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Abstract

Given a set of n points with a matrix of pairwise similarity measures, one would like to
partition the points into clusters so that similar points are together and different ones
apart. We present an algorithm requiring only matrix exponentiation that performs
well in practice and bears an elegant interpretation in terms of random walks on a
graph. Under a certain mixture model involving planting a partition via randomized
rounding of tailored matrix entries, the algorithm can be proven effective for only a
single squaring. It is shown that the clustering performance of the algorithm degrades
with larger values of the exponent, thus revealing that a single squaring is optimal.
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Chapter 1

A Clustering Algorithm

1.1 Introduction

Similarity-based clustering partitions a set of points given a matrix of pairwise simi-
larities and finds application in many important problems. One motivating example
is clustering web search results. A search for “jaguar” may return numerous pages
relevant to either the car or the cat. Given counts of links between pairs of pages as
an indicator of similarity, one would like to group the car results together and the
cat results together. In the most general form, we are given a set of n points and a
matrix M, where M;; gives the distance or similarity between points i and j. The goal
is to partition the points such that similar points are grouped together and different

points apart.

For example, Kannan, Vetta, and Vempala define a bi-criterial measure of
cluster quality in which the number of clusters is to be minimized while maximizing
the minimum cluster conductance [9]. This reflects a desire to keep the number of

groups small, while maintaining a high degree of similarity within each group.

Previously, Papadimitriou, et. al., proved theoretical guarantees for classifying
documents to the correct topic under certain assumptions about topic purity and

term overlap, via spectral methods[13]. Azar, et. al., undertake a similar task, but



Figure 1-1: Dumbbell

introduce a more general data mining model[l]. In a different vein, Drineas, et.
al., give an approximation algorithm for clustering points in Euclidean space so as
to minimize the sum of distances squared to each cluster center by first solving a

continuous relaxation of the problem using the SVD [5].

1.2 Example

The above graph shows a “dumbbell”, in which there are 2 cliques connected by an
edge. Partitioning into clusters of high connectivity would yield each of the 2 cliques
as a cluster. More generally, each of the parts could be somewhat less densely con-
nected, and the bridging edges could be somewhat more numerous, but still sparse

relative to the connectivity within each part.

We would like an algorithm that could classify the vertices into the desired

clusters with good probability, for suitable ranges of intra- and inter- cluster edges.

1.3 The Algorithm

We propose the following algorithm for clustering a set of n points with pairwise

similarities. For a symmetric matrix M, let M} denote the k-th row(or column) of

M.



Algorithm
Input: A symmetric A encoding the pairwise distances between nodes

Output: A partitioning of the nodes into clusters
1. Select some appropriate exponent t
2. Select some appropriate threshold €
3. Compute A
4. For each pair of nodes i,j

o if || Al - fleQ < ¢, then i and j are in the same cluster

e else, i and j are in different clusters

Naturally, this leads to the question of how to select the values in steps 1 and
2. In fact, the very effectiveness and performance of the algorithm hinges on using
the right t, and depending on t, the right e. We give theoretical results to show that
we can correctly cluster for t=2 so long as a certain probability gap under a certain
generative model for Ais Q(%) In fact, t=2 turns out to be the optimal value of t in
some sense, and we demonstrate that the required gap only becomes larger for greater
t. We support our theoretical results with experimental evidence. It is important to
note that this algorithm is independent of any generative model and is applicable to
any arbitrary matrix of similarities A, for any measure of similarity, generated from

any(possibly randomized) process.

1.4 The Random Walk Connection

We have exhibited an algorithm that aims to cluster via only matrix exponentia-
tion. For only t=2, we will demonstrate correct learning of a hidden partition in

expectation for a probability gap of Q(—z). Experimental evidence indicates that
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the clustering capability improves initially for larger values of t, but then degrades
beyond a certain point. This is expected as one might see by considering a transition

matrix M derived from a graph.

