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Abstract

We propose new methodologies in robust optimization that promise greater tractabil-
ity, both theoretically and practically than the classical robust framework. We cover
a broad range of mathematical optimization problems, including linear optimization
(LP), quadratic constrained quadratic optimization (QCQP), general conic optimiza-
tion including second order cone programming (SOCP) and semidefinite optimization
(SDP), mixed integer optimization (MIP), network flows and 0 — 1 discrete optimiza-
tion. Our approach allows the modeler to vary the level of conservatism of the robust
solutions in terms of probabilistic bounds of constraint violations, while keeping the
problem tractable. Specifically, for LP, MIP, SOCP, SDP, our approaches retain the
same complexity class as the original model. The robust QCQP becomes a SOCP,
which is computationally as attractive as the nominal problem. In network flows, we
propose an algorithm for solving the robust minimum cost flow problem in polynomial
number of nominal minimum cost flow problems in a modified network. For 0 — 1
discrete optimization problem with cost uncertainty, the robust counterpart of a poly-
nomially solvable 0 — 1 discrete optimization problem remains polynomially solvable
and the robust counterpart of an N P-hard a-approximable 0—1 discrete optimization
problem, remains a-approximable. Under an ellipsoidal uncertainty set, we show that
the robust problem retains the complexity of the nominal problem when the data is
uncorrelated and identically distributed. For uncorrelated, but not identically dis-
tributed data, we propose an approximation method that solves the robust problem
within arbitrary accuracy. We also propose a Frank-Wolfe type algorithm for this
case, which we prove converges to a locally optimal solution, and in computational
experiments is remarkably effective.

Thesis Supervisor: Dimitris J. Bertsimas
Title: Boeing Professor of Operations Research
Sloan School of Management
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Chapter 1

Introduction

In mathematical optimization models, we commonly assume that the data inputs are
precisely known and ignore the influence of parameter uncertainties on the optimality
and feasibility of the models. It is therefore conceivable that as the data differs from
the assumed nominal values, the generated “optimal solution” may violate critical
constraints and perform poorly from an objective function point of view. These ob-
servations motivate the need for methodologies in mathematical optimization models
that solve for solutions that are immune to data uncertainty.

Robust optimization addresses the issue of data uncertainties from the perspec-
tive of computational tractability. In the past decade, there was considerable de-
velopment in the theory of robust convex optimization. However, under the robust
framework found in the literature, the robust models generally lead to an increase in
computational complexity over the nominal problem, which is an issue when solving
large problems. Moreover, there is often lack of probabilistic justification motivating
the choice of parameters used in the robust framework. Furthermore, these results,
though valid in convex optimization, do not necessarily carry forward in a tractable
way to discrete optimization.

In this thesis, we propose new methodologies in robust optimization that lead
to greater tractability, both theoretically and empirically, than those found in the
literature. In particular, we cover a broad range of mathematical optimization prob-

lems, including linear optimization (LP), quadratic constrained quadratic optimiza-
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tion (QCQP), second order cone optimization (SOCP), semidefinite optimization
(SDP), general conic optimization, mixed integer optimization (MIP), network flows
and combinatorial optimization. To justify our robust framework, we focus on deriv-
ing probability bounds on the feasibility of the robust solution, which are generally

lacking in related literature on robust optimization.

Structure of the chapter. In Section 1.1, we discuss the motivations and philos-
ophy of robust optimizations. In Section 1.2, we review the works related to robust

optimization. In Section 1.3, we outline the structure of this thesis.

1.1 Motivations and Philosophy

Data uncertainty is present in many real-world optimization problems. For example,
in supply chain optimization, the actual demand for products, financial returns, ac-
tual material requirements and other resources are not precisely known when critical
decisions need to be made. In engineering and science, data is subjected to measure-
ment errors, which also constitute sources of data uncertainty in the optimization
model.

In mathematical optimization, we generally assume that the data is precisely
known. We then seek to minimize (or maximize) an objective function over a set of

decision variables as follows:

minimize fo(x, Do)

(1.1)
subject to  fi(x,D;) >0 Vi€ I,

where x is the vector of decision variables and D;, ¢ € I U {0} are the data that is
part of the inputs of the optimization problem.

When parameters in the objective function are uncertain, we are unlikely to
achieve the desired “optimal value” However, the extent of adverse variation of
the objective is often a cause for concern. Many modelers are willing to tradeoff

optimality for a solution that has greater reliability in achieving their desired goal.
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If parameter uncertainty arises at the constraints, when implementing a solution,
it is likely that these constraints would be violated upon realization of the actual
data. In many practical optimization problems, constraint violations can potentially
influence the usability of the solution. We quote from the case study by Ben-Tal and

Nemirovski {7] on linear optimization problems from the Net Lib library:

In real-world applications of Linear Programming, one cannot ignore the
possibility that a small uncertainty in the data can make the usual optimal

solution completely meaningless from a practical viewpoint.

The classical methods of addressing parameter uncertainty includes sensitivity
analysis and stochastic optimization. In the former approach, practitioners ignore
the influence of data uncertainty in their models and subsequently perform sensitivity
analysis to justify their solutions. However, sensitivity analysis is only a tool for
analyzing the goodness of a solution. It is not particularly helpful for generating
solutions that are robust to data changes. Furthermore, it is impractical to perform
joint sensitivity analysis in models with large number of uncertain parameters.

In stochastic optimization, we express the feasibility of a solution using chance
constraints. Assuming that we are given the distributions of the input parameters,

the corresponding stochastic optimization problem to problem (1.1) is:

minimize ¢
subject to Pr (fo(a:, DO) < t) > o (1.2)

Pr (fz-(a:,ﬁ,-) > O) >p; Viel,

where D;, i € I U {0} are the random variables associated with the ith constraint,
Although the model (1.2) is expressively rich, there are some fundamental difficulties.
We can rarely obtain the actual distributions of the uncertain parameters. Moreover,
even if we know the distributions, it is still computationally challenging to evaluate
the chance constraints, let alone to optimize the model. Furthermore, the chance con-
straint can destroy the convexity properties and elevate significantly the complexity

of the original problem .
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In view of the difficulties, robust optimization presents a different approach to
handling data uncertainty. In designing such an approach two criteria are important

Il oUur view:

e Tractability: Preserving the computational tractability both theoretically and
most importantly practically of the nominal problem. From a theoretical per-
spective it 1s desirable that if the nominal problem is solvable in polynomial

time, then the robust problem is also polynomially solvable.

e Probability bounds: Being able to find a guarantee on the probability that
the robust solution is feasible, when the uncertain coefficients obey some natural
probability distributions. This is important, since from these guarantees we
can select parameters that allow to control the tradeoff between robustness and

optimality.

In our literature review, we found that these criteria are not always fulfilled in
classical models on robust optimization. Nevertheless, we feel that for robust opti-
mization to have an impact, in theory and practice, we need to address these criteria,

which is the primary focus of this thesis.

1.2 Literature Review

In recent years a body of literature is developing under the name of robust optimiza-
tion, in which we optimize against the worst instances that might arise by using a
min-max objective. Mulvey et al. [22] present an approach that integrates goal opti-
mization formulations with scenario-based description of the problem data. Soyster,
in the early 1970s, proposes a linear optimization model to construct a solution that
is feasible for all data that belong in a convex set. The resulting model produces so-
lutions that are too conservative in the sense that we give up too much of optimality
for the nominal problem in order to ensure robustness (see the comments of Ben-Tal

and Nemirovski [7]).
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A significant step forward for developing a theory for robust optimization was
taken independently by Ben-Tal and Nemirovski [7, 6, 4] and El-Ghaoui et al. [11, 12].

They proposed the following framework on robust optimization:

minimize ax fo(zx, Dy) 1.3
subject to  f(x, D;) >0 vie I,VD,; € U4,

where U;, i € I U {0}, are the given uncertainty sets. They showed that under the
assumption that the the set U4, are ellipsoids of the form

U= {D | Ju e RV : D =D+ 3 ADWw;, ||ul gn},
JEN
the robust counterparts of some important generic convex optimization problems (lin-
ear optimization (LP), second order cone optimization problems (SOCP), semidefinite
optimization {SDP) are either exactly, or approximately tractable problems that are
efficiently solvable via interior point methods. However, under ellipsoidal uncertainty
sets, the robust counterpart of an LP becomes an SOCP, of an SOCP becomes an
SDP, while the robust counterpart of an SDP is N P-hard to solve. In other words,
the difficulty of the robust problem increases, as SDPs are numerically harder to solve
than SOCPs, which in turn are harder to solve than LPs. Hence, a practical drawback
of such an approach, is that it leads to nonlinear, although convex, models, which are
more demanding computationally than the earlier linear models by Soyster [26] (see
also the discussion in Ben-Tal and Nemirovski [7]). Furthermore, except for the case
of LP, these papers do not provide a guarantee on the probability that the robust
solution is feasible, when the uncertain coefficients obey some natural probability

distributions.

Another disadvantage of their nonlinear robust framework is the natural exclusion
of discrete optimization models, which is predominantly LP based. Specifically for
discrete optimization problems, Kouvelis and Yu [20] proposed a framework for robust

discrete optimization, which seeks to find a solution that minimizes the worst case per-
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formance under a set of scenarios for the data. Unfortunately, under their approach,
the robust counterpart of many polynomially solvable discrete optimization problems
becomes N P-hard. A related ob jective is the minimax-regret approach, which seeks
to minimize the worst case loss in ob Jective value that may occur. Again, under the
minimax-regret notion of robustness, many of the polynomially solvable discrete opti-
mization problems become N P-hard. Under the minimax-regret robustness approach,
Averbakh [3] showed that polynomial solvability is preserved for a specific discrete
optimization problem (optimization over a uniform matroid) when each cost coeffi-
clent can vary within an interval (interval representation of uncertainty); however,
the approach does not seem to generalize to other discrete optimization problems.
There have also been research efforts to apply stochastic optimization methods to
discrete optimization (see for example Schultz et al. [25]), but the computational

requirements are even more severe in this case.

1.3 Structure of the Thesis

This thesis is organized as follows:

e Chapter 2: The Price of Robustness. Under robust optimization, we are
willing to accept a suboptimal solution for the nominal values of the data, in
order to ensure that the solution remains feasible and near optimal when the
data changes. A concern with such an approach is that it might be too con-
servative. In Chapter 2, we propose an approach that attempts to make this
tradeoff more attractive, that is we investigate ways to decrease what we call
the price of robustness. In particular, we can flexibly adjust the level of con-
servatism of the robust solutions in terms of probabilistic bounds of constraint
violations. An attractive aspect of our method is that the new robust formu-
lation is also a linear optimization problem. We report numerical results for a

portfolio optimization problem, and a problem from the Net Lib library.

20




e Chapter 3: Robust Linear Optimization under General Norms. We
explicitly characterize the robust counterpart as a convex optimization problem
that involves the dual norm of the given norm. OQOur approach encompasses
several approaches from the literature and provide guarantees for constraints
violation under probabilistic models that allow arbitrary dependencies in the

distribution of the uncertain coefficients.

e Chapter 4: Robust Conic Optimization. In earlier proposals, the ro-
bust counterpart of conic optimization problems exhibits a lateral increase in
complexity, i.e., robust LPs become SOCPs, robust SOCPs become SDPs, and
robust SDPs become NP-hard. We propose a relaxed robust counterpart for gen-
eral conic optimization problems that (a) preserves the computational tractabil-
ity of the nominal problem; specifically the robust conic optimization problem
retains its original structure, i.e., robust linear optimization problems (LPs)
remain LPs, robust second order cone optimization problems (SOCPs) remain
SOCPs and robust semidefinite optimization problems (SDPs) remain SDPs;
moreover, when the data entries are independently distributed, the size of the
proposed robust problem especially under the l; norm is practically the same
as the nominal problem, and (b) allows us to provide a guarantee on the prob-
ability that the robust solution is feasible, when the uncertain coefficients obey

independent and identically distributed normal distributions.

¢ Chapter 5: Robust Discrete Optimization and Network Flows. We
propose an approach to address data uncertainty for discrete optimization and
network flow problems that allows controlling the degree of conservatism of the
solution, and is computationally tractable both practically and theoretically. In
particular, when both the cost coefficients and the data in the constraints of an
integer optimization problem are subject to uncertainty, we propose a robust
integer optimization problem of moderately larger size that allows controlling
the degree of conservatism of the solution in terms of probabilistic bounds on

constraint violation. When only the cost coefficients are subject to uncertainty
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and the problem is a 0 — 1 discrete optimization problem on n variables, then
we solve the robust counterpart by solving at most n + 1 instances of the orig-
inal problem. Thus, the robust counterpart of a polynomially solvable 0 — 1
discrete optimization problem remains polynomially solvable. In particular,
robust matching, spanning tree, shortest path, matroid intersection, etc. are
polynomially solvable. We also show that the robust counterpart of an N P-hard
a-approximable O — 1 discrete optimization problem, remains a-approximable.
Finally, we propose an algorithm for robust network flows that solves the ro-
bust counterpart by solving a polynomial number of nominal minimum cost

flow problems in a modified network.

Chapter 6: Robust Discrete Optimization under an Ellipsoidal Un-
certainty Sets. We address the complexity and practically efficient methods
for robust discrete optimization under ellipsoidal uncertainty sets. Specifically,
we show that the robust counterpart of a discrete optimization problem under
ellipsoidal uncertainty is N P-hard even though the nominal problem is poly-
nomially solvable. For uncorrelated and identically distributed data we show
that the robust problem retains the complexity of the nominal problem. For
uncorrelated, but not identically distributed data we propose an approximation
method that solves the robust problem within arbitrary accuracy. We also pro-
pose a Frank-Wolfe type algorithm for this case, which we prove converges to
a locally optimal solution, and in computational experiments is remarkably ef-
fective. Finally, we propose a generalization of the robust discrete optimization
framework presented in Chapter 5 that allows the key parameter that controls
the tradeoff between robustness and optimality to depend on the solution that
results in increased flexibility and decreased conservatism, while maintaining

the complexity of the nominal problem.

Chapter 7: Conclusions. This chapter contains the concluding remarks of

the thesis.
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Chapter 2

The Price of Robustness

In this chapter, we propose a new approach for robust linear optimization that re-
tains the advantages of the linear framework of Soyster [26]. More importantly, our
approach offers full control on the degree of conservatism for every constraint. We
protect against violation of constraint ¢ deterministically, when only a prespecified
number I'; of the coefficients changes, that is we guarantee that the solution is feasi-
ble if less than I'; uncertain coefficients change. Moreover, we provide a probabilistic
guarantee that even if more than I'; change, then the robust solution will be feasible
with high probability. In the process we prove a new, to the best of our knowledge,
tight bound on sums of symmetrically distributed random variables. In this way,
the proposed framework is at least as flexible as the one proposed by Ben-Tal and
Nemirovski [7, 6, 4] and El-Ghaoui et al. (11, 12] and possibly more. Unlike these
approaches, the robust counterparts we propose are linear optimization problems, and
thus our approach readily generalizes to discrete optimization problems. To the best
of our knowledge, there was no similar work done in the robust discrete optimization
domain that involves deterministic and probabilistic guarantees of constraints against

violation.

Structure of the chapter. In Section 2.1, we present the different approaches for
robust linear optimization from the literature and discuss their merits. In Section 2.2

we propose the new approach and show that it can be solved as a linear optimization
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problem. In Section 2.3, we show that the proposed robust LP has attractive prob-
abilistic and deterministic guarantees. Moreover, we perform sensitivity analysis of
the degree of protection the proposed method offers. We provide extensions to our
basic framework dealing with correlated uncertain data in Section 2.4. In Section 2.5,
we apply the proposed approach to a portfolio problem and a problem from the Net,

Lib library. Finally, Section 2.6 contains some concluding remarks.

2.1 Robust Formulation of Linear Optimization

Problems

2.1.1 Data Uncertainty in Linear Optimization

We consider the following nominal linear optimization problem:

maximize 'z
subject to Az < b

Il <z <.

In the above formulation, we assume that data uncertainty only affects the elements
in matrix A. We assume without loss of generality that the objective function ¢ is not
subject to uncertainty, since we can use the objective maximize z, add the constraint

z ~ ¢’z < 0, and thus include this constraint into Ax < b.

Model of Data Uncertainty U:

Consider a particular row 4 of the matrix A and let J; the set of coefficients in row
i that are subject to uncertainty. FEach entry ij, J € Ji is modeled as a symmetric
and bounded random variable aij, J € J; (see Ben-Tal and Nemirovski [7]) that takes
values in [ai]- — Qy5, a3y + @;;]. Associated with the uncertain data a;;, we define
the random variable M = (Gi; — ai;)/d;, which obeys an unknown, but symmetric

distribution, and takes values in [-1,1].
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2.1.2 The Robust Formulation of Soyster

As we have mentioned in the Introduction Soyster [26] considers column-wise uncer-

tainty. Under the model of data uncertainty U, the robust formulation is as follows:

maximize c'x

subject to ZCL,JTJ + ) ayy; < b Vi
jET;

—Yi ST S Y vj (2.1)
[<x<u

y 20

Let * be the optimal solution of Formulation (2.1). At optimality clearly, y; = |x;f|,

and thus
Za”m + D aglel < b Ve

JES;
We next show that for every possible realization a;; of the uncertain data, the solution

remains feasible, that is the solution is “robust.” We have

Zawx = Zamx + 3 mijagz; < Z%I + > aglri < b Vi

JeJ; JE€J;

For every ith constraint, the term, 3=, ; d;;]x;| gives the necessary “protection” of

the constraint by maintaining a gap between 3~ a;; z; and b;.

2.1.3 The Robust Formulation of Ben-Tal and Nemirovski

Although the Soyster’s method admits the highest protection, it is also the most
conservative in practice in the sense that the robust solution has an objective function
value much worse than the objective function value of the solution of the nominal

linear optimization problem. To address this conservatism, Ben-Tal and Nemirovski
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[7] propose the following robust problem:

maximize c’'x

SUbjeCt to ZCL."J—ZL'J' + Z d”yij + Q,; Z &12]2’,‘2] < bi Vi
3 1€d; V ieJ;

—Yi; < T — 2y < Yy Vi,j € J; (2:2)
(<zx<u

y=0.

Under the model of data uncertainty U, the authors have shown that the probability
that the ¢ constraint is violated is at most exp(—2/2). The robust Model (2.2) is
less conservative than Model (2.1) as every feasible solution of the latter problem is
a feasible solution to the former problem.

We next examine the sizes of Formulations (2.1) and (2.2). We assume that there
are k coefficients of the m xn nominal matrix A that are subject to uncertainty. Given
that the original nominal problem has n variables and m constraints (not counting the
bound constraints), Model (2.1) is a linear optimization problem with 2n variables,
and m + 2n constraints. In contrast, Model (2.2) is a second order cone problem,
with n + 2k variables and m + 2k constraints. Since Model (2.2) is a nonlinear one,

it is particularly not attractive for solving robust discrete optimization models.

2.2 The New Robust Approach

In this section, we propose a robust formulation that is linear, is able to withstand
parameter uncertainty under the model of data uncertainty U without excessively af-
fecting the objective function, and readily extends to discrete optimization problems.

We motivate the formulation as follows. Consider the 7th constraint of the nominal
problem ajz < b. Let J; be the set of coeflicients a;;, 7 € J; that are subject
to parameter uncertainty, i.e., @;, j € J; takes values according to a symmetric
distribution with mean equal to the nominal value a;; in the interval [a;; — a4, ai; +a5].

For every %, we introduce a parameter I';, not necessarily integer, that takes values in

26




the interval [0, |J;|]. As it would become clear below, the role of the parameter I’; is
to adjust the robustness of the proposed method against the level of conservatism of
the solution. Speaking intuitively, it is unlikely that all of the a;;, 7 € J; will change.
Our goal is to be protected against all cases that up to |I';| of these coeflicients are
allowed to change, and one coefficient a;; changes by (I'; — |[';])ds;. In other words,
we stipulate that nature will be restricted in its bchavior, in that only a subset of
the coefficients will change in order to adversely affect the solution. We will develop
an approach, that has the property that if nature behaves like this, then the robust
solution will be feasible deterministically, and morcover, even if more than [T

change, then the robust solution will be feasible with very high probability.

We consider the following (still nonlinear) formulation:

maximize c’'x

subject t T
ject to Zja”%*_{s,-u{w sigJﬂgj(:U‘iJ.tieJ,-\Si}

Qg4 i + Fi_ F,‘ d’ii’ Sb v
Jg;i 1595+ ( [T:]) tyt} i Vi (2.3)

—y; S x; Sy Vi
l<x<u

y >0

If I'; is chosen as an integer, the ¢th constraint is protected by

AT = (o) 5By 1 2 il
J€S;
Note that when I'; = 0, gG;(z,[';) = 0 the constraints are equivalent to that of the
nominal problem. Likewise, if T'; = |J;|, we have Soyster’s method. Therefore, by
varying I'; € [0, | J;|], we have the flexibility of adjusting the robustness of the method
against the level of conservatism of the solution.
In order to reformulate Model (2.3) as a linear optimization model we need the

following proposition.
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Proposition 1 Given a vector x*, the protection function of the ith constraint,

Bi(x*,T;) = Z dij|$;| + (I — I_Pi_')a’iti"r;l} (2.4)

= max ,
{S:0{ts} SiCJilSil=(Ti] e J\Si} | =5
equals to the objective function of the following linear optimization problem:

Bi(x*, ;) = maximize Y _ aij|z}| 2
J€J

subject to Y zy; < T (2.5)

J€J;
ngijg]- VJEJ',,

Proof : Clearly the optimal solution value of Problem (2.5) consists of |I';] variables
at 1 and one variable at T'; — |T;|. This is equivalent to the selection of subset {.5; U
{t:}| S C J;,|Si| = [T, t; € Ji\S;} with corresponding cost function 3 ,cg, dis|2}} +
(Ti — [Ti])dig, |3 u

We next reformulate Model (2.3) as a linear optimization model.

Theorem 1 Model (2.8) has an equivalent linear formulation as follows:

maximize ¢’z

subject to Y ajz;+ i+ D py < b Vi

j jed,
2z + pij 2 Q45Y; Vi, 7 € J;
—Y; SZ; S Y Vg (2.6)
L <y <y Vi
Py 20 Vi, j € J;
y; 20 Yy
z >0 Yi.
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Proof : We first consider the dual of Problem (2.5):

minimize Y py + Tz

JjeJ;

subject to 2 + py > @)z} Vi,j € J, (2.7)
pij >0 Ve
z >0 V1.

By strong duality, since Problem (2.5) is feasible and bounded forall T; € [0, ]J], then
the dual problem (2.7) is also feasible and bounded and their ob Jective values coincide.
Using Proposition 1, we have that Bi(x*,T;) is equal to the objective function value of
Problem 2.7. Substituting to Problem (2.3) we obtain that Problem (2.3) is equivalent
to the linear optimization problem (2.6). [ |
Remark : The robust linear optimization Model (2.6) has n + k + 1 variables and
m + k +n constraints, where k = i |Ji] the number of uncertain data, contrasted
with 7 4 2k variables and m + 2k constraints for the nonlinear Formulation (2.2). In
most real-world applications, the matrix A is sparse. An attractive characteristic of

Formulation (2.6) is that it preserves the sparsity of the matrix A.

2.3 Probability Bounds of Constraint Violation

It is clear by the construction of the robust formulation that if up to IT;| of the J,
coefficients a;; change within their bounds, and up to one coefficient a;; changes by
(T; — [T:))ay, then the solution of Problem (2.6) will remain feasible. In this section,
we show that under the Model of Data, Uncertainty U, the robust solution is feasible
with high probability. The parameter [; controls the tradeoff between the probability
of violation and the effect to the objective function of the nominal problem, which is
what we call the price of robustness.

In preparation for our main result in this section, we prove the following proposi-

tion.

