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Abstract

The first part describes a fast string-editing algorithm. A
string-editing algorithm measures the distance between two character
strings by the minimal-cost sequence of deletions, insertions and
replacements of symbols needed to transform one string into the other.
The longest common subsequence problem can be solved as a special case.
An algorithm assuming a finite alphabet with restrictions on the edit
costs solves this problem in time O(nm/log n) where n, m are the
lengths of the strings. Bounded intervals of integral linear
combinations of the edit costs must not be dense. Otherwise the
algorithm might not work.

The second part describes work with decision graphs. Decision
graphs are like random-access finite-state machines where each state
can only look at one particular input character. They model space
complexity problems. Optimal real-time decision graphs are exhibited
for counting functions. A time-space trade-off exists using this
model. Boolean formulas and contact networks are modelled using
decision graphs. Matching upper and lower bounds are shown for the

complexity of arbitrary boolean functions -- 0(2"/n). Last
deterministic decision graphs model non-deterministic decision graphs

with c states using 0(cl*199 ©) states,
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Part I - A Fast Algorithm for the String Editing Problem
1. Introduction

Wagner and Fisher [S] presented an algorithm for determining a
sequence of edit transformations that changes one string 1nto.another.
The execution time of their algorithm is proportional to the product of
the lengths of the two input strings.

To define a notion of "distance”, use the same 3 operations: (1)
inserting a character into a string; (2) deleting a character from a
string; and (3) replacing one character of a string with another.
Michael Paterson [4] developed a fast algorithm. It runs in time
proportional to the product of the lengths of the strings, divided by
the log of the length of the longer string, if both the alphabet for
the strings is finite, and the number of integral linear combinations
of edit costs for the edit operations within any bounded interval 1is
finite. |

This algorithm is useful for computing the edit distance between
long strings. As a special case it can compute the longest common

subsequence of a pair of strings.

1.1 Basic Definitions
The following symbols will be used:

A A string of characters over some alphabet Z.
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|Al The length of string A.

A, The nth character of the string A (lA,l=1).

Al+J The string Ai,...,Aj, (IAi'Jlaj-ia—l).

A™  An abbreviation for Al*P,

A The null string also denoted A9,

An edit operation is a pair (a,b)=(\,)\) of strings of length less

than or equal to 1, also denoted as a»+b. String B results from string
A by the edit operation a+b, written "A+B via a-+b", if A=ear and B:ébf

for some strings ¢ and #. Call a-+b a replacement operation if a=\ and

bm\; a delete operation if b=\; and an insert operation if a=A. |
| Let S be a sequence sy,...s, of edit operations (alternatively an
edit sequence). An S derivation of A to B is a sequence of strings Co»
Cysee+s» Cp such that A= Cy, B= Cp and for all 1<i<m, Cy_;-» C; via sy.
The sequence S takes A to B if there is some S derivation of A to B.
Let 4 be an arbitrary cost function assigning a nonnegative real
number to each edit operation a+b. Let 4 be defined for sequences S
of edit operations sy,...,s, by letting 7(S)=1S§Sn v(sy). Define the
edit distance 'A,B from string A to string B to be the minimum cost of
all sequences of edit operations taking A to B. Formally ‘A.B’
min{y(S) IS is an edit sequence taking A to B). |
Assume ¥ (a-b) "'a.b for all edit operations a-»b. (Equivalently
assume y(a+a)=0 and y(a+b)+y(b+c)2y(asc).) This leads to no loss of

generality, for if $ is the distance function associated with a cost
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function 4, it is easily verified 8 is the distance function associated
with the cost function ¥' for which ¥' (a»b) "‘a,b and ¥' has the desired
properties.

Let 8 always denote the distance function between the strings A
and B, and denote 'Ai.Bj by 'i,j' Write the cost of replacin.g a with b

as Ra.h' the cost of deleting a as Dgy and the cost of inserting a as

I

1.2 Previous Results

The best upper bound known on the time for computing TA,B is
OCIAI+IBI) [5]. For infinite alphabets this result is optimal ([1);
however, using the idea of the 4 Russians algorithm [2] Michael
Paterson reduced the time needed to O(lAl+IBi/log (max (lAl, IBI))) if
the alphabet was finite and the edit costs were restricted. The
matrix-filling algorithm in (5] computes 8§ by computing '1,1 for each
pair of strings (Ai, BJ) using an (jAl+1) x (IBl+1) matrix for «
(Figure 1a). Wagner and Fisher [5] showed each element of the matrix
is determined by 3 previously computed matrix elements. Theorem 2

describes how the border is computed.

Theorem 1(5). For all {,j such that 1<i<lAl, 1<j<IBI:

‘1.j = min (‘1_1’1-1}. Rﬂi.Bj’ ‘i‘l,j + DAi’ ‘1'1_1 + IBj).
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Ababaaa A\babaaa
20123456 Ax0123456
al1212345 al 2 S
b2121234 b 2 1 4
al2121213 al212123
b4a321234 b 4 1 4
b5432345 bS$S 2 S
b6543456 b6543456

Figure la Figure 1b

The alphabet is {a,b}.
Assume I =D = 1, Ra,b = Rb.a = 2

and Ra.a =R b,b = 0.

Figure 1 Computing Distances with Matrices

The initial values (i,j) of a matrix are all entries with i=0 or

J=0. The initial values for the matrix can be computed in O(iAl+IB})

time. An initial value sequence is a sequence of initial values.

Theorem 2([5]. 80.0-0, and for all i,j such that 1<i<IAl, 1<j<IBI,

8, 0= . & .
i,0 lSI"SiDAI‘ and ‘0.1 ls;s:l IBI".

Each of the [Al*IBl entries in the matrix can be computed in

constant time, so the matrix filling algorithm runs in time O(lAl-IBI).
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2. The Faster Algorithm

A m+1X™+1 submatrix is associated with a pair of length m strings
and a pair of length m initial value sequences. (The initial values
for a submatrix can come from almost anywhere in the matrix.) A
submatrix computes the edit distance on the given strings assuming the
initial values are as specified. To compute the matrix more
efficiently precompute all possible m+lxm+1 submatrices, on all pairs
of length m strings and all possible length m sequences of initial
values. Then compute a'lAI/m X IBl/m matrix on the alphabet E™ by
using the precomputed submatrices (Figure 1b). ‘To prove this is better
first show that all submatrices can be computed fast, then that using

the submatrices does not change the answer.

2.1 Bounded Intervals

To compute all possible submatrices enumerate all m length strings
and all possible length m initial value sequences. The alphabet is
assumed finite, so enumerating all strings is easy. There are too many
1n1t1a1}va1ue sequences to enumerate economically, so enumerate all
sequences of steps instead. Define a step to be the difference between
any two adjabent matrix elements. The size of steps in a matrix is
bounded. Let‘ns {the set of edit costs) and let I(@) be the
associated ideal. The set @ is sparse only if there exists some small

real constant r such that the difference between any two elements of
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I1(@) is some integral multiple of r. Edit functions mapped from the
integers or the rational numbers are sparse, from the real numbers may
not be. If the set of edit costs is sparse and the possible steps. are
bounded then there is a finite number of steps to consider. Consider
each initial value sequence as a starting value and a sequence of
steps. Showing the steps are bounded takes two operations. First,

show the initial value steps are bounded.

