UﬁMR
= R||PNU%R||Y||DN Ny
oBy
1
< - gMR |P,£VwNHY||D,]ySONHy, Vuy € Wy, Von € Wy,
N
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where Pliv : Wy — Y and Div : W3 — Y are here defined for Viy =Y. Thus

AN (p) < Pru v 1Dy w5 ly

e

1 T a u a
B o—ﬁMRHRP( suns 1) [y IR Con™s 1)y

1 T a. u a. a
< — g IR G5 uf™s i) [y | RS (5 0§ w)llyr = AS (),
o8y

where the last step follows from (5.46). O

We thus see that, in general, Vy = Y will provide sharper error estimates: minimum residual
is in fact equivalent to minimum error bound. Conversely, we might expect the Galerkin
approximation to be more conservative, providing bounds even when the minimum-residual

approach may not (e.g. for N very small).

The Galerkin method with Wy = W} thus has some redeeming features. However, there
is the possibility of a loss of accuracy in both sy () and Ax(p), reflected in (5.45) and (5.46)

of Proposition 7.

5.3.7 The Choice Vy = Wy, Wy = W), — Method 4

This case corresponds to Galerkin approximation, but now with W]’é[g absent. Here (5.42)
no longer applies: Oy (p) may be greater or less than G(u). Furthermore, accuracy of Gy ()
now relies on two fortuitous events — the “selective amplification” of (5.41) and the “most
dangerous mode” of (5.43). Again, in practice, the method may perform well, but it is now
more likely that either S () will be too small and hence (s — sy ) () and Ax(p) too large,
or Oy (p) will be too large and hence ny (1) < 1 (no bounds).

We are able to prove a result analogous to Proposition 7, but now comparing Vy =
Y, Wy =Wy to Vy = W3, Wy =Wy the By(u) (respectively Ay (p)) for the former will
be larger (respectively smaller) than the corresponding quantities for the latter. We thus

expect that Viy = W%, Wy = W will yield rather poor accuracy.
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5.3.8 The Choice Vy = Zy(u), Wy = W — Method 5

Following Lemma 5.3.2, we see that this choice of infimizing and supremizing spaces corre-
sponds to a Petrov-Galerkin approximation, with the infimizers included. In the following
we use the superscript “PG” to specify Petrov-Galerkin approximations. Regarding stability

we have the following

Proposition 8. For Viy = Zx(u) and Wy = Wy

N (k) = BN (), (5.47)

for all p € D.

Proof. To start recall that for wy € Wy, T,wy € Y is obtained from:
(T,uwN7 /U)Y = CZ(U)N, U3 ,U), Vo ey.

Since wy € Wy, we write wy = ;. ¢;¢;, and using the affine decomposition assumption

(5.4) we have

(Tpwn,v)y = Y o'(p)a’(wy,v)

Mo

1

Q
Il

N
> ol(weat(G,v)

1 i=1

Q
C@E )2 v)y;

Mo

<
Il

Mz

=1

from the definition of 2™, (5.16). Therefore,
N

Q
T, wy = Z Cl(z ol(p)z™), (5.48)

and from the definition of Viy = Zy (1) we see that T,,wy € V. Therefore for Tlfv wy defined:

(TlﬁVwN,v)y = a(wy,v;p), Yv € Zn(u),
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we conclude that Tiv wy = T,wy. We then have for the inf-sup parameter:

TR 1T wnlly ¢ 1wy _ aw
NO(u) = inf T = nf TR = B ()
wxewd  Jlwnlly  wvewd  |Jwylly

]

Unlike the minimum-residual, the construction of (5.16) ensures stability only for mem-
bers of Wy. The results of Lemma 5.3.8 and Proposition 6, as well as the comparisons for
stability with the other methods, apply here — in terms of stability, minimum-residual and
Petrov-Galerkin are identical. Also, for the choice Wy = WY, the method presented here is

similar to Method 2.

Remark 5.3.9. The critical ingredient in the previous Proposition is to ensure that T, wy €
V. The discussion in Section 5.1.2 suggests that, the infimizers x (i) are also parallel to
the supremizers T, X(pm), Viom € Sny. Thus, instead of computing the 29 for the members
of Wiy, , we can directly include Wjﬁ,g in Zn(p). It is then easy to see that Proposition 8 will
still be true. For this choice, significant savings in storage and computational effort should

be expected.
Regarding the solution and the error estimator we have the following:

Proposition 9. For all 4 € D,

uN (i) = uiy (), UN () = YRS (w), and

(5.49)
AN (n) = ARE ().

Proof. We first prove that uXR(u) = uL®(1); the proof for the dual solution is similar. From
the minimum-residual statement, uN'(u), can be obtained as the solution of the following
problem:

(TMU%R,TM’LUN)Y = E(TMU)N), Ywpy € WN;

where T), is defined as

(TuwN7U)Y = a(wN7 v; lu)a Vo ey.
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From the stability and continuity of a, it is simple to establish that the mapping between
wy — T,wy is a bijection and therefore since Wy is an N-dimensional space, then T,Wy
will also be an N-dimensional space. Moreover, we showed in Proposition 8, that for all
wy € Wy, then T,wy € Zn(p). Since Zy () is an N-dimensional space, we thus conclude

that T,Wn = Zn(p).

Therefore combining the equations above we have that u}®(u) satisfies:

a(u%RaTuwN) = €<Tuw]\7), VIUN - WN =
a(uy™, vn) = L(vy), Yon € Zn(p) = (5.50)

R (on;un™s ) = 0, Yoy € Zn(n);

which is nothing more than the definition of the Petrov-Galerkin approximation. Since the

solution is unique (it is simple to prove stability), we conclude that uN" (1) = ul® (u).

For the bound gap we have from the preceding proof and (5.47) that:

1 T u
AN () = gy = VR G L (3 )
N M
1
= — 5o = IR (5 ur™; ) v [ R (5 0n%s )y
2B ) IR (5 un s )y IR on™s )l
= AR ().

We therefore conclude that Method 1 and Method 5 are, in fact, different interpreta-
tions/descriptions of the same method. Even though the minimum-residual interpretation
is more intuitive, there are certain important advantages to the Petrov-Galerkin approach.
First, it is possible to develop more general bound-conditioner-based a posteriori error esti-
mation procedures [113]. This will lead to uniform (for all V) rather than asymptotic bounds
(for N > N*(u)), and also improved bound gaps and effectivities. This development will be
considered in a future paper. Second, this method will also be used in the next chapter for

the Stokes problem — there the minimum-residual interpretation is not possible.
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5.4 Computational procedure

For clarity we shall present the details for the most “rigorous” and general schemes, Viy =
Y, Wy = W} (Method 1 of Section 5.3.3) and Vy = Zn(u), Wy = WY (Method 5 of
Section 5.3.3). The computational procedure — as should be expected — is the same for
both interpretations. As we proceed, we indicate simplifications for the other schemes, and

at the conclusion we give a comparison of computational complexity.

5.4.1 An algebraic representation

Preliminaries
We assume here that Y is finite dimensional, with associated basis &,i = 1,...,N. We
also recall that W can be expressed as Wy = span{(;,7 = 1,..., N}; we implicitly assume

independence of the reduced-basis functions. A member w € Y is expressed as Qté ,w e RN

a member w € Wy is expressed as wtg , w € RY. Here t denotes the transpose.

We next introduce the matrices A¥Y € RVNV  AWNWN o RNXN - pYWN o RNXN

BYY e RNV, BN € RNXN given by
A () = al&, &), 1<4,5 <N,
AWN’WN(M) = a(G, Gip), 1 <4, j <N,
0N () = a(G &), 1<i <N 1< <N,
D) = (&,&)y, 1<, <N,
By WN(M) (¢: Gy, 1<, <N,

From these matrices we can derive four further matrices, Z¥Y € RVN  ZWnY o RN*N
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§Y’Y c IR./\/’X./\/’7 EWN’WN c ]:R]\/X]\/7 as

where ¢ denotes matrix transpose. These matrices are representations — in terms of our
bases — of the operators introduced earlier. For example, if w € Y and v € Y are expressed
as w'¢ and v'¢, then v'B™ w is (w,v)y; (2" (n))" is our representation of T); and for
w €Y expressed as w'é, w' SV (p)w is (T,w, T,w)y. It follows that

(B(n))? = Jnin M (5.51)

Similarly, for w € Wy expressed as w'¢, w* SN Wy s (Tlfv w, Tlfv w), and

thWN’WN (M)w

2 . Wo w
(Bn (1)) = i By, (5.52)

Note SV~ :Wn (1) represents the normal equations associated with the least-squares approach,
and fy(p) is the “generalized” smallest singular value of AVYW~: see [11] for an earlier
discussion of singular values and stability in the reduced-basis context. Finally, we shall

need the vectors LP™Y € RV, L4WY e RV, LPvWN ¢ RN LWy ¢ RN defined by

which are the obvious representations of our primal and dual linear functionals.
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Reduced basis

We first find, form=1,..., M, u,, € RN,%m e RV, solution of

A (pn )y, = LY (or S (), = 277 LPVY), (5.53)

AY,Y (ﬂm)ym — _Ldu,Y (OI' §Y,Y (Mm)ym — _ZY,YLde)' (554)

We further obtain (Xm’ Fom min) @S the first eigenpair (6, %) € (RY x R) of the symmetric

positive-definite problem

9'BYY o = 1. (5.55)

(Note that in some cases it may be preferable to find X, by considering the (, )y —B(: ;1)
eigenproblem of Section 2.3; an inverse iteration with shift (of unity, initially) may work
well.) It can then readily be shown that w(im), ¥ (tm), x(tm), m = 1,..., M, of (5.11),
(5.12), and (5.13) are given by

N
w(tm) = Yt &5 = ()",
j=1

N
Wpm) = Y Umi& = (1),
j=1

m

N
X(:um) = me]fj = (X )t§7

where this last result can be readily motivated from (5.51); furthermore, K, min = (8(1tm))?,
though we shall not have direct need of this result in the construction of Wy. Note that
for Wy = WJ (Methods 2 and 4) we may omit (5.55); this constitutes significant “off-line”

savings see Section 5.4.2 below.
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Output prediction

We first find, for given u € D, uy(p) € RY, ¢ (1) € RY, solution of

SN () (1) = 2 D
(5.56)

EWN,WN (M)d)N(M) — _ZWN,YLdu,Y;

it is readily shown that uy () and 1y (p) of (5.19) and (5.20) of Section 5.2 are given by

N
un () = un ()G
=1
]N
Un i) = n ().
j=1
We can then evaluate sy(u) of (5.21) as

s (1) = (un (1) LYY — (0 () (L2 = AN ()uy (1) (5.57)

Note that for the Galerkin formulations, Viy = Wy, we may replace (5.56) with A"V"Nqy =
LPP"N: but since we will need SYVWN in the error prediction step below, this is not a

significant simplification.

Error bound prediction

We first calculate Sy () = /KN min(ft), Where £y min(1t) is the eigenvalue associated with

the first eigenpair (05 (1), in(p)) € (RY x R) of

EWN,WN(M)QN(M) _ RN(M)EWN,WNQN(M)’ (QN(M))tEWN,WNQN(M) =1, (5.58)

as motivated by (5.52) above. Note in this “integrated formulation” that the same reduced-

basis matrix, S"¥ "W~ serves to determine uy, ¥n, and By.

115



We next compute 77" (1) € RN, 79(u) € RV solution of

BYY 7P () = LPY — AYN () uy (1) (5.59)

Bt () = L™ — AV () (). (5.60)

It can be readily shown that PNuy (), D¢ n(p) as defined by (5.22) and (5.23) of Section
5.3 (for Vy =Y) are given by

N

Puy(p) = ()& = (77 (1)’
N

DY¢n(p) =Y w4 = (= (w)'€,

respectively. Note that these calculations (5.59), (5.60) are required even for the Galerkin

approach: we must compute the Y’ norm of the residual to estimate the error.

Lastly, it then follows that Ay (u) of (5.27) can be evaluated as

1

An(p) = By ()

(2P (1)) B 2 () (2 (1)) B 2 (1)) 2, (5.61)

which completes the procedure.

5.4.2 Blackbox approach

Preliminaries

To describe the blackbox procedure, and demonstrate the N-independence of the on-line
stage, we shall need a few additional definitions. First, we recognize that the (;,i =1,..., N,

can be represented in terms of the &;, which we express as
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c RN’XN’7

where z; € RV i=1,...,N. Second, we need to introduce the matrices A;/’Y q=

1,...,Q, given by
(AX)iy = a%(&,&),1 <4, j <N,

where the a?(-, ) are defined (implicitly) in (5.4).

We shall summarize the computational effort in the off-line stage in terms of A¥*Y -solves,
SYY _eigensolves, BYY -solves, AY"Y -actions (matrix vector products), BYY -actions, and Y-
inner products (inner products between two A -vectors). Note for simplicity we assume
that A;/’Y—actions are roughly equivalent to A¥Y-actions. In many problems of interest,
in particular in which there is underlying sparsity in A, S-eigensolves will be the most
expensive, then A-solves, then BY'Y -solves (less costly because the equations are symmetric

positive-definite), and then the “actions” (often only O(N')) and Y-inner products.

We shall summarize the on-line computational effort directly in terms of N and @ (albeit
somewhat imprecisely, sometimes considering a multiplication and an addition as a single
operation). Note that in the on-line stage we are not compelled to exploit all N basis
functions computed in the off-line stage, and thus NV in the on-line stage may be replaced
with Nysea(s), with the error bound Ay (i) guiding the choice of minimal Nygeq; this can

significantly reduce the cost of the on-line predictions.

As regards storage, we shall report, in the off-line stage, both Temporary Storage (re-
quired just during the off-line stage) and Permanent Storage (quantities passed by the off-line
stage to the on-line stage). All quantities stored in the on-line stage originate in the off-line

stage. The simplifications to the procedure in the case of “compliance” should be clear.

Off-line stage

1. Compute reduced-basis vectors: wu,,

< R”V‘?gm - RN’Xm c RN’m = 1’.”’M’ from

(5.53), (5.54), and (5.55). Recall that the x are not needed for Wy = W5
Complezity: 2M AYY -solves, M S¥'¥ -eigensolves.
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2. Compute B"¥WN ¢ RNXN a5

BZ[;NVWN - (Cj? Ci)yv

or

WNWN _ tpYY
Bi,j =zB Zj-

Complexity: NBYY -actions, N? Y-inner products.
Temporary Storage: NN

Permanent Storage: N2.