Proposition 2 Let z* be an optimal solution of Problem (2. 6). Let S; and t* be the
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set and the index respectively that achieve the mazimum for 3;(z*,T;) in Eq. (2.4).
Suppose that the data in matriz A are subjected to the model of data uncertainty U.
(a) The probability that the ith constraint is violated satisfies:

P (Z i Ty > bi) <P (Z YiiThi 2 Pi)
J

JEJ;
where
L if j €S}
Yij =\ |z ., ifj € J\S!
and

*
r* =arg min G|z
reSruft:} i |7 |

(b) The quantities v;; satisfy vi; <1 for all j € J\S;.

Proof : (a) Let z*, S} and t; be the solution of Model (2.3). Then the probability

of violation of the ith constraint is as follows:

P Za”l'; > bl) (28)
7
= P Za,,z + Zm]aux > b)
jeJ;
< P myagleyl > Y agleil + (T — [Tif Yy $§k;|) (2.9)
jEX jES?
= P| Y wngailell > D aylzil(1 = nyg) + (T = [Ti])au; |25 )
FETNS? je8;
< Pl Y miyhilei] > Gielor. (Z (1 —ny) + i - LFzJ))) (2.10)
JEL\ST JEST
aiqilzt
- P Z 7]1,7 + Z Jl > ]._‘1)
j€S; jeans; are |$f“

= P[> vmy > Fi)

JjEeJ;

A
g

> vigmy 2 Fi) -

JE€J;
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Inequality (2.9) follows from Inequality (2.3), since * satisfies

Zawx + D ayy, + (T - ITi D yer < by

JeS?

Inequality (2.10) follows from 1 — mi; > 0 and 7™ = arg Min esr0{r} Q. |2}

(b) Suppose there exist [ € J;\S! such that g wo|- If I # ¢, then, since

r* € 5/U{t'}, we could increase the objective value of Yjesr Gi|oi |+ (D= [T ags |
by exchanging I with r* from the set SF U {#!}. Likewise, if [ = t;, r* €5, we could
exchange ¢7 with r* in the set S} to increase the same objective function. In both
cases, we arrive at a contradiction that S} U {#7} is an optimum solution to this

objective function. [ |

We are naturally led to bound the probability P(3 cs vi;m; > Ti). The next

result provides a bound that is independent of the solution x*.

Theorem 2 Ifn;;,j € J; are independent and symmetrically distributed random vari-

ables in [—1, 1], then

2
p (Z YijThij = Fi) < exp (—21}.1) . (2.11)

JE€J

Proof : Let @ > 0. Then

Elexp(8 3 e, i)
P Yy > Ti | < Jea U 2.12
(J%;i Jing ) exp(@l"l-) ( )

H Elexp(f Yiiis )]
_ e
B exp(QF-) (213)

H / 9%]77 dFmJ( )
= ° ’” ° (2.14)

IA




92%2]
T exp (_2 )

JeJi

exp(01';)

92

VAN

Inequality (2.12) follows from Markov’s inequality, Egs. (2.13) and (2.14) follow from
the independence and symmetric distribution assumption of the random variables 7;;.

I[nequality (2.15) follows from «y;; < 1. Selecting 6 = I';/|J;|, we obtain (2.11). [ ]

Remark : While the bound we established has the attractive feature that is inde-
2

pendent of the solution x*, it is not particularly attractive especially when TFJ—I is

small. We next derive the best possible bound, i.e., a bound that is achievable. We

assume that [, > 1.

Theorem 3 (a) If n;;,j € J; are independent and symmetrically distributed random

variables in [—1, 1], then

p (Z YiiMij 2 Fi) < B(n,T), (2.16)
jed;
where
B(n,T) =3 {(1=w) Siyy (1) + #Sipyn ()} (2.17)
= 2Ln {(1 - ﬂ)(ﬁj) + Zlnzl_llj-*-l (Tll)} ’
where n = ||, v =242 and p = v — |v].

(b) The bound (2.16) is tight for ni; having a discrete probability distribution: P(n; =
1) = 1/2 and P(ny; = —1) = 1/2, v;; = 1, an integral value of I'; > 1 and I'; +n being

even.

(c) The bound (2.16) satisfies

n

B(n,Ty) £ (1-w)C(n, [v])+ > Cln.), (2.18)

I=|v]+1
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where

C(n,l) =
i, it I=0or l=n,
2n1 l
T n n —
exp nlog +llog| —— | ], otherwise.
oo (e () v (7))
(2.19)
(d) For T, = 0y/n,
lim B(n,I;) = 1 — ®(8), (2.20)

L—00
where

0 [ oo () a

s the cumulative distribution function of a standard normal.

Proof : (a) The proof follows from Proposition 2 parts (a) and (b). To simplify the
exposition we will drop the subscript ¢, which represents the index of the constraint.

We prove the bound in (2.16) by induction on n. We define the auxiliary quantities:

ATy =t () = o) - T, T(sm) = =D (z)

The induction hypothesis is formulated as follows:

P(Sha v > T)
- (1= (T, n))T([v(T.n)|,n) + (T, n)Y(|A(L,n)] +1,n) if T € [1,n]
B 0 ifI' > n.

Forn =1, then I' =1, and so v(1,1) = 1, £(1,1) = 0, T(1,1) = 1/2 leading to:

Pim>T1) < P(m=>0)

IA

Il
P
—

= (L 1D))T (1, 1)],1) + w1, DY 1] + 1,1).
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Assuming the induction hypothesis holds for n, we have

n+1
P (Z Vi > F) (2.21)
=1
1 n
= /1 P (Z Y 2 I = Yo 1Mot ag1 = 77) dF, .. (n)
_ =
1 n
= / (Z vy 2 = %m;) dFy, .. (n) (2.22)
_ =

+P Z'VJTTJ >T +%+m)J ar, . (n) (2.23)

j=1

E[O(‘YH-}—IJ ]=1

| b= [\Jli—'

IA

max U, (d) (2.24)

2 $E[0yn41]
511/,1(1) (2.25)

= (1=pn+1)T(¥(,n+1)],n+ 1)+

A

p(Lon+ )T ((Cyn+ 1) + 1,n 4 1), (2.26)

where

Un(¢) = (1= p(T = 6, n)T([w (I = ¢, )], n) + (T — ¢, )Y ([w(T — ¢,n)] + 1,7)

+(1 ~ u(T + ¢, n)) Y (v + ¢,n)|,n) + u(T + ¢, n)YT(|v(T + ¢, n)| +1,n).

Egs. (2.22) and (2.23) follow from the assumption that n;'s are independent, sym-

metrically distributed random variables in [~1,1]. Inequality (2.24) represents the
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induction hypothesis. Eq. (2.26) follows from:

Ua(l) = (1—p(C —1,n)T(u(T — 1,n)},n)
(T = 1,2)Y(|v(L —1,n)] + 1,n)
+(1 - T+ 1,2)Y(w(T + 1), n)
+u(T+1,n)Y(|v(TC+1,n)] +1,n) (2.27)
= (1-pT+1,2)Y(¥T +1,n)] - 1,n)
+T([v(TC+1,n)],n)) +
(T + 1L,n)(Y([w(T + 1,1)].n)
+Y(w(T +1,n)] +1,n)) (2.28)
= 21— w(T+1,n)Y(¥(C+1,n)],n+1)+
w(T+1,0)Y(|w(C+1,n)] +1,n+1)} (2.29)
= 2{(1— (T, n+INT(w(T,n+1)],n+1)+
p(Cyn+ )Y (lv(T,n+1)] + 1,n+1)} (2.30)

Egs. (2.27) and (2.28) follow from noting that (I’ — 1,n) = p(T + 1,n) and |v(T -
1,n)] = [v(T+1,n)|—1. Eq. (2.29) follows from the claim that Y(s,n)+Y(s+1,n) =
2T (s +1,n + 1), which is presented next:

T(s,n)+T(s+1,n) =

]
Loa

SN
TN N
WM:
AN
2
_|._
o
TN
N
N —

N
I
W

Il
«

Ngl
AN T N
—~ 3

]

SR PR TP STIE
&
¥

w T
+
=
3
+
N

and Eq. (2.30) follows from p(I'+ 1,n) = u(T,n+1) = (T +n +1)/2.

We are left to show that ¥,(¢) is a monotonically non-decreasing function in
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the domain ¢ € [0, 1], which implies that for any ¢1,¢2 € [0,1] such that ¢; > ¢s,
o)) — Wplgy) > 0. We fix I and n. To simplify the notation we use: p(¢) =
p(L+o.n) = (C+¢+n)/2, v(¢) =v(I'+ ¢,n). For any choice of ¢, and ¢, we have
p=Vop | < Vo] € |¥aa) € [¥e] < p+ 1. Therefore, we consider the following

cases:

For p = LV—¢1J = l_V—¢2J = I.V¢2J = LV¢1J5

Hepr = H—g2 = _¢1 ; ?2
91— ¢
Hey = Ko = 2
Vo) - Talda) = DT EN(pm) = T+ 1) = Tlpn) + To+ L)}
= 0

For p= |v_g,) = [Vg) = V4] =1 = V] = 1,

=
B—gpy — H—gy = — 9
1= ¢
Moy — Heg — 9
Un(pr) — Unlge) = qs—l;—%{"f(p, n) —2Y(p+1,n) + T(p+2,n)}
¢ — 9 +1
= I LR
$r—¢2 [(n+1 14+n—¢
> o) (2
> 0.

For p=|v_g, ]| = [Vog,] — 1= Vg,] —1=[v4,] — 1,

Hegy — P—gy = —ﬁ;—@ +1
_ ¢1— ¢
Ly — Mg, = — 9
o(d1) — Valgn) = (1—p_g){T(p,n) —2Y(p+1,n) +T(p+2n)}

IV

0.
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For p = |_V‘¢1_| - I.V—¢2J - I.U¢2J - LVWJ -1,

_ _ _h -y
H—p, H—gy 5
oL O
Ho, — Hey = 5 -1
Wo(h1) — Wnld2) = pe{T(0.n)—2T(p+1,n)+Y(p+2,n)}

v

0.

(b) Let n; obey a discrete probability distribution P(n; = 1) = 1/2and P(n; = —1) =
1/2,v; =1, T > 1is integral and I'+ n is even. Let S, obeys a Binomial distribution

with parameters n and 1/2. Then,

p (annj zr) =~ P(S,—(n—5,)>T)

H
s
)
=
v
[}

1 & n
2 l:n,Jer (l)

which implies that the bound (2.16) is indeed tight.

(") . From

(c) From Eq. (2.17), we need to find an upper bound for the function - ;

on

Stirling’s formula (see Robbins [24]) we obtain for n > 1,
Vern™ 2 exp(—n + 1/(12n + 1)) < n! < V2rn"+2 exp(—n + 1/(12n)),
we can establish for [ € {1,...,n — 1},
1{ny n!
22\Il) — 2n(n-—DN

1 7 1 1 1
ex - —
VI =01 " P\12n " 20 +1 1241/

(wa) ()
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1 n 7 "=\
SlﬂWm~W@m40(Z) 232
- e (e () e (5

where Eq. (2.32) follows from

1 1 2 2 1
> = :
12(n—l)+1+12l+1 “(12(rn—=0D+1)+(1204+1) 12n42 ~ Tom

Forl=0andl=n £(}) =%
(d) Bound (2.16) can be written as

B(n,T) = (1 = WP(Sy 2 [v]) + uP(S, = [v] +1),

where S, represents a Binomial distribution with parameters n and 1/2. Since P(S,, >

lv] + 1) <P(S, > |v]), we have
P(S, > v+1) =P(S, > {v] +1) < B{n,T}) < P(S, > |v]) = P(S, 2 v),

since S, is a discrete distribution. For T'; = 8/n, where @ is a constant, we have

By the central limit theorem, we obtain that

. Sp—n/2 2\ . Sp—nf2 o
e (B s es )= pmr (57 20) <100,

where ®(0) is the cumulative distribution function of a standard normal. Thus, for
[, = 8y/n, we have
lim B(n,[;) =1— ®(8).

n—+00

Remarks:
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(a) While Bound (2.16) is best possible (Theorem 3(b)), it poses computational
difficulties in evaluating the sum of combination functions for large n. For this reason,
we have calculated Bound (2.18), which is simple to compute and, as we will see, it

is also very tight.

(b) Eq. (2.20) is a formal asymptotic theorem that applies when I'; = 6,/n. We can
use the De Moivre-Laplace approximation of the Binomial distribution to obtain the

approximation

B(n,[y)~1— & (Fi/%l) , (2.33)

that applies, even when I'; does not scale as 6/n.

(c) We next compare the bounds: (2.11) (Bound 1), (2.16) (Bound 2), (2.18) (Bound
3) and the approximate bound (2.33) for n = |J;| = 10, 100, 2000. In Figure 2-1 we
compare Bounds 1 and 2 for n = 10 that clearly show that Bound 2 dominates Bound
1 (in this case there is no need to calculate Bounds 3 and the approximate bound as
n is small). In Figure 2-2 we compare all bounds for n = 100. It is clear that Bound
3, which is simple to compute, is identical to Bound 2, and both Bounds 2 and 3
dominate Bound 1 by an order of magnitude. The approximate bound provides a
reasonable approximation to Bound 2. In Figure 2-3 we compare Bounds 1 and 3 and
the approximate bound for n = 2000. Bound 3 is identical to the approximate bound,
and both dominate Bound 1 by an order of magnitude. In summary, in the remainder
of the chapter, we will use Bound 3, as it is simple to compute, it is a true bound (as
opposed to the approximate bound), and dominates Bound 1. To amplify this point,
Table 2.1 illustrates the choice of T'; as a function of n = |J;| so that the probability
that a constraint is violated is less than 1%, where we used Bounds 1, 2, 3 and the
approximate bound to evaluate the probability. It is clear that using Bounds 2,3 or
the approximate bound gives essentially identical values of I';, while using Bound 1
leads to unnecessarily higher values of I';. For |J;{ = 200, we need to use T’ = 33.9,
i.e., only 17% of the number of uncertain data, to guarantee violation probability of
less than 1%. For constraints with fewer number of uncertain data such as |Ji| = 5,

it is necessary to ensure full protection, which is equivalent to the Soyster’s method.
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Figure 2-1: Comparison of probability bounds for » = |J;| = 10.

Clearly, for constraints with large number of uncertain data, the proposed approach

is capable of delivering less conservative solutions compared to the Soyster’s method.

2.3.1 On the Conservatism of Robust Solutions

We have argued so far that the linear optimization framework of our approach has
some computational advantages over the conic quadratic framework of Ben-Tal and
Nemirovski [7, 6, 4] and El-Ghaoui et al. [11, 12] especially with respect to discrete
optimization problems. Qur objective in this section is to provide some insight, but

not conclusive evidence, on the degree of conservatism for both approaches.

Given a constraint @’z < b, with @ € [@ — &, @ + @], the robust counterpart of
Ben-Tal and Nemirovski {7, 6, 4] and El-Ghaoui et al. [11, 12] in its simplest form of

ellipsoidal uncertainty (Formulation (2.2) includes combined interval and ellipsoidal
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Figure 2-2: Comparison of probability bounds for n = |J;| = 100.

|| | I; from Bound 1 | I'; from Bounds 2, 3 | T, from Approx.
) ) d 5)

10 9.6 8.2 8.4

100 30.3 24.3 24.3

200 42.9 33.9 33.9

2000 135.7 105 105

Table 2.1: Choice of I'; as a function of n = |J;| so that the probability of constraint
violation is less than 1%,
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Figure 2-3: Comparison of probability bounds for n = |J;| = 2000.

42




uncertainty) is:

a'z + Q| Az|l; < b,

where A is a diagonal matrix with elements a; in the diagonal. Ben-Tal and Ne-
mirovski [7] show that under the model of data uncertainty U for a, the probability

that the constraint is violated is bounded above by exp(—2/2).
The robust counterpart of the current approach is
ax+ 0(x,T)<bh,
where we assumed that [ is integral and

x,[') = max a;|z;|.
Ba.T) = max, 3l
From Eq. (2.11), the probability that the constraint is violated under the model of
data uncertainty U for a is bounded above by exp(—I?/(2n)). Note that we do not
use the stronger bound (2.16) for simplicity.

Let us select I' = Q+/n so that the bounds for the probability of violation are
the same for both approaches. The protection levels are QH.A:BHQ and 3(x,T). We
will compare the protection levels both from a worst and an average case point of
view in order to obtain some insight on the degree of conservatism. To simplify the
exposition we define y; = a;|z;|. We also assume without loss of generality that

Y12 Y2 2 ... 2 Yn > 0. Then the two protection levels become Q||y||2 and Yi_, v

ForT'=6y/n,andyl =.. . =y =1,90=0fork>T+1, wehave )1 ¢ =T=
8+/n, while Q||y||» = 0%2n!/4 ie., in this example the protection level of the conic
quadratic framework is asymptotically smaller than our framework by a multiplicative

factor of n'/4. This order of the magnitude is in fact worst possible, since

T

mn
d s < \/f||y||2 =/ f(QHy'b),
=1
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which for I = 6/n leads to

1/4

T

n
> < 2 @llyl).
i=1

Moreover, we have

T
Qllyll2 < QJZy? +yp(n —T)

If we select ' = 8y/n, which makes the probability of violation exp(—62/2), we obtain
that

r
Qllyila < VI+02Y
=1

Thus, in the worst case the protection level of our framework can only be smaller than
the conic quadratic framework by a multiplicative factor of a constant. We conclude
that in the worst case, the protection level for the conic quadratic framework can be
smaller than our framework by a factor of 7'/, while the protection of our framework
can be smaller than the conic quadratic framework by at most a constant.

Let us compare the protection levels on average, however. In order to obtain some
insight let us assume that y; are independently and uniformly distributed in [0,1].
Simple calculations show that for the case in question (2 =T'/y/n, I' = 6/n)

Blallyll = 0(R). B | g S| -0/

SISI=T s

which implies that on average the two protection levels are of the same order of
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magnitude.

It is admittedly unclear whether it is the worst or the average case we presented
which is more relevant, and thus the previous discussion is inconclusive. It is fair to
say, however, that both approaches allow control of the degree of conservatism by
adjusting the parameters I' and 2. Moreover, we think that the ultimate criterion for
comparing the degree of conservatism of these methods will be computation in real

problems.

2.3.2 Local Sensitivity Analysis of the Protection Level

Given the solution of Problem (2.6), it is desirable to estimate the change in the
objective function value with respect to the change of the protection level I';. In this
way we can assess the price of increasing or decreasing the protection level I'; of any
constraint. Note that when T'; changes, only one parameter in the coefficient matrix
in Problem (2.6) changes. Thus, we can use results from sensitivity analysis (see
Freund [15] for a comprehensive analysis) to understand the effect of changing the

protection level under nondegeneracy assumptions.

Theorem 4 Let z* and q* be the optimal nondegenerate primal and dual solutions
for the linear optimization problem (2.6) (under nondegeneracy, the primal and dual
optimal solutions are unigque). Then, the derivative of the objective function value

with respect to protection level I'; of the ith constraint is
—zlq (2.34)
where z} is the optimal primal variable corresponding to the protection level T; and
q; 1s the optimal dual variable of the ith constraint.
Proof : We transform Problem (2.6) in standard form,
G(T';) = maximize c'z

subject to Ax +1',z,e; = b

x>0,
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where e; is a unit vector with an one in the ith position. Let B be the optimal
basis, which is unique under primal and dual nondegeneracy. If the column Te;
corresponding to the variable 2; is not in the basis, then 2 = 0. In this case,
under dual nondegeneracy all reduced costs associated with the nonbasic variables
are strictly negative, and thus a marginal change in the protection level does not

affect the objective function value. Eq. (2.34) correctly indicates the zero variation.

If the column I';e; corresponding to the variable z; 1s in the basis, and the protec-
tion level I['; changes by AT, then B becomes B+ ATe;e;’. By the Matriz Inversion
Lemma we have:

AF,»B_le,-e,-’B—l
1+ AT;ei/B le;’

(B + Alie;e’) ™' = B —

Under primal and dual nondegeneracy, for small changes ATL;, the new solutions
preserve primal and dual feasibility. Therefore, the corresponding change in the

objective function value is,

ATicg’'B'e;e!B™'b B ALz} g

G(Fz + A]‘—"L) - G(Fl) == 14+ Arierj,’B‘lei N _—1 + Arie-i,B-_lei,

where cg is the part of the vector ¢ corresponding to the columns in B. Thus,

' o G(P1+AF1)—G(F1) _ * %
G'(Iy) = Alll,n—l»o AT, = -zlq.

Remark : An attractive aspect of Eq. (2.34) is its simplicity as it only involves only
the primal optimal solution corresponding to the protection level T; and the dual

optimal solution corresponding to the sth constraint.

46




2.4 Correlated Data

So far we assumed that the data are independently uncertain. It is possible, however,
that the data are correlated. In particular, we envision that there are few sources of
data uncertainty that affect all the data, More precisely, we assume that the model

of data uncertainty is a follows.

Correlated Model of Data Uncertainty C:
Consider a particular row i of the matrix A and let J; the set of coefficients in row 4

that are subject to uncertainty. Each entry ai;, J € J; is modeled as

Gij = aij + Y Tigy
keK,;

and 7 are independent and symmetrically distributed random variables in [—1,1].

Note that under this model, there are only |K,| sources of data uncertainty that
affect the data in row i. Note that these sources of uncertainty affect all the entries
@y, 3 € J;. For example if |Ki| = 1, then all data in a row are affected by a single
random variable. For a concrete example, consider a portfolio construction problem,
in which returns of various assets are predicted from a regression model. In this case,

there are a few sources of uncertainty that affect globally all the assets classes.

Analogously to (2.3), we propose the following robust formulation:

maximize c’x

subject to T
: %:a” it (Si0(t S SRS e T e K\ S}

(2.35)
{ 315 gyl 4 (T — (T S g|} <h v
kes; jeJ; jed;
l<z<u,
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which can be written as a linear optimization problem as follows:

maximize c'x

subject to Zaij:rj + 7 + Z D < b, Vi

j =re
Zi + Pk = Yik Vi, k€ K,
—Yik < Xjes; hiTy < Yik Vi, k€ K; (2.36)
l; <y <wy 2]
Dik> Yik = 0 Vi, k € K;
z >0 Vi.

Analogously to Theorem 3, we can show that the probability that the ith constraint
is violated is at most B(|Kj;|, ;) defined in Eq. (2.16).

2.5 Experimental Results

In this section, we present three experiments illustrating our robust solution to prob-
lems with data uncertainty. The first example is a simple portfolio optimization
problem from Ben-Tal and Nemirovski [6], which has data uncertainty in the objec-
tive function. In the last experiment we apply our method to a problem PILOT4
from the well known Net Lib collection to examine the effectiveness of our approach

to real world problems.

2.5.1 A Simple Portfolio Problem

In this section we consider a portfolio construction problem consisting of a set of NV
stocks (|[N| = n). Stock i has return p; which is of course uncertain. The objective
is to determine the fraction z; of wealth invested in stock i, so as to maximize the
portfolio value Y™ | f;7;. We model the uncertain return p; as a random variable that
has an arbitrary symmetric distribution in the interval [p, — o;, p; + 03], where p; is
the expected return and o; is a measure of the uncertainty of the return of stock .

We further assume that the returns p; are independent.
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The classical approach in portfolio construction is to use quadratic optimization

and solve the following problem:

n

n
maximize Z DT — ¢Z U? 3312
=1

i=1

n
subject to > z; =1
-1

Ii207

where we interpret o; as the standard deviation of the return for stock 7, and ¢ is a
parameter that controls the tradeoff between risk and return. Applying our approach,
we will solve instead the following problem (which can be reformulated as a linear

optimization problem as in Theorem 2.6):

maximize z

subject to 2z < Zp,-:zi — [z, )
i=1 (2.37)

where

Bz, T) = > oz + (T — [I"J)otazt}

T (SUlt)] SCNSIeIr ren\S) {je ?
In this setting I is the protection level of the actual portfolio return in the following
sense. Let x* be an optimal solution of Problem (2.37) and let z* be the optimal
solution value of Problem (2.37). Then, x* satisfies that P(p’z* < z*) is less than
or equal to than the bound in Eq. (2.18). Ben-Tal and Nemirovski [6] consider the

same portfolio problem using n = 150,

pi=1.15+i0'05, 0.05

150 o; = 150 2in(n + 1).

