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Abstract

This thesis studies two operations management topics in online auctlons, and is di-
vided into two parts.

Motivated by the increasing use of ShopBots to scan Internet auctions, the first
part of the thesis analytically examines whether or not two competing auctioneers
selling the same commodity should share, or pool, some or all of their bidders. Un-
der pooling, the bidding population is represented by three compartments: bidders
dedicated to auction 1, bidders dedicated to auction 2, and pooled bidders partici-
pating in both auctions simultaneously. Under a bidder strategy shown to induce a
Bayesian equilibrium, a closed form expression for the auctioneers’ expected revenue
under pooling is found, and pooling is recommended where it produces a greater ex-
pected revenue than no pooling (i.e., our objective is revenue maximization). Pooling
1s generally found to be beneficial as long as the two auctions are not too asymmet-
ric and the underlying valuation distribution has certain concavity characteristics.
Asymptotic order statistic arguments are used where explicit characterizations are
intractable.

The second part of the thesis considers a manufacturer who uses a reverse, or
procurement, auction to determine which supplier will be awarded a contract. Each
bid consists of a price and a set of non-price attributes (e.g., quality, lead time).
The manufacturer is assumed to know the suppliers’ cost functions (in terms of the
non-price attributes). We analyze how the manufacturer chooses a. scoring rule (i.e.,
a function that ranks the bids in terms of the price and non-price attributes) that
attempts to maximize his own utility. Under the assumption that suppliers submit
their myopic best-response bids (i.e., they choose their minimum-cost bid to achieve
any given score), our proposed scoring rule indeed maximizes the manufacturer’s
utility within the open-ascending format. The analysis reveals connections between
the manufacturer’s utility maximization problem and various geometric aspects of the
manufacturer’s utility and the suppliers’ cost functions.
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Chapter 1

Introduction

In the past several years an extraordinary number of online markets — estimated as
of Fall 2001 to be on the order of 1000 [7] — have been created to bring together
buyers and sellers. With the existence and growing use of such markets, purveyors
of commodities that used to compete for revenue on the basis of a published price
can now compete for revenue based on dynamic pricing. Far and away the prevalent
online dynamic pricing mechanism, auctions are used by sellers to make transactions

based directly on bidders’ willingness-to-pay.

F‘or an auction to function properly, the number of bidders needs to exceed the
number of items available for sale. Bidders who are not allocated an item at the end
of an auction walk away empty-handed, but may have been useful to the seller by
way of driving upwards the eventual winning price of the auction. That is, all but a
handful of bidders can be viewed as means to drive up price, not as inevitable buyers.
Furthermore, price is increasing with the actual number of bidders available to drive
it up. These simple auction fundamentals suggest that competing auctioneers selling
the same commodity might benefit from in some way sharing their bidders, so as to

drive up the prices of both auctions.

Rather than analyzing the effects of totally merging online auctioneers’ markets,

such as the automotive consortium Covisint, in this study we investigate less formal,
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more moderate methods of market sharing in which some, but not necessarily all,
bidders participate in both auctions. Our motivation for considering a mitigated
case is twofold: First, merging competing auctions involves many complicated factors
such as allocating the cost savings, agreeing on standards, et cetera; in fact, it took
three months for the founding members of Covisint just to come up with a name [23].
Secondly, sophisticated bidders currently effect exactly this type of mitigated market
sharing by virtue of simultaneously participating in multiple auctions. Increasingly
consumer buyers are employing intelligent software, or ShopBots, to scan the Internet
for auctions selling the particular item they want; one such tool, BidXS, currently
searches about 30 consumer auctions. For B2B auctions — although participation in
the auction is more complicated — a ShopBot, or simply having two browser windows
open at the same time, is possible.

The benefits of sharing a scarce, but not necessarily used, resource has long been
known in the area of inventory sharing, or inventory pooling [11], and we reference
this operations management motivation by naming this mitigated market sharing in
auctions bidder pooling. we analyze the decision faced by two auctioneers deciding
whether or not to pool with each other. The agreement to pool requires that the
auctioneers synchronize their auctions, and, as we discuss, the auctioneers may ad-
ditionally find it beneficial to encourage the use of ShopBots. On the other hand,
an auctioneer’s decision not to pool could be executed simply by timing his auction
differently, or, if this is not possible, by discouraging or disabling the use of ShopBots
by his bidders. The crux of the pooling decisioh problem is summarized by the ob-
servation that “pooling is a two-way street.” If an auctioneer pools his bidders, his
item will have access to the competing auctioneer’s bidders; conversely, his bidders
will have access to the items of the competing auctioneer. The analysis attempts to
discover when such a two-way street is advantageous to the auctioneer.

In this study we compare auction outcomes solely on the basis of auctioneer rev-
enue. There are two main approaches to analyzing auctions in the literature: (i)

revenue maximization and (i) efficiency maximization. Revenue maximization, in
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which the relevant metric is the auctioneer’s welfare, in concerned with extracting
as high a price as possible from the bidders. Efficiency maximization, on the other
hand, attempts to boost the total social welfare brought about by the auction, and
1s the traditional approach used in the public sector and the Economics literature.
We feel that revenue maximization is the appropriate metric in our private sector
setting; although businesses may eventually alienate customers by such an approach
[18], revenue maximization seems the most likely course, at least in the medium to
short term [25].

A handful of papers from the Economics field have studied competing auctioneers.
Peters endogenizes the selling mechanism that will emerge in equilibrium among a
large number of sellers and buyers, and provides conditions under which this mech-
anism is a Vickrey (sealed, second-price) auction [21]. More recently, Ellison and
Fudenberg [10] look at what equilibrium characteristics emerge when sellers and buy-
ers can unilaterally choose between participating in either of two uniform price (e.g.,
open ascending) auction houses.

This study appears to be among the first study to treat the bidder pooling prob-
lem, which is considerably more complex than assuming each bidder participates in at
most one auction (Peters and Severinov [22], who studied equilibrium bidding strate-
gies and prices concurrently with but independently from this study, is the only other
example of which we are aware). In our model, the pooling decision is not taken
unilaterally (pooling requires cooperation to execute), and as only two agents (the
two competing auctioneers) perform decision analysis, this study focuses less on the
inherent elements of cooperative equilibrium and more on the analysis of the strategic
pooling decision itself, taking a more operational cut at the problem. The analysis
shows that pooling can increase revenues, and where possible makes mathematically
precise the conditions for which this is true. The qualitative take away 1is that, pro-
vided some conditions on the valuation distributions, pooling is mutually beneficial
if the sizes of the original auctions are not too asymmetric.

This part of the thesis is organized as follows. Chapter 2 provides a brief de-
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scription of the model. Chapter 3.1 begins with a game-theoretic justification of the
proposed bidder behavior assumed in the sequel. Section 3.2 introduces a closed
form solution for the pooling tradeoff under generally distributed bidder valuations
(willingness-to-pay). Section 3.3 restricts to the case in which both auctioneers sell
a single item, and under some conditions of symmetry characterizes which valuation
distributions make pooling beneficial, and indicates how this benefit is tied to hedging
against low prices. Section 3.4 develops further analytical results towards character-
izing when pooling is beneficial in both single and multi-item auctions, but restricts
to the two valuation distributions most often assumed in the auction literature, the
Uniform and Exponential, as well as the Pareto. Section 3.5 provides insights mnto
the multi-item case under general valuations, and we provide concluding remarks for

Part I in Chapter 4.
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Chapter 2

The Model

We assume an English auction format: if m items are for sale they go to the m highest
bidders at the (m+1)** highest submitted bid. We ignore each auctioneer’s reservation
price, or equivalently assume that the reservation price is zero; while this simplifying
assumption helps focus the analysis on the value of additional bidding competition via
pooling, for English auctions the addition of even a single bidder has been shown to
increase revenue more than an optimally set reservation price (Bulow and Klemperer
[5]). For readability, discussion of bidder behavior is delayed until the next section.
Because continuous valuations simplify the work of deriving and manipulating order
statistics (in particular, continuity facilitates tractable expressions for order statistic
PDFs), for the analyses of the pooling decision problem in Sections 3.2-3.5 we assume
in all that bidder valuations are continuously distributed; however, the game theoretic
Justification of the bidder behavior given in the next section assumes discrete bidder

valuations to yield a tractable game.

To preserve tractability we also limit our analysis to a single auction event, rather
than addressing the ramifications of periodic auctions; see [17] for a discussion of
the issues and literature of periodic auctions. Qur approach can be thought of in two
ways. First, it can be construed as assuming that we only are concerned about a single

auction event in isolation. Second, it treats the perhaps more appealing situation in
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which bidder valuations between periods are independent, and auctioneers have some
degree of control over a relatively static number of bidders (so that the auctioneer can
choose to aid or discourage his bidders’ participation in other competing auctions),
making what each auctioneer can offer in terms of bidder sharing similar from period
to period. In this case, the decision of whether or not to pool takes on a more
long-term strategic implication for the auctioneers. We also point out that our setup
assumes a degree of temporal overlap among the two auctions sufficient to allow all
those wishing to compete in both or either auction(s) to do so before either auction
ends. While this may not hold in current practice, it could be easily enforced by two
auctioneers who decide to pool. One additional assumption, commonality (across
auctions) of the fraction of pooling to dedicated bidders, is introduced in equation
(3.4) at the end of Section 3.2, and is applied to simplify the analyses thereafter (i.e.,
Sections 3.3-3.5).

Our analysis approach is as follows. We compute the expected revenue under
mutual pooling among auctioneers, compute the expected revenue under no pooling
(simply the revenue in the auctioneer’s original auction), and recommend pooling if
the former is greater than the latter. To formalize the analysis of the pooling decision
we adopt the following notation.

Auctioneer i sells m, items and has n; original bidders (in the absence of pooling),
of which (during pooling) d; (mnemonic for dedicated) participate solely in auction
i, and s, participate simultaneously in both auctions (are “shared” by auctioneer ).
That is, d; + s; = n;. We let s = 81+ 52 be the total number of bidders participating
in both auctions simultaneously, and d = d; +d» denote the total number of dedicated
bidders:; therefore, the total number of bidders, participating in either one auction
exclusively or both auctions simultaneously, is d 45 = n1 + 12 (see Figure 2-1). To
avoid introducing new notation, we will also describe bidder compartments using the
variables just defined; for instance, where no confusion will likely arise, we refer to
the d; compartment as being the bidders dedicated to auctioneer 7. We refer to the

situation s; = n1, 8o = ng (equivalently dy = dz = 0) as full pooling, and otherwise
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bidders

dy auctioneer 1

simultaneous P

N

auctioneer 2

Figure 2-1: The pooling model.

my items

Mo items

use the term partial pooling. Throughout, we let X, , denote the (b+1)* largest order

statistic out of a draws (i.e., the ¢ draws are ordered as X, 1., < X, 5., <

and adopt the convention that (%) = 0ifa < band = 1 if q = 5,

...ona)’

Because the expected price in both auctions need not be the same, for convenience

we formalize the expected price discussion - the main analysis theme of this part of

the thesis - by adopting the viewpoint of auctioneer 1. We denote the price of auction

I by I{dy, s, ds, my, mgy); note that this value does not depend on the individual s,’s

(which when pooled comprise an indistinguishable cohort), simply their sum s,
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Chapter 3

Analysis

3.1 Bidder Behavior

In this section we present equilibrium results regarding strategic behavior of rational
dedicated and pooled bidders facing two simultaneous English auctions. We show
that the dynamic bidding strategy of “cherry picking” the best available prices forms
a Bayesian equilibrium in the formalized simultaneous auction game introduced and
analyzed in Section A.1 of the Appendix. Detailed discussion of the game format,
information structure, equilibrium strategy and assumptions are relegated to Section
A.1; the salient features are presented below, framing the Proposition that concludes
this section. The basic game setup we adopt is roughly that used by Peters and
Severinov in [22]. There are three notable differences between their game setup and
that given here: the present study includes dedicated bidders, auctioneers can sell
multiple items instead of just single items, and we consider only two simultaneous

auctions instead of many.

Game theoretic analyses of English auctions most often assume that a domi-
nance argument implies rational bidders need only employ a myopic, maximum bid-
level strategy by which a player not currently winning an item submits a bid just

large enough to take the lead, provided this bid does not exceed his valuation (his
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maximum bid-level). While appealingly straightforward, dominance analyses do not
address the English auction’s dynamic nature, and thus ignore the attending possi-
bility of dynamic bidding strategies (Kamecke [16] provides a formal discussion of
this observation). Kamecke proposes a maximin bidder payoff structure for which
the myopic strategy for English auctions remains dominant within the wider set of
dynamic strategies. While in our simultaneous English auction game the myopic
strategy we propose is not dominant, we do retain the traditional, post-auction sur-
plus maximizing bidder payoff structure. [t is easy to see why a myopic strategy fails
a dominance argument under traditional payoffs: e.g., if unexpected bids (such as
exceeding the current price by twice the minimum bid increment) causes competing
bidders to respond by dropping out of the auction.

We define our bidder strategy, o*, as follows. (1) If it is the buyer’s turn to bid,
then: if the buyer is the current high bidder in an auction, then the buyer submits no
bid; otherwise, (2) the buyer should bid the minimum amount required to take the
lead in whichever auction she has access to and is currently cheapest, provided such
a bid would not exceed her valuation. If neither auction is currently cheaper than the
other, a pooled bidder should bid in the auction for which the bid will be a leading
bid; if the bid would lead in either auction, and if during the last round of turns no
one bid and no one entered the market, the bidder bids in either auction with equal
probability.

For now we brush past the precise meaning of the terms entry and turn as used in
the definition above, but they have a natural interpretation and simply formalize the
game’s play. In our game model, the standard Bayesian (unknown bidder valuations)
framework holds. In addition, we impose the assumption that auctioneers announce
the identity of the winning bidders (this is done on auction sites such as eBay); in the
context of the strategy given above, this assumption allows bidders to predict whether
or not a new bid will become a leading bid, and to detect when bidders currently in
the market stop bidding.

The appropriate equilibrium concept for such a dynamic game and strategy 1s
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that of Perfect Bayesian Equilibrium [12]. In particular, assuming all players j # ¢
play o*, the strategy o* must be optimal for player ¢ for all stages and information
sets, not simply those lying on the equilibrium path. We conclude this section with
a proposition establishing this for the bidding strategy o*, which we take to be the

bidders’ strategy in Part I's subsequent analyses of the pooling decision problem.

Proposition 1. ¢* is a Perfect Bayesian Nash Equilibrium strateqy for the simulta-

neous auction game described in Section A.1.

As mentioned earlier when discussing the modelling assumptions, unlike subse-
quent Part I's results the game-theoretic analysis requires discrete bidder valuations;

this makes the game tractable by avoiding complicated bid-ordering issues.

3.2 Price in Pooled Multi-Item Auctions

Despite its straightforward structure, the pooling decision analysis is quickly com-
plicated by the difficulty of computing the expected price (which is tantamount to
computing revenue) under pooling; to see this, notice that the price in a pooled auc-
tion depends not only on the valuations of its bidders, but, - via pooling bidders — can
depend indirectly on the valuations of bidders in competing auctions. This section
presents Part I's key building block, a closed form solution for the PDF and moments

of the price in auction 1 under pooling with auction 2.

Proposition 2 (PDF of Price). Let I1(dy, s, da, my, mg) denote the price of auction
1 when auctioneer i sells m; items, has d; dedicated bidders, and the number of bidders

participating simultaneously in both auctions is s. Then

P(H(dl,s,dg,ml,mg) =)
= -P(Xm1+mg:d+s = 7T) [1 - P(Xmg:d2+3 < Xm1 :dl) - P(Xm1 di4s < sz:dz):l

+ P(Xm1rd1 = ﬂ':Xrnz:dz—Fs < TI') +P(Xm1:d1+s =, < szrdz)’ (3'1)
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where Xy.o denotes the (b+ 1) largest order statistic out of o draws.

Proposition 2 characterizes auctioneer 1’s price IT by applying conditional prob-
ability in a clever manner, namely, conditioning on whether or not auctions 1 and
2 have the same price. Because it avoids an extremely detailed case-by-case anal-
ysis of possible bid values, orderings, and compartmental locations (the ingredients
of a realization 7), this approach saves time at the expense of (perhaps) immediate
transparency; more straightforward, lengthy proofs are available from the author (for
example, conditioning on the number and location of items won by the s compartment

bidders).

Proof. Proposition 2 is proved by reasoning out when the winning prices in auctions
1 and 2 will be the same, and conversely when they will be different. The latter will
occur when circumstances preclude s compartment bidders from setting the prices of
both auctions simultaneously. Such circumstances arise when the valuations among
one auction’s dedicated bidders are sufficiently high relative to all other bidders’
valuations. More specifically, if the (m, + 1)** highest valuation among the d; bidders
is higher than the (my+1)* valuation among all the dy and s bidders, then the winning
price in auction 1 will exceed that of auction 2 — there is no rational incentive for s
bidders to bid up auction 2’s price towards auction 1’s higher price. Call this event
Uy, for unequal prices with auction 1’s price higher. The price in event U, is captured
by the second term on the right hand side of (3.1), while the third term captures this
situation in reverse (call this event Us).

The key to equation (3.1)’s simplicity lies in the fact that when neither event
Uy or Uy occurs (call this event £), the resulting prices of the auctions are equal.
Essentially, both auctions’ dedicated bidders’ valuations are competitive with each
other, the s compartment valuations are not so small that the higher-priced dedicated
anction could overwhelm all the s and the other auction’s dedicated bidders (as in U,
and U3), and consequently some s compartment bidder is compelled to set prices in

both auctions simultaneously, by either winning an item or submitting a price-setting
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drop-out bid. Note that the probability of event E is independent of the actual
(m1 + my + 1)°* highest value among the d + s valuations (it is simply the fraction
of bidder valuation orderings which yield £), and hence conditioning on F does not
change the distribution of the (m; + my + 1)® highest value. Since this is exactly
the price 7 when both auctions share the same price (event F), the distribution of 7
under event E is consistent with m; + m, items being allocated to the highest of the
d + s bidders, which is captured by the first term on the right hand side of equation
(3.1). O

Corollary 1 (Moments of Price, Probabilistic Expression).

E[*(dy, 5, dy, my, my)]

= E[X:11+m2 :d+s] (]‘ - P(Xm22d2+8 < Xm1 :dl) - P(Xm1 idits < Xmg :dg))

-

e

P(E)
+ E[XTI:M tdy | g(mz:d2+s < Xm1 de];P(sztd2+s < Xml :dll
U, ()
+ E[X-,EL]_ idy+s ’ \X’ml idi+s < Xmg :dgl] F(Xml tdy+s < sz‘.dzl; (32)
Bé P(‘ljz)

Corollary 1 simply rewrites (3.1) with conditioning, and integrates after multi-
plying by 7*. The labels below the terms in (3.2) correspond to the Uy, U, and E
shorthand from the proof of Proposition 2; for readability, we apply this shorthand
throughout the sequel. Equation (3.2) makes explicit the fundamental tradeoffs of
pooling. The second term captures the probability that auction 1’s price is determined
by the d; dedicated auction 1 bidders, without competitive influence from the s or dj
bidders; in the context of the rational incentive to pool, this “worst case” situation
for auctioneer 1, in which his s; shared bidders are effectively coopted by the low
price of auction 2, is tempered in auctioneer 1's favor by the probability of such a low
price occurring among the d; and s bidders — note that P( Xy dyis < Xomy.ay) will
be small if m, is large compared to dy + s (conversely, this worst case might not seem

so bad when viewed simply as the likelihood of very strong competitiveness within
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the d; compartment). On the other hand, the “best case” scenario from an incentive-
to-pool perspective is captured in the third term, in which the price of auction 1 is
determined by competitive bidding among d; + s, that is, auction 1 experiences all
the competitiveness it could hope for under pooling (essentially, auction 1 co-ops the
sy bidders shared by auction 2). Here, pooling acts as an insurance policy against
abnormally low valuations among the d; compartment. A middle ground is tread by
the first term, in which both auctions experience the same price, equal to that which
would be realized if the auctions were formally merged, that is, if n; = 81, no = s5.
Equation (3.2) is computed using primitive order statistics in the following corol-

lary.

Corollary 2 (Moments of Price as a Weighted Sum of Primitive Order
Statistic Moments).

ma dl(dl -1

E[Xkl cl1+3'U1] = Z ™

me g (d}ml ,
PU;) = Zm‘—,

L (d+ ) (M) (D)

[ 1]:11+i:d+5]9

EXm1 ‘U] = E[ s]f s— E[Xk i s]
Mol = el = 2 7y B e
d _+_5 dl-i-s 1 d:q
P(U,) = Z( ) T 1(1), and
=0 )('ml—l»-i
E[Hk(dl,s,dg,ml,?ﬂg)] =

T () (M ET(E) - (5D ()

E[X1];1,1:d1+.5]_ ; (:j_{_ S) (c'f—,-_bl-f;ll) 1 E[ m1+1 d+-s Xml-',-mz d+s]

(3.3)

Corollary 2 just rewrites equation (3.2) using basic probabilistic arguments; see

Section A.2 for details.
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The first term on the right hand side of (3.3), E[Xf;l .d, +s)» T€presents an unreal-
istically high price for auction 1 (one that would be realized if auctioneer 1 got sole
access to the s shared bidders), and the second term can be interpreted as a corrective
adjustment for this overstatement. As a check, note that when s = 0 (no pooling),

this adjustment becomes zero, and E[XF, ., . ]equals E[X* 1 the k* moment of

my:nl
auction 1’s price in the absence of pooling.

Equation (3.3) is a closed form expression capturing the tradeoffs of pooling as
discussed following Corollary 1, but exact analysis of the pooling decision is nonethe-
less difficult for several reasons: II depends on five variables; the summed terms in
the simplified expression for IT in (3.3) are fractions of binomial coeflicients; and even
the primitive order statistics in (3.3) are generally intractable except for a few special

cases.
To help focus the analysis, in the remainder of Part I we remove one of Il’s five

degrees of freedom by creating a relationship between di, dy, 51 and s;. In particular,

ignoring integrality for the time being, we assume that

1. 8
dy + s; do + 53

(3.4)

That is, (3.4) assumes that the proportion of shared to total bidders is the same for
both auctioneers. This is equivalent to assuming that, among the bidder population
at large, a constant proportion of bidders are “savvy” bidders that pool when si-
multaneous auctions are held for the same item. For instance, if 20% of all bidders
on the Internet today use ShopBots, then both sides of (3.4) would equal 0.2. We
call the fraction of pooling to dedicated bidders the pooling proportion. To account
for integrality, we formalize this approach by assuming that for pooling proportion
p € [0,1], of auctioneer i’s n; total bidders, lpn.] are shared (pool) and n; — |pn; | are
dedicated.

The unwieldy terms in (3.3) essentially preclude a general exact analysis of the

pooling decision. However, (3.3) simplifies significantly for single item, equally sized
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auctions, and in the next section we exploit this fact in deriving exact analytical

results.

3.3 Pooling Single Item Auctions

In this section, price and revenue are interchangeable, since each auctioneer sells only
" one item. Also, for improved readability we suppress the arguments m; and mq from

IL

Plugging in m; = me = 1 into (3.3) and applying

Pt =3 (371) (4) - mid

i=b

from [8], p38 yields

E[*(dy, 5, d2)]

1 1
DU g o2 5 1) (B ) PO )+ 5B )

(3.5)

Tf we assume that auctions 1 and 2 have equal size, namely ny = n2 = n, (3.5)
simplifies enough that exact analytical results are possible; this is the focus of the

remainder of this next section.

Proposition 3 (Expected Revenue Increases with Pooling Proportion). Sup-
pose that auctioneers 1 and 2 each sell a single item and have ny = ny = n tolal bid-
ders. For both auctions, let % denote the pooling proporiion, where t € {0,1,...,n},
and furthermore let

5 2 BlX1.ppe — X1ingt—1)-
Then, if §; is non-increasing n t, (equivalently, if the ezpected revenue of non-pooling
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single-itern auctions is concave in the number of bidders), then

E[X1,] = E[(n,0,0)] < E[(n—1,2,n-1)] < - < E[(2,2(n—2),2)]
< E[H(1,2(n—1),1)] = E[H(O,Qn,O)] = E[Xg:gn];

that is, expected revenue can only increase or stay constant when increasing the pooling
proportion £ with strict equality fromt =n—1 to t = n. If the additional condition
8¢ > Opy1 holds at some t' < n, that is, if for n+t' bidders the revenue of a single item
avction without pooling is strictly concave in the number of bidders, then increasing

the pooling fraction within the range 0 to % will strictly increase expected revenue.

Although not intuitive, the proof hinges on showing that, as ¢ — 1 increases to ¢ ,
the resulting difference in expected revenue equals &, minus a constant term, C'. By
then showing that this constant C equals 8, the conclusion of the proposition follows

immediately.