3. ComputegqiERN,l§q§Q,1§i§N, where

or

Complezity: NQ AYY -actions.

Temporary Storage: NQN .

4. Compute ¥V, € RV 1<¢<@Q,1<i<N,and V' e RN VI € RV solutions of

EY,YEqi — g EY,YXSI" _ Lpr,Y’ BY,ngu — Ldu,Y'

qis
Complezity: (NQ + 2) BYY -solves.

Temporary Storage: (NQ + 2)N.

5. Compute Lyyiir (= Tygiri), 1 < q,¢ <Q,1 <4, <N, as

qu’ii’ = gt Y

qiLq'i
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Complezity: N*Q* Y-inner products.
Permanent Storage: N*Q?.

6. Compute AP, Adn

qio qi?lgqgQalgiSNaas

pr _ 24t ypr Adu __ 74t yydu
Aqi - ainO 7Aqi - gqizo .

Complexity: 2N (@) Y -inner products.
Permanent Storage: 2N Q).

7. Compute ¢ € R, cd" € R, as
cgr _ (Lpr,Y)tESr7 Cgu — (Ldu,Y>t£8u'

Complezity: 2 Y-inner products.

Permanent Storage: 2.

8. Compute LP""~ ¢ RV L9WWN ¢ RN a5

Lpr,WN _ (Lpr,Y)tgi’ L?u,WN _ (Ldu,Y)tg

7 @9

Complezity: 2N Y-inner products.
Permanent Storage: 2N .

9. Compute =y, 1 < ¢ <Q,1 <i<N, as

Egir = (G, Gir)

ot
= §Z‘/qu-

Complezity: N*Q) Y-inner products.
Permanent Storage: N?Q.
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On-line stage

Given a new value of the parameter y € D:

1. Form S"VY"¥ (1) € RV*N as

Q Q
SZ[;,N’WN = Z Zaq(u)aq/(u)qu/ii/, 1 <4,i <N.

q=1 q/:]_

Complezity: N2Q2.

2. Form the necessary “right-hand” sides:

ZZWNYLPTY Zaq JAD, 1<i<N,

/\/'
> oz = Zaq JAZ 1< < N.

qr
=1

Complezxity: 2N Q.
3. Find uy(p) € RN,QN(;L) € RY By(p) € R solution of (5.56) and (5.58).
Complexity: O(N3).

4. Compute sy(u) of (5.57) as

sn(p) = (LM up () — (L) 9 ()

Q N N
+Z;ZOJ]( )UNZ( )77sz( )‘—'qii’-

.

%
Il

—

Complexity: 2N + N2Q.
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5. Compute Ay (u) of (5.61) as

Q Q@ N N ”»
+ Z Z Z Z Uq UN i(ﬂ)”N W(M)qu/n’/] X

Q Q@ N N s
+ZZZZU‘I )@Z’Nz( )¢Nz"(,u)rqq'ii'] / .

Complexity: 2(N?Q* + NQ + 1).

We now briefly discuss the computational complexity of the different schemes. The
first comparison is between minimum-residual (Vy = Y) (or Viy = Zy(p)) and Galerkin
(Vv = Wy) approaches. The important point to note is that the quantity — T'jpisr —
required by Method 1 (Vy =Y, Wy = W}) (or Method 5, Vy = Zy (), Wy = W4) to
form the projection matrix S"~"~ (1) is the same quantity required by all the methods
to compute the error bound Ay(p); in both capacities, I'yy; represents the calculation of
the necessary Y’ norm. In this sense (see Proposition 7 and Lemma 9) the arguably better
scheme Vy =Y, and somewhat riskier scheme Vy = Wy, have similar complexity, and we
contend that Viy = Y is thus preferred. The second comparison is between Wy and W3
For the on-line component, the difference is not large — N = 3M wvs. N = 2M; however, for
the off-line component, the calculations of x(u,,) can indeed be onerous, and its omission
thus welcome. However, there is a corresponding rather significant loss of security, since the

accuracy of By is no longer controlled.
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5.5 The Helmholtz problem

5.5.1 1-d Example

Formulation

We take here Y = H}(Q), where Q is a suitably smooth domain in R¢, d = 1,2, or 3, with
inner product (-,-)y and norm || - ||y. It is important to remark that we may substitute for
(-, )y any inner product which induces a norm equivalent to the H!(€)-norm — for example,
a good preconditioner. The latter will of course greatly reduce the off-line computational
cost, as BYY -solves will now be much less expensive.

For our bilinear form we take
alw,vi) = [ Vw- Vo= glaimur.
where we assume that g(z; ) satisfies
19(2; )] < Gmax, VY € Q, Y €D,

and furthermore can be expressed as

Q
glx;p) =D o (w)G(x), (5.62)

where G? € L*(Q),q = 1,...,Q. The difficult case, on which we focus here, is of course
when g(z; p) is positive, as in the reduced-wave (Helmholtz) equation.
The decomposition (5.62) is, in fact, reasonably general. We shall consider the situation

in which P = 2 with parameter p = (ky, ko), Q@ = 2, o' (n) = k2, 0?(p) = k2, and

1 1 .TEQl
G (z) = :
0 ZL’GQQ
0 z€Q
GP(x) = "
1 JIGQQ
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where Q = Q; U Qy; this represents variable “frequencies” in two subdomains. It can be
shown that the regularity of y required in Lemma 5.3.8 follows from the smoothness of the

0%(p) and the interpretation of x as O, of (5.7).

It is simple to see that our requirement (5.4) is readily satisfied for @ = 3: with 0%(u), ¢ =
1,2 as defined above, and o®(p) = 1, with a%(w,v) = — [, GY(z)wv, ¢ = 1,2, and a*(w,v) =
fQ Vw - Vo. It is similarly easy to show that a is symmetric, and also uniformly continuous
with (say) ¥ = 1 4 gmax- The inf-sup condition will be satisfied so long as we exclude from
D neighborhoods of points p for which there exists a w such that a(w,v; u) =0, Yo € Y. In
general, if the inf-sup condition (5.3) is thus satisfied, and ¢ and ¢° are any bounded linear

functionals, then our theoretical results of Section 5.3.3 will obtain.

We make two points of a more practical nature. First, in practice, we will of course not
know where resonances occur, and thus we will typically posit a parameter domain which
does indeed contain several points at which the inf-sup condition does not hold. However,
unless driven to such a point by a design or optimization process, it is unlikely that a
particular o will coincide exactly with an eigenvalue, and thus for some sufficiently small (3,
our hypotheses will be “in practice” satisfied. (Obviously the physical model may also be
made more elaborate, for example by including damping that will regularize the resonances.)
Second, in practice, we choose not Y = H} (), but rather Y = X, a suitably fine (say finite
element) approximation of finite (albeit very large) dimension N. As we are more and more
conservative in defining this “truth” approximation, that is, as we increase N, the off-line
computational effort will of course increase; however, thanks to the blackbox formulation,

the on-line computational effort is independent of the dimension N .

Numerical Results

We take here d = 1 and © = |0, 1[ (though obviously the computational savings provided
by the reduced-basis approach will only be realized for more complicated multidimensional
(d > 1) problems). Our truth space X, is a linear finite element approximation with 200

elements. We consider the two-parameter Helmholtz equation defined in Section 5.5.1, with
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2y =10,0.5] and 25 =10.5,1.0[ . For simplicity, we present a “compliance” case in which

((v) = O(v) = /0 "

.45

corresponding to an imposed (oscillatory) distributed force for the input and an associated

average displacement amplitude measurement for the output.

In the below we shall consider the four methods associated with the four choices of
spaces of Sections 5.3.4, 5.3.5, 5.3.6, and 5.3.7. Note that, following the discussion on
Section 5.3.8, we will make no distinction between the choices Vy = Y, Wy = W4 and
Vy = Zn(u), Wy = W3 — both of these will be denoted as Method 1 in the following.
Throughout this section we take o = (1.1)7!: it follows from Proposition 5 that a sufficient
(though not necessary) condition for bounds is that Sy be within 10% of 3. For most of the
results of this section, we choose an effectively one—dimensional parameter space D which
is the subset of D’ = |11, 11 x |1,20[ in which neighborhoods of the two resonance points
= (ky, ko) = (11,7.5) and p = (ky, ko) = (11, 14.4) have been excised such that Gy = 0.02.
(Of course, in practice, we would not know the location of these resonance points, and we

would thus consider D = D’ — which would only satisfy our inf-sup stability condition, “in

practice,” as discussed in the previous section.)

To begin, we fix M = 3, and hence N = 2M = 6 since we are in “compliance,” with
w1 = (11,2), pe = (11,8) and thus pg = (11, 14), and thus Syy = {1, po, 3 }; we shall denote
this the “M = 3” case. We first investigate the behavior of the discrete inf-sup parameter,
the accuracy of which is critical for both the accuracy and bounding properties of our output
prediction. In Figures 5-1 and 5-2 we plot the discrete inf-sup parameter g, i = 1,...,4,
and the ratio 3%/0, i = 1,...,4, respectively, as a function of ky for fixed k; (see Section
5.5.1); recall that the index i refers to the method under consideration. We first confirm
those aspects of the behavior that we have previously demonstrated. First, 3% and 3% are
never less than By, as shown in Lemma 5.3.7 and Section 5.3.5, respectively; and 3% > G4,
as must be the case since the inf space is smaller. The choice Vy = Y ensures stability.
Second, we see that 3y > (33 and % > [, as demonstrated in (5.46) and Section 5.3.7

respectively; the methods with smaller supremizing spaces are perforce less stable. Third,
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we see (by closer inspection of the numerical values) that (33, is never greater than 3 at the
sample points, consistent with (5.42); in fact, we observe that equality obtains at the sample
points, (5.44), and hence at least in this particular case the conjecture (5.43) appears valid.
Fourth, we notice that 33, can be either below or above 3, and is clearly the least “controlled”
of the four approximations. (Indeed, for other parameter values we observe near zero values

of 3% at points quite far away from the true resonances of the system.)
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Figure 5-1: The discrete inf-sup parameter
for Methods 1, 2, 3, and 4 as a function of ks
(see text for legend). The symbol x denotes
the exact value of j3.

Figure 5-2: The ratio of the discrete inf-sup
parameter to the exact inf-sup parameter for
Methods 1, 2, 3, and 4, as a function of ks
(see text for legend). The thick line denotes

the “sufficient” limit: if Sy < 1.13, bounds
are guaranteed.

It is clear from Figures 5-1 and 5-2 that (3% is indeed a very accurate predictor of 3
over most of D for Methods 1 and 3; we anticipated this result in Proposition 6 and the
discussion of Section 5.3.6. We now study the convergence of 3% to 3 as N increases. For
this test we consider a sample Sy = {pm, m = 1,..., M}, with the p,, randomly drawn
from D; the particular parameter points selected are given in the second column of Table
5.1. (Note that for a given M, indicated in the first column of Table 5.1, Sy, consists of
all pt,,,m =1,...,M.) We present in Table 5.1 the values of 3% — 3 for Methods i =1, 2,
3, and 4 for ky = 11 (and hence u = (11,11)). We note that, indeed, 8% converges very
rapidly for ¢ = 1 and ¢ = 3 — the two methods in which we include the infimizers in Vy

— whereas for ¢ = 2 and ¢ = 4 we do not obtain convergence — not surprising given the
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By — B

Y i=1 i=2 i=3 i=4
(11, 4.7351) | 1.81e — 01 | 2.92e + 00 | —1.88¢ — 01 | 1.08¢ + 00
(11,19.0928) | 1.70e — 01 | 4.28¢ — 01 | —2.03¢ — 01 | 4.14e — 01
(11,11.4848) | 3.52¢ — 04 | 2.76e — 01 | —1.24e — 04 | —9.85¢ — 02
(11,13.6038) | 9.25¢ — 06 | 5.76e — 02 | 3.99¢ —06 | 5.31e — 02
( )
( )

11, 1.4975) | 6.57e — 09 | 4.91e — 02 2.43e — 09 4.13e — 02
11, 2.6998) | 1.90e — 11 | 4.81e — 02 4.49¢ — 08 3.83e — 02

SRS TSI

Table 5.1: The error 8% — 3 for Methods i =1, 2, 3, and 4, for k, = 11, as a function of M.

discussion of Section 5.3.3. Note also that whereas the convergence of Method 1 is (and must
be) monotonic, this is not necessarily the case for Method 3.

We conclude that Method 2 and in particular Method 4 are not very reliable: we can
certainly not guarantee asymptotic bounds for any given fixed o0 < 1; for this reason we
do not recommend these techniques, and we focus primarily on Methods 1 and 3 in the
remainder of this section. However, in practice, all four methods may perform reasonably
well for some smaller o, in particular since the accuracy of the inf-sup parameter is only a
sufficient and not a necessary condition for bounds. Indeed, for our M = 3 case of Figures
5-1 and 5-2, Methods 1, 2, and 4 produce bounds for all k5 less than approximately 18 and
Method 3 in fact produces bounds for all ks in D; consistent with Proposition 5, bounds are
always obtained for all methods so long as o8y < (3. The breakdown of bounds for Method
1 (which in fact directly correlates with o3} > 3) is due to the poor infimizer approximation
properties of W3 for larger ko; if we include an additional sample point, 1y = (11,20), we
recover bounds for all D. (In fact, even for lower ks the infimizer approximation is not overly
good; but thanks to the quadratic convergence proven in Proposition 6 the inf-sup parameter
remains quite accurate.)

The fact that Method 3 produces bounds over the entire range is consistent with the
“less stable” arguments of Section 5.3.6. However, by these same arguments, in particular
Proposition 7, we expect that the bound gap — the controllable error in the output prediction
— will be larger for Method 3 than for Method 1. To demonstrate this empirically, we plot
in Figure 5-3 A% /|s|,2 =1 and i = 3, as a function of ky, for the M = 3 case of Figures 5-1

and 5-2. We observe that, indeed, the bound gap is significantly smaller for Method 1 than
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Figure 5-3: The normalized bound gap A%;/|s| for Methods i =1 and i =3 as a function of
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3 (11, 11.4848) | 5.37¢ — 06 | 2.68¢ — 05
4 (11,13.6038) | 4.01e — 08 | 5.80¢ — 08
5 (11, 1.4975) | 6.43¢ — 11 | 6.50¢ — 11
6 (11, 2.6998) | 1.65¢ — 14 | 1.62¢ — 14

Table 5.2: The bound gap for Methods + = 1 and ¢ = 3, for ks = 11, as a function of M.

for Method 3. Note also that the normalized bound gap is quite large for the ky at which
we no longer obtain bounds for Method 1; no doubt these predictions would be rejected
as overly inaccurate and requiring further expansion of the reduced—basis space (thus also

recovering the inf-sup parameter accuracy and hence bounds).