Note that in this experiment, stocks with higher returns are also more risky.
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Optimization Results

Let *(T') be an optimal solution to Problem (2.37) corresponding to the protection

level I". A classical measure of risk is the Standard Deviation,

w(l) = > of(z}{())*
ieN
We first solved Problem (2.37) for various levels of I'. Figure 2-4 illustrates the
performance of the robust solution as a function of the protection level I', while Figure
2.5 shows the solution itself for various levels of the protection level. The solution

exhibits some interesting “phase transitions” as the protection level increases:

1. For [ < 17, both the expected return as well as the risk adjusted return (the
objective function value) gradually decrease. Starting with T' = 0, for which
the solution consists of the stock 150 that has the highest expected return, the
portfolio becomes gradually more diversified putting more weight on stocks with

higher ordinal numbers. This can be seen for example for I' = 10 in Figure 2-5.

2. For 17 < ' < 41, the risk adjusted return continues to gradually decrease

as the protection level increases, while the expected return is insensitive to

2. (1/a)

the protection level. In this range, z;* = i.e., the portfolio is fully

diversified.

3. For [ > 41, there is a sudden phase transition (see Figure 2-4). The portfolio
consists of only stock 1, which is the one that has the largest risk adjusted
return p; — 0;. This is exactly the solution given by the Soyster method as well.
In this range both the expected and the risk adjusted returns are insensitive to

L.

Simulation Results

To examine the quality of the robust solution, we run 10,000 simulations of random

yields and compare robust solutions generated by varying the protection level I'. As
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Figure 2-4: The return and the objective function value (risk adjusted return) as a
function of the protection level I.
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Figure 2-5: The solution of the portfolio for various protection levels.

52




T T T T T I 1

T I
D —— Theoretiocal bound
‘ \ P —— Actual probability of underperiroming |

Figure 2-6: Simulation study of the probability of underperforming the nominal return
as a function of T

we have discussed, for the worst case simulation, we consider the distribution with D
taking with probability 1/2 the values at p; ;. In Figure 2-6, we compare the theo-
retical bound in Eq. (2.18) with the fraction of the simulated portfolio returns falling
below the optimal solution, z*. The empirical results suggest that the theoretical

bound is close to the empirically observed values.

In Table 2.2, we present the results of the simulation indicating the tradeoff be-
tween risk and return. The corresponding plots are also presented in F igures 2-7
and 2-8. As expected as the protection level increases, the expected and maximum
returns decrease, while the minimum returns increase. For stance, with I > 15, the

minimum return is maintained above 12% for all simulated portfolios.

This example suggests that our approach captures the tradeoff between risk and
return, very much like the mean variance approach, but does so in a linear framework.

Additionally the robust approach provides both a deterministic guarantee about the
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[ | Prob. violation | Exp. Return | Min. Return | Max. Return | w(T')
0 0.5325 1.200 0.911 1.489 0.289
5 0.3720 1.184 1.093 1.287 0.025
10 0.2312 1.178 1.108 1.262 0.019
15 (.1265 1.172 1.121 1.238 0.015
20 0.0604 1.168 1.125 1.223 0.013
25 0.0250 1.168 1.125 1.223 0.013
30 0.0089 1.168 1.125 1.223 0.013
35 0.0028 1.168 1.125 1.223 0.013
40 (0.0007 1.168 1.125 1.223 0.013
45 0.0002 1.150 1.127 1.174 0.024
Table 2.2: Simulation results given by the robust solution.
15 . — ! : . , . . ,
: : . : —— Expected Return
: : : : . — - Max Retum
‘] ‘ : : : — Min Hetqrn
papo S o T S S i
v - ; T z 1 , ‘
'\ :
13l N : i
b2k oo D ITTTOTITIIITTOSI 0
e | . . A .

Figure 2-7: Empirical Result of expected, maximum and minimum yield.
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Figure 2-8: Tradeoffs between probability of underperforming and returns.
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|Ji] | # constraints || |J;| | # constraints
1 21 24 12

11 4 25 4

14 4 26 8

15 4 27 8

16 4 28 4

17 8 29 8

22 4

Table 2.3: Distributions of |J;| in PILOT4.

return of the portfolio, as well as a probabilistic guarantee that is valid for all sym-

metric distributions.

2.5.2 Robust Solutions of a Real-World Linear Optimization
Problem

As noted by Ben-Tal and Nemirovski [7], optimal solutions of linear optimization
problems may become severely infeasible if the nominal data are slightly perturbed.
In this experiment, we applied our method to the problem PILOT4 from the Net Lib
library of problems. Problem PILOT4 is a linear optimization problem with 411 rows,
1000 columns, 5145 nonzero elements and optimum objective value, —2581.1392613.
It contains coefficients such as 717.562256, -1.078783, -3.053161, -.549569, -22.634094,
-39.874283, which seem unnecessarily precise. In our study, we assume that the
coefficients of this type that participate in the inequalities of the formulation have a
maximum 2% deviation from the corresponding nominal values. Table 2.3 presents
the distributions of the number of uncertain data in the problem. We highlight that
each of the constraints has at most 29 uncertain data.

We solve the robust problem (2.6) and report the results in Table 2.4. In Figure
2.9, we present the efficient frontier of the probability of constraint violation and cost.

We note that the cost of full protection (Soyster’s method) is equal to —2397.5799.
In this example, we observe that relaxing the need of full protection, still leads to a

high increase in the cost unless one is willing to accept unrealistically high probabilities
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Figure 2-9: The tradeoft between cost and robustness.

Optimal Value | % Change | Prob. violation
-2486.03345 3.68% 0.5
-2450.4324 5.06% 0.421
-2433.4959 5.72% 0.345
-2413.2013 6.51% (0.159
-2403.1495 6.90% 0.0228
-2399.2592 7.05% 0.00135
-2397.8405 7.10% 3.17 x 107
-2397.5799 7.11% 2.87 x 1077
-2397.5799 7.11% 9.96 x 1073

Table 2.4: The tradeoff between optimal cost and robustness.
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for constraint violation. We attribute this to the fact that there are very few uncertain
coefficients in each constraint (Table 2.3), and thus probabilistic protection is quite

close to deterministic protection.

2.6 Conclusions
The major insights from our analysis are:

1. Our proposed robust methodology provides solutions that ensure deterministic

and probabilistic guarantees that constraints will be satisfied as data change.

2. Under the proposed method, the protection level determines probability bounds

of constraint violation, which do not depend on the solution of the robust model.

3. The method naturally applies to discrete optimization problems which we will

illustrate in Chapter 4.

4. We feel that this is indicative of the fact that the attractiveness of the method

increases as the number of uncertain data increases.
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Chapter 3

Robust Linear Optimization under

General Norms

In this chapter, we study the framework of robust optimization applied to the linear

optimization problem

max {c’a: | Az < b, € PI}, (3.1)

with £ € R"<!, A € R™*" a matrix of uncertain coefficients belonging to a known
uncertainty set U, ¢ € R"*! and P* a given set representing the constraints involving

certain coefficients, the robust counterpart of Problem (3.1) is
max{c'a: | Amgb,wer,\?’AEU}. (3.2)

An optimal solution «* is robust with respect to any realization of the data, that is,

it satisfies the constraints for any A € Y.

In Chapter 2, we consider LPs such that each entry a;; of A € R®™*" is assumed
to take values in the interval [a;; — Ay, a;; + A;;] and protect for the case that up to
['; of the uncertain coefficients in constraint 4, i = 1,...,m, can take their worst-case
values at the same time. The parameter I'; controls the tradeoff between robustness
and optimality. The attractive aspect of the framework is that the robust counterpart

is still an LP.



In this chapter, we propose a framework for robust modeling of linear optimiza-
tion problems using uncertainty sets described by an arbitrary norm. We explicitly
characterize the robust counterpart as a convex optimization problem that involves
the dual norm of the given norm. Under a Euclidean norm we recover the second
order cone formulation in Ben-Tal and Nemirovski [4, 6], El Ghaoui et al. [11, 12],
while under a particular D-norm we introduce we recover the linear optimization for-
mulation proposed in Chapter 1. In this way, we shed some new light to the nature

and structure of the robust counterpart of an LP.

Structure of the chapter. In Section 3.1, we review from Ben-Tal and Nemirovski
[8] the robust counterpart of a linear optimization problemn when the deviations of the
uncertain coefficients lie in a convex set and characterize the robust counterpart of an
LP when the uncertainty set is described by a general norm, as a convex optimization
problem that involves the dual norm of the given norm. In Section 3.2, we show that
by varying the norm used to define the uncertainty set, we recover the second order
cone formulation in Ben-Tal and Nemirovski [4, 6], El Ghaoui et al. [11, 12], while
under a particular D-norm we introduce we recover the linear optimization formu-
lation proposed in Chapter 1. In Section 3.3, we provide guarantees for constraint
violation under general probabilistic models that allow arbitrary dependencies in the
distribution of the uncertain coefficients. The final section contains some concluding

remarks.

Notation

In this chapter, lowercase boldface will be used to denote vectors, while uppercase
boldface will denote matrices. Tilde (@) will denote uncertain coefficients, while over
line (&) will be used for nominal values. A € ®™*" will usually be the matrix of
uncertain coefficients in the linear optimization problem, and vec(A) € RIm™>1 will

denote the vector obtained by stacking its rows on top of one another.
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3.1  Uncertainty Sets Defined by a Norm

In this section, we review from Ben-Tal and Nemirovski [8] the structure of the robust
counterpart for uncertainty sets defined by general norms. These characterizations

are used to develop the new characterizatious in Section 3.

Let .5 be a closed, bounded convex set and consider an uncertainty set in which
the uncertain coefficients are allowed to vary in such a way that the deviations from

their nominal values fall in a convex set §

U= {A | (vec(A) — vec(A)) € S}.

The next theorem characterizes the robust counterpart.

Theorem 5 Problem

max cx
st. Ax <b
3.3
x € P~ (33)
VA € R™" such that (vec(A) — vec(A)) € S
can be formulated as
max c'x
5.t. @ + maxyes{y'xz} <b;, i=1,...,m (3.4)
xre P*.

Proof : Clearly since S is compact, for each constraint 7, &,x < b, for all vec(a) —

vec(A) € S if and only if

_max {a;x} <b;.
{Vec(A)—vec(A)eS}
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Since

max d":L‘ max VBCA ,wi
{VE(:(’Z‘)_VGC(‘Z‘)ES}{z } {Ve(?(ﬁ)—vec(ﬁ)es}{( (A) }

= A ! i+ In !
(vec(4))zi + max {y/z}

the theorem follows. ]

We next consider uncertainty sets that are arise from the requirement that the
distance (as measured by an arbitrary norm) between uncertain coefficients and their

nominal values is bounded. Specifically, we consider an uncertainty set U given by:
U={A|||M(vec(A) — vec(A))l| < A}, (3.5)

where M is an invertible matrix, A > 0 and || - || a general norm.
Given a norm ||z|| for a real space of vectors &, its dual norm induced over the

dual space of linear functionals s is defined as follows:

Definition 1 (Dual Norm)
s||* = max s’z 3.6
sl {HEHSXH (36)

The next result is well known (see, for example, Lax [21]).

Proposition 3 (a) The dual norm of the dual norm is the original norm.

(b) The dual norm of the L, norm
n /p
||(lp = (ZI%I”) , (3.7)
j=1

-1

The next theorem derives the form of the robust counterpart, when the uncertainty

. 1
is the Ly norm ||s||, with g =1+ 1

set is given by Eq. (3.5).
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Theorem 6 Problem

max c'zx
st. Ax <b
(3.8)
x e P*

VAcl = {;1 || M (vee(A) — vec(A))|| < A},

where M is an invertible matriz, can be formulated as

max c'x

st. ax+ A|IM ™ 'z)*<b, i=1,...,m (3.9)

T e PT

where x; € RU™™X) s a veclor that contains x € R in entries (i—1)-n+ 1 through

t-n, and O everywhere else.

M (vec(A) — vec(A))

Proof : Introducing y = , we can write U = {y | llyl| < 1}

A
and obtain
max a’xl = ax vee(A)) x;
{vec(A)eu}{ } {vegz}x)eu} {( (4)) }
. , ANV e —1 7
= {yﬁrllz?l:l(g} {(\ec(A)) xz; + A(M 'y) 1:}

= az+ A max (ML i
¥ {yII1yl<1} {y( :I:)}

By Definition 1, the second term in the last expression is A||M’™'x||*. The theorem

follows by applying Theorem 5. [ |

In applications, Ben-Tal and Nemirovski (4, 6] and El Ghaoui et al. [11, 12] work

with uncertainty sets given by the Euclidean norm, i.e.,

U ={A||M(vec(A) — vec(A))|], < A},
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where || - ||z denotes the Euclidean norm. Since the Euclidean norm is self dual, it
follows that the robust counterpart is a second order cone problem. If the uncertainty
set is described by either || - ||; of || - || (these norms are dual to each other), then

the resulting robust counterpart can be formulated as an LP.

3.2 The D-Norm and its Dual

In this section, we show that the robust approach in Chapter 2 follows also from
Theorem 6 by simply considering a different norm, called the D-norm and its dual as
opposed to the Euclidean norm considered in Ben-Tal and Nemirovski and El Ghaoui
et al.. Furthermore, we show worst case bounds on the proximity of the D-norm to

the Euclidean norm.

In Chapter 2, we consider uncertainty sets given by
|| M (vec(A) — vec(A))|l], < A

with p € [1,n] and for y € R**!

Hilly = ZI%H(}D-[}?J)I%I}-

max
{SU{t}SCN, ISI<lp), teN\S) { )

The fact that [|[y]l}, is indeed a norm, i.c., [lyllly = 0, llicwlll, = lel- llwll: llwlll, =
0 if and only y = 0, and |||z + y||l, < |||lz}ll + ||¥]|lp follows easily. Specifically, in
the robust framework of Chapter 2, we consider constraint-wise uncertainty sets, M
a diagonal matrix containing the inverses of the ranges of coefficient variation, and

A = 1. We next derive the dual norm.

Proposition 4 The dual norm of the norm ||| - |||, is given by

11sill; = max(||s]loc, [|s|11/p)-
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Proof : The norm |||y|||, can be written as

n mn
], = max > uyy; = min pr+ > ¢
J=1 1=1
n
st Y u;<p 0<u; <1 st. r4+t, >yl t,>0,=1,... n
=1
r > (),

where the second equality follows by strong duality in linear optimization. Thus,

IIlylll, < 1if and only if

n
pr+> t; <1, r+t >yl 20, =1.....nr>0 (3.10)
=1

is feasible. The dual norm ||sf]|* is given by

s|||? = max 8’ .
”l Hlp MYlp<1 v
FI’OI’H Eq (310) we have th&t

IIs|ll; = max s'y

n
st.opr+ > t; <1,
=1

yj—tj—TSO, j:l,...}n
-y —t;-r<0, j=1,....n

r>0,t; =0, j=1....n
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Applying LP duality again we obtain

|I1s)l}p = min 0

n n
st pf—Y u;j— > vu; >0,
=1 =

O—Uj—szo, j:].,...,’n,
’U,j—’Uj:Sj, ]:1,,77
0> 0 u;,v; 20, j=1,...,n
Thus,
|ls|l; = min8
st. 8> s4, j=1,...,n
n
0> |s;i/p,
j=1
and hence,

lIslll; = max(}|s]leo, lI5][2/p)-

Combining Theorem 6 and Proposition 4 leads to an LP formulation of the robust
counterpart of the uncertainty set proposed in Chapter 2. We thus observe that The-
orem 6 provides a unified treatment of both the approach of Ben-Tal and Nemirovski

[4, 6], El Ghaoui et al. [11, 12] and the approach in Chapter 2.

3.2.1 Comparison with the Euclidean Norm

Since uncertainty sets in the literature have been described using the Euclidean and

the D-norm it is of interest to understand the proximity between these two norms.

Proposition 5 For every y € R"

wnfu) < o < (515
wuft ) < e < ol
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Proof : We find a lower bound on ||ly|||,/l|yll2 by solving the following nonlinear

optimization problem:

max Z CL'?

JEN (3.11)

st ||lz]|l, =1
Let S = {1,...,|p]}, ¢t = |p| +1. We can impose nonnegativity constraints on =
and the constraints that x; > x;, Vj € S and z; < z,, ¥j € N\S, without affecting
the objective value of the Problem (3.11). Observing that the objective can never

decrease if we let z; = x;, Vj € N\S, we reduce (3.11) to the following problem:

max Y z°+ (n— |p))z?

jES

s.t. J;S:cj +—lphz =1 (3.12)

T, >z VjeS§

z, > 0.
Since we are maximizing a convex function over a polytope, there exist an extreme
point optimal solution to Problem (3.12). There are |S| + 1 inequality constraints.

Out of those, |S| need to be tight to establish an extreme point solution. The |S| + 1

extreme points can be found to be:

"= e, VkeSs (3.13)
1

xS+ = Ze (3.14)
P

where e is the vector of ones and ey is the unit vector with the kth element equals one,
and the rest equal zero. Clearly, substituting all possible solutions, Problem (3.12)

yields the optimum value of max {1,n/p?}. Taking the square root, the inequality

[yll> < max {1, v/n/p} llyll], follows.

Similarly, in order to derive an upper bound of {||y|,/||¥ll2, we solve the following

problem:

67



min Z :r?

jeN (3.15)
sty = 1.

Using the same partition of the solution an before, and observing that the objective
can never increase with z; = 0, Vj € N\S \{t}, we reduce Problem (3.15) to the

following problem:

: 2 2
min Z I, +
jes

5.t J;S:rj +(p~lpDz =1 (3.16)

r; >z, V3€S8
:Ctz(]

An optimal solution of Problem (3.16) can be found using the KK'T conditions:

( 1 e
lp| + (JDHLJDJ)2 Hjes
z; = p—|p .
DEr
| 0 otherwise.

Substituting, the optimal objective value of Problem (3.16) is (|p] + (p — p])*)™"

Hence, taking the square root, we establish the inequality

il < V1p) + (2 — )2yl

Since 1 < H%Hi < /7, ﬁ < ””%qf <1, and ||lyl[|, = max {ﬂy—;]l, |]y||oo} the bounds

follow. -
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3.3 Probabilistic Guarantees

In this section, we derive probabilistic guarantees on the feasibility of an optimal
robust solution when the uncertainty set ¢ is described by a general norm || - || with
a dual norm || - |[*.

We assumec that the matrix A has an arbitrary (and unknown} distribution, but
with known expected value A € R™" and known covariance matrix Y € Rmmx(mn).
Note that we allow arbitrary dependencies on A. We define M = ¥ 7. which is a
symmetric matrix.

Let " € R"*' be an optimal solution to Problem (3.9). Recall that 7 € R(mm)x1
denotes the vector containing x* in entries (¢ — 1) - n through 7 - n, and 0 everywhere

else.

Theorem 7 (a) The probability that x* satisfies constraint i for any realization of

the uncertain matriz A is

- 1
P(aj@” < b) =P ((vec(A))ay < b;) > 1~ 1 S (3.17)
1+ A2 [ 1E2=]]1
1E2x} |2
(b) If the norm used in U 1s the D-norm ||| - |||, then
Pa.x* <b)>1 ! (3.18)
e 1+A2min{#,%}. -
(c) If the norm used in U is the dual D-norm ||| - |||, then
P’ <b) > 1 1 (3.19)
T T 1+ Amin {12} '
(d) If the norm used in U is the Euclidean norm, then
P(ac” <b)>1— — (3.20)
sV = 1+ AY '
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Proof : Since an optimal robust solution satisfies
(vec(A))'w; + Al|S2al|" < b
we obtain that
P ((vec(A))'z} > b;) < P ((vec(A))'w > (vec(A))'z] + I=z2y|r). (3.21)

Bertsimas and Popescu [9] show that if S is a convex set, and X is a vector of

random variables with mean X and covariance matrix X, then

P(XES)SlidT

(3.22)

where
42 = inf (X - X)'z-l (X -X).

We consider the convex set
S; = {vec(jl) | (vec(A)) & > (vec(A))z; + A||E%a:;-“||*}
. In our case,

d?= inf (VGC(A) — vec(A)), ! (vec(A) — vec(;l)) :

VeC(A)eS;

Applying the KKT conditions for this optimization problem we obtain an optimal

1 2
izt
[XE AN
1=tz

1 A\ 2
d? — A2 [z
— i _
(P2 P

Applying (3.22), Eq. (3.17) follows.

solution

vec(A) + A (

with

(b) If the norm used in the uncertainty set U/ is the D-norm, then by applying
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Proposition 5, we obtain Eq. {3.18).

(c) If the norm used in the uncertainty set U is the dual D-norm, then by applying

Proposition 5, we obtain Eq. (3.19).

(d) If the norm used in the uncertainty set I is the Euclidean norm, then Eq. (3.20)

follows immediately from Eq. (3.17). [ |
In Chapter 2, we prove stronger bounds under the stronger assumption that the

data in each constraint are independently distributed according to a symmetric distri-

bution. In contrast the bounds in Theorem 7 are weaker, but have wider applicability

as they include arbitrary dependencies.

3.4 Conclusions

We have proposed a framework for robust modeling of linear optimization problems
that unifies models in Ben-Tal and Nemirovski [4, 6], El Ghaoui et al. [11, 12] and
our approach in Chapter 2. The use of the Euclidean norm in the uncertainty set
leads to the formulation of the robust counterpart as an SOCP, while the use of the
D-norm leads to the formulation of the robust counterpart as an LP. More general

norms lead to more involved (although always convex) robust formulations.
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Chapter 4

Robust Conic Optimization

The general optimization problem under parameter uncertainty is as follows:

max fo(m,f)o)
subject to fi(rn,l-)i) >0, 1€ 1, (4.1)

e X,

where fi(z, D;), 7 € {0} UT are given functions, X is a given set and D;, i € {0} U [
is the vector of uncertain coefficients. We define the nominal problem to be Problem
(4.1) when the uncertain coefficients ID; take values equal to their expected values
D?.

In order to address parameter uncertainty Problem (4.1) Ben-Tal and Nemirovski
[4, 6] and independently by El Ghaoui et al. [11, 12] propose to solve the following
robust optimization problem

max min fo(x, Dy)

st min fi(@, D) > 0,i€ ! (4.2)

re X,

where U;, i € {0} U] are given uncertainty sets. The motivation for solving Problem

(4.2) is to find a solution x* € X that “immunizes” Problem (4.1) against parameter
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uncertainty. By selecting appropriate uncertainty sets U;, we can address the tradeoft

between robustness and optimality. In designing such an approach two criteria are

important in our view:

(a)

(b)

Preserving the computational tractability both theoretically and most impor-
tantly practically of the nominal problem. From a theoretical perspective it is
desirable that if the nominal problem is solvable in polynomial time, then the ro-
bust problem is also polynomially solvable. More specifically, it is desirable that
robust conic optimization problems retain their original structure, i.e., robust
linear optimization problems (L.Ps) remain LPs, robust second order cone opti-
mization problems (SOCPs) remain SOCPs and robust semidefinite optimization

problems (SDPs) remain SDPs.

Being able to find a guarantee on the probability that the robust solution is
feasible, when the uncertain coeflicients obey some natural probabulity distribu-
tions. This is important, since from these guarantees we can select parameters
that affect the uncertainty sets U; that allows to control the tradeoff between

robustness and optimality.

Let us examine whether the state of the art in robust optimization has the two

properties mentioned above:

1. Linear Optimization: A uncertain LP constraint is of the form a@x > b, for

which @ and b are subject to uncertainty. When the corresponding uncertainty
set U is a polyhedron, then the robust counterpart is also an LP. When U is
ellipsoidal, then the robust counterpart becomes an SOCP. For linear optimiza-
tion there are probabilistic guarantees for feasibility available under reasonable

probabilistic assumptions on data variation.