Lemma 1. For all i,j; 1if 1<i<IAl, 1<j<IBI,
(1) (min D)< 8 o - 84.p,0< DA1$ (max Da)
(11) (mwin IS 8y 4 - &g ;.1 IBjS (max I.).
PROOF. (1) By Theorem 2, ‘1-0‘1351 Dp_ and '1‘1v9=1g§51-1 .
Therefore 81’0 - 81_1.0 = D“i’ S0
(ain DS by 0 - 4j.1,0S Dp,§ (max Dy,

(11) follows by a similar argument.O
And second, show all steps in the matrix are bounded.

Theorem 3. For all i,j; if 1<i<lAl, 1<j<IBl, then
(1) min((min Ra'b)-(max 1), (min D)L '1,3 - ‘1-1..15 DAiS (max Dp)
(1) min((in Ry p)-(max Dy), (min I 8 -85 j.4< IBJS (max Ip).
PROOF. (1) Proceed by induction on i+j.
If 1+)J<0 the theorem vacuously holds.
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Now suppose the theorem holds for all i,j such that i+ < r. If
J=0 Lemma 1 holds and the theorem holds. If i=0 it is meaningless.

By Theoren 1, 81’33 min(ii_l.j_l + RAi’Bj, ‘1,1'1 + DA!.’ .1.1‘1 +
IBJ)' In particular:

81,38 41-1,5 * Dy
or ‘1'1 - ‘i"l,js DAiS (max Da).

To show the lower bound there are 3 cases corresponding to the 3

ways of computing 81’_1.
Case 1: Suppose ‘i,j = ‘1-1.3-1 + R"i'aj' The inductive hypothesis
yields:
‘1"12 ‘1-1’1 - (max Ia) + RAi’Bj’
‘1':‘ - 31_1’:]2 RAi’Bj - (max Ia)
2 (min R, p) - (max Ip).
Case 2: Suppose ’i,j" 81,1’1 + DAi, then
$4,5 = 811,57 Dy
2 (min D).
Case 3: Suppose ai’ = 81’ jo1* Inj. By the inductive hypothesis:
'1,,1"1 - ‘1_1’1_12 min ((min Ra) - (max Ia), (min Da)), IBj 2 ‘1_1.1 -
84-1,j-1- Substituting yields
81,5 = 811,32 IBj - IBj + min((min Ry p) - (max I,), (min
Dgy))
2 min((min Ry ) - (max Ig), (min Dy)).
(11) follows by a similar argument.O
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Now given the sparse domain show there is a finite number of steps

in the matrix.

Corollary 1. Given a sparse set of edit distances @ the set of
possible steps is finite.

PROOF. For all i,j such that 0<i<IAl and 0<j<IBI 85,5 1s the sum of
the costs of a series of edit operations. Therefore the steps are
merely linear combinations of @. By Theorem 3 the steps are bounded.
Since the bounds on the step sizes are known, the number of possible

steps is finite.O

2.2 Submatrix Insertion Is Valid

Now show that using a submatrix produces the correct values.
First show any constant added to the initial values is uniformly
propagated through the entire submatrix. Let A and B be strings. The
pair (A,B) is said to have a common suffix of length m if the last m

characters of A and B are identical.

Theorem 4. Given the pairs of strings (A,C), and (B,D) with common
suffixes of lengths n and m respectively.

Let p=lAl-n, r=ICl-n, s=IBl-m and t=|D|-m.

Assume 8 acts on (A,B) and 8' acts on (C,D). If for all i,j such
that 0 £1 < n, 0 £ J < m ach,
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‘p‘_i’s = "r+i|t + .,
and ‘p,s+j = "r,t+j + a

then Bppj sey = 8'pai,teg * @
PROOF. Proceed by induction on i+j.

If 1=0 or j=0 the theorem is true.
Now assume it is true for i+j<r, 120 and j> 0. By Theorem 1:

bpet,seg = BINGprso1 seg1 * Ra B o Speicl,sey * DA g0 pet,ses-1

By the inductive hypothesis:

Spet,seg = BING rogp teg1 * Re Dyt W Flreteltey Y Do, v @
Vet teg-1 * IDt,,j +a)

= 8'ryi,tey + O

2.3 Generating All Submatrices

A step sequence is a sequence of possible steps, a step sequence
and a starting value determines an initial value sequence. First
enumerate all length m strings and length m step sequences. Define
f:2+ (0, ..., 1Z1-1). Let J= {(all possible steps in I1(@)), then
define g:J-» (0, ..., |JI-1}). Enumerate all m length strings and all
sequences of m steps in lexicographic order using f and g. Using an
increment mod p algorithm, this can be done in time O(mzk“) for some
appropriate k.

Next calculate the submatrices. This must be done for all pairs
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of length m strings and sequences of m steps-- 0 (I1Z12®1J12®) tipes.
Assume G(i,S) returns the ith step in the step sequence S. Calculate
each submatrix with step sequences S1 and S2 on strings C and D using
Algorithm Y [S]. The function store saves the matrix T so that it can
be easily recovered given the step sequences and the strings. The
algorithm takes time O(mz) for each submatrix, so calculating all of
the submatrices takes time O(nzzu'") for some appropriate £. The

correctness of Y is shown in [5] using Theorems 1 and 2.

Algorithm Y
for each pair C,D of strings in ¥ and step sequences S1 and S2 do
begin
T(,0):= 0;
for i=1 to m do begin

T{,0:= T(@{-1, 0) + G(i, S51);
TO,1):= T(0, 1-1) + G(i, S2);
end;
for i= 1 to m do
for j= 1 to m do begin
kl:= T(1-1, j-1) + Rci'DJ;

k2= T-1, ) + D¢
k3:= T(1, J-1) + Ip;

T, J):= min(kl, k2, k3);
end;
store (T,S1,S52,C,D);
end;

2.4 Computing the Edit Distance
Finally compute 8 using the information stored in T. Assume

E(xg, ..., Xp) returns the sequence S of steps for the matrix values

Xgy s+ey Xp Assume F(S1, S2, C, D) returns a pointer to the submatrix
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with the step sequences S1 and S2 using the strings C and D, and T(P,
i, jJ) returns the (i, j) element of the submatrix pointed to by P.
(Note F and store are each other's inverses.) - The functions E and F
can both be computed in time O(m). The additive constant result

(Theorem 4) ensures the algorithm works.

Algorithm Z
§ (0, 0): =0;

for i=1 to |Al do '1,0" 81-1'0 + DAi;
for j=1 to IBI do ‘ﬂ,j:' 30’:,_1 + IBJ;

for 1i=0 to |Al-m by m do
for j=0 to IBl-m by m do begin
Sl: = E(SLJ, coey ‘i‘ﬂﬂ,j);
S2: = E(‘i.j’ veey ‘i j'Hn);

P:= F(S1, S2, Ai+1,i+m’ BJ+1.j+m);
for d=1 to m-1 do begin
‘i+m,j+d‘= ‘1,3 + T(P, m, d);

Sied, jom’ = 84,5 + T 4, m);
end

end

- The timing analysis of Z is straightforward, Algorithm Z runs in
time O(IAl*IBI/m). Choosing me min((log m)/k, (log n)/4f) the entire
Algorithm (Y and Z) runs in time O(lAl-IBI/log (max (lAl, [BI))). If
IAl>>{Bl the algorithm uses time O(lAl+IBi/log |Al) using log Al X

log |Al submatrices.