As regards the convergence of the bound gap, we present in Table 5.2 convergence results
for A%,i =1 and ¢ = 3, for ky = 11 (and hence u = (11, 11)), as a function of M (analogous
to Table 5.1 for the inf-sup parameter). (Note for Methods 2 and 4 the convergence is
slower, with the bound gap typically an order of magnitude larger than for Methods 1 and
3; this suggests that the inclusion of the infimizers can, in fact, reduce the approximation

error — as might be anticipated from (5.41).) We observe that the differences between
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fim Ay v | AN U
(7.5388, 14.2564) | 1.30e — 04 24.20 | 6.09¢ — 04 12.18
(2.9571, 7.1526) | 1.22e —04  3.51 | 3.05¢ —04 11.88
(4.2387, 9.0533) | 5.82¢ —05  1.08 | 8.77¢ — 05  1.49
(17.7486, 15.9503) | 1.10e — 05  2.56 | 1.2de — 05  3.42
)
)
)

(9.7456, 14.0523) | 2.99¢ — 08  3.47 | 3.07e — 08  3.71
(3.8279, 16.3388) | 2.81e — 08  3.71 | 2.88¢ — 08  3.97
(11.2113, 8.0970) | 5.40e — 12  3.78 | 5.44e — 12 3.85

ﬂozcn»poow»—g

Table 5.3: The bound gap and effectivity at u = (11,17), as a function of M, for Methods
i =1 and i = 3, for the two-dimensional parameter space D = |1,20[ x |1, 20].

Methods 1 and 3 become smaller as M increases; however it is precisely for smaller M that
reduced-basis methods are most interesting. We conclude — given that the two methods
are of comparable cost — that Method 1 is perhaps preferred, in particular because we can
also better guarantee the behavior of the inf-sup parameter. Note that the difference in the
true error for Methods 1 and 3 is much smaller than the difference in the error bound for
the two methods; this is expected, since the inf-sup parameters do not differ appreciably. It
follows that the effectivity (defined in (5.36)) of Method 1 is lower (and hence better) than
the effectivity of Method 3; this is not surprising, since for Method 1 the approximation is

designed to minimize the bound gap.

We close by considering a second set of numerical results included to demonstrate the
rapid convergence of the reduced—basis prediction as N increases even in higher dimensional
parameter spaces: we now consider D = ]1,20[ x ]1,20] (without excision of resonances,
and hence satisfying our inf-sup condition only “in practice”). In particular we repeat,
the convergence scenario of Table 5.2, but now choose our random sample from the two—
dimensional space D = ]1,20[ x ]1,20[ ; we present, in Table 5.5.1, the bound gap and
effectivity (defined in (5.36)) for Methods 1 and 3 for a particular “new” parameter point
w = (11,17). We observe, first, that we obtain bounds in all cases (ny > 1) — indicative
of an accurate inf-sup parameter prediction; second, that the error (true and estimated)
tends to zero very rapidly with increasing M, even in this two—dimensional parameter space;
and third, that Method 1 again provides smaller bound gaps (and lower effectivities) than
Method 3, consistent with Proposition 7 — though the difference is only significant for very
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small M. Note that u and the output s are order 1072, so the relative errors are roughly
1000 times larger than the absolute errors in the table. Results similar to those reported in
Table 5.5.1 are also obtained if we consider the error over a random ensemble of test points

4 rather than a single test point.

5.5.2 2-d Example

Formulation
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N >
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O

Lcrack
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1.0

ST 77 77777

VS Ay i aV Al A A A A A e

1.5

Figure 5-4: Geometrical configuration

To further test our methods we consider here a more realistic two-dimensional example.
We restrict in this case our attention only to Method 1 (or the equivalent Method 5). To
start, consider the domain €2 shown in Figure 5-4. As before we take Y = HJ () with inner
product (-, -)y and norm || -|y. The problem we are interested in solving is the reduced-wave

(Helmholtz) equation:
/Vu-Vde—wz/ude:/ vdQ), Yv eY. (5.63)
Q Q 1

The right-hand side can be understood as an excitation of frequency w over the domain €2;.
The resulting solution gives the amplitude, for the given frequency w, at each point of the

domain €2. In addition, we assume that there is a crack of length L..q which disrupts the
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Figure 5-5: Leaac = 0.5 and w = 10.0 Figure 5-6: Leaac = 0.5 and w = 11.0
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Figure 5-9: Leaeac = 0.5 and w = 14.0 Figure 5-10: Lepack = 0.5 and w = 15.0
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continuity of the domain 2. For the parametrization of the problem we therefore choose
P =2 and p = {w, Lerack ). For the output we are interested in measuring the response over

the small patch €2y, and therefore s(u) is:

() = £ (u(p)) = / u(p) d9. (5.64)

The problem above although rather simple in terms of the geometric configuration, is rather
interesting in the case of non-destructive evaluation. For example, we could place a sound
source over the domain €2; and a sensor on the domain €)y. In practice, the signature of the
crack is measured (for varying frequencies). Comparing with a database of signatures, we
can identify the size of the crack Leaq (or more generally even the position of the crack).
Here, a reduced-basis model can be used instead of the database (which is rather costly to
build), to efficiently and accurately match the measured signature.

To account for geometry variations (due to the varying crack length), we apply a con-
tinuous piecewise-affine transformation from 2 to a fixed reference domain Q). The abstract
problem statement of (5.1) is thus recovered. It is readily verified that the affine decomposi-
tion is obtained for () = 8. We set allowable ranges for the input parameters, 1.0 < w < 20.0
for the frequency and 0.3 < Leaac < 0.7 for the crack size; therefore D = [1.0,20.0] x [0.3,0.7]
(as before we do not excise resonances, and our inf-sup condition is satisfied only “in prac-
tice”). We give in Figures 5-5-5-16, solutions for different choices of the input parameters.
As we can see even for small variations in the input parameters the solution (and therefore

the output) changes appreciably.

Numerical Results

The current example exercises all aspects of our framework. Notice that, since £(v) # (©(v),
we are no longer in compliance and therefore we need both the solution of the primal and
the dual problem. For the construction of the reduced-basis spaces, we choose M; = Mj
and Sy, = S also we choose M, points different from the previous ones to form Syy,. We
then construct the reduced-basis space Wy = W3, defined in (5.15).

First, we present in Figures 5-17 and 5-18, the error in the reduced-basis approximation
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Figure 5-17: Output convergence for Leaq = 0.4 and w = 13.5.
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Figure 5-18: Output convergence for Le,g = 0.4 and w = 18.0.
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of the output, for increasing values of M; and M,. In the following numerical tests, we will
present the results for two different test points p} = {0.4,13.5} and p? = {0.4,18.0}. We
see that initially, for small values of M; or M, the error is significant and is not reduced by
increasing the number of basis functions included in the reduced-basis space. This can be
attributed to the sensitivity of the solution in variations of the input parameters. Initially, for
small values of M; and M, the basis functions included in the definition of the reduced-basis
space, have no approximation properties for the solution at the test point. As we further
increase M; (or M) we see that the output approximation converges to the exact value. In
fact, for M; = M, = 90 and for the test point u}, we see that the relative error is less that
10~* — quite acceptable for all practical purposes. For the two different test points we see
different convergence rates. Again, this depends on the construction of the reduced-basis
space and its ability to approximate a solution at the particular test point. As we can not a
priori predict the error, the importance of the a posteriori error estimator should be clear.
Turning now to the error estimator we give in Figures 5-19 and 5-20 the a posteriori
effectivity, for the two test points u; and p?. In the computation of the bound gap, we
choose 0 = 0.5 and thus a sufficient condition for bounds is that Gy is within 100% of 5.
We first notice that in both cases the effectivities are always larger than one, and therefore
bounds are always obtained. Furthermore, we see that the effectivity is usually between
10 and 100, which is relatively large given also the convergence of the true error. These
effectivities can be further improved by developing more appropriate bound conditioners —

this development will be considered in a future paper.
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Chapter 6

Stokes Problem

We develop in this Chapter the reduced-basis output bound method for the Stokes problem,
considered as a representative example for the class of constrained minimization problems
(with equality constraints). The essential new ingredient is the presence of the incom-
pressibility constraint, and relatedly of the pressure which plays the role of the Lagrange
multiplier. In addition the fact that the solution variable is a vector will slightly complicate
the notation and the treatment.

Our presentation here follows as in the previous chapters: in Section 6.1 we state the
problem and provide with some general definitions; then in Section 6.2 we develop the
reduced-basis method, and consider issues like stability and accuracy; and, finally, in Section
6.3 we develop an a posteriori error estimation framework. The underlying ideas here are
similar to the ones for the non-coercive problems, described in the previous Chapter, so we

will refer to these as appropriate.

6.1 Problem Description

The system of Stokes equations are of special interest as they model the incompressible flow of
highly-viscous fluids. From the numerical point of view, the presence of the incompressibility
constraint poses significant problems in stability and special study is required. Moreover,

although the Stokes problem is a means by itself, it is also the first (main) step for the
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solution of the more general Navier-Stokes equations.

6.1.1 Introduction

To start, consider a Lipschitz-continuous polygonal domain € C R?, with a boundary o).
Let u € X a vector with components u = {uy,...,uq}, where the u; are functions defined

on ). The non-dimensional strong form for the Stokes equations is:

0 (Ou; = Ou, dp
_ = f 1
8:(:j <8x3 * 83;1) + 8:(:1 f“ (6 )
(9ui Al
0:1:i N 07

where summation over repeated indices is assumed. Here, p is the pressure which plays
the role of a Langrange multiplier in enforcing the incompressibility constraint, and w is
the velocity vector. We need to augment the system of equations above with appropriate
boundary conditions.

Using the incompressibility constraint we can obtain the simpler — and more familiar —

form of the equations:

ou; dp
_8:13j al'j + 8_:m N fl’
8ui
p— . .2

Using either of these forms we can develop a variational statement, which will be the point
of departure for the finite-element method. The reason why we mention both approaches is
that the first formulation is more general, allowing to include in the variational formulation
complex Neumann boundary conditions like, for example, stress boundary conditions, surface
tension, etc. On the other hand, the second can only be applied with simple boundary
conditions but is appealing due to its simplicity. In general the two formulations will yield
discrete problems which, due to the weak imposition of the incompressibility constraint, will
give different solutions. Our abstract problem statement given below, encompasses both of

these formulations. For the simple example that we will consider in Section 6.5, we prefer
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(6.2).

6.1.2 Abstract Problem Statement

To start, let V' a closed linear subspace of H*(§2) such that H}(Q) C V € H(Q), and define
X = (V)% X will be used for the velocity components. Also, for the pressure, we will require

M = L*(Q) or L)), where

13@) = {a e @) [ qdn -0}

the second choice is mandated in the case of all-Dirichlet boundary conditions, since then the
pressure is defined uniquely up to an additive constant. Finally we will require the product
space Y = X x M. The norms and inner products for these spaces are defined in the usual
way; for example if v € X then [[v[|7 ) = [vill7ng) + - + llvallF o)

Suppose also that we are given a parameter i chosen from a set D C R”. The parameters
of interest for the Stokes problem reflect geometry variations (cf. example in Section 6.5),
which makes all the forms parameter-dependent — our presentation below should reflect

this. We then look for [u(u), p(u)] € Y such that

a(u(p), v; ) +b(v,p(p); p) = L(v;p), Yo € X,
b(u(p), 4 1) =0, Vg€ M:;

(6.3)

where a : X X X XD —- R, b: X x M x D — R are bilinear forms, and b is non-square.
Furthermore, ¢(-) € X’ is a bounded linear functional. We can write the equation above

more succinctly as

a(u(p), v; p) +b(v, p(p); ) + b(u(p), g; 1) = €(v; p), Vv, q] €Y.

Finally, as it typical in engineering practice, we assume that we are not interested in
calculating the solution or abstract norms of it. Rather we are interested in obtaining
performance measures that characterize the particular configuration g € D and have physical

importance like, for example, the flow-rate, lifts or drags. Given the solution [u(u), p(u)] to
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(6.3), the output of interest is obtained from

s(p) = 09 ([u(p), p()]; 1) = €3 (ulp); 1) + €5 (p(1e); ); (6.4)

with (9(-; ) € X', Vi € D and (9(-;u) € M', Y € D (notice that M’ = M here), which
implies that (°(-;u) € Y', Vu € D is a bounded linear functional. We also require in the
following a dual, or adjoint, problem associated with ¢ (-;u): find [1)(u), \(u)] € Y such

that
a(v, P(u); ) + 0o, Np); ) - =~ (v; ), Yo € X, (65)
b((p), q; 1) = —(0(q; 1), Vg € M.
We note that a is symmetric
a(w,v; p) = a(v,w; u), Yw,v € X*, Yu € D.
Also we assume that the bilinear forms a and b are:
i) Continuous: there exist v,(u) > 0 and (1) > 0 such that
a(w7v;u) < ’}/a(,U/)HU)HXHUHX7 vav S X27 v,u S Da (6 6)
b(w, q; 1) < w(p)llwlxllalls, Yw € X, Vg e M, Ve D.
ii) Stable: there exist a(u) > do > 0 and B(u) > [y > 0, such that
- _oa(v,v;p)
0<ap<alu)= 12§<W, Ve D,
b)((v q; 1) 16(, ¢; )| (67)
0<fy<p :infsupézinf#,‘v’pel).
b= 000 = S Follclallr — o2 Talla

The conditions above are sufficient to ensure existence and uniqueness [97] of the solutions to

problems (6.3) and (6.5). Finally, we make the assumption of affine parameter dependence
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for all the linear and bilinear forms:
a(w,v; p) Zaq Yad(w,v), Zab b (w, q),
O
w; p) = Zaff(u)ﬁj’v(w), O([w, gl ) =Y ob ()b ([w, q)), (6.8)
qg=1 q=1

Yw,v € X, Vq € M; where Q). are integers that depend on the problem in consideration.
For the finite-element solution, ¥ = X x M is usually replaced by Y, = X, x My,
where X, and M, are appropriately defined finite-element spaces. To ensure stability we
need to verify that the constants ay(p) and G, (p) — obtained from (6.7) by replacing X
with X3, and M with M, — are positive. In fact, even when they are close to zero, the a
priori theory [97] suggests that we should expect large approximation errors. For conforming
velocity approximation spaces it is easy to verify that ap(p) > (). Ensuring that 8, (u) is
non-zero requires careful selection both of the velocity and pressure approximation spaces.
Here we choose to approximate velocity and pressure using P? and P! triangular elements,
respectively. These elements belong to the Taylor-Hood family of elements and satisfy all

the requirements above.