Quadratic Constrained Quadratic Optimization (QCQP): An uncertain
QCQP constraint is of the form ||fi:c||§ 4 bz +8 < 0, where A, b and ¢ are
subject to data uncertainty. The robust counterpart is an SDP if the uncer-
tainty set is a simple ellipsoid, and N P-hard if the set is polyhedral (Ben-Tal

and Nemirovski [4, 6]. To the best of our knowledge, there are no available
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probabilistic bounds.

. Second Order Cone Optimization (SOCP): An uncertain SOCP con-
straint is of the form ||Az + by < &a + d, where A, b, & and d are subject
to data uncertainty. The robust counterpart is an SDP if A, b belong in an
ellipsoidal uncertainty set 24, and ¢, d belong in another ellipsoidal set U;. The
complexity of the problem is unknown, however, if A, l;, &, d vary together in
a common ellipsoidal set. To the best of our knowledge, there are no available

probabilistic bounds.

. Semidefinite Optimization (SDP): An uncertain SDP constraint of the form
i1 ijj - B, where Al, ..., A, and B are subject to data uncertainty. The
robust counterpart is N P-hard for ellipsoidal uncertainty sets, while there are

no available probabilistic bounds.

. Conic Optimization: An uncertain conic optimization constraint of the form
21 Ajzj >k B, where A, ..., A, and B are subject to data uncertainty. The
cone K is closed, pointed and with a nonempty interior. To the best of our
knowledge, there are no results available regarding tractability and probabilistic

guarantees in this case.

Our goal in this chapter is to address (a) and (b) above for robust conic opti-

mization problems. Specifically, we propose a new robust counterpart of Problem

(4.1) that has two properties: (a) It inherits the character of the nominal problem;

for example, robust SOCPs remain SOCPs and robust SDPs remain SDPs; (b) under

reasonable probabilistic assumptions on data variation we establish probabilistic guar-

antees for feasibility that lead to explicit ways for selecting parameters that control

robustness.

The structure of the chapter is as follows. In Section 4.1, we describe the proposed

robust model and in Section 4.2, we show that the robust model inherits the character

of the nominal problem for L.Ps, QCQPs, SOCPs and SDPs. In Section 4.3, we prove

probabilistic guarantees for feasibility for these classes of problems. In Section 1.4, we
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show tractability and give explicit probabilistic bounds for general conic problems.

Section 4.5 concludes this chapter.

4.1 The Robust Model

In this section, we outline the ingredients of the proposed framework for robust conic

optimization.

4.1.1 Model for Parameter Uncertainty

The model of data uncertainty we consider is

D=D"+> ADz, (4.3)
jeN

where D° is the nominal value of the data, AD? j € N is a direction of data
perturbation, and z;, j € N are independent and identically distributed random
variables with mean equal to zero, so that E[D] = D% The cardinality of N may
be small, modeling situations involving a small collection of primitive independent
uncertainties (for example a factor model in a finance context), or large, potentially as
large as the number of entries in the data. In the former case, the elements of D are

strongly dependent, while in the latter case the elements of D are weakly dependent

or even independent (when |N| is equal to the number of entries in the data).

4.1.2 TUncertainty Sets and Related Norms

In the robust optimization framework of (4.2), we consider the uncertainty set U as

follows:

U= {D | Jue RNV . D =D+ Y AD'yy, |jull gﬂ}, (4.4)

jEN
where €2 is a parameter controling the tradeoff between robustness and optimality

(robustness increases as § increases). We restrict the vector norm |||l we consider by
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imposing the condition:

lwfi = [lue*]l, (4.5)

where u} = |u;| Vj € N. The following norms commonly used in robust optimization

satisfy Eq. (4.5):

e The polynomial norm i, £ = 1,..., 00 (see Ben-Tal and Nemirovski [4, 7] and

Soyster [26]).

e The (Nl norm: max{|julls, 2t/ }, © > 0 (see Ben-Tal and Nemirovski [7]).
This norm is used in modeling bounded and symmetrically distributed random

data.

o The I Nly norm: max{z||ull,||ull«}, I' > 0. Note that this norm is equal to
loo if I' = |N|, and §; if I’ = 1. This norm is used in modeling bounded and
symmetrically distributed random data, and has the additional property that

the robust counterpart of an LP is still an LP.

Given a norm ||.|| we consider the dual norm ||.||* defined as

lIs|]* = max s’z
lxj<1

We next show some basic properties of norms satisfying Eq. (4.5), which we will

subsequently use in our development.

Proposition 6 If the norm || - || satisfies Eq. (4.5), then we have
(@) llw|* = Jlw**.
(b) For all v,w such that v+ < w*, ||Jv|* < |lw|*.

(c) For all v, w such that v+ < w*, ||v| < ||Jw]|.

Proof :
(a) Let y € argmaxg)<; w'z, and for every j € N, let zy = |yl if w; > 0 and

zj = —|y;|, otherwise. Clearly, w'z = (w*)y" > w'y. Since, Izl = ||z =
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ly*]l = llyll < 1, and from the optimality of y, we have w'z < w'y, leading to

w'z = (w)Yyt = w'y. Since ||lw|| = [Jw*||, we obtain

|w|]* = max (w)'x = max (w*)'z* = max (wH 'z = [|Jwt|".
lz|<t lEf<1 <1
(b) Note that
|w|* = max (w')z* = max (w) e
[Zl<1 1)<
I>o
If vt < w™,
* +y/ +y/ *
— < -
loll” = max (v")@ < max (w)z = [lw]"
>0 r>o

(c) We apply part (b) to the norm ||.||*. From the self dual property of norms

||I.II™* = ||.II, we obtain part (c). m

4.1.3 The Class of Functions f(z, D)

We impose the following restrictions on the class of functions f(z, D) in Problem

(4.1) (we drop index j for clarity):

Assumption 1 The function f(x, D) satisfies:
(a) The function f(x, D) is concave in D for all z € R™.

(b) f(x,kD) =kf(z, D), forallk >0, D, © € R".

Note that for functions f(,-) satisfying Assumption 1 we have:

f(z, A+ B) > ~f(x,24) + %f(:z:, 2B) = f(z, A) + (=, B). (4.6)

Bt =

The restrictions implied by Assumption 1 still allow us to model LPs, QCQPs, SOCPs
and SDPs. Table 4.1 shows the function f{z, D) for these problems. Note that
SOCP(1) models situations that only A and b vary, while SOCP(2) models situations
that A, b, ¢ and d vary. Note that for QCQP, the function, —||Az(|3— b’ —c does not
satisfy the second assumption. However, by extending the dimension of the problem,

it is well-known that the QCQP constraint is SOCP constraint representable (see
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Type Constraint D f(z,D)
LP a'x > b (a,b) a'r—b
(A, b,c d) 91;(.!7_2513_@)_
QCQP | Az|2+bz +c<0 d® =1, ; 2
A =0vie N | ylAzls+ (ebE)
(A,b,c,d)
SOCP(1) | |[Axz + b|l; £ 'z +d Ac =0, cdx+d—||Axz + b,
Ad? =0Yj € N
SOCP(2) | |[Az + bl £ dx + d (A,b,c,d) cde+d-—||Ax + b,
SDP i Az -BeST| (A, A B) | Aun(Xp, A — B)

Table 4.1: The function f(x, D) for different conic optimization problems.

Ben-Tal and Nemirovski [8]). Finally, the SDP constraint,

> Az = B,

Jj=1

is equivalent to
n
Amnin (Z Az — B) > 0,
j=1

where Apin (M) is the function that returns the smallest eigenvalue of the symmetric

matric M.

4.2 'The Proposed Robust Framework and
its Tractability

The robust framework (4.2) leads to a significant increase in complexity for conic
optimization problems. For this reason, we propose a more restricted robust problem,
which, as we show in this section, retains the complexity of the nominal problem.

Specifically, under the model of data uncertainty in Eq. (4.3) we propose the

following constraint for addressing the data uncertainty in the constraint f(zx, b) >0

min_f(z, D)+ Y {f(:z:, AD Y, + f(=, —ADj)wj} >0, (4.7)

(v,w)eV JEN
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where

V= {@w) e R | lo+w] <0}, (4.8)

and the norm ||.|| satisfies Eq. (4.5). We next show that under Assumption 1, Eq.

(4.7) implies the classical definition of robustness:
f(z, D) =0, VD el, (4.9)

where U is defined in Eq. (4.4). Moreover, if the function f(x, D) is linear in D,
then Eq. (4.7) is equivalent to Eq. (4.9).

Proposition 7 Suppose the given norm ||.|| satisfies Eq. (4.5).

(a) If f(xz,A+ B) = f(z,A) + f(z, B), then x salisfies (4.7) if and only if
satisfies (4.9).

(b) Under Assumption 1, if x is feasible in Problem (4.7), then x is feasible in
Problem (4.9).

Proof :

(a) Under the linearity assumption, Eq. (4.7) is equivalent to:

f (a:,DO +3 AD (v, — wj)) >0 VY|v+w|<Q v,w>0, (4.10)

JEN

while Eq. (4.9) can be written as:

f (cc,DU +> ADjrj) >0 Vr| £ (4.11)

JjEN

Suppose « is infeasible in (4.11), that is, there exists r, ||7|| < (2 such that

f (w,DD + Z ADjrj) < 0.

JEN
For all j € N, let v; = max{r;,0} and w; = — min{r;, 0}. Clearly, r = v — w and
since v; + w; = |r;|, we have from Eq. (4.5) that [|v + w|| = || < ©2. Hence, z is
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infeasible in (4.10) as well.
Conversely, suppose « is infeasible in (4.10), then there exist v,w > 0 and ||[v+w|| <

2 such that
f (m,DO + > AD(v; wj)) < 0.

JEN
For all j € N, we let 7; = v; — w; and we observe that |r;| < v; + w;. Therefore, for

norms satisfying Eq. (4.5) we have
el = llr7] < [lv + w|| < Q.

and hence, x is infeasible in (4.11).

(b) Suppose « is feasible in Problem (4.7), i.e.,

[z, D)+ > {f(a:,ADj)v]- + f(z, —ADj)wj} >0, Viv+wl| <, v,w>0.

jeEN

From Eq. (4.6) and Assumption 1(b)

0 < f(e, D°)+ 3 {f(w, AD")v; + f(x, —AD)uy} < f(x, D"+ Y ADY(v;—w,))

JEN jEN

for all |lv+w|| <, v,w > 0. In the proof of part (a) we established that

fl@,D°+ 3 AD’r;} >0 vir| < ©

JEN

Is equivalent to

fl@,D°+ Y AD(v; —w;)) 20 Viv+w|| <Q, v,w>0,
jeN

and thus = satisfies (4.9). N

Note that there are other proposals that relax the classical definition of robustness
(4.9) (see for instance Ben-Tal and Nemirovski [5]) and lead to tractable solutions.

However, our particular proposal in Eq. (4.7) combines tractability with the ability
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to derive probabilistic guarantees that the solution of Eq. (4.7) would remain feasible

under reasonable assumptions on data variation.

4.2.1 Tractability of the Proposed Framework

Unlike the classical definition of robustness (4.9), which can not be represented in
a tractable manner, we next show that Eq. (4.7) can be represented in a tractable

manner.

Theorem 8 For a norm satisfying Eq. (4.5) and a function f(x, D) satisfying As-

sumption I

(a) Constraint (4.7) is equivalent to
f(z, D) > Qs (4.12)

where

s; = max{—f(z, AD?), - f(z, —AD?)}, Vj€N.
(b) Eq. (4.12) can be written as:

flz, D% =

flx,AD?) +t; >0 VjeN

flx,~AD)+t;>0 VjeN (4.13)
1t <y

ye R, te RN,

Proof :
(a) We introduce the following problems:

zy = max a'v+bw
st. [[v+w] <Q (4.14)

v, w > 0,
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and
Zp = max Z max{a;, b;,0}r;
JEN (4.15)

S't' ”T” S S‘ZN
and show that z) = z;. Suppose r* is an optimal solution to (4.15). For all j € N,

let
v; = wj =0 if max{a;,b;} <0

v = |ril,w; =0 ifa; >bj,a; >0

w; = |ril,v; =0 ifb; > a;,b; >0.
Observe that aju; + bjw; > max{a;,b,,0}r7 and w; + v; < 73] V5 € N. From
Proposition 6(c) we have |v +w|| < ||r*|| < (2, and thus v, w are feasible in Problem
(4.14), leading to

2 2 Z(ajvj + bjw;) > Z max{aj,bj,O}r;.‘ = 2.

JEN JEN
Conversely, let v*,w* be an optimal solution to Problem (4.14). Let r = v* + w".
Clearly ||r|| < 2 and observe that

T max{a]-,bj,O} = (Ij'U; + bJ’LU; V] e N.

Therefore, we have

Z9 > Z max{a;, b;,0}r; > Z(a]-v; + bjwy) = 2,
JEN JEN

leading to z; = z5. We next observe that

min {f(m, ADj)’Uj + f(x, —ADj)wj}

(v,w)eVv JEN

= — Imax {_f(:L‘, ADj)vj B f((l?, —ADj)lUj}

(v,w)ey jen

> {max{~f(zx, AD’), - f(x, —ADY), 03}

JEN

max
{iIr/<€2}
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and using the definition of dual norm, ||s||* = max);<, 8'z, we obtain Q| s||* =

maxjg<q 8’ %, i-e., Eq. (4.12) follows. Note that
s; = max{—f(x, ADY, —f(z,—~AD%)} >0,
since otherwise there exists an & such that s; <0, 1.e.,
f(x, AD’) > 0 and f(z,—AD’) > 0.

From Assumption 1(b) f(x,0) = 0, contradicting the concavity of f(x, D) (Assump-
tion 1(a)).

Suppose that x is feasible in Problem (4.12). Defining t = s and y = ||s||*, we
can easily check that (x,t,%) are feasible in Problem (4.13). Conversely, suppose, &

is infeasible in (4.12), that is,
fa, D) < Qlls|l".

Since, t; > s; = max{—f(z, AD?), - f(z, —AD%)} > 0 we apply Proposition 6(b)
to obtain [t||* > ||s||*. Thus,

fla, DY) < Qs|l* < QYI[1" < Qy,

i.e., x is infeasible in (4.13).
(b) It is immediate that Eq. (4.12) can be written in the form of Eq. (4.13). ]
In Table 4.2, we list the common choices of norms, the representation of their dual

norms and the corresponding references.

4.2.2 Representation of max{—f(z, AD),—f(x,—AD)}

The function g{z, AD?) = max{—f(x, AD?), - f(x,—AD’)} naturally arises in
Theorem 8. Recall that a norm satisfies ||[A] > 0, [|k4] = |k| - || A]l, |A + B|| <
|AJl + | B||, and ||A]| = 0, implies that A = 0. We show next that the function
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Norms | IItl|* <w Ref.

P |ull2 lith <y [7]
h llullx t; <y,VjE N Chap. 3
2 ll2]loo Sient <Y Chap. 3
g g—1
by p 21 |l (Ejewt;-”) <y Chap. 3
ds € RV
I» Nlse norm | max{||ullz, Qfullc} | s = tho+ G jens; <y [7]
s>0

35, e RV peR:
Ip+3jensi <y
5, +p=>t;,VjEN
p20,820

l1 Nl norm | max{f ||, |w|e} Chap. 3

Table 4.2: Representation of the dual norm for ¢ > 0.

g(x, A) satisfies all these properties except the last one, i.e., it behaves almost like a

norm.

Proposition 8 Under Assumption 1, the function

g(:l:, A) = ma‘x{ﬁ_f(m’ A)v —f(.’l), _A)}

satisfies the following properties:
(a) g(z, A) =0,
(b) g(x, kA) = |klg(z, A),

(¢) g(xz, A+ B) <g(x, A) +g(z, B).

Proof :

(a) Suppose there exists & such that g(xz, A) < 0, i.e, f(z, A) > 0and f(x,—A) > 0.
From Assumption 1(b) f(x,0) = 0, contradicting the concavity of f(x, A) (Assump-
tion 1(a)).
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(b) For k > 0, we apply Assumption 1(b) and obtain

glx, kA) = max{—f(z kA) —f(x,—kA)}
= kma‘x{_f(m1 A)s —f(:z:, _A)}
= kg(z, A).

Similarly, if & < 0 we have

g(x, kA) = max{~f(z, k(- A)), - f(x, —k(A))} = —kg(z, A).

(c) Using Eq. (4.6) we obtain

o(z, A+ B) = g(a, %(2/1 +2B) < %g(:ﬂ, 24) + %g(a:, 2B) = g(x, A) + g(z, B).

Note that the function g(x, A) does not necessarily define a norm for A, since
g(x, A) = 0 does not necessarily imply A = 0. However, for LP, QCQP. SOCP(1),
SOCP(2) and SDP, and specific direction of data perturbation, AD’, we can map

g(x, AD?) to a function of a norm such that
glz, AD?) = |[H(x, ADY)],,

where H(xz, AD?) is linear in AD’ and defined as follows (see also the summary in

Table 4.3):

(a) LP:
f(z, D) = @’z — b, where D = (a,b) and AD’ = (Ad’, AV). Hence,

9(x, AD?) = max{—(Ada’)z + AV, (Ad’ Yz — AV} = l(Aa?)xz — AV

(b) QCQP:
[z, D) = (d— (Vz +0))/2 — /| Az|| + ((d + bz + ¢)/2)*, where
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D = (A, b,c,d) and AD’ = (AA’, AV, A, 0). Therefore,

2

. ’ J . ) j’ ] 2
o(z, AD?) = max{%w+\/‘,AA;$||§+ (gAb)a:+Ac) :

N ; : Iy, 3\ 2
#!Abj);ﬂw%&cj + \/”AA"BU“% + ((Ab !Q-T-}-Ac ) }

) iy, 2
v \/ |AAsz|3 4 (BbZ2a2)

_ ‘ (Ab'y 1A
2

(¢) SOCP(1):
fle, D) =cx+d— ||Az + b]3, where D = (A, b, ¢, d) and
AD’ = (AA7, Ab,0,0). Therefore,

g(z, AD?) = ||AA 'z + AV ||;.

(d) SOCP(2):
flz, D) =cxz+d— ||Ax + b]|3, where D = (A, b, ¢, d) and
AD’ = (AAT, AV | Add, d7). Therefore,

9(z, AD?) = max {—(AcdYz — Ad + |AATz + AV,
(AdYz +Ad +[|[AAz + AV, )
= [(Ad)z + Ad/| + ||AA z + AY|,.

(e) SDP:
f(@, D) = Apin(X}_; Aiz, — B), where D = (A,,..,A,, B) and AD/ =
(AA],..,AA AB’). Therefors,

9(@, ADY) = max {~Amin (57, AAlz, — ABY),
~Amin (= (X1 Adlz, — mbABT) )}
= max {/\mw (— ( e AAly; — ABj)> :
Amar (2, AAlz; — AB')}

n - .
> AAlr, — AB’
7=1

2

87



Type r = H(x, AD’) g(x, AD?) = ||r|l,
LP r=(Ad’)x - AV |7]
™ AAlx
r= T = : :
CQP [TDJ L l((Ab’)’wac’)/QJ '
Q Q TO — ((Ab])’m+ ACJ)/Q llrlllz + |T0|
SOCP(1) r=AA'z + AW lI7ll2
— | = AAlz + AV
socp2) | T [na] = 2
(2) ro = (Ad)x + Ad’ I sllz + ol
SDP R=Y",6AAlz, AP | Rl

Table 4.3: The function H(x, AD?) and the norm ||-||, for different conic optimization
problems.

4.2.3 The Nature and Size of the Robust Problem

In this section, we discuss the nature and size of the proposed robust conic problem.
Note that in the proposed robust model (4.13) for every uncertain conic constraint
f(z, D) we add at most |N| + 1 new variables, 2|N| conic constraints of the same
nature as the nominal problem and an additional constraint involving the dual norm.
The nature of this constraint depends on the norm we use to describe the uncertainty
set U defined in Eq. (4.4).

When all the data entries of the problem have independent random perturbations,
by exploiting sparsity of the additional conic constraints, we can further reduce the
size of the robust model. Essentially, we can express the model of uncertainty in the
form of Eq. (4.3), for which Z; is the independent random variable associated with the
jth data element, and A D’ contains mostly zeros except at the entries corresponding

to the data element. As an illustration, consider the following semidefinite constraint,

a1y Qo a4 das ar dg
T+ I2 >_- ?
ag dasz a; Qg ag dg
such that each element in the data d = (ay, ..., a9) has an independent random per-

turbation, that is @; = a? + Aa;Z; and % are independently distributed. Equivalently,
in Eq. (4.3) we have
9
d=d"+) Adz,

i=1
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where d° = (af,...,a)) and Ad' is a vector with Ag; at the ith entry and zero,
otherwise. Hence, we can simplify the conic constraint in Eq. (4.13), f(z, Ad")+¢, >

0 or

Aa; 0 0 0 0 0
Armin T+ To — +t, =0,
0 0 00 0 0

as ty 2 —min{Aa,z,,0} or equivalently as linear constraints ¢, > —-Aayz,,t; > 0. In
this section, we show that if each data entry of the model has independent uncertainty,
we can substantially reduce the size of the robust formulation (4.13). We focus on

the equivalent representation (4.12),
f(z, D% > Qy,||s|* <y,

where, s; = max{— f(x, AD?), — f(x, —AD’)} = g(, ADY) for j € N.
In a more general setting, we will show that if each data entry of the model has in-
dependent uncertainty, we can substantially reduce the size of the robust formulation

of (4.13). We will focus on the equivalent representation (4.12),
f(®,D°% > Qy,|IslI" <y,ye R

where, s; = max{—f(x, AD’), —f(x, —-AD")} = g(z, AD’), for j € N.

Proposition 9 For LP, QCQP, SOCP(1), SOCP(2) and SDP, we can ezpress 85 =
|Ad;zi;y| for which Ady;, j € N are constants and the function, i : N — {0,...,n}
maps j € N to the index of the corresponding variable. We define zy = 1 to handle

the case when s; is not variable dependent.

Proof :

In the following exposition, we associate the jth data entry, j € N with an iid random
variable Z;. For the function of interest, the corresponding expression of g(x, AD7)
is shown in Table (4.3).

(a) LP:
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Uncertain LP data is represented as D= (a, B), where

sz =ag+Aaj£j \7’]:{1,,71}
b= b0+Abfn+1-

We have |N| =n+ 1 and

s; = |Aajzi| Vi={1,...,n}
Sn+1 = |Ab|

(b) QCQP:
Uncertain QCQP data is represented as D= (A, b,¢, 1), where

Ay = A+ AAyiZag-ny4s Vi E {1,...,n},k={1,...,1},
Bj = b2+ AbjZy; Vi€ {l,.. ., n},

= ® + AcZyiay -

o

We have |[N|=n(l+1)+1 and

Sn(k—1)+j = |AAkj£Ej| Vj € {1,. .. ,TL},]C = {1, R ,l},
Spl+j = |Ab_7£li]| Vj € {1, ,TL},

Sn+1)+1 = |Ac|.

(¢) SOCP(1)/SOCP(2):

Akj = Ag; + AAk:jzn(k-—l)-b-j Vi € {1, ceey ?’L}, k= {1, N ,l},
be = b + AbrZux Yk € {1,...,1},
c; = cg-) + AcjZmeryss; VI EALL - ,n},

d=d"+ AdZipg1)irnt1-

90




We have [N|=(n+1)l+n+1and

Sn(k71)+j = IAAkJ‘rjl VJ € {1, .. ,n},k = {1, S ,l},
Snl+k = |Abk| V] = {11 s 7l}a
Stni g = [Acyzg| Vi€ {1,... n},

S(n+)l+nt1 = |Ad].

