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ABSTRACT
Computer aided design has allowed many design decisions to be made before hardware is built
through "virtual" prototypes: computer simulations of an engineering design. To produce robust
systems noise factors must also be considered (robust design), and should they should be
considered as early as possible to reduce the impact of late design changes. Robust design on the
computer requires a method to analyze the effects of uncertainty. Unfortunately, the most
commonly used computer uncertainty analysis technique (Monte Carlo Simulation) requires
thousands more simulation runs than needed if noises are ignored. For complex simulations such
as Computational Fluid Dynamics, such a drastic increase in the time required to evaluate an
engineering design may be probative early in the design process.
Several uncertainty analysis techniques have been developed to decrease the number of
simulation runs required, but none have supplanted Monte Carlo. Gaussian Quadrature (GQ) is
presented here as a new option with significant benefits for many types of engineering problems.
Advantages of GQ include: as few as 2*(number of noise factors) simulation runs required to
estimate performance mean and variance, errors dependent only on the ability to approximate
performance using polynomials for each noise factor, and the ability to estimate gradients
without further simulation runs for use in computer aided optimization of mean or variance. The
mathematically basis for GQ is discussed along with case studies demonstrating its utility.
Thesis Supervisor: Professor Daniel Frey
Title: Gaussian Quadrature for Computer Aided Robust Design
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1

INTRODUCTION

1.1 What Is Robust Design and Why Is It Important?
Uncertainty is a fact of life. Whether due to our limited knowledge or things beyond our control,
we observe events daily which we cannot anticipate. The realm engineering is no exception to
this rule: if a system is to be useful, it must be design with uncertainty in mind. That is the goal
of robust design-to design a system that meets desired performance goals, even when subjected
to uncertainty (also referred to as variation or noise).
The emergence of Taguchi methods for quality control, the wide spread use of "Six Sigma", and
the renewed focus on quality seen across engineering industries is testament to the importance of
uncertainty in industry.
operating conditions.

Engineers must design systems to work under a wide variety of
They must accept that variation is an inevitable aspect of the

manufacturing process. They must recognize that their knowledge is uncertain-for example,
the yield strength of a material they are using may only be known approximately and so an
appropriate safety factor chosen to ensure a structure does not fail. Regardless of its source,
uncertainty is an inherent part of engineering. Good engineering requires that some attempt is
made to analyze the impact of uncertainty and, if possible, design it out.
Wide spread use of optimization techniques provides strong reason to perform robust design.
Consider the case of maximization, wherein an optimization routine (or a human) seeks a
combination of design factor values (elements of

) which provides the highest possible value of

a performance metric, y( c). Once the optimum values for the elements of i3 are found, any
changes in those values (perhaps arising from manufacturing variation) will result in a shift away
from the previously found maximum of y(3 ). Thus, an optimization routine which ignores
variation will inevitably produce a design whose expected (or average) performance is worse
than predicted (see Figure 1).
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Figure 1: Notion of Shift in Expected Performance Due to Variation
The steeper the slope around the optimum found, the worse the expected performance shift will
be. Thus, it is possible that a local optimum with less curvature (flatter) could provide a better
expected value for y( c). Robust design takes uncertainty into account, and so the expected
performance is maximized, instead of the nominal (without variation) performance.

Robust

design can be used not only to maximize (or minimize) performance attributes but also to
minimize the variation (mean and/or variance) of those same attributes.

1.2 A Brief Background on Robust Design
The origins of Robust Design can be traced back to R.A. Fisher's pioneering work in applying
statistical methods to the design of experiments.

To improve crop yields, Fisher developed

several techniques which allowed him to identify the effects of experimental treatments despite
the interference of environmental noise.

His ideas provided the first systematic means for

quantifying and eventually countering the sources of variation in any real system. At first,
applications of his work were limited to the statistical design and analysis of agricultural and
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biological experiments, but by the 1930s the British textile industry had adopted his experimental
design methods. By the end of World War II, other industries across Western Europe and the US
were using experimental design methods to improve their experimental processes-the field of
Design of Experiments was born [7].
The rapid evolution of statistics early in the

2 0 th

century was paralleled by advances across all

fields of engineering. Particularly in the areas of product design and manufacturing, engineers
were building ever more sophisticated systems, and formal experimentation became necessary
not only to verify performance, but also to evaluate design options and overcome technological
hurdles. Thus the statistical community's Design of Experiments (DOE) methodology became
widely used in engineering. DOE provided a systematic and efficient means for dealing with the
natural variation observed in experimental data. It also provided methods for determining the
sources of noise, for filtering the effects of noise from those of design changes, and for
increasing robustness (such as by using response surface models to identify optimum factor
settings).
As the complexity of engineered systems grew, their susceptibility to uncertainty increased.
Sophisticated designs required ever tighter manufacturing tolerances and competition made it
important to not only have a working design, but one that was robust. DOE methods matured,
and new methods, such as Taguchi's method for quality control were developed.

Such

improvements in the ability to analyze uncertainty are likely as big a benefit to the engineering
process as Fisher's first paper on experimentation methods. Japan's auto industry, for example,
expanded rapidly in the late 1980s by employing quality control methods throughout its product
development processes and ahead of its American and European counterparts. Japanese auto
manufacturers also reduced lead time "in part due to increased overlapping of upstream and
downstream activities" [16].
Years from now, the digital computer may be seen to have had even greater impact on
engineering than DOE or a renewed focus on robust design. Computer Aided Design has already
revolutionized the design and manufacturing process. More relevant to robust design, computer
simulations have become an alternative to experiments. Simulations are typically cheaper than
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an experiment, and usually require less time to conduct.

Computer methods, such as

Computational Fluid Dynamics and Finite Element Analysis, are now of high enough fidelity
that many companies use them exclusively during the early design process and only conduct
experiments as the design nears the manufacturing stage [16].
Increased dependence on the computer in the engineering world has led to a new difficulty in
determining the impact of uncertainty and, thus, performing robust design. First, computers are
deterministic systems-an experiment is subject to real world uncertainty (noise), but a good
simulation code will always give the same response if the same inputs are used. Therefore
discussion exists in the literature about whether DOE methods are applicable to simulations [1].
Second, computers are increasingly used to optimize designs and (as shown in Figure 1) an
optimized design will always perform worse when uncertainty is accounted for.
Beginning with Monte Carlo simulation in 1949 [6], many methods have been proposed for
analyzing uncertainty using computers (see Chapter 2). Unfortunately, even the best of these
methods require hundreds of simulation runs to evaluate the variation in performance of a
system. When those evaluations are required as a step in an optimization routine or in early
design iterations, they become a real burden. Thus computer aided robust design is often pushed
later into the development process. Figure 2 shows how delaying robust design has opportunity
costs: robust design may indicate design changes should be made, and the cost impact of those
changes increases as the design approaches the manufacturing stage.
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Figure 2: The Cost of Late Design Changes for a Generic Product Development Process

1.3 The Elements of Robust Design
Let us define design as the process of identifying and specifying various parameters which
describe an engineering system to achieve one (or more) design goals (quantified as performance
metrics).

Robust design is then the process of identifying and specifying control factors

(parameters whose values can be set by the engineer) to meet design goals while also considering
noise factors (parameters whose values cannot be set by the engineer because they are drawn
from a probability distribution).
In order to perform robust design, the engineer must first be able to identify control and noise
factors. In addition, the probability distributions for each noise factor must be determined. Once
factors are identified, a method for evaluating performance (relative to design goals) needs to be
selected-typically experiments or computer models are used*.

With these tools in place,

* Experimentation methods are well described in the DoE literature, and computer models are either commercially
available or derived from scientific theory.
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uncertainty analysis can be used to determine the variation in performance due to variation in the
noises. Robust designs and optimization methods can than be used to bring performance (or
expected performance, or performance variation) closer to design goals.
Much of engineering education and training is focused on the first step (identification of control
and noise factors), as it is key to any successful design process. There are a vast number of
parameters in any system and its components, and it is the engineer's job to identify the subset
which are easiest to manipulate and can produce desired effect, along with the ones that are
important but which he has no control over (these can be noises or static). In designing a gear,
for example, the diameter, material strength, and number of teeth are likely control factors, but
not color.
There is a similar engineering focus on the areas of simulation, experimentation, and
optimization methods. Tools for uncertainty analysis (critical to robust design), however, are
often left to the realm of statisticians. As was mentioned in Section 1.2, many methods have
been proposed for conducting uncertainty analyses on computers, but each requires orders of
magnitude more simulation evaluations, and this is a major a weakness of robust design.

1.4 Statement of Purpose
To improve the utility of robust design, a new method for computer aided uncertainty analysis
will be presented, called Gaussian Quadrature.

This technique will be shown to reduce the

number of simulation runs required to achieve reasonable estimates for the mean and variance of
performance metrics. Ultimately, this reduction in simulation runs enables the use of computer
aided robust design earlier in the product development process.
Prior to introducing Gaussian Quadrature, Chapter 2 will discuss existing methods for computer
aided uncertainty analysis to provide context and a basis for comparison. Chapter 3 will then
introduce the method, and Chapter 4 will compare its performance with existing methods.
Chapter 5 will then discuss how Gaussian Quadrature can easily be nested into computer aided
optimization routines, and Chapter 6 will summarize and suggest further work.
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2

EXISTING METHODS FOR UNCERTAINTY ANALYSIS

In the context of robust design, uncertainty analysis is the evaluation of noise factor impact on
performance. In particular, computer aided robust design requires methods for applying artificial
noise to computer simulations in order to estimate performance variation. Let us assume that the
performance probability density function is not necessary-performance variation can instead by
characterized by expected value (mean) and variance (or standard deviation, or a higher order
probabilistic moment if necessary). Methods for conducting computer aided uncertainty analysis
have been around since 1949 [6].

Generally there are two possible approaches: sampling

methods and analytic methods.
Sampling methods create a population of input vectors (with each element corresponding to a
noise factor) by selecting values for each element from a random number generator. The random
number generator for each element (noise factor) must provide values drawn from the
appropriate probability distribution. The performance for each member in the population is
evaluated and the variation in performance is readily apparent (average the population's
performance to get the mean, average the distance squared of each population member from the
mean to get the variance). Sampling methods are clearly the computer analogy to running real
experiments, with each population member representing an experimental run. Because simple
sampling methods draw noise factor values at random-as if found by spinning a roulette
wheel-they are generally referred to as Monte Carlo Simulation. Various improvements to
Monte Carlo Simulation have been developed over the years in order to decrease the population
size required to accurately estimate performance variation.

Standard Monte-Carlo methods

simply draw pseudo-random values to create the population, but Quasi-Monte Carlo methods
draw values in a structured manner (more on this in Section 2.2).
Sampling methods treat performance as being drawn from a population, but analytic methods
assume that performance can be described by a multi-dimensional "surface". Analytic methods
probe this performance surface at specific locations and analyze those performance values to
determine how each factor affects the performance.

Mean and variance are calculated in the

same way as sampling methods, but analytical methods concentrate on quantifying the effect of
each control and noise factor. With the exception of Gaussian Quadrature (to be described in
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Chapter 3), Design of Experiments methods are the only analytical methods commonly in use.
In DOE, noise factor values are selected so that the linear main effects (the linear approximation
to the performance surface in each dimension) can be determined. If additional simulation runs
are acceptable, linear interaction effects between factors and non-linear effects can also be
identified. Higher order effects can also be identified, but at the cost of increased simulation.

2.1 Monte Carlo Simulation
Monte Carlo Simulation was first proposed in 1949 by Metropolis and Ulam [6]. Recognizing
the potential for computers to model physical systems, the authors proposed Monte Carlo
simulation as a means for evaluating integrals, solving combinatorial problems, or modeling
physical processes which would otherwise be intractable using Markov Chains. The idea was to
conduct "experiments" on a computer: first, model the physical system in question, then feed
randomly generated inputs into the computer model, record the resulting output, and finally
determine the probabilistic moments of the outputs (such as mean and variance). The authors
pointed out that the method "allows one to obtain the values of certain given operators on
functions obeying a differential equation, without the point-by-point knowledge of the functions
which are solutions of the equation. Thus we can get directly the values of the first few moments
of a distribution, or the first few coefficients in the expansion of a solution ... without the
necessity of first 'obtaining' the function itself' [6].
Implementation of the Monte Carlo Simulation method follows the simple description in the
previous paragraph: create a computer model, feed it with random input vectors (whose elements
are drawn from the correct distributions), and observe the outputs.

Of course, creating a

computer model of a physical system may be difficult, but once it is available, using the model to
conduct Monte Carlo runs is simple.

Random number generators are widely available in

commercial analysis software (such as Excel, Matlab, and MathCAD).

In some cases, the

generator can only produce values belonging to a uniform distribution between 0 and 1, but
many probability texts (such as [11]) describe methods for transforming those values into any
other distribution.
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Monte Carlo Simulation relies on the law of large numbers to provide accuracy-by increasing
the number of random samples used, the probability that the estimated mean or variance is
correct increases asymptotically to unity. A major advantage for Monte Carlo Simulation is that,
to increase the probability of an accurate estimate for mean or variance, new random samples can
be added to the existing ones without limitation (at least to the limits of the random number
generator) or special processing.
How many Monte Carlo Simulation runs should be conducted? There is no clear answer10,000 input samples is a typical default value, but there is no guarantee that this will be
sufficient to give an estimation error on mean or variance of less than some desired value (say,
5%). Thus, a more common method for determining when to stop Monte Carlo Simulation is to
check for asymptotic behavior. The law of large numbers implies that as the number of random
samples used increases towards infinite, the estimates for mean and variance of the simulation
response (performance) will converge to the true value.

So, Monte Carlo Simulation is

commonly stopped when adding a few additional runs changes the estimated mean and variance
by only a small percent. The exact cut-off point is arbitrary, but the smaller the acceptable
change, the better the estimate will be.
Monte Carlo Simulation estimates are known to have a convergence rate of order O(N
N is the number of input samples used.

2),

where

This convergence rate is considered slow in the

numerical simulation community, but it does have one very interesting feature-it does not
appear dependent on the number of input noise factors.

2.2 Quasi-Monte Carlo Simulation
The generic term "Quasi-Monte Carlo" refers to a method for uncertainty analysis which uses
sampling (like Monte Carlo Simulation), but has been tailored to increase the convergence rate
of its estimates. Because purely random numbers are used, Monte Carlo Simulation does not
guarantee an even distribution of noise factor values across each factor's probability density
function. By evenly spreading the samples across their range of possible values, the convergence
rate can be increased. Two of the most common methods for doing this are Latin Hypercube
Sampling and Hammersley Sequence Sampling.
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2.2.1 Latin Hypercube Sampling
To increase its convergence rate, Latin Hypercube Sampling divides the probability density
function of each noise factor into N non-overlapping "bins" of equal probability [5]. For each
noise factor, select a value within each of the bins using a random noise generator (or just chose
the midpoint of the bin), and store each of those values in a row vector (1 row, N columns for
each of the d noise factors). To create N independent samples, randomly permute the columns of
the first row vector (corresponding to the first noise factor). Add a second row by randomly (and
independently from the first row) permuting the columns of the second row vector. Continue
this process to build a d-by-N matrix, whose columns are the N independent samples which will
be run through the computer model [5].
By randomly sampling within each bin instead of across entire probability density functions,
Latin Hypercube Sampling ensures that the samples are more evenly distributed throughout the
entire d-dimensional input space. In addition, a wide range for each noise factor is guaranteed to
be explored. This property is particularly important if the performance is dominated by a few
noise factors (a condition known in DOE as scarcity of effects). In this circumstance, those few
factors will have their entire probability density function explored, even if it is not known a
prioriwhich factors are dominant.
Latin Hypercube estimates have been shown to converge faster than Monte Carlo estimates for
many different problems (see [5] and [12]), but the number of samples required to achieve a
desired accuracy is still unknown for any general problem. So the number of samples to be used
must be chosen before running any simulations.

More samples can be added to check for

asymptotic behavior, but adding samples to an existing Latin Hypercube sample population is
not as simple as adding samples to an existing Monte Carlo Simulation sample population. To
maintain an equal distribution of points across the probability density functions for each of the
noise factors, adding samples to a Latin Hypercube sample population should be done either by
drawing more than one random value from each bin of each factor or by re-dividing the
probability density function into new more (smaller) bins and obtaining one factor from each of
those new bins. Both options imply that new sample input vectors cannot be added one at a time,
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but must be added in groups to maintain the benefits of even sampling throughout the input noise
space.

2.2.2 Hammersley Sequence Sampling
Hammersley Sequence Sampling takes a deterministic approach to creating an even spread of
points throughout the entire input noise space-random number generators are not used at all.
Instead, a "low discrepancy sequence" is used to create the N samples.