6.1.3 Inf-sup supremizers and infimizers

Similar, to Section 5.1.2 we define the supremizer 7, € X associated with ||b(-,q; p)| x'

This supremizer can be calculated from
(T,q,v)x =b(v,q; p), Yv € X. (6.9)

We can then express our inf-sup parameter as:

b(v, q; ) || wdllx I Tuxlx
B(p) = inf sup ———2— = in =L £ , 6.10
) = I s ol — oy Tl Toclr (610
where
T
x(p) = arg inf | ”qHX. (6.11)
gert |1qllm
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Unfortunately, unlike the non-coercive case, it is no longer true that the infimizer x(u) and
the supremizer 7),x will be collinear. It is useful to recognize that similar to (5.7) and (5.8),
B(u) and x(p) can be related to the minimum eigenvalue and associated eigenfunction, of an
appropriately defined symmetric positive-definite eigenproblem; see Section 5.1.2 for more

details.

6.2 Reduced-Basis Approximation

6.2.1 Approximation Spaces

We next define our primal and dual reduced-basis approximation spaces. To wit, for the
primal (resp. dual) problem we choose N (resp. M) points p;, i = 1,..., N (resp. p;, i =
1,..., M not necessarily the same as for the primal problem) in our parameter set D, the

collection of which we denote:

S]li[l”: {Mla"'wuN}v (resp. Sdu: {Ml”uM})

We then compute [u(p;), p(p;)] € Y (vesp. [1(w;), A(pi)] € Y), the solutions of (6.3) (resp.
(6.5)), for all ju; € SY (resp. u; € S§F), and also 2P* 9™ € X, (resp. 249%™ € X) g=1,...,Qs,
andn=1,...N (resp. n=1,..., M) which satisfy

(Zprq,n,U)X = bq(v7p(:un))7 \ONS X7 q= 17 o 7Qb7 n = ]'7 ce 7N

(6.12)
(resp. (zduq’",v)x =01 (v, \(n)), Yve X, g=1,...,Qp, n=1,..., M).
We then define the primal and dual “pressure” approximation spaces My and Mg}
MY =span{p(u;), i=1,...,N} =span{&", i=1,...,N}, (6.13)

M = span {\ (1), izl,...,M}Espan{deu, izl,...,M};
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and the “velocity” approximation spaces X% (1) and X {#(u)

X}’V’"(u)—S)pan{uuz Za ) 2P, ‘:1,...,N}zspan{§}”,z':l,...,QN},

XM () :span{ (i), Zab yeduat g = 1,...,M} Espan{gf“, i = 1,...,2M};
(6.14)
with dimensions dim MY = N, dim X} (1) = 2N, dim M{} = M, and dim X} (u) = 2M.

The product spaces Yo (1) = X5 (1) x My and Y3 (1) = X () x M{# will also be useful

in the following.

If an approximation to the inf-sup parameter is required, we form Sy by choosing K
points p; € D, and compute the infimizers x(;), by solving the implied eigenvalue problem
of (6.11), for all u; € S¥%. In addition, we compute 2X%" € X for ¢ = 1,...,Qp, and
n =1,... K, which satisfy:

(X" v) =0 (v, x(1n)), Vv EX, ¢=1,...,Qp, n=1,..., K; (6.15)
and define M and X% (u)

M}gzspan{x(ui) i=1,...,K} =span{¢&*, i=1,...,K},

(6.16)
X5 (p) = span ZO’ )X i=1,...,K s =span{(¥, i=1,...,2K};

with dimension dim M3 = dim X% (u) = K.

6.2.2 Reduced-Basis Problems

Output Approximation

Using the problem-specific approximation spaces of Section 6.2.1, we can define the reduced-

basis problems. We look for [ux(p),pn(p)] € Ya (1) and [¢ar(p), Aar(p)] € Y(p), such
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that:
a(un(p); ) +b(v, py(p);p) = L(v; p), Yo € X5 (1),

(6.17)
b(un (), q; 1) =0, Vg € My,
and,
a(v, Yar(p); 1) + (v, Ay ()i ) = —€Q (v 1), Yo € X (1), (6.18)
b(vnr (1), ¢; 1) = =0, (a; n), Va € My,

respectively. If [uy,py] € Yy (1) and, [eb', eP'](u) = [u — un,p — pu](p) is the error, the
residual RP*(+; [un, pn]; ) € X' is defined

Ry (v; [un, pn]s ) = £(v; p) — alun (), v; 1) — b(v, pn(u); 1),

= a(el (), v; u) + b(v, eb(1));

(6.19)

where the second line follows from equation (6.3). Similarly the residual related to the

incompressibility constraint RE'(; [uy, pn]; ) € M' is

Ry (q; [un, pnl; ) = —blun(p), g; 1)

(6.20)
= b(ey (1), 4; ).
We can the define the primal residual RP*(; [uy, py]; i) € Y, from
R ([w, q); [un, pnl; ) = R (w; [uy, pal; 1) + BE (q; [un, pal; 1) 6.21)

= aley (1), v; p) + blv, e () + (e (1), ¢ ).

For the dual problem, if [¢a7, Ayr] € Y (1) and, [ed®, Y] (p) = [ —¥ar, A— Aar] (1) is the er-

u ) Up

ror, we define in a similar way the residuals R3"(+; [{ar, Aae; 1) € X' and RO (-5 [thar, At ) €
M

RS (05 [thar, Anr; 1) = =L (05 1) — a(v, ¥ar (w); i) — b(v, g (p); 1),

(6.22)
= a(e(u),v; ) + b(v, eﬁ“(u));
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and

Rg“(q; [Uar, Auls ) = —Eg(q;/z) = b(Wu (1), q; 1)

(6.23)

= b(ey" (1), ¢ ).

The dual residual is then RY(-; [was, qur]; ) € Y’ is then
R™([w, q]; [War, e 1) = REMw; [ar, Al 1) + Ro™(q; [ar, Aml; 1) (6.24)

= a(v, € (1); ) + blv, €5 (1)) + b(e™ (1), ¢; ).

Regarding the stability of the discrete problems (6.17) and (6.18), we have the coercivity

constant oy gﬁ ()

r {du : a(Wy {ary, WN {a}; 1)
&%§M§<M) = inf . {M} {2 1. (6.25)
w N {M}EX?{{A}‘} HU)N {M}HX
inf- pr{du} .
and the inf-sup parameter 3 () (u):
b(wn {ary, O (ry; 1)
r {du . NA{M},4YN {M};
i = it sup b VAMB Y (6.26)

an MY G wy (ay€X5 G lwn oyl x law qanyllar’

where inside the braces are the modifications of these definitions for the dual problem. For
stability of the reduced-basis problems, it is required that these constants are strictly positive;
we further discuss stability in Lemma 6.2.1.

The output approximation is then obtained from

sn(p) = go([UN,pN](M); ) — B ([¥ar, Am] () [un, pa](p); 1) (6.27)

the adjoint correction helps improve the accuracy.

Regarding the stability of the reduced-basis problems, we have the following result:

Lemma 6.2.1. For the discrete coercivity constant o (u), defined in (6.25) we have:

ay (1) > alp), Vi €D, (6.28)
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and for the inf-sup parameter By (1), defined in (6.26) we have:
N (1) = B(n), Vi€ D. (6.29)

Similar results apply for the dual problem, and also for the inf-sup parameter approrimation

described in the following section.

Proof. We discuss here only the primal problem. Regarding the coercivity constant since,

by definition X} (1) C X, we have that

. a(wN wN'H)
ot _ inf ANV A P
V)= B T Tl =~ etk Tl

= a(u), Vu € D.

For the inf-sup condition, we notice that any member ¢y € MY can be written gy =

Zi\il qn & Therefore the supremizer, defined in (6.9), can be computed:
(Tugn,v)x = b(v,qn; 1), Yv € X. (6.30)

Using now the affine decomposition assumption we notice that:

Qb

(TuQNyv)X = ZU (:u)bq(U?(ﬂV)

q=1

Q N
—ZZO Jan ib? (v, &)

q=1 i=1

the definition of X% (1), (6.14), implies then that T,qn (1) € X (1). Now notice that if we

=z

define T g (1) € X} (1) the supremizer over Xy (p):

(T/diva)X = b(v7qN;ﬂ’)7 Vo € X}G‘(M)?
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and subtracting from the equation above Equation (6.30), we have that for gy € My,
(T;iVQN —Tun,v)x =0, Yv € X}

Therefore choosing v = T iﬁv gy — T,gn € Xy (from the argument above), we have that
HTéVqN —T,qn]||x = 0 and therefore Tlﬁqu = T.qn, Yqn € MY . Therefore we conclude that:

ITYanllx o

= B (1),

T, T
aweM |lgnllar T avery lanllar avemyy [lawllar

as desired. O

Remark 6.2.2. In the construction of the reduced-basis spaces, we do not necessarily need
to choose an equal number of pressure and velocity modes. We can choose NP' wvelocity
basis functions for X3 (1), and N} basis functions for the for MP*. Following the previous
Lemma, for stability, we need to augment X3 () with NPT basis functions — and therefore
dim X% (p) = NP+ NP We discuss how different possible choices affect the accuracy of our

predictions in Section 6.5.

Inf-Sup Parameter Approximation

If also an approximation [ () to the exact inf-sup parameter [(u) is also required, we
use the reduced-basis spaces X% (u) and M. The inf-sup parameter approximation is then

obtained from

b : TK
ﬁK(,UJ) = inf sup M — inf M

- )
wir€X (1) gee My lwrllxllaxlv weexion  llaxliv

(6.31)

where for g, € M}, Tlf(qk € X% (p), is the solution of

(T,f(CIk,U) = b(v, g3 1), Vv € Xi(n)-
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The infimizer for (6.31), can be obtained by solution of an appropriately defined symmetric

positive-definite eigenvalue problem

(TE0(w), T q)x = p(u)(O(1), @)nr, Yq € M (6.32)

the inf-sup parameter is then Sx(u) = /p™" (1), where p™(y) is the minimum eigenvalue
of (6.32). The discussion in Section 5.3.3, regarding the convergence of B () to S(u) also

applies here.

6.3 Computational Procedure

The parametric dependence assumed in (6.8) permits us to decouple the computation in
two stages: the off-line stage, in which (i) the reduced basis is constructed and (ii), some
preprocessing is performed; and the on-line stage, in which for each new desired value p € D,

we compute sy(u). The details of the blackbox technique follow.

6.3.1 Output Prediction

The presentation follows the procedure and the notation introduced in Section 5.4.2.

Off-line Stage

1) Choose 8§ and S§#. For all u1; € SY, calculate [u(j;), p(pi)] = [T, € YV,i=1,..., N,

the solution of (6.3). Similarly for the dual, for all yu; € SI}, calculate [¢(u;), AM(p;)] =

[¢u ¢l e Y i=1,..., M, the solution of (6.5).

2) Compute 2% € X, g =1,...,Qp, i =1,...,Nand 2% € X, g =1,...,Qp j =

1,..., M, as in (6.12).

3) Compute AP ' € RM*N Aduth € RMXM ang APt € RMXN for g = 1,...,Q,, where
AP = ad(CPT, ), 1<, j < N, AN = (¢ ¢, 1< 4,5 < M,

AP = g (), 1<i< M, 1< < N;
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12 12
also, A% € RNXN’ Adu/12 c RMXM7 Apr(%u € RMxN

d
and AN € RN g =1,...,Q.,

g =1,...,Q, as

12 X . dul2 _ duq',j ~d .
Agrq 1,3 :aq(zprq ]’Clpr)’ 1 <i,j7<N, Aql;u_aq(z e J>Cz'u)a 1<4,5 <M,

prdu 12 q/.prq,j ~du prdu 21 q(pr _duq,i . . .
AT = al (BT ), AT = at((), M), 1< < M, 1< <N

22 du 22
and A", € RVN Agz%gu € R M and AP"07 € RMN for g =1,...,Q, and ¢',¢" =

1,...,Qp, such that

pr 22 _ ,a(.prqj prq’i ;o du 22 _ ,q(,duq’,j _dug”i ;o
Al yaris = a'(z )2 ), 1<, <N, A =a(z )2 ), 1<, <M,

29 s " . .
AP R = a(2P I M) 1< i< M, 1< < N.

4) Compute Egrl c RNXN, Egul c RMXM, 1E5rdu1 c RMXN and QBErdul c RNXM, for

q:17"‘7Qb

BPL=b1(¢P, ), 1<, j <N, BET =b(¢" M), 1<4,5 < M,

qv) qi,J

B =€), BB = 0 ), 1< i S ML 1< SN

qt,) q,]
2 du?2 du?2
and also BY' " € RV*N, Bi‘;? € RMM ABP= € RM*N and 2B € RN for ¢,¢' =

1,...,Qy, as

2 x . du2 dugq,j ¢d -
B =0 ), 1<, j < N, B =029 M), 1<, < N,

RPN = pi(pPratd gy 2pPHNE — pa(pdnd P 1< <M, 1< <N

4,9 1,3 4,9’ 1,3
5) Compute F?'' € RV, and FI"' € RM forq=1,...,Q; as
rl r . u u : .
Fpt=0(C), 1<i S N, FR = 05(G), 1<) < M;
and alsoﬂgfq? eRN and F? € RM for q=1,...,Qp, ¢ =1,...Qp, as

r 2 rq’ i du 2 du’,‘ .
F;’qz_éq(zpq) L<i<N, F o5 =0(z"), 1<j <M.