It is well known that for any unit vector x corresponding to start position,
T M? gives the probabilities of being at a node i after t steps of a random walk on
the graph, where each step selects an out-going edge with probability proportional to
the edge weight. Moreover, as t — oo, ™ = xT M* gives the stationary distribution,
and m; = %ﬂ, where deg(i) is the degree(sum of incident edge weights) of i, and m
is the total weight of all edges [11]. Thus, for t large enough, our algorithm merely

elucidates the differences in degrees, which sheds little light on the actual clusters,

unless nodes from different parts have significantly different degrees.

As may be suggested by the above, there is a pleasing interpretation of the
algorithm in the context of random walks. Viewing A as a transition matrix and
letting e; be the unit vector with 1 in the i-th position, Af = e;frfit gives the probability
distribution on the position of a random walk starting from node i after t steps. From
this we see that the algorithm makes a pairwise grouping decision based on the L2
distance between the probability distributions after t steps of random walks starting
from i and j in order to classify nodes i and j as being similar or different. As discussed
above, for very large values of t, all probability distributions will be very close to each
other, but as proven for t=2 and experimentally suggested for other reasonably small
values of t, the probability distributions of pairs of nodes from the same cluster will
converge quicker than those of pairs from different clusters. This is the phenomenae

that the algorithm exploits to recover the partitioning.



Chapter 2

Performance Guarantees

We approach this problem from the viewpoint of learning planted partitions from a
mixture model. A mizture model is a partitioning of a set of nodes into clusters. Pairs
of nodes from the same cluster have an edge between them with probability q, and

pairs from different clusters have an edge with probability p, where ¢ > p.

Let A be an n by n matrix of Bernoulli random variables, and A = E[A] be
the matrix of expectations. The mixture model may be represented by an n by n
matrix of random variables A with expectation matrix A, where A;; = ¢ for (i,j) in
the same cluster, and A;; = p for (i,j) in different clusters. A has k distinct rows
corresponding to the existence of k different clusters. The randomized rounding of A
preserves symmetry: Aij = Aj,-. For convenience, we denote the cluster of a node i
by ¥(i). WLOG, A is a block diagonal matrix, and ¥(7) will refer to the cluster of i

or the matrix block of i depending on context.

We receive as input an instantiation of the matrix of random variables A spec-
ified by the mixture model. Henceforth, we will refer to both the matrix of random
variables and its instantiation as A, and it should be clear from the context which is
intended. Given this input matrix, our goal is to partition the rows so that a pair of
rows are placed in the same partition if and only if they belong to the same cluster.

In other words, given A, recover .




The clustering is easy to see in the expected matrix A. However, we are not
given A, but rather a perturbed version of A through randomized rounding. Fortu-
nately, this graph is not entirely random, as the desired partitions have been “planted”
in some sense, by setting the probabilities appropriately according to the mixture
model. Intuitively, we see that larger values of gq-p make the partitions easier to
learn, as larger gaps cause similar points to be better connected relative to dissimilar
points. Similarly, larger values of n make learning easier as we have more samples to

learn from.

Previous work have made use of this mixture model or special cases of it.
Boppana gave a spectral algorithm for the problem of graph bisection on randomly
generated graphs, though he requires the solution to a convex optimization problem
[3]. Blum and Spencer k-color a randomly generated k-colorable graph so long as
p > n¢l. They also consider a semi-random model in which a graph generated by an
adversary is subject to a small probability of toggling an edge [2]. Condon and Karp
partition a random graph into k equal parts, minimizing the number of edges across
parts with high probability, so long as ¢ —p > n-ate [4]. Jerrum and Sorkin resolve
an open problem of Boppana and Bui by optimally bisecting a random graph with

high probability so long as ¢ — p = Q(n°~2), § < 2, via simulated annealing [8].

Finally, McSherry presents an algorithm to learn a hidden partition in a ran-
dom graph with high probability so long as ¢ — p = Q( ﬁ) The procedure involves
a randomized splitting of the columns into two parts and projecting on to the top

singular vectors of each part to preserve certain independence properties.