The condition of Proposition 3 (concavity of single item auction expected revenue
in number of bidders) is equivalent to requiring diminishing expected revenue returns
with each increase in the number of bidders (or more to the point, returns to scale
becoming no worse with each increase in bidders). It can be proven to hold for
Ula,b], exp(A) and Pareto(k, o) with @ > 1, distributions (cf. §3.4.1), and numerical
experiments suggest it holds for Weibull, normal, and chi-squared distributions, to list
a few. However, the complex nature of order statistics make it. difficult to rephrase
this condition in terms of the underlying distribution of valuations. Further, the
condition can be shown to fail: for example, (pathological) valuations distributed
as a Bernoulli random variable with small probability of equaling 1 (“success”) (e.g.

p = 0.2) yields &; < 6,.
A perhaps more fruitful, albeit heuristic approach to characterizing which valua-
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tion CDFs F give rise to the condition rests on the rough approximation

E[X; ;| = F1 (j—j_—z> for j —i,7 large, 0 < < j. (3.6)

(Although we will not use specifics here, the full result, including a characterization of
the asymptotically normal distribution of X;.; as 7 —1, j — 00, is proved in Theorem

5.8 of [2].) By this approximation, the condition holds as long as

() )
> pl ("‘L (t+1) - 1> o (ﬁit—_—l) (3.7)

n+t+1 n+t

for t = 1,...,n — 1. By a first order Taylor expansion with the higher order terms

dropped, (3.7) is equivalent to

f(F;l (%)) S n+t—1
f(Ffl (ﬂ-i;(:i)l—l)) T n+t+1

(3.8)

see Section A.4 for details. In words, the inequality (3.8) implies that the pdf f

n4t—1.
n+t

cannot be increasing too slowly along the values roughly speaking, this allows
only a certain amount of concavity in F' (conversely, (3.8) is automatically satistied
for I convex). Intuitively, because ratcheting up the pooling proportion ¢/n effects
a small possible increase in available bidders in return for a small possible decrease,
the revenue effects of such increases must be sufficiently large — as captured by the
inequality (3.8) — for such ratcheting to be beneficial. Ula, b] and exp(X) distributions
can both be shown to strictly satisfy (3.8) (we omit the calculations), corroborating
Claim 1 and suggesting that (3.8) indeed has merit as a proxy for the condition of
Proposition 3. The approximation (3.6) will also be employed in Section 3.5, where
exact analysis is intractable.

Taking a step back, we see that if Proposition 3 holds, then ShopBots actually

help auctioneers’ revenue. Indeed, when Proposition 3 holds, auctioneers are happiest
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if all bidders use ShopBots (pool) (and are just as happy if very close to all —n —1
out of n bidders — use ShopBots).

Furthermore, using {A.37) recursively, we can write

Elll(n - 5,25,n—s)) = > _(~C +6;) — E[(n,0,n)] = Y §; — sC — E[Xy.,.
=1 j=1

to quantify the revenue effect of changing the proportion of pooling bidders. The
above equation holds regardless of the behavior of the § functions (regardless of
whether or not Proposition 3 holds). For the cases in which &, is non-increasing
(increasing the pooling proportion is favorable), we see that the greatest gains come
early on in the process of increasing the pooling proportion. This could be help-
ful in deciding where to use a marketing budget to promote the use of ShopBots
among bidders: All other things being equal, it would be better to target ShopBot
campaigns (e.g., free ShopBot software or banner ads on the auctioneer’s website) to
those bidding populations with the lowest proportion of poolers. (When pooling is
not favorable [most likely when F' is far from concave near F~' (231)], the reverse
problem of discouraging ShopBots should be uninteresting, since the effects can be
achieved by just eliminating temporal overlap between auctions.)

The remainder of this subsection is devoted to exploring the reasons why Propo-
sition 3 holds. The conditioning events E (equal prices) and U (unequal prices,
U 2 U, UU,) (cf. Section 3.2) provide a natural framework for our analysis. We be-
gin by noting that event FE is beneficial for both auctioneers: E[II{(n—t,2t,n—t)|E] =
E[X;.2,] by the proof of Proposition 2, and Proposition 3's assumptions imply further
that the expected full pooling price E[X5 g, is at least as large as the non-pooling
expected price E[X;.,|. This leaves open the possibility that event U is either bene-
ficial, or non-beneficial, for the auctioneers. The Proposition below states conditions
under which E[II(n — t,2t,n — #)|E] > E[[I(n — t,2t,n — t)|]U] > E[X1.,], that is,
both events E and U are beneficial for the auctioneers, the former more so than the

latter.
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Proposition 4 (Expected Split Price Lies Between Expected Prices of Origi-
nal and Merged Auctions). Under the assumptions of Proposition 3, define further
3t L4 — 0:—1, and let U be the event that the prices in auctions 1 and 2 are unequal.
If 8, is mon-increasing in t, 6, is non-decreasing in t, and Elll(n —1,2,n — 1)|U]
and E[I1(2,2n — 4,2)|U] are both greater than or equal to the original auction’s price
E[X,.,], then

E[X14] < E[l(n—t,2t,n—8)|U] < E[Xps] forallte0,...,n 2. (3.9)

Note that t = 0 corresponds to no pooling, in which case Proposition 4 holds
by E[Xi.,] < E[Xs.,] (Proposition 3). Conversely, t = n or n — 1 correspond
to full pooling (for the latter, recall that each auctioneer sells one item), meaning
P(U) = 0 and E[|U] is undefined. Proof of Proposition 4 for t € [1,...,n ~ 2]
directly utilizes Proposition 3 for the LHS inequality, and proves the RHS inequality
utilizing the expressions for E[IT|U]P(U) and P(U) found in (3.3) (see Section A.5 for
details). In Claim 2 of Section 3.4.1 we prove that Proposition 4 holds for U[a, b] and
exponential(\) valuations. Numerical experiments suggest that (3.9) also holds for
Weibull, normal, and chi-squared distributions (among others), as does the natural
multi-item analogue of (3.9) in which ny =ns =n, my =ms =m > 1.

Proposition 4 may seem intuitive given Proposition 3, but in fact it reveals the
somewhat surprising importance of conditioning when computing E[ll(n — t,2¢,n —

t)|U]. Using Corollary 2 we have

EI(n —t,2t,n— t)|UIP(U)
= E[(n —t,2t,n —t)|U1]P(U1) + E[U(n — t,2t,n — t)|U] P(Uy),
- E[Xl;n+t|X1:n+t < Xl:n—t]P(Xl:n.+t < Xl:n—t)

+ E[Xlzn—thlzn—t P Xl:n+t]P(X1:n—t > Xl:n—H);
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which implies

1
E[H(n — 1, 2t,n — t)IU] = E[Xl:n+t|X1:n+t < len—t]§
1
+E[X1.n—t|X1int > Xl:n+t]§ (3.10)
by symmetry, (3.11)

> E[X;.,] under the conditions of Proposition 4.

On the other hand, if E[X}.;] is concave in the number of bidders j (which, per

the discussion following Proposition 3, is heuristically equivalent to F~! concave over

2-1 3-1 2n—1
2073 2 am

), then ignoring the conditioning in (3.11) yields

1 1
E[Xl:n+t]§ + E[Xl:n—t]i < E[Xl:n]-

That is, “fair gambling” for the pooling cohort would be non-beneficial for the auc-

tioneers.

In contrast, the mechanics of pooling act to hedge against the pure winner-loser
scenario of fair gambling: as discussed in the proof of Proposition 2, under event U
the pooling cohort goes to the auctioneer with the lower price. Proposition 4 shows
that this hedging effect — captured by the conditioning — is powerful enough to make
the [/ event beneficial for the auctioneers. Generally speaking, the pooling decision
is difficult to analyze in closed form because the unwieldy conditioned expectations
in Corollary 2 cannot be innocuously unconditioned for tractability; without condi-

tioning, the hedging eflects are lost.
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3.4 Pooling Under Uniform, Exponential,

and Pareto Valuations

In this section we restrict our attention to three valuation distribution families: uni-
form[a,b], exponential rate A, and Pareto(k, o) with shape parameter a > 1 {Pareto
with finite mean). Tractability of the pooling analysis in this section owes to the
fact that these three distributions’ order statistics have known closed-form solutions.
Thanks to their relative tractability and their respective treatment of bounded and
unbounded valuation distributions, the uniform and exponential are the most com-
mon valuation distributions assumed in the auction literature. While less tractable
than the uniform or exponential, the Pareto distribution in included here to help

illuminate the pooling effects of heavy-tailed valuation distributions.

3.4.1 Pooling equal size single item auctions

Although the closed forms of E[Xj.,] for Ula,b], exp()\) and Pareto(k,a > 1) (see
proof of Claim 1 below) enable a tedious (E[II(ds, s,dz)] for the Ulo,b] valuations
contains 32 different terms when simplified), direct analysis of pooling when assuming
ny = ng = n, we instead can directly apply the machinery of Proposition 3. With the
(almost trivial) proof below, we prove that for both distributions, when n; = ny = n,

the auctioneers’ revenue increases strictly with the common pooling proportion p.

Claim 1. Proposition 3 holds for Ula,b|, Ezponential(X), and Pareto(a, k) with oo > 1

(i.e., Pareto with finite mean).

Proof. For the U[0,1] case, E[X;.;] = 4=, i =0,...,7 — 1 (8], p.27), hence

S

n+t—1 n+t-2

n+t+l  n+t

2
— 3.12
(n+t+1)(n+t) (3:12)

o = E[Xl:n-l—t - Xl:n+t—1}

1
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which decreases with ¢; with the observation
Evu[Xi;] = b+ (b—a) - Eypy[X: ], (3.13)

we see that Claim 1 holds for Ula, ] valuations as well.

For the exponential case,

11 , _
BlXisl=5 D7 i=0...5-1 (3.14)
=141
(see [8], p. 17), so
1 n+t 1 1 n+t—1 1 1
0 = E[Xlzn+t _Xl:n+t—1] = 7 - - = —,
A=l A —~ 1 Aln +t)

which also decreases with ¢.

Finally, for the Pareto distributions F(z) = 1 — (k/z)°, z > k, we have for o > 1

T+ +1-at)

X;.;] = , , . =0,...,9— :
BlXi.l FGi+1—alGE+1)" 1=0,5 -1 (3.15)

(see [14], p. 241). Using the fact that equation (3.15) implies

we get

& = E{X11n+t_X1:n+t—l] = E[Xlrnv“f‘l} aln +1) -1’
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and

1 1
5t+1 - 5t = E[Xl:n+t:| E[X1:n+t—1] oc(

anrt+1) -1 n+t)—1

3 a{n+1t) 1 1
= B[Xinst1] (a(n+t)—1-a(n—|—t+l)"1 - a(n_}_t)fl)

1—o
= E[X1;n+t41] ((O{(?’L-Ft‘f' 1) — 1)(a(n+t) — 1)) )

which is negative for oo > 1.
Hence, under the Ula, b], exp(A), and Pareto(k, o > 1) distributions, Proposition
3 holds and revenue strictly increases with pooling.

]

To assess the maximum possible benefit from pooling, we look at the relative price

increase from full pooling relative to no pooling. This quantity is given by

X212'n - Xl:'n _ 1
Xl:n N In+1

for Ula, b,

Xaon — X1 TR,
2:2n Ln Z’—”Zl Il 2 for exp(N),

Xl:n Ei:‘? 3
In(2n+1) = In(n+1) — 3 In2 -1 (3.16)
Inn "In{n+1) —In2 ’ '
Xpon— Xin _ 201 1 1
mo_ 1 ,
and X 5o i}}rl 1+ P for Pareto(k,c), a > 1,

(3.17)
where (3.16) follows from equation (A.57). Hence, the relative price increase from
full pooling grows as O(%) in the Ula, b] case and grown no faster than O(ln(;%ﬂ in
the exp()\) case. The faster growth in the exp()) case is due to the fatter tail of the
exponential distribution. In both these cases, the diminishing returns to full pooling

as the number of bidders grows is caused by price being pushed toward the far right
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of the tail in the unpooled case. In contrast, full pooling actually brings increasing
returns as the number of bidders grows in the Pareto case due to this distribution’s
heavy tail. The right hand side of equation (3.17) approaches 23‘—;121/“ —lasn — oo,
and approaches zero as the tail grows (o — 1, the distribution’s mean becomes
unbounded) and as the tail shrinks {& — oo, the distribution’s mean approaches the
lower bound k). Using equation (A.57), the right hand side of equation (3.17) can be
bounded above by

200 — 1
olfe _ 1 < mpax 2

~1 1\ e -1
2o 2n 1< @ 2o 1~ .0614;
20 o>l 2

20v n+1

hence, for any n, & and k, the maximum benefit of full pooling for the Pareto case is
approximately 6%.

Figure 3-1(a) illustrates the points made thusfar in this section: The percentage
price increase is increasing and concave in the pooling proportion, and for uniform and
exponential valuations this percentage increase decreases in the market size n. Note
that while the uniform and exponential curves are independent of their respective
parameters, the Pareto curve is insensitive to & but shifts with @, the Pareto shape
parameter, which we fix at oo = 2.2.

Using the moments derived in Corollary 2, Figure 3-1(b) computes for the uniform,
exponential, and Pareto with o = 2.2 (o > 2 ensures finite variance) distributions the
coefficient of variation (standard deviation divided by the mean) of the revenue, and
shows that this quantity is decreasing in the pooling proportion, decreasing in the
market size. Hence, there is no risk-reward tradeoff with pooling: It simultaneously
increases the mean and decreases the coefficient of variation of the revenue.

For tractability, in the remainder of Section 3.4 we restrict attention to the uniform
and exponential cases, save a brief resumption of the Pareto analysis within a narrow
scope to conclude Section 3.4.2.

As mentioned in Section 3.3, the insights into the hedging effects of pooling apply
to the Ula, b] and exp()) cases:
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Figure 3-1: (a) The percentage price increase relative to no pooling and (b) the
coefficient of variation of price, as a function of the pooling proportion p, for n = 12
and 20 (i.e., 24 and 40 total bidders among the two auctions), and for Ufa, 8], exp(}),
and Pareto(2.2, k) valuations.

Claim 2. Proposition 4 holds for Ula,b] and Ezponential(A} cases.

(See Section A.6 for proof.)

3.4.2 Pooling asymmetric single item auctions

We now allow nq # ng, that is, we allow auctioneers 1 and 2 to differ in the number
of bidders they bring to the table. For a given p we are interested in the minimum
number of bidders auctioneer 2 must have before auctioneer 1 finds pooling with

auctioneer 2 profitable. We will denote this value by n3(p, ni).

Definition of n3(p,ni): Given pooling proportion p, and ny bidders in auction I,
n4(p,ny) is the minimum number of bidders that auctioneer 2 must have to

make auctioneer 1 favor pooling with auctioneer 2.

Correspondingly, given pooling proportion p, |pn3{p,n1)] is the minimum number
of bidders that auctioneer 2 must share to make auctioneer 1 favor pooling with

auctioneer 2.
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By symmetry, we can also apply the exact same idea from the perspective of
auctioneer 2; taking nj to be the analogous operator on a fraction and a positive
integer, we call the set of integers {n1,n2) where ny > ni(p, n1) and ny > n%(p, ny) the
mutually feasible pooling set. The following two claims are aimed at characterizing the

mutual feasible pooling set for the uniform and exponential distributions, respectively.

Claim 3 (Characterizing Mutually Feasible Pooling Set: Ula,b]). For the
Ufa,b] distribution, if nip € {1,2,...,m}, then

p(35035)] < i) < [p(2+3)] (319

that is, auctioneer 2 needs to have enough bidders such that he shares at least about

half as many bidders as auctioneer 1.
Claim 4 (Characterizing Mutually Feasible Pooling Set: Exp())). For the

exp(A) distribution, if nip € {1,2,...,m}, then

[ni0i(p)] < Lpns(p,na)] < [(na+ 1)6u(p, )]

where

P(4ﬂ1 — Mnp— 2)

6n1—4

el(p) = €Xp (g) - ]-, and Qu(p, nl) = exp

The bounds in Claims 3 and 4 are expressed in terms of |pn3(p,n,)] for ease
of analysis; of the two factors that impact auctioneer 1’s revenue — the number of
bidders shared by auctioneer 2 and the number of bidders dedicated to auctioneer
2 — it is the number of shared bidders that permits a fairly nice analysis (this is
perhaps not surprising, since intuitively the number of shared bidders is the greater
driver of revenue for auctioneer 1). However, it is more intuitive to discuss these
results in terms of the minimum market share, —”5(’“"—‘), that the smaller auctioneer

ni+n3(pn1)

(auctioneer 2) must possess in order for the larger auctioneer to want to pool with
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him. Thig minimum required market share ig Approximately | /3 for the 7 ja, b] case in

Claim 3. To assess the market share bounds arising from Clajm 4, we look at %) _

20 (p)
and Zulpm)

p+6’u(p,n1):
) br2 e 0 1
'p) ~ _2_‘8483_ lim 2B} lim —ﬁ‘.@_ =112 0.393,

P+ 6,(p) N%+%3+§—8’ OO 3 P T

gu . A
lim Iim (2, 1) = lim lim Ou(p, m) = 0.4,
p—aOnp—.*oop-f—Hu(p; nl) nl—:»oop—-»[)p—,— Hu(p, n‘l)

hm H‘U- (p" ?’?,1)

=1 /2 0.393, and
P=1p+0,(p,ny)

. 0.(p, n1) .
arg max lim = lim arg max
PE[0.1) r1—o0 1 - Gulp,ny)  nieo P01 p + G, (p, 71)

we present the following result for the Pareto distribution. While the following claim
addresses only the fyll pooling (p = 1) case, and hence is more limited in scape than
Claims 3 ang 4, the claim does show how the pooling hurdle ig Impacted by both

heavier and lighter tails withip the Pareto distribution family.

Claim 5 (Characterizing Mutually Feasible Pooling Set: Pareto), fpr 1,

Pareto(o, k) distribution with, o > 1 (finite mean),

: *
lim MParoto(ay (1,71) = ni, and
a— 1t

O}ngo nPareto(a,r’c)(l’nl) = n’exp(A)('l?nl)‘



be mutually beneficial, i.e., the minimum market share for auctioneer 2 approaches
1/2. Conversely, as the tail gets lighter (o — o00) the minimum market share for
auctioneer 2 shrinks to that required for the exponential case, which we showed above
is approximately in the range [1/3, 0.4]. The latter result is not surprising given the
fact that the minimum market share analysis is insensitive to linear transformations
of the underlying valuations, and if X is distributed according to Pareto(a, k), and

Y = aX — ok is a linear transformation of X, then

y+ ak ko \° Y\~
= = — = — 1 —_—
Fr(y) = Fx ( o ) 1 <y+ak> L ( + ak) ’

S0

lim Fy(y) = lim [1 - (1 + l)_j — 1—exp (Ly) :

a—oo a—00 ak k
that is, Y, a linear transformation of X, converges in distribution to a exponential
random variable with rate A = 1/k.

Figure 3-2 plots the exact values of the minimum required market share, Fﬁ%,
versus ny for Ula, b] and exp(A) valuations, for both p = 0.2 and p = 1. These curves
indicate that n3(p,ny) &~ n3(1,ny) for 0 < p < 1, suggesting that the mutually-feasible
pooling set is well described by analyzing the (much more tractable) full-pooling case.
That is, the plots in Figures 3-2(a) and 3-2(b) are roughly horizontal lines with values
1/3 and 0.393, respectively. However, the nature of single item auctions limits the
variation that can exist between auctioneers — only the sizes of n; and n, can differ. In
Section 3.5 we find that, for the multi-item case in which the numbers of bidders and
items can both differ between auctioneers, a full pooling analysis has clear limitations

when searching for insight into the mutually feasible pooling set.

3.4.3 Competition Ratio versus market size

Towards insight into the multi-item mutually feasible pooling set, this section investi-

gates the pooling price effects of competition ratio, the ratio of bidders to items, and
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Figure 3-2: The minimum market share, ——m"fr(bf’(;‘ll),
205

1 will want to pool, as a function of the number of bidders in auction 1, for pooling
proportions p = 0.2 and p = 1, for (a) Ula,b] and (b) exp(A) valuations.

of auction 2 such that auctioneer

market size, the number of bidders. In this terminology, an auction with 6 bidders and
2 items has the same competition ratio but twice the market size as an auction with
3 bidders and 1 item. For U[0,1] valuations, the expression E[X,,.,] = "= reveals
that, for a non-pooled auction, the expected price is increasing in both competition

ratio and market size (albeit more significantly in the former).

Under pooling, however, the impacts of competition ratio and market size are
mixed. Choosing ny = n, my; = m, ng = kn, and my = k(m + 1), we make the
competition ratio of auction 1 exceed that of auction 2, with the market size of
auction 2 increasing in k. Continuing with the U[0,1] case, the expected price for

(ketUn-(ktDm=k. o hiracting this price from the

auctioneer 1 under full pooling is

(k+1)n+1 ’
expected non-pooling price yields
n-m (k+tUn—(k+hm—-k k(m + 1) <0
n+1 (k+Dn+1 T (mk+D) +Dn+1) '

In words, auctioneer 1 is not compelled to pool fully with auctioneer 2: the latter’s

lesser competition ratio cannot be overcome by greater market size (increasing k). In
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fact,

d k{(m + 1) > _ m+1
EE(“mm+1y+nm+1) ((F+Dnr

so increasing k actually makes auctioneer 1 worse off! While the above illustrates
that market size can be a disadvantage under full pooling (p = 1}, it is reasonable to
suspect that perhaps this trend is reversed for when p << 1. As described in the proof
of Proposition 2, when prices are unequal (event U/), the pooling cohort is essentially
confined to one auction; realizing that auctioneer 2 shares k bidders for every one
bidder shared by auctioneer 1, it is conceivable that, for small p (equivalently, large
P(U)), increasing k might actually help auctioneer 1. The Claim below formalizes

these insights for a tractable instance under {7 [a, 8] and exp(A) valuations.

Claim 6 (Market Size Helps in Spite of Competition Ratio Disparity if
Pooling Proportion Sufficiently Small). Let

@=%EWM—t&2m~ﬂﬁﬁﬂqEMM—L%n~LQm

and suppose n > 4. For both Ula,b] and exponential(\) valuations there exists ¥
(L,...,n] such that B, > Ofortel,.. 4], 8 < 0fortelt+1,...,n]. That 15, when
M=ny=n,my =0, m =1, doubling the market size of auction 2 helps the pooling

price of auction I only if the pooling proportion t/n is below t/n. More precisely,

5<E dn>y 1
Jor Ula, b], i and for exp()), - < 5 ifn >4,
5<t  dfnzy, ?

Because equation (3.3) becomes increasingly unwieldy as My grows above 1, in
Claim 6 we create disparate competition ratios and market sizes by taking auction
1 to be a first price auction (m1 = 0), and auction 2 to have either one or two
items. While auction 1 in this case 18 not interpretable ag English, the insights of
the Claim are based on the mathematics of equation (3.3) (an expression of order

statistics), and are indicative of the competition ratio versus market size relationship
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when m1, mo > 1; see Figure 3-4.

From Claim 6 see that when auction 1 has greater competition ratio than auction
2, E[M] is positively or negatively impacted by increased market size in auction 2,
depending respectively on whether the pooling proportion is small or large. Hence,
we see that the partial pooling can behave fundamentally differently than full pooling.
Further, we see that, relative to the exp()) case, the impacts of market size under
Ula, b] valuations are positive in a larger interval of pooling proportions. This indi-
cation that market size’s impact is more pronounced in the Ula, b] case follows from
the fact that, roughly speaking, 3; boils down to a tradeoft between adding bidders
and adding items (cf. equation (A.73) in the proof of Claim 6). While the impacts of
bidders relative to items is difficult to quantify on intuitive grounds (mainly due to

the relativity), a simple calculation yields

EU[a,b] [Xm:n—H. - Xm:n] . m +1 m _ Eexp()\) [Xm:n+1 — Xm:n]

= > )
EU[a,,b] [Xm—lzn - Xm:n] n+ 2 n+1 Eexp()\) [Xm—l n Xm:n]

suggesting the bidders versus items tradeoff favors auctions having Ula, b] valuations

more than exp(A) valuations.

3.5 Pooling Multi-Item Auctions

While the complex expression for E[ll] in multi-item pooled auctions (cf. equation
(3.3)) precludes direct extension of the single item results of Sections 3.3 and 3.4,
i1 this section we introduce some simple observations that help characterize multi-
item auctions’ mutually feasible pooling sets. In particular, in Sections 3.5.1 and
3.5.2 we investigate n3(p, n1, M1, my) and (%)* (p,n1, m1,nz) (respectively), natural

generalizations of nj(p,n1) from Section 3.4.2.
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3.5.1 Full pooling analysis

For the U[0,1] case in which p = 1 (full pooling), it is easy to compute auction

I's price under pooling; in particular, E[II(dy, s,d2, m1, m2)] = E[Xpm,4my:nitns] =
n1+no—mi—m : = M—-my ;e me ni+l : :
A2, Because this equals E[X,, ., sl +E5, using this and

equation 3.13 we conclude that

m
ny(1, 1, N2, my,my) = {(nl + l)m1 j_ 11 for Ula, b]. (3.19)

An analogous approach for exp(), using (A.57) to bound summations in the differ-

ence E[Xm1+mz:m+nz] — E[Xpm, n,], yields

m
[nl : m:nj_ 1J < ny(1,mp,n2,m1,my) < [(nl +1) T—H—i-, for exp(A). (3.20)

Similarly, the analysis of Section A.9 shows that

lim n; Pareto(o k)(1:n17n2;m17 m2) = n;—, and (321)
a—1l = ! my
. * N
ah_{{}o nZ,Pareto(cx,k)(]'= ny, 2, My, m2) = n2,exp(f\)(l’ Ny, N2, My, m2) (3-22)

(that is, as a becomes large the n} for the Pareto case approaches n3 for the expo-
nential case). Together, equations (3.19)-(3.22) suggest that perhaps ni(p) = n; - ol
(where we have suppressed the remaining arguments of n; for readability).
Furthermore, for m;, n; large, we can use the approximation (3.6) to conclude
that when n, ~ T2, ElXom tmyin4ny] % E[Xp ny]. In words, full pooling has
approximately the same expected price as no pooling when m; and n; are large.
Applying the insight gleaned for single item auctions via Proposition 3, it appears
reasonable to expect that if p = 1 is no better than p = 0, then 0 < p < 1 is probably
no better either; if this is true, then for large my, n;, ni(p) ~ m%. Furthermore, a
similar analysis from auctioneer 2’s viewpoint suggests that ni(p, ng, my, my) = lny;

consequently, we predict that for large m; and n;, the mutually-feasible pooling region
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Mutually Feasible Pooling Region, Lognormal, p=5, 0=0.2, m =15, m,=5
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Figure 3-3: The mutually-feasible pooling region for pooling proportions p = 0.5 (O)
and p = 0.75 (-). Also displayed is the line ny = 72n,. The valuations are log-normal
with ¢ =5, 0 = 0.2, and there are m; = 15 and me = 5 items for sale.

consists of only a very small area in (ny,72) space surrounding the line ny = I2n,.
That is, both auctions need almost the same bidder-to-item ratio, a quantity we
refer to as the competition ratio, for pooling to be mutually beneficial. Numerical
experiments depicted in Figure 3-3 corroborate these claims, even for moderate m,;,

;.