149



6) Compute Lgrl € RY, and Lg“ ERM forqg=1,...,Q0 as
L2 =h([¢P,0]), 1<i <N, Bt =016, 0]), 1< j < M;
also Lgfq? € RY and LS};,Q ERM forqg=1,...,Q0,¢ =1,...Qy, as
LP 2 =5 (2" 0]), 1<i< N, L2 =e5([z™99,0]), 1 <j < M;

and alsoLgr?’ c RY, andLS“?’ ERM forqg=1,...,Q0 as

L = 05([0,€P]), 1<i< N, FP = e3([0,&M), 1< j < M.

On-line Stage

Given a new value of the parameter p € D:

1) We form the matrices AP () € R2V¥2N | Adu(y)) € R2MX2M apd APrdu(y) ¢ R2M*2N

Qa Qb
Z O_q Apr 11 Og ASrql?
q=1 ¢'=1
r Apr 11 Apr‘1,2
AP (M) _ ) ] 0. o APY 2 (1)
r ! r 22
(A 2(w)" > > ooy (Wl (AXE,
q=1q¢',q"=1 |
A2
u Qb
Zo_q Adu 11 Z Zo_q Adu 12
q=1 ¢'=1
u Adu\{l Ad1?1r2
Ad (M) — (w) % o A (1)
u T ! u
(AM2(w) > ol (mw)of (ot (1) A7,
gzl q.q"=1 )
R



J/

Qa Qb
E O'q Aprdu 11 Uq Aprdu 12
a —q q
q=1 ¢'=1
Vv ~ vV
Aprdu( ) — Aprdu ll(u) Aprdu 12(“)
- M Qa Qb a Qb
q prdu 21 q q prdu 22
ZZU Aqq 2: E: Ta b( >Aqqq
q=1 ¢'=1 q=1¢',¢"=1
NS -~ 7 N -~
Aprdu 21 (“) Aprdu 22 (“)

2) We form the matrices BP () € RV*2V | Bdv(y) ¢ RM*2M 1 pprdn ¢ RMX2N apq 2 pprdn ¢

RNX2M7 as

B (1) = (2, B S%_ ot (1) B72)
) = (S22, 0B 3%, olmo (1) B27)
1gerdy, :( Bprdul Z /102(M)0b (1) Egr;ﬂ)
B ) = (500 AR BE 5 o (B

3) Form the vectors F* (u) € RN and F™(u) € R*M as

Zq 1af(,u) P Zq 1Uf(N)qu1
S T ol WE | EP ) = [ £ 59 oot (nEn? |
0 O

P () =

where O, 0, is the N and M-dimensional vector of zeros.

4) Form the vectors LP" (i) € R*N and L™ (u) € R*M as

Zq lo-O(lj’)Ldul
Sl a8 ol (o (1) LYY
Zq 1‘70(/L)Ldu3

S0 o () Lir!
S0 3% e (wof (W)L | -
Zq 1‘70(,“) Ly

LP*(p) = LM () =

5) Compute [uy,p, (1) € R* xR the reduced-basis solution for the primal problem (6.17):

(B (n))"

QN><N

AP (1)
B ()
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and [¢, (1), Ay](p) € R*M x RM the reduced-basis solution for the dual problem (6.18):

A% (B"0)"\ (L)) _ .
By O ) \Auw)

6) The output can then be calculated from:

s(pr) = ((un ()" (0, ()") L (1)

— (¢, ()" [Ed“(/w) — AP () () — CBP (1) pyy (1) | = A (1))" (P B (1) (1))

Computational Complexity

We don’t present with details for the computation of the inf-sup parameter. Following the
discussion in Section 5.4 and 6.3.1, the development of a similar off-line/on-line procedure,
should be straightforward. As in the previous chapters, the off-line step needs to be per-
formed only once. For the computation of the primal and dual basis functions, a total of
N + M Stokes problems need to be solved using an iterative method like, for example, the
Uzawa algorithm. In addition, (N + M)Q, Y-solves are required for the calculation of z"™9.
Finally, a number of matrix-vector and inner products are required for the formation of a
number of auxiliary quantities. The important thing to note it that once the expensive and
memory intensive off-line part is completed, a database with O((N? + M?)Q,Q3?) quanti-
ties, is created. In the on-line part, for each new p € D, and using this database: first,
O((N?+ M?)Q,Q?) operations are required to form the reduced-basis problems; and second
O(N? + M?3) operations are required to invert the resulting linear systems and compute the
output approximation. The important thing to note is that no explicit reference is made to
the continuous (or, in practice, finite-element) problem. As N and M will typically small,

significant computational savings are expected.
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6.4 Error Estimation

To start, define A} to be the minimum eigenvalue of a(f,v;u) = Au)(0,v)x, Vv € X. A
lower bound for this eigenvalue is required by the output bound procedure: we assume that

a g(p) and a c¢(u) > 0 is known such that

g(p)(v,v)x < alv,v;p) < c(p)(v,v)x, Yo € X and Vu € D. (6.33)

It is also possible to include approximation of A\ (u) as part of the reduced basis approxi-

mation.

Remark 6.4.1. In the following, the more general class of bound conditioners, developed in

[113], can also be used. In this case condition (6.33), is replaced by a spectral condition

a(v,v;
c(v,v)
with p > 1 a positive number — preferably close to 1 — and ¢ is a parameter-independent

symmetric positive-definite form. The development of bound-conditioner-based error estima-

tion procedures will be addressed in a future paper.

6.4.1 A Posteriori Error Analysis

Let [u,p](p) € X the exact solution for the primal problem (6.3), and [uy,pn](1) € YN
the reduced-basis approximation obtained by solving (6.17). Subtracting (6.3) and (6.17),

the error [eP', eP"](1) = [u — un,p — pn] € Y to the primal problem satisfies the following

equation:
a(ey(m),vs ) +bv, e (p)) - = R (v; [un, pyl(p); p), Yo € X, (6.34)
b€l (1), ;1) = Ry (g fun, pal(p); 1), Vg € M;

with similar equation valid for the dual error [eS", e0"](s1) = [ — ¥ar, A — pu](p) €Y

We need a few auxiliary results :
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Lemma 6.4.2. Assume that there exists a constant k such that

Qo
b(w,q; 1) = Zag(u)bq(w,v) < kFy(p)b(w,q), Yw € X, Yq € M; (6.35)

q=1
with b(w, q) = Jo divw ¢ dQ, and Fy(p) = maxg—1,.. o, |0 (). If d is the number of dimen-
sions for the physical domain (d = 2 for two-dimensional, and d = 3 for three-dimensional

domains), then:
[b(w, ;)| < wVAF(p)llw]| xllgllar, Yo € X, Vg € M. (6.36)
Proof. Starting from (6.35), we notice that:
b(w, g 1) < KFy(1)|b(w, @) < lldivel|arllgllar < svd]wlx allars

where we used ||divw||y < Vd||w|x — see [30] for a proof. O

Remark 6.4.3. In the case where we separate the domain in many smaller non-overlapping
subdomains and apply affine geometric transformations, it is easy to see that the assumption
1s true for k = 1. In the case of overlapping domains and affine geometry transformations,
K 1is equal to the maximum number of overlapping domains at any point of the computational

domain.

We now construct a bound for eb*(u) in terms of the residuals and other computable

quantities:

Lemma 6.4.4. We define C}(u) = gé’%;ﬁﬂ,(u) and C2(p) = ;((’;))z, then a bound for the

error in the pressure ||e)(11)||as is obtained from:

X ()l < Ca()IRE (-5 [unv, o] (1) 1) | xr + CR) | RE (5 funv, o) (10); 1) lars - (6.37)

with an analogous result for the dual error egu(u).

Proof. We start by obtaining an equation for eb(u). To this end we define T)eP'(u) € X,
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the solution of

a(Tﬁegr(u),v;u) = b(v, ep"(p); ), Yo € X; (6.38)

similarly define o™ (1) € X from

a(p"™ (1), v; 1) = R (v; [y, pw](p); ), Vo € X; (6.39)

from (6.7) a unique solution to both of these problems will exist. From the error equation
(6.34) and the coercivity of a, we see that eP" (1) = @™ (1) — Theb*(u). Replacing this last

expression in the second equation of (6.34) we get:

D(Thel (1), s 1) = (@™ (1), 5 1) — RY' (g3 [u, A (10); 1), Vg € M; (6.40)

note that b(Tﬁ-, ;) is called the Uzawa operator. We now examine each of the terms in

(6.40). First, notice that from Lemma 6.4.2,

(" (1), s )| < £VAF ()]l ™ (1)l Nallas

vl x RPF RPF 1/2
< d u U /
< kVdFy (1) sup a(U’U;Ml/Qa(w (1), 7 (1) 1) Nl s

But from (6.33),

oy 1 1
veX CL(U,’U;ll,)lm . CL(’U,'U;,LL)

R (v; [un, p](1); 1)

RY RY o \1/2
(1(90 (M)?Qp (M)aﬂ) ig}g CL(U,U;LL)UQ
JO .
S 1 sup Ru (Ua [uNapNKlu’)v ,u)
g9(p) vex o]l x
1
= IR (-5 [un, pa](p); )] x-
g(p)
Therefore i
pr K d
[b(@™ (1), q; )] < mFb(u)HREr(-; [un, pa] () )| x Ml gl ar- (6.41)
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Also notice that:

Ry (@ o pal)i0),
lallas "

|RY"(q; [un, pn](p); )| < sup
qeM

(6.42)
= | Ry (s [uns o) (10); 1) || e gl s

Combining (6.40), (6.41) and (6.42) we obtain:

b(Thep (), g i)l _ wVd
g1l ar ~ g(p)

Ey ()| 25 ( [un, ol () i) e LRG3 [ues ol () i)l Vg € M.
(6.43)
We now choose ¢ = el"(u) and notice that from (6.38):

b(Thel (1), €Rr (u); 1) = a(Tel (), Toelr (w); )
B (Su b(%q.%“(#%#t))2

- \vex alv,vyp)!/?

where the second line follows from the Riesz representation theorem. We now choose v =

T,ebt(p) which is obtained from:
(T, (1), 0)x = b, €5 1), Vo € X.
Then

b _pr r
b(T,ept (), ep'(

| \%

b(T,uel (), b (m); )\
a(Tyuep (1), Tuep (1))*/?

0= (a0

Tepr xllepr M 2
(6 o)l )l llept (i) )
=

v

(Tuep (1), T, 657#))” ?
2
ﬁ Hepr o inf ” HX )

M EX alv, v p) 2

2 (ﬁ(u)

c(p)

)ngmM; (6.44)

where the second line follows from the definition of the inf-sup parameter, and the last line
from the right-hand side of (6.33). Combining now, (6.44) and (6.43) we obtain the desired

result. A bound for the dual error ed“(,u) can be obtained similarly. [
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We now develop a similar bound for the error in the velocity eP"(u)

Lemma 6.4.5. We define the p-dependent constants CL(p) = (14 kvV/dFy(11)Ch (1)) /g(1)
and C?(u) = K\/EFb(p)Cg(M)/g(M), then a bound for the error in the velocity ||eP*(u)||x is

obtained from:

el ()l x < Cu(p)IRE (-5 [un, o) (); )| xv 4+ Co(u) | RE (5 [un, pa)(10); )llarrs - (6.45)

with an analogous result for the dual error et (u) € X.

u

Proof. We start from the first equation of (6.34)

afey (1), vs ) + b, e () = By (v; [un, pa)(p); 1), Vo € X,

Choosing v = €P" (1) in the equation above, we have:

g€l 1% < alel (), e (1); )
< Ry (en (1) [un, pn] (i) )| 4 [b(el" (), ebr ()]

RP(v; {un, ; . . .
< sup S PO oy 4 Fs e ) e o

< (1R85 L, ) (): 1) e+ VAR () el ()l ar ) N )

where we used (6.33), Lemma 6.4.2 and the definition of the dual residual. The desired result
follows directly from this last expression, replacing ||eP*(u)||as with the results from Lemma

6.4.4. [l

Using now the two previous Lemmas, we give the a posteriori error estimator for the output:
Proposition 10. Defining:

0™ (1) = (IR [ Al () 1) (1RE G5 [onr, M) () )l )

) ' i i (6.46)
M (k) = (IR (5 [oars A () i)l xr - [R5 [Woars Ana) (1); )1 ar7)
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and

R
C — OPK(KH)=g oPK(KH)“g\p 647
cw) () VaFy (1) o(p)? (6.47)
UﬂK(M)QQ(M) oBr(p)?”

If the reduced basis approximation B (p) — B(p) as K — oo then there exists a K*(u) such
that VK > K*(u),
[5(k) = sn ()] < 8™ (1) "C ()™ (1) (6.48)

Proof. From (6.4) and (6.27) the error in the output is given by

s(p) — s (p) = € (w(p); ) + €5 (p(p); )
— 0 (u(p); 1) — €5 (p(p); 1) + R ([Woar, Ar) (w); [un, pv](10); 1)
= (0 (eR" (p); 1) + €9 (X (1) 1) + R ([, Ana) (1) [uw, pv] (1) 1)

Which from the definition of the adjoint problem (6.5) and the primal residual (6.21) can be

written as

s(u) — sn(p) = —aleg (), v(p); p) — bled (), A(p); 1) — b (1), ey (1); 1)
+ aleq” (1), Yar (p); ) + bed” (1), Ana () 1) + b(Pns (), €5 (10); 1)
= —a(el (i), €5 (1) 1) — el (1), €5 (1); 1) — b(eg™ (), € (); )
=Ry (s [oar, At (1); 1) — R (e (); [rs Ana) (); 1)

here the definitions for the primal and dual residuals have been used, equations (6.21) and

(6.24), respectively. We then have that:

9 (q; [, Aul; 1)
gl ar

du
|s(p) — sn(p)] SsupR (v [Yar, Anr)(p); 1

veX [l x

= (| R3Cs [, Ml (1) 1) xR (o) 1+ 1R G [oar, Ana)s o) el € (1) -

llep” (k) llae

)16 (1)1 x + sup
qeEM

which using Lemmas 6.4.4, 6.4.5, and the definitions in (6.46) can be written as

ct C?
() — s () < e (™ | W Gl oy (6.49)
Co(p) Cr(p)
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For 0 < 1, we have from our hypothesis on [k (u) that ofx(n) < B(u), for K sufficiently
large, say K > K*(u). From ok () < (p) and (6.49) the desired result, equation (6.48),

directly follows. L

The bound obtained in Proposition 10 is easily computable. First, for C'(u), we need
B (1) which is obtained by solving a reduced-basis problem. Second, for §**(y) and 8 (u),
the dual norms for the primal and dual residuals are required. Following the discussion in
Section 6.3 and 5.4.2, an off-line/on-line decomposition can be developed for the efficient
calculation of the relevant norms. In the following Section, we will not present numerical
results for the a posteriori error estimation procedure developed here — these along with

the development of bound conditioners, will be presented in a future paper.