Here, we give a simpler algorithm involving only matrix exponentiation that
performs reasonably well even for a single squaring of A. We show that in fact, t=2
is the optimal exponent, and that larger values of t only asymptotically degrade the

performance.
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Ultimately, we will provide the following guarantee:

Theorem. For t=2, the algorithm correctly clusters 1 — 9§ of the rows with probability

ﬁl
so long as |q — p| > Z\_/_l(_%{a_)}_‘

1
at least 3,

We consider the special case of k equal sized blocks of size s each. We will
show in a later section that the case of unequal blocks does not deviate too far from
the case of equal blocks, and the asymptotics of the performance guarantees given

remain the same so long as the minimum block size s,,;, is a constant fraction of n.

2.1 Preliminaries

Lemma 1. Let A be an n by n block diagonal matriz of k equal sized blocks of size s
each, where A;; = q when (i) = ¥(j), and A;; = p when V(i) # ¥(j). If¢>p >0,
then A has k non-zero eigenvalues: a largest eigenvalue of sq + (n — s)p, and an

eigenvalue of (¢ — p)s with eigenspace of dimension k-1.

Proof. First we will prove that A has rank k. Clearly it has at most rank k as
there are only k distinct rows. Suppose A has lesser rank. Let w; be the length
n vector in which every entry is p except for the i-th block of s entries, which are
q- We can find constants c;, not all zero, such that Zf:l ciw; = 0. This implies a
series of k equations c;q + P2§=1 ¢; — ¢ip = 0. Summing these k equalities, we get
g>ci+(k—=1p> ,ci=0.If Y .c; # 0, then this gives ¢ = —(k — 1)p. Otherwise,
WLOG, ¢; # 0 and we get ¢19¢ — c1p = 0 = ¢ = p. Both cases violate ¢ > p > 0 and
so A has rank k.

Let A be an eigenvalue of A, and v the corresponding eigenvector. Av = \v =

_ . . s . ; _ _ps
AV; = pS Y iV + qsv; = v = purr Y. j#i V- For convenience, let a = st Then,

Yuvi=303 v =2 ak—1)v=a(k—1) > v. Thus, 37 v =alk—1) 3, v,
and so either a(k — 1) =1or ), v; = 0.

11



If a(k — 1) =1, then’is}_k—;—;l:1:>)\:8(q+p(k—1)):sq+(n—s)p.

This is just the row sum of every row and corresponds to the eigenvector of all ones.

Otherwise, if > ,v; = 0, then v; = A_’isq ~(~v;). Since v is an eigenvector, v; is non-
zero for some i and this gives A = (¢ — p)s. The eigenspace of (¢ — p)s consists of
the solution space of ), v; = 0 which has dimension k-1. Since A has rank k, the
remaining eigenvalues are all 0. Note that if p=0, it is easy to see that every non-zero

eigenvalue has value ps. O

Now, we prove a result bounding the deviation of the eigenvalues )\(/1) from
A(A). Let Ay, Mg, As, ... be the eigenvalues of A in order of descending magnitude, and
v1, Vg, U3... be the corresponding eigenvectors. Similarly, ;\j and 9; for A. Throughout
the paper, |M| will denote the spectral 2-norm of the matrix M, and it is well known

that | M| = A\ (M).

Lemma 2. Let A and A be matrices with non-negative eigenvalues. Then, |A;— ;| <

A- A

Proof. By the Courant-Fisher theorem, where x and w; are n dimensional vectors,

N = min maz zt Ax
{wj} lzl=1
j=1..i—1(z,wj)=0

< mazx 2T Az
|z|=1
(z,'uj )=0

= mazr 27 (A— A)z + maz 27 Az

|z]=1 jz|=1
(:l:,‘Uj):O (:l:,vj)=0
< MA-A)+ N

=\-N<|A-A
An analogous proof applied to A instead of A gives \; — \; < |A — A|, and therefore
IAi — | < JA - Al O

The following theorem is a classical result of Furedi and Komlos. See [6] for a

proof.
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Theorem 3. Let a;;, © > j be independent (not necessarily identically distributed)
random variables bounded with a common bound K. Assume that for i > j, the a;j

have a common ezpectation p and variance o2. Define a;; for i < j by ai; = aj;.