8. Sparseness Is Necessary
The last section used an nxn matrix to compute the edit distance

between two strings assuming a finite alphabet and a sparse domain.
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This section presents an example demonstrating sparseness of the set of

edit costs is a necessary condition for using Algorithms Y, Z.

8.1 Computation with Paths

All possible ways of changing one string into another using
matrices must be described. A path in the matrix (Figure 2)
P(4,J), k,8) is defined as a starting point (i,j), an ending point
(k, ), and a sequence of edit operations, such that k-i= the number of
replacements plus deletions and 2-j= the number of replacements plus
insertions. A replacement moves the path one space diagonally (i, j)~
(1+1, j+1); an insertion moves the path one space to the right (i, j)~
(1, J+1); and a deletion moves the path one space down (i, )~ (i+1, j).
The number of operations in P is (Pl. Write P(k,42) for P((O, 0,
(k,8)). The concatenation of two paths P((i,j), (,®) and Q((k,42),
(s, t)) is written PoQ. The edit operations for PeQ are the edit
operations for P followed by those for Q. Let Hp(i) be the ith edit
operation applied by P for 1<i<IPI.

Each operation is associated with the letters it affects. Let
C(P) be the sum of the costs for each operation, or more precisely
CP) = lsém y(H({)). An alternate definition for & is min{ C(P(IAl,
IB1))).

Describe the eccentricity of P((i,j), (k,£). Define d as:
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Aababaa
20123456
b1212345
a2121234
al222223
b4323234
as5432323
b6543234

Assunme Ra,a = Rb,b a 0, Ra,b = 1,
Rb.a'Z’ aﬂdISDSL

The underlined entries of the matrix form the path
P((0,0), (6,4)) = P(6,4).
Hp= (O, D, I, R, R, R, D), and D(P) = (0, 1, 2}.
C(®P) = 8 so P is not optimal.

Figure 2 Paths in Matrices

/ 1-}] if m=0

{d(m-1) +1 if H(m) is a delete operation
| d(m-1) -1 if H(m) is an insert operation
\ d(m-1) if H(m) is a replace operation

The eccentricity of P is D(P)= (d(m) | 0< m< IP1). The function d

d(m) =

describes how far the path gets from the center. 'The set D gives all
distances P can get from the center. If D is a singleton set, then P
consists of just replacements. Now describe some simple results giving

the effects of concatenation and eccentricity on costs.

Lemma 2. For all |{,j,k,&mn such that 1< i< k< m< Al and 1< € 2<
n< |Bl and there are paths P((,j), k,®), Q(k,£, (mn)) such that
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IPl= s and IQl= t:
(1) C(PeQ)= C(P) + C(Q;
(11) if D(P)= (d) then C(P)=

2 R .
1<r<|P| Afors B,1-»r
PROOF. (i) By the definition of C(P)

C(P)+C(Q) = |§| ¥ Hp ) + |§| ¥ Hg (1)
Since Hpoq(i)' Hp (1) and Hp,q('P""i)' Hq(np
CRI+CQ= 2 4 (Hpeg))
ERTINIYRAL L
=C (PoQ) .

(11) Since D(P)= (d), Hp(1)= replace. By the definition of cmP,

CP= 2 R .
) 1<r<IPl  Aderr Bjar

8.2 The Cost Function Example
Define the cost function for the example. Let Z={(a,b,c), then
for all a,8eZX define the cost function ¥:
R, g= 0 for a=8
Ra,b* Rp,a= *
Re,b® Re,a® Ra,c* Rp,c* ©
I4= Dgu= 20.
Use 4 to generate A and B (Figure 3) as follows.
Set A;=b, B;=a, S(1)=20, M(1)=r;

If k 1s odd let Ag=b, By=a, S(k) = S(k-1)+Rp g _.» M(K) =

k-1
M(k-1) +RAk’ Bk;

If k is even and S (k-1) +20<M(k-1) +2«»
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then Ag=By=c, S(k) = S(k-1)+RAk'Bk-l, M) = M(k-1) +RAk'Bk;
else Ay=a and By=b; S(k) = S(k-1)+RAk"Bk_l, M(k) =
M(k-1) +RAK’ Bk;

A5° = babababababcbababcbabcbababcbabcbabcbababcbabcbaba

Bso = abababababacababacabacababacabacabacababacabacabab

Figure 3 The first 50 characters of A and B

The matrix used to compute ¥ has O(n) steps. In the example M(K)
“1is the cost of P with Hp= (replacek) and S(k) is the cost of Q with -Hqs
(delete, replacek'l). If P and Q are optimal the Algorithm Y,Z will
not work because the number of possible step sequences will not be
finite. 1Inserting c's in the construction of A and B is vital. If no
C's were inserted Q would become optimal for computing P’ (add an
insertion at the end of the path) after 13 characters (13 > 40). When
a 'c' is inserted P becomes more efficient than Q at that point. The
alphabet and cost function are designed so the matrix is symmetric

across the main diagonal.

3.3 Symmetries in the Matrix
There are many useful symmetries in the strings A and B. The even
diagonals behave l1ike M, and the odd diagonals behave like S. Figure 4

describes even and odd diagonals.
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POTOTPOTPIOOT™>
tr1

M is the path M(1) uses.
S is the path S(i) uses.
E is an even diagonal, D(E)= 4,
0 is an odd diagonal, D(0)= -5.
O and P are adjacent odd diagonals.
F is an even diagonal adjacent to O and P.

Figure 4 Diagonals in Matrices

Lemma 3. For all i,j such that 1<igIAl, 1<3<IBY, k>0--
(1) 1f 11-J1 is even Ay=By=c or Ay#Bg;

(11) if 1i-j1 is odd AiiBj 1ff Ay=c or Bjsc.
PROOF. (i) If 1i-jI=2k, i and j are both even or both odd. If they

are odd Ay=b and Bj=a. If they are both even one of Aj=Bj=c; Ay=a and

Bj=b or ¢; or Bj=b and Aj=a or ¢ must hold.

(1i) If 1i-ji=2k+1 1 and j are alternatively even and odd.

If 1 is even and j odd A1=a=BJ or AizcsasBj.
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If j is even and i odd AiabsBJ or A1=b¢c=BJ.D
The cost function is symmetric.

Lemma 4. For all i,j such that 0<i<IAl, 0<j<IBI, RAiij = RAJ'Bi'
PROOF. An examination of R shows it is invariant whenever a's and b's
are transposed. In addition switching c's from insert to delete and

vice versa do not change R, O

Now show symmetry across the main diagonal in the matrix used to

solve 8.