The approximation (3.6) also affords insight into the general benefit of pooling,
even if ny # m 2. In particular, it is rather straightforward to argue (heuristically)
that, if F'~! is concave, then full pooling increascs the total expected revenue (the sum
of auction 1 and auction 2’s expected revenues). (It is another matter to show whether
or not a particular auctioneer’s piece of the larger pie is bigger than his original, non-

pooling piece.) In particular, if we let p; = 2o and po = %ﬂ, it can be
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m m . —1 = . .
it P1 T ipp2. Then, since F~! is increasing,

shown (via algebra) that py >

_ mi Mo
F—l > P ) F 1
(mq + ma) (po) > (my +ms) (ml n m2P1 + — m2p2>

where the second inequality holds if ! is concave (equivalently F is convex). The
far left term is the approximate total expected revenue under full pooling, and the

far right the total expected revenue under no pooling.

3.5.2 Numerical study: competition ratio versus market size

We now use numerical plots of mutually feasible pooling regions (Figufe 3-4) to delve
into aspects of partial pooling that are too subtle to characterize by the full pooling
analysis above. The plots in Figure 3-4 corroborate the insight of Claim 6: market
size can compensate for competition ratio for small pooling proportions (plots (a) and
(c) versus (b) and (d)), and, relative to exp(A) valuations, impacts of market size are
greater for Ula, b] (plot (a) versus (c)). Furthermore, while Claim 6 considered only
the perspective of auctioneer 1, Figure 3-4 considers both auctioneers’ perspectives
(recall the definition of mutually feasible pooling set); the net result is a mutually
feasible pooling set tilted slightly clockwise for larger auction 2 market size. In general,
the Figure 3-4 plots’ closeness to n1 2 indicates that, while limited, the rule of thumb

n3(p) ~ n1;2 has substantial merit.
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Figure 3-4: Mutually feasible pooling region in terms of competition ratios (number
of bidders to number of items), when auction 1 has market size (number of bidders)
20, auction 2 has market sizes 20 ({J) and 60 (-); for ease of presentation, a log-scale
is used. The four figures consider two pooling proportions (p = 0.05 and p = 0.25)
and two valuation distributions (U[a, ] and exp(})).
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Chapter 4

Part I Conclusions

Arguably the most crucial aspect of any auction is the number and quality of the
customers that participate, or bid, in the auction. Despite the importance of this
1ssue, the existing literature pertinent to private sector auctions treats it as an exoge-
nous factor, and focuses attention primarily on developing new and optimal auction
formats. In this part of the thesis we investigate endogenizing operationally the num-
ber and type (e.g., dedicated or shared) of bidders by considering the issue of bidder
sharing among competing auctioneers selling the same commodity. Not only is this
sharing plausible, it is also proven: on the Internet today defacto bidder sharing is
a result of bidders employing smart software agents — so called ShopBots - to bid in
multiple auctions simultaneously. To our knowledge, this is the first work to consider

bidder sharing from an operational perspective.

This part of the thesis uses purely analytical methods to explore the tradeoffs
involved in auction pooling, which are particularly complicated in the case of par-
tially pooled auctions (involve orderings of order statistics). We show that, for single
item auctions, auctioneers having the same number of bidders actually benefit as the
proportion of pooling (or ShopBot-using) bidders in the overall population grows,
provided that the revenue from a second-price, single item auction would be con-

cave in the number of bidders. This latter condition relies on only the underlying
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distribution of bidder valuations; in essence, it states that, on average, the increase
in revenue from adding one additional bidder to an auction with 100 bidders is less
than the increase in revenue from adding one additional bidder to an auction with 99
bidders.(Furthermore, this condition is heuristically equivalent to “limited” concavity
of the underlying valuation distribution.)

For the separate cases of uniform and exponential bidder valuations, we also char-
acterize how much two (single item) auctioneers must share with one another before
pooling is mutually beneficial. While in the uniform valuations case the smaller auc-
tion needs to have at least about a one-third market share, the analogous proportion
is larger in the exponential valuations case — between one-third and 0.4 as the total
market size (number of bidders) gets large. For auctions selling many items to many
bidders, heuristic arguments and numerical results imply that, in general, the auc-
tioneers’ ratios of items to bidders need to be approximately the same for pooling
to be mutually beneficial. Though ignored by this latter rule of thumb, the other
relevant metric of auction efficiency — the absolute numbers of items and bidders —is
found to have what amounts to second order effects on pooling.

Although necessarily limited in scope (since we assumed an English auction for-
mat, and ignored reservation price), the results of Part I suggest competing auction-
cers can indeed benefit from bidder sharing as long as the sharing is not too lopsided,
and that the use of ShopBots should actually be mutually encouraged by the auction-
cers in this case. Although the important issue of what impact pooling has on bidders
is not directly addressed, we feel it suffices for now to note that, if the strategies of all
other bidders are fixed, a particular bidder can only do better by pooling. That is, in
a game-theoretic sense (the most appropriate setting for such a discussion), the case
of all bidders wishing to pool is a unique Nash equilibrium (this intuitive conclusion

is not formalized in the current study).
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Part 11

Optimal Scoring Rule Analysis for
a Multi-Attribute Online Auction
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Chapter 5

Introduction

The market for online business-to-business auctions is enormous (estimated at $746B
in 2004 by Kafka et al. 2000 [15]). Within the industrial procurement setting, high-
value complex items have traditionally been procured via Request for Quotes (RFQ)
processes. An RFQ process allows the sale to be determined by a variety of at-
tributes, involving not only price, but quality, lead time, contract terms, supplier
reputation, and incumbent switching costs. It also lets the manufacturer reveal his
preferences and permits the suppliers to compete on their own specialized dimensions.
Consequently, eMarketplaces are currently being developed to partially automate (to
varying degrees) the RFQ process (see Kafka et al. for examples). This part of the
thesis studies multi-attribute auctions, an emerging mechanism for fully automated
RFQs. For further discussion of multi-attribute auctions in this setting see [3], the

companion paper to this part of the thesis.

There are two primary objectives in the auction theory literature, revenue maxi-
mization (on the part of the auctioneer) and (allocative) efficiency; in multi-attribute
auctions, it is appropriate to speak in terms of utility maximization rather than rev-
enue maximization. Efficiency is often the goal in public-sector auctions, whereas
utility maximization is typically strived for in private-sector auctions. An efficient

auction mechanism maximizes the total surplus, without concerning itself with how
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this surplus is divided among the bidders and the auctioneer. We assume an utility-
maximizing auctioneer; see Section 2.5 of the companion paper for a brief discussion
of efficiency.

Adopting the procurement motivation from the companion paper, we often refer
to the manufacturer as the auctioneer (or bid-taker) and the suppliers as bidders.
To engage bidders in a multi-attribute auction, an auctioneer needs to provide the
bidders with some information pertaining to how he values the non-price attributes.
While several rather obtuse approaches are possible (e.g., the auctioneer could provide
shadow prices from a mathematical program without revealing the mathematical
program), the predominant approach in RFQ practice — and the one favored by most
bidders because of its straightforward nature — is for the auctioneer to announce a
scoring rule in terms of the bid price and various attributes. This scoring rule may,
or may not, be identical to the auctioneer’s true utility function; indeed, this is the
crux of the strategic problem from the auctioneer’s viewpoint.

There are two key papers on multi-attribute auctions with scoring rules. In a
white paper for the eMarketplace perfect.com, Milgrom [18] has recently shown that
efficiency is achieved if the auctioneer announces his true utility function as the scor-
ing rule, and conducts a Vickrey (i.e., second-price, sealed-bid) auction based on the
resulting scores. The other important paper — and the one most relevant for our
purposes — is by Che [6], who considers a two-dimensional price-quality procurement
auction in a sealed-bid setting. He assumes that the quality costs of his two sym-
metric suppliers are a function of a single parameter that is private information and
independent across suppliers (Branco [4] generalizes this research to the case of cor-
related supplier costs). Che assumes a positive cross partial of cost with respect to
quality and type, implying that the producer with the lower cost for producing a
given quantity is also the producer with the lower marginal cost of producing quality
(this is not the case in our Figures 7.2 and 7-3 in Section 7.2). He shows that to
maximize utility, the auctioneer — who only knows the probability distribution of the

cost parameter — announces a scoring rule that understates the value of quality, so as
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to limit the informational rents collected by the low-cost suppliers.

In this part of the thesis, the auctioneer maximizes his utility but does so with
knowledge of the suppliers’ costs; with this informational assumption and assump-
tions on bidder behavior (discussed in the next section), the auctioneer can predict
the auction outcome (his ex-post utility) for a given scoring rule. Under these assump-
tions, we derive the optimal scoring rule for an auctioneer running an open-ascending
multi-attribute auction. We assume there is no minimum score required for the auc-
tioneer to transact, which is used in price-only optimal auctions assuming bidders
with private valuation information [19].

The informational assumption and optimal scoring rule analysis in this part of the
thesis can be thought of in two ways: First, the auctioneer could use some method
to learn the suppliers’ costs before applying this knowledge in selecting an optimal
scoring rule; this is the approach studied in the companion paper [3], which proposes a
multi-round auction mechanism (not unlike traditional request for quotes processes)
in which the auctioneer observes suppliers’ bids and solves an inverse problem to
deduce their costs. In such a situation, an obvious alternative to conducting an
auction under an optimal scoring rule is simply for the buyer to identify the most
able supplier and “cut a deal” with him, leaving the buyer with the entire surplus.
Despite the fact that committing to an auction and selecting an optimal scoring rule
is considerably more difficult than simply cutting a deal, and does not guarantee
full surplus extraction for the buyer, we feel that other considerations tip the scale
in favor of the optimal scoring rule approach. In particular, while a buyer might
prefer utility-maximization to the goal of efficiency, arguments in favor of the latter
by Milgrom [18] and Wise and Morrison [25] cannot be dismissed out of hand. They
and others point out that blatant attempts to extract the entire surplus would likely
be viewed by suppliers as unfair, and could hence lead to damaging reputation effects
under repetition of such a strategy. (See the companion paper (3], which expounds
further on these points and draws on discussions with a chief technology officer of a

company that sells software for online procurement auctions.) The optimal scoring
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rule strategy, on the other hand, has the quality of tangible competition: the winning
supplier’s take-home surplus is exactly equal to the difference between his score and
the score of the next best bidder, which is not unlike the outcome in many RFQs,
contracts and auctions. To summarize the points made in [3], the optimal scoring
rule approach attempts to walk a fine line of maximizing the buyer’s utility while
generating the perception that the suppliers’ disappointing profits are a result of a
highly competitive marketplace. |

Second, we view the informational assumption and optimal scoring rule analysis
as a tractable framework within which to study the value of competition; by analyzing
the auction outcome under the complete cost knowledge hypothesis, the cost to the
anuctioneer of incomplete knowledge of suppliers’ costs can be better understood, and,
even more generally, the optimal scoring rule under the complete cost knowledge
framework could be used to analyze the sensitivity of competition to various factors,
e.g., estimating the value of five suppliers instead of four, and the effects of different
supplier cost structure combinations.

The remainder of this part of the thesis is organized as follows: The model is
briefly introduced in Chapter 6, the analysis of the optimal scoring rule is presented
in Chapter 7, some practical considerations are discussed in Chapter 8, and finally

brief Part II conclusions are provided in Chapter 9.
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Chapter 6

The Model

6.1 Notation

We assume that the auctioneer is buying a single item. Although this item may
represent six months of production for a subassembly, we assume that it is sold to a
single bidder, and we model it as a single item. We use mnemonic subscripts, where

a=1,..., A indexes the attributes, and s indexes the S suppliers.

For multi-attribute auctions, it is important to distinguish between attributes
that are endogenous (i.e., bidder-controllable), such as lead time and quality, versus
attributes that are exogenous, such as a bidder’s reputation at the time of the auction.
For expositional purposes, we assume that all non-price atiributes are endogenous,
and defer a discussion of exogenous attributes to Section 8.2. Each bid is of the form
(p,x1,...,za), where p denotes price and z, is the magnitude of non-price attribute
afora=1,...,A. To simplify the presentation and analysis, we assume that the
non-price attributes are continuous, nonnegative variables (thus the domains of the
cost, utility and scoring functions are the nonnegative real numbers) and that larger
values of z, are more desirable from the auctioneer’s point of view and more costly
from the suppliers’ point of view. Hence, attributes such as tolerance or lead time,

which are desirable and costly when low in magnitude, need to be defined relative
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to a worst-case upper bound. Supplier s’s cost function is additive across attributes,
and is given by Zle Cas(Za), Where ¢, is increasing, convex (convexity and concavity
are strict in Part IT of the thesis) and twice continuously differentiable in ..

The auctioneer’s true utility function and scoring rules are assumed to be additive
across non-price attributes. While the separability across attributes of the cost and
utility functions and scoring rules makes the optimal scoring rule selection problem
more tractable and may not hold in practice, most existing multi-attribute auction
software packages also make these assumptions (one exception is CombineNets Clear-
Box 2.0, www.combinenet.com). The true utility function is given by Z;Ll va(Za) —D,
where v, (mnemonic for value) is increasing, concave and twice continuously differen-
tiable in z,. The scoring rule is denoted Z‘:;l Da(24)—p; however, to avoid introducing
new notation, we refer to 01, ..., 04, collectively and individually, as scoring rules. We
require that for fixed a, the scoring rule @, must be increasing and concave in ,.

Bar(2a)

Ocas(Za Oligr (Ta
We also assume that cgf ) <« ”‘gz(z ) as g, — 07 Vs, and =22 — 0 as z, — 00,

-3

to guarantee that the solution to the optimization problem in (6.1)-(6.2) possesses a

finite positive solution.

6.2 Mechanism

At the beginning of the auction the auctioneer announces the scoring rule

221:1 Da(z4)—p to all suppliers. Suppliers then submit bids of the form (p,z1,...,%4)
in an open-ascending manner. We envision this mechanism taking place electronically
(e.g., over the Internet). Within the auction, suppliers have ample opportunity to
bid. The auctioneer ranks the bids according to the scoring rule and displays the
ranked scores, but does not reveal the bidders’ identities or detailed bids. In contrast
to a traditional open-ascending auction, submitted bids need not exceed the current
best bid. However, there is a minimum bid increment (with respect to the scoring

rule) to take the lead (thereby speeding up the auction), and we assume that the

highest bidder at the end of the auction wins the contract, at his proposed bid.
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6.3 Supplier Behavior

Suppliers are assumed to bid according to their myopic best-response (MBR). A
supplier using MBR chooses his next bid to maximize his current profit, assuming no
other suppliers change their bids; i.e., he behaves as if the auction was ending after
his bid. More specifically, if during the auction the current top score is S (we use S
to denote the score and the number of suppliers, but this should cause no confusion)
and the minimum bid increment is €, then supplier s solves the following optimization

problem (note that the subscript s is suppressed in the decision variables z,, and Ps):

A
max  p— Y Cos(T4) (6.1)
PTL, T A pont ‘
A
subject to Zﬁq(xa) —-p=S+e (6.2)
a=1

If the optimal objective function value in (6.1) is nonnegative then the corresponding
optimal solution is the MBR bid. If the optimal objective function value is negative,

then the MBR is to not submit a new bid.

As pointed out in the companion paper [3], the MBR assumption has been used
in a variety of recent auction studies (e.g., [9], [24], [20], [13], although the first
two studies refer to MBR as “straightforward bidding”). In contrast to the fully
rational behavior model of Part I, the MBR model given above asserts a middle
ground regarding bidders’ rationality. On the one hand, bidders are assumed to be
sophisticated enough to formulate and solve (6.1)-(6.2). On the other hand, a more
astute bidder would formulate prior distributions on the other bidders’ cost functions
and the auctioneer’s utility function, and would account for the fact that these other
players would be solving their own game-theoretic problems. Although we view the
MBR assumption as an attractive way to include a degree of supplier rationality while
maintaining tractability of the game, note that some may consider the inclusion of

any rationality to be controversial, as there may be bidders who do not even use an
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optimization-based mental (such as (6.1)-(6.2)) for bidding.
Our earlier assumptions about the cost function and scoring rules imply that the

solution to (6.1)-(6.2) can be found by solving the first-order conditions

Ova(2a)  0Cus(wa)

. = on for a=1,...,A. (6.3)

If we let 7 denote the solution to (6.3), then the corresponding bid price is
A
pt= balzl) =5 - (6.4)
a=1

If p» > Zle Cas(x?) then (p*,z%,....2%) is the MBR bid; otherwise, the MBR is to

not submit a new bid.
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Chapter 7

Analysis

7.1 The Optimal Scoring Rule

We now turn to our analysis. With the true cost functions in hand, the auctioneer can
determine his optimal scoring rule. By the MBR assumption, supplier s will submit
bids that solve (6.1), (6.2). In Section 6.1 we imposed sufficient, but not necessary,
conditions on fy,...,%, for problem (6.1), (6.2) to possess a unique finite positive
solution; if 9;,..., 9,4 satisfies these conditions, we refer to o, . .. ;U4 as feasible.
Notice that supplier s will drop out of the auction’s open-ascending competition
no later than when his profit p — Zf:l Cas{T%) equals zero (where z is the solution

to (6.3)), which occurs at the maximum drop-out score

Ss = Z'Da(m;) - Z CaS(wZ : (71)

Our analysis below, culminating in (7.7), depends only on the top two bidders, and we
index the suppliers so that their maximum drop-out scores satisfy 51 > S, > .. > Sg;
note that this ranking depends upon our choice of scoring rule. To guarantee that

these two suppliers can actually bid, we impose the constraint

SQ > €. (72)
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To keep our analysis simple, we ignore the effect of the minimum bid increment on
the detailed sequence of bids, and exclude the possibility that S; < 83 + €. That is,

we require the scoring rule 9y,...,04 to satisty
Sy > S8+ e (7.3)

Depending on the detailed sequence of bids, supplier 1’s winning score may lie any—
where in the interval (S — €, S + €]. To make the analysis cleaner, we assume that
the winning bidder wins with a score equal to Sp; this assumption miscalculates the
auctioneer’s final utility by at most e, which is dwarfed by the magnitude of the
bids. With this assumption, the winning score in the open-ascending auction will be

submitted by supplier 1 and will equal Sz; supplier 1’s winning bid is the solution to

A
- a a 74
e, 1 el (74
A
subject to Z@a(:ca) —p=.9,. (7.5)
a=1

By (6.4) and (7.1), this solution is 7, (we now include the supplier subscript in the
bids), which solves (6.3) for s =1, and

A
po= Zﬁa(le)_SQ
a=1

A A A
= Z Ua(zhy) — Z Da(zhs) + Z Caa(hs)- (7.6)
a=1 a=1

a=1

Recall that the auctioneer’s true utility function is Zf‘:l ve(Ta) — p. Using equa-

tion (7.6), the auctioneer’s optimal scoring rule is the feasible scoring rule that solves
A

A A A
mox 3 vel@i) = 3 talaly) + P dalai) = Dl (T7)

ba a=1 a=1
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subject to constraints (7.1)-(7.3). It is possible that the auctioneer's true valuation
function violates equation (7.3); in spite of — or rather, because of - such “near ties,”
the auctioneer extracts nearly all the surplus in the auction by revealing his true
valuation function as the scoring rule. In this case, solving (7.7) subject to (7.1)-(7.3)
can do no better than simply announcing the true valuation function as the scoring
rule (see the proof of Proposition 6), and — despite its violation of (7.3) — we consider

v to be optimal.

We re-emphasize that although equations (7.1)-(7.3), (7.7) depend on only the
top two of the S suppliers, the rankings of the suppliers in this optimization problem
is a function of the decision variables (ie., scoring rule). A brute force approach
to the problem is to solve (7.1)-(7.3), (7.7) for all 2(‘5) ordered pairs of suppliers,
and the ordered pair that generates the highest utility in (7.7) provides the optimal
scoring rule. With the aid of Propositions 5 and 6 below, we derive a more efficient
approach to this problem. In the discussion below we do not refer to a specific
scoring rule, and therefore drop the assumption that the suppliers are ordered such

that 51 > 5, > ... > 9.

To structure the presentation, we call a bid (p,z1,...,74) enforceable if there
exists a feasible scoring rule ?y,..., 04 satisfying (7.2)-(7 .3) that causes the auction
to be won with attribute levels z;, ..., x4 at price p. We say that such a rule enforces
bid (p, z1,...,z4), and utility v(z, ... ,T4) —p, where v denotes the auctioneer’s true

valuation function. For ease of presentation, we let ¢,(%) = S Cas(wa) and v(z) =
Zle Va(Za), where & = (x1,...,24). Proposition 5 and all subsequent nonobvious

results are proved in Appendix B.

Proposition 5 (Enforceability). Let supplier i be the low-cost supplier at 7 =
(T1,-- -, @4), ie, &) < co(T), s#14. Let T be the hyperplane tangent to supplier ¢ ’s
cost surface ¢; at T, and let supplier i's profit m satisfy m > €, where € is the minimum
bid increment. Then (c;(Z) + 7, %) is enforceable if and only if ¢ () > ¢;(Z) + 7 for

all s # 1, and for some j # i T; + 7 intersects supplier j’s cost surface c; (i.e., if
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there ezists o Z such that ¢;(7) < Ti(Z) + 7).

Intuition for Proposition 5 is provided in Figure 7-1. The four graphs of Figure
7-1 depict the geometry of enforcing the rightmost circle in graph (a). Graph (b)
shows a tangent of c; that permits a “half rainbow”-shaped function to pass through
both it and 7} + 7 in graph (c); this function, when shifted to intersect the origin,
acts as an enforcing scoring rule in (d). Enforcement of the rightmost circle in (a)
ig achieved because of perfect competition between this bid and a dropout bid for
supplier 2, namely the leftmost circle in (a). Generally speaking, for two given bids,
graphs (d) and (c) visually equate perfect induced competition with the existence
of a half rainbow-shaped curve passing through the bids’ corresponding point-slope
pairs; this geometric observation governs how the auctioneer may induce competition
through choice of scoring rule, leading to the necessary and sufficient conditions for
enforcement in Proposition 5, which recasts the half rainbow requirement in terms
of tangent hyperplanes. The general proof of Proposition 5 requires an attribute-by-
attribute construction of an enforcing scoring rule as done for a single attribute in
Figure 7-1, and proper modification of this rule to account for the presence of other
(i.e., beyond the two pictured in Figure 7-1) suppliers.

Referring to graph (a) in Figure 7-1, Proposition 5 would hold even if 7 is lowered

until Ty + 7 barely intersects co; this observation leads to the following corollary.

Corollary 3 (Minimum Prices). Let supplier i be the low-cost supplier at & such
that ¢;(Z) + ¢ < cs(Z) for all s # 1. If for some j # i, T; + € intersects supplier J’s
cost surface c;, then enforceable prices at & approach ¢;(Z) + € from above; otherwise,

enforceable prices at T approach ¢i(T) + ming s {cs(2) — Ti(2)} from above.

When applying Corollary 3 to cases in which (p + 4, %) is enforceable for § —
0+, we will ignore the arbitrarily small é and for practical purposes consider (p, T)
enforceable. In words, Corollary 3 states that supplier i’s profit, m, will be e if T; + ¢
intersects some ¢;, and is minz gz{c,(Z) — T:(2)} otherwise. Hence, this result allows

us to put the price tag ¢;(Z) + 7 on any A-tuple of non-price attribute levels, which
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Figure 7-1: Graphical intuition behind the proof of Proposition 5 for a two-supplier,
two-dimensional (price and quality) auction.
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quantifies how effectively competition can, or cannot, be exploited via a properly
chosen scoring rule. This result transforms the problem from a “what if” we choose
scoring rule © approach, to an “informed shopper” approach of utility maximization
given prices ¢;(¥) + m. Notice that the prices themselves are not market prices in
the traditional sense, but rather the prices of idiosyncratic markets distorted for
hypercompetition (lowering supplier ’s profit ).

Tlustrations of enforceability with two suppliers are provided in Figures 7-2 and 7-
3 in Section 7.2 for a two-dimensional (price, quality) problem. Near g = 0.86, the
prices that are enforceable in Figure 7-3 are lower than those of Figure 7-2; the
tangent lines (one-dimensional hyperplanes) to ¢; near ¢ = 0.86 are much closer to ¢
in Figure 7-3, and by Corollary 3 this permits prices much closer to supplier 1’s true
cost curve.

We now broaden our view and present a result that incorporates the auctioneer’s
utility maximization problem in (7.1)-(7.3), (7.7). If supplier s wins the auction under

an optimal scoring rule, we say that supplier s is optimal.