A low discrepancy

sequence is one which has a low deviation from a true, "ideal" uniform distribution. For N
samples in d dimensions, the Hammersley sequence generates a deterministic set of samples that
evenly fill out the d dimensional unit hypercube with a vertex at the origin. To create samples
for normal or other distributions, the sample values must be inverted over the desired joint
cumulative probability distribution (as described in [11] and [2]). The sample vectors generated
by a Hammersley sequence appear random, but in fact the exact same vectors will be produced if
a second set of samples are created with the same N and d.
Kalagnanam and Diwekar provide a simple technique for creating a Hammersley sequence [2].
Let R; to Rd-, be the first d - 1 prime numbers, where d is the number of input noise factors. Let
n be an integer, which can be written in base R, notation using:
rn

n =

$cj

-Rj , m = int(ln n / In R,)

j=0

Equation 2.1

If R, is 10, then (using our standard base 10 notation) co represents the first digit of n, c1
represents the second digit, etc. Clearly if n is expressed in a different base notationt, the cj
values will be different, but the idea is the same as with base 10 and N still has the same
numerical value. By reversing the digits of n, Kalagnanam and Diwekar state that "a unique
fraction between 0 and 1 called the inverse radix number can be constructed" using the cj values
from Equation 2.1:

* Computer scientists will be vary familiar with one such notation-binary numbers (base 2)
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R,(n)-=O.cOc, c 2 ..

.c

Equation 2.2

The Hammersley Points are then defined as:
-Transpose

i(n)

Nn-,

R]

(n),

#R2 (n),

...

0d1()

Equation 2.3

To generate the entire set of N input vectors (i, through TN), use:
.,

= 1 - z(n),

n =1 to N
Equation 24

Each of the N input vectors (i1h oN) can now be run through a computer simulation, just like the
sample population of input vectors generated in Monte Carlo or Latin Hypercube Simulation.
After determining the performance for each input vector, the mean and variance in performance
is readily found in the same manner as in other Monte Carlo methods.
By using this low discrepancy set to produce input vectors, instead of using random number
generators in a Latin Hypercube, Kalagnanam and Diwekar showed that a much faster
convergence rate can be achieved (3 to 100 times faster) for simple linear or exponential
functions.

The authors went on to claim that the results they presented were "qualitatively

representative of the general trends observed for all the data sets that were analyzed".

The

efficiency of Hammersley Sequence Sampling may be a surprise to many familiar with
conducting Monte Carlo Simulations-how can a deterministic set of points be used to reliably
estimate the effects of variation? In one sense the explanation has already been provided: the use
of a deterministic sequence guarantees a minimum of "clumping". In another sense, however,
generating a Hammersley Sequence is not different then generating a random sequence of
numbers. Usually, the random number generator on a computer is not truly random: a table of
random values is used, so to create an exact duplicate of a "random number generator" sequence
one only need start drawing numbers at the same location in the table [11].
Though the convergence rate for Hammersley Sequence Sampling may be faster than Monte
Carlo or Latin Hypercube Sampling, it too shares an inability to indicate a priori how many
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samples will be needed to achieve a desired accuracy on estimates for mean or variance.
Hammersley Sequence Sampling also shares Latin Hypercube Sampling's other shortcomingadding samples is not a simple process. There are no common sample points between two
Hammersley Sequences generated using different values for N and/or d. So to increase from N
to M samples (while maintaining the low discrepancy property), the old N samples must be
thrown out and an entire new set of M samples must be evaluated.

2.3 Design of Experiments (Orthogonal Arrays)
As discussed in Section 1.2, since the 1930s Design of Experiments techniques have provided
experimenters with a wide range of tools to maximize the information gathered during a
sequence of experiments. In DOE, each factor (control or noise) has "levels" (values), usually
only two or three, at which the factor can be set for each experimental run. Factors can have
main effects on performance (due only to the effect of changing the factor itself) or interaction
effects on performance (an effect that is dependent on the values of other factors).

DOE

techniques are tailored to determining the factor effects of real systems, but several authors have
suggested they could be applied to computer experiments as a means of uncertainty analysis [9],
[10].
To analyze the various factor effects, DOE methods vary factor levels (values) between
experiments, and determine effects by observing the change in performance. If only one factor is
changed between each run, the experiment design is referred to as one-at-a-time experiment.
More commonly, a full factorial or fractional factorial experiment design is used that changes
multiple factors between each run. This is, statistically, a more efficient means of gathering
information on the effects and ensures that all combinations of each factor at each level are tested
[7]. Most DOE literature focuses on the use of fractional factorial experiment designs because of
their lower run requirements.
Orthogonal arrays are a special class of fraction factorial designs recommended by many authors,
especially Taguchii [9].

An orthogonal array is a matrix of factor values for a series of

experimental runs: each row of the matrix is an experimental run, and each column represents a
control or noise factor. The element in a given column and row is the level for the corresponding
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factor in the corresponding run. The experimental runs are specially formulated to ensure that
the testing conditions are "orthogonal", meaning here that each of the factors takes on each of its
values an equal number of times. Orthogonal arrays are tailored based on the number of levels
available for each factor and the resolution of the array. If two levels for a factor are used, the
linear effect of that factor can be determined; three levels allow the quadratic effects to be
determined. The resolution of the array roughly indicates how many effects can be identified:
Resolution V indicates all main effects and all interactions can be clearly determined, Resolution
IV indicates all main effects and some interactions can be clearly determined, Resolution III
indicates that only some main effects can be clearly identified. The resolution of an orthogonal
array is limited by aliasing: multiple factors are being changed concurrently, so it is sometimes
not possible to determine which factor (or factors) is causing the observed change in
performance.
To determine the mean and variance in performance for a given problem using orthogonal
arrays, first select the number of levels at which to test each factor. Next identify an array or an
array generator which will provide the desired resolution for the given factors and levels (tables
of orthogonal arrays and some array generation methods can be found in [7] and [9]). Run the
simulation code at each of the testing conditions indicated in the array, and compute the mean
and variance of the responses.
The accuracy of the computed mean and variance from an uncertainty analysis using orthogonal
arrays will likely be lower than found with a sampling method because the population of
responses is smaller with orthogonal arrays.

Increased accuracy in a sampling method can

always be achieved by adding more samples, but the number of rows in an orthogonal array
cannot be increased arbitrarily. Orthogonal arrays, however, have one very distinct advantage:
they allow easy determination of factor and interaction effects using ANOVA.

Knowledge of

which factors or interactions contribute most to the mean or variance can be of great value to a
designer.

Knowledge of the magnitude and direction of low order effects on nominal

performance can also be very useful to designers, as it indicates how factors can be changed to
improve a design.
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There is some disagreement in the DOE community about the applicability to computer
experiments of methods such as orthogonal array test plans.

DOE methods were originally

developed for real world experiments where, even if the same test conditions are chosen, the
observed response will not be exactly the same between two runs. To identify effects despite
this non-repeatability, DOE methods choose test points at the extremes of the space of possible
test conditions [1].

Most computer simulations, however, do not have "true" noise-put in

identical inputs, and a simulation returns identical outputs.
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3 GAUSSIAN QUADRATURE
In this section an alternative to the traditional methods from Chapter 2 will be presented, called
Gaussian Quadrature.

Unlike Monte Carlo and Quasi Monte Carlo methods, Gaussian

Quadrature is not capable of achieving estimates for mean and variance with arbitrary accuracy.
However, Gaussian Quadrature can produce reasonable estimates for mean and variance with at
least an order of magnitude reduction in the number of simulation runs required compared to
existing methods (this statement will be justified with case studies in Chapter 4). To achieve this
reduction in computational effort, Gaussian Quadrature makes two assumptions which are
commonly used by engineers (especially early in the design process). First, it is assumed that the
simulation response being analyzed can be approximated using a polynomial of the simulation
inputs. This is the same assumption commonly made in Design of Experiments, and is also
commonly used by engineers to create a "response surface" to act as a surrogate for a more
complex simulation code.

Second, it is assumed that most interactions between independent

variables are important for determining the value of the simulation response. This assumption is
analogous to the assumption made during optimization that the gradient of performance with
respect to the independent variables is sufficient to determine better independent variable values.

3.1 Background: What is Gaussian Quadrature?
Consider the problem of integrating a general function, y(x), over a specified interval in x. Ify(x)
is integrable on the closed region between A and B, then the definite integral can be
approximated as follows. Subdivide the interval into n (equally spaced) intervals. Evaluate y(x)
at the center of each of those intervals, and sum those values. As n approaches infinity, the sum
approaches the value for the definite integral. Of course, an infinite sum is of rare practical use,
so numerical integration is used when the function y does not have a simple anti-derivativeincrease n until the value of the sum changes less than a specified tolerance.

Numerical

integration can be used for a wide variety of problems, but it does not scale well on highdimensional integrals, and in many other circumstances better integration techniques are
available.
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For robust design we are actually interested in a specific kind of integration. To determine the
expected value (mean) of a performance metric, we want Equation 3.1 (for the one dimension or
factor case), with w(x) as the probability (or weight function) that the noise factor takes on value
x, and y(x) as the performance (simulation response) value when the noise factor value is x:

E[y(x)]

f

w(x)- y(x)- dx
Equation 3.1

Instead of using numerical integration to evaluate Equation 3.1, we can use a special formula
(Equation 3.2) for such an integral, called a Gauss formula [15]. Equation 3.2 will be exact if
y(x) can be expressed as a polynomial of order 2N-12. Expressing a definite integral this way (as
the sum of a series of function values multiplied by coefficients) is known as Gaussian
Quadrature.
N

w(x)- y(x)dx

Ak -Y(Xk)
Equation 3.2

The

xk

are "test points" where the function values are to be determined. Test point locations are

given by the zeros of an nth order orthogonal polynomial and each weight function has its own
set of orthogonal polynomials. For example, if x is uniformly distributed between -1 and 1, the
2 " order polynomial orthogonal to w(x) is x2 - /3. With this weight function, the expected value
of any a polynomial (y) of order < 3 can be exactly computed by evaluating y at the two test
points shown in Figure 3.

*Ify(x) is not a polynomial, the equation actually describes an approximation to the integral, with the error being
entirely due to the error in approximating y(x) as a polynomial.

Page 25 of 88

y(x)

0

-1
3

43
3

+1

Figure 3: Quadrature in One Dimension with Uniform Weight Function
The coefficients Ak are found by using Equation 3.2 to integrate simple monomials [15]. In
particular, the N coefficients are found by simultaneously solving the N equations:
N

Z Akxk = fLw(x)d
Z AkXk = f W(X).X.dX
k=1
N

ZAxk

-J

w(xN-.

1

.

k=1

Equation 3.3

Of course, when w(x) is a constant function (as is the case for uniform distributions) and y(x) is a
polynomial, closed form solutions for Equation 3.1 exist. This is not the general case, however.
Noises in engineering systems often follow a normal or log-normal distribution, and so
Quadrature is very useful.

Page 26 of 88
Test locations and coefficients for standard normal distributions are given in Table 3-1 and for
uniform distributions in Table 3-2 (values with more significant figures are contained in the
Appendix, Section 8.1.2 and 8.1.3 respectively). Locations and coefficients for several other
possible weight functions can be found in [14]. In some cases, such as a variable described by a
log-normal distribution, Gauss formulas may not exist but quadrature can still be used by
transforming the variable into a different distribution (such as normal) in order to get test points
and then transforming back prior to inputting the variable into the simulation code .
Table 3-1: Test Point Locations and Coefficients for Quadrature with Standard Normal
Weight Function (Standard Deviation = 1)
Point 1
Order < 3
Order < 5
Order 5 7
Order5 9

Point 2
Loc.

Coef.

Point 3
Loc.

Loc.

Coef.

1.000
0
0.742
0

-0.500 -1.000 0.500
0.667 1.732 0.167 -1.732
0.454 -0.742 0. 454 2.334
0.533 1.356 0.222 -1.356

Point 5

Point 4

Coef.

Loc.

Coef.

Loc.

Coef.

--

--

--

--

--

--

--

-0.167
-0.046 -2.334 0.046
0.222 2.860 0.011

---2.860 0.011

Table 3-2: Test Point Locations and Coefficients for Quadrature with Uniform Weight
Function (Between ±1)
Point 1
Order 5 3
Order 5 5
Order5 7
Order<59

Point 2

Point 3

Point 5

Point 4

Loc.

Coef.

Loc.

Coef.

Loc.

Coef.

Loc.

Coef.

Loc.

Coef.

0.577
0
0.340
0

0.500
0.444
0.326
0.284

-0.577
0.775
-0.340
0.538

0.500
0.278
0.326
0.239

--

--

--

--

--

--

--

--

---0.775 0.278
0.861 0.174 -0.861 0.174
-0.538 0.239 0.906 0.118

---0.906 0.118

What if the noises factors of interest do not follow the standard normal or uniform between ±1
distributions?

Table 3-1 and Table 3-2 can adapted with little difficulty.

For a normal

distribution with standard deviation a, the test location values in Table 3-1 should be multiplied

t

One of the case studies (Section 4.5:Op-Amp Case Study) demonstrates this technique.
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by ca (the coefficients remain unchanged). For a uniform distribution with a range about the
mean of r, the test location values in Table 3-2 should be multiplied by r (again, the coefficients
remain unchanged). This concept is elaborated on in Section 3.3.1.

3.2 Cubature for Computation of Expected Performance
In Section 3.1, only one-dimensional integrals were considered (y was only a function of a single
scalar, x). Engineering performance metrics are rarely so simple, and so it is imperative that
metrics (y) which are a function of more than one independent variable are considered. For
compactness, vector notation will be used. Lower case Latin characters will represent scalar
variables (such as y), upper case Latin characters will represent scalar constants (such as Ak),
lower case characters with superscripted arrows will represent column vectors (such as 5 ), and
upper case bold characters will represent matrices (such as V).
So, let us now consider the case when we have y(5.), with the elements of

being independent

identically distributed uniform or normal random variables. Our weight function becomes a
scalar function of the vector 5x. For robust design, the function w(3i) gives the probability that
each element of i takes on the values specified (it is the joint probability density function). We
now rewrite Equation 3.1 as:
E(li)]

=

(

--

w(i) -y(i -dxEquation 3.4

Formulas which express such multi-dimensional definite integrals as the sum of a series of
function values times coefficients (analogous to what we saw with the one dimensional definite
integral in Equation 3.2) are generally known as cubature formulas [14].

They share many

similarities with quadrature formulas, including the use of orthogonal polynomials to determine
test points and coefficients.
The number of test points needed to exactly compute the definite integral of a polynomial (with
order p) grows rapidly in a cubature formula. For p = 5, Lu and Darmofal [4] found that the
minimum number of test points is d2 + 3d +3, where d is the number of dimensions (the length of
vector Tc). For the robust design of a system with, say, 20 factors this may make the use of
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cubature formulas only of marginal benefit compared to other techniques (such as those
proposed in Section 2).

3.3 Gaussian Quadrature for Computation of Expected Performance
Especially during the design process, engineers are often willing to sacrifice some accuracy in
their numerical simulations for a reduction in the time required to run the simulation.

For

example, a coarse grid may be used to evaluate the lift of several different airfoils with a CFD
code. The lift estimates may not be as accurate as those found with a finer grid, but the coarse
grid runs faster.