Observe that SOCP(1) is a special case of SOCP(2) for which |N| = (n + 1){, that is,
s; = 0forall j > (n+ 1)L

(d) SDP:

Uncertain SDP data for is represented as D= (fil, . ,fin, B), where

Ai = A,? + Z?:l Z;“::l[AAi]jkIjkgp(i,j,k:) Vi € {1, c ,TL},

where the index function p(i, 4, k) = (i — 1)(m(m + 1)/2) + k(k — 1)/2 + 7, and the
symmetric matrix I, € R™*™ satisfies,

(ejer +ere;) if j#k
I =

?

eye; ifk=3

ex being a unit vector with zero entries and 1 at the kth entry. Hence, |N| =
(n 4+ 1)(m(m + 1))/2. Note that if j = k, it is obvious that || I;;'; = 1. Otherwise,
observe that I, has rank 2 and _-(e; + e;) and 75(€; — ex) are two eigenvectors of
I with corresponding eigenvalues 1 and —1. Hence, ||I||; = 1 for all valid indices

J and k. Therefore, we have

Spiik) = [[AAilwzil Vi€ {l,....n} 4 ke (l,... m},j<k

Spln+1.5k) = ”AB]Jkl Vj,k € {17 e '3m}7j < k
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We define the set J(I) = {j : i(j) = ,j € N} for I € {0,...,n}. Following from
Table (4.2), we have the following robust formulations under the different norms in

the restriction set V of (4.8).

(a) lo-norm

The constraint ||s||* < y for l-norm is equivalent to

Y. Adjzig <y ( > IAde) || <y

JEN 1=0 \jeJ()

or

Yieao 1] + Xt (ZjeJ(z) IAde <y
t>zxz,t>—a
te R
We introduce additional n + 1 variables, including the variable y and 2n + 1 linear

constraints to the nominal problem.

(b) {-norm

The constraint ||s||* < y for [;-norm is equivalent to

Ad;zyn| <y Ad; <
max |Adjzi)| <y & max (jrgglglc)l d]|) lml <y

or
max;e ) |Ad;| < y
max;c ) |Adjlzr <y Ve {l,...,n}
—maxjeyq |Adjlz <y V€ {l,....n}.

We introduce an additional variable and 2n + 1 linear constraints to the nominal

problem.

(c) 1} N l-norm
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The constraint ||s||* < y for I} N l,-norm is equivalent to

V

t; > |Adj|zig VjeN
t; 2 —|Adj|zi) vieN
I'p + 2.jeNTi Sy
ri+p=t,VjeN

reRY te RN peRr,,

leading to an additional of 2| N|+2 variables and 4| N|+2 linear constraints, including
non-negative constraints, to the nominal problem.
(d) Iz-norm

The constraint ||s||* < y for I;-norm is equivalent to

Y (Adz)t<ye | > A+ i ( > Adf) zj <y.

jeN FEJ(0) =1 \jeJ()

We only introduce an additional variable, y and a second order cone (SOC) constraint

to the nominal problem.

(e) N lg-norm

The constraint ||s||* < y for l;-norm is equivalent to

tj > lAdj|$i(j) V] eN
ty > ﬂ]Adjll‘i(j) VieN
| — |2 + éZjeN Ty <y

te RN pe g™

We introduce additional 2|N| + 1 variables, one SOCP constraint and 3|N| linear

constraints, including non-negative constraints, to the nominal problem.

In Table 4.4 we summarize the number of variables and constraints and their
nature when the nominal problem is an LP, QCQP, SOCP (1) (only A4,b vary),
SOCP (2) (A, b, e, d vary) and SDP for various choices of norms. Note that for the
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leo loo LNl Iy la N oo
Num. Variables n+1 1 2|N| +2 1 2|N|+1
Num. Linear Const. | 2n+1 | 2n+1 | 4|N|+ 2 0 3|V
Num. SOC Const. 0 0 0 1 1
LP LP LP LP SOCP | SOCP
QCQP SOCP | SOCP | SOCP | SOCP | SOCP
SOCP(1) SOCP | SOCP | SOCP | SOCP | 50CP
SOCP(2) SOCP | SOCP | SOCP | SOCP | SOCP
SDP SDP | SDP SDP SDP SDP

Table 4.4: Size increase and nature of robust formulation when each data entry has
independent uncertainty.

cases of the Iy, l, and I, norms, we are able to collate terms so that the number
of variables and constraints introduced is minimal. Furthermore, using the /; norm
results in only one additional variable, one additional SOCP type of constraint, while
maintaining the nature of the original conic optimization problem of SOCP and SDP.
The use of other norms comes at the expense of more variables and constraints of the

order of |N|, which is not very appealing for large problems.

4.3 Probabilistic Guarantees

In this section, we derive a guarantee on the probability that the robust solution is
feasible, when the uncertain coefficients obey some natural probability distributions.
An important component of our analysis is the relation among different norms. We
denote by { , ) the inner product on a vector space, R™ or the space of m by m
symmetric matrices, S™*™. The inner product induces a norm \/<?,:B—> . For a vector
space, the natural inner product is the Euclidian inner product, (xz,y) = 'y, and
the induced norm is the Euclidian norm ||z||3. For the space of symmetric matrices,
the natural inner product is the trace product or (X,Y) = trace(XY') and the
corresponding induced norm is the Frobenius norm, || X ||r (see Renegar [23]).

We analyze the relation of the inner product norm \/m with the norm |||,
defined in Table 4.3 for the conic optimization problems we consider. Since |||, and

/ {(x, x) are valid norms in a finite dimensional space, there exist finite ay,ap > 0
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such that

al—lurng < ) < agllrll,, (4.16)

for all » in the relevant space.

Proposition 10 For the norm || - ||, defined in Table 4.3 for the conic optimization

problems we consider, Eq. (4.16) holds with the following parameters:
(a) LP:ay=a,=1

(b) QCQP, SOCP(2): oy = V2 and ay = 1.

(¢) SOCP(1): oy = g = 1.

(d) SDP: a1 =1 and oy = ym.

Proof :

(a) LP: For r € R and ||r]|, = ||, leading to Eq. (4.16) with oy = ap = 1.

(b) QCQP, SOCP(2): For » = (r1,70)" € R, let a = ||r1]j> and b = |rp|. Since
a,b > 0, using the inequality a + b < V2v/a? + 52 and Va2 + b2 < a + b, we have

1
5 (Il +[rol) < Ve = Irfl2 < firall2 + [rol

V2
leading to Eq. {4.16) with a; = V2 and a, = 1.
(¢) SOCP(1): For all », Eq. (4.16) holds with a; = a; = 1.

(d) Let A;, 7 = 1,...,m be the eigenvalues of the matrix A. Since ||A|lr =

trace(A%) = /37, A% and || A||; = max; |;|, we have
IAll2 < Al < vVmilAll,

leading to Eq. (4.16) with a; =1 and ay = /m. n

The central result of the section is as follows.

Theorem 9 (a) Under the model of uncertainty in Eq. (4.3), and given o feasible
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solution x in Eq. (4.7), then
P(f(x, D) <0) <P (H > riglly > QHSH*) ,
JEN
where

=H{z,AD?),  s;=|r;lly, J€N.

(b) When we use the l,-norm in Eq. (4.8), i.e., ||s||* = |82, and under the assump-

tion that z; are normally and independently distributed with mean zero and vartance

one, i.e., Z ~ N(0,I), then
/ Vesd 15
> {2 Z ”7'3"_31) < TexD -ﬁ , (4.17)
g JEN

Y TiZ

JEN

d

where @ = a2, o1, 0 derived in Proposition 10 and Q0 > a.

Proof :
(a) We have

P(f(z, D) < 0)

< P| f(x, D% + f(z, > AD'Z) < 0) (4.18)
jenN
<P|f(=, Y AD'%) < —nnsn*) (4.19)
JEN
< P | min (f(m, ST ADE), f(z,— > ADjEJ)) < —QHSH*)
jeN jEN

= P{glz, Y AD'Z) > Qusn*)

JEN

(
= P | |IH(x, 3 AD’%)lly > Qfls|l”

jeN

= P 3 Mz, AD")zly > Qs ) (4.20)

JEN

=P > riEll, > Q||S||*) )

JEN
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where inequality (4.18) follows from (4.6), inequality (4.19) follows from (4.12), s; =
|H(z, AD?)||, and Eq. (4.20) follows from (4.12) H(=, D) being linear in D.

(b) Using, the relations ||r|, < aq\/{r,7} and 7|, > éw/(r,r) from Proposition

10, we obtain
Pz > Q> Insl3
JEN p JEN

2

= P mE| >0 lImll

JEN g JEN
< P[lajas <Z TiZ, Y Tk5k> > Q%) {rj.my)
JEN keN jeN

= Pla®Y Y (r;ri)35 > 0P Z(rj,'rj))

JEN kEN JEN

= P|a’2’Rz> O Z(rj,rj)) ,

jeN
where R, = (r;, 7). Clearly, R is a symmetric positive semidefinite matrix and can
be spectrally decomposed such that R = Q'AQ, where A is the diagonal matrix of
the eigenvalues and Q is the corresponding orthonormal matrix. Let ¢ = QZ so that
FRZ =g Ay = Yjen N5 Since 2 ~ N(0,1), we also have § ~ N(0, I), that is,

¥;, J € N are independent and normally distributed. Moreover,

> A, = trace(R) = Y {r;,7)).

JeN JEN
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Therefore,

P (QZZ’RE > Q2 Z (’f'jj ’I'j>)

JEN

= P (oﬂZAjgf > sz,\j)

JEN JEN
2 2
< E (exp (904 2gen Ajyj )) (From Markov’s inequality, 8 > 0)
exp (902 YieN )\j)
— en £ (exp (BQQAjg? )) (g2 are independent)
exp (992 Yien )\j) ’

2y 0a?A;
[ljen E (EXP (%‘) )

- for all 8> 2 and 62X\, 8 < 1,¥j € N
exp (992 Yjen )\j) ’

e (5o (3)) )
<

exp (992 Y jeN )\j)

?

where the last inequality follows from Jensen inequality, noting that z6*°*? is a

concave function of z if #a2X;0 € [0,1]. Since y; ~ N(0,1),

#\Y_ 1 g™ y? (B—2 [ B
oo (3)) -7 oo (5 (57)) = o5

Thus, we obtain

e (5 (o0 (5)™) 110 (o0 (102,080 (52))
exp (092 Zjen M) ) exp (0527 jen Ay)

exp (9&25% In (5'3—2) 2jeN ’\j)
exp (692 Tyen As)

We select § = 1/(a?8A*), where \* = max;en A;, and obtain

e EIE) o0 )

exp (902 >ien )\j) B—2) af
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Type Probability bound of infeasibility
LP veSlexp(—L
QCQP ¢Qexp(—2)
SOCP(1) Ve exp(—%z)
SOCP(2) £Qexp(— L)
SDP £ Qexp(—£L)

Table 4.5: Probability bounds of P(f(z, D) < 0) for 2 ~ N(0, I).

where p = (3,cn Aj)/A*. Taking derivatives and choosing the best 3, we have

202

T~

for which §? > a. Substituting and simplifying, we have

1 B 5 Q 02\ 0 02
o (o (30 (555) - 335) ) - (27 ootz < el 5

Ve

o4

where the last inequality follows from p > 1, and from exp(—%) < 1 for 1 > a.

Note that f(z, D) < 0, implies that ||Z]| > 2. Thus, when Z ~ N(0, T)
P(f(z, D) < 0) <P(||2]| > Q) = 1— xFy, (2?), (4.21)

where X|2N|(') is the cdf of a x-square distribution with |N{ degrees of freedom. Note
that the bound (4.21) does not take into account the structure of f(x, D) in contrast
to bound (4.17) that depends on f(x, D) via the parameter a. To illustrate this, we
substitute the value of the parameter a from Proposition 10 in Eq. (4.17) and report
in Table 4.6 the bound in Eq. (4.17).

To amplify the previous discussion, we show in Table 4.6 the value of Q in order
for the bound (4.17) to be less than or equal to €. The last column shows the value
of ) using bound (4.21) that is independent of the structure of the problem. We

choose | V| = 495000 which is approximately the maximum number of data entries in
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¢ | LP | QCQP | SOCP(1) [ SOCP(2) | SDP | Eq. (4.21)
10°T[276| 301 2.76 3.91 27.6 704.5
102 [ 357 5.05 3.57 5.05 35.7 705.2
10° (421 | 595 121 595 | 42.1 705.7
10°° 1568 | 7.99 5.68 799 | 56.8 706.9

Table 4.6: Sample calculations of {2 using Probability Bounds of Table 4.5 for m =
100, » = 100, |N| = 495, 000.

a SDP constraint with n = 100 and m = 100. Although the size |N| is unrealistic for
constraints with less data entries such as LP, the derived probability bounds remain
valid. Note that bound (4.21) leads to & = O(y/|N|1In(1/¢)).

For LP, SOCP, and QCQP, bound (4.17) leads to @ = O(In(1/¢)), which is in-
dependent of the dimension of the problem. For SDP it leads to we have {} =

O(v/m1n(1/e)). As a result, ignoring the structure of the problem and using bound

(4.21) leads to very conservative solutions.

4.4 General Cones

In this section, we generalize the results in Sections 4.1-4.3 to arbitrary conic con-

straints of the form,

S Ajz; -k B, (4.22)
j=1

where {Al, oy An, B} — D constitutes the set of data that is subject to uncertainty,
and K is a closed, convex, pointed cone with nonempty interior. For notational

simplicity, we define

A(:c, f)) = ijl'j - B
i=1
so that Eq. (4.22) is equivalent to

A(z, D) =k 0. (4.23)
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We assume that the model for data uncertainty is given in Eq. (4.3) with Z ~ N(0, I').
The uncertainty set U satisfies Eq. (4.4) with the given norm satisfying ||ul| = |lu™]|.

Paralleling the earlier development, starting with a cone K and constraint (4.23),
we define the function f(-, -} as follows so that f{x, D} > 0 if and only if A(x, D) >k
0.

Proposition 11 For any V' =g 0, the function

f(x,D)= max 6
(4.24)
st. Az, D) =g 0V,
satisfies the properties:
(a) f(x, D) is bounded and concave in x and D.
(b) f(@ kD) = kf(z, D),k > 0.
(c) flz,D) >y if and only if A(x, D) =g yV.
(

(d) f(x, D) >y 1+f an donly +f Az, D) > yV.

Proof :
(a) Consider the dual of Problem (4.24):

z*= min (u, Az, D))
st. (u, V)=

u =g 0,

where K™ is the dual cone of K. Since K is a closed, convex, pointed cone with
nonempty interior, so is K" (see Ben-Tal and Nemirovski [8]). As V =g 0, for all
u ~g~ 0 and uw # 0, we have (u,V) > 0, hence, the dual problem is bounded.
Furthermore, since K™ has a nonempty interior, the dual problem is strictly feasible,
i.e., there exists u >k~ 0, {(u, V) = 1. Therefore, by conic duality, the dual objective
z” has the same finite objective as the primal objective function f(x, D). Since
A(x, D) is a linear mapping of D and an affine mapping of z, it follows that f(x, D)

1s concave in x« and D.
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(b) Using the dual expression of f(z, D), and that A(z, kD) = kA(x, D), the result

follows.

(c) If # = y is feasible in Problem (4.24), we have f(x, D) > 6 = y. Conversely, if
f(x, D) >y, then A(z, D) =k f(z, D)V =k yV.

(d) Suppose A(x, D) =k ¥V, then there exists e > 0 such that A(z, D)—yV =k cV
or A(z, D) =k (e +y)V. Hence, f(x,D) > e+y>y. Conversely, since V =k 0, if
flz, D) > y then (f(z,D) — y)V >k 0. Hence, A(z, D) =k f(z,D)V > yV. R
Remark : With y = 0, (c) establishes that A{z, D) = 0 if and only if f(z, D) 2 0
and (d) establishes that A(z, D) > 0 if and only if f(z, D) > 0.

The proposed robust model is given in Egs. (4.7) and (4.8). We next derive an
expression for g(z, AD) = max{— f(x, AD), — f(x, ~AD)}.

Proposition 12 Let g(x, AD) = max{— f(x, AD), —f(z,—AD)}. Then
g(z, AD) = ||H(z, AD)ll,,
where H(z, AD) = A(x, AD) and
S|, = min{y:yV =k S =k —yV}.

Proof :

‘We observe that

g(x,AD) = max{—f(z,AD),—f(x,-~AD)}
= min{y | — f(@,AD) <y, ~f(z,~AD) <y}
— min{y | Alz, AD) =k —yV,—A(z,AD) =g —yV'}, (4.25)
= [[A(z, AD)ll,-

We also need to show that ||.||, is indeed a valid norm. Since V' -k 0, then |S]lg = 0.

Clearly, ||0]|, = 0 and if ||S||; = 0, then 0 =k S = x O, which implies that S = 0.
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To show that ||kS||, = |k|I|S]|4, we observe that for k& > 0,

|kS])l, = min{y | yV = kS =k —yV}
- kmin{% %V e S = x —%V}
= kHS“g-

Likewise, if £k < 0

|kSily = min{y | yV =k kS =k —yV}
= min{y | yV =k —kS =k —yV'}
= || — kS|,
= —k[|S],.

Finally, to verify triangle inequality,

ISllg + TNy = min{y { yV =k 8 = —yV}+min{z | 2V =g T =g —2zV}
=min{y+z|yV =k S =g —yV, 2V =g T = —2V}

>min{y+z|(y+2)VrgS+T > —(y+2)V}

= S+ Tl
|
For the general conic constraint, the norm, || - ||, is dependent on the cone K and
a point in the interior of the cone V. Hence, we define || - ||gv = || - ||, Using

Proposition 11 and Theorem 8 we next show that the robust counterpart for the
conic constraint (4.23) is tractable and provide a bound on the probability that the

constraint is feasible.

Theorem 10 We have

(a) (Tractability) For a norm satisfying Eq. (4.5), constraint (4.7) for general
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cones is equivalent to

A(wg DO) >__K vaa
t;,V =k Alx, AD?) = —t;V, j€N,
1tl* < v,

ye R, te RN

(b) (Probabilistic guarantee) When we use the ly-norm in Eq. (4.8), i.e., ||s|* =
|s|l2, and under the assumption that zZ ~ N(0,I), then for all V' we have

P(Alz, D) ¢ K) < Y& exp(— > )

- OfK,V 20&%{)‘/
where
ARV = max ||S|xv ( max (s, S))
(8.5)=1 IS k¢, v=1
and
1S|lx,v =min{y:yV =k § =k —yV}.

Proof :
The Theorem follows directly from Propositions 11, 12, Theorems 8, 9. [ |

From Theorem 10, for any cone K, we select V' in order to minimize ak v, i.e.,
Qpe = Min & .
K V-0 K.V

We next show that the smallest parameter « is V2 and /m for SOCP and SDP

respectively. For the second order cone, K = Lt

L ={x e B ||wnllz < Zoni},
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where @, = (z21,...,2,)". The induced norm is given by

||:‘E||L"+J.u = min {y L Yyv th+l H th+1 —yru}

= min {y : ||fﬂn + Un'y”z < Ung1¥ + Tpga, HSBn - ’Uﬂnyﬂz < Uppry — l'n+1,}

g, = | max ||zl e, max ||z ] .
lzll2=1 ||==||Ln+1,v—1

For the symmetric positive semidefinite cone, K = 87,

and

I X|lspy = min{y:yV = X = —yV},

agmy = max Z|sm v max X, X)|.
* (1/(}(,}():1“ | * )(HXIIST‘V:l ( >)

Proposition 13 We have

(a) For the second order cone, apnss , > /2, for all v > prer 0 (Jog ||z < vpyr) with

equality holding for v = (0,1)".

(b) For the symmetric positive semidefinite cone, asp v > /m, for all V = 0 with

equality hoding for V = 1.

Proof :

For any V =g 0, we observe that
”V”K,V = mln{y : yV >_‘K Vv tK —-’yV} =1.

Otherwise, if ||V'||g v < 1, there exist y < 1 such that yV =g V which implies that

—V =k 0, contradicting V' >~ 0. Hence, ||v||~+1, =1 and we obtain

max ||zl ) > |lv]2-
Izl st y=1

Likewise, when &, = (v,)/(V2||va2) and 2,4, = —1/(v/2), so that ||zl]; = 1, we
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can also verify that the inequalities

1

| + v

— 2 S Upt1y — —=

Volvalla " 2
1

v
I —_T VLY = Uy + —=
|\/§||vn||2 ”2 +1 \/§

hold if and only if ¥ > v2/(vns1 — ||¥all2). Hence, ||@||pr1 o = v2/(Uni1 — ||¥all2)

and we obtain
V2

max ||& 1 > —_—
Izla=1 Il 0 Uni1 — [[Unl]2

Therefore, since 0 < vp11 — ||Vnll2 € vny1 < ||v||, we have

2
Qprt1 , = | max ||®||gn+1, max ||x|2] = M > V2.
! lzll=1 Y) \llzllgnt ,=1 Uns1 — || Onll2

When v = (0, 1), we have
1l o1 = |Znll2 + |20,
and from Proposition 10(b), the bound is achieved. Hence, apn+1 = V2.

(b) Since V is an invertible matrix, we observe that

i

| X||smv = min{y:yV = X = —yV}

= min {y: yI » VEXVTE = —yl}

il

IVEXV .
For any V » 0, let X =V, we have || X||gy v =1 and
(X, X) = trace(V'V) = A3,

where XA € R™ is a vector corresponding to all the eigenvalues of the matrix V. Hence,

we obtain

( max (X,X)) > || A2

X =1
l ||sT,v
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Without loss of generality, let A be the smallest eigenvalue of V' with corresponding

normalized eigenvector, g,. Now, let X = q,q). Observe that

(X, X) = trace( X X))
— trace(q,q,4,4})

= trace(qiq,q1q,)
= 1].

We can express the matrix, V in its spectral decomposition, so that V = > qquz\j.

Hence,
IXllspy = V72XV 73],
= |Z, qu;/\j_%qltJ’l >, qjq;-/\;%”z
= [IAT g, 44 l2
= AL
Therefore, we establish that

max || X|[smy } > A
(,/<x,x>:1 " !

Combining the results, we have

[ max ;( X ”‘ l||2
X — ’ max X ud > T m.
' (” ”ST'V_I ( >) (V (X . X)=1 ” ||S+ 'V) )\1

When V' = I, we have
X (lsm v = | X]|2,

and from Proposition 10(d), the bound is achieved. Hence, agn = /m. u

4.5 Conclusions

We proposed a relaxed robust counterpart for general conic optimization problems

that we believe achieves the objectives outlined in the introduction, namely:
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(a)

(b)

It preserves the computational tractability of the nominal problem. Specifically
the robust conic optimization problem retains its original structure, i.e., robust
linear optimization problems (LPs) remain LPs, robust second order cone opti-
mization problems (SOCPs) remain SOCPs and robust semidefinite optimization
problems (SDPs) remain SDPs. Moreover, the size of the proposed robust prob-

lem especially under the [ norm is practically the same as the nominal problem.

It allows us to provide a guarantee on the probability that the robust solution
is feasible, when the uncertain coefficients obey independent and identically dis-

tributed normal distributions.
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Chapter 5

Robust Discrete Optimization and

Network Flows

Our goal in this chapter is to propose an approach to address data uncertainty for

discrete optimization and network flow problems that has the following features:

(a)
(b)

()

(b)

It allows to control the degree of conservatism of the solution:

It is computationally tractable both practically and theoretically.

Specifically, our contributions include:

When both the cost coefficients and the data in the constraints of an integer
optimization problem are subject to uncertainty, we propose, following the ap-
proach in Chapter 2, a robust integer optimization problem of moderately larger
size that allows to control the degree of conservatism of the solution in terms of

probabilistic bounds on constraint violation.

When only the cost coefficients are subject to uncertainty and the problem is
a 0 — 1 discrete optimization problem on n variables, then we solve the robust
counterpart by solving n + 1 nominal problems. Thus, we show that the ro-
bust counterpart of a polynomially solvable 0 — 1 discrete optimization problem
remains polynomially solvable. In particular, robust matching, spanning tree,
shortest path, matroid intersection, etc. are polynomially solvable. Moreover, we

show that the robust counterpart of an N P-hard a-approximable 0 — 1 discrete
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optimization problem, remains a-approximable.