Proposition 6 (Restricting Search Over Suppliers). For supplierss=1,...,5,
let M, = maxg{v(Z) — c,(Z)}, where v is the auctioneer’s true valuation function and
¢. is supplier s’s cost surface. Suppose (without loss of generality) that M; > M;, for

all s. Then supplier i is optimal.

Note that M, is supplier s’s maximum drop-out score if the auctioneer reveals his
true valuation in the scoring rule. To describe the main intuition behind the proof of
Proposition 6, we note that the maximization problem that defines M, has its optimal
solution at some * at which v and ¢;’s tangent hyperplanes (call them T, and T:)
are parallel. By Corollary 3, supplier i’s profit is 7 = ming .z {cs(2) — T(2)} if T +¢
does not intersect any c,, 8§ # i, and m = € if for some s # 1 T, + e intersects c¢;.
In the former case, the auctioneer can enforce (c;(Z*) 4 m,&*) and receive M — in
utility. Since T, and T; + 7 sandwich v and ¢, (for s # 1), respectively, and are M; —7

units apart, this utility bounds from above any utility possible with supplier s # i
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winning. In the latter case where for some s # ¢, 7; + ¢ intersects c,, we can enforce
price ¢;(2*) 4+ € at ¥, in which case the auctioneer walks away with utility M, — ¢;
since any winning supplier must receive profit of at least €, the result follows. In the
above we tacitly assume that M; — e > M, for all s # ¢; if not, we have the trivial
case in which announcing v leads to a “near tie.” To see this, note that the payoff if
s # 4 wins (where M; — e < M,) is M,, while the payoff if i wins is no smaller than
M; — (M; — M,); in both cases the auctioneer’s utility is at least M; — e, which bounds
any solution to (7.1)-(7.3), (7.7) from above. The function v is considered an optimal

scoring rule and 7 and s are both taken to be optimal suppliers.

In the remainder of this subsection, we apply these results to construct a three-
step method for finding the optimal scoring. Proposition 5 and its Corollary reduce
the problem to one of utility maximization given prices, but the prices are determined
with respect to low-cost supplier ¢ and competing supplier j. The crucial idea behind
the method’s first step is that Proposition 6 allows us to fix the identity of the low-cost

supplier when computing prices.

Step 1 (Choose an Optimal Supplier): For s =1,. .. , S, let
A
M, = max {Z Vo (o) — Z cas(xa)} : (7.8)
a=1 a=1

Set 1 = argmax,=1, s Ms; 7 is the optimal supplier. If there exists an s # ¢
such that M, > M, — ¢, announce the true valuation function in the scoring rule

and exit the three-step method. Otherwise, proceed to step 2.

Step 2 (Find a Best Competitor): Maximize utility given price, which by

69




Corollary 3 is given by

A A
max Z Vo(Za) — Z Cai(Za) — T (7.9)
,71' a=1 a=1
A A
subject to Z Cas(Za) > Z Cai(Ta) + €, § F 4, (7.10)
a=1 a=1
T2 €, (7.11)
A
> minmi (z) —T(D) b, 7.12
™ > min En{;c (2a) (57} (7.12)

where T} is the hyperplane tangent to supplier i’s cosi surface at Z and 7 is
supplier +’s variable profit. In Section B.4, we simplify (7.9)-(7.12) by finding
a closed-form solution (equation (B.23) in Section B.4) to the innermost mini-
mization in (7.12). We will call any supplier j who achieves the minimization
in (7.12) in the optimal solution (and thereby enables the optimal solution to

be enforced) a “best competitor” to supplier .

Step 3 (Choose Optimal Scoring Rule): The derivation of this scoring
rule is given in Section B.5. Let #*, 7* denote an optimal solution to (7.9)-
(7.11), (B.23). There are three cases to consider. If equation (B.23) is tight
at the optimal solution, then the scoring rule is the function © constructed in
Claim 16 of the “=" direction proof of Proposition 5 in Section B.2. For fixed

dimension ¢, this optimal scoring function @, has the form

walx:‘:uz li La S Zals

- ﬁa(wa) = wa(}(za,l - Ia>wa4 + Was%e T Was if Zg1 < Zg S Zal; (713)
WarTLe® if x4 > Za,

where three of the ten parameters wi, . . ., Was, Zal, 202 &€ actually redundant,

but are included here to preserve readability. This function enforces optimal
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bid A
(Z Cai(Ty) + 7, :Z:”“) (7.14)
a=1

in a two-supplier auction between i and j. If equation (B.23) is not tight at
the optimal solution, then — as explained in Section B.2 — the optimal scoring
rule must buffer against supplier ¢ actually losing when © is announced to all §
suppliers. The choice of optimal scoring rule in this case depends on whether the
true valuation v, if used as a scoring rule, satisfies or violates constraint (7.2).
If v satisfies (7.2) then the optimal scoring rule is A*0 + (1 — A*)v, where A\*
is given in (B.21) at the end of Section B.2, This scoring rule enforces (7.14),
using for each attribute the number of parameters in v, plus 8 (seven from 4,
plus the parameter A*). Otherwise, if (B.23) is non-binding but v violates (7.2},
then the optimal scoring rule is A*6+ (1 — A\*)g, where # is given in (7.13), A* is
given in (B.21), and g is defined in Section B.2. The optimal scoring function
in this pathological case — in which at most one supplier can bid below the true
valuation — requires 18 parameters per attribute to enforce (7.14): the function
9a has a form similar to (7.13), but with the middle case repeated, for a total

of ten non-redundant parameters.

7.2 Numerical Example

We illustrate our mechanism with a simple numerical example that has S = 2 sup-

pliers and A = 1 non-price attribute, which we call quality. The cost of quality is of

the form 651 +6:2¢” + 6,3¢"®, where we suppress the subscript o for the attribute and

use ¢ in place of z;. More specifically, supplier 1’s cost is ¢° + 4¢'® and supplier 2’s

cost is 3(] + qls; i.e,, 911 = O, 912 = ]., 913 = 4, 011 = 3, 912 = O, and 913 = 1. The true

value function is 5¢°°; see Figure 7-2 for a plot of the cost and value functions. We

also assume that the minimum bid increment is € = 0.1.

With knowledge of the cost parameters 6,;, the auctioneer chooses the optimal
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scoring rule A0 -+ (1 — A)v for the auction (v satisfies (7.2}). In the first step, the
auctioneer finds M, = 1.6823, which is smaller than M; = 3.4375; hence, supplier 1
is optimal. Because M; is more than e units greater than Mp, we solve (7.9)-(7.11),
(B.23) to find ¢*, 7", the optimal quality level and profit at which supplier 1 wins

the auction. Since {¢y)~1(z) = (%‘55)1/14, and ¢,(0) = 3 and ¢;(0.7593) = 3, we solve

max Y1q" — 011q — O12¢® — 013¢"® — 7
g=0,m
subject to 0110 + 0126 + O1ag™® > Ong+ 022> + O23¢"° + €,
2> €,
7> 014 — 0298 — 036" — [0129 + 120" + 812¢")
+ §[611 + 3612¢° + 15613¢™],

A 0—gq if g <0.7593
q:

y 1/14 '
(eu+ou-3q125+em~15q ‘ 3) —q if ¢>0.7593

The minimum enforceable prices (per Corollary 3) are shown in Figure 7-2. An
exhaustive search (with a discretization grid of 0.0001) yields ¢* = 0.6238 and 7" =
0.5327. In the third and final step, the construction in Section B.2 produces parameter
values \* = 1, wy = 0.4194, wy = 0.1304, ws = 47.7807, wy = 13.0341, ws = 1.2484,
we = 0.3000, wy; = 1.5167, wg = 0.7219, z; = 0.0100, and 2 = 0.6238; see Figure
7-2. {The rule constructed above enforces (c1(g*) +7* +¢€,¢"), though actually prices
arbitrarily close to (but greater than) c1(g*)+ 7" can be enforced.) Under this scoring
strategy, the losing supplier’s (supplier 2's) quality level is 0.01, the auctioneer’s utility
is P (q)¥2 — Oug" — b12(q")® — Ba3(q™)"® — 7 — € = 2.3909, the winning supplier’s
profit is 7* + € = 0.6327, and the total surplus 1s 3.0236.

To illustrate the effects of inducible competition, we next consider a “high-
competition” example in which the parameters for supplier 1’s cost and the true
value functions are unchanged, but we set fa; = 2, f2 = 1, and fy3 = 0; the cost

curves, the true value function, and the resulting minimum enforceable prices are
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Figure 7-2: True value, supplier 1’s cost ¢;, supplier 2s cost ¢y, minimum enforceable
price p, and the optimal scoring rule (- - -) versus quality.

shown in Figure 7-3. Running the optimization (7.9)-(7.11), (B.23) under the new
parameters for supplier 2 results in ¢* = 0.8482 and 7* = 0.1000 = ¢. If we enforce
(c1(g™) + 7 + €,¢*) (see Figure 7-3), the payoff to the auctioneer is 3.2627, which is
roughly 35% greater than in the previous example. Referring to Figure 7-3, notice
that ¢ crosses the line tangent to ¢; at c1’s “elbow,” which allows the auctioneer to
enforce near-cost prices just past where the elbow starts.

We see that, depending on the situation, the optimal scoring rule can downplay
(Figure 7-2) or overstate (Figure 7-3) the true valuation of quality. In summary, our
scoring rule can operate in a fundamentally different manner than Che’s rule [6]. Che’s
optimal scoring rule understates the true value of quality to reduce the information
rents received by the more cost-efficient suppliers. In contrast, the auctioneer in our
mechanism knows the suppliers’ cost functions before the auction, and the optimal
scoring rule might even exaggerate the value function. Some practical implications of
such a scoring rule are discussed in 8.1,

To put the optimal scoring rule into perspective, we also consider a “straw” mech-
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Figure 7-3: True value, supplier 1’s cost ¢y, supplier 2’s cost ¢, minimum enforceable
price p, and optimal scoring rule (- - ) versus quality for the high-competition exam-
ple. T1, the line tangent to supplier 1's cost curve at g = 0.8640, intersects the cost
curve of supplier 2.
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anism where the auctioneer announces his true utility function as the scoring rule,
and assume that the suppliers submit their MBR bids. This scenario adheres to
equations (7.1)-(7.3), (7.7), but with 5¢°9 in place of ©; we consider the first, “low-
competition” example. Supplier s’s maximum drop out score is M,, so supplier 1
wins the auction bidding quality ¢* = 0.8008 (the solution to the right hand side of
(7.8) for s = 1) at price ¢1(g*) + M; — My. (By Step 1 of Section 7.1, we note that
the winning supplier under the optimal scoring rule will be the same as the winning
supplier under the true utility function, but the winning bids will likely be different.)
The auctioneer’s utility is v(¢*) — e1(¢*) — (M — My) = M, = 1.6823, supplier 1’s
profit is 1.7552, and the total surplus is 3.4375. Hence, as expected (see Milgrom
[18]), the optimal scoring rule leads to an increase in the auctioneer’s utility, and a
decrease 1n efficiency relative to the straw mechanism. However, an industrial data
set would be required to assess the magnitude of utility enhancement that might be

achieved in practice; such an assessment is beyond the scope of this study.
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Chapter 8

Practical Considerations

8.1 Scoring Rule Analysis

There are three potential problems with the analysis of 7.1; the determination of the
optimal enforceable bid may require solving a nonconvex math program; the resulting
scoring rule may be too complex (for each attribute, 8 plus the number of parameters
in v, if v satisfies (7.3), 18 otherwise) for practical implementation; and the scoring
rule may force the losing supplier to submit bids with negligible non-price attribute
levels. To deal with the first problem, Step 2 of our method can be replaced by
restricting (7.9)-(7.11), (B.23) to £ = %, where # maximizes the right side of (7.8)
for s = 4. This alternative Step 2 searches for the lowest possible enforceable price
at ::v‘, the bid level with the potential to yield the largest utility for the auctioneer.
While this alternative Step 2 is not guaranteed to find the optimal scoring rule, it
will do so if any supplier’s cost surface intersects the hyperplane tangent to supplier
i’s cost surface at 7. Furthermore, the proof of Proposition 6 shows that, though
not necessarily optimal, the rule generated using this alternative Step 2 yields an
auctioneer’s utility that is greater than or equal to the utility level from any auction
in which supplier 4 is not the top bidder; i.e., even with this simplified approach, we

are still sure to do better than is possible via full optimization over generic scoring
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rules in which supplier s # i wins.

The complexity of the scoring rule (see (7.13)) can perhaps be finessed in practice
by providing the scoring rule in graphical form (one graph per non-price attribute),
together with a calculation device that converts uncommitted bids into scores. An
alternative approach is to employ a parametric scoring rule in Step 3. With the
identity of suppliers ¢ and j (a best competitor to ) in hand from the method’s first

two steps, the auctioneer’s scoring rule selection problem becomes a maximization

over the scoring rule parameters, which we denote b1, .. ,cg Al
A A A A
mex 3 valal) — Y talwls Ba) + Y Balelyi da) = D caglaly) (8:1)
@ a=1 a=1 a=1 a=1
A A
subject to S, = Z Do (7t Do) — Z Cas(Thg)y §=1,7, (8.2)
a=1 a=1

(7.2)-(7.3), and the scoring rule constraints at the end of 6.1. Since ¢ and j were
selected with respect to a generic scoring rule, they are not guaranteed to be optimal
for the parameterized case. However, this drawback — though difficult to quantify a
priori — compensates for the need to solve 2(‘?) mathematical programs (a version
of (7.2)-(7.3), (8.1)-(8.2) for every ordered supplier pair), which may not be practical
if S is large. In practice, some approach midway between these two extremes could
be used — for instance, examining all pairs from the top 10% of candidates in Steps 1

and 2.

In addressing the third potential problem, we first note that our scoring-rule re-
strictions in Section 6.1 (i.e., the scoring rules are strictly concave and satisfy the
conditions on the derivatives at zero and infinity to ensure a unique, interior MBR
bid response by suppliers) are not innocuous. In the absence of these constraints, we
have constructed nonpathological cases in which the optimal scoring rule is convex
or closely mimics step 1’s supplier 4’s cost surface everywhere except near f, where
it is precisely € units higher. While ignoring these constraints may increase the auc-

tioneer’s utility over the short run, in the longer run cost-mimicking can eliminate
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meaningful bids from the non-low-cost suppliers, compromising competition in — and
consequently the credibility of — the auction. Furthermore, a non-concave scoring rule
may make transparent the strategic nature of our proposed mechanism. While we
have been careful to avoid cost-mimicking and convex scoring rules, we note that the
optimal scoring rule can force the best competitor (i.e., supplier J in step 2) to submit
bids with negligible non-price attribute levels; e.g., in our first numerical example,
supplier 2’s quality level is 0.01. This phenomenon may arouse bidder suspicion, and
it may be shrewd for the auctioneer to either add a lower-bound constraint on the
MBR attribute levels that result from his scoring rule or impose a reservation level

for all non-price attributes.

8.2 Exogenous Attributes

In addition to bid price and endogenous attributes such as quality and lead time,
exogenous attributes such as a supplier’s reputation and his past history with the
manufacturer typically play a vital role in the allocation decision. These factors
are easily incorporated into our model. Let e, represent the auctioneer’s total util-
ity derived from supplier s’s exogenous attributes; for an incumbent supplier, this
utility might incorporate the fixed cost to switch to a different supplier. Then the
auctioneer’s true utility function (with the supplier notation suppressed) becomes
Zf:l v, (2,) + € — p.

We recommend that the auctioneer reveals to supplier s his truthful exogenous
value e;, but not the other suppliers’ exogenous values. While we have not attempted
to prove that truthful revelation is optimal on the auctioneer’s part, withholding all
information about e, would be unsatisfactory to the suppliers because they would
only possess a partial scoring function. Moreover, a large portion of the exogenous
value is likely to be based on standardized supplier ratings, which are readily available
in many industries.

Under the assumption that the true e, is revealed to supplier s, the analysis
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extends in a straightforward manner. The supplier’s cost surface ¢, is simply shifted
vertically by —e, units; this shift is allocated to the costs over individual attributes
by taking c,s to be shifted —A.qes units vertically, where A, > 0 and Zle Aas = L.
Although by strategically assigning exogenous attribute levels the auctioneer can
contrive to enforce any A—tuple at e profit, generating competition in this way is
likely to be much more obvious to suppliers than relying on scoring rules as described

in Section 7.1.
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Chapter 9

Part II Conclusions

Aside from transaction cost savings, the prospect for competition is what makes a
procurement auction compelling for the buyer. Our (largely geometric) analysis in
Chapter 7 shows how the auctioneer, via the choice of the scoring rule, can ma-
nipulate the rules of the competition so as to maximize his own utility within the
open-ascending auction format. In particular, it is optimal to first identify the win-
ning supplier, which is the one with the largest drop-out score (see equation (7.1)) if
the auctioneer revealed his true valuation in the announced scoring rule, and then to
identify his best competitor, i.e., the one that will minimize the winning supplier’s
profit, thereby leaving more utility for the auctioneer. Ideally, all suppliers exit the
auction with a renewed sense of respect and fear for the opposing suppliers, rather
than fecling as if they have been manipulated by the auctioneer. While our numeri-
cal examples consider only one non-price attribute, our analysis has the potential to
provide nonobvious insights about which attributes and competing suppliers provide

the most fruitful focus of competition.
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Appendix A

Part I Proofs

A.1 Proof of Proposition 1

This section provides theoretical support for the strategy outlines in Section 3.1b.
The analysis requires a game-theoretic framework, to which for tractability we add
the assumption that bidder’s valuations and bids lie in a discrete grid of mesh size ¢
(6 can be thought of as the minimum bid increment). This imposed discreteness of
valuations and bids avoids complicated bid-ordering issues and allows all bidders to

bid up to their valuations if they wish.

Game procedure. In formalizing the auction game, we say that a buyer enters the
market the moment she places her first bid in whichever auction she has access to
and likes best. When auctioneer a receives a bid, he (i) posts the current standing
bid of his auction equal to the m, + 1-st highest submitted bid he has received or
zero (or the auctioneer’s reserve price) if he has received fewer than ™M, + 1 bids,
and (i1) announces the identity of the winning bidders (but not value of the winning
bids). All bids exceeding the current standing bid are winning bids; if there are only
Ma — M < M4 such bids, the remaining m winning bids are chosen to be the earliest
m bids that equal the current standing bid. We call a buyer’s bid successful if the

buyer is a winner after the bid is submitted; otherwise, we say the bid is unsuccessful.
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All bids must exceed the standing bid by at least the minimum bid increment 6. The
standing bid is assumed to be the m, + 1 highest bid submitted by m, + 1 unique
bidders; therefore, if a high bidder revises his bid, the standing bid does not change.

After each entry to the market, every previously entered buyer is given, in order
of entry into the market (earliest first, latest last), the opportunity to submit a new
bid (not necessarily with the same auctioneer) or pass. Following this round-robin
bidding procedure, a new buyer enters the market, provided there is a buyer willing
to do so. The process of buyer entry can be thought of in terms of the following
procedure involving nature: All buyers who have not yet entered the market gather
around a single door leading into the market; then, from among all buyers who wish
to enter the market at a given time, nature randomly selects a single buyer and allows
her to enter through the door. The auction proceeds as described above until there
are no new buyers who wish to enter the market and all entered bidders pass on their
turn to bid. At this point, auctioneer a awards m, items to the m, bidders who
are winning at auction o’s final standing bid; each such bidder pays auctioneer a an
amount equal to this final standing bid. For convenience, we allow this terminology
to subsume instances in which auctioneer a’s reservation price is not met, we imagine
there are m, “reservation” dedicated bidders installed in auction o at the market’s
outset, where each such bidder’s valuation and bid equals auctioneer a’s reservation

price.

Information. State of the game I at time ¢ is taken to be the standing bids at time
t, the winning bids at time ¢, the identities of the winning bidders at time ¢, and
the entire history of bids and winner identities prior to time ¢, the vector of buyer
valuations, and the order of moves (i.e., entry).

Naturally, not all of T' is known to the players in the game. We assume the public
information at time ¢ to be the history of standing bids and winner identities up to
and including time ¢, and the order of moves among bidders in the market at time

t. Each buyer’s valuation is private information, but all buyer’s have an identical
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payoff function structure equal to their valuation minus the price they transact at (or

equal to zero, if they do not transact). Conversely, it is assumed that the auctioneer’s

payoff structure is known to be his transaction price.

Strategy o*. For a dedicated bidder we define the strategy o as follows: If it is the

buyer’s turn to bid, then

(a)

(b)

if the buyer is the current high bidder in an auction with a bid exceeding the
auction’s current standing bid by the minimum bid increment 8, then the buyer

should pass;

otherwise, if the buyer is the current high bidder in an auction with bid not
exceeding the auction’s current standing bid by 6, the buyer should submit a
bid equal to the standing bid plus d, provided such a bid does not exceed the
buyer’s valuation. If such a bid would exceed the buyer’s valuation, the buyer

should pass.

For a shared bidder we define the strategy o, as follows: If it is the buyer’s turn to

bid, then

()

(d)

if the buyer is the current high bidder in an auction, or if both the current

standing bids equal the buyer’s valuation, then the buyer should pass;

otherwise, if auction a has the unique lowest standing bid, submit in auction a

a bid that exceeds this standing bid by §;

otherwise, if both standing bids are equal, if auction @ is the unique auction in
which the most recent m, bids have been successful, submit a bid according to
(d) in auction —a. If the most recent m, bids in both auctions a¢ = 1,2 have
been successful, and if in the time since the bidder’s previous turn to her current
turn every bidder passed on his turn and no new bidder entered the market,
then submit a bid according to in (d) in either auction with equal probability.

Otherwise, the buyer should pass.
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Note that the second sentence of item (e) implies that shared bidders wait for all
dedicated bidders to enter and finish their bidding before bidding in a situation in

which both auctions have the same standing bid.

Solution concept. To show o* is a Bayesian Nash equilibrium (Proposition 1),
we need to show that, from any state of the game I, if all players j # 1 play o*
in the continuation of the game, then in the continuation player : cannot gain by
deviating from o*. The argument has two major steps: first we bound from above ¢’s
transaction price when playing ¢* (Lemma 4), then prove that this is indeed a lower
bound for any strategy 4 might choose to play (Lemma 2). Along the way, virtually

every proof is by contradiction.

Additional assumptions. Before embarking on the proof of Proposition 1, we

impose two, natural assumptions on the play of the game.

Al: We assume that at every stage of the game, buyers do not bid above their true

valuations.

A2: Buyer ¢ wins no more than a single item when playing ¢* in the continuation.

By reducing the strategy space available to the buyers, assumption Al makes
the analysis tractable; given the inherent riskiness associated to bidding above one’s
true valuation, we predict that very little realism is sacrificed by this assumption.
Assumption A2 serves to make the payoff to buyer ¢ known under the existing unit-
demand model. This assumption could be relaxed, for example, by assigning payoff
of —oo to any buyer winning multiple items, then carefully showing that if ¢ wins
multiple items under ¢*, then she must win multiple items under any strategy & # o7;
while it would not be hard to prove such an extension, we leave this to future work.

The formalization of the game thus far is roughly the same as that used in Peters
and Severinov [22]. There are three notable differences between their game setup and

that given here: the present study includes dedicated bidders, auctioneers can sell
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multiple items instead of just single items, and we consider only two simultancous

auctions instead of many.

Notation: For state of the game T let the stage of the game be denoted 7. Further,

let

Zy 2
B £
Wat é
W, &
Wl*t =
g

’th

Yy

da(p)
S{p},p5)
A(H,p)
AE (H,p)

set of winning bids held by buyer j in auction a at stage T,

Ujedaus Zay,

set of wining bidders in auction a at time ¢,

final set of winning bidders in auction a,

set of winning bidders in auction a at stage ¢ when o* is played

in the continuation,

1L (4

(>

[l

standing bid in auction a at stage ¢,

lowest winning bid in auction a at stage ¢,

the valuation of bidder j,

{jediUB. |u<pVie Z,}

dedicated bidders in auction @ with no stage 7 bids
winning at standing bid p,

{jeSlu<p,VieZ,; a=1,2}

shared bidders with no stage 7 bids winning in either auction
given standing bids p;, p,,

{ieH|u>pl}

{i€H|v>p}

For each bid in B,, we replace the bid by a “phantom bidder” with valuation and

submitted bid equal to the bid value itself. Thus, Wy, and W, may contain both real
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and phantom bidders.

Next, for @ = 1,2 define p, to be the largest value in {0,6,26,...} such that
l-AE (da{pa} U Ba,pa)| = ma+1, (A1)
P1s the largest value in {0,6,29,...} such that
|AE (dy(p1a) U By U S(pre, p2).prc) | = ma + 1 (A.2)
(similarly for ps,), and pia, the largest value in {0,4,24,. ..} such that
|AE (d1(p125) U By U da(p12s) U B2 U S(przs, Pios)s P12s) | = ma+ma + 1.(A3)

Note that, from these definitions,

A

| A (da(pa) U Ba, Pa) |
'A (dl(pls) U Bl U S(pl.s:pQ)Jpls) ‘ =~ My, (A5)

and A (di(p1as) U By U do(pizs) U By U S(pras, prze), p1a) | < 1+ ma. (A.6)

M, (A 4)

N

To get a feel for the definitions above, note that, e.g., if the final standing bid in
auction a were p, the set AE (d,(p) U Ba,p) would consist of bidders (original and
phantom) who are competitive in auction ¢ in the following sense: either they are a
phantom bidder (in set AE (Bg,p)) who has locked in a winning bid at final standing
bid p, or they are an original dedicated bidder with no such winning phantom bidders
(hence is in set AE (do(p),p)) who are themselves capable of being a winner (their
valuation equals or exceeds the final standing bid p). The competitiveness of shared
bidders follows analogously, albeit requiring that the shared bidder has no winning
phantom bidders in either auction (this is true of those bidders in the set S{p’,p")

when p/, p are the standing bids in auctions 1 and 2, respectively.