Computer Aided Optimization algorithms follow a similar heuristic: to

determine the search direction, a function's gradient (also known as the Jacobian matrix) is often
used instead of the Hessian matrix (which contains information on the second derivatives)
because it requires less time to compute. A final justification for sacrificing accuracy to decrease
simulation time is that (during early design stages) it is rare that the set of control and noise
parameters are exactly known. As the design process evolves, new important factors are often
discovered, or new constraints on previously known factors emerge. Thus it makes little sense to
run a high accuracy simulation early in the design process because the simulation inputs are
usually poorly understood at that time.
With this heuristic in mind, we can consider whether the definite integral in Equation 3.4 must be
solved exactly. Especially early in the design process, a polynomial approximation for y(z ) may
provide all the accuracy needed, and thus quadrature (or cubature) would be an excellent method
for computing the mean or variance of y. By analogy with the use of gradients in optimization
algorithms, we may be willing to express y(3L) as the sum of one dimensional polynomials:
d

y(i)~

9,(x,) +nom
Equation 3.5

Each

j,

is a polynomial of one variable only (xi) and expresses the deviation from the nominal

value (nom) along dimension i. Thus, the nominal value is simply the value of y when each
element of i takes on its mean value. For the time being, the xi's are restricted to being
independently identically distributed either as standard normal or as uniform between ±1 (other
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distributions will be dealt with in Section 3.3.1). The vector of means for i is the zero vector, 0
(the mean of a uniform between ±1 and a standard normal variable is 0). Therefore we have:
nom - y(i =

6)

y,(x, = 0 )= 0

and

Equation 3.6

Using Equation 3.5, we can rewrite Equation 3.4 as:

E[y(j )]~=..

w(i {5

(xi)

x+nom-

.- Jw(4td
Equation 3.7*

For a robust design problem, the integral in the second term of Equation 3.7 is unity (from the
definition of the joint probability density function, the integral of w( &c)over the entire ddimensional space is 1). To solve the first term, we rely on the x, variables being independently
distributed. With this assumption, we can write:
d

40i

W, (x,

Equation 3.8

Again based on the definition of the probability density function and the definition of
independence we can write:

fw,(x, -9,(x,)-dx, =

(x ),for
E[J,

i#j
.

for i=j
Equation 3.9

Using Equation 3.8, it is easy to recognizing the first term on the right hand side of Equation 3.7
as a set of nested integrals. Working from the inside of the nested integrals out, we can apply
Equation 3.9 as shown below for the dth (inner most) integral:
*d

..

fJ
_oi=1

oc

d

w{

j dxi
j=1

=

oa

..

o

o c

d-1

Jfl
=

, E

]

d-1

y}

)

xi

=

Equation 3.10

By continuing the process shown in Equation 3.10, we can eventually rewrite Equation 3.7 as:
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E [y()

w,(x, - jE(x) -dx, +Vnom
i=1

E ,]+ nom

-co1=1

Equation 3.11

In this form, we have approximated the d-dimensional integral in Equation 3.4 as the sum of d
one-dimensional integrals plus a constant (nom). The implicit assumption is that terms of the
form x, -x1 which may occur in the equation for y(5 ) are negligible or cancel out during the
integration. In other words, we assume that there are no interaction effects between the elements
of i which affect the expected value ofy(.z).
What has the approximation in Equation 3.11 gained us? As was mentioned in Section 3.2, the
number of performance evaluations required for a given Cubature formula in d-dimensions
grows by at least d2. By ignoring interaction effects, we can use Quadrature instead of Cubature
integration formals to evaluate the expected performance and reduce the number of evaluations
to some constant times d. To do so, we rewrite the expected values of each j, from Equation
3.11 using the Quadrature formula (Equation 3.2):

E[yfi

L A
i=1

j=1

-p
Y

x

i

+ nom
Equation 3.12

For each dimension (i), values for xy (j=1 to N) are chosen from Table 3-1 or Table 3-2. Thus if
it is desired to exactly compute the expected value for polynomials of order <5 and d is the
number of dimensions involved, the total number of simulation evaluations is 2d+1 (counting the
test point value of zero in Table 3-1 once), compared to d2+3d+3 for Cubature.
Equation 3.12 will be exact under two conditions: first, that y(Jc) contains negligible interaction
effects; and second, that the

j,(x,)

are polynomials each with order < 2N-1.

Remember, these

conditions are common engineering assumptions early in the design process.

For example,

optimization routines which use the gradient as a search direction ignore interaction effects.
Also, polynomial approximations are commonly used to approximate highly non-linear
performance functions whose evaluation requires long simulation times.
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3.3.1 Non-Standard Multivariate Normal or Uniform Noise Factors
In discussing Quadrature and Cubature up to this point, the noise factors have been assumed to
be independently and identically distributed, either as standard normal or uniform between ±1.
This need not be the case if Quadrature or Cubature is to be used. Suppose the d noise factor
inputs to the simulation code have non-standard normal or uniform between ±a distributions, and
let the vector of inputs with this distribution be Y. The elements of Y may also be co-varying.
By performing a linear transformation on the vector of noises (z), the elements of

z

can be

transformed into a vector T (also having d dimensions) having independently and identically
distributed elements (with standard normal or uniform between ±1), allowing the previously
developed equations to be used.
For normally distributed noises, let V be the d-by-d covariance matrix describing the elements of
.Z. The diagonal elements of V are the variances for the d elements of Z. V is symmetric, with
the element in the ith row and jth column representing the covariance of z, and z;. Clearly, V will
be a diagonal matrix if there is no covariance between the elements of Y. If V is a positive
definite matrix, it can be factored using Cholesky Factorization so that CTC=V [15]. If /I is the
vector of means for Y, the transformation from T (i.i.d. standard normal) to Z is given by**:
i=C

+p
Equation 3.13

If the noises are uniformly distributed, Equation 3.13 still applies, but CT is defined differently.
Let r, be the range (above and below the mean) for zi. If the zy are independently distributed, then
CT

is a diagonal matrix, with the value r, in the ith row and ith column. If the z, are correlated,

then there will be terms off the diagonal.
Now, to evaluate integrals such as Equation 3.4, first transform from the normal or uniform (and
possibly co-varying) Z domain variables into the identically and independently distributed
(standard normal or uniform between +1) T domain, using Equation 3.13. The derivation in

** Stroud [14] provides a proof that Gauss formulas are valid under any such linear transformations.
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Section 3.3 can then be followed to achieve Equation 3.12. Values for xi (j=1 to N) can then be
chosen from Table 3-1 or Table 3-2. Prior to running the simulation code, however, the test
point locations (xy,) need to be transformed back into the Y domain. Thus, to determine the
simulation code input vector, we build the column vector X,1
dimension i. The elements of

zX

for the jth test point along

are all zero except for the ith which has the value xyj. So, we

finally re-write Equation 3.12 as:

A ij

E[y()]~

C

Sj

+

+ nom

i=1 (j=1

Equation 3.14

where

j',

and nom are still defined as in Equation 3.6, the A,, are still taken from Table 3-1 or

Table 3-2, and X

is defined as above.

3.3.2 Why Compute the Nominal Performance and the Deviation from
Nominal?
Gaussian Quadrature does not require the nominal performance value to be computed explicitly,
nor does it require the polynomial approximations along each dimension to be computed relative
to that nominal value (as in Equation 3.6). In fact, it may seem burdensome at first glance to
keep track of the extra nom term. However, there are three advantages. First, a designer might
be very interested in knowing the expected value of each

j,

because it indicates how each noise

factor shifts the performance away from its nominal value (this is even more important when the
variance in performance is being considered). Second, it is algorithmically convenient, as will
be seen in Section 3.5. Third, it reduces the error induced by ignoring interaction terms. This
third advantage is the most subtle, but also the most important, so it should be expanded on.
First, a theorem. Let A be an interval symmetric around p-in other words, A defines an interval
for x such that (u-c) < x < (u+c). Letj(x) be a function defined on A. Definej(x) as a symmetric
function on A interval iff(u-a) =f(u+a) for any value arc. By contrast,J(x) is anti-symmetric on
A iff(-a)= -f(p+a). Iff(x) is anti-symmetric on A, then the integral off(x) over A is zero.
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The polynomials generated by Equation 3.5 are "centered" on zero (which is the mean of each
x1), meaning that

j^(x,

= 0) is zero and so the terms in yj, are either symmetric or anti-

symmetric around p,. In particular, the even ordered terms are symmetric and the odd-ordered
terms are anti-symmetric.

The uniform and normal probability distributions are symmetric

around the same value (,p,) and the integration limits in Equation 3.1 define a symmetric
interval.

The product of a symmetric function and an anti-symmetric function is an anti-

symmetric function.

Thus, by the above theorem, the anti-symmetric terms in

j,

do not

contribute to the integral for expected value.
So, by computing the polynomials around the mean of the inputs and evaluating them relative to
the nominal performance, some interactions can be ignored, simply because they cancel out
during integration. In fact, any interactions of the form x, - xi can be ignored without error!

3.3.3 A Note on Polynomial Approximations
One more comment should be made regarding the polynomial approximation implicit in
Equation 3.12. For typical engineering weight functions, the polynomial approximation is only
important over a narrow range of values in Tc. The normal distribution, for example, provides a
very low weighting for x, values at greater than 35 from the mean of xi. Thus the polynomial
approximation is only really important for x, =

i

± 3G.

For a uniformly distributed xi, the

situation is similar-in this case, the upper and lower bound on the distribution explicitly limit
the range over which the approximation is necessary.

3.4 Gaussian Quadrature for Computation of Performance Variance
In robust design, we are not only interested in the expected performance, but also the variance in
performance about that expected value. For clarity, let us use py for the expected value (mean)
of y(3) and use y2 for the variance of y(T ). Equation 3.12 (or better, Equation 3.14) is still
important for the calculation of expected performance, but we also need a formula for the
variance. Probability theory [11] shows that variance of y( i) is related to the expected value of
y2 through:

Page 34 of 88
cTY

2

- E[ y-p

fl4

]_ /I2

-p,

E

Equation 3.15

The expected value ofy2 is just a weighted integral of the same form as Equation 3.4, but with y2
instead ofy. Thus, by using the approximation in Equation 3.5 and repeating the steps in Section
3.3, we can produce an equation for ay2 which is analogous to Equation 3.7 for ty:

E

[ 21-Y

.W

*--

-p

2
~
C'
2
YI )d+2-nom f-- w - y

-

dnom

M2

_('JU2

_p

Equation 3.16

Notice, it has been assumed that:
d
y2 =

+2-nom

y,

d
y,+nom2
Equation 3.17

No terms of the form

j, -fy

appear in Equation 3.17 because those terms would represent

polynomials in two dimensions, and thus involve interactions of the form x, - x,. Including all
those terms would require us to use Cubature formulas instead of Quadrature. Recall however,
that not all of those terms are ignored; some actually cancel out during integration, as shown in
Section 3.3.2.
We can simplify Equation 3.16 by recognizing that the integral in the second term on the right
hand side is just the expected value of each

07

2

rr'

f..- W).

~
Yi

-

~

5,

and using Equation 3.8 and Equation 3.9:

2

('OM1

d+2-nom-

LE[J +nom

_U2

_l
Equation 3.18

We can further simplify Equation 3.18 by pulling the sum outside the integral in the first term,
again using the identities in Equation 3.8 and Equation 3.9 as was done to achieve Equation 3.11.
We can also expand the second term of using Equation 3.11. After making these changes:

f w(x)Y

72

i=1

_-

- dx, + 2 -nom - (E[y

|-

nom)+nom2 _

2
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Equation 3.19

Using the notation with py for E[ y( i)] and combining like terms, we achieve:
d

*

.dx,

w,(x,).

Yy~
i=1

2-p-nom -nom2

_

2

_o

Equation3.20

Finally, using Quadrature formulas instead of the integrals in the first term, we can obtain an
equation for (y2 analogous to Equation 3.12 for py:
d

Y2 iX - J
jnom-nom

(N

2

_2

Equation 3.21

For robust design, we would like to compute both Equation 3.12 and Equation 3.21 using a
minimum of test points. To do this, the same test points (xi ) should be used in both equations.
Because the
the

f,(x,)

j,(x,)

in Equation 3.21 are squared, the estimate for variance will be exact only if

are of order < (2N-1)/2, whereas the estimate for mean will be exact for

j,(x,)

of

order < 2N-tt.
In deriving Equation 3.21, it has been assumed that the noise factors (xi) are identically and
independently distributed standard normal or uniform between ±1.

As discussed in Section

3.3.1, however, Gaussian Quadrature can still be used for other distributions by transforming
from the non-standard normal or uniform between +a (and possibly co-varying) Ydomain into
the desired i domain. In analogy to Equation 3.14, we can write:

" Table 3-1 and Table 3-2 show that the quadrature formulas for different order polynomials do not share test
points. Because the polynomial order for variance is twice that for mean, if both the mean and variance are desired
to be exact for polynomials

j',

of the same order, than different test points are necessary. The assumption that

identical test points will be used in both cases is not absolutely necessary for the Gaussian Quadrature technique, but
it does reduce the total number of test points required.
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Q

~

A

(.jC S ,+p

+)2.p , nom-nom 2 _
Equation 3.22

3.5 Requirements for Use of Gaussian Quadrature
The above formulas for calculating mean and variance require several assumptions, which
should be re-stated to clarify the limitations of Gaussian Quadrature.

First, the performance

function, y(5 ) must be a continuous function of the inputs. Second, the elements of the input
vector i should be either uniform or normal distributed random variables with known mean and
range (or covariance if normally distributed). If the inputs do not fit those distributions, they
must be transformed (if possible).

Finally, the function must be well approximated by

polynomials of each input with negligible interactions.

3.6 Implementation for Robust Design
Now that the theory behind Gaussian Quadrature has been established, let us discuss its general
implementation. Figure 4 provides a clear picture of how Gaussian Quadrature can be used in
the robust design process. The system designer begins by selecting initial control factor values.
Then, given the distribution of noise" for the problem, quadrature formulas indicate at which test
points the simulation code should be run to estimate the performance mean and variance. The
test point locations are given in Table 3-1 and Table 3-2 (for normal and uniform distributions
respectively). Formulas for the performance mean and variance are then given by Equation 3.14
and Equation 3.22 (respectively). The design loop is closed by feeding the performance values
back to the designer (or possibly an optimization routine) and adjusting control parameter values
to achieve design goals.

Control parameters may or may not affect the noise distributions.
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Figure 4: Quadrature and the Robust Design Process
The processes in the gray box of Figure 4 should be elaborated on, and this is done best by
walking through a simple example. Let's assume that there are only two noise factors (X1 , X2 )
independently and uniformly distributed (the first between 0 and 2 and the second between -1
and 3). Let the simulation code be output be X1 +X 2 .

The first step in estimating the performance response is to quantify the distribution of noise by
the vector of means P

=

[1,1]T and the range around the mean (again as a vector r = [1,2]). This

means the nominal performance is 2. Direct integration by hand indicates that the expected
performance is 2 and the variance is 5/3, but let's see what Gaussian Quadrature calculates.
To proceed, the order of quadrature needs to be selected, keeping in mind that the computed
variance will be accurate for polynomials of roughly half the order chosen (see Section 3.4).
Lets choose 5 th order accuracy (row 2 of Table 3-2), so 5 input vectors will be needed (2 test
locations along each dimension, plus one location with each input at its mean value).
If the nominal performance (nom) is unknown, it should be calculated as the next step. Then, to
compute the performance variation, it is convenient (for algorithmic purposes) to simplify
Equation 3.14 and Equation 3.22 to:
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d

pl, = Ey(z)]~
JT

4

N

A, -Y ,jJ + nom

t

A. (Yi)

+2 .

-nom-nom2

_,

Equation 3.23

The scalar values (Y',i, for the ith dimension/input at the jth test location) must be computed prior
to evaluating the mean and variance in performance.

If the

jth

location is zero, then the

simulation code is being evaluated at the nominal conditions (all inputs at their mean) and so
there is no reason to run this test location through the simulation code because it has already
been evaluated as nom-set Y'i, = 0. Otherwise, Y';j, is given by evaluating the simulation code:

Y'i,j =y(C'S, +p)-nom
Equation 3.24

Where, in our example, CT is a 2-by-2 matrix with the first diagonal entry = 1, the second
diagonal entry = 2, and the off-diagonal entries = 0. As explained in Section 3.3.1, X,

is a

vector of all zeros except for its ith element (which contains the jth location from Table 3-2). In
our example, we have:
1,3

I2,3

= [-.775,0]T, X 2 1
= [0,-.775]T.

1,=
=

[0,0] T (not to be run through the simulation), X

12

= [.775,0]',

[0,0]' (not to be run through the simulation), X2,2 = [0, .775]T, and

The corresponding values for Y'ij, are: 0, 0.775, -0.775, 0, -1.55, and 1.55.

Thus, we have from Equation 3.23:
py = (.444*0+.278*.775+.278*-.775) + (.444*0+.278*1.549+.278*-l.549) + 2 = 2, and
y2 =

(.278*.7752+.278*(-.775)2)

+

(.278*1.552+.278*(-1.55)2)

+ (2*2*2-22-22)= 1.67.

Notice, despite the fact that y(C)2 includes interaction terms, Gaussian Quadrature has correctly
compute the mean and variance.
The appendix (Section 8.1) provides generic Matlab code which automates all the tasks shown in
the gray box of Figure 4 and described in the simple example above.
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4 COMPARISON

OF

GAUSSIAN

QUADRATURE

TO

EXISTING METHODS
In Chapter 2, common methods for conducting uncertainty analysis using computers were
presented.

Chapter 3 presented a new technique for conducting uncertainty analysis which

required only a few test points for each noise factor (a drastic reduction from the number of
points required for sampling methods and on par with DOE methods). This new technique,
based on Gaussian Quadrature, assumes that performance can be well approximated by
polynomials and that interactions between factors are not important. These assumptions are
commonly made by engineers, especially early in the design process, and so Gaussian
Quadrature seems very useful for uncertainty analysis.
The proof of the pudding is in the eating, however. This chapter will present several case studies
demonstrating the efficacy of Gaussian Quadrature for estimating mean and variance.

The

usefulness of the method will be clearly shown by comparing its estimates with those of other,
existing uncertainty analysis techniques. The case studies will begin with some basic functions
and increase gradually in complexity to a non-linear system of equations with twenty-one noise
factors.