6.5 Numerical Results

6.5.1 Problem Statement
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Figure 6-1: Square Obstacle

To illustrate our methods we study the incompressible flow of a highly-viscous fluid in an
infinite duct with periodic square obstacles. Assuming a constant pressure gradient applied
on the fluid, our interest is to study the effect that the size of the obstacle has to the flow-

rate. To compute the velocity and pressure distribution the Stokes equations, (6.1), have to
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be solved. For this periodically repeating configuration, we only need consider the domain
around one of the obstacles, shown in Figure 6-1, and use periodic boundary conditions for
the velocity in the inflow and outflow boundaries. In addition, for the duct I'; and obstacle

solid walls I',, a no-slip boundary condition is applied.

The basic (non-dimensionalized) geometric dimensions are shown in Figure 6-1. For the
parameterization of the problem we are interested in two geometric parameters: the length
« and height 3 of the obstacle — p = (a, 3) € RP=2. We choose allowable ranges for these
parameters 0.1 < « < 1.0, and 0.1 < 8 < 0.8; that is D = [0.1,1.0] x [0.1 x 0.8] C R%. Then
for a given 1 € D, we compute the solution [u(u), p(u)] and from this we obtain the flow-rate

— output of interest — s(u), from:

() = (ulp), ()i 0) = > / uy A (6.50)

recall that u; is the x-component of the velocity vector.

To account for the geometry variations we map the parameter-dependent domain Q to a
fixed domain €2, by using affine geometric transformations. Then geometry variations appear
as parameter-dependent properties over the fixed domain 2. We thus obtain an equation
of the form (6.3), with X = V2 where H}(Q) C V C H'(Q) satisfies the aforementioned
boundary conditions. Also, since there is no interaction with the environment, the pressure
is defined up to an additive constant. To eliminate this uncontrollable mode we choose
M = L%(Q) for the pressure. Under these assumptions a unique solution [u(p),p(u)] will
exist for (6.3). It is easy to verify that a decomposition of the form (6.8), with @, = 6,
@y = 4 and Q. = Qo = 3, exists for the linear and bilinear forms. In practice for the
solution of (6.3), X and M are replaced by X} and M}, suitably chosen finite-dimensional

approximation spaces. Here, we use the Taylor-Hood family of elements, where:

X, ={veXnCQ)l|r, € P*(T}), VI) € Tp}, and,
Mh = {q € MnN C’O(Q)|qlTh c Pl(Th), VTh € ZL},

with 7j, a suitably fine triangulation of the domain 2. This choice, ensures discrete stability
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[36], and the discrete problems have a unique solution obtained by using the Uzawa algorithm.

6.5.2 Results

The calculations can be simplified by noticing that, for our problem °([v, q]; ) = cf([v, q; 1)
with ¢ a constant — here, ¢ = 2/3. Given the symmetry of the Stokes operator, and choosing
N = M, and S¥ = S{}' we see that the resulting primal and dual reduced-basis spaces will
coincide. As a consequence the primal and dual solutions at each p € D will be co-linear; for
this specific case, denoted as “compliance,” the computational procedure can be simplified.
More specifically, for the particular case in consideration, the adjoint correction term of
(6.27) will vanish by virtue of the Galerkin orthogonality. This suggests that we only need
consider the primal problem. The disadvantage over the segregated primal-dual approach
(with 8§ # S${') is an increase — for a given accuracy — roughly by a factor of two to four
of the off-line and on-line computational complexity. A discussion on how the relative choice
of basis functions for the primal and dual problem affects the accuracy and computational
cost, was given in the previous chapters — the same conclusions apply here.

Here we focus on a different problem, which is the relative selection of basis functions
used for the approximation of the velocity and the pressure. Following Remark 6.2.2, we
can choose independently N}*, the number of pressure basis functions, and N* the number
of velocity basis functions. Recall, that to ensure stability of the reduced-basis problems,
we need to augment the velocity (supremizing-) space with N}* parameter-dependent basis
functions. The velocity approximation-space has then total dimension NF* + NJ*.

To form the reduced-basis space we define NP = max{/N}*, N)*}, and select NP* points
p; € D to form the sample set Sy = {u;, i =1,..., NP'}. We then compute the solution
of (6.3) [u(w), p(p)] for all p € SY using the finite-element method; representative solutions
are shown in Figure 6-3. To form the pressure reduced-basis space M} we pick the first NPT
pressure basis-functions. We then compute the related supremizing functions from (6.15).
For the velocity reduced-basis space X%, we include the first NP* velocity basis functions,
and in addition the parameter-dependent functions of (6.14). For the efficient calculation

of the reduced-basis predictions, the off-line/on-line computational procedure presented in
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Figure 6-3: FEM Solution for o = 0.590 and 3 = 0.404
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Section 6.3 can be utilized.

Test 1: Output Approximation

As a first test, we investigate the accuracy of the reduced-basis predictions as a function of
NPmand NJ'. In Figures 6.5.2 and 6-4 the relative error in the output is plotted as a function
of NP' for two test points u; = {0.5,0.5} and ps = {0.2,0.1}, respectively. It should be
clear that the size of N;" and N}* is directly related to the approximation properties of the
velocity and pressure spaces.

As NP is increasing and for a fixed value of NJ*, say NP = 10, we see that initially the
error is decreasing very rapidly, and after some point it remains constant. The a priori error

analysis states that

s(u) — sn(u)| < 1 int

wNEXK,r qN

) —wnlf oo inf o) —anli (65)
where ¢; and cg, depend on the continuity and stability constants of the bilinear forms a and
b. This suggests that the accuracy in the output depends both in the approximation of the
pressure as well as the velocity — this is confirmed by these plots.

Initially, for NP' small, the velocity approximation error dominates over the pressure ap-
proximation error. As we increase NP', the velocity reduced-basis space becomes richer, and
therefore the error in the velocity and consequently in the output is reduced. At some point
(as determined by the size of N;r), the velocity approximation error becomes smaller than
the pressure approximation error. Therefore, further increasing NP' no longer contributes
to the accuracy of the output, as then the dominant error is now due to the inaccurate
approximation of the pressure. Even though for the particular output — the flowrate —
only the velocity appears explicitly in (6.50), the discussion above suggests that a balancing
of the pressure and velocity errors is essential for the accurate approximation of the output.
A choice like NP" = N}*, suggested in Section 6.2.1 is desirable for good convergence in the
output. For this particular choice, the convergence of the relative error in the output, is
shown in Figure 6-6.

Regarding the convergence rate we notice, following any of the curves in 6.5.2, that the
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Figure 6-6: Convergence of the relative error in the output as a function of NP = NJ*
(=0.2,6=0.1).

error in the velocity converges to zero at an exponential rate. Indirectly, comparing the
different curves in Figure 6.5.2, a similar conclusion can be reached for the error in the
pressure. In both cases, for an increase of NP* (or N},’r) by ten, the approximation error goes
down roughly by an order of magnitude (for the output given the quadratic convergence —
expected from (6.51) — it goes down by roughly two orders of magnitude). The deterioration
in this convergence rate as N* or NP* become large can be attributed to ill-conditioning, as
the basis functions become close to linearly dependent. Regarding the computational cost,
the evaluation of sy(u) for NP = NP = 25 is roughly 1000 times faster, compared to the
solution of the finite-element problem for the evaluation of s(u); the output is predicted
with an error less than 107% (as we can see from Figure 6-6) which is acceptable for many
applications. Of course, these savings are realized only in the limit of many evaluations,

after the off-line cost is offset.

Test 2: Inf-Sup Parameter Approximation

If an approximation to the inf-sup parameter is required (for example in the case of a
posteriori error estimation frameworks), the methodology described in 6.2.2; can be used.
To wit, we choose K = 50 and form the reduced-basis spaces Xand M. Using these
reduced-basis spaces we can compute an approximation G () to the exact inf-sup parameter

B(w). It should be mentioned that for the efficient computation of Sk (u), an off-line/on-line
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B\ a| 0.1000 0.3250 0.5500 0.7750 1.0000
0.100 | 1.13e-06 | 3.06e-07 | 1.37e-07 | 2.97e-07 | 6.58e-07
0.275 | 3.73e-08 | 2.11e-08 | 3.99e-07 | 2.20e-07 | 3.45e-05
0.450 | 6.92e-07 | 7.10e-07 | 4.33e-06 | 1.94e-05 | 5.35e-04
0.625 | 2.34e-07 | 4.65e-07 | 1.55e-05 | 2.36e-04 | 2.07e-03
0.800 | 4.18e-04 | 1.45e-04 | 4.46e-05 | 6.68e-04 | 5.59e-03
Table 6.1: Relative error 2% (gz;)ﬁ W for different 1 € D (K = 50)

procedure can be developed, under the same assumptions as for the output prediction (i.e.

affine parameter dependence).

We present in Table 6.5.2, the relative error in the prediction of the inf-sup parameter

Bl =B for different w={a,p} € D. Consistent with Lemma 6.2.1, we notice that G ()

B(k)

is always larger than the exact inf-sup parameter. In addition, we notice that the prediction
is very accurate for all the test points. The relatively larger errors for a and (3 large can,

at least partially, be attributed to the choice of basis functions for the construction of the

reduced-basis spaces.
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Chapter 7

Eigenvalue Problems

7.1 Introduction

Given two Hilbert spaces X and Y satisfying Y C X, we consider the symmetric eigenvalue

problem : find (u(p), A(p)) € Y x R such that

a(u(p), v; i) = AMp)ym(u(p),v), Yo €Y, (7.1)

with the normalization condition

where € D C R is a multi-parameter, and, for any fixed u in D, a(v,w;u) and m(v, w)
are symmetric bilinear forms such that a(-,-; ) is uniformly continuous in Y, and m(-,-) is
continuous and coercive in X. We further require the existence of a positive function g(u)
and a symmetric coercive continuous bilinear form a(v, w) such that, for a positive constant
c> 0,

clvlly < g(wa(v,v) < a(v,v;p), Yo €Y, Yu € D. (7.2)

We focus here on the situation, common in engineering design and optimization, in which

we wish to evaluate A\(p) at many points p in the parameter space D.
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7.2 The Reduced-Basis Approximation

In what follows, 0 < A(p) < A(p) < -+ and u'(p),u*(p),... denote respectively the
eigenvalues and eigenfunctions of (7.1) at a given point u € D. We suppose that our output
of interest is the first eigenvalue A\!(11); we will further assume that A\'(11) < A?(u). Note that
m(uw (), u* (1)) = 61 and hence a(u(w), u(p); ) = M(p)d;x, where d;; is the Kronecker
symbol.

We start by constructing the reduced basis : we select the sample set Sy = {py, - .. ,MN/Q}
(suppose N even), and compute u'(p;) and u?(y;), @ = 1,...,N/2. We then define the

reduced-basis space:

Wy = span{G, ..., (v} = span{u’ (1), u* (), - -, u' (pavye), u® (pvj2) }-

We then consider, for any value p of interest, the approximate solution: find (un(p), An (1)) €
W x R such that

a(un(p), v i) = An(p)m(un (), vn), Yo € Wy, and (73

m(un(p), un(p)) = 1.

As we recall below in Lemma 7.3.1, A\ (p), the first discrete eigenvalue, is larger than
A (p); we now construct a lower bound for A!'(p). We first introduce a reconstructed error

é(p), in Y, solution of

g(a(e(p), v) = 2Aym(uy(p),v) — aluy(p), v; p)], Yo €Y. (74)
For any positive v such that f(u) =1 — vy — ilNTEZ% is positive, the proposed lower bound is
N

then

A (1) = ALy (1) — %&(é(u), o).

We shall explain in Section 7.4 how to compute efficiently the solutions of (7.3) and
(7.4): we exploit (i) a decomposition of the bilinear form a, (ii) linear superposition, and

(iii) certain a priori estimates for the eigenvalue problem. In particular, the reduced-basis
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and p-independent functions are pre-computed (for a similar idea, see [34]); the complexity
of the real-time reduced-basis and bound calculations is thus independent of the dimension
of the underlying expensive space Y. Before discussing the computational considerations, we
derive and analyze a bound error expression, and prove the asymptotic bounding properties

and optimal convergence rate of the bound gap.

7.3 Bound Properties

First, we recall the classical result, where e(u) = u!(u) — ul (1)

Lemma 7.3.1. We have

a(e(w), e(u); ) — A (ym(e(p), e(p)) = An (1) = A (n) > 0, (7.5)

and also, if m(e(p),e(n)) is small enough,

a(e(p), e(p); 1) — Ay (p)mle(u), e(u)) = (1 —m(e(pn), e(u)) Ay () = A'(n)) > 0. (7.6)

Proof. For (7.5) see Lemma 9.1 and Equation (8.42) in [9]; (7.6) then immediately follows.
[

Second, we prove the following error expression

Lemma 7.3.2. The bound satisfies

Proof. We take v = e(1) in (7.4) and add two times a(u! (), e(p); ) = A (u)m(ut(p), e(p)) =
0 to the right-hand side; from m(u'(u), u' (1)) = m(uy (1), uk(p)) = 1 and Lemma 7.3.1 we

are then able to derive that



We complete the proof by expanding the second term of the right-hand side of (7.7), and
then evoking the definition of Ay () and the equality (7.8). ]

Note that (7.6) and (7.7) states already that, for F(u) small enough, A (p) is a lower

bound for A!(z1). The following inequalities make that statement more precise.