First, some Claims that will be useful in the proof of Lemma 4.
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Claim 7. Let t; be the smallest t such that ¢t > pis + 6. Then there exists a ty <
such that git = py + 6.

Proof. p; > p1s implies p} > p1,+3. At some stage #, 91 increased from py, to pi,+6.

For this to happen, we must have had

gil—l = pls;
w’il—l = ps+ 96, (A.7)

and the existence of a bidder j compelled by ¢* to bid p;,+§ unsuccessfully in auction

1. In particular,

JE Wi, 1 UWy | (by parts (a) and (c) of o*’s definition), (A.8)
l€Zy = u<gl™ a=12 (again by parts (a) and (c)), and (A.9)

v; 2 Pp1s +0 > p1s  (since j doesn’t bid beyond his true valuation). (A.10)

Let
Ay £ A(di(p1.) U B1U S(pis, p2), prs)

Note I € Wy, _; implies | € By, or | € dy(g}' ™" = p1,) (cither  corresponds to a stage
7 bid that is still winning at stage t; — 1 > 7, or [ is a bidder who bid after stage
t' > 7, hence certainly had no stage 7 bids still winning at stage ¢, hence neither does
she have any at t; — 1 > /). Either way, by (A.7) [ also satisfies v; > pis + & > Pls.
Hence, [ € A;.

Note that since j bids at time ¢t > 7, we must have J & By, that is, j € d; U S.
If j € dy, then g?*~" = py, together with (A.9)-(A.10) imply that j € A (di(p1s), p1s),
ie,j€ A, But,

JUWE

IN

mi+1 < |4 (by (A.8)),
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which contradicts (A.5). Hence, j € 5. Then suppose that the Claim is false, i.e.,
gél_l < Da- Then g?_l = Pis, (Ag)-(A].O) imply thatj < A(S(pls,pg)mls), which
implies 7 € A;, leading again to the contradiction JUWT, _; © A = A =2m+1

Therefore we must have git > p; + &, which proves Claim 7. a

Claim 8. Let ty be the smallest t such that gb > pa + 6. Then there exists a t) <ty
such that gil = p1s 9.

Proof. The proof of Claim 8 is analogous the proof of Claim 7. First, note that for

g, to increase from ps to py + § at stage t», we need

932;1 = P2,
wE™t = pp (A.11)

and the existence of a bidder j € dp U S compelled by o* to bid pa + ¢ unsuccessfully

in auction 2. In particular,

J& Wiy 1 UWa, 1, (A.12)
l€Zy = u<gl ' a=12 and, (A.13)
vy 2p2+5>p2. (A14)

First, note that j € NS implies g*t > py > p1, + 9, and taking t = 15 — 1 we are
done. In what remains we consider j € ds.

Suppose Wy, ;NS = 0. Then for any | € W3,,_,, we have [ € dy U By. Further,
(A.11) implies v; > pa + 0 > p2 (I satisfies (A.14)), and [ plays o* implies [ satisfies
(A.13). Since [ satisfies (A.13)-(A.14), we have [ € A{da(p2) U By, p2) = As. But,
j € dy satisfies (A.13)-(A.14) implies j € A,y as well. Then, we have

JUW3, 1 C Ay

ma+1 < |4 (by (A.12)),
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which is a contradiction to equation (A .4).
Now, suppose there exists | € W3,_1NS. By (A.11) we have I bid p,+4 in auction
2 at some stage t < t5. Since ! follows ¢* we must have had G >p>ps+4 , and

taking ¢; = ¢ we are done. Hence, Claim 8 is proved. O

We now state and prove the first of two Lemmas used to prove Proposition 1.

Lemma 1 (Upper bound on p?). Suppose oll bidders play o™ in the continuation,

and let p} be the final price in auction a. Then

(plprS) Zfpl > Pas;
(7, p3) < (P1s, P2) if p1s < Da; - (A.15)

(P12s, D12s)  otherwise.

Proof. Note that the three cases in equation (A.15) are the analogues to Uy, Us,,
and £ from the main text; however, here the cases pertain to the auction outcome
beginning from any arbitrary state I, where I need not lie on the equilibrium path
of o*. We break up the proof of Lemma 4 along the three cases, for each combining
bidder behavior dictated by o* with the formal definitions of D1, P2, P1s, P2s, and pro,
to yield a contradiction if Lemma 4 doesn’t hold.

Case pi; < p;. We apply Claims 7 and 8 to prove Lemma 4 for the case P1s < Da.
More precisely, we suppose py, < pi1 and produce a contradiction. Let ¢, be the
smallest ¢ such that 9 = p1, + 6. From Claim 7, there exists t; < #; such that

t2 _

gy = p2+ 6. Let £, be the smallest such t,. From Claim 8, there exists t; < ¢, such
that g%l = p1s + 0. But,

bo<ty <t <t =t o< b,

which contradicts the fact that ¢, was chosen to be the smallest ¢ such that ¢t = pi,+d.
Hence, p} < pi,. A similar argument shows p4 < p,, and we are done with case

P1s < po.
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Case py, < p1- By to symmetry to the case p1s < pz, we have p} < p1 and p* < pos.

Case p1; > pe and ps, > py. Suppose py 2 pias + 9. Then there exists some
bidder j who at stage t sets the standing bid in auction 1 to pigs + 6. This implies
that

wi™l = pip, + 4.

First, suppose there exists | € W};_; N S. Thenl e W7, implies { bid p1o, + 0 at
some stage ¢ < t. Since [ plays ¢*, I € 5, we must have gy = pras + 6 (0% (d)), or
gg = py9, and all dedicated bidders have entered the market and chosen to pass on

their most recent turn. We deal first with the latter case.

If prior to stage ¢ all the bidders in d; have passed on their turn to bid pias + 9
in auction 1, and gi = pias, then k € dy \ W5 = v < pros Since v; > p1as and
j ¢ Wi, we have j ¢ di, so j € S. Bidder j knows his stage ¢ bid of pias + ¢ in
auction 1 will be unsuccessful. Hence, for j € S playing o* to nonetheless bid pias + 6
unsuccessfully in auction 1, a bid of p1as + § must also be unsuccessful in auction 2.

But, this implies

wtl = p123+5) and

’UJ; = Pi2s + 6

But, w} > pias for a=1,2 implies that | € W? = wu > pios. Since ! plays o* and

hence also satisfies k € Zy < g& = pias for a = 1,2, we have

t € A(di(pr2s) U B U dy(pros) U Ba U S(p1as, P12s), P1s) £ A

Furthermore, analogous to the proofs of Claims 7 and 8, we have j € A and j ¢
Wi, U W;,. Hence,

GUWLUWSECA = mi+mp+1 < |4,
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which contradicts (A.6).

The case g > pigs + 6 is dealt with similarly, as it implies g5 > g5 > pig,, which
again implies that j U W}, UW} C A

Now, it remains only to check the case in which Wi, NS = 0. In this case,
one possibility is j € S, yielding the same contradiction as above for j € S. The
other possibility is j € dj, which together with wi > pias implies that j U Wy, C
A (di(p12s) U By, pras), so my +1 < | A (d1(p125) U By, p1gs) |. This in turn 1mphes that

P1 > pi12s, which contradicts the assumption that P1 < Pios.

Hence, when py, > ps and py, > p1, we have Py < p12s- This completes the proof
of Lemma 4. ]

We now prove three additional Claims that will be useful in proving Lemma, 2.

Let

Wat; Wa

be the analogues to W and W, when 1 plays & # ¢* in the continuation.

Claim 9. Suppose that in the continuation j # @ plays o* and 1 plays & # o*, i € W,
auction a ends with price p,, and ¢, p” are values in {0,6,26,...} such that p, < p'
and ps > p”. Then

j € AE (di(p)U B, U (S, p") \Wg),p')
= jeW, or 3lc Z1;  such that le W,.
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Proof. We break the proof into five cases:

i € di@)\di(p) = 3IlcZ, suchthat p >u > py,
= leW, since (€ AE(B;,p1) and [ € Wiy,
i € dp)ndi(p). jedi(p) = v;zp>p
= jeA((m),n) = jeW
i€ B o= v2zp>p, = jeW,

since j€ Wy, and j<€ AE(B),p).
The last two cases concern j € S(p,p"). Note that
JeSW, P = je80F . p) since v <P <pVIE Zy.

The final two cases are dealt with as follows:

j & (S(p’”ﬁg) \Wg) \ S(f)l,ﬁg) = d 1 e le such that p' > U Z ﬁl,

= [e€W,; since 1€ AE(B1,p) and € Wy,

i € (SU,m) \W2)NS(p1,p2). j€SE,p) = v;>p>m, so

(A.16)

(A.17)

(A.18)

j€ A(S(Pr,b2),p1)- Since j € S(p.p) \ Wy = j ¢ W, we have j € Wy.

Equations (A.16), (A.18) and (A.19) arise from the fact that | € Zy; is by definition

a bidder who is among those winning at stage 7 with bid v;; if the eventual price in

auction 1, 7, does not exceed v, then no bid could have displaced ! from auction 1’s

winning set of bidders, i.e., I € W;. The fact that auction 1 ends with price 7; also

implies why equations (A.17) and (A.19) hold: if there exists a bidder j with access

to auction 1 such that j is neither winning in auction 2 nor has standing bids from

stage 7 winning in an auction, then v; > p; implies j € W1: otherwise, j # 4 (since

i€ Wy by assumption) would be compelled by ¢* to place a new bid (perhaps in

auction 1, depending on the price in auction 2 if j is a shared bidder), contradicting
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the fact that the auction ended (bidding ceased) with final standing bids 1, Do O

Claim 10. If p1; > p,y and pss > py, then py < pra;.

Proof. First, suppose that p, > p1as. Since piy, is the largest value in {0,4,26,...}

satisfying equation (A.3), we have
|AE (di(p2) U By U dy(p2) U By U S(pz, p2), p2) | < my + my.
But, p» satisfies equation (A.1), i.e.,
|AE (da(p2) U By, pa) | > my + 1,

so then

|AE (dy(p2) U By U S(p2,12),12) | <y — 1. (A.19)

But, because pi, satisfies equation (A.2), we have

|AE (dy(p1s) U By U S(p1s,p2), p1s) | = my + 1. (A.20)

Next, we show that the Claim’s assumption P1s > Po implies

7 € AE (di(p1s) U By U S(p1s, p2), pis)

= (JUZy)NAE (di(pa) U B U S(p2,p2),p2) # 0, (A.21)

which, taken with equation (A.21), contradicts equation (A.19).

Let j € AE (di(p1s) U B, U S(pis,p2), P1s); we break the proof of (A.21) into five

99



cases:

J o€ dilp)\di(m) = 3¢ Z1; such that py, > ¢ > P,
= € AE(Bi,py);
J € dilpr)Ndi(py). j e di(ps) = v >p, > P2
= J€AE(di(m), p2);
J € B = U5 2 Prs > Py
= JECAE(By,p);
J € Sps,p)\ S(pa,p2) = 3Jle Zyj such that p;, > Ul > po,
= lEAE(Bl,pg);
7€ S(pie,p2) N S(pa,p2). je e p) = v >, > pa

= 7€ AE(S(pa, ), py).

Hence, py < p19, and Claim 10 is proved. ]

Claim 11. Ifpis > po and pas > pq, then

|AE (d1(p12s) U B, U S(P12s, P125), P1as) | = g + 1. (A.22)

Proof. By Claim 10, we have P2 < pras. Now, suppose p, = Pi2s. Then since p;, >
P2 = p12s, equations (A.20)—(A.21) With py,, in the place of p, proves that equation
(A.22) holds and hence the Claim.
Finally, suppose py < pi5,. Then p2 the largest value in 10,4,26,.. ) satisflying
(A.1) implies
|[AE (dy(pra,) U Ba. p1as) | < my,

which together with equation (A.3) yields

|AE (d1(p1as) U B, U S(p12s, P12s), P12s) | >my+1,
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l.e., equation (A.22) holds and Claim 11 is proved. O

Lemma 2. Suppose j # 4 plays o* in the continuation, and i plays 6 # o* and’
transacts at price p. Then p > p*, the price i would have transacted at had he played

a*.

Proof. We begin by proving the Lemma for the case in which P1s = pp and po; > py.
The remaining two cases, p1, < p2, and py, < p, are proved subsequently with an
argument that conditions on whether or not ¢ is a dedicated bidder.

Case pi, > pp and py, > p;. Note that Claim 11 is specific to case p1s > py and
Pas = p1, and allows us to make use of Claim 9.

Stnce with assumption {(A2) we have that i wins an item under o*, when 4 instead
plays ¢ the only case we need consider is that in which ¢ also wins an item (when 7 is
not a winner, his payoff (zero) can be no worse than a payoff associated to winning,
since assumption Al bounds winning payoffs below by zero). We assume without loss
of generality that 4 € W; to yield a contradiction if Lemma 2 fails, suppose p; < pias.
Subcase (a). First, suppose

P2 Z pias > P1- (A.23)

First, note that Wo N S(f1,5,) # 0; if not,

Wi = |AE (di{p12s) U B; U (S(P12s, P12s) \Wz) ,P12s) |
by applying Claim 9 with p’' = p” = pyy,,
= |AE (di(p12s) U B1 U S(p12s, Pi2s), P1as) |
by Wy S(py,52) # 0,
> mp+1 by Claim 11,

which contradicts the fact that ]Wll = 1m,.
Let j be such that y € W, N S(51,5,). j € W, implies j # 4, since we assumed

i € W, and i wins only one item.
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Subsubcase (al) p2 > p12s. We show a contradiction. gz > pizs > P1 implies

Do — 6> P1. (A24)

Let ¢ be the stage in which j submits his winning bid in auction 2. Since j # ¢ follows

o*, we have g € {py — 8,72} But, since j follows o™, we must have

g = %
2 pZ - 67
> D1 by (A24):

which contradicts the fact that g¢, the standing bid in auction 1 at stage {, cannot
be greater than the ultimate final bid in auction 1, 71. This shows that p» cannot
exceed przs; given that case (a) assumes po > pios, We finish case (a) by treating the

case when P, equals pias.

Subsubcase (a2) py = p12;. We again show a contradiction. Since j plays o*, we
have gt > ¢4, which implies gj < P1 < pi2s, 50 We must have gb = p1os — 6 = P1.
Also, by parts (b) and (e) of the definition of o* (the former corresponding to the
play of h € dy, where 7 € W, = h # i, the latter corresponding to j's play)
we have if h € AFE (da(p12s), Pras), either 3k € Zon N Wo, such that vy > pras (recall
that such a v, would correspond to an actual bid already placed), or h submitted a
winning bid (possibly a revised bid) equal to pizs in auction 2. (To see this, recall
also that, by part (b) of ¢*, h will outbid her phantom bidders if necessary to have
a winning bid of pi2s in auction 2.) Since j’s bid of pias was successful, this implies
that AF (da(p12s) U Ba, Pi2s) < mMg; because pias is the ending price in auction 2, this
in turn implies AE (d2(pi2s) U Ba, p12s) C W, from which we conclude .

AE (di(p1as) U By U da(pras) U Ba U S(p1as; Pras), Przs) \ Wa
= AE (di(pi2s) U B1 U (S(p12s, P12s) \ Wa) ,pas) -
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Since no bidder in d; Udy U S U B; U By wins more than one item, W, corresponds to
exactly mo unique bidders in AE (da(p12s) U By, pras). In particular, this fact when

combined with
|AE (di(pras) U By U da(p1as) U By U S(p12s, Pr2s), pros) | = my +my + 1
from equation (A.3) yields
|AE (dy(p1as) U B1 U {S(p1as, p1as) \ Wa) ,pizs) | = my + 1. (A.25)

But, the assumption §; = pjs, > p; allows us to use Claim 9 to conclude that
the cardinality of AE (dl(plgs) U By U (S(p12s, P12s) \Wz),]?ms) must not exceed the
cardinality of W; since the latter equals m; (again, no bidder in d, Ud, USUB, U B,
wins more than one item), and the former is at least m; + 1 by equation (A.25), we

have a contradiction.

Subcase (b). Finally, suppose fy < pigs. We use the inequality p1, P2 < p1os to show

J € AE (di(p12s) U By U dy(p1as) U By U S(p126, P12s), D125 )

= (JUZ;UZy )N (W UW,) #0. (A.26)
The proof of (A.26) is analogous to that of Claim 9, involving five cases:

J € da(pr2s)\da(Pa) =31€Z,; suchthat po, >u 25, = le W,
J € da(pros) Nda(Pa). J € dalpins) = v; > pros > Pa, and hence jeW,
J € BiUBs v 2pi >0 = jE€W,UWy
J € S(pize,przs) \ S(P1.p2) = 3Ile Zas such that pra, > v > 5y,

= 1c W,
7 € S(pi2s,p12) NS, Pa). v; 2 pros > pr, oy = jEWLUW,.
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With (A.26) in hand, we quickly get a contradiction:

my+ me = ]Wl U—Vi_/2| by m; + my items for sale,
> |AE (dy(p1as) U da{p1as) U Ba U S(pr2s, P12s), P12s) |
by equation (A.26),

> my+ma+1 by equation (A.3).

Since we have produced a contradiction to all cases in which §; < pias, we have
proved Lemma 2 holds when p1s 2 p2 and py, > p1. In the remainder of Lemma 2's
proof, we condition on ¢ € d; and ¢ € S (note that by symmetry with ¢ € dy, case

i € dy need not be addressed).

Case i € d; and pi. < p2. Suppose p1 < p1g; we produce a contradiction. For all

j € 8Udy, 7 # 4 implies j plays o*. Clearly, for p < p;, we have

|AE (da{ps) U Ba,p2) | > ma+1 by equation (A1), (A.27)

= |A(dao(p)UBa,p)| 2 ma+1l byp<po (A.28)

implies that if a standing bid of p in auction 2 survives a round in which all bidders
in dy choose to pass (for example, if p is the final price in auction 2), then some dj
bidder violated o*. Note that such a bidder is guaranteed to exist, since j € A (Ba,p)
implies j € W, which would imply |A (B, p)| < my. Hence, we have py > pa.

We next show that W, N S(py,p2) = 0. If not, for j € Wy N S(p1,P2), let t be the
stage that j submitted his winning bid in auction 2. Then gt > P — & > py — 6. But,
since

pr—06 2 pe >H 2 g%,

we have ¢! < p; — 26, which implies j violates part (c¢) of o™ if she bids in auction 2
at stage t.

Summarizing the above two paragraphs, we have 1 < pis < p2 < P2, and Won
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S(ﬁl;ﬁ2) - m Then

mi = W | (A.29)
|AE (di(p15) U BL U S(p1s, p2), p1s) | (A.30)

v

(by Claim 9 applied with p’ = py,, p” = p,),
> mi+1 (by (A2)), (A31)

which is a contradiction. Hence, p; > py,.

Case i € dy, p; > p2,. Suppose ;< py: a contradiction follows from

|AE (di(m) U By, p1)| = mi+1 by equation (A.1),

= 1A(d@)UBy,m)| > mi+1 byp <p. (A.32)

In particular, i € W, and A (By, 1) C W, imply that there exists aj € A(d(p), )\

W1, which implies that j violated o* if auction 1 ends with price p;. Hence, 5, > p;.

Case i € § and p1, < py. By equations (A.27)-(A.28) we have fiy > py > pr,. It
remains only to show that if ¢ wins in auction 1, then P12 P1s- Fixst, §o > po > py, >
P implies W, N S(p, D) = §; otherwise, we get that j € W, N S(p1, Pz) violates part
(c) of o* (note j € Wy implies j # 4, since we assumed 7 € W, and ¢ wins only one

item). We can then apply (A.29)-(A.31) to produce a contradiction to P1 < P1s.

Noting that case ¢ € S and ps, < p; follows by symmetry from the case just

treated above, we conclude the proof Lemma 2. O

Combining Lemmas 4 and 2 immediately yvields Proposition 1; in particular, no
bidder can increase her payoff by unilaterally deviating from strategy ¢*, no matter

what the state of the game and what beliefs she may hold about that state.
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A.2 Proof of Corollary 2

Proof. Corollary 2 is easy to see when P(II) is written out using

P(Xpo=12) = a(”;l)f(as)F“’b‘l(:E)(l — F(z))*, and

b | | (A.33)
P(Xypa <) = S o ()F @)1 - F())

(see Chapter 2 of [1]), where f and F are the PDF and CDF of the underlying

valuation distribution. Substituting in the expressions of (A.33), we get

P(Xml’dl = 7T|‘szidz+s < X’ml td1)P(Xm2:dz+5 < Xml :d1)
= P(Xm1=d1 =T, sz:dz-{-s < 7T)

= 4 (d1 B 1) fmFa™ () (1 - F(a)™

my

Y (dg N ) Fér=i(r)(1 - F(n))' (A34)

- 1
=0
The exact value for P(Xm, dyrs < Xmy:dy), namely

£ ) ()
P(Xm2:d2+5 <Xm11d1) = _ml_d;—-_lg’

5 (d+5) ( 7;:1+i )

follows by integrating the far left hand side and far right hand side of (3.3) over the
domain of valuations. Furthermore, the second term on the right hand side of (3.3) is

vielded when (A.34) is multiplied by #* and integrated. Analogous arguments yield

the exact value

e (dts) (5T (®)

P( Xy - di4s < Xy ) = Z T;Jrlvs—l —,
i=mao+1 (d + S) ( my-+i )
as well as the third term on the right hand side of (3.3). O
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A.3 Proof of Proposition 3

Proof. Using equation (3.5) we find that

Ell(n—t2t,n —t)] — E[l(n — (t - D,2(t—1),n = (t = 1))]

= 2t(2(n —t) + 2t — 1) BE[XU;%] — FE[Xo¢.901] + %E[Xo;%—z]j' + E[X ) 014]

—(2t = 2) (2(n—t+1)+2(t— 1) — 1) (A.35)

. [%E[XOQTL] — E[Xo;gn_ﬂ + %E[XOZnZ]J

- E[Xl:nﬂ—l]:
= 2(2n - 1) [%E[XD:Zn] - E[XO:Qn—l] + %E[XO:2’I’L—2]J
+ B[X1:nte) = B[ X1 nas-1]. (A.36)

Notice that on the left hand side of equation (A.36) the first term is independent of
t, and can be written as a constant —(C, C' € R*. Here we have used the observation
that the bracketed portion of the first term is also the bracketed portion of the term
that adjusts EIl{n —¢,2t,n — )] (E[(n — (¢ —1),2(t = 1),n — (t — 1))]) away from
E[X1:nte] (E[X1:n4e-1]), 50 must be negative. Letting

0 & BlX1ings] = E[X1 ppsi],
we write
Bll(n—,2t,n 1)) = E[l(n— (t = 1),2(— 1),n — (t— 1))] = —C+4, (A37)
Therefore, for ¢ € {0,1,...,n - 1},

Ell(n—(t—1),2(t—1),n—(t—1))] < Elll(n—t,2t,n~t)] <= 4§ >C, (A.38)
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and

E[I(1,2(n —1),1)] = E[(0,20,0)] <= 6, =C.

We begin by showing &, = C. This result follows by expressing the expectations of
second-highest valuations in terms of expectations of highest valuations. In particular,

we use the fact that E[X;.;] = jE[Xo.;1] — (7 — D E[Xo.;] ([8], p38) to write

—C+6, = —C+ (2nE[Xg.20-1] — (2n — 1) E[Xo:0))
— ((2/n - 1)E[X0:2n_2] — (2’Tl — 2)E[X0:2n71])
2(2n — 1) %E[XO:%J — E[Xg.on-3] + %E[XO:M?]}

B[ Xo.am1] — (20— DE[Xp.20] — (20 — 1) E[Xo,20-2]
+(2n — 2)E[Xq.2n1] by substituting in for —C,
— (21— 1)E[Xo.20] — 2(2n = 1) E[X0 gnt] + (20 — 1) E[Xo.2n-2]
2B [Xo.am 1] — (20 — 1)E[Xo.2,] — (20 — 1) E[Xg,20-2]
+(2n — 2)E[Xq, 2n-1]

= 0 by cancellation.

Showing &; > C is now easy. Since for ¢ € {0,1,...,n— 1},

;>0 12 -2 0n 12 0n by assumption,

and we just showed that &, = C, we have that §; > C' for all # € {0,1,...,n—1}.
If for some ¢ < n we have 8y > Sy,1, then, since 641 > 6, = C, we have that for

j < #, 6y > C, that is, the inequalities in (A.38) are strict. O
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A.4 Derivation of Equation (3.8)

To ease the presentation, let z, & mH-d Then (3.7) is equivalent to

FH @) = F N zy) > FHaw) — F (),

which by Taylor expansion is equivalent to

dF1 dF1
I (ze-1)(z — mig) + 0@ — 2421) > Ry

(T )(Toq1 — 2¢) + 0(@ee1 — 74), (A.39)

where lim. . 0(z)/2z = 0. Since 2441 — 2, < 7; — 2,_1, equation (A.39) implies

-1
dl;m (9315—1) > Tip1 — Ty

dl;: (z:) = Tt — T4y

+ oz — 24_1),

that is,
FFY(zy)) n4t—1 1
f(FYz1)) = n+t+1+o((n+t)(n+t—1)>’

where f is the PDF of the valuation distribution F.