If u =0, then |A| < 20y/n + 50K ns logn with probability at least 1 — —15 for large

enough n.
Corollary 4. I/A\z — Ni| < dov/n with high probability(whp), for large enough n.

Proof. We apply Theorem 3 directly to the matrix A — A, where K=1 to see that
]fl — Al < 20vn + 50n3 logn < 40/n with probability at least 1 — nlw for large
enough n. Then, from Lemma 3, we obtain |A; — \;| < |A — A| < 40+/n whp, for
large enough n. O

2.2 Proof of Main Theorem

We now proceed to show the clustering capability of the algorithm under this mixture
model for t=2. The strategy will be to show that the deviation of A! from A is small
relative to the distance between A and A;, where i and j belong in different blocks.
If so, then even after perturbation, rows from different clusters should remain well
separated for large enough n. Specifically, if ||A? — A!||? < 4, and ||A! — AL||? > 160,
then

14, = Ay |1 < (1A = Al + (1AL, — AHI)? < 46

11

and

A, — 45117 > (14 — Ajll - 1A, — Aill = (145, — 451))*
> (4V6 — V5 —V5)?

46

for iy, 15 from the cluster of i and 7; from a different cluster j. Thus, if we choose

e = ||A} — A%]|?/4 > 40 to be our threshold in the algorithm, then we can cluster

13




correctly in expectation.

First, we present a lemma that shows how block structure is preserved.

Lemma 5. Let A be a block diagonal matriz with equally sized blocks of size s, with
entries of q, within the blocks, and p, without. Let B be a matriz with the same block
structure and corresponding entries q, and py. Then, AB has the same block structure
with corresponding entries qap = $qugs + (N — $)PaPs and Pop = SquPb + SGPa + (N —
25)Paps-

Proof. Let ¥(i) be the block corresponding to index i. It is clear from (AB);; =
Yok AiBrj = >, AwBji that (AB)ij = 5qugs + (n — 8)peps when ¥(i) = ¥(j), and
(AB)ij = Sqaps + SqPa + (1 — 25)p,ps when W (i) # U(4). This gives the lemma. O

The following theorem calculates the separation between the rows of A® from
different blocks. In some sense, this is the expected separation between two rows

belonging to different clusters.
Theorem 6. ||Af — AL|]> = 2(¢ — p)*(n/k)*!, where U (i) # ¥(j)

Proof. By Lemma 5, A! has the same block diagonal structure as A. Let ¢; and p;
denote the entries inside and outside of the blocks of A%, resp., so that ¢; —p; = ¢ —p.
We proceed inductively to show that ¢; — p; = (¢ — p)'s*~!. By Lemma 5,

g = $q;—19 + (n — s)p;—_1p, and

Dt = $q-1p + $pi—19 + (n — 28)pi_1p = spg—1 + (sq + (n — 23)p)pe—1

=p—q = s(q—p)g-1+ (sp—59)pi1
= 5(q—p)@-1 — s(¢ — P)pe—1
= (¢ —p)(g-1— pe-1)
= (¢g-p)'s'!

14




by the inductive hypothesis.
Thus we know the gap ¢, — p; in general, and this is all we need for the
separation: ||A! — AL||2 = 2s(q; — pe)? = 2(q — p)*s*! = 2(q — p)*(n/k)* 1.
O

It is easy to see that |[A} — A%[|> = 0 when ¥(i) = ¥(j), and that ||A} — A%[*> >

2(q — p)#s2-L) where Sy, is the size of the smallest block.

The next lemma shows that, relative to the separation between rows from
different clusters in A2, the deviation of A? from A2 is small in expectation. Thus,

the “error” from perturbation is bounded.

Lemma 7. E||A2 — A2|]? < 2¢°n?

15




Proof.

E|A7 ~

AZ?