(¢) When only the cost coefficients are subject to uncertainty and the problem is a
minimum cost flow problem, then we propose a polynomial time algorithm for
the robust counterpart by solving a collection of minimum cost flow problems in

a modified network.

Structure of the chapter. In Section 5.1, we present the general framework and
formulation of robust discrete optimization problems. In Section 5.2, we propose
an efficient algorithm for solving robust combinatorial optimization problems. In
Section 5.3, we show that the robust counterpart of an N P-hard 0—1 a-approximable
discrete optimization problem remains a-approximable. In Section 5.4, we propose
an efficient algorithm for robust network flows. In Section 5.5, we present some
experimental findings relating to the computation speed and the quality of robust
solutions. Finally, Section 5.6 contains some remarks with respect to the practical

applicability of the proposed methods.

5.1 Robust Formulation of Discrete Optimization

Problems

Let ¢, I, u be n-vectors, let A be an m x n matrix, and b be an m-vector. We
consider the following nominal mixed integer optimization problem (MIP) on a set of

n variables, the first k of which are integral:

minimize c'x
subject to Az <b
(5.1)
l<zxz<u

:L'iEZ, izl,...,k,

We assume without loss of generality that data uncertainty affects only the elements

of the matrix A and ¢, but not the vector b, since in this case we can introduce a new
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variable x4, and write Az —bz,y; <0, 1 <z <u,1 <1,y <1, thus augmenting
A to include b.

In typical applications, we have reasonable estimates for the mean value of the
coefficients a;; and its range a;;. We feel that it is unlikely that we know the exact
distribution of these coefficients. Similarly, we have estimates for the cost coefficients
¢; and an estimate of its range d;. Specifically, the model of data uncertainty we

consider is as follows:

Model of Data Uncertainty U:

(a) (Uncertainty for matrix A): Let N = {1,2,...,n}. Each entry a;;, j € N
15 modeled as independent, symmetric and bounded random variable (but with

unknown distribution) @;;, 7 € N that takes values in [a;; — i;, ai; + @yj].

(b) (Uncertainty for cost vector c): Each entry ¢;, j € N takes values in
[¢;, ¢; + d;], where d; represents the deviation from the nominal cost coefficient,
cj.

Note that we allow the possibility that a,; = 0 or d;, = 0. Note also that the
only assumption that we place on the distribution of the coeficients a;; is that it is

symmetric.

5.1.1 Robust MIP Formulation

For robustness purposes, for every i, we introduce a number I;, 3 = 0,1, ..., m that
takes values in the interval [0, |J;|], where J; = {j] G;; > 0}. T, is assumed to be
integer, while I';, 2 = 1,...,m are not necessarily integers.

The role of the parameter I'; in the constraints is to adjust the robustness of the
proposed method against the level of conservatism of the solution. Consider the ith
constraint of the nominal problem alx < b, Let J;, be the set of coefficients ayj,
J € Ji that are subject to parameter uncertainty, i.e., &;;, 7 € J; independently takes
values according to a symmetric distribution with mean equal to the nominal value
a;; in the interval [a;; — @;;,a;; + &;;]. Speaking intuitively, it is unlikely that all of

the a;;, 7 € J; will change. Our goal is to be protected against all cases in which up
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to |T';] of these coefficients are allowed to change, and one coefficient a;; changes by
at most (I'; — | I;|)a;. In other words, we stipulate that nature will be restricted in
its behavior, in that only a subset of the coefficients will change in order to adversely
affect the solution. We will then guarantee that if nature behaves like this then the
robust solution will be feasible deterministically. We will also show that, essentially
because the distributions we allow are symmetric, even if more than [I';] change,
then the robust solution will be feasible with very high probability. Hence, we call I';

the protection level for the ith constraint.

The parameter [y controls the level of robustness in the objective. We are inter-
ested in finding an optimal solution that optimizes against all scenarios under which
a number Ty of the cost coefficients can vary in such a way as to maximally influence
the objective. Let Jy = {j| d; > 0}. If T'p = 0, we completely ignore the influence of
the cost deviations, while if Iy = |Jy|, we are considering all possible cost deviations,
which is indeed most conservative. In general a higher value of T'y increases the level

of robustness at the expense of higher nominal cost.

Specifically, the proposed robust counterpart of Problem (5.1) is as follows:

minimize ¢’ + max > djlz
{Sol SoCJo,S0l<To} | jog,

subject to Y _ ai;T;

+ max
F {S:iu{t:}| SiCJ: |8t €5\ 5}

(5.2)
{Z ayglm;| + (T — LPiJ)&uzlfﬁd} <b, Vi

JES:
l<x<u

iEiEZ, szl,,k)

Following Theorem 1 in Chapter 2, we have the following equivalent robust coun-
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terpart:

minimize ¢’x + 2000 + X e 1, Poj

subject to Zaijxj + z [ + Z P b Vi
J

JES;
2o + Po; = d;y; Vi€ o
z, + pi; > a4y, Vi#£0,j€J;
pi; > 0 Vi, 5 € J; (5.3)
y; =20 vy
z >0 Vi
~y; <15 Sy vj
Iy <x; < vj
T, € Z i=1,...,k

While the original Problem (5.1) involves n variables and m constraints, its robust
counterpart Problem (5.3) has 2n+m +1 variables, where [ = 37 {J;| is the number
of uncertain coefficients, and 2n + m + [ constraints.

As we discussed, if less than |I';] coefficients a;;, 7 € J; participating in the ith
constraint vary, then the robust solution will be feasible deterministically. Theorem 3
shows that that even if more than |I';| change, then the robust solution will be feasible
with very high probability. We make no theoretical claims regarding suboptimality
given that we made no probabilistic assumptions on the cost coefficients. In Section
5.5.1, we apply these bounds of Theorem 3 in the context of the zero-one knapsack

problem,

5.2 Robust Combinatorial Optimization

Combinatorial optimization is an important class of discrete optimization whose de-
cision variables are binary, that is 2 € X C {0,1}". In this section, the nominal
combinatorial optimization problem we consider is:

minimize c'x

(5.4)
subject to x € X.
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We are interested in the class of problems where each entry ¢&;, j € N = {1,2,...,n}
takes values in [c;,¢; + d;], d; > 0, j € N, but the set X is fixed. We would like to
find a solution & € X that minimizes the maximum cost ¢’z such that at most I' of
the coefficients ¢; are allowed to change:

Z* — minimize ¢’z + E d;z;

{5 SCN |5|<r} (5.5)

subject to = € X.

Without loss of generality, we assume that the indices are ordered in such that
dy > dy > ... > d,. We also define d,,,; = 0 for notational convenience. FExam-
ples of such problems include the shortest path, the minimum spanning tree, the
minimum assignment, the traveling salesman, the vehicle routing and matroid inter-
section problems. Data uncertainty in the context of the vehicle routing problem for

example, captures the variability of travel times in some of the links of the network.

In the context of scenario based uncertainty, finding an optimally robust solution
involves solving the problem (for the case that only two scenarios for the cost vectors
c1, Cz are known):

minimize max(¢|x,c,T)
subject to T € X.

For many classical combinatorial problems (for example the shortest path problem),
finding such a robust solution is N P-hard, even if minimizing ¢jx subject to x € X

is polynomially solvable (Kouvelis and Yu [20]).

Clearly the robust counterpart of an N P-hard combinatorial optimization problem
is N P-hard. We next show that surprisingly, the robust counterpart of a polynomially

solvable combinatorial optimization problem is also polynomially solvable.
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5.2.1 Algorithm for Robust Combinatorial Optimization

Problems

In this section, we show that we can solve Problem (5.5) by solving at most n + 1

nominal problems min f,x, subject tox € X, fori=1,...,n+ L.

Theorem 11 Problem (5.5) can be solved by solving the n + 1 nominal problems:

Z*= min G, (5.6)

1=1,...,n+1

where for l=1,... ,n+1:

!
G' = I'd; + min (c’a: +Y (d; —dy) a:j>
j=1 (5.7)

subject to = € X.

Proof : Problem (5.5) can be rewritten as follows:
7" = Eg)]} (c'a: + max Y dj:cjuj)
jEN

subject to 0 < u; <1, JEN

Z’U,]SF

JjEN

Given a fixed @ € X, we consider the inner maximization problem and formulate its

dual. Applying strong duality to this problem we obtain:

. : _
Z = mip ¢’z + min (I‘B-i—];vyj)

subject to y; + 8 > d;z;, JEN

yj’g 2 0$
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which can be rewritten as:

Z*=min cdz+T8+ )y

JEN
subject to y; + 0 > d;z;, jEN (5.8)
Yi, 6 2 07
xz € X.
Clearly an optimal solution (x*, y*,8*) of Problem (5.8) satisfies:
y; = max{d;x; — 0",0),
and therefore,
Zr = xer)rg{?zo (FG +c'z + Z max(d;z; — 0, O))
jEN
Since X C {0, 1}",
max(d;z; — 6,0) = max(d; — 0,0) z;, (5.9)
Hence, we obtain
* . ’ — .
Z" = Juin (F() +cdz+ JEZN max(d, — 6, O)IJ). (5.10)

In order to find the optimal value for # we decompose R into the intervals [0, dy},

[dn,dn_1], .-, [d2,d1r] and [d1,00). Then, recalling that d.41 = 0, we obtain

-1

(d; — 8)z,, if9€ddia), l=n+1l,...,2
> max(d; — 6,0)z; = { =1

JEN

0, if 6 € [dy, ).
Therefore, Z* = z—1min+1 7! wherefor L= 1, m+1:
-1
! = 1 7 d . )
Z xex,gg[lcil,dl_l] (F0 Tcx+ Z( 7 H)IJ )

Jj=1
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where the sum for [ = 1 is equal to zero. Since we are optimizing a linear function of
6 over the interval [d;, d; 1], the optimal 1s obtained for § = d; or 6 = d;_;, and thus
forl=1,...,n+1:

=
Z' = min (I‘dl + min (c x+ > (d [)zJ)
7=1

I'd;_y + mingex (c":c + Zl;ll (d; — dl—l)Ij))

!

+> (d; —d :cj)

=1

= min (Fd, + mm (c T+
Pdl—l + min,ex ( T+ Z — dl—l)xj)) .

Thus,

Z* = min (Fd1 + LIéi)I{lC’.’B, ,Td + mm (c T+ JZ1 (d; — dl)a:,)

mln (c T+ Zd :LJ)) .
j=1
|
Remark: Note that we critically used the fact that the nominal problem is a 0-1
discrete optimization problem, ie., X C {0,1}", in Eq. (5.9). For general integer
optimization problems Eq. (5.9) does not apply.

Theorem 11 leads to the following algorithm.

Algorithm A

1. For I =1,...,n 4 1 solve the n 4+ 1 nominal problems Eqgs. (5.7):

G' =Td; + rmn (c T+ Z (dj — dl)a:J>

7=1
and let ! be an optimal solution of the corresponding problem:.

2. Let l*—arg mln G’

,,,,,

3. 2" =G"; " =zV.
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Note that Z! is not in general equal to G'. If f is the number of distinct values
among di, . ..,dy, then it is clear that Algorithm A solves f + 1 nominal problems,
since if d; = dj41, then G* = G'*. In particular, if all d; = d forall j =1,... n, then
Algorithm A solves only two nominal problems. Thus, if 7 is the time to solve one
nominal problem, Algorithm A solves the robust counterpart in {(f + 1)7 time, thus
preserving the polynomial solvability of the nominal problem. In particular, Theorem
11 implies that the robust counterpart of many classical 0-1 combinatorial optimiza-
tion problems like the minimum spanning tree, the minimum assignment, minimum

matching, shortest path and matroid intersection, are polynomially solvable.

5.3 Robust Approximation Algorithms

In this section, we show that if the nominal combinatorial optimization problem
(5.4) has an a-approximation polynomial time algorithm, then the robust counterpart
Problem (5.5) with optimal solution value Z* is also a-approximable. Specifically, we
assume that there exists a polynomial time Algorithm H for the nominal problem

(5.4), that returns a solution with an objective Zy: Z < Zy < aZ, a > 1.

The proposed algorithm for the robust Problem (5.5) is to utilize Algorithm H
in Algorithm A, instead of solving the nominal instances exactly. The proposed

algorithm is as follows:

Theorem 12 Algorithm B yields a solution =® with an objective value Zg that sat-
isfies:

Z*S ZBS O_’Z*.

Proof : Since Z* is the optimal objective function value of the robust problem,

clearly Z* < Zg. Let ! the index such that Z* = G in Theorem 11. Let x%; be an
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Algorithm B

1. Forl=1,...

the nominal problem:

!
Gt — Fdl—ml)l’fl(CCL‘—f-Zd—dl) )

j=1

2. Forl=1,...,n+1, let

! l
ZL = 'zt + max di(xz%;)..
hmeal s (e,

3. Let I = arg 1111111 Z.,.

.....

.n+ 1 find an a-approximate solution x’; using Algorithm H for

(5.11)

a-optimal sclution for Problem (5.11). Then, we have

Zg <

Remark :

that it is

IA

I

ZYy
d;(xhy);

cxly+  max >
(s SCN]SI<T} 5%

Igun {c zy + Y max(d; — 6,0)(zy); + I‘9} (from Eq. (5.10))

JEN
!
'zl + Y (d; — dy)(xky); + Td,
=1
a(G' — I'dy) + I'd (from Eq. (5.11))
aG' (since o > 1)
aZ*.

Note that Algorithm A is a special case of Algorithm B for @ = 1. Note

critical to have an a-approximation algorithm for all nominal instances

(5.11). In particular, if the nominal problem is the traveling salesman problem under

triangle inequality, which can be approximated within & = 3/2, Algorithm B is not

an a-approximation algorithm for the robust counterpart, as the instances (5.11) may
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not satisfy the triangle inequality.

5.4 Robust Network Flows

In this section, we apply the methods of Section 5.2 to show that robust minimum
cost flows can also be solved by solving a collection of modified nominal minimum

cost flows. Given a directed graph G = (N,.4), the minimum cost flow is defined as

follows:
minimize Z CijTi
(t,5)eA
subject to Y. xi;j— D>, zTp=0b VieN (5.12)
{3:(2,5)€A} {7:(4,i)e A}
0 < iy < g v(i,j) € A.

Let X be the set of feasible solutions of Problem (5.12).
We are interested in the class of problems in which each entry &g, (4,7) € A takes
values in [cij, ¢ij + dyj], dij, ci; = 0,(4,7) € A. From Eq. (5.5) the robust minimum

cost flow problem is:

Z*=min cz+ max Z dij-Tij
{8| 5cA,|5|<r}

(i.5)€8 (5.13)
subject to x € X.

From Eq. (5.8) we obtain that Problem (5.13) is equivalent to solving the following

problem:

Z* = min Z(0), (5.14)

620

where
Z@) =T +min c'z+ > pi
(i,7)eA

SUbjeCt to Dij > dijflfij -6 V(Z,]) e A (515)
ze X
We next show that for a fixed # > 0, we can solve Problem (5.15) as a network flow

problem.
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Theorem 13 For a fized 0 > 0, Problem (5.15) can be solved as a network flow

problem.

Proof :

We eliminate the variables p;; from Formulation (5.15) and obtain:

Z(0) =TO0+min c'z+ Z d;; max (:ci]-—da,O)
ij

(i.f)eA (5.16)

subject to x € X.

For every arc (i, j) € A, we introduce nodes 7' and j' and replace the arc (¢, ) with
arcs (¢,7'), (¢',4'), (#',7) and (¢, j) with the following costs and capacities (see also
Figure 5-1):
G = Cij Uiy = Uy
Gy =0 uy; =00
v

Ciry = 0 Uiy =

Ciry = diy Uy = 00.
Let G’ = (N, A’) be the new direceted graph.
We show that solving a linear minimum cost How problem with data as above,
leads to the solution of Problem (5.16). Consider an optimal solution of Problem

9.16). If z;; < 6/d;; for a given arc (%, 5) € A, then the flow z,; will be routed along
J 3 j

the arcs (i,4") and (¢, j) an the total contribution to cost is
CiyLij + CirjTi5 = CijT4 .

If, however, z;; > 8/d;;, then the flow z;; will be routed along the arcs (i, '), then
0/d;; will be routed along arc (#/,7), and the excess x;; — (0/dy;) is routed through
the arcs (¢, 7') and (5°, 7). The total contribution to cost is

8 g 0
CiwrTi5 + C,;IjI + Cirgr | Tyy — d_ + ¢y | Tij — d_ =
if i

1
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(cost, capacity)

O

()

2(3)

@ (cyruy) (0.6/dy

Figure 5-1: Conversion of arcs with cost uncertainties.

g
CijCCij + dij (.IU - d—-) .

ij

In both cases the contribution to cost matches the objective function value in Eq.
(5.16). ]

Without loss of generality, we can assume that all the capacities u;;, (3,7) € A are
finitely bounded. Then, clearly § < § = max{u;;di; : (4,7) € A}. Theorem 13 shows
that the robust counterpart of the minimum cost flow problem can be converted to
a minimum cost flow problem in which capacities on the arcs are linear functions
of . Srinivasan and Thompsom [27] proposed a simplex based method for solving
such parametric network flow problems for all values of the parameter § ¢ [0,8).
Using this method, we can obtain the complete set of robust solutions for I € [0, |.A]]-
However, while the algorithm may be practical, it is not polynomial. We next provide

a polynomial time algorithm. We first establish some properties of the function Z (8).

Theorem 14 (a) Z(6) is a convezr function.
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(b) For all 81,03 > 0, we have

12(01) — Z(02)] < |Allfh — 0. (5.17)

Proof :

(a) Let (x1,p1) and (z2,p2) be optimal solutions to Problem (5.15) with 8 = ¢,
and ¢ = 0, respectively. Clearly, since the feasible region is convex, for all A € [0, 1],
(A1 + (1~ A)x2, Ap1 + (1 — A)p2) is feasible to the problem with 8 = M, + (1 — A)6s.
Therefore,
AZ(61) + (1 — A Z(8,)
= Az + (1 — N)z2) + €'(Ap1 + (1 — X)p2)
+L(AG1 + (1 = A)b2) > Z(A6, + (1 — A\)by),

where e is a vector of ones.

(b) By introducing Lagrange multiplies = to the first set of constraints of Problem

(5.15), we obtain:

Z(g) = max min {Fg +cz + Z Di; + Z rij(dijx,-j —Pij — 9)}

>0 X,p>0 -
r=b xetpz (i7)EA (i,j)eA

r>0 xcX,p>0

= max min {(I‘~ Yo rpf+cz+ Y pu(l—ry) + > Tijdijicij}

(1,7)eA (i.g)eA (1,5) €A
= Oﬂslfl%(e gél}(] {(F — Z T‘ij)g + c't -+ Z T‘ijdijl'ij}, (518)
(i,5)e.A (t.1)eA

where Eq. (5.18) follows from the fact that minpsg {Z(,—_j)EA pi; (1 — m]’)} is un-
bounded if any r;; > 1 and equals to zero for 0 < r < e. Without loss of generality,

let 8, > 6, > 0. For 0 < r < e, we have

—JAI ST = 37 oy <AL
(3,7)eA

123



Thus,

Z(6,) = max mln{ rii )0+’ + Z T,]dUIU}
(LJ)EA

o<r< X
r<e xc (zj)E.A

= max min { Yo ry)0:+ (01~ 0:))+cx+ > Tijdij$ij}
(1.5)EA

0<r<e xeX
* (i.)EA

< max min { sz 02 —+ '.A'(Hl 92) +cxr + Z rijleIij}
(1, J)EA

0<r<e xeX (if)eA

= Z(f) + |A|(8

Similarly,

Z(6,) = max min{(F = > 1)@+ (0~ 0) +x+ Y r,-jdijrij}

0<r< cX .
sr=ex (17)€A (ij)eA

IV

max min {(F - Z rij )02 — [ A|(6) — 62) + 'z + Z 'r{jdij.rij}
(

0<r<e xe X A
=raex ij)eA (i,j)eA

= Z(82) — [A|(61 — 62).

n
We next show that the robust minimum cost flow problem (5.13) can be solved

by solving a polynomial number of network flow problems.

Theorem 15 For any fixed I' < |A| and every € > 0, we can find a solution X € X

with robust objective value

2 = C’j‘(-’r‘ E d,,jf?,‘j
{5l SC.A |S|<F}( hes

such that

I*<Z<(l+e)Z"

by solving 2[log,(|.A|8/€)] + 3 network flow problems, where & = max{u;d;; : (i,j) €
A}

Proof : Let 8 > 0 be such that Z* = Z(6*}). Since Z(f) is a convex function
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(Theorem 14(a)), we use binary search to find a § such that

16— 6% <

?

B2

by solving 2k + 3 minimum cost flow problems of the type described in Theorem
13. We first need to evaluate 2 (0),2(0/2), z (9), and then we need two extra points
Z(8/4) and z (36/4) in order to decide whether 6" belongs in the interval [0,8/2] or
[6/2,8) or /4, 36/4]. From then on, we need two extra evaluations in order to halve
the interval #* can belong to.

From Theorem 14(b)
126) = 2@ < Al - 0 < 4t ] <

for k = [logg(lAlg/e)]. Note that % is the flow corresponding to the nominal network
flow problem for § = 4 ||

9.5 Experimental Results

In this section we consider concrete discrete optimization problems and solve the

robust counterparts.

9.5.1 The Robust Knapsack Problem

The zero-one nominal knapsack problem is:

maximize Y ¢,z

iEN
subject to Z wr; < b

1eEN

x € {0,1}.

We assume that the weights 0, are uncertain, independently distributed and follow

symmetric distributions in [wi —&;, w; +4;]. The objective value vector ¢ ig not subject
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T | Violation Probability | Optimal Value | Reduction

0 1 5592 0%
2.8 449 x 1071 5585 0.13%
36.8 5.71 x 1073 5506 1.54%
82.0 5.04 x 107° 5408 3.29%
200 0 5283 5.50%

Table 5.1: Robust Knapsack Solutions.

to data uncertainty. An application of this problem is to maximize the total value of
goods to be loaded on a cargo that has strict weight restrictions. The weight of the
individual item is assumed to be uncertain, independent of other weights and follows
a symmetric distribution. In our robust model, we want to maximize the total value

of the goods but allowing a maximum of 1% chance of constraint violation.

The robust Problem (5.2) is as follows:

maximize Z CT;
1EN

subject to Z W, L
iEeN

z € {0,1}"

> &z + (T = LFJ)Mt} <b

+ max
{SU{t}| SgN,lS':LPJ,tEN\S} jes

For this experiment, we solve Problem (5.3) using CPLEX 7.0 for a random knapsack
problem of size, |N| = 200. We set the capacity limit, b to 4000, the nominal weight,
w; being randomly chosen from the set {20,21,...,29} and the cost ¢; randomly
chosen from the set {16,17,...,77}. We set the weight uncertainty 4; to equal 10%
of the nominal weight. The time to solve the robust discrete problems to optimality

using CPLEX 7.0 on a Pentium II 400 PC ranges from 0.05 to 50 seconds.

Under zero protection level, T’ = 0, the optimal value is 5, 592. However, with full
protection, T' = 200, the optimal value is reduced by 5.5% to 5,283. In Table 5.1, we
present a sample of the objective function value and the probability bound of con-
straint violation computed from Eq. (2.16). It is interesting to note that the optimal
value is marginally affected when we increase the protection level. For instance, to

have a probability guarantee of at most 0.57% chance of constraint violation, we only
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Figure 5-2: The tradeoff between robustness and optimality in twenty instances of
the 0-1 knapsack problem.

reduce the objective by 1.54%. It appears that in this example we do not heavily
penalize the objective function value in order to protect ourselves against constraint

violation.