A.5 Proof of Proposition 4

Proof. The inequality E[lI{(n —t,2t,n — ¢)|U] < E[Xy.2,] follows directly from
Proposition 3, which holds thanks to the assumption that d; is non-increasing. In

particular, if this inequality fails for some ¢ € [0,...,n — 2], then Proposition 1 is
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contradicted by

Ell(n —t,2t,n—t)] = E[M(n-t,2tn- HUPU)
+ Ell(n —t,2t,n — D EJP(E),
— E[M(n—t,2t,n—t)UPU )+ B[X2. 20| P(E),
> E[X2.0n|P(U) + E[X2.20| EIP(E),

— E[Xy.0n] = E[11(0,20,0)],

where E is the event that the atctions’ prices are equal.

To complete the proof of the Proposition (prove the righthand inequality in (3.9)),
we let

A £ Elll(n —t,2t,n —~t)|U] - E[X1.x)

and show A; > 0fort € [1,...,n — 9]. To make a clean argument below, we adopt

the convention A,_y = 0. Using equation (A.42) from the proof of Claim 2 we write

t(n? — t?)

'n,(Zn _ 1)(71 _ 1) [ 2:2n T @614,(})

t
At = E[Xltn+t - Xl:n] - EE[XI:QH - Xl:n] -

Lettmg At At At 1 and At At At—l; wWe get

E[XIIZn,—Xl:'n] 3?52—375—*712-{-1

A s o
o t n + n(2n — 1)(n — 1)E[XQ'2 el and
A 2 6t — 6

At = 6t+ E[-XQ:Qn_Xlzn]-

n(2n —1)(n — 1)

Since E[Xy.0n — X1:n) > 0 by Proposition 3, and 3, is non-decreasing by assumption,
it follows that At is increasing in ¢. This implies that At switches sign at most
once in the range ¢ € {3,...,n — 2]. This in turn implies A, switches sign at most
twice in [2,...,n — 2]; this fact can be refined by realizing A= AL — Ao = Ay,
and A, 1 = Ap1 — Bp2 = —\,,_g are (respectively) positive and negative by our

assumptions that Aj, A, o > 0, implying that A, switches sign exactly once in
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[2,...,m — 2]. In other words, there exists a unique f € [1,...,n — 2] such that A,
1s increasing in [1,...,7] and decreasing in [f+ 1,...,n — 2]. Since Ay, A,_, >0 by

assumption, A; must be non-negative for all ¢ € [1,...,n— 2] and we are done. [

A.6 Proof of Claim 2

Proof. We begin with the U/[0, 1] case (the U/[a, ] case is treated the same way, per
equation (3.13)). Equation (3.12) and the definition of §, yield

5._- —4
Tttt Dntt—1)

which clearly increases in ¢. Next, we set
Ay £ E[ll(n —t,2t,n — t)|U|P(U) — E[X,..JP(U),
and use Corollary 2 to write

Ay = Ell(n—1t,2t,n—t)|01]P(Uh) + E[ll(n — ¢t,2t,n — DU P(Us)
— B[X1.](P(Uh) + P(Us))
= E[Ximee— Xy] - (mn=—t)n—t—1)—(n+t)(n+t— 1)E[X1;2n - Xy]

2n(2n — 1)
_(n—t)(n—t—l)(n+t)—(n+t)(n+t—1)(n—t)E{X — Xy]
2n(2”2_1) 2:9n 1:n
= EXip—Xi0] - %E[Xl:% Xy (A41)
W) pix,, X1 (A.42)

T n(2n— I)(n-1)
Substituting E[X;.,] = ﬁ;— into (A.42) and simplifying yields

A _ _ 30 —8nl+3n+2 ;
T oaln i) @nz—1y ¢
4n — 8

n(n+1)(4n% - 1)’

ATL—Q =
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both of which are non-negative for n = 2.

Analogously, for the Exponential(\) case

. -1
Mo+t (n+t—1)

o =

which is clearly increasing in ¢. Further,

5n2 + 1 3 i |
Ay = _ : _
! A+ Dn(n—1)  A@2n—1) :‘:11 K (A.43)
241
ot 5 _1m). (A.44)

ox(n+ n(n — 1) A2n—1)

The righthand side of (A.44), an upper bound on Aq, has roots at n = 4.69 and
95. Because (A.43) equals 0, 1/75, 17/980, and 137/7560 for n = 2,3,4, and 5

(respectively), we conclude Ay > 0 for all n 2> 2.

To show A,,_s > 0 for n > 2, we compute

6 A | 7 N I

Ay g=—— L S ‘hich i itive i Z>

2 )\(Qn—lnzl 0T Whichis positive if 2. 771
l=n+1 l=n+1

Since S22 41 7 s increasing in n and equals 7/12 when n = 2, proof of the claim is

complete. O

A.7 Proof of Claim 3

Proof. We prove Claim 3 below for {7]0, 1] valuations; by equation 3.13, the arguments
which follow apply to the general, Ula, b] case as well (as in the proof of Claim 2, the
proof of Claim 3 relies on proving the negativity or nonnegativity of differences of

uniform order statistics). While the Claim assumes pn € Z., there is no guarantee
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that pns(p, n1) € Z,. Finding n3(p,n:) amounts to solving for ny such that

El(n(1 — p),mp + \nopl,na — [rep))] — E(X1:n)] 2 0 and,

E[(ny(1 = p),mp + [(n2 — Vp), (g = 1) = (2 = Dpl) = BXwen] < 0

To consider an equation that we can solve, we for the moment ignore the |- | operator

and instead find the nj(p,n1) which solves
E[M(ny(1 — p),mip+ nap,na(1 = p))] = B[X1m] = 0. (A.45)

Note that we are abusing notation in that the revenue II has no realistic interpretation
as an operator on non-integers. Therefore, for the purposes of this proof it may help
to think of II simply as a function over Rj.

We prove Claim 3 using two Lemmas. The first Lemma ignores integrality (looks
at 11 over R) and lays the groundwork for the bounds in (3.18); the second Lemma

permits these bounds to be modified for integer arguments.

Lemma 3.

nl ]- ! nl ].
_ — < < — — i
73 + 5 < ny(p,n1) < 5 + 5 (A.46)

where n(p,n1) is the real, positive root of equation (A.45).

Proof. First, a few preliminary calculations.

E[(n (1 — p),mup + pna,na(1 = p))] ~ E[X1iny] =
_p(2n§ + (=p*n;+4m —pH)nj + (2n? —3pny — 3ntp+p'm +p°n2 —2)ny
+pni+1—3n+pn+1-3nf—2n]

+2nip+ n3p ) / ((nl + png 4+ 1)(ny + no — 1){ny +nz + Dng + 1)), (A.A4T)
A P h(n2) .
(n1 + pna + D{m1 +nz— 1)(r1 + 71z + 1)(na + 1)’

where h(ns) is defined to be (A.47)’s right hand side’s numerator divided by p. Equa-
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tion (A.47) is zero where the numerator is zero; since by assumption p > 1/n; > 0,
this occurs when h(ng) is zero. As h is a third degree polynomial in ng, its real posi-
tive root n4(p, n1) is complicated and difficult to obtain insight from. For this reason
we resort to proving bounds on nj(p,n1) {cf. equation (A.46)). Even this is a little
tricky, since the bounds we derive are independent of p, and so we must take care to

show that the bounds are valid for all p such that nmip € {1,2...,n4}.

We begin by showing the upper bound, which is easier. The inequalities

dh |
—m2=1) = (1-p)2-pni+@B-p" —3pm+4-2" > 0
2
for ny = 2,
o3 = (8 =2p°)ny + 12ny — 2p° > O for ny, ny > 2, and
2
h n2:~§-+§ = Z(l—p)(m-f—l)((1—p)n1+1+p)20 for n; > 2,

show that h is nonnegative for ny > Z- + % > 1. We conclude that 2 + % bounds
n4(p,n1) from above for all p such that nyp € {1,2...,n:} (note that the bound is
tight when p = 1).

Proving the lower bound is more involved. Substituting ny = IOT’;L + % into h and

dividing out the common denominator 4 - 23* yields

(1196073 + 15134 3 — 12167 — 8993 ny) p* — (1481207 + 39146 n? + 24334 n,) p
— 1021615 + 12167 + 38088 n; + 14904 n?. (A .48)

To show that (A.48) is non-positive for n; > 2 and p such that nip € {1,2...,n},
we begin by using inspection for the case ny = 2. When ny = 2, for p = 1/2 and
p = 1, equation (A.48) evaluates to —256509/4 and —131454, respectively. To show
that (A.48) is also non-positive for n; > 2, we find it convenient to first argue that
the terms involving p and p? sum to a negative value, and then finish by showing that

the terms involving p° also sum to something negative.
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Isolating the and rearranging the p and p? terms of equation (A.48), and using

the fact that p € (0, 1], we can easily see that

(1196077 + 15134 nf — 12167 — 8993 n1) p® + (—14812 1% — 3914612 — 24334 ni)p
= (11960 p* — 14812 p) ni + (15134 p* — 39146 p) i+ (—8993 p® — 24334 p) ny — 12167 p?

< 0.
It remains to show that the p° term of (A.48) is negative. To see this, note that
di (—10216 77 + 12167 + 38088 1y + 14904 %) = 38088 + 29808n, — 30648n2
m

implies that the p° term is decreasing for n; > 2. Thus, it only remains to show that

-the p¥ term is negative for n; = 3; by direct computation,

—10216 n] + 12167 + 38088 ny + 14904 n3| _, = —15265,

completing the argument that (A.48) is negative for all n; > 2 and p such that

nip € {1,2...,n1}. This allows us to conclude that M+ 1 < nhp,m). O

To put Lemma 1 to work in the context of integer arguments for 11, we now prove

the following.

Lemma 4. Let a,b,c €N, and g < ¢. Then, for uf0,1] valuations,
EllI(a,b+ g,c— g)] > E[lI(a,b,c)]. (4.49)

In other words, relative to the revenue of auctioneer 1, it is more valuable to add
to the pooling compartment and take from the compariment of bidders dedicated to

auctioneer 2 than vice-versa.
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Proof.

Elll(a,b+ g,¢— 9)] — E[M(a,b,c)] =
—g(—1—12acb+352+3bg+3b29+bgz+3a2g+agf’~+6abg-6a2c—6a,c2
+3a2 +3ag+2a—2+2c+g* +2b—6cb? —67b+6ab)

/((a+c+1+b)(a+b+g+1)(a+c—1+b)(a+c+b)(a+b+1)). (A.50)

Clearly, the denominator of the right hand side of (A.50) is positive. The numerator

is nonnegative if

C1_12ach+30 +3bg+3b2g+bg*+3a’g+ag?+6abg—6a’c—6ac’
+3a2+3ag+2a—-2+2c+g" +2b—6ch> —67b+6ab
= (—a—b—1)92+(_6ab—3a—36—3b2—3a2)g+1+12acb—3b2—6ab—2b

46 +6c2b—3a>+6alc+6ac®—2c—2a+2c (A51)

is nonnegative. Since clearly (A.51) is decreasing in g, we can prove the inequality
(A.49) by directly showing that (A_51) is nonnegative for g = c. Substituting g = ¢
into equation (A.51) and simplifying yields

(c—1D(a+b+c+1)(Ba+3b+2c—1),

which is nonnegative since a,b,¢ € N. This concludes our proof of the inequality in

(A.49). O

We now use Lemmas 1 and 2 to derive the statement of Claim 3. We first note

that rephrasing Lemma 1 gives

Lo

L O R UIC R R EE T
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and

P[n(m-0), merags+ D G 00 9)] < B L (s

We can now show that if n, is large enough such that

lpna) 2> [P(% + %)1 , then  E[I{ni(1-p), pri+|pnel, na—|pnz))] > E[Xi.n].
(A.54)

By taking g = [pna] — [p(3 + 3)], we get

E[I(ni(1—p), pn1+ [pnal, ny — |pna))]
[(nll— pn1+[p(3+§)-’+g,nz-_[P(%"‘%)‘l‘g):l

> B0 (r =0, gt (w54 D] me [ 4 D)),

where the inequality comes from applying Lemma 1 (where g is as defined above,
a=n(l-p),b=pni+[p(Z+1)],and c = ny — [p(% + 1)] is clearly greater than

or equal to g). Continuing in a similar fashion,

2|1 (rs = ot [+ D] ne o2 )]

> 2|1 (ma(1 =), a4 D, )|

1
by applying Lemma 1 again, this time with g = [p(%— + %)-‘ -p % + 5),

n 1. n 1 ny 1
Z E[H(nl(l—l)), pn1+p(71+5) 71+§—p( +§)) ,

= B[ (0 -p) o4 . =)
2 E[Xi.,] by equation (A 52),
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where the second inequality follows from

n 1 ng 1 C
' > — 4+ = > — 4 Z
lpna) = [P( 5 T 2)-‘ > p( 5 + 2), which implies

1 ny 1

ny
pnz—(pnz—Lpan)Zp(ngg), = pnzzp(7+§), = ny 2 5+

?

D2 =

and the intuitive fact that, all other things left fixed, increasing the number of bidders

dedicated to auctioneer 2 can only increase the revenue to auctioneer 1.

Following the same steps for the remaining inequality, we now show that if ny is
so small that

ni

Insp] < Lp(ﬁ +%)J, then

E[I(n(1 — p), pma+ |nep), n2 — lmap))] € ElX1m] (A55)

To see this,
E[T(ni(1 —p), pn1+ pnal, n2 — [pna))]

1 1 ny 1

< FE [H (nl(l —p), pma+ tp(_Z._?: + é)J , Mg — {p(ﬁ + 5)})} by Lemma 1,
n 1 ny 1 T 1

< E [l’[ (nl(l —p), pm+ [p(fgﬁ- §)J , E§+ 5 [p 53 + Q)D} ,

< EII 1— : +(n—l—|—l) (21—+1)(1— ) by Lemma 1 again

< m{l-p), rm+p(55+35) (533 P y gain,

< E[Xi.n] Dby equation (A.53),

where, similar to the previous analysis, the second inequality follows from the fact
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that

lpna] < (Zné 1)
= ]+l < (2”;+;)
= pny—(pna — [pna]) +1 < (;L_;+;)
= pny < (;;4';)
= png < P(%+%)7
= my < ;—;+%

Taking equations (A.54) and (A.55) together proves

m

P35 < mten) < [p3+ D]

and the Claim.

A.8 Proof of Claim 4

Froof. We first prove the case in which p = 1. We find n3(1,n1) by finding the

value of ny at which auctioneer 1 is indifferent between pooling or not pooling with

auctioneer 2, i.e., ny = n4(1, n;) solves

E[II(0, n1 + 19, 0)] — E[X; ] = 0.

As the Claim’s result indicates, we don’t compute this root directly, but find bounds

on this root.
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Plugging in (3.14) into (3.5) yields (after simplification)

s(2d; +s—1) 181
B[l = - - _
[11(dy, s, d2)] INd+s)(d+s—1) + A JZ:; j (A.56)

By equation (A.56),

. (n1+ng)(20+(n1+n2)—1)
2M0 + 0+ (n1 +n2))(0+ 0+ (ny +7n2) — 1)
O+ (ny1+n2)

1
+X;}’

i=2
-1, 1"0% 1
= +5 22 ;

E[H(O, nq + No, 0)]

Combining this with equation (3.14) yields

BRI AL B N T B RS |
E[H(O,nl—F’l’Lz,O)}—E[XLm] = ﬁJr—)-\ Z ;_X —_/_ = 2—)\' < 5
J=2 =2 j=ni+1

Our bounds originate in the fact that

b+ 1 b+l L | b
= - < - < — = . Ab
ln< ) /L dz E lxdm In (a— 1) (A.BT)

a c—a r=a—

This allows us to write

-1 ny+ng+ 1 —1 1 "Er g -1 Ny + Mo
(Mt ) o oy s S =41 .
o ( ny+ 1 ) SHTY 2 i n M T

The upper bound on nj(1,n.) follows by n%(1,n1)’s integrality {for the upper
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ceiling), the definition of 6,(1), and the fact that

- 1 1 -1
2 Tl1+1

ny+ns+1 2)\°
= ma t 1 < ex (:»—1«)
ny+n2+1 P 27
1 —exp(3 1 —exp(3t
nl( EXp( 2 )) 'f_'l( Xp( ) )) < ny.
exp(5)

The lower bound follows analogously:

—1 71+ ng m -1
— +1 <0 = 1 > —,
2A + n( ny ) n(n1+n2) 2A

P i > e (_)
X —
1 ~+ Tig P 27
ni(l — exp(=t
(el
exp(—z—

This concludes the proof for the case p = 1.

For the remainder of the proof below we assume p < 1. We begin by showing that

[nl (exp (g) _ 1) J < |pni(p,ny)]. (A.58)

Namely, we show that for n, violating (A.58), the difference between the partial

pooling revenue and the non-pooling revenue,

B2 = )T, lmap) + Lnap), a1~ p)) | = B (X0

1" &P L (lnap] + [nap) (2[m(1 = p)] + Lrup) + [nap] — 1)
A jmzlﬂ i 2A(n1 + ng)(ny +ng — 1) , (A.59)

is negative, meaning that (n;,ny) would not be in the mutually feasible pooling set.

Our argument below is summarized as follows. First, for ng > n,/2 we derive
an upper bound on (A.59), and derive (A.58) as a necessary condition for this upper

bound to be nonnegative. Next, we prove that this upper bound holds for n%(p,n;)
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by showing that n3(p,n1) > n1/2, meaning that nj(p,m1) must satisfy (A.58).

Because we will need it below, we first note that the following inequality holds.

For p < 1 and na = n1/2,

In ( Ny + nap > > (2711 - 1)(”2]9 — LHQPJ) + (71217)2 — [_’RQPJZ- (AGO)

ny + [nep] 2(ny + na)(m + 1 — 1)

Equation (A.60) is established by

n+"n
In (_1_2P_> = In (1 T+ _—g—> where g £ nyp — |nap|,

ny + [nep] ny + [nop]
> g . ny + |.77*2pJ by ln(l + I) > T ’
ny+ [nop]  n1+ nep 1+a
_ 9
Ty + Tlgp:

and the fact that for p < 1 and ng > n1/2,

1 o, — 1+ nap + | nep] (A.61)
ni+mnep = 2(ng +ng)(ng+ne—1) '
For p < 1 and ny > n4/2, to prove (A.61) we show that
2(ny + n)(n1 +mp — 1) = (g + nop)(2n1 +nap + |nop| — 1). (A.62)

Noticing that p < 1 and nyp € Z* is equivalent to p < (ny — 1)/n1, we bound the
right hand side of (A.62) by

(n1 + nap)(2n1 + nep + lnop] — 1)

< (ng +ngp)(2nyg + 2npp — 1) since npp 2 |nap],

2 (D) (L),

To put this bound to work, we observe that the left hand side of (A.62) minus this

IA
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bound is increasing in ny; more precisely,

d n; — 1 ny—1 1
s 2(”1”2)(”1““”2‘”‘2("1”2%?)) (+(_n—)_2)}
- n1(3n1 bt 1) + TLZ(STL]_ — 4) > O
n? -
Simple algebra yields
-1 -1 1
2(ny + na)(ny +ng — 1) — 2 (n1 +n2(”_1_)) (nl P el _)
ni ni 2 "
3711
= 1>
2 z 0,

so the inequality in (A.62) holds for p < 1 and ny > ny/2.

We next derive an upper bound on (A.59) for ny > ny /2; because we are only

concerned with the sign of (A.59), we divide out the positive constant A~!. Dividing
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(A.59) by A~! and using the fact that nip € Z™, we get

“1%’”:2” % _ (map+ [nep]) (2n1 —mp + [nop) — 1) (4.63)

2(ny +n2)(ny +mg — 1)

j=n1+1
< o <”1 + [”ﬂﬂ) _ (up+ [nop)) (2ry — nip+ [nap| — 1)

1 2(711 + ng)(nl +ng — ].)
since In ( ) Z -
br1 Y

< In (M) +1n (M) (A.64)

ny ny + LTLQPJ

(201 — D)(nop — [nop]) + (n2p)? — [nop]®
2(ny + na)(na +mp — 1)
(rap + [n2p]) (2na — mip + [map| — 1) .
_ Smy 4 ) T~ 1) by equation (A.60),

. (m + nzp)

1

—(2n1 — 1) (nep — [nap| + n1p + [n2p])
2(n1 + na)(n1 + na — 1)
Lz (nap + [nap)) (=rup + |napl) = (nap)® + [nap)?
2(ng 4+ n9)(ng +na — 1) ’
o n (nl + mp) =@ = 1) (rop +ap) + (mp)® — [nap)® — (n9p)* + [nop)?
2(n1 + ’ng)(’ﬂl + ny — 1) ’
- I (711 + ﬂzp) i —(2ny — Dp(n2 + n1) — (np + nep) (—nap + nop)
2(ny + n2)(n1 +ne — 1) ’
- I (nl + ngp) 2n1 p(ny —ng) — 1)
Tbl + g — ].) ’
< In (nl A ngp) 2n1 (1 = m2) = 1) since p < 1,
n1 + Ng — 1)

= In (M) _P (A.65)

9y 2

We can characterize when this upper bound will be nonnegative. In particular,

(™ +tmp\ P > 0 ny + Ngp > exp (E) ,
11 2 n 2
p

= nep = My (exp (g) *1) > n1§’
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where the last inequality follows from expanding the exponential as a first order Taylor

series and truncating to vield

exp(g)—1>§ for p > 0.

Hence, we get that for ny = n1/2, the right hand side of equation (A.65) is less than
zero, implying the same for equations (A.63), and hence (A.59). Because the difference
between partial pooling and no pooling grows (becomes more positive or less negative)

with increasing nq, (A.59) negative for ny = n,/2 implies that n}(p,ny) > ny/2.

Since n3(p,n1) > n1/2, the series of inequalities beginning with (A.63) and ending
with (A.65) are valid for nj(p,n;). Because (A.65) is negative if ngp < ny(exp(p/2) —

1), we conclude that

Lpna(p, 1)) 2 i:’h (exp (g) - 1>J .

To complete the proof of the Claim, it remains only to show that

lpns(p,mi)| < [ (g + 1) (exp (7’(4”1 L 2>) - 1)} . (A.66)

67‘61—4

We proceed by bounding (A.59) from below, and show that (A.66) is a sufficient for

this lower bound to be positive.

Let
Q(.Z') A —p(2n1 —np+ rp — 1)
2m+z-1) ’

and notice that

do  p(l—-p)(2n; —1)
dr ~ 2ng+z—1)2 20 (A.67)

implies that e is increasing in z.

Once again, dividing (A.59) by A~! and using the fact that nip € Z+, for ny > ni/2
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we get

ni1+|nazp|
ZP 1 (mp+ [nop]) (2ng — nup + [nap| — 1)
Ryl ] 2(1’11 + Tbg)(nl + no — 1)
ny+|napl
1 (mp+nap) (2ny — nyp+nop— 1) u
> Z - since ngp = | Nop|,
j:n;H 7 2(n1+n2)(n1+n2— 1) 2 < |‘ 2pJ
ni+lnap| 1
= Z N + a(nZ)z
F=n1+1
ny+ [nep| +1 . “ 1 1
> ln( ! n“lj_pf )+a(n2) Slllcezb:;Zln (a-;)— ),

v

ny + |nop) +1 n ‘ .
In ( e ) +a (7) by equation (A.67) and ny > 5

But,

In (n1+Ln2pJ+1) +a(%) >0

7y + 1

<= |mp] > (m1+1) (exp (—a (—7})—1)) — 1) : (A.68)

We conclude that nj(p,n;) is less than or equal to any nj satisfying (A.68) and
ny > n1/2 (since any such n, makes (A.59) nonnegative). However, only (A.68) is

necessary, as it implies that ny > ny/2:

n
nop > |mep] = m (GXP (—ﬂ‘ (7)) - 1)
> m (—a (%)) by first order Taylor expansion,
_ p{dni —nip —2)
= m )
677:1 —4
dny —nip—2
= > 1,
n2o= M ( 6711 -4 ‘
dng —mng — 2
> mn ( n;n1T4 ) since p < 1,
— Inl
2

Hence, nj(p,n1) is less than or equal to the smallest ny satisfying (A.68); in other
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words, (A.66) holds. a

A.9 Proof of Claim 5

Proof. We prove Claim 5 by way of characterizing the more general value
n3(p, n1, My, my), which we write simply as n}. The value n} is defined to be the

smallest integer ny such that
E[X'ml 1"1] S E[Xm1+m2 : n1+ng]- (AGQ)

Equation (A.69) is equivalent to

E{Xomy:n,]
N E[Xml-l-mz : n1+n2] ,
E[Xmlrml . E{XTmﬁ-l:nl] L E[Xm1+m2—1:n1]
E[Xm1+1:n1] E[Xﬂ'u+2=m] E[Xm1+m2=m]
. E[XM1+mrz-'n1] . E[Xm1+m2:ﬂ1+l] L. E[Xm1+m2:m+mfl]
E[Xm1+mz:ﬂ1+1J E[Xm1+m2:n1+2] E[Xm1+mz:n1+n1] ,

AT M i1
= 1l (m'—l)' I ( ai ) (A.70)

i=mi+1 i=n1+1

where the final equality follows from equation (3.15). As a — 1, terms in equation

(A.70) cancel, leaving

™my + Mo (5 <y .
1 > : ,  which is equivalent to n, > n;—,
my n1 + 1y ma

proving the first limit of Claim 5.