E Z(Z Gilim — Qi1 )
m l
Z Z E [(Ga1y @1y — @ity Gty (@it Qtym — ity Qiyrm)]

m i

the product terms in the expectation are dependent when [} = Iy

OR if m # i and (I1,15) = (m, 1) or (i,m)

§ E E[a’ill a'llm - aih a’llm}E[a’ilz a‘lzm - a”ilz alzm]
m L1 #l

(11.12)#(m,7)

(l1,l2)#(4,m)

+ Z Z E[(&il&lm - ailalm)Q]

m =l

+ > E(Ga, t1ym — @i, 01,m) (Gity Giym — @ity Qiym)]

(1 o) =(mor(i.m)
Note that a; = ay,, only when m=i

> (aa, — a3,) (@i — a2y) + > > Elaka}, — 2autmbabim + ajap,]
li#ls m 1
+2 ZE[(&zm&mm - aimamm)(&iidz‘m - aiiaim)]

m#i

> aa, (1 - aiy)au, (1 - ai,) Z az(1—au)*+ > > Ela}ay,)

1,02 m

——QZZazzazm @il Qi +ZZ a3,

+2 E Qi QmmGim — 203i0mm Oy + Qi O Gy
m#L

We are now in position to expand out all of the expectations.
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E|Az2 - A12|2 = (Z ail 1 — Qy ) Zazl ]. — azl + ZZa‘dalm Zazl + Zad
‘_ZZZ 00 — Zazl+z a;) +ZZ a i,

+2 Z aiiammaim(l - a'im)
m#£i

= (Z an(1 - ai,))2 Z a2(1—ay)? + Z Z i1y, + Z ai(1 — ag)
- }:Z aa?, — 22% — ay)
+2(( Zaiiammaim(l — aim)) — a(1 — ay)]

= (sq(1 =)+ (n—s)p(1 = p))* = (s¢*(1 = 9)* + (n — 8)p*(1 = p)?)
+(sq+ (n— 8)p)* +s¢(1 — ¢) + (n = 8)p(1 — p) — (s¢* + (n — 5)p*)”
—2(s¢*(1 = @) + (n — s)p°(1 — p))
+2(¢*(sq(1 — ¢) + (n — s)p(1 = p)) — ¢*(1 - q))

The n? terms dominate, and we may upper bound for n large enough by

ignoring the subtracted (sq? + (n — s)p?)? term and the terms linear in n:

E|A? - A7* < (sq(1—q)+ (n—s)p(1 —p))* + (s¢ + (n — 5)p)?
< 2(sq + (n - s)p)?

S 2(]277/2

We are now ready to prove the main theorem.

Theorem 8. For t=2 and some fraction § > 0, the algorithm correctly clusters 1 —§

,’?E 1
of the rows with probability at least 5, 50 long as |q — p| > ?-@%‘L)l.
n

17



Proof. Simply let t=2 and ¢ = (¢ — p)*(n/k)3/2. Define a good row to be one
for which ||AZ — A2|| < 4¢?n?/5. Since E[A? — A?] < 2¢®n® by the above lemma,
Prlrow i is good] > 1—6/2 by applying Markov’s Inequality to the bad event. Thus,
in expectation, at least 1 — §/2 of the rows are good. Again, by a Markov bound
applied to the number of bad rows, at least 1 —¢ of the rows are good with probability
at least % Now, we see that all the good rows will be classified correctly if 4¢?n?/6 <
¢/2 = (¢ — p)*(n/k)?/4, which is equivalent to |g — p| > -2—‘[(1—(—]:5%2%—. Thus, we can
correctly cluster 1 — § of the points with probability at least 1 5 given this probability
gap. O

2.3 Optimality of t=2

Unfortunately, further powering of A does not improve the clustering. In fact, we
show that the gap requirement asymptotically increases due to a rapidly growing

error. Specifically, we prove the following lemma:
Lemma 9. E[||A! — AY||?] = ©(n*2) for all constant t > 2.

Proof.