4.1 Basic Functions
Let us begin simply, by seeing how well Gaussian Quadrature can estimate the mean and
variance of some non-linear functions whose independent variables are subject to uniform
variation. The idea is not to prove by demonstration the equations derived in Chapter 3, but to
describe the general types of problems on which Gaussian Quadrature can perform well (as well
as those which are not very suitable). Three functions have been chosen (see Figure 5): a simple
polynomial with strong interaction terms, a simple trigonometric function, and a highly nonlinear function.
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Figure 5: Plots of Three Basic Functions
For each function, the exact mean and variance were computed using numeric integration (via
Matlab's "dblquad.m" routine). Monte Carlo Simulation, Hammersley Sequence Sampling, and
Gaussian Quadrature (with 5 test locations in each dimension) were used to estimate the mean
and variance. For the two sampling techniques, the number of samples was chosen by what
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seemed reasonable for relatively simple simulation codes. The performance of the three methods
is shown below:
Table 4-1: Mean and Variance for Three Non-Linear Functions

1000
Nominal

1.0
12.0

1.1
11.8%
12.6
9.8%

|

9

0.7
-26.2%
10.8
-10.1%

1.0
0.0%
4.3
-64.4%

1.9641
-5.2%
0.9325
-4.2%

2.0708
0.0%
0.9744
0.1%

5.5728

5.3862

1.5708
2.0708
0.9734

2.0499
-0.1%
0.9758
5.8591

5.3950

5.3882

3.3%

-0.2%

1.7143

1.7597

1.6563

1.7744

5.4%

-3.4%

3.5%

Mean__Erro__0.1

Std.

25

1

I

Mean
Mean % Error
Std. Dev.
Std. %
iotNominal
Mean
Mean % Error
Std. Dev.
Std. % Error
Nominal
Mean

1

Std. % Error

The values in this column are calculated from an arbitrarily chosen sample. The 95% confidence interval on
standard deviation for each of the functions is 4.4% of the true standard deviation. The 95% confidence interval
on mean is ±74.4% of the true mean for A, +2.8% of the true mean for B, and ±3.4% of the true mean for C.

In Function A, the term (x+y) 3 has no effect on the mean because it is anti-symmetric on the
interval of integration (which is not the case when the variance is being calculated).

It is,

therefore, surprising that the Hammersley Sequence Sampling method performed so poorly. In
fact, it is surprising that the performance was worst on Function A across all the methods, since
it appears to be the simplest function. As stated in Section 3.3, Gaussian Quadrature is clearly
not an acceptable method for functions such as A, whose interaction terms contain even powers
and are at least as strong as the main effect terms.
Function B was chosen to see how well Gaussian Quadrature could estimate the mean and
variance of a trigonometric function.

Gaussian Quadrature actually performed better than both
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sampling techniques, so clearly the cosine function can be well approximated in the specified
region by a low order polynomial.
Function C was chosen because it describes a response surface with peaks, valleys, and saddles
that are typically found in functions during optimization. The particular region chosen is on the
upward slope of one such peak, and all the methods chosen gave estimates on mean and variance
in that region within 10% of the true value. Again, despite using the least number of function
evaluations, Gaussian Quadrature produced the best estimate for mean and a comparable
estimate for variance.

4.2 Buckling of a Tubular Column in Compression
4.2.1 Problem Description

1,

A circular column of length L and outer diameter D has been constructed out of a material whose
Young's Modulus is E. To reduce mass, the center of the column has been hollowed out
resulting in a ring shaped cross section with thickness t. The column is subject to a compressive
load P, as shown in Figure 60:
Applied Load
(P)
Len th

Young's
Modulus

(L)
I

II

Failure Criteria for
Euler Buckling:
z'E
Scr=

Thickness
Radius of
gyration

" This case study was drawn from a text book practice problem given by Siddal [11].
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Figure 6: Tubular Column in Compression
As indicated, the Euler Buckling model indicates that the column will fail if it is subject to a
stress exceeding Scri (the critical stress level). To prevent failure, the column should be designed
with a positive stress margin, meaning that the geometry and material properties should be
selected so that the actual stress, given by S = P/(frDt), does not exceed Scrai.

Achieving a

positive stress margin would be easy except that all the factors labeled in Figure 6 (P,E, L, t, and
D) are subject to random normal variation with means and standard deviations as given below:
Table 4-2: Noise Factors for the Tubular Column
Noise Factor
Column Length
Young's Modulus
Outer Diameter
Wall Thickness
Applied Load

Symbol
L

E
D
t
P

Mean
120
31*106
2.572
0.051
6070

Std. Deviation
0.125
33,333
0.005
0.002
200

Units
inches
psi
inches
inches
pounds

4.2.2 Uncertainty Analysis Using Gaussian Quadrature
With the problem now fully described and framed in a suitable manner, uncertainty analysis can
be performed to estimate the mean and variance (standard deviation) of the performance (stress
margin).

Since the use of Gaussian Quadrature has not been fully illustrated for normal

variables, let us go through the steps here.
First the vector of means and the covariance matrix for the noise factors are constructed. Using
the values specified in Table 4-2:

S= [120, 31.106,

cov=

2.572

0.051

6070rnspoe

0.015625

0

0

0

0

0
0

1.11-101

0

0

0

0
0
0

2.5 -10-5

0
0

0

0

0
4.10-6
0
40000
0
0

Equation 4.1
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Note that the all the off-diagonal elements of the covariance matrix are zero, because the noise
factors have independent probability distributions.
To get the input vectors (test conditions) at which the stress margin needs to be evaluated, a row
of test points from Table 3-1 must be selected.

A

order fit to performance along each

9 th

dimension should be sufficient and not require too many points, so row 4 is selected from Table
3-1 (this means the estimate for variance will only include

4

'h

order terms).

The mean and variance of the stress margin can now be estimated. The covariance matrix is
factored (as described in Section 3.3.1), and Equation 3.24 is used to get the necessary stress
margin performance values.

With those performance values, Equation 3.23 can be used to

compute the mean and variance (and then standard deviation). The resulting estimates are shown
below in Table 4-3.

4.2.3 Tubular Column Uncertainty Analysis Results
To quantify the effects of noise on the tubular column performance, the mean and standard
deviation in stress margin were determined by uncertainty analysis. Four methods were used:
Monte Carlo (used to establish the best estimate for true mean and variance), Hammersley
Sequence Sampling, Latin Hypercube Sampling (LHS), and Gaussian Quadrature (using a

9

th

order fit for each noise factor). Note that the percent difference values are calculated relative to
the large sample Monte Carlo values, because the confidence intervals for mean and variance are
well below ±1%. Thus the Monte Carlo (100,000 sample) values can be taken as the true values
(or within less than 1%of them).
Gaussian Quadrature required only 21 points so (to provide a basis of comparison) Monte Carlo
Hammersley Sequence Sampling, and Latin Hypercube Sampling were also run using 21 and
210 points. The results are shown in Table 4-3. Gaussian Quadrature clearly out-performs the
other techniques, even when they are used with 10 times as many points.
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Table 4-3: Estimated Stress Margin Mean and Standard Deviation for the Tubular Column
*Units are
psi

100,000 |210

|

2,2286!,64
0.2%
773.4
1.5%

762.3

21

-5.5%
877.7
15.1%

|20

|
1 | 21
| 21
|
2839.3
2812
2,810
2,815
2,827
-0.3%
-0.4%
-0.2%
0.2%
763.0
728.1
798.9
665.1
0.1%
-4.5%
4.8% -12.7%

21
2,817
-0.1%
764.5
0.3%

The values in these columns are calculated from arbitrarily chosen samples. With 210 samples, the 95%
confidence interval on mean is ±3.7% of the true mean and the 95% confidence interval on standard deviation is
±30.7% of the true standard deviation. For 21 samples, the intervals widths increase by the square root of 10.

4.3 Slider-Crank Mechanism
4.3.1 Problem Description
A slider-crank mechanism is shown below:

~'

-

Oi

, 0-

- - - - - -

soS

Sj

Figure 7: Slider-Crank Mechanism
Siddal [11] describes the device as a "function generator": by rotating the crank arm, the slider
can be translated left or right to serve some generic function (such as compressing/expanding a

Page 46 of 88
piston or displaying sections of text). The device converts rotation into translation using two
bars: the crank arm of length pi (from fixed pin joint to gear) and the slider arm of length P2
(from gear to sliding pin joint). It is desired that, for a given crank arm angle a, the slider
position be given by:

y~,

j=

(

2

o

- So

Equation 4.2

The actual slider position is dependent on the length of the arms (p, and p2) and the vertical
separation between the pin joints (p), all three of which are subject to normally distributed
manufacturing variation (see Table 4-4). The actual slider position is given by determining the
positive root of a quadratic equation:
2

S+2

YU =S-So

S+(2p,cosa)S -2pp, sina+p, -p

2

2

+

2=0

Equation 4.3

Table 4-4: Noise Factors for the Slider-Crank Mechanism
Noise Factor
Crank Arm Length
Slider Arm Length
Vertical Offset

Symbol
pi
P2

p3

Mean
2.8269
8.1367
0.6892

Std. Deviation
0.0018481
0.0034410
0.0012068

Units
Inches
Inches
Inches

4.3.2 Slider-Crank Mechanism Uncertainty Analysis Results
The error in slider position is simply e = y, - ya. An uncertainty analysis was conducted to
determine the mean and standard deviation for this error. Again, four methods were used: Monte
Carlo (to establish the best estimate for true mean and variance), Hammersley Sequence
Sampling, Latin Hypercube Sampling (LHS), and Gaussian Quadrature (using a
each noise factor).

9

th

order fit for

Gaussian Quadrature required only 13 points so (to provide a basis of

comparison) Monte Carlo, Hammersley Sequence Sampling, and Latin Hypercube Sampling
were run using 13 and 130 points. The results are shown in Table 4-3.

Again, Gaussian

Quadrature clearly out-performs the other techniques, even when they are used with 10 times as
many points.
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Table 4-5: Estimated Slider Position Mean and Standard Deviation for the Slider-Crank
*Units are inches

Nominal
Mean
% Error
Std. Dev.
Nominal
Mean
% Error
Std. Dev.
%Err
Nominal
Mean
% Error
Std. Dev.
% Error

100,000

130

0.0020

0.0025
23.1%
0.0038
-3.7%

0.0008
-61.4%
0.0044
12.4%

0.0087
-5.0%
0.0041
4.0%

0.0081
-11.6%
0.0045
1.%

| 13
|130|
0.0020
0.0020 0.0017 00020
-2.6%
-15.1%
-1.0%
0.0038 0.0033 .0040
-2.9% -16.7% 2.7%
0.0091
0.0091
0.0089 .0092
0.1%
-0.5%
-3.2%
0.0038 0.0033 .0040
-2.9% -16.7%
1.1%

-0.298
0.5%
0.0031
-19.6%

-0.2964
-0.2965 -0.2968
0.1%
0.0%
0.0037 0.0032
-3.1%
-17.4%

0.0039

0.0091
.
0.0039

-0.2964
0.0038

-0.296
-0.2%
0.0039
3.4%

|

13

|

130

-.296
0.0%
.0038
-0.4%

13f

13

.0017
-15%
.0046
17.1%

0.0020
-1.0%
0.0039
0.1%

.0095
4.4%
.0045
14%

0.0091
-0.2%
0.0039
0.1%

-.296
0.0%
.0040
5.2%

-0.2964
0.0%
0.0038
-0.1%

The values in these columns are calculated from arbitrarily chosen samples. With 130 samples, the 95%
confidence interval on standard deviation is ±12.2% of the true standard deviation for all crank angles. With 130
samples, the confidence interval on mean ranges from ±0.2% of the true mean (alpha = 42.460) to ±33% of the true
mean (alpha = 00). With only 13 samples, the intervals widths increase by the square root of 10.

4.4 Continuously Stirred Tank Reactor
4.4.1 Problem Description
This case study was originally published by Kalagnanam and Diwekar [2] to demonstrate the
potential benefits of Hammersley Sequence Sampling compared to Monte Carlo and other QuasiMonte Carlo techniques.

The problem is to model the effect of fluctuations in the flow of

various chemicals into a continuously stirred tank reactor (CSTR).
process being modeled is shown in Figure 8.

A simple picture of the
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Tank
Reactor
(volume)

Heat
(rate)

Figure 8: Diagram of the Continuously Stirred Tank Reactor
A solution of chemicals A and B flows into the tank reactor, and is stirred and heated to convert
chemical A into chemical B. A flow leaves the tank reactor at the same rate as the incoming
flow, but with an increased concentration of B and decreased concentration of A. The design
goal is to produce 60 mol/min of chemical B, but this is made difficult due to variations in the
initial concentrations of both chemicals, the initial temperature, the rate of heat addition and the
volume of the tank. Moreover, if the residence time in the tank reactor is too long or too much
heat is added, chemical B will degrade into chemical C. Any deviation from the desired value of
60 mol/min results in quality loss and so is to be avoided.
The chemical reaction process is modeled using five non-linear equations (Equation 4.4). The
equations involve six independent variables (see Table 4-6) and several constants (such as
reaction rates, reaction heats, and the ideal gas constant, see Table 4-7). The equations can be
solved in an iterative manner by first guessing the temperature inside the tank reactor. The right
hand sides can then be determined, which results in a new value for the temperature inside the
tank. This new temperature is then used as to re-solve the equations. The cycle is repeated until
the temperature converges.
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-Ra

Q

-Cb

-kOb .eT

V-(Ra -Hra+

Rb *Hrb+

F -p -C,

T
Equation 4.4

Once the temperature inside the tank has converged, the molar production rate of chemical B is
simply Rb,(mola)=Rb*V. If the independent variables (Table 4-6) were not subject to variation, it
would be fairly easy to choose their values so that exactly 60 mol/min of chemical B is produced.
However, the independent variables are not deterministic: their variation is modeled by assuming
each has an independent normal distribution with a standard deviation equal to 10% of the mean
value. To achieve the desired molar production rate of chemical B, values for the mean of each
of the independent variables must be chosen. In other words, the independent variables in Table
4-6 are the noise factors for the CSTR problem, and the control factors are the mean values for
each of the noise distributions.

Matlab code for evaluating CSTR performance by solving

Equation 4.4 is included in Section 8.1.6.
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Table 4-6: Independent Variables for the CSTR***
Variable
zi
Z2
Z3

Z4
Z5
Z6

Robust

Symbol in

Initial

Equations

Mean

Mean

Cai
Cbi
Ti

3,118
342.0
300.0
1.71e6
.0391
.078

3,119.8
342.24
309.5
5.0e6
.05
.043

Q
V

F

Units

Description

mol/m
mol/m
K
106 J

Initial concentration of A
Initial concentration of B
Initial temperature
Heat added to the tank
Steady state volume of liquid in tank
Volumetric flow rate through tank

m3

m/min

Table 4-7: Constants for the CSTR
Symbol in Value
Equations
840,000
Koa
76,000
KOb
-21,200
Hra
-63,600
Hrb
36,400
Ea

Units

Symbol in

Value

Units

34,600
3,200
8.314
1,180
V/F

J/mol
J/kg/K
J/mol/K
kg/m'
min

Equations

1/min
1/min
J/mol
J/mol
J/mol

Eb

C,
R
p
t

4.4.2 CSTR Uncertainty Analysis Results
In addition to performing Gaussian Quadrature, several other techniques were used to estimate
mean and variance (standard deviation) so that the performance of Gaussian Quadrature could be
compared to that of existing techniques. The estimates for the CSTR problem are summarized in
Table 4-8. Note that the percent difference values are calculated relative to the Monte Carlo
values, because Monte Carlo simulation was allowed to run until the inter-run fluctuations were
less than 1% of the variance. Thus the Monte Carlo values can be taken as the true values (or
within 1%of them).

***Note that the original paper had a typographical error: the values for the initial temperature (Ti) were switched
with the values for tank temperature (T).
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Table 4-8: Estimated Mean and Standard Deviation for the CSTR Problem
*Units are
mol/min

100,0001

250

|

25

Mean
% Error
Std. Dev
%Error
Nominal
Mean

60.4

60.1
-0.5%
42.9
6.1%

71.9
19.0%
42.9
6.1%

Std.Dev

152

51.6
1.4%
15.0
-1.4%

46.4
-8.9%
14.5
-4.6%

Nominal

40.4

50.9

% rror11,.

|

25
250 | 25 | 250 | 25 |
60.0122
60.2
60.7
59.3
59.8
56.3
-1.1%
-6.9%
0.5% -1.8%
-0.3%_
41.0
38.3
38.1
40.2
39.2
-5.6%
1.6% -5.2%
-3.1%
-0.5%
59.8475
53.1
50.7
50.6
51.5
50.9
-0.3%
-0.5%
1.2%
4.3%
-0.1%
15.5
15.0
15.4
11.7
15.7
1.3% 1-23.4% 2.8% 2.0%
-1.8%

The values in these columns are calculated from arbitrarily chosen samples. With 250 samples, the 95%
confidence interval on standard deviation is ±8.8% of the true standard deviation at both control factor settings.
With 250 samples, the confidence interval on mean is ±8.3% of the true mean (intitial design) and ±3.7% of the
true mean (final design). With only 25 samples, the intervals widths increase by the square root of 10.