Re-writing equation (A.70) as

1 +ng 1 mi1+ma 1
I1(-2) = 1L 0-2)

i=ni1+1



and taking the natural log of both sides yields

ni+nz l mi1-+ma 1
1—— ] < 1-—]. A.
Z In ( az’) < Z In ( a'i) (A.71)

i=n1+1 i=mi+1

Sending & — oo and applying fact that lim; o In(1+4z) = z, equation (A.71) becomes

ni4n2 1 m1+ma 1

- > —. .
PIEEED 3 A7)
i=n1+1 i=mi+1

The second limit of Claim 5 then follows from the fact that the formula for
Eexp(y) [ Xi-;) in equation (3.14) implies equation (A.71) can be rewritten as

Eexp(k) [Xm1+m2 :'n1+'n2] = Eexp(,\) [Xml :‘i‘bl]' (]

A.10 Proof of Claim 6

Proof. Using (3.3) we can write

t
(Bt = E[XO:TL—th_XD:ﬂ'—t]_E(E[XOZSTL—XQIBTL]_E[XOZQH_XIZQHI'L])
t(n —t)
- F X130 — 2 )
n(3n—1)E[ Lign — Xo.30). (AT3)

We will begin with the U[0, 1] case. Substituting equation E[X; ;] = :f%l into (A.73)

yields

t t(5n® +3n — 1 = 2nt — t)
(n+2t+1)n+t+1) T aBr+1)(Bn- 12+ 1)
t[(4n + 2)13 — (4n? — 3n — 5)* — (130" + 19n? + 2n — 4)t]

(n+2t+ D(n+t+1)n(Bn+1)3n - D(2n+1)
¢[13nt — 4n® — 120 — 2n + 1]
* (n+2t+ D(n+t+1)n(B3n+1)3n - D(2n+1)
| tig(t)]
(n+2t+ D)(n +t+ 1)n(Br+1)(3n — 1)(2n + 1)

B

1>

128




That is, we define a function g(t) to be the numerator of the second line’s righthand
side, divided by ¢. This allows us to prove the sign of 3, by proving the same for the

simpler function g(t¢). First, we see that ‘é—;’ 1s convex in ¢; in particular,

dg

a(t) = 3(4n+2)t* = 2(4n® — 3n — 5)t — 13n® — 191 — 2 + 4.

Furthermore,

%(t=l) = -13n°—27n +16n+20 < 0 foralln>1, and

dg

dt(t=n) = -9 -Tn*+8n+4 < 0 foralln> 1,

that is, ‘fl—g 1s negative at both endpoints ¢t = 1, n, implying that g(t) decreases in the
interval [1,...,n]. The existence of ¥ for n > 3 can now be proved by showing g is
positive at the left endpoint ¢ = 1 (the negativity of g at the right endpoint t = n

follows from the paragraph immediately preceding the statement of Claim 6).
g(t=1) = 13n* - 17* - 352 +3n+12 > 0  foralln > 3.
The bounds on £ follow similarly:

3 378 1736 7 2
g(t:_n) = ——n4—£n3—5—n2+—n+1 > 0 torn >4, (A74)

5 125 125 5 5

4dn 261 2032 52 6
t:-—— = —_— 4——— 3——- 2 - - -
g( 5) 125n 125n 5n +5n+1>0 forn>9

We will run through the first bound; the other follows similarly. Coupled with g
decreasing over [1,...,n], equation (A.74) implies that, for the largest t € [1,...,n]
such that ¢/n < 3/5, we have 3, > 0. That is, £/n > 3/5.

We next prove the claim for the exp(1) distribution (the exp(A) case follows anal-
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ogously). Substituting equation (3.14) into (A.73) and simplifying yields

n+2t

o- B0-H0 e

l=n+t+1

The approach to proving the existence of £ and t/n < n/2 is analogous to that used
above for the U[0,1] case, with additional care required by the fact that §; is only
defined over Z, and does not readily extend to R. First, let us define

~

B = 51: - Gi1,
ah — 283 — (11n? — n)#2 — (3n® —6n® + n)t +n* +n°
N fter simplificati
nt+2t)(n+2t—L(n+t)@n—1)n after simplification,
h{t)

(n+ 2t)(n+ 2t — 1)(n+t)(3n — L)n’

1>

where h(t) is simply shorthand for the second line’s righthand side’s numerator. Next

we show A(t) is decreasing for ¢ € [1,...,n]. The first and second derivatives of h are
dh(t
dgt ) - 1663 — 6t — (22n2 — 2n)t — 3n° + 6n® —n, and
d*h(t) 2 2
e = —=22n° + 2n + 48" — 12t

Since %zt% = 0 if and only if ¢t = 1/8 & (9 + 264n? — 24n)!/2/24, when n > 2 we must
have at most one first order condition {FOC) of 2 in R*, and hence at most one in

[1,n] C R*. Since

ih—(tdt:—l) = —3n°-16n"+n+10 < 0 foralnz=2,
BE=T) g pon <0 Erallnzd
Cm——%j—l) = —22n” +2n436 < 0 foralln>2,  and
dgh(;t: n) = 26n*—-10n >0 for all n > 2,
we have that d—};iﬂ is negative at endpoints ¢t = 1 and t = 7, and has negative and
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positive slopes at the endpoints (respectively). Coupled with the fact that %dtﬂ has
at most one FOC in [1,n], these observations imply dl;—g” is negative for all ¢ € [1,n)
when n > 2. By the definition of 4, we have immediately that /Bt must be decreasing

fort €[1,...,n] when n > 2.

Next, we note that

Mt=1) = n* —2n°—5r%4+2 > 0 for all n > 4, and

h(it=n) = —9n*+6n—n% < 0 for all n > 2.

For n > 4, this implies that ,@t 1s positive and negative at the left and right endpoints
(respectively) of the interval [1, .., n]. Since B_o = 0, and B,—, < 0 by the paragraph
immediately preceding the statement of Claim 6, we have that B is positive over some
interval [1,... 7], then is negative in the complement [+ 1, . .. ,n]. That is, we have

proved that ¢ exists.

To complete the claim’s proof it remains to show that t/n < 1/2. Recalling that
B: is only defined over t € Z {cf. equation (A.75)), we argue two cases: n even; and
n odd. In the first case, n/2 is the largest ¢ such that #/n < 1/2. Plugging t = n/2
into (A.75) yields

k)
M
Il
I

T

< In (3—?) — M by the inequality in (A.57),

2

Differentiating u gives dl;—;")- = (3n — 1)72/8 > 0, implying that u increases with n.

Since lim,, .o u(n) = In(4/3) ~ 7/12 = —.0039, we have v < 0 for all n > 2. Hence,
for n even we have 3,/; < 0, and hence {/n < 1/2.

For the case n odd, let n = 2k + 1, k € Z*. 1In this case, t = k is the largest ¢

such that ¢/n < 1/2. Substituting n = 2k +1 and t = & into (A.75) and applying the
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same bounding argument as above yields

4k +1 k(7k +3)
< 1 —
s (3k + 1) 2(2k + 1)(6k + 2)°
£ u(k).
Differentiating v gives
d’U(k‘) 20]€3 + 9k’2 — 92k —~1
ot A7 0 -
dk Thr a D@ e - 0 ks

Hence, to show B, < 0 for k > 8, we need only show that Bils—s < 0. For complete-
ness, we show the same for k= 1,...,7, thereby showing 8, < 0for k > 1 (i.e., n >3
odd):

Belemr = — 083,  Brlr-3 = =006, Bilv=s = — 0053, B|k=r = —.0049,
Bilies = —0067, Byle=g = —.0055, Ble=c = —.0051.

Hence, when n = 2k + 1, we have f < 0, and hence #/n < k/n < 1/2. O
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Appendix B

Part I1 Proofs

B.1 Proof of Proposition 5 “<” Direction

We begin by proving the “«<” direction, which is easier. A1.1. Proposition 1
“«<” Direction. Suppose #1,...,74 enforces (¢;(Z) + 7, Z). For convenience, let
o(T) = Zle Da(x,). Clearly, the assumption that supplier i is the winner of the
auction implies that ¢,(Z) > ¢;(¥) + 7V s # i. Let j be the last supplier to drop out

of the auction. We now show that T; + 7 intersects c;.

Let Z denote supplier j’s bid induced by ©. The assumption that supplier 1 wins

the auction with profit 7 implies that
8(@) - a(@) — (0(5) - () =,

= 0(Z) - 9(2) = 7 + () — ¢5(2),
= VO{Z)(E — 2) <7+ ¢(T) —c;(Z)  since 0 is concave,
= Ve (B)(T ~ Z) < 7 + ¢(T) — ¢;(2) since supplier 4 bids & iff V¢,(Z) = Vo(T),
= ¢;(2) <7+ a(Z) + Ve (D)(Z - 7) = Ty(2) + .
Since c; is convex, increasing and lies below T, + 7 at Z, ¢; must eventually cross the
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hyperplane T, 4 7.

We next prove the other direction of Proposition 1, which is more difficult.

B.2 Proof of Proposition 5 “=” Direction

The proof proceeds in two stages. First, we prove Proposition 1 for the two-supplier
case, where s = 1,2. We index the assumptions as (A1): c2(%) > ¢ (Z) + 7 and
(A2): the hyperplane T} + 7 intersects ¢y, Given (A1) and (A2), we nced to find a
feasible scoring rule ¢, ...,%,4 such that S, > ¢ and supplier 1 wins the auction with
bid (¢;(#) + 7, £). Such a 9 is found via Claims 1-5.

In the second stage, the two-supplier results are extended to S suppliers. Claim 7
(proof of the “=” direction of Proposition 1) shows that (ci(T)+ 7, &) can be enforced
by taking a convex combination of the scoring rule that enforces (c(Z) + m,7) in the
two-supplier case (with 4 and j in the roles of 1 and 2), and a second scoring rule
constructed in Claim 6.

Stage 1. Claim 1 contains the main constructi.on result for the two-dimensional (e.g.,
price and a non-price attribute), two supplier case; Claim 1 will be our main tool,
as the construction of ¢ for the multi-attribute case uses an attribute-by-attribute
construction procedure. This procedure is provided in Claim 5, which builds upon

the groundwork laid by Claims 1-4.

Claim 12. Fori=1, 2, let g, : R* — R be conver, inereasing smooth functions. Let
[y be the line tangent to gy at 2y > 0, and let a > 0. If go(z1) > qi(z) + o and ] + &
intersects ga, then there exists zp > 0 and a concave, tncreasing smooth function f

such that f'(z) — 0 as z — oo, fori=1, 2 f(2) > gi(2) as z — 0%, and
fla)=q(=)+a+h,  f(z)=g(z)+h, - {(BY)

flz) =d(n), and f(z)=gi(z), (B.2)
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where h can be chosen arbitrardy large.

Proof. We first find a zp such that
92(22) + ga(#z) |21 — 22] > g1(21) + @, and (B.3)

92(22) < ll(ZQ) 4+ . (B4)

Since g, is smooth, convex, and increasing and lies above Iy + o at 2y, g, intersects

l1 + « either to the right or left of z; (but not both).

(cl): go intersects [; + a to the left of z;. Let Z be the closest point to z, at which |
g2 intersects [; + . At Z, go must cross [; + a from below; hence, ¢5(2) > ¢,(z1) =
slope of {; + «. Since (Z, ¢2(2)) and (21, g1(21) + @) are points on the line /; + a, we
can write the point slope formula for [; + a at the point (Z, g2(Z)) and evaluate at z;,

yielding the equation
92(2) + g1(=1)z — 2] = o (21) + o
Replacing gi(z1) by the larger value g5(2z) implies
92(2) + 92(2)[21 — 2] > g1(21) + @, (B.5)

since z; > Z. Noting that the left side of (B.5) can be viewed as a continuous
function of z, we can find a n; > 0 such that (B.5) holds with z in place of Z as long
as |Z — z| < my. Since g, is itself continuous and approaches {; 4 «« from below at z,
there exists a 7, > 0 such that ¢»(z) < I1(2) 4« provided that z < Z and |z — z| < 7.

An appropriate value for z, is then found by taking

provided 0 < < min{#m, .}
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(c2): g intersects l; + « to the right of z;. Let Z be the closest pomnt to z; at which
go intersect 1 + . At Z gp must cross I} + o from above; the remaining arguments

to find z, are straightforward analogues to those of (cl).

Now that we have shown that a z, satisfying (B.3)-(B.4) exists, we now construct
[, beginning with the case z; < 21; the complement case is essentially the same, and

is omitted for brevity.

The proof for the case 25 < 2 synthesizes f from three concave, increasing func-
tions fi, f», and f3 (note that the subscripts on f in this proof do not correspond to
attributes), defined over respective intervals [0, 2], [22,21], and [21,00). For each f;

we enforce conditions at z and z, toward satisfying (B.1)-(B.2):
fi(z) = g2(z2) + b, and fi(z2) = gylz2), for i=1,2, and (B.7)

filz))=q(z1) ya+h, and fi(z1) =gy(z), for ¢=2,3, (B.8)

as well as choose the functions’ forms to ensure that the other conditions of the

Claim’s statement are satisfied. We begin by constructing f;.

We set fi(z) = y1127*2. Solving (B.7) with i =1 for 11, Y12 yields

go(22) 22

= hlz, ™2 d ==
Y11 [92(22)+ ]Zg , and a2 92(22)+h

Over [0, 2] f1 is increasing, since 711 > 0. Choosing h > gh(23)z2 — g2(z2) ensures

that 712 < 1, and thereby the concavity of fi and fj(z) — coas z — 0+,

We find fo by first finding what f would be In a new, shifted and rotated coordi-
nate space. We then take the resulting function, f», and apply a series of reflections,
translations and rotations to produce the desired fo. The new coordinate space we
find convenient is that in which we view (21,g1(21) + & + h) as the origin. We take
I, +a+h as the horizontal axis, the line perpendicular to /4 +a+h at (21, g1(z1) +ot+h)

as the vertical axis, and as the positive quadrant everything below the former and to
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the left of the latter. The appropriate equations for f, are

Folz1 = 2) = Lh{z) + o — ga(22), and

folzi — ) = gh(z) — slope of (I, + o + h),

92(22) — g1(21).
If we let f(Z) = 52127 and solve the above two equations for Jo;, o9, we get
Vo1 = [l1(z2) + & — go(20)][71 — 2] 772, and

Yoo = [95(22) — g1(20)]lla(z2) + @ — ga(2:)] Vo1 — 2o,

where [1(22) = g1(21) + gi(21)[z2 — z1]. The step-by-step transformations to yield f,
from f; (to translate the new coordinate space into traditional Euclidean coordinate
space) are: 1. Reflect about the origin: —fy(—2); 2. Shift z; units to the right and
g1(z1) + e+ h units up: —fo(—(2 — 21)) + g1(21) + @ + h; 3. Rotate counter-clockwise
by sin™! g{(21) degrees, pivoting about the point (z1,g1(21) + @ + h):

—fo(=(Z—21)) + gi(z1) + & + h + g{(z1)[z — ). (B.9)

Equation (B.9) is a function in the traditional Euclidean space; if we replace z by

z and set the result equal to f, we have
foz) = —Fm(=z+4+2)2 + gi(z1) o+ h+ n(z1)[z — =;

it is straightforward to check that the equations (B.7)-(B.8) with i = 2 are satisfied.
Since f3(2) = FVau(—2 + 21)7L + gl(21), f{(z) = —Ya2(Fo2 — D)Fo1(—2 + 21) %272,
for verifying that in (29, z1] f» is concave, increasing, it suffices to show that 75, > 0

and Y32 > 1. The first inequality is true by (B.4) and our assumption that z5 < 2.
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A series of equivalences prove that the second inequality holds:

oz = loa(z2) — g1 ()NL(22) + @ — @a(=)] T — 2] > 1,
= [gh{zn) —di(a))lzn— 2] > [L(z2)+a—g(2)]
by (B.4),
= gla)ln - al-g@)an -2z > ga)+d=)lz - 2
+ a — g2(22),

= glz) T a@)a-2n > gal=)t+a

which is equation (B.3).

Tf we set fa(z) = 721272 and solve (B.8), we get

gi(z1)n

= [g1(z1) + o + h]z; **, and =
va1 = [g1(21) kA Y32 Giz) +o+h

As for fi, 731 > 0 implies that f; increases over [22, o). Concavity and f3(z) — 0 as
2 — oo is ensured if ya < 1, or equivalently, if A > ¢f(z1)21 — g1(=1) — o

To complete the overall construction of f we need only choose h such that

h > max{gs(22) 22 — g2(22), 91(21)21 — qi{z1) — at.

Finally, note that the smoothness of the individual fi’s and the requirements (B.7)-
(B.8) ensure that f is smooth.
Taking a step back, notice that in defining f we used only 21, 23, g1(z1), g2(22),

9,(2), gh(z2), and h —ie., f is a function of seven parameters. O

Claim 13. Consider a two-supplier auction. Under assumptions (A1) and (A2),
there exists a # > T > € and a scoring rule f that enforces supplier 1 winning at

(c1(Z) + 7, T).

Proof. Let dy = caa(%4) — Ca1(za), @ = 1,..., A. We construct f one dimension at a

time. Assume without loss of generality that the attributes are ordered such that for
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a=1,...,A, cy(z,) # c'p(za). Notice that A > 1; otherwise, T7 + 7 intersecting cs

implies that

T > mén{cz(ﬁ)—Tl(ﬁ)}’

= (Z) — e1(%) if A=0,
which contradicts assumption (A1).

Fora=1,... ,/Al, for fixed a, consider the curve &, £ ¢4y + d, — 8,. Let I; be
the line tangent to ¢, at x,. For 6, > 0 small enough, {,; intersects Caz, and we can
apply Claim 12 (with ¢; = Z.1, g2 = cap, and @ = 0) to find a feasible scoring rule f,

such that, for a z, € R,
fa(m&> = Ca1 (‘rﬂ) + h’a = Ca (:ECL) + da - 50, + ha) fa(za) - Ca2(za) + ha:

fé(l’a) = E:zl(ma) = i (7a), and f;(za) = Cfﬂ(za):

where h, can be made arbitrarily large. Now, if we take the arbitrarily large h,
from Claim 12 to be at least greater than max{—d, + §, + €,€} (to ensure that
Ja(@a) > car(za) + ¢, and fo{2a) > cap(z0) + €), fa yields a difference in dimension a

maximum dropout scores of

fa(mav) - Cal(fca) - (fa(za) - ca?(za)) =ds — 0g.

Fora=A+1,... A, afixed, if in auction a we announce a scoring rule f,(z) =

[a12#°2 such that

fa(wa) = max{car(za), Car(a)} + hay  and  fl(za) = cy(2a), (B-10)

(he some positive real number greater than €), then supplier 2's bid for dimension q
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is 2, = z, and

.fu(xa) - Cal(ma) - (fa,(za) - Ca2<za)) = CaQ(wa) - Cal(xa) = da,-

Since f, is defined by two parameters (has two degrees of freedom) and has two
equations in (B.10) to satisfy, such an f, can be found (i.e., appropriate values of jiq1

and p.9 can be found).

After applying the above for a =1,..., A, let & = min{dy,..., 8,4} Since we can
choose the 8,’s as small as we like, for easier bookkeeping set §,=0fora=1,... LA

We then define

A

72 @) —a@) - (@ —a@) = O fale) = calea) = (falza) = carlz))],
A
= 3 d, - dA. (B.11)

Assumption (A1) implies that ¢() — ci(Z) > T, which re-written is Yo, do > .
Hence, if § is chosen sufficiently small (possible since the earlier § arguments for Case
1 assumed only that § was sufficiently small), equation (B.11) is strictly greater than
7, meaning that f enforces (c;(Z) +7, %) when announced to suppliers 1 and 2, where

T > 7.

Notice that the f we constructed is a feasible scoring rule: for a = 1,..., A the
feasibility of the scoring rule f, follows directly from the assumptions on Claim 1’s f;
and for a = A + 1,..., A, the feasibility of scoring rule f, follows by simple analysis.
For f enforcing (ci(&)+1, %), it remains only to check that S1, Sz > €, and S > Sp+e.
The first condition holds by our choices of A,; the second condition follows from 7 > e.

This concludes the proof of Claim 2. U

Claim 14. Consider a two-supplier auction. Suppose { enforces (c1(Z) + 7, %), © >
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T > €. Let Gy = a1 — w,, where

We = Z [fi(z:) — cin(zs) — (fi(z) - cia(2:))], (B.12)
i=1,..,A
i#a
and Z s supplier 2°s bid induced by f. Let l:ll be the line tangent to Co1 at z4. If we

can pick an o > 0 such that Car(Za)+m+a < Ca2(o) and ly; + 7 + @ intersects Ca2,

then we can find a feasible scoring rule for dimension a, f., such that announcing

fl: .- 'Jfﬂ—l)fa7.fa+17 s 1fA EnfOTCES (Cl(f) +7T+aff)

To better understand the idea behind Claim 14, notice that if we ran all dimensions
except that for attribute a, then checked the difference between the bidding positions
of supplier 1 and supplier 2, this difference would be w,. (Equivalently, if we ran an
A — 1 dimension auction over attributes Lo.ya=Ta+1,...,A4, w, would be the
amount by which supplier 1 won (w, > 0) or lost (w, < 0) the auction.) In essence,
the shift of ¢,; to é,; summarizes supplier 1’s position just before dimension g is run.

We now prove Claim 14.

Proof. Suppose that there exists an o 2 0 such that é(z,) + 7 + a < Ca2(T,)
and [, + 7 + o intersects Caz. Then, using Claim 12 we can find a scoring rule f,
and a 2, € R* such that, by choosing the arbitrarily large h, at least greater than

max{w, + €, ¢},

~

Ja(Za) = Gai{zy) + 7+ a + ha = Coz) —w,+7+a+ ha,

> cu(zs) +e by 7, a 2 0 and how we chose ha,

~ ~

JalZe) = caa(2a) + hay  fil70) = &, (22) = cy(2a), and falza) = cio(za).
Announcing scoring rules Tty fat, Jat1,-.., fa results in a post-auction profit
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for supplier 1 of

Wa + fal®a) = Car(@a) — (falZa) = caz(2a))
=Wy + Cal(xa) — Wy + 7+ & + ha - Cal(ma) - (Ca2<2a) + ha - Ca2(2a))

=r+a (B.13)

To prove the claim, it remains only to check that f1,..., fa—1, f,l, fai1,- -, fainduces
51,5, > e and Sy > S2 + €. The former holds by how we chose h,; the latter holds

because T > T > €. O

Claim 15. Consider a two-supplier auction. Suppose f enforces (¢,(Z) + 7, T), T >

7 > €. Let 641 = Cal — Wa, Where w, 15 as given i equation (B.12). Then
Ca1(Ta) + T < can(a).

Proof. First, note that since f enforces (c1(Z) + 7, %), we know that after running all

dimensions supplier 1 wins the auction by 7; in equations,
Wa + fa(2a) = car(za) = (fal2a) = €as(2a)) = 7, (B.14)
where 7 is the bid by supplier 2 induced by f. Furthermore, using the definition of Z,
fal@a) = car(za) < max{faly) — caaly)} = folza) = Ca2(2a),

= ful2a) = Car(@a) — (fala) = Ca2(7a)) < caz(Za) = Car(%a)- (B.15)

Then, combining equations (B.14) and (B.15), we have
T << Wy + CaZ(ma) - Cal(ira) = Ca2<1‘a) - éa,l(-Ta):

which verifies Claim 15. O
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Claim 16. Consider a two-supplier auction. Suppose m > ¢ and assumptions (A1)

and (A2) hold. Then there exists a scoring rule © that enforces (ci(T) + m, T).

Proof. First, use Claim 2 to construct a feasible scoring rule f that enforces (er(z) +
7, %), ® > m. We carry out iterations on f to construct a scoring rule ¢ to enforce
(c1(Z) + m,&). The general idea is to start with f, then dimension-by-dimension
decrease the profit of supplier 1 (by revising f,’s) until supplier 1 wins the auction
with profit exactly equal to =, at which point we set © = I

Let Z be supplier 2’s bid induced by fi, ooy fa. Assume w.o.lo.g. that the
attributes are ordered such that ¢;(za) # ¢/j5(z4). Notice that we cannot have
€ (Za) = cho(xa) for all a, since if we did, then T, would be parallel to c¢y’s tan-
gent hyperplane at 7, implying that by (A1) T} + # cannot not intersect c2, which
contradicts (A2).

Set a = 1.

Procedure:
If CZﬂ(%) = C;2($a), seta =a 4+ 1.

Otherwise, let &,; and w, be as defined in Claim 14, and let {,; (fal) be the line

tangent to ca1 (q1) at z,. Also, let

Da = max{in(y) — caa(y)},

and let

A

D, =D, —w, + .

Now, if D, > 0, set & = 0. The line fal + 7 + « intersects ¢,z (since D, > 0), and

Co1(To) + M4+ = Car{zq) + m,

< coz{z4) by Claim 15.

Hence, we can apply Claim 14, set f, = f., and by announcing f enforce (¢, (%) +, z),
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and we are done — terminate the procedure.

Otherwise, if D, < 0, we find 7, > 0 small enough that &q1(za) + 7 — D+ 7. <

Cq2(a). This is possible since

cra(a) = (Garla) + ) = caala) = (la(ze) +7)
> min {ca(y) - () + )},

= —ﬁa since ﬁa < 0.