Lemma 7.3.3. We have

ale(), e(p); 1)’ (1 - W‘)) AW

N eymle(n),e(m) < § ()

A(w)

furthermore, if we suppose a(e(u), e(w); 1) is sufficiently small,

M)
M

ale(), e(p): 1) < (Vi) — X (1)) (1— ) O[O ~ N @Y. (7.10)

Proof. We expand e(p) = 3772, o/u’ and write, as in the proof of Theorem 9.1 in [9],

where we have evoked our normalizations m(u?,u¥) = &, a(u/,u*) = Md;. We now
note that o' = frale,u';p) = 1 — Fra(uly, v'ip) < gralu',utsp) + graluly, ul; p) —
sra(ul, u's ), hence ot < sira(e, e; 1), where we have evoked Ay, > A! from (7.5). This,
together with the fact that o' = m(e,u') = # > 0 (again from m(uw/,u”) = §;;), directly
yields (7.9).
-1
From (7.5) and (7.9) we obtain ;ra(e, €; u)* —a(e, e; ) + (Ay — A') ( — >‘—1> > 0; then

A2
AL — A _
ale, e; 1) < 2/\1{1— \/1—%(1—»%) 1},

for a(e, e; ) sufficiently small; (7.10) follows from expanding the square root. O

Finally, we prove
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Proposition 11. Assume our reduced-basis approximation is convergent in the sense that
ale(p), e(p); ) — 0, AN () — M(w), and X3 () — N(n) as N — oo. Then there exist an
N*(u) such that, for N > N*(u),

Av (i) < M) = yale(p), e(p); 1) + O[(An (1) = A (1)) + (A% (1) = A2 (1)) (A (1) = A ()]s

(7.11)
and hence an N**(pn) such that A\y(p) < M(u) for N > N**(u). Furthermore, the rate
of convergence of the bound gap Ax = Ay (1) — Ay(p) is optimal in the sense that Ay <

Clle(wl3-

Proof. We write, for N > N*(u) such that (7.10) is satisfied,

afe,e 1) — Ag()ale. ] = Nym(e, ) (7.12)
> (12055 ) olevein) = gratecen? (1= 35) = O = Nym(e.e) (713
> (120 g Jalecen + (37— 5 ) e + OO = NP (710
> e, 1) + Oy — N2 + (% = X (A = )] (7.15)

where we have used (7.2) and (7.9) in the first inequality, (7.5) and (7.10) in the second
inequality, and (7.10) and our choice of 3(u) (see Section 7.2) in the final inequality. Finally,
(7.7) and (7.2) together with the previous inequality yield (7.11), and (7.5) then ensures the
existence of N**(u).

To prove the optimality of the bound gap, we add 2[a(u',v; ) — Mm(u',v)] = 0 to the
right-hand side of (7.4) to obtain g(u)a(é,v) = 2[a(e, v; u) —Aym(e, v)]+2(Ay — AHm(ut, v).
We then take v = é(u) and use (7.2) and the continuity of a and m to show |[|é]ly <
Clllelly + (A — AY)]. We conclude the proof by noting that A}, — A\ < Cle||?, which is a

consequence of (7.5), and thus the bound gap Ax(p) = %’;)d(é, e) < Chlle||3 < Colle|l?. O

Note that our hypothesis that A3 () is a sufficiently good approximation of A*(u) is
realistic, since we have included the second eigenfunctions in the reduced-basis. Before

illustrating our method with numerical results, we describe, under some realistic hypotheses,
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ways to evaluate efficiently both the discrete solution and the bounds.

7.4 Computational approach

We henceforth assume that a can be decomposed as a(v, w; ) = Z(?:_ll o?(p)a?(v, w), where
the 09 are mappings from D into R, and the a? are bilinear forms. We presume that the
dimension of Y, dimY’, is large, and that for any (v, w) in Y2, a(v, w; i), m(v,w), and a(v, w)
require O(dimY")® operations to evaluate, where « is a positive real number (typically 1, and
at most 2).

As an example, we consider Y = {v € H}(]0,1])| v|r, € P1(Ty), VT, € T}, where 7T, is a
triangulation of ]0,1[, and X = L*(]0, 1[). We take a(v, w; ) = 11 [ vaw, + 12 fi vpw, and
m(v,w) = fol vw, where 0 < w < 1; the parameter p = (v, 15) lies in the set D = [1,10]?.
For this problem, @ = 3, o'(u) = v1, 0%(n) = v, a'(v,w) = [ vaw,, a*(v,w) = fwl Vp Wy,
a(v,w) = f01 v Wy, and g(p) = min(vy, vy).

The procedure has two distinct stages: the pre-processing stage and the real-time model.

Step 1 — Off-line Step

After computing the reduced basis, we compute, for ¢ = 1,...,Q and n = 1,..., N, the

functions z? € Y, solutions of

a(z,v) = —a’(Ga,v), Yo €Y, 1<¢g<Q—1, and
(7.16)
a(z2,0) = =m(G,v);

n’

we then assemble the matrices A9 €¢ RV*N ¢ = 1,...,Q —1,M € RN and I €
RNXNXQXQ) defined by Ag,m = a'q(Cma Cn)a q = 17 ) Q - 17 an = m(Cma gn)a and anpq =

(2}, 24,)-

Step 2 — On-line Step

Given p € D, in order to solve the discrete problem (7.3), we compute (n(u), Ny (1)) €
RY x R, i = 1,2, the first two eigenpairs of the problem Ay (u)n = AyMyn, nt Mn = 1.
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Here An(p) = ZQ L 09(p) A2, and nT denotes the transpose of the vector n € RY; note that

ul(p) = anl n¢,. Then, by linear superposition, we can evaluate our lower bound as

N N Q@ Q
Av(1) = Ay (n Z S 0w (1)o” (1) (1)L g (7.17)

m:l n=1 p=1 ¢=1

where 0% () = —A§(1); note that é defined in (7.4) verifies é = ﬁ Zivzl Zqul ol(p)nt 4.

Computational Complexity

The off-line step requires IV eigensolves and the inversion of N symmetric positive-definite
linear systems (with identical operators) in the expensive space Y; the matrices A%, M,
and T are constructed in less than O[(N2?Q?)(dimY)*] operations. In contrast, the real-
time model in Step 2 is inexpensive — the operation count (and storage) is independent of
dimY: for each new point € D, Ay (1) and Ay (1) are obtained in less than O(N® + N2Q?)
operations; the first term accounts for the eigenvalue solve, and the second term for the

assembly of Ay () (in fact, N*Q operations) and the calculation of the sum in (7.16).

7.5 Numerical Example

We consider the problem defined by o' (u) = 1, 0*(n) = p, a'(v,w) = [, Vo-Vw, a*(v,w) =
Jo2 VU - Vw, and m(v,w) = [, vw, where Q =0, 1[x]0, 1[, 22 =]0,0.5[x]0,0.5[, Q' = Q—Q2,
and € D = [1,9]. We take a(v,w) = [, Vv-Vw, and g(u) = 1. Our Hilbert space Y
is the finite element space Y = {v € H'(Q) N C%Q)| v|r, € P1(T}), VI, € Tp,v|r, = 0},
where 7, is a fine triangulation of the domain €2; the homogeneous Dirichlet boundary I'p
is defined as T'p = {(2,1), 0 <2 <1} U{(1,9), 0 <y < 1}. Our sample set is defined by
Sy ={p1,. .. pnpe} ={1,3,5,...,N — 1} for N < 8 — this is certainly not optimal since
our target value is u = 9 (extrapolation), however it serves well to illustrate the technique.
We define ny = An(p)/(Ay(1) — A(u)) as the effectivity index. We observe in Table
7.1 exponential convergence of A} (i) and A% (u) towards M(p) and A\?(u), respectively, as

we increase N. The effectivities show that bounds (A§ () > A'(u) > Ay (u)) are indeed
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obtained for each case, ny (@) > 1 (hence N** = 2), and also demonstrate the efficiency and

optimality of the method, as ny(p) is at most 6.3, and thus the error bars are tight.

N | Ay = AD/AN T OF = A)/2% [ A () /A (1) | nn ()
2 1.3 x 1071 2.1 x 10° 8.3 x 1071 6.3
4 5.2 x 1073 2.1 x 107! 2.4 x 1072 4.7
6 7.3 x 1076 3.2 x 10 3.6 x 107° 4.9
8 1.0 x 107 1.4 x 1078 5.6 x 1079 5.2

Table 7.1: Numerical Results
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Chapter 8

Concluding Discussion

8.1 Summary

The focus of this thesis has been the development of reduced-basis output bound methods
for different classes of parameter-dependent partial differential equations. The essential
ingredients are model-order reduction and the development of relevant a posteriori error

estimators for outputs of interest.

The issue of model-order reduction has received considerable attention in the literature.
Much of the earlier work has focused on the reduction of time-dependent non-linear systems,
with the goal of minimizing computational complexity. The case of parameter-dependence
has been considered in the context of reduced-basis methods but most of the earlier work has
been local both in theory and practice. Our choice of global approximation spaces ensures
good approximation properties for wide ranges of the input parameters. Thus instead of
creating a reduced-order model for a particular system, we create a model valid for general
parametric families of systems — of special interest in the contexts of design, optimization
and control.

From the numerical point of view, we studied how different projection methods affect
the accuracy and stability of the reduced-basis problems. For coercive-elliptic and parabolic
problems, it was found that a Galerkin projection is sufficient for stability. For other prob-

lems, like non-coercive elliptic and the Stokes problem, it was found that a Galerkin projec-
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tion (on spaces spanned by solution vectors for different parameter points) did not preserve
stability. The remedy in the case of non-coercive problems has been the use of minimum-
residual instead of Galerkin, or alternatively a Petrov-Galerkin projection method were the
supremizing space was augmented by problem-specific functions which help ensure stability.
Similarly, for the Stokes problem, to ensure stability we also had to augment the veloc-
ity space with pressure-dependent basis functions. Moreover, ensuring optimal convergence
rates for the output prediction, required solving a dual problem associated with the output
of interest. For this primal-dual procedure, we developed relevant a priori error bounds
directly for outputs of interest.

More importantly, a critical ingredient for the successful application of these methods, is
the development of a posteriori error estimation procedures, directly for outputs of interest.
It is understood that the error incurred by the model-order reduction depends on a number
of factors: the choice of reduced-basis functions, the problem in consideration, even the
output of interest — to name a few. Our approach is based on evaluating appropriate dual
norms of the residuals to the primal and dual problems. We prove that these estimators are
bounds to the true error, and thereby uncertainty in our predictions is greatly reduced.

On a more practical side, integration of the aforementioned components, required a care-
fully developed computational procedure (specific to each particular class of problems). The
assumption of affine parameter dependence for all the linear and bilinear forms, permitted
the decoupling of the computation in two stages: an expensive preprocessing step that needs
to be performed only once, and an inexpensive on-line step which needs to be performed for
each new set of input parameters.

Finally, corroborating results were presented for each class of problems. On one hand,
their purpose has been to verify the theoretical claims. On the other hand, to better under-
stand practical implementation issues like, for example, the relative choice of dimensions for

the primal and dual spaces.

8.2 Suggestions for future work

We conclude this section by giving some suggestions for future work:
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e On certain cases the a posteriori effectivity index has been rather high, suggesting
that the error estimator largely overestimates the true error. To improve the situation,
more general bound conditioner procedures have to be developed, following the ideas
presented in [113]. The main difficulty there is to construct these conditioners such

that a specific spectral condition is satisfied. See [111] for more details.

e In this thesis, the only non-linear problems considered were eigenvalue problems. The
extension to the Burgers equation and the Navier-Stokes equation should be possible.
The ingredients presented for the Stokes problem, will also be required there. The
extension to problems with general non-quadratic nonlinearities, at present, seems

difficult.

e The issue of ill-conditioning arising when the basis functions are close to linearly depen-
dent has not been discussed. A proposed way would be to use the proper orthogonal
decomposition to compute the “most energetic” modes. Then a bound for the L? trun-
cation error can be obtained in terms of the singular values of a correlation matrix.

The theory presented in [93] (originally, for L> error bounds) can be adapted.

e The assumption of affine dependence is critical for computational efficiency, but also
rather limiting for certain problems (esp. when considering complex geometric vari-
ations). Procedures for — at least partially — relaxing this requirement should be

possible to develop. See [106] for more details.

e Of importance is also the integration of these methods in optimization, inverse design

or control frameworks, and their use for realistic problems.

e If a system comprises of many connected components, and for each of those component
a reduced-order model exists, it is interesting to develop error estimation procedures
for the whole system. A related problem is the presence of uncertainties on the input

parameters. Some of the theory in [93] should be relevant.

e Finally a more theoretical issue is the convergence of the error with the number of basis

functions used. In [101] a local result was established for multi-parameter problems;
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in [69], the exponential convergence has been proven globally for single-parameter
problems. A global theory for multi-parameter problems, does not exist, even though

the numerical results presented here suggest that this conjecture might be true.
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Appendix A

Parabolic Problem — Computational
Procedure
A.1 Discontinuous Galerkin — Case q=0

From the definition of P,(I;; V') for ¢ = 0, Po(L;; V) ={v: [; = V| v(t) = vs,vs € V} — for
each time interval I; the functions will be constant. Defining u(t; u) = ul(pn) € V, t € I,V €
L and Yl (p) = (t;u) € V, t € I),Vl € L equations (4.24), (4.25) simplify for the case ¢ = 0
to: find u'(n) € V, ¢!(u) € V, VI € L, from:

b(u' (p),vs ) + A'a(u! (), vip) = AT f(v) +b(' ™ (), vip), WEV, VIEL

b (), v; p) + Atla(v, W (p);p) = —ATUO(0) + b (1), v; ), Yo €V, VI € L; (A1)

with ©®(u) = up € X and ¥ (u) = —g° € X; here b(w,v; ) = (w,v) as the L? inner

product will also be assumed to be parameter-dependent. The output is then obtained from,

s() = D ATOW () + (g%, u" (1); p)

= D AT () + bluo, ¥ (1): ). (A.2)

lel
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A.1.1 Reduced-basis

We first form the reduced-basis spaces Wk, Wi by solution of (A.1). The reduced-basis

approximations ub (), ¥4, (i) to u'(p), (i) can be written as

Zum (ul)7¢, and ¥4, (1 ZwMjfj PR3 (A.3)

with )y (p) € RY and gé\/l(u) € RM. Using the expressions above, the reduced-basis problem

for the primal variable becomes:

b(uly (p), v; ) + Ala(uly (), vip) = AT f(v) +buly" (1), v; ), Yo e WY, VI € L
(B (1) + AT A (1)) uy(n) = AT'f+1™7 Ve £ (A.4)

here A”(u) € RY*Y is the matrix with entries Af;.r = a((;,Gip), 1 <i,j < N; B*(u) €
RN has entries Bj} = b(¢;, Gi; p); f € RN is the vector defined by f; = f(¢;); and P € RY
is: for £ = 0, equal to r™° = b(ug, §; 1), and for £ € L, rP = B* (u)ul (). The reduced-

basis problem for the dual variable is:

bW (), vi ) + Ar'a(v, Yy ()i ) = —ATUC () + bWy (1), vip), Yo € Wi, VIE L,
(B™ (1) + AT A™ () ¢, (1) = =AY + ™ Vi e L (A5)

here A (y) € RM*M s the matrix with entries A% = a(&,&;p), 1 < 4,5 < M; B™(u) €
RM*M has entries BA" = b(&;, &5 p); £° € RM is the vector defined by €0 = (©(&;); and r4*! €
RM is: for ¢ = L+ 1, equal to r™ "™ = —b(¢°,&; ), and for ¢ € £, rdwl = ﬁd“(u)yM(,u).