A Hammersley Sequence Sample with 150 samples was also conducted and the estimates
matched closely with the published values [2] (those results are not shown in the table).
All estimates for mean and variance are within 6% of the Monte Carlo (100,000 samples)
estimates. But, as seen in the previous case studies, Gaussian Quadrature out-performs Monte
Carlo even when the latter is used with 10 times more sample points. Hammersley Sequence and
Latin Hypercube Sampling with 250 samples have a lower error on standard deviation than
Gaussian Quadrature, but not on mean. Note also that the Gaussian Quadrature error is lower at
the robust design point.
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4.5 Op-Amp Case Study
4.5.1 Problem Description
This case study was published by Phadke [9] to demonstrate the use of DOE techniques for
computer simulations. The purpose of the study is to perform robust design on a differential
operational amplifier (op-amp) circuit for a telephone. The op-amp is to be manufactured on a
single board using fifteen circuit elements whose parameters are to be chosen so that the offset
voltage of the circuit is minimized. There are twenty-one noise factors which affect the offset
voltage (twenty characterizing the circuit elements and one for the operating temperature),
shown in Table 4-9.
Table 4-9: Noise Factors for the Op-Amp
Noise Factor

Noise Factor

Initial

Symbol

Name

Mean

zi

RFM
RPEM
RNEM
CPCS
OCS
RFP
RIM
RIP
RPEP
RNEP
AFPM
AFPP
AFNM
AFNP
AFNO
SIEPM
SIEPP
SIENM
SIENP
SIENO
T

71*103
15*103
2.5*103
20
20
RFM
RFM/3.55
RFM/3.55
RPEM
RNEM
0.9817
AFPM
0.971
AFNM
0.975
-12.52
SIEPR\A
-12.22
SIENM
-12.22
298

Z2

Z3

z4
Z5

z6
Z7

Z8

Z9

zio
zii
Z12
Z13
Z 14

Z15
Z 16 T
Z17
Z18

Z_9_

z20T

Z21

Initial Standard

Units

Deviation

236
1050
175
0.400
0.400
0.00667*RFM
0.00188*RFM
0.00188*RFM
0.00667*RPEM "
16.7
8.181*100.00167*AFPM
8.092*10-3
0.00167*AFNM
3.25*103
0.282
0.0281
0.282
0.0281
0.141
14.9

n
K2_

_

_

pA
pA
n
n
n
L
------

logioA
logioA
logioA
logioA
logioA
_K

tThese 5 variables are originally log-normally distributed: the values above
are their mean and variance after being transformed into a normal distribution
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All the noises are normally distributed except for five which follow a log-normal distribution as
indicated. In order to use Gaussian Quadrature or Hammersley Sequence Sampling, the lognormal variables must be transformed into normal ones. The transformation is simple: for (, a
point on the log-normal distribution, the point on the corresponding normal distribution is z =
log1O(C). Gaussian Quadrature or Hammersley Sequence Sampling will produce values in the
"z" domain, and that value must be transformed to its corresponding "(" domain before being
passed into the simulation code.
Several variables are correlated, but Phadke chose to model their correlation through "sliding
levels" instead of covariance. Thus, for a pair of correlated noises, the second noise factor's
mean is set to the realized value of the first noise factor (in other words, its probability density
function is dependent on the value of the first noise factor). This presents a real problem if
Gaussian Quadrature or Hammersley Sequence Sampling is to be used, because both generate
test locations for independent distributions (i domain) which need to be transformed into the
correct co-varying (z) domain using the covariance values as discussed in Section 3.3.1 (and
then transformed into the ( domain if needed as discussed in the paragraph above). Three workarounds are available:
1. An uncertainty analysis technique such as Monte Carlo Simulation or Orthogonal
Array Simulation can be run to generate sample noise factor values using the sliding
level scheme and then the covariance can be calculated from the samples
2. The covariance can be calculated brute force (numeric or hand integration) using:
covariance(a,b)= j a -b -p(b | a). p(a)- da -db
Equation 4.5

3. Or, the noise correlation can be re-modeled using covariance instead of sliding levels.
Ultimately, the preferred solution is option two (use covariance), but then the resulting
uncertainty analysis could not be directly compared to what Phadke published. Thus, the first
method was chosen because the brute force method cannot be done by hand (and numerical
integration is too slow).

Page 54 of 88
In order to minimize the offset voltage, five control factors are available which set the means for
the first five noise factors. Once the control factor values are chosen (Table 4-9 shows their
initial values), calculating the offset voltage for the op-amp requires solving a system of ten nonlinear equations which are derived from Kirchov's Voltage and Current laws for the circuit.
However, it was found that Matlab's non-linear equation solver had trouble solving the full
system of equations, so MathCAD was used to algebraically reduce the ten equations to three
(much more complex) equations. The reduced set of equations is included in the Appendix
(Section 8.1.7.3 and 8.1.7.4).

4.5.2 Op-Amp Uncertainty Analysis Results
Uncertainty analysis of the op-amp problem was conducted using the following methods: Monte
Carlo (again used to establish the best estimate for true mean and variance), Hammersley
Sequence Sampling, an Orthogonal Array test plan (the same orthogonal array chosen by
Phadke), and Gaussian Quadrature. Phadke's results using the orthogonal array are also included
for reference. For Hammersley Sequence Sampling and Gaussian Quadrature, the covariance
matrix is determined by computing the covariance of the input vectors generated by the large
Monte Carlo simulation, after transforming the log-normal variables to normal ones. Row 2 of
Table 3-1 was used to generate test locations and coefficients for Gaussian Quadrature. The
uncertainty analysis was conducted at three control factor settings: the initial values; Phadke's
Optimum #1 (RPEM reduced to 7500n but the other control factors unchanged); and Phadke's
Optimum #2 (RFM unchanged, RPEM reduced to 7500K, RNEM increased to 50002, and
CPCS and OCS decreased to 1OpA).
Table 4-10: Estimated Mean and Standard Deviation for the Op-Amp Problem
*Units are Volts

30,000 1

Nominal
Mean
% Error
Std. Dev.
% Error

-2.78
30.3

430

-1.04
-62.4%
30.3
-0.2%

1

43

0.218
-108%
31.5
3.9%

1

430

1

43

-2.8456
-14.8
-4.41
434%
58.7%
19.3
30.41
0.2%
-36.5%

1 36

-3.40
22.2%
33.6
10.7%

|

43
-2.74
-1.3%
30.1
1 -0.7% ____

Page 55 of 88
Nominal
Mean
% Error
Std. Dev.
% Error
Nominal
Mean
%XError
%Error
Std. Dev.
Error

-1.56
18.6
.

-0.981
13.0

-2.34
50.3%
19.5
4.8%

0.626
-140%
20.4
9.6%

-0.368
-62.5%
6.%
12.1
-6.6%

-1.94
97.8%
78
13.1
1.2%

-1.6579
-2.34
49.8%
18.7
-0.3%
-1.0329
-1.28
02/
30.2%
12.9
-0.2%

-7.60
388%
10.0
-46.1%

-1.86
19.2%
20.5
10.1%

-1.60
2.5%
18.7
0.5%

-3.83
I
291%
5.85
-54.9%

-1.07
IN
8.7%
13.8
6.4%

-0.994
1.3%
13.0
0.0%

With 430 samples, the 95% confidence interval on standard deviation (a) is ±6.7% of the a at all control
factor settings. With 430 samples, the confidence interval on mean is ±103% of the true mean (intitial
design), ±113% of the true mean (optimum #1), and +125% of the true mean (optimum #2). With only 43
samples, the intervals widths increase by the square root of 10.

Once again, Gaussian Quadrature out-performs the Monte Carlo and Hammersley Sequence
Sampling, even when the later are used with 10 times as many points. The large errors in the
Monte Carlo and Hammersley Sequence estimates for mean may be due to the very large
standard deviation in comparison with the mean, which makes it very unlikely that any two
randomly chosen small samples will give similar estimates of the mean (this is also reflected in
the confidence intervals described at the bottom of the table). The estimates on mean from the
orthogonal array and Gaussian Quadrature are not affected because they are not based on
choosing a "representative" sample of the true population.
The orthogonal array with 36 rows has much worse performance than Gaussian Quadrature, even
though it uses only 7 fewer points. The orthogonal array estimates are almost identical to those
published by Phadke, except for the mean at Optimum #2 which Phadke has as a much larger
value (it is possible that the Phadke value is actually a typographical error).

The poor

performance of the orthogonal array lends credibility to the arguments that traditional DOE
methods are not well suited to uncertainty analysis of computer simulations [1]. Finally, note
again that the Gaussian Quadrature error is generally lower at the robust design points (as was
also seen for the CSTR case study).
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QUADRATURE

5 GAUSSIAN

FOR

COMPUTER

AIDED

OPTIMIZATION
As discussed in Section 1.2, computer aided optimization is becoming increasingly important to
the engineering design process, but a focus on optimization of nominal performance instead of
optimization of performance variation (robustness) will ultimately lead to reduced quality.
Traditional uncertainty analysis techniques (such as Monte Carlo) inhibit the optimization of
performance variation because, for each step in the optimization process, they require the
computer simulation to be run thousands of times. The case studies in Chapter 4 demonstrated
that (for point designs) Gaussian Quadrature can estimate performance mean and variance using
drastically fewer simulation runs without severely impacting accuracy.

The reduction in

simulation runs alone makes Gaussian Quadrature a desirable uncertainty analysis technique for
optimization. It will be shown below that Gaussian Quadrature can further enable optimization
of performance variation by providing a local "response surface" at any given step in the
optimization processtt.

This response surface can be used to determine the gradient of

performance mean or variance, thereby indicating how to change the control factors in order to
reach a more optimum performance.

5.1 Gradient Based Optimization
The most developed and commonly used class of optimization techniques is gradient based
optimization. By gradient based, it is meant that in order to identify better control factor settings
(stored in vector

z,),

the change in mean and variance for a small change in control factor

settings must be identified:

"' It is also possible to build a response surface based on the performance values computed using Monte Carlo or
Quasi-Monte Carlo methods. However, doing requires performing a non-linear regression analysis on a large data
set (hundreds or thousands of samples). Not a difficult task for modem computers, but Gaussian Quadrature makes
it easy to obtain a response surface and also to use it in further uncertainty analyses.
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gradient = k,

(
Lf

dzzaz(

i Vdf(dzdj

z

.

Equation 5.1

There are a wide variety of gradient based optimization routines [8]. To demonstrate the benefits
of Gaussian Quadrature during optimization of performance variation, let's work with the
simplest (Gradient Search) and assume that the goal is to minimize performance variance, a

.

If the goal is to instead minimize performance mean, just use U, instead in the formulas below.
If performance mean is to be maximized, just use -pL

2

instead of o- . For simplicity, assume

that there are no constraints on the performance mean or the control factor values+.
The initial control factor settings are given by the vector

z

.

To decrease the performance

variance, Gradient Search indicates that the control factor settings should be updated using
Equation 5.2 [8], where gz is the gradient of a,2 with respect to
Yc 2

=Zci

ze

and # is the step size§§:

/319kZ
Equation 5.2

During optimization without the consideration of uncertainty, the gradient is either calculated
numerically by finite differencing or the simulation code calculates it along with the performance
at the current design point. When there are noise factors present, however, there is no clear way
to go from the simulation code's estimate for the gradient of the nominal performance to the
gradient of the performance variance. Thus, during optimization of performance variation the
only way to determine the gradient is using finite differencing. For our demonstration assume
forward-differencing is used to calculate the gradient of variance along dimension m: g (m).

+ + There are a wide variety of ways to deal with constraints during optimization, and multi-objective optimization
provides a method for optimizing both mean and variance concurrently. However, both topics are beyond the scope
of this paper. Gaussian Quadrature provides the same advantages for those techniques as it does for Gradient
Search, but they are easier to demonstrate for Gradient Search.
§ Methods for determining the step size are discussed in [8] but are beyond the scope of this work.
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This means that the performance variance is calculated at the current value for control factor m
and at a slightly higher value as indicated below (all the other control factors stay at their values
from

zC):
Lk () = la [(ci (m)+ a -z (m))]- o [zL ]}a -

1 (m),

a <<1
Equation 5.3

For forward differencing, the gradient is built by repeating Equation 5.3 along each dimension
(m goes from I to de, where de is the number of control factors that directly effect the distribution
of noise). Therefore de uncertainty analyses are required in addition to the single uncertainty
analysis needed to determine mean and variance.
To complete the optimization of even a "well behaved" problem may require stepping through a
few hundred control factor settings. If Monte Carlo or similar uncertainty analysis techniques
are to be used during optimization of a system with de control factors, the number of times the
simulation code must be run during the entire optimization process can be very large (several
hundred control factor settings, times dc+1 uncertainty analyses to compute the performance
variation and its gradient at each setting, times several thousand or more simulation evaluations
for each uncertainty analysis). Clearly, if the simulation code runs slowly (even on the order of
minutes), the amount of computer time required for optimization of performance variation may
be prohibitive, especially early in the design process.
Gaussian Quadrature can relieve this computational burden in two ways.

First, Gaussian

Quadrature creates estimates for mean and variance which are within approximately 10% of
other uncertainty analysis methods using only about N*d simulation evaluations, where N is
between 2 and 4 (depending on what row of Table 3-1 or Table 3-2 is used) and where d is the
number of noise factors. Thus Gaussian Quadrature speeds up the uncertainty analysis process
compared to the Monte Carlo and Quasi-Monte Carlo methods described in Chapter 2, thereby
speeding the optimization process.

Second, when computing the gradient using finite

differencing, the polynomial approximations inherent to the Gaussian Quadrature technique can
be used to compute the performance variation for the perturbed control factor settings, instead of
re-running the simulation code.

This second benefit reduces the number of simulation
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evaluations needed to compute the gradient by d, for forward differencing and by a 2de for
central differencing.

5.2 Gradient Calculation Using Gaussian Quadrature
Built into the Gaussian Quadrature technique is an approximation of the simulated performance
as a sum of low order polynomials in the independent identically distributed i domain of noise
factors, as described in Equation 3.5.

Such an approximation is generally referred to as a

response surface. For control factors (1 through de) which affect the distribution of noise, the
gradient of performance variance can be calculated by finite differencing using the polynomials
to evaluate the first term on the right-hand side of Equation 5.3 instead of running the simulation
code. As long as the perturbation size (a) is small, the test locations needed for quadrature after
perturbing the control factors will not be drastically different than their locations without
perturbation and thus the response surface should still be valid. Any remaining control factors
feed directly into the simulation and (to first order) will only affect the nominal performance.
Thus, the partial derivative of performance variance relative to those remaining factors is zero.
Using the response surface to evaluate performance variation will require some additions to the
technique described in Section 3.5. First the response surface must be constructed. Let's begin
with Equation 3.23. Assume the noise factor distributions have been identified and the accuracy
of the quadrature (order of polynomials to be computed exactly) has been selected. To evaluate
Equation 3.23, the N*d simulation responses Y't, need to be calculated using Equation 3.24. The
same N simulation responses in each dimension i (1 through d) can also be used to fit a
polynomial of order N-I in xi. Previously, there has been no need to explicitly compute these
polynomials, but doing so now will allow us to construct the response surface.
To build the response surface, three matrices will be needed. Row i of PNTS will hold the N
values for variable noise xi and row i of VALS will hold the corresponding N simulated
performance responses. Eventually, row i of COEFS will hold the polynomial coefficients in
decreasing order for noise factor xi. These matrices are constructed as follows:
1. For each noise dimension i (I to d):
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a. Chose the values for x, from Table 3-1 or Table 3-2. For jth (1 to N) value
from the table make the vector XI (vector of all zeros, except the jth element
which contains the/h value).
i. Place the current value for x, in the ith row and jh column of PNTS.
ii. Run the simulation code with using Equation 3.24, thereby computing
Y'y as output. Store that output as the i't row andjjh column of VALS.
b. Repeat step "a" until allj locations along dimension i have been evaluated.
2. After all the test locations along dimension xi have been evaluated, the ith row of
COEFS can be determined. Since there are N pairs of values for x, and
corresponding simulation responses, a polynomial of order N-i can be determined.
The corresponding N polynomial coefficients are determined by a least-squares fit
(Matlab's "polyfit.m" function is perfect for this purpose), and stored in row i of
COEFS, with the coefficient for the xN-1 term in the first column and the coefficient
for the constant term last.
3. Repeat steps 1 through 2 for the remaining dimensions
Lets now assume the nominal, mean, and variance of the performance have been calculated for
the current control factor settings, and in the process the response surface has been developed
using the steps above. To compute the gradient of performance variation relative to the control
factors (gz), Equation 5.3 must be evaluated along each control dimension (1 through de).
Using the response surface described by COEFS implies that, instead of computing a
Equation 3.23 and Equation 3.24 for the perturbed control factor settings (z, (m) + a -

2

from
(m)),

we will do the following:
1. Use the perturbed setting for control factor m to determine a new distribution of noise
I2,
see Section 3.3.1).
(quantified by the matrix C 2 T and the vector of means
2. Build the vectors

Z

as explained in Section 3.5 using this new noise distribution

and transform those vectors into
factors) using Equation 3.13.