Lemma 5. V i,j such that 0<i<IAl, 0<j<IBI, 61'J= ’j.r
PROOF. The insert and delete costs are all equal. The replacement
costs are equal by Lemma 4. Since al.pi with the a's and b's switched,

any minimum value for ‘i,j will be a minimum value for 81'1. Q

To show 5 and M model § look at all ways of changing A into B.
Compare the costs of different sections of paths with S and M. The
necessary relationships‘ do not hold for paths with either coordinate

less than 10. The next lemma allows these paths to be ignored.
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Lemma 6. For all i,j such that 0<i<lAl, 0<j<IBl where i<10 or j<10:
(1) if 1>j then Hp= (delete, replacej, deletel-3-1) is optimal.
(11) if i<j then Hp= (insert, replacei, insertd-1-1y is optimal.
(111) 1f 1=) then Hp= (replacei) is optimal.
PROOF. (1) If i>j then lAiI>IBjI, so at least i-j deletions from A are
necessary to match their lengths Each deletion is of cost 20, so ‘1,,12
20d-)).

For k<10 S5(k-1) + 202 M(k-1) + 2¢ holds. Therefore Ag=B;=c
implies £>10. Consider the path P, all of the replacements have cost 0,
s0 C(P)= 20(i-j). This is the lower bound for '1,1' so P is optimal.

(11) follows by symmetry.

(11i) Calculate 8 in the beginning of the matrix to confirm it is
M O

8.4 Costs Along the Odd Diagonals

| The next lemma gives bounds for the costs associated with
subpaths. It is important to remember that in an odd diagonal section
(D(P)= {2k+1)}) Ag= By= c cannot occur. The cost of the diagonal is 6
times the number of c's in the relevant portions of A and B. Let Ep be
the positions of c's in the relevant parts of A and Fp be the positions
of c's in the relevant parts of B. More formally, if P((4,Jj), k,2))
is a path then Ep= (el ice<k and Ag=c) and Fp= (£1j<£<L and Bge=c). If
there is no possibility of ambiguity the subscripts will be omitted.
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Lemma 7. Given P((i,J§), (,4)), if D(P)={(m} odd then C(P)= 6 (IEI+|Fl).
PROOF. Let |P| = s, since D(P)= (m) Lemma 2(ii) holds.

c®- xsggs RAio»r'Bj-o-r'

But all of those terms but the ones with c's being inserted or deleted
are 0 (Lemma 3 and equal replacements are 0), so C(P) is just 6 times
the number of c's in the relevant portions of A and B. There are

precisely IEI+|Fl of these terms, so C(P)= 6(1EI+IF|).0O

Equal length adjacent odd diagonals affect almost identical
portions of A and B; however, one diagonal can only affect 2 string
positions not affected by the other diagonal. And even if both string
positions are 'c' one string cannot cost more than 12 units more than

the other.

Lemma 8. V i, ]j,k,2 such that 1<i<k<iAl, 1<j<E<IBl, there exists paths
P(4,)), k,0) and Q((1-1,j+1), (k-1,8+1)) so that if D(P)= (r) and
D@Q)= {r+2), odd then C(P)+12 2 C(Q).

PROOF. Lemma 7 says C(P)= 6(IEpl+IFpl) Since Ep + Fp + 2 2 EQ * Pq,
C(P) 2 6(IEql+IFgl-2), or C(P)+122 C(Q).D

Now compare any odd diagonal path with a center odd diagonal path.
For every 'c' on the outside diagonal there may be two in the center,

except for the edges. Indeed since a center path looks at slightly
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different sections there may be one more 'c' on the outside. The

outside odd diagonal may cost 6 units more than the center.

Lemma 9. V 1i,J,k,2 such that 1<i<k<IAl, 1<j<#<IBl, assume P((i,]),

(k, £)) exists such that D(P)= {2s+1).

(1) if IEI2IFl then C(P)< S(k)-S(1)+6,

(11) if |EILIF| then C(P)< S(8)-S(j)+6. ‘
PROOF. (i) Lemma 6 says C(P)= 6(IEpl+IFpl). Assume i>j, and define
Q(i,i-1), (k,k-1)) such that D(Q =(1).

Since every Ay=c implies By=c then if eeEq then e€Fq unless es=k,
so |Eqi<IFql+l.
Then C(P)= 6 (1Epl+|Fpl) £
< 6(IEpl+IEpl) =
= 6 (|Eql+IEql) <
< 6(IEql+IFql+1)
C(P) < C(Q +6.
C@Q= S(k)-S(1), therefore C(P)< S(k)-S(1)+6.
The case i<j follows by similar argument.

For (11) prove the lemma for Q((j-1,Jj), (£-1,4)) then use symmetry

to show the lemma for Q((j, j-1), (&, 4-1)).
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3.5 Costs along the Even Diagonals

The adjacent even diagonals are not comparable, but the even
diagonals (D(P)=2m) are comparable with adjacent odd (D(P)s=2m-1)
diagonals. If the relationships between an even diagonal and the
center even diagonal (D(P)= 0) can be computed, then given the
relationship between S and M, the even-odd diagonal relationship can be

evaluated. First show the center even diagonal is an upper bound for

the outer even diagonals.

Lemma 10. V 1i,j,k,2 such that 1<i<k<IAl, 1<j<E<IBl, if the paths
P((,9), &) and D(®)= (20%0); then | |
1) C(P2 MK)-M{),

(11) C(P)2 MW®)-M(j).
PROOF. (i) Define Q=((i,1), (k,k)) such that D(Q)=0. Assume C(Q)>
C(P). Then there exists some pair of terms for C(P) and C(Q) such that
R‘\Hr'aj-l-r< BAjersBrer -

Case 1. Ai-tr’ c. By the construction Bi+r" ¢, this gives 81,,,,.'1,,,.: 0
the smallest possible cost for an edit transformation.

Case 2. Aj,#c. The construction gives RAi-n-r ». By Lemma 3 (1)

Biar”
since D(P) is even Ay, #By,., so RAhr Bj+ 2
*Pier
So C(P)2 M) -M(1).

(11) follows by a similar argument.O
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3.6 Interval Bounds

If S and M are used to compare the even and odd diagonals then
bounds are necessary for M(kk)-S(k). The definitions for S and M yleld
the relationship 20 2 M(k)—S (k) > 8-w, but only after S and M have had
a chance to get started (about k=10).

Lemma 11. Vk k2> 10, 202 M(k)-S(k)> 8-w.
PROOF. If k=10 S(10)= 20 and M(10)= 10r and 202 10x-20>8 -w.

So M(k)-S(k) starts in the interval (8-«, 20]. Show it can never
get out of the interval. While Ag# ¢, M(kk)-S(k) is increasing, so the
maximum value for M(k)-S(k) occurs at the largest k when k is odd and
S (k-2)+20 > M(k-2)+2r, or M(k-2)-S(k-2) £ 20-2=.