The output can be calculated from,

= 3 ATl (1)) + 5w 10): 1) = D0 AT Ll () + G (1) Tk (0); - (A.6)
lel lel

with Ly € RY, with entries Ly; = (9((), for 1 <i < N; also, G (1) € RY with Gy i(u) =
b(g, Gz 1)

Assuming that all the parameter-dependent operators, depend affinely on the parameter,
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we can write:
Al () = a(¢j, G ) Zaq al(C,G) — A (u Zaq )AP 4
BY (1) = b(¢, Gis 1) Zab b, G) — ﬁpfw):Zoz(u)ﬁmq

r

pr,0 2 : r,0 __ 2 r,0q.
i —bUO:Cu Ub anCz) - Tp U Tp q)

with 1 < 4, j < N: for the dual we can similarly form A% B4 pdwltla anq for the

output G (1) = (g%, Gii i) = S0 of (1)b%(g°, &) — Gy (1) = o2, ot ()G

The off-line/on-line decomposition should be clear. In the off-line stage, we first compute
from (A.1) the reduced-basis vectors (;, i =1,..., N, and & = 1,..., M. We then compute
and store the p-independent quantities Aferduta - pierduba pprog pdultle /5 9, G. The
computational cost is then (N+ M) L V-solves, and O((N?+M?)(Q,+Qs)) V-inner products.
The storage requirements are: O((N? + M?)(Q, + Qs)) for all the p-independent quantities.
In the on-line stage, for each new p € D, we form using the precomputed information, all
the required vectors and matrices; this requires O((N? + M?)(Q, + Qp)) operations. We
then solve (A.4) for uy(t;p), and (A.5) for 1 (t; ). The systems are dense so a direct
solver can be used and the cost is O((N? + M3)L); in the special case of constant time-step
AT, we can factor the matrices using LU (or Cholesky) factorization and the cost reduces

to O(N3 + M3 + L(N? + M?)). Finally, from (A.6) we compute the output approximation

s ().

Thus as required, the incremental or marginal cost to evaluate, sy(u) for any given new
i — as proposed in a design, optimization, or inverse-problem context — is very small:
first, because N, M are very small, typically O(10); and second, because the reduced-
order problems can be very rapidly assembled and inverted thanks to the off-line/on-line

decomposition.
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A.1.2 Output Bounds

The second step is the computation of the output bounds; following (4.29) and (4.30),

we need to compute the following quantities: I, = fo (eP(p epr( ) dt, Iy =

)2 Jo a(eP (), ()t Is = 37y RY (s (t: p1); ) )2 [ a(e™ (), e (u))dt.

To efﬁ01ently calculate the bounds, we develop next a two-stage computatlonal procedure;

the essential enabler, as before, is the affine decomposition assumption.

Since éP*(t; ), W (t;p) € VYT;V), we define éP!(u) = P (t;u), t € I;, VI € L and
etul(y) = ed(t;u), t € I, VI € L. Following (4.28), the representations of the error

P (t; ), €44(t; 1) can be obtained from:

g(wa(e™! (), v) = f(v)—A—le( (k) = uy (1), v 1) = aluy(n), v; ), and

g(pa(e™ (p),v) = _€O<U)_Eb(w§\/l(u>_ W), 05 ) — a(Why (i), v; )

Vv € V, VI € L. Using the affine decomposition assumption, we get (Vv € V| VI € L):

P (1), 0) = F(0) ~ 5 Zob (5 (1) = (1= 6r)uiy () (G5 0)

qg=1 j=1
Q u
011 §b§ 1)b4( E E:q q
_ATZ Ub u07 g U’Nj a’ (C]u )7
q=1 j=1 q=1 j=1

with 0;; the Kronecker delta which d;,; = 1 is 7« = j and d;; = 0 otherwise. During the off-line
stage, we compute: 25" € V from a(%,v) = f(v), Yo € V; 27 € Vfor j = 1,...,N
and ¢ = 1,...,Q, from a(z]",v) = —a?((j,v), Yv € V; 27" € V for j = 1,...,N and
q=1,...,Q from a(z",v) = =b9((;,v), Vv € V; and 2J¥" € V for j = 1,...,Q, and
g=1,...,Q from a(2%",v) = —b9(u},v), Yv € V. Then é" (1) can be computed from:

wy )

Q N
or 1 p 1 _ -
() = P 2 A—ZZ (uly (1) = (L= Sp1)uly S () 27

u

Q
511 iz(jb qur_i_zzgq VZas | Ve L. (AT)

g=1 j=1 g=1 j=1
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Similarly for the computation of é%%!(;1) we have that (Vv € V, VI € L):

g(mae™(n),v) = (@ ZZ% (Vs 5(1) = (1= )t (1)) b9(&5,0)

q=1 j=1
5lL Qb Qg
DI IADLADII T ZZU" W5 (1)a? (€, 0).
qg=1 j=1 qg=1 j=1
During the off-line stage, we compute: 23" € V from a(2%,v) = —(°(v), Yo € V; é’q?u eV
for j =1,...,M and q = 1,...,Q, from a(s!{",v) = —a?(§,v), Yo € V; 2" € V for

j=1,...,M and ¢ = 1,...,Qy from d(égjdu, v) = —=b1(&;,v), Yv € V; and zg?u € V for
j=1,...,Q,and ¢ =1,...,Q from d(zqc-iu v) = —bq(gjo,v), Vo € V. Then é%!(;) can be

g3’

computed from:

~dul _ 1 Adu 1 O I+1 2q du
M (n) = |5 A—ZZ ) (Ve ) = (1= 00 0)eh () 255
=1 j=1

g(p)
Qp Qg
5 ~q du '\U.
ZLE:E:ab qd+§:§:aq Why ()22 Vi€ L.(A.8)
q=1 j=1 q=1 j=1

In (A.7) and (A.8) the parameter dependence enters only through the coeflicients 0%(p) and

the primal and dual solutions to the reduced-basis problems.

~qdu ~qdu Aq du

24 pr zqpr
and 23v, Zyi s Zg5 0 Raj

59 pr
In the equations above, 27", Z] i 2

wj Z(Ij

do not depend on
the parameter p or time. They need only be computed once, and then from (A.7) and (A.8),

éP"(p) or é%(u) can be computed for different parameters p; the parameter dependence

enters only through the coefficients and the primal and dual solutions to the reduced-basis

e (1),

but rather on I, Iy, I, and Iy, we can insert (A.7) and (A.8) in the definition of those

problems. We can go one step further; since we are not interested on éP"(u) or é

quantities. The (quite long) expanded forms are shown in appendix A.2, Equations (A.9),
(A.10), (A.11), and (A.12).

In the off-line stage, we compute the p-independent error components Z; this requires
O((Qa+Qp)(N+M)+(Qu+Q,)Qs) V linear systems solves. Then, using these error compo-
nents, we compute and store the p-independent quantities required in (A.9), (A.10), (A.11)
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and (A.12); for example in (A.9), we compute and store a(z;}", ég’j?r), for j,7/ =1,...,N
and ¢,¢ = 1,...,Qp. If Q@ = max{Q,, Qp, Qu, Qu.}, then for the computation of those
auxiliary quantities we need O((N? + M?)Q) V inner products. The storage requirements
are then O((N?+ M?)Q) for the storage of auxiliary quantities. In the on-line stage, for each
new parameter point u, we compute Iy(p), I5(p), Is(p) and I7(u) from (A.9), (A.10), (A.11)
and (A.12). The operations required are O((N? + M?)Q) and independent of the dimension
of space V.

The upper and lower bounds s* (i) can then be computed from:

sp(p) = sN(u)—%-%(M)—IG(H),
AW = oo VI )
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A.2 Formulas

We give below explicit expressions for the calculation of the output bounds. Recall that I, =
)? fo a(er (p épr(#)) Iy = (9(w)* Jy a(e™(n),e™(n)), Io = X R (nr(ts )i ),
and I = fo 7 Adu(/i))'

L= (9()* / Qe (1 1), & (1 ) = (9(1))? 3 ATa(E (), &7 ()

lel

- Z Z Z ATI ulNg(:“) (1_(511)UN](:U))

leL q,q'=17,j'=1
(uly o (1) = (U= Gua)uiy 5o () a2}, 205)
Qb Qu
AArAr 5l1 i i’ ~/AgDr 2g pr
+Ta(s5, 280+ ) > > A0 A LAMEAMIUTEA IS

lel q,¢'=13,j'=1

+Z Z Z ATt ol(p )uﬁvj(u)uévg‘/(ﬂ)&(ﬁ?r7écqur)
leL q,¢'=1j,5'=1

u

Qb
+3 NS 2ot (el (waT, 228

lEEq 1]1

+ZZZ2% (ub s (1) = (1= G1)uly H() (2", 20°)

leL g=1 j=1
+ZZZ2AT oy ;(w)a(zy, 205
leL q=1 j=1
Qb N Qu

201 . - U

Y02 DD Tt (ol () (b (1) — (1= Gl j () (g2, 20 2)
leL q,q'=1 j=1 j'=1
Qb N Qa

YN TS 20T (ot (1) (uly (1) — (1= Gr)uly 1) uly y (a(z e, 2080
lelL q=1 j,j'=1q¢'=1

u a

Qp N
3 DN S S 2ol (el (el (wyuly  (malzLy, 22 8. (A.9)

leL q=1 j=1 ¢'=1j'=1
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= (s(n)) / G (8 1), 6 (8 1)) =

Qy N M

SDIDID IR

lelf q,9'=1 j=1 j'=1

7_1 Nj(:u)

23 aca(e(p)

lel

et ()

l

(1- (511)UNJ(M>)

~Aragpr ~q’ du
(Vs (1) = (1= 81 L)051 5 (1) a(zgf 2L
&, & wu o y
+Ta(Z8 5N + > ) ol (ot (ol (w)ol (ma(zePr, 22 M)
leL q,q'=1 j=1 j/=1
a N

L33 S ardetuet

leL q,q'=1 j=1 5/=1

u

Qp
DD IACADEANLE

leﬁq ljl

YY)

uN]
lELq 1] 1

+ZZZ% (e (1
leﬁq 1] 1

—I—ZZZATJQ uNJ

lel q=1 j=1

Qy N Qg

DIDIDN Tk

ATl 7
leL ¢,¢'=1 j=1 j'=1

Qb M Qu

DIDIDN Wtk

ATl %
leL ¢,¢g'=1 j=1 j'=1

Qb N M Qa

DI IPBLANL]

q=1 j=1 j'=1¢'=1
Q M N Qa
DI IP AT
q=1 j=1 j/'=1¢'=1
Qv Qu Qa M
D IPIP BALAT
q=1 j=1 ¢'=1j/=1

Qg Qa

Qv N
DI I ADL

g=1 j=1 ¢'=1j'=1

()ly () ()a(Z2E, 225

Qpr Qg
~du qur pr aqdu
a(zg", Zu'; )+ E E S pog(p)ol(pw)a(z) s 2a50)
leL ¢=1 j=1

— (L= d)uy () alz", £77)

ZO’b]

— (L= )iy

~rapr agdu
i) alzd", 25

- Adu qur
azO s Zg,j

+ZZZATO'q

YWhy s ()a(z8r, 225
lel g=1 j=1

aj

of (o) (1) (uly () = (1= d)uiyf () a(ze", 205

()og (1) ($he (1) = (1= 0 L)Wl () a2 8
) (uly () = (1= Gi)uly (1) Wiy (a1 2050
1) (Ve (1) = (1= 8 )T () iy o (a2, 22 0)
o ()hy  (ma(zes, 225
Jod (wuly (wa(zes, 22 ). (A.10)
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(0 ()a’ (G, &) | - (A.11)
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I= (g(n)) / GEM (1), 6t 1)) = () 3 Arla(e (), e (1)
0 lel

= Z > 7% () Arl wMJ< ) — (1= &in)¥srs ()

lel q,9'=1j,j'=1

(Y 5o (1) = (1—5zL)¢’“( ) a(égj“,zgjd“)

Qb
Ta (3 sdu i i’ ~ragdu g’ du
+Ta(Z" 20" + > > Z (Wag(moy (alZg;", 25 )

leL q,g'=13,3'= 1

+ Z Z AT U)ol (1) (e (a(zeS", 20

lel q,4'=133'=1

Qv Qg
j ~radu ~gdu
+° 0D 2o (mog(malE, 25

leL q= lj 1
+ZZZZUZ, (Whe s () = (1= G )bt () a(zg™, 205
leL q= 1] 1
~radu 2gdu
+ZZZ2AT o8 () ()a(z5", 225"
leL ¢=1 j=1
Qy M Qg

DI f ot (w)of (w)oy (1) (Whr ;(0) = (1= G )iy (w) alzf s, 20 )

lel q,q'=1 j=1 j/'=1
Qb M Qa

D000 D0 Y208 (o) (Why (1) — (L= i)l () iy (a2, 225

leL q=1 j,j'=1¢'=1
Qb Qg Qa M

3NN ST 26 o (o (ot (ks (ma(zEs 2L, (A.12)

leL q=1 j=1¢'=1j'=1
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