Z,,

(defined in the natural "i " domain of the noise

3. Map the vectors Z,, into the original i domain (using CT and f2) to get the test
locations on the response surface Xorg .
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4. Evaluate the response surface at the locations indicated by the vectors Xorg,

and

record the corresponding performance values as scalars Y2',.

5. Sum the Y2'ij values using Equation 3.23 to compute a

2

Steps 2 and 3 are necessary because the test locations are defined in what should be called the
"perturbed" : domain (defined by C2 T and

42 ),

but the response surface is located in the

original T domain (defined by CT and P ). There are two different ".i" domains because the
distribution of noise is different between the perturbed and unperturbed control factor values.
The mapping into the "natural" Y domain is given by:
Z,

=C

-2 ,

+-2

Equation 5.4

The resulting vector

Z,

can then be mapped into the response surface's domain (5 domain) by

using Equation 3.13:

Sorg

=(Ci

-Y u

p
Equation 5.5

Now the performance can be calculated using the response surface (Step 4). Row i of XorgI, is
the value for x, in the original 3i domain. To determine Y2'ij, we need to evaluate all of the d
polynomials in the original domain. Let COEFS(ij) be the entry in the ith row andfth column of
the COEFS matrix and Xorgj (i) be the value in the ith row of Xorgj. Then Y2'ij is found by:

Y2'

=

I
i=1

COEFS(i,j).Xorg1 (i)Nj
j=1

Equation 5.6

The value of a2 [(z (im)+ a -z, (m))] can finally be found by solving Equation 3.23 using Y2'ij
instead of Y'ij. The gradient is then found using Equation 5.3 by repeating the process for each
control factor.
The entire process is summarized in the following diagram:
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Figure 9: Process Diagram for Using Gaussian Quadrature with Gradient Based
Optimization

5.3 Some Results
Gaussian Quadrature was used to perform uncertainty analysis while minimizing the variance of
the Continuously Stirred Tank Reactor (Section 4.4). The optimization algorithm used was
Matlab's "fmincon.m", with a constraint added to ensure the nominal molar production rate of
chemical B was maintained at 60 mol/min (as was specified in [2]). The optimum control factor
settings found were: Cai

=

2608, Cbi

=

1, Ti

=

375.59,

Q=

1.71e6, V = 0.01, F = 0.0451. The

corresponding mean and standard deviation is shown in Table 5-1, with the Monte Carlo
simulation only run once the optimum had been identified to confirm the estimates for mean and
variance provided by Gaussian Quadrature. The new optimum has a standard deviation 11%
lower than the value published in [2].
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Table 5-1: Mean and Standard Deviation for the CSTR Case Study with Optimum Control
Factor Settings

100,000
Nominal
Mean

50.9

25
50.6
-0.5%

% Error

13.6

Std. Dev.
% Error

|I
60

E

f$$22.2%

13.9
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6

Conclusion

Noise factors are pervasive across all real systems. For an engineer, noise causes performance to
deviate from the values anticipated during the design process. As complexity in engineering
systems and market competition increase, designing systems that perform robustly-in other
words, well despite the presence of noises-becomes increasingly important. Methods for
dealing with noise in physical systems have been available since the 1930s and are widely used.
Similar methods are available for analyzing uncertainty in performance due to noise using
computer simulations. However, existing computer aided uncertainty analysis methods require
so many simulation runs that they are often used late in the design process. Delays in assessing
the effects of noise, however, may result in poor design decisions.
Gaussian Quadrature has been presented as a computer aided uncertainty analysis method that
can drastically reduce the number of simulation runs required to estimate the mean and variance
in performance with reasonable accuracy. Chapter 3 presented the method and described how it
is used. Chapter 4 demonstrated the efficacy of the method compared to existing methods,
indicating that it was capable of providing estimates with accuracy no worse than 10% of the true
value.

Chapter 5 presented how Gaussian Quadrature could be used to aid optimization for

robustness.
Several avenues are available for further development of the Gaussian Quadrature technique.
First, it should be possible to find orthogonal polynomials for other probability density functions,
thus allowing the technique to be applied to systems whose noises are not distributed uniformly
or normally. Second, the method should be applied to even more complex computer simulations
to verify its accuracy, such as problems requiring Computational Fluid Dynamics simulations or
structural analysis using finite elements. More case studies will provide a clearer indication of
the class of problems to which Gaussian Quadrature is well suited. Third, Chapter 5 did not
consider how the method could be used when constraints on performance or design factors are
present, or when there are multiple performance attributes to be considered. Further work could
be directed at the details of incorporating Gaussian Quadrature into general constrained (and/or
multi-disiplinary) design optimization.
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The results for two of the case studies suggest a fourth potential avenue for future research. Both
the CSTR and Op-amp case studies included control factor settings that resulted in high variance,
and more optimal settings that reduced performance variance. In both circumstances, the
estimates for Gaussian Quadrature were more accurate at the optimum condition. This suggests
that the accuracy of Gaussian Quadrature would actually increase as optimization progresses.
Theoretical support for this idea is provided by considering what exactly defines an optimum.
When no constraints are present, an optimum is either a peak (if a maximum is desired) or a
valley (if a minimum is desired) on the performance response surface. It seems likely that peaks
and valleys can be very well approximated using polynomials, which Gaussian Quadrature is
capable of integrating exactly. Thus, as an optimizer approaches an optimum, the error due to
the polynomial approximation would decrease and so Gaussian Quadrature would become more
accurate. Further research is required, however, to substantiate this possibility.
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8 APPENDIX
8.1 Matlab Code
8.1.1 Hammersley Sequence Sampling Locations
function z=hammersley(k,N,ploton,norm)
%Produces a Hammersley low discrepancy quasi-random set of points in the k-dimensional cube
%of side length I and with a vertex at the origin.
%INPUTS:
% k dimension of the space considered
% N = number of points to be generated
% ploton = if ploton=-true & k<=3, the points are plotted
% norm = if norm=--true, then each dimension is assumed to correspond to a random normal
%variable instead of uniform
%OUTPUTS:
% z = a matrix (N,k), each row giving the coordinates of a generated point
z=zeros(N,k);
p=primes(1.0474e5);%p contains the first 10,000 prime numbers. If
%k> 10,000, a different arg for prime so should be used
for n=1:N
z(n, 1)=n/N;
for i=2:k
R=p( (i-) );
%Convert n into base R notation
m=fix( log(n)/log(R)) ; %Ensure m is an integer
base=zeros(1,m+1);
phi=zeros(1,m+1);
coefs=zeros(m+1,1);
for j=0:m
base(j+1)=Rj;
phi(j+1)=RA(j- 1);
end
remain=n;
forj=m+1:-1:1
coefs(j)=fix( (remain)/base(j));
remain=remain-coefs(j)*base(j);
end
z(n,i)=phi*coefs;
end
end
z = z( 1 : size(z,1)-1, :); %Skip the last point
if norm==true
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h=waitbar(O,'Converting uniform random points to normal');
for n=1:size(z,1)
x(n,:) = norminv( z(n,:), 0, 1); %Statistics Toolbox inversion
x(n,:)=unif2norm( z(n,:) ); %Home built inversion method
%
waitbar(n/size(z, 1),h)
end
z=x;
close(h)
end
%Optional: Plot the points generated
if ploton==true
switch k
case 1
scatter( z,ones(N,1));
case 2
scatter( z(:,1), z(:,2), 'r+' );
case 3
scatter3( z(:,1),z(:,2),z(:,3),1 6,'o','filled' );
otherwise
display('Cannot Plot for k>3')
end
end

8.1.2 Quadrature Locations & Coefficients for Normal Variables
function [u,A] = quadcoeffs norm(order)
%Provides the coefficients for guassian (normal) quadrature
%INPUTS:
% order = the coefficients will provide for exact quadrature for all functions of degree <= order
%OUTPUTS:
%u= vector of test points to be used in the quadrature
%A = corresponding weights for the test points u
if order<=3
u(1)=.707106781186547524400844362105;
u(2)=-u(1);
elseif order<=5
u(1)=0;
u(2)=1.22474487139158904909864203735;
u(3)=-u(2);
elseif order<=7
u(1)=1.65068012388578455588334111112;
u(2)=.524647623275290317884060253835;
u(3)=-u(1);

A(1)=.886226925452758013649083741671;
A(2)=A(1);
A(1)=1.18163590060367735153211165556;
A(2)=.295408975150919337883027913890;
A(3)=A(2);
A(1)=.081312835447245177143034557190;
A(2)=.804914090005512836506049184481;
A(3)=A(1);
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u(4)=-u(2);

elseif order<=9
u(1)=0;
u(2)=.958572464613818507112770593893;
u(3)=2.02018287045608563292872408814;
u(4)=-u(2);
u(5)=-u(3);

elseif order<= 11
u(1)=.436077411927616508679215948251;
u(2)=1.33584907401369694971489428297;
u(3)=2.35060497367449222283392198706;
u(4)=-u(1);
u(5)=-u(2);
u(6)=-u(3);

elseif order<= 17
u(1)=0;
u(2)=.723551018752837573322639864579;
u(3)=1.46855328921666793166701573925;
u(4)=2.26658058453184311180209693284;
u(5)=3.19099320178152760723004779438;
u(6)=-u(2);
u(7)=-u(3);
u(8)=-u(4);
u(9)=-u(5);
else

A(4)=A(2);
A(1)=.945308720482941881225689324449;
A(2)=.393619323152241159828495620852;
A(3)=.019953242059045913207743458594;
A(4)=A(2);
A(5)=A(3);
A(1)=.724629595224392524091914705598;
A(2)=.157067320322856643916311563508;
A(3)=.004530009905508845640857472565;
A(4)=A(1);
A(5)=A(2);
A(6)=A(3);
A(1)=.720235215606050957124334723389;
A(2)=.432651559002555750199812112956;
A(3)=.088474527394376573287975114748;
A(4)=.004943624275536947217224565978;
A(5)=.000039606977263264381904586295;
A(6)=A(2);
A(7)=A(3);
A(8)=A(4);
A(9)=A(5);

disp('Coefficients and locations unavailable for polynomials of that order')
pause, return
end
%Correct points and Coefficients to apply to normal distribution
%instead of the Hermite (e^-2) distribution
u=sqrt(2)*u; A=A/sqrt(pi);

8.1.3 Quadrature Locations & Coefficients for Uniform Variables
function [u,A] = quadcoeffs-unif(order)
%Provides the coefficients for quadrature with a uniform weight function on the interval
between -1 and + 1
%INPUTS:
% order = the coefficients will provide for exact quadrature for all functions of degree <= order
%OUTPUTS:
% u = vector of test points to be used in the quadrature
% A = corresponding weights for the test points u
if order<=3
u(1)=.577350269189625764509148780502;

A(1)=1;
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u(2)=-u(1);
elseif order<=5
u(1)=0;
u(2)=.774596669241483377035853079956;
u(3)=-u(2);

elseif order<=7
u(1)=.339981043584856264802665759103;
u(2)=.861136311594052575223946488893;
u(3)=-u(1);
u(4)=-u(2);
elseif order<=9
u(1)=0;
u(2)=.538469310105683091036314420700;
u(3)=.906179845938663992797626878299;
u(4)=-u(2);
u(5)=-u(3);

elseif order<= 11
u(1)=.238619186083196908630501721681;
u(2)=.661209386466264513661399595020;
u(3)=.932469514203152027812301554494;
u(4)=-u(1);
u(5)=-u(2);
u(6)=-u(3);

elseif order<= 13
u(1)=0;
u(2)=.405845151377397166906606412077;
u(3)=.741531185599394439863864773281;
u(4)=.949107912342758524526189684048;
u(5)=-u(2);
u(6)=-u(3);
u(7)=-u(4);
else

A(2)=A(1);
A(1)=.888888888888888888888888888889;
A(2)=.555555555555555555555555555556;
A(3)=A(2);
A(1)=.652145154862546142626936050778;
A(2)=.347854845137453857373063949222;
A(3)=A(1);
A(4)=A(2);
A(1)=.568888888888888888888888888889;
A(2)=.478628670499366468041291514836;
A(3)=.236926885056189087514264040720;
A(4)=A(2);
A(5)=A(3);
A(1)=.467913934572691047389870343990;
A(2)=.360761573048138607569833513838;
A(3)=.171324492379170345040296142173;
A(4)=A(1);
A(5)=A(2);
A(6)=A(3);
A(1)=.417959183673469387755102040816;
A(2)=.381830050505118944950369775489;
A(3)=.279705391489276667901467771424;
A(4)=.129484966168869693270611432679;
A(5)=A(2);
A(6)=A(3);
A(7)=A(4);

disp('Coefficients and locations unavailable for polynomials of that order')
pause, return
end
A=A/2; %Corrects the coefficients so that the weight function is a uniform pdf
[u,i]=sort(u);
A=A(i);

8.1.4 Gaussian Quadrature for Normal Variables
function [m,v,nom,fcalls,coeffs]=gquad norm(fnctn,mu,sigma,order,varargin)
%Approximates the expected value of fnctn and its variance due to variation of its random
%normal input parameters
%INPUTS:
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% fnctn = handle pointing to the function to be evaluated
% mu= dxl vector of means for each input
% sigma dxl vector of standard deviations for each input
% order = polynomial order to be used in fitting the response of fnctn
% varargin = non-varying parameters to be passed directly to fnctn
%OUTPUTS:
% m= approximated expected value of the function
% v (optional) = approximated variance of the function
% nom (optional) = value of function when all inputs are at their means
% fcalls (optional) = number of times fnctn is called (evaluated)
% coeffs (optional)= coefficients for the expectation shift of fnctn
%Input processing
passargs={mu,varargin{ :} };
if size(mu,2)>1
mu-mu';
end
d=length(mu);
[C,p]=chol'(sigma); %Transforms the input variables into independant ones
if p~0
disp('Input covariance matrix is not positive definite');
return
end
C=C'; %C can now transform pnts generated for iid normals into having the correct covariance
%Get the quadrature coefficients and test points for each dimmension
[u, A] = quadcoeffsnorm(order) ;
%Evaluate the function at each of the test poitns
nom=feval(fnctn,passargs{:}); %Function value when all inputs are at their mean
f-zeros( d, length(u)); %fwill hold the function values
x=zeros( d, length(u)); %rows of x will hold the test points along each axis
fcalls = 1; %Tracks the number of times fnctn is called
for i= l:d %Evaluate the i'th 1-D integral
z=zeros(size(mu)); %z will hold the test points
for j=1 :length(u) %Evaluate the function at point u(j)
z(i) = u);
if z(i)==O %The test point at z=zeros(size(mu)) is already evaluated (=nom)
f(ij) = nom;

else
passargs{ 1}=C*z+mu;
f(i,j)= feval(fnctn,passargs{ 1});
x(i,j)= passargs{1}(i); %This will be needed if coeffs are to be found
fcalls = fcalls + 1
end
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end
end
f= f-nom; %Need to integrate the shift in each dimmension
%Find the mean and variance
m=O; v-0;
for i=1:d

m = m + A*f(i,:)';
end
for i=l:d
v = v + A*f(i,:).^2';

end
v

m

v

-

mA2;

m + nom;

%Determine the polynomial coefficients for the expectation shift in each dimension
if nargout > 2
for i = l:d
coeffs(i,:) = polyfit(x(i,:),f(i,:),ceil(order/2))
end
end

8.1.5 Gaussian Quadrature for Uniform Variables
function [m,v,nom,fcalls,coeffs]=gquad unif(fnctn,mu,rng,order,varargin)
%Approximates the expected value of fnctn and its variance due to variation of its random
%uniform input parameters
%INPUTS:
% fnctn = handle pointing to the function to be evaluated
% mu = dx1 vector of means (one row for each input to fnctn)
% mg = dx1 vector whose elements are the range above and below the mean
% order = polynomial order to be used in fitting the response of fnctn
% varargin = non-varying parameters to be passed directly to fnctn
%OUTPUTS:
% m = approximated expected value of the function
% v (optional) = approximated variance of the function
% nom (optional)= value of function when all inputs are at their means
% fcalls (optional) = number fnctn is called (evaluated)
% coeffs (optional) = coefficients for the expectation shift of fnctn
%Input processing
passargs={mu,varargin{ :} };
if size(mu,2)>1
mu=mu';
end
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d=length(mu);
%Get the quadrature coefficients and test points for each dimmension
[u, A] = quadcoeffs-unif(order) ;

%Evaluate the function at each of the test points
nom=feval(fnctn,passargs{:}); %Function value when all inputs are at their mean
f=zeros( d, length(u)); %fwill hold the function values
x=zeros( d, length(u)); %rows of x will hold the test points along each axis
fcalls = 1 ;
for i=l:d %Evaluate the i'th 1-D integral
z=zeros(size(mu)); %z will hold the test points
for j=1:length(u) %Evaluate the function at point u(j)
z(i) = uj);
if z(i)==O %The test point at z=zeros(size(mu)) is already evaluated (=nom)
f(ij) nom;
x(i,j) mu(i);
else
passargs{ 1 = rng(i)*z + mu;
f(i,j)= feval(fnctn,passargs{ 1});
x(i,j)= passargs{1}(i); %This will be needed if coeffs are to be found
fcalls = fcalls + 1
end
end
end
f= f-nom; %Integrate the shift from nom in each dimmension
%Find the mean and variance
m=O; v-0;
for i=l:d

m = m + A*f(i,:)';
end
for i=l:d
v = v + A*f(i,:).^2';

end
v

m

=

v - m^2;
m + nom;