This gives M(k)= M(k-2)+2r and S(k)= S(k-2).
Substituting yields
M) -S (k) = M(k-2) +2»-S (k-2)

< 20-2w+2»

= 20,

Whenever a 'c' is inserted M(k)-S(k) gets smaller. The smallest
M(k)-S (k) occurs just after the smallest M(k)-S(k) difference where a
'c' has been inserted. If Ag=c then S(k)= S(k-1)+6= S(k-2)+12 and
M) = M(k-1)+x= M(k-2)+r. The minimum value occurs when k is odd and
20+5 (k-2) < M(k-2)+2r, or M(k-2)-S(k-2) > 20-2r. In that case

M(k) =S (k) = M(k-2) +-S (k-2) ~12
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> 20-2r+x-12
> 8".0

8.7 Sparseness Is Necessary
Now show S (k) represents lk. k-1 and M(k) represents ‘k.k' Use an

induction on the eccentricity of the optimal paths.

Lemma 12. For all k21
(1) SK)= 8y g
(1) MK) = 8y o
(111) SK)= 8y .
PROOF. (1), (ii). Construct P(k,k) and Q(k,k-1) such that Hp=
(replace") and Ho= (delete, replacek) then show ‘k,k = C(P) (= M(k)) and
8g,k-1 = C(Q) (= S(k)). Since 8 is the minimum over all paths, Sk k<
M), and 8k, k-1 SK).
Show equality by a double induction. First on k, the length of
path, then on the eccentricity of the "better" path.
For k<10 (i) and (i1) hold by Lemma 6 (M and S have not
stabilized yet).
For k»>10, assunﬁe (1) or (ii) does not hold for some k. Let k be
the least value where (i) or (ii) fails. If both fail for the same k
the proof for (i) fails still holds. There are three cases.

Case 1 M(k) "k,k and S (k) =5k,k-1' By the inductive hypothesis and
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symmetry S(K)= 8y y_1= 8y k. By Theorem 1 & ,= minM(k), S (k)+20,
S(k)+20). Since 8y y# M), M(K)> S(k)+20.or M(k)-S(k)> 20 which
contradicts Lemma 11.

Case 2 S (k) )‘k,k-l and S(k)>M(k)+20. By Theorem 1 ‘k,k-l"
min (M(k-1)+20, S(k), 8y y.p+20). Then M(K)S MkK-1)+w, MK)-S(K)> 8-w
(Lemma 11). Substituting yields M(k-1)+»-5(k) > 8- or M(k-1)-8+2¢ >
S(k) > M(k-1)+20.

Case 3 Sk "k,k-l and S(k)> ak,k_z+20. This means there exists a
path R(k,k-1) such that C(R)< S(k) and 3IceD such that c>1. Note
symmetry guarantees that for all c, c20. Show no such R exists by
induction on the eccentricity of R.

It holds for max(D(R))< 1, the induction hypothesis.

The induction variable is m, the induction hypothesis is
max(DR))< 2m+1 and C(R) is optimal then max(D(R))<1. The induction
step shows max(D(R))< 2m+3 and C(R) is optimal implies max(D(R))< 1.
This implies C(Q) is optimal. Assume there exists a path R such that
C(R) <S(k) and max (D (R))<2m+3=p+2.

Divide R into sections where d(R)>p and d(R)<p. Let U((,1i-p),
(J, 3-p)) be a section of R where max(D(U))2p, and d(U)=p exactly twice
(at the end points). Define T((,i-p), (J,J-p)) such that D(T) = (p).
If C(T)X C(U) then the subpath U of R can be replaced with T to get a
path which is no worse than R. Now show C(T)<C(U).

Split U into 3 types of sectionms.
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(1) Ug= (i1 Hy() = insert or delete), all insertions and deletions of
Q.

(2) Ug= (i1 Hy({)= replace and d(i)= p+1)}, all replacements along the
p+1 (even) diagonal.

(3) Ug= (11 Hy(1)= replace and d(i)= p+2), all replacements along the
p+2 (odd) diagonal.

Ug and Ug can be organized in sections of one or more consecutive
replacements. Compute the cost of all UE and Uo sections by summing
the costs of each Ug and Uy section.

Compare the costs of the paths T and U. The replacements of T will
be mapped onto the operations of U. Figure 5 describes all possible
paths for U. The sections of U can be split into two types -- E= (DVI,
R', DVI) which pass through state E, and 0= ®R"™) which stay in state
O. For each subpath of E with r+2 map subpaths of T with r+1
replacements onto it as follows (Figure 6). Apply the mappings to each
subpath of U in order. If more c's are inserted than deleted in that
subpath then map the first r replacements of T onto the r replacements
of E, and map the r+1st replacement of T onto the second insert or
delete of E. Otherwise map the 2nd thru r+lst replacements of T onto
the r replacements of E and the first replacement of T onto the second
insert or delete of E. Each r replacements of O are mapped onto by the
next r replacements of T in order.

Redistribute the costs for the sections of U as follows.
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Figure 5 The State Transition Diagram for all Possible U Paths

(a) Add the total cost for each insert or delete just before an Ug
section to the cost of the corresponding Ug section.

(b) Add 12 units of the cost for each insert or delete just before an
Ugp section to the cost of the corresponding Uy section. Add 2 more
units of.the cost to the Ug section directly preceding 1it.

Given these transformations but no change in the cost of U, the
cost of each Ug section has been increased by 22 and the cost of each
Ug section has been increased by 12. The insert or delete directly
preceding a Ug section is not mapped onto by T, so its cost can be
reduced to 0. The costs for the rest of the insertions and deletion are

now 6. If there is no replacement in a section to add the costs to
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1,2,3 and 6,7,8 are the two different types of E sections.
Section 4,5 is an O section.

Figure 6 A Sample U-T Mapping
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assume the costs in U have been reduced as if there was a section
there,

Now compare the edit operation costs of T with their corresponding
costs in U, There are three types of mappings.

(1) A mapping of T onto an insert or delete (Up). This only
occurs directly following Ug sections. They all have cost 6 (the
maximum cost for replacements), so T is just as good as U.

(2) A mapping of T onto a section of Ug. Assume the first r
replacements of T were mapped in the r replacements of Ug. Compare the
subpaths Tg((i,J), (i+r,J+r)) and Ug((i+1,J), (i+r+1,j+r)). The
mapping guarantees Lemma 9(ii) holds, so C(Tg)< S(j+r)-5(j)+6. By
Lemma 10(ii) C(Ug)2 M(j+r)-M(j). Each section of Ug has 22 units
added to its normal cost, so Tg is worse only if

C(Tg)> C(Ug)+22
S(J+1r)-S(j)+6> M(j+r)-M(j)+22
M(@3)-S(3)> M(J+r) =S (J+r) +16
Use what is known about M(k)-S(k) (Lemma 11)--
20> 8-w+16
0> 4-wx.

(3) A mapping of T onto a section of Up- Here Lemma 8 applies and

C(M< 12+ CWUg. Each section of Uy has been increased by 12, so T is

not worse.

Replace each section U with a section T, that does not increase
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the cost of R. Repeat the replacement process for all sections of R
with d(1)> p until max(DR))< b. This new path is no worse than the
old one, but by the inductive hypothesis if max(D(R))< p-2 then R is
no better the path with D(R)<1, or S(k). Therefore S(k)= ‘k,k-l’

(111) follows by symmetry. O

Now show there is no finite set containing all of the intervals of

a matrix computing 8.