We repeated the experiment twenty times and in Figure 5-2 we report the tradeoft
between robustness and optimality for all twenty problems. We observe that by
allowing a profit reduction of 2%, we can make the probability of constraint violation
smaller than 107*. Moroever, the conclusion did not seem to depend a lot on the

specific instance we generated.
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5.5.2 Robust Sorting

We consider the problem of minimizing the total cost of selecting k items out of a set

of n items that can be expressed as the following integer optimization problem:

minimize Z Ci&;

iEN

subject to Z T, =k (5.19)
ieN
x € {0,1}".

In this problem, the cost components are subjected to uncertainty. If the model is
deterministic, we can easily solve the problem in O(nlog n) by sorting the costs in
ascending order and choosing the first & items. However, under the influence of data
uncertainty, we will illustrate empirically that the deterministic model could lead to
large deviations when the cost components are subject to uncertainty. Under our

proposed Problem (5.5), we solve the following problem,

Z*(T) =  minimize ¢ b
() minimize ¢z + {s| s%l%iélsf}jezg i
subject to ;= k o
1EN
T e {01 1}"

We experiment with a problem of size |N| = 200 and k& = 100. The cost and deviation
components, ¢; and d; are uniformly distributed in [50, 200] and [20, 200] respectively.
Since only k items will be selected, the robust solution for I > k is the same as when
I' = k. Hence, I" takes integral values from [0,%]. By varying I, we will illustrate
empirically that we can control the deviation of the objective value under the influence

of cost uncertainty.

We solve Problem (5.20) in two ways. First using Algorithm A, and second solving
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I' | Z(T') | % Change in Z(I') | ¢(I') | % Change in o(T)
0 8822 0% 501.0 0.0 %
10 | 8827 0.056 % 493.1 -1.6 %
20 | 8923 1.145 % 471.9 -5.8 %
30 | 9059 2.686 % 454.3 -9.3 %
40 | 9627 9.125 % 396.3 -209 %
50 | 10049 13.91 % 371.6 -25.8 %
60 | 10146 15.00 % 365.7 -27.0 %
70 | 10355 17.38 % 352.9 -29.6 %
80 | 10619 20.37 % 342.5 316 %
100 | 10619 20.37 % 340.1 -32.1 %

Table 5.2: Influence of T on Z(T') and o(T").

Problem (5.3):
minimize x4+ 2"+ Z Dj

jEN
subject to z +p; > d;z; VieN
Ir; = k
Z 5.21)
220
p; =0
x € {0,1}".

Algorithm A was able to find the robust solution for all ' € {0, ...k} in less than
a second. The typical running time using CPLEX 7.0 to solve Problem (5.21) for
only one of the I' ranges from 30 to 80 minutes, which underscores the effectiveness
of Algorithm A.

We let x(I') be an optimal solution to the robust model, with parameter T and
define Z(I') = ¢’z(T") as the nominal cost in the absence of any cost deviations. To
analyze the robustness of the solution, we simulate the distribution of the objective by
subjecting the cost components to random perturbations. Under the simulation, each
cost component independently deviates with probability p from the nominal value ¢;
to ¢; +d;. In Table 5.2, we report Z(T') and the standard deviation ¢(T") found in
the simulation for p = 0.2 (we generated 20,000 instances to evaluate o(T)).

Table 5.2 suggests that as we increase I, the standard deviation of the objective,
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Figure 5-3: The cumulative distribution of cost {for p = 0.2) for various values of T’
for the robust sorting problem.

o(T) decreases, implying that the robustness of the solution increases, and Z(T')
increases. Varying I' we can find the tradeoff between the variability of the objective
and the increase in nominal cost. Note that the robust formulation does not explicitly
consider standard deviation. We chose to represent robustness in the numerical results
with standard deviation of the objective, since standard deviation is the standard

measure of variability and it has intuitive appeal.

In Figure 5-3 we report the cumulative distribution of cost (for p = 0.2) for
various values of I for the robust sorting problem. We see that I' = 20 dominates the
nominal case I' = 0, which in turn dominates I' = 100 that appears over conservative.
In particular, it is clear that not only the robust solution for I' = 20 has lower
variability than the nominal solution, it leads to a more favorable distribution of

cost.
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5.5.3 The Robust Shortest Path Problem

Given a directed graph G = (MU{s, t}, A), with non-negative arc cost ¢;;, (i,) € A,
the shortest {s,t¢} path problem seeks to find a path of minimum total arc cost from
the source node s to the terminal node t. The problem can be modeled as a 0 — 1

integer optimization problem:

minimize Z CijTij

(i.j)eA
1, ifi=s
Subject to Z I,,‘,j — Z xji - _1, ].f'l =t (522)
{j:(i.7)eA} {7:(i.i)e A} )
0, otherwise,
x € {0, 1}

The shortest path problem surfaces in many important problems and has a wide
range of applications from logistics planning to telecommunications (see for example,
Ahuja et al. [1]. In these applications, the arc costs are estimated and subjected to

uncertainty. The robust counterpart is then:

minimize Y ¢z + s SCA|S| o > dizy

(i,j)eA i,5)e8
1, ifz=3s
Subject to Z :I:‘ij — Z zji = _1, ].f'L =1 (5.23)
{7:(1.7) €A} {j:(7.1)e A} .
0, otherwise,
z € {0, 1}

Dijkstra’s algorithm [10] solves the shortest path problem in O(JAV|?), while Al-
gorithm A runs in O(|.A||NV|?). In order to test the performance of Algorithm A,
we construct a randomly generated directed graph with |[A] = 300 and |A| = 1475
as shown in Figure 5-4. The starting node, s is at the origin (0,0) and the terminal
node ¢ is placed in coordinate (1, 1). The nominal arc cost, ci; equals to the Euclidean
distance between the adjacent nodes {i,7} and the arc cost deviation, d,; is set to

vcij, where 7 is uniformly distributed in [0,8]. Hence, some of the arcs have cost
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Figure 5-4: Randomly generated digraph and the set of robust shortest {s,t} paths
for various I' values.

deviations of at most eight times of their nominal values. Using Algorithm A (calling
Dijkstra’s algorithm |.A| + 1 times), we solve for the complete set of robust shortest

paths (for various Is), which are drawn in bold in Figure 5-4.

We simulate the distribution of the path cost by subjecting the arc cost to random
perturbations. In each instance of the simulation, every arc (¢,7) has cost that is
independently perturbed, with probability p, from its nominal value ¢;; to ¢;; + dij.
Setting p = 0.1, we generate 20,000 random scenarios and plot the distributions of
the path cost for I' = 0, 3,6 and 10, which are shown in Figure 5-5. We observe that

as [ increases, the nominal path cost also increases, while cost variability decreases.

In Figure 5-6 we report the cumulative distribution of cost (for p = 0.1) for various
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Figure 5-5: Influence of I' on the distribution of path cost for p = 0.1.
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Figure 5-6: The cumulative distribution of cost (for p = 0.1) for various values of I
for the robust shortest path problem.

values of T" for the robust shortest path problem. Comparing the distributions for
[ = 0 (the nominal problem) and I' = 3, we can see that none of the two distributions
dominate each other. In other words, even if a decision maker is primarily cost
conscious, he might still select to use a value of I that is different than zero, depending

on his risk preference.

5.6 Conclusions

We feel that the proposed approach has the potential of being practically useful
especially for combinatorial optimization and network flow problems that are subject
to cost uncertainty. Unlike all other approaches that create robust solutions for
combinatorial optimization problems, the proposed approach retains the complexity

of the nominal problem or its approximability guarantee and offers the modeler the
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capability to control the tradeoff between cost and robustness by varying a single
parameter 1'. For arbitrary discrete optimization problems, the increase in problem
size 1s still moderate, and thus the proposed approach has the potential of being

practically useful in this case as well.
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Chapter 6

Robust Discrete Optimization
under an Ellipsoidal Uncertainty

Set

In Chapter 5, we propose an approach in solving robust discrete optimization prob-
lems that has the flexibility of adjusting the level of conservativeness of the solution
while preserving the computational complexity of the nominal problem. This is at-
tractive as it shows that adding robustness does not come at the price of a change in
computational complexity. Ishii et. al. [18] consider solving a stochastic minimum
spanning tree problem with costs that are independently and normally distributed
leading to a similar framework as robust optimization with an ellipsoidal uncertainty
set. However, to the best of our knowledge, there has not been any work or com-
plexity results on extending this approach to solving general discrete optimization
problems.

It is thus natural to ask whether adding robustness in discrete optimization prob-
lems under ellipsoidal sets leads to a change in computational complexity. In addition
to the theoretical investigation, can we develop practically efficient methods to solve
robust discrete optimization problems under ellipsoidal uncertainty sets?

Our objective in this chapter is to address these questions. Specifically our con-

tributions include:
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(a)

(b)

Under an ellipsoidal uncertainty set, we show that the robust counterpart can be
N P-hard even though the nominal problem is polynomially solvable in contrast

with the uncertainty sets proposed in Chapter 5.

Under an ellipsoidal uncertainty set with uncorrelated data, we show that the
robust problem can be reduced to solving a collection of nominal problems with
different linear objectives. If the distributions are identical, we show that we
only require to solve r + 1 nominal problems, where r is the number of un-
certain cost components, that is in this case the computational complexity is
preserved. Under uncorrelated data, we propose an approximation method that
solves the robust problem within an additive e. The complexity of the method
is O((ndmax)/*e"/?), where dpax is the largest number in the data describing
the ellipsoidal set, that is the complexity is not polynomial as it depends on the
data. We also propose a Frank-Wolfe type algorithm for this case, which we
prove converges to a locally optimal solution, and in computational experiments
is remarkably effective. We also link the robust problem with uncorrelated data

to classical problems in parametric discrete optimization.

We propose a generalization of the robust discrete optimization framework in
Chapter 5 that allows the key parameter that controls the tradeoff between
robustness and optimality to depend on the solution that results in increased
flexibility and decreased conservatism, while maintaining the complexity of the

nominal problem.

Structure of the chapter. In Section 6.1, we formulate robust discrete optimiza-

tion problems under ellipsoidal uncertainty sets and show that the problem is N P-

hard even for nominal problems that are polynomially solvable. In Section 6.2, we

present structural results and establish that the robust problem under ball uncer-

tainty (uncorrelated and identically distributed data) has the same complexity as

the nominal problem. In Sections 6.3 and 6.4, we propose approximation methods

for the robust problem under ellipsoidal uncertainty sets with uncorrelated but not

identically distributed data. In Section 6.6, we present some experimental findings re-
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lating to the computation speed and the quality of robust solutions. The final section

contains some concluding remarks.

6.1 Formulation of Robust Discrete Optimization

Problems

A nominal discrete optimization problem is:

minimize 'z
(6.1)
subject to x € X,

with X C {0,1}". We are interested in problems where each entry ¢, ] EN=
{1,2,...,n} is uncertain and described by an uncertainty set €. Under the robust

optimization paradigm, we solve
minimize max ¢’z

celC (6.2)
subject to x € X.

Writing ¢ = ¢ + §, where ¢ is the nominal value and the deviation § is restricted to

the set D = C — ¢, Problem (6.2) becomes:

minimize 'z + £(x)
(6.3)
subject to x € X,

where {(x) = maxsep 5. Special cases of Formulation (6.3) include:

(a) D={s: §; €[0,d;]}, leading to &(z) = d'x.

(b) D= {s:|=""%s]l, < Q} that models ellipsoidal uncertainty sets proposed by
Ben-Tal and Nemirovski [7, 6, 4] and El-Ghaoui et al. [11, 12]. It easily follows
that £(x) = QVz'Ex, where X is the covariance matrix of the random cost

coefficients. For the special case that ¥ = diag(dy, ... ,d,), 1.e., the random cost

coefficients are uncorrelated, we obtain that £(z) = Q,/3 .y djzi = QvVd'x.
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(c) D={s:0< s 2d;Vj € Jipengt < I'} proposed in Chapter 5. It
follows that in this case {(x) = max(s.si=r.scs} 2jes d;T;, where J is the set
of random cost components. We have also shown that Problem (6.3) reduces
to solving at most |J| + 1 nominal problems for different cost vectors. In other
words, the robust counterpart is polynomially solvable if the nominal problem is
polynomially solvable.

Under models (a) and (c), robustness preserves the computational complexity of
the nominal problem. Our objective in this chapter is to investigate the price (in
increased complexity) of robustness under ellipsoidal uncertainty sets {model (b))
and propose effective algorithmic methods to tackle models (b), (c).

Our first result is unfortunately negative. Under ellipsoidal uncertainty sets with

general covariance matrices, the price of robustness is high. The robust counterpart

may become N P-hard even though the nominal problem is polynomially solvable.

Theorem 16 The robust problem (6.3) with £&(z) = SV x'Sx (Model (b)) is NP-
hard, for the following classes of polynomially solvable nominal problems: shortest

path, minimum cost assignment, resource scheduling, minimum spanning tree.

Proof : Kouvelis and Yu [20] prove that the problem

minimize max{c}jz,c,r}
Sl (6.4)
subject to = € X,

is N P-hard for the polynomially solvable problems mentioned in the statement of the

theorem. We show a simple transformation of Problem (6.4) to Problem (6.3) with

£(z) = Qv a'Ex as follows:

’ ’ A | ’ ’ P op ol
max{c’:r: c’a:} — max cla:+czm CiT — CoT CT +c2m B CiT — C;T
=2 2 2 ’ 2 2
¢+ chx clx—cyxr T — Co
= ———=— 4+ max ,—
2 2 2
’ ’ '
_ c|T + cT C1T — €T
2 2
r ’
cx+c,x 1
= A 27 5 2+ 5\/w’(cl —c2)(cy — ).
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The N P-hard Problem (6.4) is transformed to Problem (6.3) with £(z) = Qva'Se,
c=(e1+¢)/2, Q= 1/2and T = (¢;1 — c2)(c1 — ¢2)'. Thus, Problem (6.3) with
£(z) = QvVax'Lx is N P-hard. [ |
We next would like to propose methods for model (b) with 3 = diag(dy,. .., dn).
We are thus naturally led to consider the problem
G* = minimize 'z + f(d'z)

(6.5)
subject to x € X,

with f(-) a concave function. In particular, f(z) = §2\/z models ellipsoidal uncer-

tainty sets with uncorrelated random cost coefficients (model (b)).

6.2 Structural Results

We first show that Problem (6.5) reduces to solving a number of nominal problems
(6.1). Let W = {d’'z | = € {0,1}"} and n(w) be a subgradient of the concave
function f(-) evaluated at w, that is, f(u) — f(w) < n{w){(u — w) Yu € R. If f(w) is

a differentiable function and f'(0) = oo, we choose

fllw)  ifwe W\{0}
W) =3 s ’
~Z ifw=20

where d = ming;: ¢;0) d;-

Theorem 17 Problem (6.5) is reducible to solving |W| problems of the form:

Z(w) = minimize (¢ + n(w)d)'z + f(w) — wn(w) (66)
subject to x € X. .

Moreover, w* = arg ming,ew) Z(w) yields the optimal solution to Problem (6.5) and

G* = Z(w*).
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Proof : We first show that G* > minyew Z(w). Let &* be an optimal solution to
Problem (6.5) and w* = d'x* € W. We have

G* = cdax*+ f(dz*)=cz* + f(w') = (c+ plw*)d)z* + f(w*) — wn(w*)

> min(e +n(w)d)z + f(w) - wn(w’) = Z(w*) > min Z(w).

Conversely, for any w € W, let y,, be an optimal solution to Problem (6.6). We have

Z(w) = (e+n(w)d)yy + f(w) — wn(w)
Yo + f(d'Yw) + n(w)(d'yw — ) — (f(d'yw) — f(w))
'Y + f(d'Yw) (6.7)

> - ¥ ’ — *
> 1351)1(10:13-{—]”(11:1:) G*,

Vv

where inequality (6.7) for w € W\{0} follows, since n(w) is a subgradient. To see
that inequality (6.7) follows for w = 0 we argue as follows. Since f(v) is concave and
v > d Yv € W\{0}, we have

£d) = L2250+ S1), v e WA{0).

Rearranging, we have

f) = £ A = FO) o) vo e wh{o),

leading to 7(0){d'yw — 0) — (f(d’'yw) — f(0)) > 0. Therefore G* = minyew Z(w). W

Note that when d; = o2, then W = {0,0%,... no?}, and thus |W| = n+1, In this
case, Problem (6.5) reduces to solving n + 1 nominal problems (6.6), i.e., polynomial
solvability is preserved. Specifically, for the case of an ellipsoidal uncertainty set 3 =
o%1, leading to &(z) = Qm = Qove’x, we derive explicitly the subproblems

involved.
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Proposition 14 Under an ellipsotdal uncertainty set with £(x) = Qove'z,

G"= min Z(w),

w=0,1,....n

where

Qo
minimize,cx |c+ elr+—— w=1...,n
) ( 2w ) 2 (6.8)

minimizezex (¢ + Qoe)'x w=0.

Z(w) =

Proof : With £(z) = QoVe'x, we have f(r) = Qo/7 and fi(ir)= 2‘% Furthermore,
W ={0,...,n}, we choose n(w) = f'(w), ¥ w € W\{0}. Since f/(0) = 0o, and d = 1,
we abtain 7(0) = (f(d) — /(0))/d = F(1) — £(0) = Q0. .
Proposition 14 suggests that for uncorrelated and identically distributed data, the
computational complexity of the nominal problem is preserved.

An immediate corollary of Theorem 17 is to consider a parametric approach as

follows:

Corollary 1 An optimal solution to Problem (6.5) coincides with one of the optimal

solutions to the parametric problem:

minimize (¢ + 0d)'z

subject to x € X,
for 8 € [n(e'd), n{0)].

This establishes a connection of Problem (6.5) with parametric discrete optimiza-
tion (see Gusfield [16] and Hassin and Tamir [17]). It turns out that if X is a matroid,
the minimal set of optimal solutions to Problem (6.9) as 6 varies is polynomial in size,
see Eppstein [13] and Fern andez-Baca et al. [14]. For optimization over a matroid,
the optimal solution depends on the ordering of the cost components. Since, as
varies, it is easy to see that there are at most (;) + 1 different orderings, the corre-

sponding robust problem is also polynomially solvable.
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For the case of shortest paths, Karp and Orlin [19] provide a polynomial time
algorithm using the parametric approach when all d;’s are equal. In contrast, the
polynomial reduction in Proposition 14 applies to all discrete optimization problems.

More generally, |W| < dpan With dpax = max;d;. I dpax < n®, then Problem
(6.5) reduces to solving n®(n + 1) nominal problems (6.6). However, when dpa 18
exponential in n, then the reduction does not preserve polynomiallity. For this reason,
as well as deriving more practical algorithms even in the case that |W| is polynomial

in n we develop in the next section new algorithms.

6.3 Approximation via Piecewise Linear Functions

In this section, we develop a method for solving Problem (6.5) that is based on
approximating the function f(-) with a piecewise linear concave function. We first
show that if f(-) is a piecewise linear concave function with a polynomial number
of segments, we can also reduce Problem (6.5) to solving a polynomial number of

subproblems.

Proposition 15 If f(w),w € [0,e’d] s a continuous piecewise linear concave func-
tion of k segments, Problem (6.5) can be reduced to solving k subproblems as follows:
minimize (c+ n;d)'x

(6.10)
subject to x € X,

where 1; is the gradient of the jth linear piece of the function f().

Proof : The proof follows directly from Theorem 17 and the observations that if
f(w),w € [0,e’d] is a continuous piecewise linear concave function of k linear pieces,
the set of subgradients of each of the linear pieces constitutes the minimal set of
subgradients for the function f. [ |

We next show that approximating the function f(-) with a piecewise linear concave

function leads to an approximate solution to Problem (6.5).

144




Theorem 18 For W = [w,w] such that d'w € W Vx € X, let g(w), w € W
be a piecewise linear concave function approzimating the function f(w) such that

—e; < f(w) —g(w) < €x withe;, e > 0. Let xy be an optimal solution of the problem:

minimize ¢’z + g{d'z)
(6.11)
subject to T X

and let Gy = 'z + [(d'zu). Then,

G"<Gu<G +6 +e.

Proof : We have that

G*

glei)rfl{c'a: + f(d'z)}

A

Gy =cxy + f(d':ll}])

IA

cxy + g(d'zh) + €2 (6.12)

. ' ’
2161)1(1{c z+g(dx)}+ e

74N

Inei)I(l{C’(L' + f(d’fﬂ)} + €1+ e (613)

= G*+€l+€21

where inequalities (6.12) and (6.13) follow from —e; < f(w) — g(w) < es. [ ]

We next apply the approximation idea to the case of ellipsoidal uncertainty sets.
Specifically, we approximate the function f(w) = Qy/w in the domain [w, w] with a
piecewise linear concave function g(w) satisfying 0 < f(w) — g(w) < € using the least,

number of linear pieces.

Proposition 16 For e > 0, wy given, let ¢ = €/Q and for i =1,...,k define

2 2
v oo ) 3L 614

Let g(w) be a piecewise linear concave function on the domain w € [wo, wy|, with
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breakpoints (w, g(w)) € {(wy, /), . .., (wg, Qvwe)}. Then, for all w e [wo, wy]
0 < OVw - g(w) < e

Proof : Since at the breakpoints wi, g(w;) = Q\/w;, g(w) is a concave function with
g(w) < Qyw, Yw € [wo, wi]. For w ¢ [wi—1, w,], we have

Ww -~ glw) = Q\/E-H{Q w; 1*52\/?7) LV (w“‘wz‘—l)}

W — w;_ 1

- alve - yu- NoEav=dl

Clearly, the maximum value of S1v/w — g(w) is attained at Vu* = ‘fﬂh =1 There-

fore,

QWw - g(w) < Q{\/IF-" wpl“‘\/trﬁ}

Y NN ()~ w
VTR

. {r«*(ﬂ‘) (=)
2 Vi T

A - JE)
4(\/E'+ VWi1)
= == (6.15)

The last Equality (6.15) by substituting Eq. (6.14). Since

max {0vw - g(w)} =

WE[wy—q,w;)

the proposition follows. [ |

Propositions 15, 16 and Theorem 18 lead to Algorithm 6.3.

Theorem 19 Algorithm 6.3 is correct.
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Approximation by piecewise linear concave functions.

Input: ¢, d,w,w,Q,¢, f(x) = Qy/r and a routine that optimizes a linear function
over the set X C {0,1}".

Output: A solution zy € X for which G* < c'zy + f(d'zu) < G* + ¢, where
G* = mingex ¢’z + f(d'x).

Algorithm.

1. (Initialization) Let ¢ = ¢/€2; Let wp = w; Let

0w 1 Qa1 \F .
k= 7+1‘\/Te+z —O( z(”dm)“)
where dyax = max; d; and for e =1,...,k let

2
wi:¢>2{2(i+ \;—fq&) —%} .

2. Fori=1,...,k solve the problem

Q !
7, = minimize ([e+ ——d| =
( VWi + /Wi )

subject to x € X,

(6.16)

Let &; be an optimal solution to Problem (6.16).

.....
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Proof : Using Proposition 16 we find a piecewise linear concave function g(w) that
approximates within a given tolerance ¢ > 0 the function Qv/w. From Proposition 15

and since the gradient of the ith segment of the function g(w) for w € [w;_1,w;] is

Wi — W1 0
n =S = .
W; — Wi VWi + /Wiy
we solve the Problems for i =1,... &
Q /
Z; = minimize |¢+ ———d} x
( VWt W )

subject to = € X.

Taking G}; = min, Z; and using Theorem 18 it follows that Algorithm 6.3 produces a

solution within e. [ |

Although the number of subproblems solved in Algorithm 6.3 is not polynomial
with respect to the bit size of the input data, the computation involved is reasonable
from a practical point of view. For example, in Table 6.1 we report the number of

subproblems we need to solve for {2 = 4, as a function of ¢ and d'e = Y1 dj-

€ de k
0.01 10 25
0.01 100 45
0.01 1000 | 80
0.01 | 10000 | 121
0.001 10 80
0.001 100 | 141
0.001 | 1000 | 251
0.001 | 10000 | 447

Table 6.1: Number of subproblems, k as a function of the desired precision e, size of
the problem d’e and Q = 4.
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6.4 A Frank-Wolfe Type Algorithm

A natural method to solve Problem (6.5) is to apply a Frank-Wolfe type algorithm,

that is to successively linearize the function f{-).