E[|A¢ - 4] = ZE[At ~ A7)

_ Z (E [(Agj)z] —2E [fif.j] A+ (A%)Q)

= Z Z (E [Azkl Akt 1J “C' At«lf lj]

Jj=1 ki,... ,kt..],k'l,... ,k; le[n]”‘z

~ 2F [A;?kl AL A Al Al AL A Al )

kt—17

1M

3 (B[4l A Al Ay ]

¢~17
7=1 kq,... ,kt_l,kll,... ’ki—l E[n]zt‘2

— BAG, AL ] ALyl )

t—1J
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Observe that the above expression is a polynomial in n of degree at most 2¢ —1. Also,
the number of summands in the inner sum for which [{k1,... ki1, k1, ... &k, 1} =1
is at most (7)/%7? = ©(n'). Hence, to compute the coefficient of n*~! in the above

it suffices to consider only tuples (k1,... ,kw—1,k7, ..., k;_;) for which
l{kl, e )kt—-ly ki, ceey k;—l}} =2t—2

In this case though, the expectations split completely so that the inner sum vanishes.
It follows that the above is a polynomial in n of degree at most 2¢—2. To compute the

2t—2

coefficient of n?~*, it suffices to consider tuples (ki,...,k:_1,k],...,k;_;) for which

{ki,. .., k-1, k1, ..., kj_, }| = 2¢ — 3, i.e., there is exactly one repetition.

Observe that the inner sum is always positive, so the above is at least:

n

2 2

G=1 [{k1yenn hg—1,K] e kg H=2t—3, k1=k]
A it At At it it t t
E[Ai’cl"'A Aigy -+ Ay, ']“E[Az‘kl"-/l ]Az’k;"'A,

kt—17 i1 ki-17 i—1J?

which simplifies to

Z (A:kl - (Aﬁfﬁ )2)A/t€1k2 T Ait—letllké e Az:;__lj
Jj=1 I{kl,...,kt_l,ki,...,k2_1}|:2t——3, klzk;
As long as p,¢ > 0 and max{p(1 — p),¢(1 — ¢)} = Q(1), each term in the inner sum
is a positive constant. There are (,,,)(2t — 3)! = ©(n*~?) tuples for which k; = kI,
so we have E[||At — A!||2] = Q(n*"?2), which completes the proof. O

1
The lemma implies that the gap requirement g — p is §2 (%) 2 which is clearly

optimal for t=2. This is supported by experimental evidence presented later.
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2.4 Blocks of Different Sizes

Here, we justify the earlier claim that it suffices to consider blocks of equal sizes,
and that blocks of different sizes do not alter the asymptotics of the performance
guarantee by more than constant factors, so long as the minimum block size s,,;, is
a constant fraction of n. For the separation, we have previously seen that

HAt AtHZ>2(q p2t 2t—1

mzn

It remains to consider the error for unequal blocks. We begin by proving a

result about a certain monotonicity property.

Lemma 10. Let A be the usual symmetric block diagonal matriz of expectations de-
fined previously. Let B be the matriz obtained by symmetrically inserting a row and a
column of fractional(probability) entries into A. Then, E||At — At||2 < E||Bt — B!|)?,

where A and B are the randomized roundings of A and B, resp., preserving symmetry.
Proof. WLOG and for notational convenience, we may assume that we are inserting

the last row and column. Let b;; be the (i,j) entry of B and similarly b;; for B. Define
b = bji biyiy.-bi,_,;, and similarly b. Analogously define &’ and ¥ for the set of indices

sl -/
10, 89y ooy Tp_q-

2
E”th - BfHQ = EZ Z Eiilz)iliz"j)it—lj - biilbiliz“'bit—lj
J 11,.,0t—1€[n+1]
= EY > (b-b > (#-v
J i1t 1€[n+1] ) yeesty 1 €[n+1]
=EY > S (b-bE )
Joi1,eti—1€n41] 0 €]
= EY > > (b~ D —V)+EY > (b-b)F V)
J i1,.,0t-1€[n] ¢ ’,..,zt 16 7 Li'eS
= ElAi- AP +E) Z (b—b)(¥ —b')
i ii€es

where S is the set of tuples for the indices i and i’ where at least one index

20




has value n+1. It remains to show that the second summand in the last equation is

nonnegative.