Theorem 5. Given the infinite strings A and B as generated, there does
not exist a finite set W such that (81’1-81_1’1)ew.
PROOF. By Lemma 12 ‘i,f“i-l.i = M(1)-S(1). Assume W exists and
IWl=n. Consider the prefixes of A and B such that |Al=1Bi>3n. Since
equal multiples of » may exist only twice in M, there must be at least
1 pair (k,4) such that M(k) =ps, M(£)=n¢, m=p, and M(k)-S (k)= M(2)-S (2).
All values of S are integers, let S(k)= x and S(8)= y so
mw-X=px~y
or »=(x-y)/(m-p). Since m,p,X,y are all integers and m»p no such

W exists., O

In this example all conditions but sparseness hold and the

algorithm does not work, so sparseness is a necessary condition.
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Corollary 2. Sparseness is a necessary condition for using the
Algorithms Y Z.

PROOF. If not give it the example. The number of intervals |J| in the
program is too large (0(|Al)), so there are too many m length sequences

of J to enumerate. 0O

4. Longest Common Subsequence
Let U and V be strings. U is a subsequence of length n of V if
there exists 1<rj<...<rp<IUl such that Ui’vri' U is the longest
common subsequence of A and B if U is a subsequence of both A and B and
there is no longer subsequence of both A and B.
To compute it define y over the integers as
Rap = 0 if a=bel,
=2 otherwise
D=1=1,
Now 8= |Al+IBI-2|U|, or |Ul= (lAl+|BI-8))/2. The domain is sparse,
so 1f I1Z| is finite, |Ul can be computed in time O(IAl = [BI /
log (max (1Al, IBI1))), using Algorithm Y Z. The cost function in this

section is due to [S].

5. Conoclusion
An algorithm for computing the shortest edit distance between two

strings of length n in time O(nzllog n) was presented. The alphabet
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must be finite and the domain for the cost function must be sparse. If
the domain is not sparse the algorithm might not work. The problem
remains to find a better algorithm for the finite alphabet case without
~ the sparseness condition.

For the infinite alphabet case Wong and Chandra [6] obtained O(nz)
upper and lower bounds using a slightly restricted model of
computation. Hirschberg, Aho and Ullman [1] obtained similar results
for the longest common subsequence problem. Lowrance and Wagner (3]
extended the results of [5] to include the operation of interchanging
adjacent characters. They developed an O(nz) algorithm for the
extended problem under some cost constraints.

The question of the complexity of the shortest edit distance
problem for finite alphabets remains. The best lower bound is O(n)
(6], the upper bound is 0(n®) or O(n®/log n). This gap seems too
large. The work done so far seems to indicate the O(n) lower bound can

be raised.
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Part II -- Decision Graph Complexity

1. Introduction

Decision graphs were developed by C.Y. Lee to compute
switching functions [6]. This paper shows how they are useful for
studying space complexity problems. In the first section of the
paper the decision-graph model is presented and related to the
space complexity of Turing machine (TM) computations. The second
section looks at the space complexity of real-time programs. The
third section compares decision-graph complexity with boolean
formula and contact network complexity. The last section looks at

the complexity of decision graphs for arbitrary boolean functions.

1.1 Basic Definitions

Decision graphs are like "random-access" finite-state machines
where only one input character can be looked at in any state. Let
Z be anv alphabet and R be some arbitrary set. Define the decision
graph A computing f:I"-R as a 9-tuple <S,s,\ ¢, F,8,2,R,n>, where S
is the set of states in A, s is the initial state, and F is the set
of final states. For éach intermediary state the function
A (S-F)=(1,...,n) determines which input character is tested and
r: (S-F)xZ-+S describes the state-transition function. The

computation starts in state s with input X= X1y esesy Xp. A graph
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computation is denoted by a sequence of states (a path) sg, ..., Sp
where sg = s, sp€ F, and Vi, 1 <1 <m, sg4 = r(s4.9, x*(si-l))'
When the computation reaches state s, the graph prints the output
8 (sy). (Here @ maps F into R.) The decision graph complexity of
any finite function £, denoted by C(f), is the minimum number of
states required by any decision graph to compute f. A graph which
solves a problem using this minimum number of states is an optimal
graph. In all of the following assume ¥ is (0,1). Figure 1 gives

an example of a decision graph. The following theorem shows how

The numbers in the circles denote the bit tested at that state.
The numbers in the boxes are the outputs.

Figure 1. A real time bit counting decision graph for n=3.

decision graphs model TM space complexity.
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Theorem 1. If £ has complexity C(f), then a TM with a read-only
input tape and a read-write work tape using s states must use at
least k bits of storage, where C(f) < 2Kksn.

Proof. Assume there exists a TM M such that the theorem does not

hold for inputs of length n. An instantaneous description (id) for
M consists of «q,W,w,h> where q is the state M is in, W is the
work-tape contents, w is the work-tape head position and h is the
input head position. Write down all achievable id's for inputs of
length n, and construct the decision graph A from the id's. Let
each id represent a state. A particular id gets transformed into at
most two other id's determined (since the tape contents is already
known) entirely by an input bit. Let A use the same transitions to
go to the corresponding states. Whenever a TM halts the work tape
gives the answer. Make the id's for halt states decision graph
output states and let the graph output the work-tape contents in
that id. There are no more than 2Kksn id's, so A computes £ with

less than C(f) states, a contradiction. O

2. Real Time Complexity
A decision graph computes £ in real time if no input bit is
ever looked at twice during a particular computation -- like the
graph in Figure 1. Most programs with input (0, 1" try to look at

each bit only once, and remember it. This is real-time computation.
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It is a very restrictive model, so it is easy to show algorithms
are optimal. A label, £ € (0,1,a)“, will be used to describe the
progress of a real-time computation. A 's#' in the label will
represent a bit not yet asked about, & '0' or '1' will represent a

bit already asked about.

2.1 Optimal Real-Time Graphs

The real-time constraint can be circumvented. A function £ on.
n bits that needs to look at each bit three times to be computed
efficiently could be computed as a function g on 3n bits. Just
define g so that f(X)=g (XXX) for all inputs X. To prevent this,
call a problem real time (different from a real-time algorithm)
only if for all possible labels the function on the remaining bits
is trivial (they all give the same answer) or there exists some
assignment of 0's and 1's to the #'s so that all input bits must be
looked at. Most interesting real-time algorithms compute real-time
problems, and it is usually easy to show algorithms for real-time
problems are optimal. Associate each state of a decision graph with
the labels of computations occuring there. Two labels are
incompatible if either (1) the »'s are not in the same positions,
or (2) they do not have the same output for identical assignments
to the =#'s. Incompatible labels cannot be associated with the same

state in real-time graphs computing real-time functions.
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Theorem 2. Let A be a decision graph computing a real-time function
f. If any incompatible labels are associated with the same state,
then A is not a real-time decision graph.

Proof. Assume A computes f in real time and two incompatible labels
£, and &, are associated with the same state in the graph. There
are two cases.

Case 1. Condition (1) is violated. Consider the assignment to the
*'s in £; when the whole input must be looked at. Apply the same
assignment to f#,, it must follow the same path. Therefore if a
position in £, has a 's' then the corresponding position of 2, must
have a 's'. By a similar argument, every position of £, with a '»'
guarantees a '«' in £;; so the s's are in the same positions for
both labels.