=

%Determine the polynomial coefficients for the expectation shift in each dimension
if nargout > 2

for i= 1:d
coeffs(i,:) = polyfit(x(i,:), f(i,:), ceil(order/2))
end
end
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8.1.6 CSTR Simulation Code
function varargout=cstr(X,varargin)
%Model's a continuously stired tank reactor design producing "reactant b"
%INPUTS:
% X = a vector of control parameters for the reaction process
% varargin (optional) = a scalar representing the mean of Rb for the given control parameters
%OUTPUTS:
% rb (optional) = the molecular rate of production of reactant b. If varargin is not empty, then rb
%is changed to squared error from the mean.
% Ca (optional) = final concentration of reactant A
% Cb (optional)= final concentration of reactant B
% Ra (optional) steady state temperature of the reacting tank
% F (optional) = volumetric flow rate into reacting tank
maxiter= 1e4;
iter=1;
%Control Parameters:
Cai=X(1); %Initial concentration of reactant A
Cbi=X(2); %Initial concentration of reactant B
Ti=X(3); %Temperature of the mixture entering the reacting tank
Q=X(4); %Heat added to the reacting tank
V=X(5); %Steady state volume liquid in the reacting tank
F=X(6); %Volumetric flow rate into the reacting tank
%System Parameters:
kOa=8.4*10^5; %min^-1
kOb-7.6*10^4; %minA1
Hra=-2.12*10^4; %J/mol
Hrb--6.36* 10^4; %J/mol
Ea=3.64* 10A4; %J/mol
Eb-3.46*10^4; %J/mol
Cp=3.2*10A3;

%J/kg/K

R=8.314; %J/mol/K
rho=1180; %kg/m^3
T=Ti; %Initial guess
t=V/F; %Residence Time
pdT=1; %allows entry into the loop
iter=O;

while pdT> 1e-3
Ca=Cai/( 1 + t*kOa*exp(-Ea/R/T));
Ra=-Ca*kOa*exp(-Ea/R/T);
Cb-( Cbi - t*Ra )/( 1 + t*kOb*exp(-Eb/R/T));
Rb---Ra - Cb*kOb*exp(-Eb/R/T);
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Tnew=( Q - V*(Ra*Hra+Rb*Hrb) )/F/rho/Cp + Ti;
pdT= 100*abs(Tnew-T)/T;
T=T+.5*(Tnew-T);
iter=iter+1;
if iter>maxiter
%
display('Max number of iterations reached in computing T')
break, break, return
end
end
if isempty(varargin)
rb--Rb*V;
else
rb-( Rb*V - varargin{ 1} )^2 ; %Variance is requested, input varargin{1 } is the mean
end
varargout { 1} =rb;
varargout {2} =Ca;
varargout {3 }=Cb;
varargout {4 }=Ra;
varargout{ 5 =Rb;
varargout{ 6 }=T;
varargout {7} =F;

8.1.7 Op-Amp Simulation Files
8.1.7.1

Op-Amp Full Set of Equations Simulation Code

function vout=opamp(X)
%This function computes the offset voltage of an operational amplifier used in coin-operated
%telephones. The amplifier is described in Phadke's "Quality Engineering Using Robust
%Design". The governing equations for the circuit were determined by Dr. Frey. The input X is
%a 21-element vector of inputs describing 20 circuit elements and the ambient temperature,
%which are used to solve a non-linear set of equations to determine voltage offset.
%Constants
K=1.380658e-23;
q=1.602177e-19;

%Boltzmann's Constant
%Electron charge

%Determine the voltage values V which solve the full set of governing equations using Matlab's
%Optimiztion Toolbox fsolve.m function
v(1)=3.948e-7; v(2)=.4370; v(3),=.4380; v(4)=.4180; v(5)=-.4250;
v(6)=-.4080; v(7)=.4190; v(8)=.4280; v(9)=-.0120; v(10)=-.4490;
options = optimset('Display','iter','Jacobian','on','ToX', 1e-9,'Maxlter', 1500);
exitflag = 0 ;
maxiter = optimget(options,'Maxiter');
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while exitflag==0 & maxiter<3e3
home
[v,Fval,exitflag] = fsolve(@opampgoveq_full,v,options,X);
maxiter = optimget(options,'Maxiter');
options optimset(options,'Maxlter',maxiter* 1.25);
end
V=v; %Use the current guess to find Voffset
%Unpack the elements of V
Il=V(1);
Vbel=V(2);
Vbe2=V(3);
Vbe3=V(4);
Vbc 1=V(5);
Vbc2=V(6);
Vbe4=V(7);
Vbe5=V(8);
Vbc4=V(9);
Vbc5=V(10);
Vbc3=0;
%Unpack the elements of X
Rrfm=X(1);
Rrpem=X(2); Rrnem=X(3); Icpcs=X(4); Iocs=X(5);
Rrfp=X(6);
Rrim=X(7);
Rrip=X(8);
Rrpep=X(9); Rrnep=X(10);
Afpm=X( 11); Afpp=X(12);
Afnm=X(13); Afnp=X( 14); Afno=X( 15);
Siepm=X(16); Siepp=X(17); Sienm=X(18); Sienp=X(19); Sieno=X(20);
T=X(21);
%Find the offset voltage, vout
Ic 1=Siepm*( exp(Vbe 1*q/K/T) - exp(Vbc 1*q/K/T));
Ibl=(1-Afpm)*Ic1;
Ic2=Siepp*( exp(Vbe2*q/K/T) - exp(Vbc2*q/K/T));
Ib2=(1-Afpp)*Ic2;
vout= -Rrfp*(Il-Ibl-Ib2) - (Rrip+Rrim)*(Il-Ib1) - Rrfm*Il

disp( vout )
8.1.7.2

Op-Amp Full Set of Governing Equations

function [F]=opampgoveq_full(V,X) %Full Set
%This function provides the governing equations for the differential opamp problem described in
%function "opamp". The equations are non-linear. This function is meant to be called by a
%minimization routine which will select the values of V to drive each of ten equations to zero
%INPUTS:
%V = 10 element column vector describing circuit elements (variables)
%X = 21 element column vector describing circuit elements (parameters)
%OUTPUTS:
%F = 10 element column vector. F(V) = each equation's evaluation for when the circuit variables
%are assigned values V and the parameters are at X.
%Constants
K=1.380658e-23;
q=1.602177e-19;

%Boltzmann's Constant
%Electron charge

%Unpack the elements of X
Rrfm=X(1);
Rrpem=-X(2); Rrnem=X(3); Icpcs=X(4); Iocs=X(5);
Rrfp=X(6);
Rrip=X(8);
Rrpep=X(9); Rrnep=X(10);
Rrim=X(7);
Afpm=X(1 1); Afpp=X(12);
Afnm=X(13); Afnp=X(14); Afno=X(15);
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Siepm=X(16);
T=X(2 1);

Siepp=X(17);

%Unpack the elements of V
II=V(1);
Vbel=V(2);
Vbe4=V(7);
Vbc2=V(6);

Sienm=X(18);

Vbe2=V(3);
Vbe5=V(8);

Sienp=X(19);

Vbe3=V(4);
Vbc4=V(9);

Sieno=X(20);

Vbc1=V(5);
Vbc5=V(10);

Vbc3=0; %Technically, this is F(O)
Ic =Siepm*( exp(VbeI *q/K/T) - exp(Vbc *q/K/T));
Ic2=Siepp*( exp(Vbe2*q/K/T) - exp(Vbc2*q/K/T));
Ic3=Sienm*( exp(Vbe3*q/K/T) - exp(Vbc3*q/K/T));
Ic4=Sienp*( exp(Vbe4*q/K/T) - exp(Vbc4*q/K/T));
Ic5=Sieno*( exp(Vbe3*q/K/T) - exp(Vbc3*q/K/T));

Ibl=(1-Afpm)*Ic1;
Ib2=(1-Afpp)*Ic2;
Ib3=(1-Afnm)*Ic3;
Ib4=(I-Afnp)*Ic4;
Ib5=(1-Afno)*Ic5;

F(1,1)= Icpcs - Ic1 - IbI - Ic2 - Ib2;
F(2,1)= Iocs + Il - Ic5 ;
F(3, 1)= Ib3 - Ic1I + Ic3 + Ib4M

F(4, 1)= Ic2 - Ic4 - Ib5 ;
F(5,1)=
F(6,1)=
F(7,1)=
F(8,1)=

Rrnem*(Ic3+Ib3) - Rrnep*(Ic4+Ib4) - Vbe4 + Vbe3;
(Rrip+Rrim)*(Il-Ibl) - Vbel - Rrpem*(Icl+Ibl) + Rrpep*(Ic2+Ib2) + Vbe2;
Rrnep*(Ic4+Ib4) + Vbe4 + Vbc4 - Vbe5 ;
Rrpep*(Ic2+Ib2) + Vbe2 + Vbc2 + Vbc4 - Vbcl - Vbel - Rrpem*(Icl+Ibl);

F(9,1)= Rrfp*(Il-Ibl-Ib2) + (Rrip+Rrim)*(I1-Ibl) + Rrfm*Il + Vbc5 + Vbe5;
F(10,1)= Vbcl + Vbe3 - Rrfp*(Il-Ibl-Ib2) - (Rrip+Rrim)*(Il-Ibl);

8.1.7.3

Op-Amp Reduced Set of Equations Simulation Code

function [vout,converged]=opampred(X)
%This function computes the offset voltage of an operational amplifier used in coin-operated
%telephones. The amplifier is described in Phadke's "Quality Engineering Using Robust
%Design". The governing equations for the circuit were determined by Dr. Frey. The input X is
%a 21-element vector of inputs describing 20 circuit elements and the ambient temperature,
%which are used to solve a reduced non-linear set of equations to determine voltage offset.
%OUTPUT:
% vout = offset voltage iif Volts
% converged = boolean indicating whether the governing equations where
%satisfactorially solved.
%Constants
K=1.380658e-23; %Boltzmann's Constant
%Electron charge
q=1.602177e-19;
%Unpack the elements of X
Rrfm=X(1);
Rrpem=X(2);

Rrnem=X(3);

Icpcs=X(4);

Iocs=X(5);
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Rrpep=X(9); Rrnep=X(10);
Rrip=X(8);
Rrim=X(7);
Rrfp=X(6);
Afno=X(15);
Afnm=X(13); Afnp=X(14);
Afpm=X(11); Afpp=X(12);
Siepm=X(16); Siepp=X(17); Sienm=X(18); Sienp=X(19); Sieno=X(20);
T=X(21);
%Determine the voltage values V which solve the reduced set of equations using fsovle.m
v(1)=.4190; v(2)=.4370; v(3)=.4380;
% v-.4*ones(3,1);
opts optinset('Display','final','TolX', 1e- 12,'Maxlter', 1500,'TolFun', 1e- 12);
exitfiag = 0;
maxiter = optimget(opts,'Maxlter');
while exitflag==0 & maxiter<1e5 %Make sure optimizer converges to an answer
home
[v,Fval,exitflag] = fsolve(@opampgoveq_red,v,opts,X);
maxiter = optimget(opts,'Maxlter');
opts = optimset(opts,'Maxlter',maxiter* 1.25);
end
if exitflag==0
converged=false;
else
converged-true;
end
V=v; %Use the current guess to find Voffset
%Unpack elements of V
Vbe4=V(1);
Vbe l=V(2);

Vbe3=V(3);

%Find the offset voltage, vout (long equation broken into several terms)
termO=Icpcs - Siepm*Afpm + 2*Siepp - Siepp*Afpp + 2*Siepm +
Siepm*Afpm*exp(Vbe1*q/K/T) - 2*Siepm*exp(Vbel*q/K/T);
term0=Siepp*( term0/( 2*Siepp - Siepp*Afpp) - 1);
terml=Rrfp*( (term0-Sienp*( exp(Vbe4*q/K/T) - 1 ))/(1-Afno) - Iocs - (1-Afpm)*Siepm*(
exp(Vbel*q/K/T) - 1)- (1-Afpp)*term0);
term2=Rrip*( (term0-Sienp*( exp(Vbe4*q/K/T) - 1 ))/(1-Afno) - locs - (1-Afpm)*Siepm*(
exp(Vbel*q/K/T) - 1));
term3=Rrim*term2/Rrip;
term4=Rrfm*( (term0-Sienp*( exp(Vbe4*q/K/T) - 1 ))/(1 -Afno) - locs);
vout= termi + term2 + term3 + term4;

vout=-vout;
8.1.7.4

Op-Amp Reduced Set of Governing Equations

function F=opampgoveq_red(V, X) %Reduced Set
%This function provides the governing equations for the differential opamp problem described in
%function "opamp". The equations are non-linear. Input vector V (length=3) contains three
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%circuit voltages, X is 21 element vector describing circuit paramaters. This function is meant
%to be called by a minimization routine which will select the values of V to minimize the sum of
%squares of three equations (in which X are parameters and V are variables whose values need
%to be determined)
%Constants
K=1.380658e-23;
q=1.602177e-19;

%Boltzmann's Constant
%Electron charge

%Unpack the elements of V
Vbe l=V(2);
Vbe4=V(1);

Vbe3=V(3);

%Unpack the elements of X
Rrpem=X(2); Rrnem=X(3); Icpcs=X(4); Iocs=X(5);
Rrfm=X(1);
Rrnep=X(10);
Rrip=X(8);
Rrpep=X(9);
Rrim=X(7);
Rrfp=X(6);
Afnm=X(13); Afnp=X(14); Afno=X(15);
Afpm=X( 11); Afpp=X(12);
Siepm=X(16); Siepp=X(17); Sienm=X(18); Sienp=X(19); Sieno=X(20);
T=X(2 1);
F(1,1)= (1-Afnm)*Sienm*( exp(Vbe3*q/KIT) -1) - Siepm*( exp(Vbel*q/K/T) - 1)
+ Sienm*( exp(Vbe3*q/K/T) -1 ) + (1-Afnp)*Sienp*( exp(Vbe4*q/K/T) - 1 );
F(2,1)= Rrnem*(Sienm*( exp(Vbe3*q/K/T) - 1 ) + (1-Afnm)*Sienm*( exp(Vbe3*q/K/T) - 1)) ...
-Rrnep*( Sienp*( exp(Vbe4*q/K/T) - 1) + (1-Afnp)*Sienp*( exp(Vbe4*q/K/T) - 1))
- Vbe4 + Vbe3;
%The third equation is really large, so it's broken up into several terms
termO=Icpcs - Siepm*Afpm + 2*Siepp - Siepp*Afpp + 2*Siepm +

Siepm*Afpm*exp(Vbe1*q/K/T) - 2*Siepm*exp(Vbe1*q/K/T);
termO=Siepp*( termO/( 2*Siepp - Siepp*Afpp) - 1 );
terml=Rrip*( (term0-Sienp*[exp(Vbe4*q/K/T) - 1 ))/(1-Afno) - Iocs - (1-Afpm)*Siepm*

( exp(Vbe1*q/K/T) 1) );
term2=Rrim* (terml /Rrip);
term3=-Vbe1-Rrpem*(Siepm*(exp(Vbe1*q/K/T)-1) + (1-Afpm)*Siepm*(exp(Vbe1*q/K/T)-1));
term4=Rrpep*( termO + (1-Afpp)*termO );
term5=Icpcs - Siepm*Afpm + 2*Siepp - Siepp*Afpp + 2*Siepm +
Siepm*Afpm*exp(Vbe1 *q/K/T) - 2*Siepm*exp(Vbel *q/K/T);
term5=K*T* log( term5/(2* Siepp-Siepp*Afpp) )/q;
% if -isreal(term5)
% disp('Imaginary value found, press any key to continue')
% pause
% end
F(3,1)= termI + term2 + term3 + term4 + abs(term5);
8.1.7.5