The minimum in the second line will occur either at zero or with first order conditions.
The inequality follows since z, will satisty neither: ¢ (z,) # cho(xa) by assumption,
and since f enforces ¥, & 1s an interior solution to (6.1), (6.2), and so za > 0.
For producing a contradiction if the procedure runs through all the indices without

terminating (explained below), we take

A
d, < min {n@, At (ZD'L + 71') } ,
=1

and set a@ = —D, + 0. To check that 6, > 0, note that assumption (A2) implies

0 < m§X{T1(ﬂ) + 1 — e},

A
= ZD¢+TF.
1=1

Since 6, > 0, the definitions of D, and o imply that fa,l + 74 o intersects cqp. Thus
we can apply Claim 14 to construct an f., then set f, = f., such that announcing [

enforces (ci (%) + 7 — D, + 8,,%), which, re-written, is

(c1(%) + wa — Da + 84, 7). (B.16)

To prepare for the next step in the iterative procedure, let 2, be supplier 2’s bid
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in dimension ¢ induced by fa, set z, = 2,, and set ¥ = w, — D, + §,. Since
0> Da =D, —wy+7 implies that We — Dy + 6, > m,

we get that @ > m,

Finally, to complete the groundwork for the proof of termination, by the definition
of w,, the fact that we have not changed f,. .., fo_, fat+1,..., fa, and that f now
enforces (B.16), we have that

fa(xﬂ) - Cal(z"a) - (fa(za) - CQZ(Za)) = —'Da + 50. (Bl?)

—

Setting @ = a + 1, we can now repeat the same procedure with our updated f, z,

and .

Proof of termination with the desired f: Suppose that the procedure iterates
through indices 1,..., A without terminating with an & = 0. We show that this

would produce a contradiction.

After the procedure iterates through all the indices, f enforces (Cor(T) + wa —
Dy+64,7), withwg — Dy + 84 > 7 > 0. Since no index is visited twice, each f, is

updated exactly once, and: If ¢;(z,) = c\y(z,), then z, = z, implies

fa(Ta) — Ca1{Za) — (fa(za) — Caz(2a)) = Ca2(a) = car(xy) = —D,, (B.18)

since in this case the maximization that defines D, will occur with first order condi-
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tions; and, if ¢, (z,) # cha{x,), then equation (B.17) holds. Hence,

A-1
wa—Da+8a = O [fal@a) = car(wa) = (folza) = caz(za))] = Da+ 64

by (B.12),

A A A
> —Dat (—ZDﬁw)
a=1 a=1

by (B.17)-(B.18) and our choice of d,,

IA

= 7'('7

which contradicts w4 — D4 +84 > 7. We conclude that the procedure must terminate
with o = 0 for some index, and an f that enforces (¢ (%) + 7, Z). This proves Claim

16. -

Stage 2: Extension to S-supplier auction. To eliminate a variable, we assume

without loss of generality that supplier ¢ = 1 in the statement of Proposition 1.

Claim 17. Let (%) + 7 < ¢ (8) Vs = 2,..., 5, where m > €. There enists a feasible
scoring rule f that satisfies (7.2)-(7.3) and causes supplier 1 to win the S-supplier

auction with atiribute bid T and profit at least 7.

Proof. Set das = Cas(Ta)—Ca1(Za), Ds = Zf=1 dys, and Cas = Cas—das+Ds/A. Suppose
f is some feasible scoring rule with respect to the cost surface &, (and hence ¢,). Then
f induces interior attribute bids from the cost functions é,5 and cee; furthermore, since
these cost functions differ from each other by a constant, they both must yield the

same attribute bid z.,. Defining

Il

Sas m?X{fa(z) - 6%(2)}’
D,
= m?x{fa(z) - Cas(z)} + da.s - _Xa
D,
= fa(zas) - Cas(zas) +dos — z
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implies that Ele Spe = Ss. We construct a scoring rule f that is feasible for the &,
cost surfaces, with S’as < .§',11 ~m/AV q, s, and 2} = Z. These conditions imply that
when f is announced to all § suppliers (with actual cost surfaces ¢, ), supplier 1 wins
at  with profit at least 7 and (7.3) is satisfied; by also ensuring that S,, > €/AY s, we
guarantee that f satisfies (7.2). Once again, we construct f dimension-by-dimension.

We present the construction for fixed q.

Notice that Cal = €41, and

éas (xa) - é:zl (xa) = Cas (Ia) - das + f — Cal (:Ea):
D,
= Cas(za) - (cas(a:a) - Cal(Ia)) + —E — Ca1 (-Ta)y
D S T
A A’

where the inequality follows because D, /4 = (cs(Z) = ¢1(2))/A. Let lo1 denote the

line tangent to é,; at z,. We consider two cases, (c1) and (c2).

~

(cl): I, + 7/A does not intersect any curve Cos, s # 1. In this case, {,; + /A lies
below 2,,, s # 1. Choose fa(2) = y,1272 guch that f,(z,) = Ca1(%a) + /A + R,
folza) = Ca1(za), hy € RT. Solving for -, Yoz vields

T

A

5;1(%)%

+ ol 72 02 = = .
a] 72 Cal(l‘a)—}—%-f-ha

Ya1 = [&al(l'a) +
The function Sa is increasing, since Ya1 > 0. Choosing
ho > max {é;l(xa)a:a — Ca1(z,) — %, max {Z;4(z,) — éal(za)}}

ensures that 4,; < 1 (and hence Ja is concave, f! - o0 ag 2 0%, and f/ — ( as
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z — 00), as well as ensuring that S,s > m/A > ¢/A. Furthermore, for 5 # 1,

Ful2) = Eas(2) < fal2) = lm(2) = % because [, (z) + % lies below ¢,

- A ~ s
< lal(z> + Sal - lal(z) - Z:
. 7

= Sal_ZJ

where the second inequality follows because fal(z) + 8, is tangent to f, at x,, and

fa is concave. Hence, Sae = max,{ fol2) — Eus(2)} < S, — 7 /A for s £ 1.

(c2): Iy + 7/A intersects some curve &y, s # 1. Let &g = ma,xzﬁs#{l:ﬂ (z) +7/A -
Cas(2)}. Set z, < &, such that I+ 7/ A intersects no curves &, § # 1, In ERE A

and set z, > . such that [,; + m/A intersects no curves ¢s, $ £ 1, in 24, Za).

In Claim 1 we showed that if (z1,91(z1)), gi(21), and (z2,92(22)), g3(z2) are a
point-slope pair such that {B.3)-(B.4) hold, then we can find a function f such that
(B.1)-(B.2) hold for h > H, I € R*. Notice that if we set

-

21 = X, 91(21) = @al(fﬁa); 93(21) = C;l($0)>

o T N
22 = Zqs go(z) = Ca1(za) + A (Aq + C:zl(ma)[ma - 2,]) 5

a

:Ea_ga

and  gy(z2) > + &1 (@a), then
ga(z2) + gs(z2)[z1 — 7| = ga(22) + gs(72) [0 - 24},
> go(22) + Aq + & (%a)[Ta — 24],
™ 1
A (Aq+ cal(wa)[xa - Eu])

+Aa + é:11 (‘Tﬂ)[:ca - Za],

= éal (-Ta) +

R T
= Cal(%) + — = q1(z1) +

T
A A
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A ™ -
and  ga(z2) = Car(@a) + 7~ (Bart &1 (za)[za — 2.]),
= Garlw) + Eu(ra)lzs — 2] + 5 = A,
< la(z,) + % since A, > 0.
That is, (B.3)-(B.4) hold (with 7/A in the role of & and I ; in the role of l;), and
we can find an increasing, concave, smooth function f, such that i; (za) — o0 as

zZq — 01,

£o(2) = éalwa) + 7 — (Ba+ &y (ea)loe — 2)) + b,

f(@a) = Car(za) + %

+ha= and i;(ﬁb'a) = égl(mﬂ)v

for b, > H,, H, € R*. If we leave z1, g1(21), and g}(z) the same but take z, = 7,
92(20) = Gax(s2) + /A — (B o iy (r) o ~ Z), end gh(22) < s + ¢ (1), then
arguments similar to those above show that (B.3)-(B.4) hold (again with 7/A in the
role of o and I,; in the role of l1), and hence we can find an increasing, concave,

smooth function f, such that f/(z,) — 0 as z, — oo,

f_‘a(aja) = éal(ma) + % + Ba:

fa(:ia) = éal(xa) + % - (Aa + a;l(za)['ra - Ea]) + ha’ and f_‘;(xa) = é;l(xa)’

for h, > H,, H, some positive real number. Setting
by = ho = hy > max {H,, H,, max{t(r.) - dar(wa)} }
S

and

f(z) if 2z <z,

.f(l(z) = —

fol2) ifz> a2,

ensures that f, is smooth, concave, increasing, f! — oo as z — 0¥, fi—0asz — oo,

and S,, > ¢/A.
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It remains to show that Sy — /A > S,. ¥V s # 1. Suppose not, that is, suppose
5',11 —mfA < S’as for some s # 1. Let z,, denote supplier s’s attribute bid in dimension

a induced by f. We first show that

~ ? m
Cas(za,s) < lal(zas) + - (Blg)

T
Suppose €as2as) = fal(zas) + m/A. Then

Sas = fa,(za,s) - 6as(za5) S fa,(zas) - ZAcal(zas) -
< la1<zas> + Sal - ial(zas) -
= S'al -

which is a contradiction. For the second inequality, we have made use of the fact that
i1+ 8. is tangent to f, at z,, and f, is concave. We now use (B.19) along with
the definition of f, to derive a contradiction if S — m/A < S... We treat the case
Zas < Tq; the corﬁplement case is treated similarly, and is omitted for brevity. Let l,;

denote the line tangent to f, at z,.

FalZas) — Cas(Zas) < fal2as) = (aa(2as) + % _A,) by the definition of A,,

< laf(zas) - lal(zas) - E + Aa.:

ﬂ_A
1 _—+ A,
< Za,f (ga) lal (Ea) A + )
a
= éa,l(xa) + Z - (AG + é;l(wﬂ)[l‘a - Za]) + ha

— (ear(a) + Ea(wa)lza — 7al) — 3 + Ba,

= g,

= falza) = (Carlza) +

~

which contradicts S,y — 7 /A < G_.. The third inequality follows because loy — la1 18
an increasing function (since l,f is steeper than l21), and z,; < z, by (B.19) together

with the assumption that z,, < z,. Taking a step back, notice that in defining f,
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in case 1 we used only z,, ca1(z.) and ¢ (z,) (three parameters), and in case 2 we
used these three in addition to z, g2(2), g5(z) (when defining )i Z, g2(2), g4(Z) (when

defining f), and h, —i.e., f, is a function of ten non-redundant parameters. O

Claim 18. Let ci(Z) + 7 < co(T) Vs = 2,..., 5, where 7 > . If there exists a j # 1

such that T + 7 intersects c;, then (¢i(Z) + m, %) is enforceable.

Proof. Let 0 denote the scoring rule for the two-supplier auction constructed in Claim
5 such that 51(9) — m = S;(#), where S,(9) denotes supplier s’s maximum dropout
score if ¥ 1s announced. Since for all a 9,(z) — 0o as 2 — 0% and ©/(2) — 0 as

z — 00, ¥ Is feasible (induces positive, finite attribute bids) in the S-supplier auction.

(c1): S1(D) =7 > S,(8) V s # 1. In this case, announcing % enforces (c1(Z) + 7, T)

and we are done.

(c2): 3k # 1 such that S;(0) —7 < Si(?). Let g be the feasible scoring rule satisfying
(7.2)-(7.3) constructed in Claim 6 such that Si(g) — = > S,(g) for all s # 1. In the
remainder of our proof, we will show that there exists a convex combination of # and
g that enforces (c1(Z) + 7, 7). Notice that since 9 and g are feasible, the same is true

for convex combinations of © and ¢. Define

S.(\) 2 i(m (1= N ga) (s (V) ans (zas(N)), (B.20)
a=1
where Z,(}) is the attribute bid of supplier s when Ao + (1 — A)g is announced.
Notice that since V() = Vg(F) = Vey(£), supplier 1’s attribute bid Z1(A) will
equal 7 for all A € [0,1]. This implies that S;(\) = ASy(9) 4 (1 — A)S1(g) > m+ ¢
for all A & [0,1], because Sy(?), S1(g) > 7 + € since ¢ and g satisfy (7.2). By these
observations, if there exists A* for which Sj(\*) — 7 > Ss(A*) holds for all s £ 1, and
holds for some supplier s # 1 with equality, then \*{ + (1= X*)g is a feasible scoring
rule that satisfies (7.2)-(7.3) and enforces (¢;(Z) + 7, Z) in the S-supplier auction. To
find such a A\*, we first show that S,()\) is a continuous function of .

We begin by showing that z,,()\) is continuous in A, where for convenience we
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drop the subscript s in the general proof that follows. We first suppose that x4 (0) <
24(1), and show that 2,(0) < z,(A) < z4(1) for all A € [0,1] (the proof in the case
24(1) < 2,(0) is essentially the same, with the roles of z,(0) and 7,(1) reversed). We
prove z4{0) < z4(A) for all A € [0, 1]; the other inequality follows similarly.

By the definition of z,(0), 2z, < 2a(0) implies ¢,(2a) > €4(za), and similarly the
definition of z,(1) implies that for z, < z4(1), #,(za) > ¢,(2s). Since za(0) < z.(1),
we have that for 2z, < 24(0), ¢.(%) > ci(z.) and ¥(zs) > c(za), and hence
M (za) + (1 — A)gh(za) > y(2a) for all A € [0,1]. By the above analysis and 1., g5,
and —c, strictly decreasing, for fixed A the root z.()) of M (22)+(1=N) g (7a) — € (2a)
must lie to the right of z,(0), which is what we wanted to show.

Next, we consider perturbing A to A 4§, for |§] small (where § must be positive
if A = 0, negative if A = 1), and show that for any fixed > 0, 3 5 = 0 such that
l2a(A) — 2a(A + 8)| < 7 for all [§] < 4.

First, note that for z, € [2,(0), z.(1)] and § fixed,

(A4 88, + (1= A= 8)gy — ca) (2a) — (A + (1 = N)gi — o) (20
= [6(0 — ga)(2a)]
81, o (% — ga)(2a)l 5

< 19]B,

where some B < 0o exists since [£4(0), z,(1)] is compact and 9} — g; is continuous. In
other words, over [4(0), 2,(1)], the curve (A +0)0; + (1 — A — 8)g, — ¢, lies between
the two curves M/, + (1 - \)gl, — ¢, + 6B and A/, + (1 — A)g, —c; — 0B. Let w,(8) be
the root of the strictly decreasing function A, + (1 — A)g;, — ¢, + 6B. By the bound
given above, and the fact that z,(A +0) € [£4(0), 2,(1)], we have that w,(—d) and
w,(8) sandwich (A +d). Since the same is true for z,()\), we have our desired result
if we can find § such that |8| < & implies |wa(8) — wa(—0)| < 7-

Pick § such that 6B < —(\, + (1 — Ngl — &,)(@a(A) +1/2). The right side is
positive by the fact that zq(\) is a root of the decreasing function Ao, + (1 —X)gs — ¢,
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and 7 > 0. Furthermore, choosing & in this way implies that (A0, + (1 = N)g, —
¢, + 0B)(za(N) + n/2) < 0. Since (A, + (1 — N)g, — ¢, + 6B8)(wa(N)) = 4B > 0,
we have that w,(|6]) € (2.(A),za(N) + 7/2) for |6 < 8. By also ensuring that
5B < (M) + (1= Ng, — &)(za(N) ~ 7/2), we have wa(~18]) € (2a() ~ /2, 2a(A)
for |5| < 4, and the continuity of z,(A) follows.

Since (Alg+(1=A)ga —c4)(%a (X)) is a composition of continuous functions, and the
sum of continuous functions is continuous, the righthand side of (B.20) is continuous
in A —i.e., S;(A) is continuous in A for all s.

By our choice of g we have that $,(0) — 7 > S,(0) for all s #£ 1. Set
A" =min{A[S(A) = S1(A) =7 forsome s # 1, 0 < A < 1}. (B.21)

By the continuity of the S.())’s and the fact that Sx(1) > S;(1) — 7, such a M* exists.
As noted below equation (B.20), for such a A*, »*0 + (1 — A*)g enforces (c; () + , z)
in the S-supplier auction. Notice that the scoring rule in this case is a function of 18
parameters: seven come from the function ¥, ten come from the function g, and the

last is the parameter \*.

B.3 Proof of Proposition 6

In the statement of the Proposition, we tacitly assume that A, > ¢; otherwise, the
auctioneer’s valuation is everywhere below the suppliers’ costs plus the minimum bid
increment ¢, meaning that no auction would be pursued (which is not interesting).
We break the proof of Proposition 2 into three cases, and begin with an observation
that will be useful in all three.

Recall that the definition of optimality was made in relation to the optimum
of (7.1)-(7.3), (7.7). Let u* be the optimum of the general version of (7.1)-(7.3), (7.7),
(ie., (7.1)-(7.3), (7.7), with ¢; and ¢, instead of their parameterized counterparts).
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Towards proving the optimality of supplier i, we first show that v* < M; —e In
contrast to the formalization of (7.1)-(7.3), (7.7), here we make no assumption on
how the suppliers’ subscripts are ordered for a given scoring rule. For scoring rules ©
such that k and [ are the top bidders and S > Si + ¢, the appropriate mathematical

program 18

max v(Zy) — O(T) + 5 (B.22)
subject to S, = D(T%) — G ), s=kl

Sl,>€.

Examining the objective function (B.22), we see that

W@ — BED + S = vl@) — @) - (B(F7) — ex(75)) + S
= o(@) — (@) — Sk + S
< (@) — ol(dfy) —€  since S > Sp+ ¢,

< mgx{v(f) — (D)} — ¢,

i

Mk-é.

Hence, we've shown that u* < M;—e¢. This observation motivates the first case, which
provides conditions in which the auctioneer is guaranteed to do no worse than u* by
simply announcing the true valuation function v as the scoring rule; in this case, we

consider v to be optimal (as discussed below equation (7.7)).

(c1): Ak £ 4 such that M, > M,—e¢. Suppose we announce the true valuation function
v as the scoring rule. We need to show that, no matter who (2 or k) wins, the post-
auction utility to the auctioneer is at least M; — e (and hence both suppliers are
optimal). Suppose supplier ¢ wins the auction. Since we assume the winning supplier
wins at the losing supplier’s highest possible score, the profit at which supplier ¢

wing the auction is at most S; — S < €. Because the auctioneer announced his true
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valuation function as the scoring rule, the utility to the auctioneer equals the winner’s
maximum dropout score minus the winner’s profit, i.e., is at least S; — e = M, — e
Next, suppose that supplier k£ wins the auction. Supplier 4 drops out at the highest
possible losing score; since S; < Si, supplier k wins the auction with zero profit, and
the post-auction utility of the auctioneer is S > M, — ¢. Here we have assumed that
supplier & actually bids, i.e., S > e. If instead Sy = M}, < ¢, then the utility for the
auctioneer is still at least M; — ¢: supplier ¢’s winning score must have magnitude at
least € (€ is the minimum bid increment), and M; < e implies that M, < 2e.

In the remaining two cases of the proof, announcing the true valuation function
does not generate at least M, —e in utility for the auctioneer, and we show that supplier
¢ wins under an optimal solution to (7.1)-(7.3), (7.7). Let M, = v(Z*) — c(Z*), and
let T; be the hyperplane tangent to ¢; at #*. Because v is concave and ¢; 1s convex,

notice that we have T; + M; tangent to v at 7.

(c2): M; —e > M, for all s 4, and 3 j # ¢ such that T}, + ¢ intersects c;. Corollary
1 implies that (c;(Z*) + €, Z*) can be enforced, yielding a payoff of M; — ¢ for the

auctioneer. Hence, i is optimal.

(c3): M;—e> M, forall s # i, and 3 j # i such that T, +¢ intersects ¢;. Our argument
relies on hyperplanes. Let m = min; ., {c,(?) — 7(2)}. The hyperplane T} + 7 must
lie below or tangent to ¢, for all 5 # i. We use T, + M; and T, + 7 to bound v from
above, and ¢, from below, respectively. Consider a scoring rule for which supplier
s # ¢ wins. Let w be supplier s’s winning attribute bid. The auctioneer’s utility is at

most v(W) — ¢,(w), where

v(i) = eold) < (Tu(d) + My) — (Ty() + m),
= M; ~m,

which implies that
max{v(w) — ¢,(W)} = M, < M, — 7.
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Applying Corollary 1, (¢;(Z*) + 7 + 6, Z*) is enforceable as § — 0+, yielding for fixed
¢ a payoff of M; — 7 — § for the auctioneer. Choosing § < M; — 7 — max,.; My shows
that with supplier i winning we can improve on the best case for which supplier s # i
wins. Hence, the optimum u* is achieved for some scoring rule 9 for which supplier 4

wins (supplier ¢ is optimal). 0

B.4  Simplification of (7.9)-(7.12)

We simplify the mathematical program (7.9)-(7.12) by finding a closed-form solution

to the innermost minimization in (7.12). Since the ¢, are convex and increasing in

Zq, for fixed s the innermost minimization occurs at %, such that, fora = 1,... A,

8 a 2] % 3 : 3 LS 3 0 ailZa H

C—aigﬁ = ig—(zil if %z—"l < —Cazil , or at z¥ = 0, otherwise.
R %o |za=zq * ze=0 & zg=z,

In words, if a point exists at which the tangent to ¢, is parallel to c,;’s tangent at Za,
we take this point as z¥; if such a point does not exist, then the minimization occurs
at the left endpoint of the feasible interval in dimension @, and thus we take z* = 0.

By incorporating z*, we get

_ A ) A . OCai{2a
T o> r‘??gl { ans(za) — Zcm‘(l‘a) — Z(za - $a) ——az(a )

a=1 a=1 a=1

} B23)

Za =Ty

in place of (7.12). The last two factors within the right side of (B.23) are the ex-
panded version of ~7;(z*). Notice that in solving (7.9)-(7.11), (B.23) we need only
search over z’s for which supplier i’s cost is below the auctioneer’s true valuation,
e, 4 culz,) < Yoo, va(za). Also, the search can be terminated if and when the

objective value reaches its upper bound of M, — ¢,

B.5 Optimal Scoring Rule in Step 3

Let 2*,7* be the optimal solution to (7.9)-(7.11), (B.23).
(c1): Equation (B.23) (equivalently (7.12)) is tight at the optimal solution to (7.9)-
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(7.11), (B.23). Let m, = ming{c,(2) — Ti(2)} and let j = arg min,; 7,, and note that
m* = m;. For 6 >0, small, let © be the scoring rule constructed in Claim 5 to enforce
(c;(Z*) + 7* + 6, Z*) in the two-supplier auction between i and j. By our choice of OR
S;=8,—7* — 6 when ¥ is announced. Since ¢ induces supplier ¢ to bid attribute level
Z", we must have that 7; + 3 is tangent to © at 7*. Furthermore, T, + 7* bounds ¢,
from below for all s 3 7. Together these observations imply that, if © is announced to
all S suppliers, S, < S; — 7* for all s # i, and supplier i wins the auction with profit
at most 7 + 6 (by S; = 5; — 7% — 5). That is, O enforces (c{T) + 7 +6,7) (6 < 6)
in the S-supplier auction (since §is arbitrarily small, 9 is considered optimal). That

is, the optimal scoring rule is ¢ in (7.13).

(c2): Equation (B.23) is nonbinding at the optimal solution to (7.9)-(7.11), (B.23),
and v satisfies (7.2). In this case, we show that Claim 7 can be applied in a special
way. In particular, we show that the true valuation function v satisfies the conditions
of Claim 6; this implies that Claim 7 can be applied to construct an optimal scoring
rule of the form A*9 + (1 — A*)v, where © is the scoring rule constructed in Claim 5
to enforce (c;(Z*) + 7*,Z*) in the two-supplier auction between i and J. To rephrase
the conditions of Claim 6, we need to show that v is a feasible scoring rule satisfying
(7.2)-(7.3) that causes supplier i to win the auction with attribute bid 7* and profit
at least 7*.

To see that v induces supplier 7 to bid z*, we suppose not (suppose that v induces
bid Z # 7*) and derive a contradiction by showing that the payoff can be improved
(and enforceability maintained) by moving slightly away from #* toward 7. Let a be

such that z} # z,, and let d = z, — z;. Then, for 0 < § < 1,
ValTy + 6d) — Cai(@] + 6d) > v,(x}) — coila?), (B.24)

since v, ~ cq; is strictly concave, and is maximized at zq. Clearly, for ¢ small, we can
ensure that at the new point (z3,...,27+6d, ... , T} ) that we move to, the hyperplane

tangent to ¢; will, when shifted up by =* units, still intersect the surface ¢;. This
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implies that (¢;(z},... 254+ 4dd,. .. )+ (25, at 4 dd, , %)) is enforceable,
which together with (B.24) contradicts the fact that ", 7" is optimal. Hence, 7* = Z,
s0 announcing v induces ¢ to bid Z*.

Notice that constraint = > ¢ is tight for our optimal solution in this case, so
7" = e. Furthermore, because we did not exit the three-step method of §2.5 at step
3, we have M; — e > M, for all s # i. That is, announcing v yields a profit of at
least € for supplier ¢, and v satisfies equation (7.3). Since equation (7.2) holds by

assumption, we are done.

(c3): Equation (B.23) is nonbinding at the optimal solution to (7.9)-(7.11), (B.23),
and v does not satisfy (7.2). In this case, the general construction of Proposition 1's

“=7 direction proof (§A1.2) can be applied to enforce (e(T*) + 7, 7).
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