EX "N (b-n)F —-0) = > " E[bY —bb — bb' + bb]

i ii'eSs j i,i’eS

= > > E[b] - E[bY] — E[bb] + E[b)]
7 i,i’€S

> > " E[RE[W] - E[B)Y — bE[] + bb'
j ii'eS

= > > (B[] -b)(BD]-b)
j 4i'eS

> 0.

since E[bb'] > E[bE[l] and E[b] — b > 0 for our Bernoulli variables. O

Let A be the original expectations matrix of unequal blocks. Let C be the
matrix obtained from A by contracting each block to size s,,in, and let B be obtained
by expanding each block to size S,.,. Note that we can symmetrically insert rows
and columns to obtain B from A, and A from C. From the above lemma, we deduce

that the errors increase monotonically:

E||Ct - CY|* < E||AL - AY)? < B||B! - BY|P?

We know that the errors for equal sized blocks are polynomials in n of degree

< 2t. Therefore,

Smin

2t
Smaz A -
(———) B|ICt — CYP > E|B! - BYI?

Since $,,i, 18 a constant fraction of n, j—’:—ff = O(1). If t is also a constant, then this
shows that the error for C is within a constant factor of the error for B, and hence the
error for the matrix A of unequal blocks is also within a constant factor of the error

for C, the matrix with equal blocks of size s,,;,. This yields the following theorem:

Theorem 11. Let A be a symmetric block-diagonal matriz of expectations of unequal
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blocks, where Sy s a constant fraction of n. Let C be obtained from A by contracting

each block to size Syin. Then, for some constant r depending on the constant t,
B||A; - AP < rE||IC] - CHIIP

From this theorem, we may conclude that the asymptotics of the performance
guarantees are unaffected by taking unequal blocks, and that the algorithm continues

to work in this more general setting, for constant values of t.
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Chapter 3

Experiments

The experimental evidence is encouraging and indicates some interesting behavior.
First, we would like to examine the performance of the algorithm for different values
of the power t. We generate the matrix A from the matrix A via randomized round-
ing preserving symmetry as specified by the mixture model with q=0.45, p=0.05, and
N=200 nodes divided evenly into 4 clusters. The success of the algorithm is mea-
sured by the percentage of the (1;] ) pairwise relationships(classified as same cluster
or different) that it guesses correctly. Note that a score of 75% is not impressive and
corresponds to the case where every node is classified to its own cluster. In the other
extreme, a score of 25% corresponds to the case in which all of the nodes are classified

to the same cluster. The results are shown in figure 3-1, percentage correct against t.

Notice that the results basically conform to theoretical expectations, but the
algorithm seems to perform unusually well for t=3. We find this to be purely a matter
of constant factors, as the power of q in the leading coefficient for the error of t=3 is
larger than the corresponding power for t=2. Were q in our experiment much closer

to 1 than 0.45, this effect would not be observed.

In addition, we would like to see how performance varies with probability gap,
and to verify our intuition that clustering should become easier with larger gaps. We

again instantiate the mixture model with N=200 nodes divided evenly into 4 clusters
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Figure 3-1: percentage correct vs t

and p=0.05. We plot the percentage correct for t=3 against varying probability gaps
in figure 3-2.

In this paper, we provide theoretical guarantees for the case of t=2. We show
that this is in fact the optimal case, and that the performance degrades with larger
values of t. The algorithm is inherently weaker and does not achieve McSherry’s
bound of @(ﬁ) However, our algorithm is elegant and simple, compared to the more
complicated SVD computation and random splitting used in McSherry’s procedure.
Furthermore, matrix exponentiation runs in O(n?3") time using the theoretically best
algorithm, and in O(n*") time using the more practical and often used Strassen’s
algorithm. This is significantly faster than the O(n®) time required to compute the
SVD and thus our algorithm should be well suited to large data sets where the gap

requirement of Q(-}-) is easily satisfied and running time is a major consideration.
ni
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