Case 2. Condition (2) is violated. Follow the path taken by £; when
the answer is different. A real-time decision graph would follow

the same path for 4, and give the same (wrong) answer. O

Theorem 2 can be used to give a lower bound on the number of

states needed to compute the sum of the input bits.

Corollary 1. Any real time graph counting the number of inputs set
to one uses at least (n+2) (n+1)/2 states.

Proof, This is trivially a real-time problem. After k bits have

been asked about there must be k+1 states one for each possible
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answer 0, 1, ..., k. By Theorem 2 the decision graph must have

2 k+1 = (n+2) (n+1)/2 states. O
0<k<n

Other optimal real-time decision graphs Theorem 2 describes

include computing the sum of the inputs mod p, and £(X) = “Zxj=m".

Corollary 2. Any real-time decision graph computing the sum of the
bits on mod p (n2p) uses p(p+1)/2 + (n+1-p) (p+1) states.

Corollary 3. Any real time decision graph computing £(X) = "Zx;=m"
uses at least m(n-m+1)+2 states.

Proof. The proofs for both corollaries are left to the reader. O

2.2 Real-Time Programs Are Not Always Optimal

The definition for real-time computation is very restrictive,
so it is not surprising that real-time decision graphs are not
always optimal. Michael Fredman [1] exhibited an algorithm
computing £ (X)= "2x4=n" using O(nlogznlloglog n) states.

Theorem 3. (Chinesé Remainder Theorem) [5]. Let m,mp,...,m,. be
positive integers which are relatively prime in pairs, i.e.,

ged (mj, m) =1 when j=k.
Let m= mm,...m,, and let &, uj,up...,u, be integers. Then there is
exactly one integer u which satisfies the conditions

a<uc<a+wm and u = uy (modulo mj) for 1<j<r.
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Theorem 4. (Prime Number Theorem) [2]). Let r be some real number.
(8). There are O(r/log r) prime numbers between 2 and r.

(b). The product of all primes less than r is O(e").

The Chinese Remainder Theorem and the Prime Number Theorems

can be used to find a quick algorithm to cbmpute £fX).

Theorem 5. £(X) = "Exizm" can be computed with a decision graph
using O(nlogznlloglog n) states.
Proof. Take the first k primes whose product is greater than n and
let & be the largest of the k primes. Precompute the residues my,
essy My Such that m(mod.pi) = . Make the decision graph compute
the residues of the n input bits mod Ppp «ees P respectivély. 1f
the ith residue is not m; for any i there are not exactly m bits
on. If all k residues are correct there are exactly m bits on
(Chinese Remainder Theorem). Counting mod p with the real-time
counting mod p graph for each of the k primes uses O(nk#) states.
The Prime Number Theorem gives minimum values for k and £ The
largest prime needed is O(log n). There are O(log n/loglog n)
primes between 2 and log n. The decision graph uses

O(nlogznlloglog n) states. O

Theorem 5 shows looking at bits more than once can be useful.

However for some problems real-time graphs seem to be optimal, in
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particular the bit counting problem.

8. Using Decision Graphs for Other Models
This section compares decision graphs with boolean formulas
and contact networks. Turing-machine space complexity is an upper

bound on decision graph complexity (Theorem 1).

8.1 Modelling Boolean Formulas

Decision graphs model almost all boolean formulas easily.

Theorem 6. Any boolean formula E without @ or = with n literals
can be computed with a decision graph using n+2 states.
Proof. By induction of the connectives in the formula. First
rewrite the formula in terms of A and -. Since @ and = are not
allowed, this does not increase the number of literals. Let T(E) be
the number of connectives in the formula E, and let N(E) be the
number of literals in the formula E.

If T(E)=0 then E is just & literal, say x;. Use a graph like
Figure 2. There is one literal, and 1+2=3 states.

Assume the theorem holds for all formulas F such that k>T(F),
now show it holds for k=T (F). There are 2 cases.

Case 1. F = =G, k=T(G)+1 and N(F)=N(G) =m+2. Compute G using m+2

states. Relabel the true output of G false, and vice versa. The

graph now computes F using m+2 states.
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The 1 in the circle is the bit tested.
T and F are the true and false labels.

Figure 2. A decision graph building block.

Case 2. F = GAH, k=T(G)+T(H)+1, and N(F)=N(G)+N(H)-2. Compute
G, then send the tfue output of G to the start state of H. Leave
the true output of H alone, and selid the false output of G to the
false output of H. The output states of G are no longer used, and
no new states are introduced, so F takes N(G)+N(H)-2 states to

compute. O

3.2 Modelling Contact Networks

The number of edges in a directed-contact network and the
number of states in a non-deterministic decision graph are
asymptotically equal within a constant factor. There is only one
difference between non-deterministic decision graphs (NDDG's) and
deterministic decision graphs -- the state-transition function ¢
maps into sets of possible states rather than just one state. A

NDDG graph A outputs reR for input X if and only if there exists a
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computation on X with output 'r'. Notice a NDDG may have several
outputs for the same input.

A contact network [3] is a 6-tuple <G,g,R,Z,8,n> where G is
an undirected graph, g is the designated start node, R is the set
of output markings for the nodes, £ is the input alphabet, & is
the set of marked nodes in G, and n is the number of inputs. Each
arc of G is labeled with a statement "xy = s", s€Z. A contact
network outputs r on input X if there exists a path from g to a
node marked 'r' and the statement on each arc of the path is true.

Figure 3 is a contact network. A contact network is directed if the

Figure 3. A sample contact network.

graph G is a directed graph (then any computation must follow a

directed path). Non-deterministic decision graphs can model contact
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networks using twice the number of states as edges in G.

Theorem 7. Let C be a contact network with E edges computing f£,
there exists a non-deterministic decision graph with 2E states
computing f£.

Proof. Let G=(E,V) be the graph describing C. First discard any

portions of G not connected with g, the start vertex. Use one state
for each vertex of G as a vertex state. Each vertex state of A will
initiate the decision graph's simulation of paths in G through that
vertex. For each non-output vertex repeat the following process.
List all edges going out of it with their respective conditions.
For each edge (except the first one) add a state. For each state s
(including the vertex state) test the bit the corresponding edge
tests, then define a transition for s in ¢ corresponding to the
condition on the edge being true to the vertex state corresponding
to the vertex the edge goes to, and define two more transitions for
$ in ¢ -- one with the same condition, and one with the condition
does not hold -- to the state testing the next edge (direct the
last state to the vertex state of the present vertex). Every path
possible in C is now possible in A. Each vertex has at least one
edge coming into it and each edge is represented by 2 states so
C@) < 2E O
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Undirected contact networks cannot model decision graphs
easily because spurious paths may be introduced, however decision
graphs may be simulated with directed contact networks using as

many edges as lines coming out of the decision graph states.

Theorem 8. Let A be a decision graph with m lines leading out of
its states, there exists a directed contact network C computing A
with m edges.