The Frank-Wolfe type algorithm.

Input: ¢, d, 9, 6 € [n(d’e),n(0)], f(w), n(w) and a routine that optimizes a linear
function over the set X C {0, 1}™

Output: A locally optimal solution to Problem (6.5).

Algorithm.

1. (Initialization) k = 0; zg := arg mingex(c + 0d)'y)
2. Until d’xpy; = d'xk, Tit1 = argmingex(c + n(d'ze)d)y)-

3. Output Tet1-

We next show that Algorithm 6.4 converges to a locally optimal solution.

Theorem 20 Let x, y and z, be optimal solutions to the following problems:

x = argmi}rfl(c+t9d)'u, (6.17)
ue

y = argmeig(x(chn(d’m)d)'u (6.18)

zy = argmin(c+nd)'y, (6.19)

for some n strictly between 8 and n(d’zx.)

(a) (Improvement) c'y + f(d'y) < 'z + f(d'z).

(b) (Monotonicity) If 8 > n(d’x), then n(d'x) > n(d'y). Likewise, if 6 < n(d'x),
then n(d’'z) < n(d'y). Hence, the sequence 6, = n(d’xy) for which

T = arg ng)l{l(c +n(d'z,_q)d)'x

15 either non-decreasing or non-increasing.

(c) (Local optimality)
cy + f(d'y) = ¢z, + f(d'zy),

for all n strictly between 8 and n{d'x). Moreover, if d’y = d'x, then the solution y
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18 locally optimal, that is
y = arg min(e + 7(d’y)d)'u

and

cy + fld'y) < c'zy + f(d'zy),

for all n between 8 and n(d'y).

Proof : (a) We have

cx+ f(dz) = (c+n(dz)d)z—-n(dz)dx+ f(d'x)
> cdy+n(dz)dy-n(dx)dx+ fldx)
= cy+ f(d'y) + {n(d'z)(d'y — d'z) — (f(d'y) — f(d'z)}

c'y + f(d'y),

v

since 7(-) is a subgradient.

(b) From the optimality of x and y, we have

cy+n(dz)dy < dz+n(dz)dz

—(cdy+6dy) < —(c'z+0dx).

Adding the two inequalities we obtain

(d'z — d'y)(n(d'c) — 6) > 0.

Therefore, if n(d’x) > € then d'y < d’z and since f(w) is a concave function, i.e.,
n(w) is non-increasing, n(d’y) > n(d'z). Likewise, if n{d’z) < 8 then n(d'y) <

n(d’'z). Hence, the sequence 8, = n(d’xy) is monotone.
c) We first show that d’z, is in the convex hull of d’x and d’y. From the optimality
n
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of x, y, and z, we obtain

cr+0dx

[A

'z, +0d'z,

IV

cr+ndzx c'z,+nd'z,

c'y +n(d'z)d'y

I

'z, + n(d'x)d z,

Y

cy+ndy 'z, +nd'z,

From the first two inequalities we obtain
(d'z, —d'z)(6 —n) >0,
and from the last two we have
(d'zy — d'y)(n(d'z) —n) = 0.

If 0 < n < n(d'y), we conclude since 7)(-) is non-increasing that d'y < d'z, < d’z.

Likewise, if n(d'z) < n < 6, we have d'z < d'z, < d’y. Next, we have

c'y+ f(dy) = (c+n(dz)d)y—n(dz)dy+ f(dy)
< (c+n(d'z)d)z, — n(dz)d'y + f(d'y)
= 'z + fld'zy) + {f(d'y) - f(d'z,) ~ n(d'z)(d"y — d'z,)}
= Czy+ f(d'z) + h{d'z,)
< g+ fld'zy), (6.20)

where inequality (6.20) follows from observing that the function h(a) = f(d'y) —
f(a) —n(d'z)(d'y — «) is a convex function with A(d’y) = 0 and h(d'z) < 0. Since
d’z, is in the convex hull of d’z and d'y, by convexity, h(d'z,) < ph{d'y) + (1 —
p)h(d'z) < 0, for some p € [0, 1]. [ |

Given a feasible solution, x, Theorem 20{a) implies that we may improve the

objective by solving a sequence of problems using Algorithm 6.4. Note that at each
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iteration, we are optimizing a linear function over X. Theorem 20(b) implies that the
sequence of 8, = n(d’xy) is monotone and since it is bounded it converges. Since X is
finite, then the algorithm converges in a finite number of steps. Theorem 20(c) implies
that at termination (recall that the termination condition is d'y = d’z) Algorithm

6.4 finds a locally optimal solution.

Suppose 8 = n(e’d) and {x1,...,xx} be the sequence of solutions of Algorithm
6.4. From Theorem 20(b), we have

0 =nle'd) <0, =n(dx,) <... <l =n(dzx).
When Algorithm 6.4 terminates at the solution xy, then from Theorem 20(c),
'z + f(d'x) < 'z + f(d'2y), (6.21)

where 2, is defined in Eq. (6.19) for all n € [n(e'd), n(d'zy)]. Likewise, if § = n(0),
and let {y1,...,w} be the sequence of solutions of Algorithm 6.4, we have

6 =n(0) >0 =n(dy)>...>0=ndy),

and

cy+ fld'y) <z, + f(d'z,) (6.22)

for all n € [n(d'y:), n(0)]. U n(d’'zx) > n(d"w), we have n(d'ww) € [n(d'y:), n(0)] and
n(d'yx) € [n(e’d),n(d’'z;)]. Hence, following from the inequalities (6.21) and (6.22),

we conclude that
cy+ f(d'y) = 'z + f(dzpy) < /2y + f(d'2)

for all n € [p(e’d),n(d'z))] U [n(d'yi),n(0)] = [n(e’d),n(0)]. Therefore, both y; and
&y are globally optimal solutions. However, if n{d'y;) > n(d'xi), we are assured
that the global optimal solution is @y, ¥ or in {& : & = argmingex(c + nd)'u,

n € (n(d'zy),n(d'y1))}. We next determine an error bound between the optimal
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objective and the objective of the best local solution, which is either xy or ;.

Theorem 21 (a)Let W = [w,w|, n(w) > p(w), X' =X N{z: dz € W}, £, and

To being optimal solutions to the following problems,

x, = arg min{(c + n(w)d)'y, (6.23)
yeXx’
zy = arg min(c + n(w)d)'y, (6.24)
yexX’
then
G" <min{c'x1 + f(d'xy), 22 + f(d'x2)} < G™ +¢,
where
G"™ = minimize c'y+ f(d'y)
(6.25)
subject to y € X',
e = n{w)(w” —w) + fw) — f(v*),
and
o — 1) = fw) + n(w)w — n(w)w
n(w) — n(w)
(b) Suppose the feasible solutions Ty and T2 satisfy
xq = arg min(c + n{d'z,)d)'y, (6.26)
yeX
Ty = arg mei)r(l(c + n(d'z2)d) 'y, (6.27)
y

such that n(w) > n(w), with w = d'z,, © = d'xy and there exists an optimal solution

x* = argmingex (¢ + nd)'y for some n € (n(w),n(w)), then
G* <min{c'z, + f(d'x1), T2 + f(d'w2)} < G* + ¢, (6.28)

where G* = c’z* + f(d'x*).

Proof : (a) Let g(w), w € W be a piecewise concave function comprising of two line

segments through (w, f(w)), (w, f(w)) with respective subgradients n(w) and n(w).

153



10 A T T T

6 (w*, g(w
t
b |
5 | ﬁ
|
I
F18 \ §
L (w*, flw'))
3
2r -
1 i — 1 —_ AL 1 1 1 1 1
0 10 20 30 40 50 80 70 80 90 100

Figure 6-1: Illustration of the maximum gap between the function f(w) and g(w).

Clearly f(w) < g{w) for w € W, and hence, we have —¢ < f(w) — g(w) < 0, where
e = maxyew (g(w) — f(w)) = g(w*) — f(w*), noting that the maximum difference

occurs at the intersection (see Figure (6-1)). Therefore,

g(w") = n(w)(w" —w) + f(w) = n(@)(w" —w) + f(w).

Solving, we have
o < 1@ — flw) +n(w)w - ()
n(w) — n(w)

=

Applying Proposition 15 with X’ instead of X and k = 2, we obtain

nelgll c'y + g(d'y) = min {c'z1 + g(d'x1), 'z + g(d'x2)} .
Yy

Finally, from Theorem 18, we have

G™ < min{c’x + f(d'xy),cxz + f(d'x2)} <G + <.

(b) Under the stated conditions, observe that the optimal solutions of the problems
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(6.26) and (6.27) are respectively the same as the optimal solutions of the problems
(6.23) and (6.24). Let n € (n(d'xy),n(d'x1)) such that &* = argminyex (¢ + nd)'y.
We establish that

C,ﬂ}'* +T’d'$* C’ﬂ:l + ‘ﬂd’iﬂl

(A

cdz* + n(d'z)d'z*

v

cxy+n(dxz)dxy

C'ﬂ:* + T’dlm*

A

c'xy + nd'xzs

IV

c'z* + n(d'xzy)d' z* c'xo + n(dxs)d x,.

Since n(d'xa) < n < n(d’'xy), it follows from the above that d'z* € [d'xy,d'z2] and
hence, G* = G™ and the bounds of (6.25) follows from part (a). |
If n(d'y)) > n(d'zy), Theorem 21(b) provides a guarantee on the quality of the
best solution of the two locally optimal solution xy and y; relative to the global
optimum. Moreover, we can improve the error bound by partitioning the interval
[n(@), n(w)], with w = d’'y;, @ = d’xy into two subintervals, [p(w), (n(w) + n(w))/2]
and [(n(@)+n(w))/2, n(w)] and applying Algorithm 2 in the intervals. Using Theorem
21(a), we can obtain improved bounds. Continuing this way, we can find the globally

optimal solution.

6.5 Generalized Discrete Robust Formulation
In Chapter 5, we propose the following model for robust discrete optimization:

’

Z° = mipcz+t (SU{t}] SCIGI=(T) NS} {Z dye; (1= LF")dtmt} )
(6.29

jES
= minc'c + max Y diz;z
zeX {z:e'z<I",0<z<e} jed

Motivated from Theorem 3, if we select I' = A\/r, then the probability that the
robust solution exceeds Z* is approximately 1 — ®(A). Since in this case feasible

solutions are restricted to binary values, we can achieve a less conservative solution
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by replacing r by 3 ,c; z; = e’;x, i.e., the parameter I" in the robust problem depends
on e;x. We write I' = f(e/;x), where f(-) is a concave function. Thus, we propose

to solve the following problem:

Z* = minimize c'x + d;T;z
{z:e z<f(e z) 0<z<e} {Z ! J} (6.30)

subject to x € X.

Without loss of generality, we assume that dy > dy > ... > d,. We defined,y; =0

and let S; = {1,...,!}. For notational convenience, we also define dg = 0 and Sp =

Theorem 22 Let n{w) be a subgredient of the concave function f(-) evaluated at w.
Problem (6.30) satisfies Z* = (l,k):lI’I’}lEI}U{O} Zn., where

Zw = minimize c'z+ »_(d; —d)z; +n(k)diex + di( f(k) — kn(k))
j€s: (6.31)
subject to x € X.

Proof : By strong duality of the inner maximization function with respect to z,

Problem (6.30) is equivalent to solving the following problem:

minimize <’z + ) p; + fle,x)8

jeJ
subject to p; > d;x; — 6 vieJ

p; >0 vjeJ (6:32)
zeX
6 >0,

We eliminate the variables p; and express Problem (6.32) as follows:
minimize ¢’z + > max{d;z; — 6,0} + f(e’;x)0

jeJ

(6.33)

subject to x € X
g>0.
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Since x € {0,1}", we observe that

dj—0 ifz;=1landd; >0 .
max{d,z; — 0,0} = (6.34)
0 ifr; =0ord; <6.

-----

where Z;(#), I = 1,...,r, is defined for # € [d;, dy41] is

7() = minimize ¢’z + Y _(d; — 0)z; + f(e/;x)0
JES (6.35)
subject to ® € X,

and for 8 € [d;, 00):

Zo(f) = minimize 'z + f(e’,x)0
o(6) = minim fleya) 630
subject to z € X.

Since each function Z;(0) is optimized over the interval [d), d;1], the optimal solution
is realized in either d; or diy,. Hence, we can restrict  from the set {di,...,d,, 0}

and establish that

= i 4 s —d)x; ! . 6.37

VA lgILIIlul?O} cx+ ng(dj )T + f(esx)d, (6.37)

Since e;x € {0,1,...,7}, we apply Theorem 17 to obtain the subproblem decompo-
sition of (6.31). [

Theorem 22 suggests that the robust problem remains polynomially solvable if the
nominal problem is polynomially solvable, but at the expense of higher computational
complexity. We next explore faster algorithms that are only guarantee local optimal-
ity. In this spirit and analogously to Theorem 20, we provide a necessary condition

for optimality, which can be exploited for local search algorithmic design.

Theorem 23 An optimal solution, x to the Problem (6.30) is also an optimal solu-
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tion to the following problemn.

minimize 'y + Y (dj — di)y; +n(ez)drely
jSi (6.38)

subject to y € X,

where I* = arg min Z d)zx; + f(e,z)d;.

teJu{0} ;

Proof : Suppose x is an optimal solution for Problem (6.30) but not for Problem

(6.38). Let y be the optimal solution to Problem (6.38). Therefore,

Y

Y,

c'r+ max {Zd I]ZJ}

{z:€' z< f(e;),0<2<e}

min ¢’z + Y (d; - d)z; + f(ejx)d, (6.39)

legu{o} )

clm + Z (d] — dl‘ )zj =+ f(ef]:v)dl*
JeSp+

cz+ Y. (dj — dp )z + n(ejx)d-efyx — n(eha)drejz + fez)dy
JES

cy+ Y (d; — dir)y; + n(esx)drelyy — n(efx)di-elyx + flejz)dr
JES«

dy+ > (d; —dp Yy + flehy)de +
JESx

(n(eym)(eyy — @) — (fley) — f(e)w))) dre
cdy+ > (d;—dp)y; + flejy)de

FES
(d; —d
Juin ey + ;L;l Dy + fey)d,
c'y + diy,z 6.40
y {zez<f(e_,'y) 0<z<e} {Z iYi J} ( )

where the Egs. (6.39) and (6.40) follows from Eq. (6.37). This contradicts that @ is

optimal.
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6.6 Experimental Results

In this section we provide experimental evidence on the effectiveness of Algorithm
6.4. We apply Algorithm 6.4 as follows. We start with two initial solutions x;
and x,. Starting with x; (x2) Algorithm 6.4 finds a locally optimal solution ¥,
(y2). If y1 = y2, by Theorem 20, the optimum solution is found. Otherwise, we
report the optimality gap € derived from Theorem 21. If we want to find the optimal
solution, we partition into smaller search regions using Theorem 19 and repeatedly
apply Algorithm 6.4 until all regions are covered.

We apply the proposed approach to the binary knapsack and the uniform matroid

problems.

6.6.1 The Robust Knapsack Problem

The binary knapsack problem is:

maximize Y &z
iEN

subject to Y wiz; < b
ieN

x € {0,1}"

We assume that the costs ¢; are random variables that are independently distributed

with mean ¢; and variance d; = ¢?. Under the ellipsoidal uncertainty set, the robust

mode] is:
maximize Z cr; + Qvd'x
iEN
subject to Z w;x; < b
ieN
x € {0,1}"

The instance of the robust knapsack problem is generated randomly with |N| =
200 and capacity limit, b equals 20,000. The nominal weight w; is randomly chosen
from the set {100, ..., 1500}, the cost ¢; is randomly chosen from the set {10,000, .. .,

15,000}, and the standard deviation 0; is dependent on ¢; such that ¢; = d;¢;, where
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0 VA Iterations € Za
1.0 | 1965421.36 4 0 0
2.0 | 2054638.82 6 0 0
2.5 | 2097656.46 6 0 0
3.0 | 2140207.75 6 3.1145 | 1.45523 x 10
3.05 | 2144317.00 5 0 0
3.5 | 2182235.78 5 0 0
4.0 | 2224365.19 6 3.4046 | 1.53059 x 10~®
4.5 | 2266054.21 7 0 0
5.0 | 2307475.12 8 0 0

Table 6.2: Robust Knapsack Solutions.

§; is uniformly distributed in [0, 1]. We vary the parameter (2 from 1 to 5 and report
in Table 6.2 the best attainable objective, Zy, the number of instance of nominal
problem solved, as well as the optimality gap ¢.

It is surprising that in all of the instances, we can obtain the optimal solution of
the robust problem using a small number of iterations. Even for the cases, {2 = 3,4,
where the Algorithm 6.4 terminates with more than one local minimum solutions,
the resulting optimality gap is very small, which is usually acceptable in practical

settings.

6.6.2 The Robust Minimum Cost over a Uniform Matroid

We consider the problem of minimizing the total cost of selecting k items out of a set

of n items that can be expressed as the following integer optimization problem:

minimize Z G T;

i€N
subject to Yz =k (6.41)
ieN
z e {0,1}"

In this problem, the cost components are subjected to uncertainty. If the model is
deterministic, we can easily solve the problem in O(nlogn) by sorting the costs in

ascending order and choosing the first k items. In the robust framework under the
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ellipsoidal uncertainty set, we solve the following problem:

minimize c'x + OvVd'z

subject to Z o, = k (6.42)
ieN
x e {0,1}".

Since the underlying set is a matroid, it is well known that Problem (6.42) can be
solved in strongly polynomial time using parametric optimization. Instead, we apply
Algorithm 6.4 and observe the number of iterations needed before converging to a local

N|/2, ¢; and 0, = \/d_J being uniformly distributed

minimum solution. Setting |k| =
in {5000, 20000] and [500, 5000] respectively, we study the convergence properties as
we vary |N| from 200 to 20,000 and @ from 1 to 3. For a given |N| and 2, we
generate ¢ and d randomly and solve 100 instances of the problem. Aggregating the
results from solving the 100 instances, we report in Table 6.3 the average number of
iterations before finding a local solution, the maximum relative optimality gap, £/Zy

and the percentage of the local minimum solutions that are global, i.e £ = 0.

The overall performance of Algorithm 6.4 is surprisingly good. It also suggests
scalability, as the number of iterations is marginally affected by an increase in |V|.
In fact, in most of the problems tested, we obtain the optimal solution by solving
less than 10 iterations of the nominal problem. Even in cases when local solutions
are found, the corresponding optimality gap is negligible. In summary, Algorithm 6.4

seems practically promising.

6.7 Conclusions

A message of the present chapter is that the complexity of robust discrete optimization
is affected by the choice of the uncertainty set. For ellipsoidal uncertainty sets,
we have shown an increase in complexity for the robust counterpart of a discrete
optimization problem for general covariance matrices 3, a preservation of complexity

when ¥ = oI (uncorrelated and identically distributed data), while we have left
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Q1 |N| | Ave. Iter. max = Opt. Sol. %
1] 200 5.73 7.89 x 1077 98%
1| 500 5.91 3.71 x 1078 99%
1| 1000 6.18 5.80 x 1079 99%
1 | 2000 6.43 0 100%
1 | 5000 6.72 0 100%
1 | 10000 6.92 0 100%
1 | 20000 6.98 0 100%
2 | 200 6.24 0 100%
2 | 500 6.50 0 100%
2 | 1000 6.80 0 100%
2 [ 2000 6.95 0 100%
2 | 5000 6.98 0 100%
2 | 10000 7.01 0 100%
2 120000 7.02 0 100%
31 200 6.55 1.62 x 10°° 94%
3| 500 6.85 7.95 x 1078 97%
3 | 1000 6.92 0 100%
3 | 2000 7.01 1.08 x 107° 99%
3 | 5000 7.06 513 x 10710 98%
3 | 10000 7.07 0 100%
3 | 20000 7.07 0 100%

Table 6.3: Performance of Algorithm 6.4 the Robust Minimum Cost problem over a
Uniform Matroid.
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open the complexity when the matrix ¥ is diagonal (uncorrelated data). In the latter
case, we proposed two algorithms that in computational experiments have excellent

empirical performance.
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Chapter 7

Conclusions

In order for robust optimization to have an impact in theory and practice of opti-

mization, we feel that two criteria are important:

(a)

(b)

Preserving the computational tractability of the nominal problem both theoret-

ically and most importantly practically.

Being able to find a guarantee on the probability that the robust solution is feasi-

ble, when the uncertain coefficients obey some natural probability distributions.

In this thesis we propose robust methodologies that meet the above requirements

for a broad range of optimization problems. Specifically,

1. Linear and Mixed Integer Optimization: The robust counterpart of a

LP (or MIP) remains a LP (or MIP) (Chapter 2). If each data has bounded,
symmetric and independent distribution, we derive tight probability bound and
show that our approach is far less conservative compared to the classical robust

method of Soyster [26].

. Quadratic Constrained Quadratic Optimization: The robust counterpart

of a quadratic constraint becomes a collection of second order conic constraints
(Chapter 4). Under normal distributions, the probability bound suggests that
the robust solution remains feasible with high probability without being over-

conservative in the choice of the protection level.
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3. Conic Optimization: The robust SOCP becomes a SOCP and the robust
SDP becomes a SDP (Chapter 4). Under normal distributions, we relate the
probability bound of feasibility with the underlying cone. Likewise, the ro-
bust constraint can remain feasible with high probability without being over-

conservative in the choice of the protection level.

4. Discrete 0 — 1 Optimization: For 0 — 1 discrete optimization problem with
cost uncertainty, the robust counterpart of a polynomially solvable 0— 1 discrete
optimization problem remains polynomially solvable and the robust counterpart
of an N P-hard a-approximable 0 — 1 discrete optimization problem, remains
a-approximable (Chapter 5). Under an ellipsoidal uncertainty set, we show
that the robust problem retains the complexity of the nominal problem when
the data 1s uncorrelated and identically distributed. For uncorrelated, but not
identically distributed data, we propose an approximation method that solves
the robust problem within arbitrary accuracy. We also propose a Frank-Wolfe
type algorithm for this case, which we prove converges to a locally optimal
solution, and in computational experiments is remarkably effective (Chapter

6).

5. Network Flows: We propose an algorithm for solving the robust minimum
cost flow problem in a polynomial number of nominal minimum cost flow prob-

lems in a modified network (Chapter 5).

7.1 Future research
Possible theoretical research in robust optimization include the followings:

¢ Stochastic Models with Recourse: In some stochastic optimization prob-
lems, there are exogenous parameters that influence subsequent stages of deci-
sion making, but whose value is uncertain, and only become known after the
initial decision has been made. Unfortunately, the robust framework in this

thesis does not lead to natural representations of such stochastic models. Due
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to the practical importance, it is therefore desirable to extend the attractive
features of robust optimization to modeling and solving stochastic models with

recourse.

e Probability Bounds for General Distributions: In Chapter 4, we derive
the probability bounds on feasibility of the robust solution based on the as-
sumption of normal distributions. It is desirable to derive probability bounds

for more general distributions and establish the tightness of the these bounds.

e Correlations in Uncertain Discrete 0—1 Problems: In the robust 0—1 dis-
crete models of Chapter 5 and 6, the nature of cost uncertainty is uncorrelated.
It is worth having robust models that address correlated cost perturbation while

keeping the model tractable.

¢ Strong Formulations of Robust Discrete 0 — 1 problems: Recently,
Atamtirk [2] provided stronger formulations of the robust discrete 0 — 1 frame-
work of Chapter 5 and showed empirically to significantly improve computation
time. Likewise, it is beneficial to identify and study computationally the effect

of strong formulations for ellipsoidal uncertainty set in the robust framework of

Chapter 6.

Apart from the above theoretical research possibilities, it is worthwhile to apply
these methodologies in applications and understand the merits or weaknesses of such
approaches. Ultimately, we feel that the criterion for justifying robust optimization

will be computation studies in real problems.
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