Op-Amp Noise Simulation Using Orthogonal Array

function varargout=opampnoiseOA(Xc)
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%Uses an L36 orthogonal array to compute the variation in offseet voltage for the opamp
problem at a given control factor setting.
%INPTUS:
% Xc = control factor settings to test at
%OUTPUTS:
% mean = average offset voltage for the given control factors settings
% variance (optional) = variance in offset voltage for the given control factors
% eta (optional) = S/N ratio (signed-target type) for the given Xc
X=zeros(21,1); %The entries of X change for different experiments
if isempty(Xc) %No control parameter settings supplied
Xc(1,1)=71e3; Xc(2,1)=15e3; Xc(3,1)=2.5e3;
Xc(4,1)=20e-6; Xc(5,1)=20e-6;
end
Xn=Xc;
%Non-control parameters
Xn(ll)=.9817; Xn(13)=.971; Xn(15)=.975;
Xn(16)=3e-13; Xn(18)=6e-13; Xn(20)=6e-13;
Xn(2 1)=298;
%The entries of Xn are static and needed to compute X
%Define Testing Levels: the 1st 10 factors have 2 levels
N=[.9967 1.0033 0;
.93 1.07 0;
.93 1.07 0;
.98 1.02 0;
.98 1.02 0;
.9933 1.0067 0;
.9933 1.0067 0;
.9933 1.0067 0;
.9933 1.0067 0;
.9933 1.0067 0;
.99 1
1.01;
.998 1
1.002;
.99 1
1.01;
.998 1
1.002
.99 1
1.01;
.45 1
2.21;
.92
1
1.08;
.45 1
2.21;
.92 1
1.08;
.67 1
1.49;
.94 1
1.06; ];
%Create the L36 Othogonal Array
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OA=[1 1
11 11 1111111 1111;
1111
12 22 2222222 22;
1111
13 33 3333333 33;
1111
21 11 122 2 2 3 33;
1111
22 22 233 3 3 1 11;
1111
23 33 311 1 1 2 22;
21 12 312 3 3 1 23;
1122
1122
22 23 123 1 12
1122
23 31 231 2 23
1212
21 13 213 2 32
1212
22 21 321 3 13
1212
23 32 132 1 21
1221
11 23 132 1 33
1221
12 312132 11
1221
13 123213 22
1222
11 23211 3 23
1222
12 31322 1 31
122 2 1 2 1 2 1 3 12133 2 12
212 2 1 1 2 1 1 12 333122123;
212 2 1 1 2 1I 1 23 111233231;
212
13 1 2
11 21
3113 1
212 22 11 2 1 2 3
2113 3
212 22 11 2 2 3 1
3221 1
212 22 11 2 3 1 2
1332 2
1 13 1
211 22 22
3131 2
211 22 22
12 1 2
1212 3
13 2 3
211 22 22
2323 1
222 11 22 1 2 1 3 2
132 3 1
222 11 22 1 2 2 1 3
213 1 2
222 11 22 1 2 3 2 1
321 2 3
221 12 11 2213332 3 221 2 1
221 12 11 2221113 1 332 3 2
221 12 11 22 32 2 2 1 2 113 1 3
221 21 12 21 13 1 2 3 2 312 2 3
221 2 1 12 21 21 2 3 1 3 123 3 1
221 2 1 12 21 32 3 1 2 1 231 1 2
%Remove the 11th and 23 columns
OA=[ OA(:,1:10), OA(:,12:22)];
%Begin experiments
h=waitbar(O,'Running Experiments');
for i1l:size(OA,1)
%Determine factor levels for current experiment
for j=1:5
XOj)=XnOj)*N( j, OA(ij) )
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end

j=6;

X(j)=X(1)*N(

j, OA(ij)

); %

X(j)=X(1)*N( j, OA(ij) )/3.55; %
X(j)=X(1)*N(j, OA(i,j) )/3.55; %
j=9; X(j)=X(2)*N( j, OA(ij) );%
j=10; X(j)=X(3)*N(j, OA(ij) ); %
j=11; X(j)=Xn(j)*N( j, OA(ij) );
j=12; XOj)=X(l l)*N( j, OA(ij) );%
j=13; X0j)=Xn0j)*N( j, OA(ij) )
j=14; X(j)=X(13)*N(j, OA(ij) ); %
j=15; X(j)=Xn(j)*N( j, OA(ij));
j=16; Xj)=Xn(j)*N( j, OA(ij));
j=17; Xoj)=X(1 6)*N( j, OA(ij) );%
j=18; X0j)=Xn0j)*N( j, OA(ij) );
j=19; XOj)=X(1 8)*N( j, OA(ij) );%
j=20; X0j)=Xn0j)*N( j, OA(ij) )
j=2 1; X0j)=Xn0j)*N( j, OA(ij) )
waitbar(i/size(OA, 1), h, sprint f('Running experiment %d', i))
Voff(i,1 )=-opampred(X)* 1e3; %Runs the experiment
end
close(h) %Close the waitbar
j=7;
j=8;

%Compute the mean, variance, and eta
mean = mean(Voff);
variance = sum(( Voff-ones(size(Voff)) ).^2)/length(Voff);
if nargout ==3
eta = 10*log0(variance)
end
varargout{ 1}=mean;
varargout {2} =variance;
varargout{ 3 } =eta;
8.1.7.6

Op-Amp Noise Simulation Using Monte Carlo

function [avg,variance,eta]=opamp_noiseMC(Xc, tol)
%Uses Monte Carlo simulation to asses the variation in offset voltage for the opamp problem at
%specified control factor settings
%INPTUS:
% Xc control factor settings to test at
% tol relative tolerance on changes in variance between iterations afterwhich the simulation
%will be stopped
%OUTPUTS:
% avg = average offset voltage for the given control factors settings
% variance (optional) = variance in offset voltage for the given control factors
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% eta (optional) = S/N ratio (signed-target type) for the given Xc
X=zeros(21,1); %The entries of X change for different experiments
if isempty(Xc) %No control parameter settings supplied
Xc(1,1)=71e3; Xc(2,1)=15e3; Xc(3,1)=2.5e3;
Xc(4,1)=20e-6; Xc(5,1)=20e-6;
end
Xn=Xc;
%Non-control parameters
Xn(11)=.9817; Xn(13)=.971; Xn(15)=.975;
Xn(16)=3e-13; Xn(18)=6e-13; Xn(20)=6e-13;
Xn(21)=298;
%The entries of Xn are static and needed to compute X
%Begin with all parameters at their mean values
X=Xn;
X(6)=Xn(1);
X(7)=Xn(1)/3.55; X(8)=Xn(1)/3.55;
X(9)=Xn(2);
X(10)=Xn(3);
X(12)=Xn(1 1);
X(14)=Xn(13);
X(17)=Xn(16);
X(19)=Xn(1 8);
Voff= opampred(X)* 1e3;
variance = var(Voff);
oldv-variance;
%Randomly sample until convergence is acheived or maxiters reached
done=false;
iter=1; -maxiters=le4;
h=waitbar(0,'Running Experiments');
while ~done
if mod(iter,5)==O %Every 5 iterations
oldv-variance;
end
iter = iter + 1;

waitbar(iter/maxiters, h)
if mod(iter, 1000)==O
waitbar(iter/maxiters, h,sprintf('Running Experiments %0.3g percent
complete', 100* iter/maxiters));
end
%Pick random values for each of the parameters. Parameters 1 to 5,
%11,13,15,16,18,20, and 21 are all independant
X(1)= normrnd( Xn(1), .01*Xn(1)/3);
X(2)= normrnd( Xn(2), .21 *Xn(2)/3);
X(3) = normrnd( Xn(3), .21*Xn(3)/3);
X(4) = normrnd( Xn(4), .06*Xn(4)/3);
X(5) = normrnd( Xn(5), .06*Xn(5)/3);
X(6) = normrnd( X(1), .02*X(1)/3 );

X(7)= normrnd( X(1)/3.55, .02*X(1)/3.55/3);
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X(8) = normrnd( X(1)/3.55, .02*X(1)/3.55/3);
X(9) = normrnd( X(2), .02*X(2)/3 );
X(10) = normrnd( X(3), .02*X(3)/3 );
X(1 1) = normrnd( Xn(1 1), .025*Xn(1 1)/3);
X(12) = normrnd( X(1 1), .005*X( 1)/3 );
X(13) = normrnd( Xn(13), .025*Xn(13)/3);
X(14) = normrnd( X(13), .005*X(13)/3 );
X(15) = normrnd( Xn(15), .01*Xn(15)/3 );
X(16) = 10(normrnd( logO(Xn(16)), log10(7)/3 ));
X(17) = 10^(normrnd( loglO(X(16)), log1O(1.214)/3 ));
X(18) = I1(normrnd( log 10(Xn( 18)), log 10(7)/3 ));
X(19) = 10^(normrnd( logO(X(18)), log10(1.214)/3 ));
X(20) = 10^(normrnd( log1 0(Xn(20)), log10(2.64)/3 ));
X(21) = normrnd( Xn(21), .15*Xn(21)/3);
%Run the experiment
[v,converged]=opamp_red(X);
if converged==false
%Ignore this experiment
else
Voff(iter)=v*1 e3;
end
save v Voff
vari(iter)-var(Voff);
mu(iter)=mean(Voff);
if iter > 100 & mod(iter,5)==0 %Check every 5 iterations
%Check for convergence on the variance or if maxiters exceeded
variance = var(Voff);

if abs(variance-oldv)/variance < tol
done = true;

elseif iter>=maxiters
done = true;
end
end
end
close(h) %Close the waitbar
avg mean(Voff);
eta = -10*log10(variance);

plot(mu),
8.1.7.7

pause,

plot(variance)

Op-Amp Noise Simulation Using Gaussian Quadrature

function [avg,variance,eta,coeffs]=opamp noiseGQ(Xc, order)
%Uses Gaussian Quadrature to asses the variation in offset voltage for the opamp problem at
%specified control factor settings.
%INPTUS:
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% Xc = control factor settings to test at. Defaut values are used if an empty array is provided.
% order = polynomial order to be used to approximate the response
%OUTPUTS:
% avg = average offset voltage for the given control factors settings
% variance (optional) = variance in offset voltage for the given control factors
% eta (optional) = S/N ratio (signed-target type) for the given Xc
% coeffs (optional) = coefficients for the expectation shift of fnctn
X=zeros(21,1); %The entries of X change for different experiments
if isempty(Xc) %No control parameter settings supplied
Xc(1,1)=71e3; Xc(2,1)=15e3; Xc(3,1)=2.5e3;
Xc(4,1)=20e-6; Xc(5,1)=20e-6;
end
Xn=Xc;
%Non-control parameters
Xn(l1)=.9817; Xn(13)=.971; Xn(15)=.975;
Xn(l6)=logl0(3e-13); Xn(18)=logl0(6e-13); Xn(20)=logl0(6e-13);
Xn(21)=298;
%The entries of Xn are static and needed to compute X
%Defme the vector of mean values
X=Xn;
X(6)=Xn(1);
X(7)=Xn(1)/3.55; X(8)=Xn(1)/3.55;
X(9)=Xn(2);
X(10)=Xn(3);
X(12)=Xn(1 1);
X(14)=Xn(13);
X(17)=Xn(16);
X(19)=Xn(18);
%Determine the co-variance matrix (21x21 matrix "C")
%load opampcovariance C %saves time if X hasn't changed
C = opampgetSIGMA(Xc,30000);
%Run the Quadrature Routine
[avg, variance, nom, fcalls, coeffs]=onedquad n(@opampred tx, X, C, order);
[avg2, variance2, nom2, fcalls, coeffs]=onedquad n(@opampredtx, X, C2, order);
eta = -10*log10(variance) ;

function [vout,converged]=opampred tx(X)
%Converts some elements of X into log normal form, for use with opamp noiseGQ and
%opamp__noiseHSS
for i--16:20
X(i)=1 O^X(i);
end
[vout,converged]=opampred(X);
vout=1000*vout;
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8.1.7.8

Op-Amp Simulation Using Hammersley Sequence Sampling

function [avg,variance,eta]-opampnoiseHSS(Xc, N)
%Uses a Hammersely Sequence Sampling technique to assess the variation in offset for the
%opamp problem at specified control factor settings
%INPTUS:
%Xc = control factor settings to test at. Defaut values are used if an empty array is provided.
%N = Desired number of points in the sample
%OUTPUTS:
% avg = average offset voltage for the given control factors settings
% variance (optional)= variance in offset voltage for the given control factors
% eta (optional) = S/N ratio (signed-target type) for the given Xc
X=zeros(21,1); %The entries of X change for different experiments
if isempty(Xc) %No control parameter settings supplied
Xc(1,1)=71e3; Xc(2,1)=15e3; Xc(3,1)=2.5e3;
Xc(4,1)=20e-6; Xc(5,1)=20e-6;
end
Xn=Xc;
%Non-control parameters
Xn(ll)=.9817; Xn(13)=.971; Xn(15)=.975;
Xn(16)=logl0(3e-13); Xn(18)=logl0(6e-13); Xn(20)=logl0(6e-13);
Xn(2 1)=298;
%The entries of Xn are static and needed to compute X
%Defme the vector of mean values
mu=Xn;
mu(7)=Xn(1)/3.55; mu(8)=Xn(l)/3.55;
mu(6)=Xn(l);
mu(12)=Xn(1 1);
mu(10)=Xn(3);
mu(9)=Xn(2);
mu(19)=Xn(8);
mu(17)=Xn(16);
mu(14)=Xn(13);
if size(mu,2)~=l
mu=mu' %Make mu a column vector
end
%Determine the co-variance matrix (21x21 matrix "C")
%useful if X has not changed
%load opamp_covariance
C = opampgetSIGMA(Xc, 30000);
[Tx,p]=chol(C); %Transforms the input variables into independant ones
if p-0
disp('Input correlation matrix is not positive definite');
return
end
Tx=Tx'; %Tx can now transform points generated for iid normals into having the correct
covariance
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%Generate the HSS test points
pnts = hammersley( length(X), N, false, true);
%Determine offset voltage at each test point
iter=0; maxiters=size(pnts, 1);
done=false;
h=waitbar(0,'Running Experiments');
for iter--1:maxiters
waitbar(iter/maxiters, h)
if mod(iter, 100)==0
waitbar(iter/maxiters, h,sprintf('Running Experiments %0.3g percent
complete', 100* iter/maxiters));
end
%Transform current HSS point into space with correct covariance
X = Tx*pnts(iter,:)'+ mu;
%Run the experiment
[v,converged]=opampred tx(X);
if converged==false
%Ignore this experiment
else
Voff(iter)=v;
end
save v Voff
end
close(h)
avg = mean(Voff);
variance = var(Voff);

eta - -10*logI0(variance);
8.1.7.9

Op-Amp Covariance Matrix Estimation Using Monte Carlo Simulation

function [C]=opampgetSIGMA(Xc, N)
%Uses Monte Carlo simulation to determine the covariance matrix for the
%opamp problem at specified control factor settings
%INPTUS:
% Xc = control factor settings to test at
% N = number of points to be used for calculation
%OUTPUTS:
% C = estimate of covariance matrix
%Non-control parameters
Xn(11)=.9817; Xn(13)=.971; Xn(15)=.975;
Xn(16)=3e-13; Xn(18)=6e-13; Xn(20)=6e-13;
Xn(2 1)=298;
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%The entries of Xn are static and needed to compute X
%Randomly sample until N samples are produced
iter-O;
done=false;
obs=zeros(N,21); %Each row is a sample point, each column is the value of an element of X
h=waitbar(0,'Deterimining Covariance Matrix');
while ~done
iter = iter + 1;

waitbar(iter/N, h)
if mod(iter, 1000)==O
waitbar(iter/N, h,sprintf('Deterimining Covariance Matrix %0.3g percent
complete', 100* iter/N));
end
%Pick random values for each of the parameters. Parameters 1 to 5,
%11,13,15,16,18,20, and 21 are all independant
X(1) normrnd() (n(1), .01*Xn(1)/3 );
X(2) normrnd() (n(2), .21*Xn(2)/3 );
X(3) = normrnd() (n(3), .21*Xn(3)/3 );
X(4) = normrnd() (n(4), .06*Xn(4)/3);
X(5) = normrnd() (n(5), .06*Xn(5)/3);
X(6) = normrnd() ((1), .02*X(1)/3 );
X(7) normrnd() X(1)/3.55, .02*X(1)/3.55/3);
X(8) = normrnd( X(1)/3.55, .02*X(1)/3.55/3);
X(9) normrnd() ((2), .02*X(2)/3 );
X( 10) = normrnd( X(3), .02*X(3)/3 );
X(11 ) = normrnd( Xn(1 1), .025*Xn(1 1)/3);
X( 12) = normrnd( X(11), .005*X(11)/3 );
X( 13) = normrnd( Xn(13), .025*Xn(13)/3);
X( 14) = normrnd( X(13), .005*X(13)/3 );
X( 15)= normrnd( Xn(15), .01*Xn(15)/3 );
X( 16)= normrnd( loglO(Xn(16)), log1O(7)/3);
X( 17) = normrnd( log1O(1O^X(16)), log1O(1.214)/3);
X( 18) = normrnd( loglO(Xn(18)), loglO(7)/3 );
X( 19) = normrnd( log1O(1O^X(18)), log1O(1.214)/3);
X(20 ) = normrnd( loglO(Xn(20)), log1O(2.64)/3);
X(21 ) = normrnd( Xn(21), .15*Xn(21)/3 );
%Store the resulting X vector as a row of obs
obs(iter,:)=X';
if iter >= N
done = true;

end
end
close(h) %Close the waitbar
C=cov(obs);
save opampcovariance C obs