Proof. Let the graph G=(E,V) for C be identical to the graph for A.
Label each edge of G with the condition tested in the state the
edge comes out of. Mark each vertex of C corresponding to an output
state of A with ihe same output of A. Define the output of C in the

same manner &s the output of A. O

Notice Theorem 8 is not restricted to deterministic decision

graphs.

4. Decision-Graph Complexity for Arbitrary Functions
This section describes thrée problems dealing with the
decision graph complexity of arbitrary functions. The first result
describes the complexity of arbitrary predicates on n bits. The
second provides an upper bound for predicates on the sum of the
bits. The last result gives a better than exponential, but not

polynomial method for simulating non-deterministic decision graphs
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with deterministic decision graphs.

4.1 Simulating Arbitrary Boolean Functions

Lupanov([7] described upper and lower bounds on the complexity
of circuits for simulating boolean functions. The same ideas can be
used to determine the decision graph complexity for arbitrary
boolean functions. (The results in this section were independently
discovered in [6].)

First determine the lower bound. There are n¥k?K different
decision graphs with k nodes. Even if each one of them computes a
different one of the Zzn possible boolean functions on n variables,

there must be 2"'1/n states to compute all possible functions.

Theorem 9. There are boolean functions on n variables requiring
02" 1/n) states to compute.
Proof. Consider a decision graph with k nodes. Each state can test
any one of n bits then branch to any 2 of the k states. This
results in nk® possible configurations for each state, or nkx 2k
different graphs with k states.

There are 22n different boolean functions on n bits, so even
if every different graph computed a different function, Zzn 2 nkk2k

would have to hold for k. Let k = 28"1/n,
2" > 2klog k + klog n, substituting for k
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2" > 2.0 liog 201 L 2iaP"liop p 4 20"116g n,
n n n

2 2 2:(n-1) - logn. O
n n

Decision graphs can simulate arbitrary boolean functions with
n variables using 0(2"/n) states using a two stage construction.
The first stage separates the inputs into the 2k possible
arrangements of the first k bits, then each state is fed into a

n-k
graph computing all 22 functions on the remaining n-k bits.

Lemma 1. All functions of £ bits can be computed with the same
network of Zzl states.
Proof. Proof by induction on the number of bits £, If £=0 there are
2 possible functions, constant true or false.
Assume the lemma holds for £-1 bits, show it holds for £ bits.
There are 22” functions on £ bits. However, 221-1 of them do
not depend on the first bit. Simulate them using the Zzlz“1 states

of the L-1st stage of the induction. Use one state for each of the

) 2-1
22" . 22

remaining functions. The outputs for these states are
functions on 2-1 bits, so attach them to the appropriate state in

the 2 section. The decision graph uses 2 states. O

If the first n - log(n-log n) bits are split, and all

functions on the remaining log(n-log n) bits are simulated, then
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all boolean functions can be computed using 0(2"/(n-log n)) states.

Theorem 10. All boolean functions on n variables can be computed
using a decision graph with 0(2"/n) states.

Proof. The computation is split into 2 stages.

Stage 1. Decode each n-k length input prefix into the 2n-k

possible configurations using a binary tree with 2“'“—1 states.
Stage 2. Construct the complete graph for k bits. Direct each
output of Stage 1 into the state which describes its function on
the last k bits. This uses 2zk states (Lemma 1).
The decision graph uses ok sz states. Let k = log (n-log
n), the decision graph uses 2"/(n-log n) + 2"/n = 0(2"/n) states.

a

Notice the decision graph computes the functions in real time.
It uses about 4 times the states required by the lower bound. The
lower bound counts many meaningless programs, like the one which
never leaves the start state.

The number of states needed to compute some fraction of the

possible functions can be calculated using the method in Theorem 9.

o
Theorem 11. [6] Given any ¢, 0 < ¢ ¢ 1, a fraction 1-2 2" of boolean
functions on n variables will need at least 2"(2n)'1(1—n) states to

be computed.
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4.2 Computing Arbitrary Predicates on Bit Sums

The same idea, computing in ‘stages, works for computing
arbitrary predicates on sums of bits (such as "are there at least k
bits on?"). Most graphs use O(nz) states for these problens.
Michael Fredman noticed the Chinese Remainder Theorem makes these
problems solvable using O(nz/log n) states. The first stage counts
the bits mod 2n/log n and the second counts them mod (log n)/2.
There are relatively few ways of assigning outputs to the (log n)/2
answers, so all possible functions can be computed using

0 (nzllog n) states.

Theorem 12. Let f be a boolean predicate on the sum of the input
bits, then f can be computed with a decision graph using
O(nzllog n) states.

Proof. The computation is split into two stages. Pick two
relatively prime numbers roughly 2n/log n and (log n)/2. Count the
bits mod 2n/log n using O(nz/log n) states. Then count the bits mod
(log n)/2 for each answer. Each sum mod (log n)/2 has (log n)/2
outputs and there are 2199 M2 . 1/2 yavs of assigning values to
the outputs. Compute all possible second stages using O(n3/ zlog n)
states. Attach each of the first stage answers to the correct
second stage. This requires just O(nzllog n) + O(nslz/log n) =
O(nzllog n) states. O
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4.8 Simulating Non-Deterministic Decision Graphs

Jones and Laaser [4]) introduce log space-complete for P
problems. They showed finding a path between 2 points in a graph is
a log space-complete problem for P. Savitch (8] related
non-deterministic space s with deterministic space sé. The same

result applies to decision graphs.

Theorem 13. A non-deterministic decision graph A with c states can
be simulated with a deterministic decision graph B using
0(cl*199 € states.

Proof. Assume there is a unique state for each output of A. All

outputs of A can be reduced to the existence of length c paths to
specific output states. B computes what A computes if B can decide
what A can compute in ¢ steps. Number the states of A in increasing
order. Let s be the start state of A, and t be an output state for
A -- B computes A goes from s to t in no more than ¢ steps,
abbreviated (s,t,c). Let f(a,b) ask the question needed to go from
state a to state b in A, then Find (B) computes A.
Find (s, t, ©):
begin
if c=1 then return f(s,t);

for u=1toc
do if Find (s,u,lc/2)) A Find (u,t,lfc/21) then return
true;
' return false;
end Find;
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Let F(i) be the number of steps Find uses to find length i
paths. F(1) = 2cF(i/2), and F(1) = 1. Therefore B uses 0(cl*109 €

states. O

4.4 Circuits in Optimal Graphs

A decision graph has a circuit if there is a series of arcs
leading from one state back to itself. R.A. Short [9] showed the
graph in Figure 4 was optimal. He used an exhaustive case analysis

to prove it.

Theorem 14. [9] There exists an optimal decision graph with a

circuit.

B. Conclusion

Decision graphs provide a precise method for calculating the
storage necessary to compute functions. Optimal decision graphs
give lower bounds on the space complexity. Real time constraints
are tight, and showing non-trivial optimal real time graphs optimal
without using the real time constraint is difficult. However, real
time bit counting seems to be optimal. The most important problem
related to this model is whether deterministic decision graph
complexity is polynomially related to non-deterministic decision

graph complexity.
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The numbers in circles are the bits to test.
The letters in boxes are the outputs.

Figure 4. An Optimal Decision Graph with a Circuit.
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