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DECLASSHqED
THE DESIGN OF A SMALL INTERCEPTOR ROCKET SYSTEM

by
Larry D. Brock

Submitted to the Department of Aeronautics and Astronautics
on May 23, 1961 in partial fulfillment of the requirements for the

degrees of Bachelor of Science and Master of Science.

This thesis gives the preliminary design of an orbit-to-orbit
interceptor rocket system. The system is part of an anti-missile
defense system that uses a submarine as a forward base. The early
stages of the flight of an enemy missile are tracked by radar
from the submarine. The trajectory of the enemy missile is pre-
dicted and an instrumented package is placed into a trajectory
coincident with the target complex. Some discriminatien technique
identifies the targets from among the probable decoys and tankage
fragments. It is then the responsibility of the interceptor
system to destroy these targets.

The operation of the interceptor system is divided into three
sections: (1) the tracking phase, (2) the computation phase, and
(3) the launch and guidance phase. During the tracking phase the
target is tracked by radar for 20 seconds. During the computation
phase this data is smoothed by least squares correlation techniques.
From the tracking data and the capabilities of the anti-missile
rocket, a launch direction is calculated. The rocket is positioned
and then fired along this direction. During burning, corrections
are made in the rocket's heading by command guidance. It then
coasts free fall to the target.

An outline of the design is given‘for each part of the system.
The system is analyzed and the accuracy requirements are determined.
It is found that a successful interception can be accomplished and
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~that the required accuracies are reasonable. Some of the more im-
portant conclusions ares (1) the variation in gravity between the

' vehicle and target cannot be neglected; (2) accuracies of 10% on

the burning time and 2% on the final velocity are required for

the rocket; (3) guidance is needed only during burning and no

second stage is needed to make corrections at the end of flight;

(i) angular rate and position gyros in the rocket can be eliminated
by simulating the motion of the rocket in the vehicle.

Thesis Supervisor: H. Guyford Stever

Title: Professor of Aeronautics and Astronautics
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OBJECT

The object of this thesis is to form the preliminary design
of an interceptor rocket system that is capable of achieving a
successful interception with a minimum of required weight. Tt
is submitted that this objective of accuracy plus minimum weight
is adequately fultilled by a one-stage rocket that is controlled
only during burning, after which it is left to coast in free fall

to the targst.
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INTRODUCTION

The subject of this thesis is an anti-missile interceptor
system, which, in turn, forms a part of a submarine-based anti-
missile defense project. The over-all project isldescribed in
this chapter in order to provide the background against which the
interceptor system can be intelligently discussed. Once the over-
all project has been given;}the remainder of the chapter is con;
cerned with certain general characteristics oi the interceptor
system itself, namely, its relationship teo the entire project, its
mission requirements, and vhe factors aftecting its design. The
operation of the proposed system is then briefly summarized pre-

paratory to the detailed discussions in the following chapters.

1.1 A Description of the Over-all Project

The object of the entire study is to investigate the feasibility
of using a submarine as a forward base for an anti-missile defense
system. The possibility was first suggested by the M.I.T. Reséarch
Laboratory of Electronics.l As the defense system was originally

éonceived, the submarine would be stationed near the enemy coast.

lMIT-RLE, Internal Report No. 18.
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From this vantage point, long range radar carried on board the
submarine would be capable of observing and tracking a threatening
missile soon after burnout. From the tracking information, the
trajectory of the enemy missile would be predicted and an anti-

missile launchea to intercept ana destroy the enemy missile.

However, certain dafficulties were encountered in this
originally proposed system. Study results of a radar that could
be mounted on a submarine indicated that the tracking of an
object with the reflective area of a warhead would not be possible.
The only object that could be tracked woulda be the missile tankage
before it was exploded. Since the separation velocity between
the warhead and tankage could not be determined, the trajectory of
tne warhead could not be predicted accurately enough for a success-

ful interception.

Because of this flaw in the original proposal, a change in
emphasis was made. The primary advantage of the originally con-
ceived system was the circumvention of the necessity for discrim-
inating between the warhead and any decoys that might be traveling
with it. It was hoped that the target could be tracked and inter-
cepted before tne cloud oi decoys had grown to sufficient size to
require discrimination. However, since the objective of avoiding
discrimination appeared impossible to attain, it was decided to
determine if a forward-based system coﬁid be used to advantage in

the disecrimination problem itself. The advantage of a forward-base
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is that more time could be used in the discrimination process than
in a system that must accomplish this process in a few seconds at

the terminal end of a hostile trajectory.

With this change in emphasis the operation of the system was
modified. The system would again track the tankage and predict
its trajectory. Instead of then launching an anti-missile so as
just to intercept the path of the enemy trajectory, it would place
a vehicle in an orbit coincident with the target complex, as shown
in Fig. 1.1, From the vantage point of a near orbit, it would
use some discrimination technigque to eliminate most of the particles
in the cloud as not being the warhead. It is proposed to destroy

the remaining particles by small auxiliary rockets.

Two discrimination techniques were suggested.2’3 One would
use infrared technigues and the other would use a radar method.
To use the infrared method the vehicle would be placed in a trajec-
tory slightly below the target complex. All of the particles in
the cloud would be observed using a very high quality optical
infrared system. From studies that have been made on the dynamics

of tankage fragment,s,h it is agreed that the tumbling rate of tank-

2 MIT Inst. Lab. Report R-280
3 MIT Inst. Lab. Report R-321

4 Benaix BPO 867-3,

Vol. % ECMSSM
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age fragment would be an order of magnitude larger than that of the

warhead. Since most of the objects in the cloud would be tankage
fragments, they could be eliminated by observing the frequency of

their infrared emission.

The radar techniqné that was suggested would require that
the vehicle be placed as nearly as possible in the same trajectory
that the tankage would have had if it had not been expleded. For
the purposes of explaining the radar discrimination method, it is
assumed that the distance of a particle from the point where the

tankage would have been is approximatelys:
R'—“Rﬁ‘ta)

where é is the range rate and to is the time the particle left the
tankage., It is then seen that the quantity R/ﬁ, measured for a
particular particle from the point where the tankage would have
been, gives an indication of the timé since that partiele left the
tankage. It is assumed that the warhead is separated from the
tankage soon after burnout and that decoys may be ejected. When
the warhead and tankage are at a safe distance, the tankage is
exploded to provide more decoys. With the assumption that the
warhead was one of the first particles separated from the tankage,
most of the objects in the cloud can again be eliminated as not
being the warhead by ﬁeasuring-their range-over-range rate. This

range-over-range rate is complicated by the variations in the

gravity field, but the basic principle is still the same.
" D
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‘1.2 Description of the Interce§¥3§;§%§§%€;§§%tem

The interceptor rocket system, which is the subject of this
thesis, is responsible for the final destruction of the targets.
The operation of the system begins after the targets have been
identified by other parts of the over-all system. It first tracks
the targets, then launches a rocket to destroy each target. The
parts of the system include the actual rockets, a launch mechanism,
radar, computer, and inertial reference equipment. (The radar,
computer, and inertial reference equipment are used for other
functions in the over-all system.) It 1s assumed, for the pur-
poses of the design to follow, that there be 5 targets that need to

be destroyed.

1.2 Design Considerations

One of the most stringent requirements imposed on the design
of the interceptor rocket system is the weight limitations. In
the over-all system, two stages of the anti-missile are used to
place the vehicle in a trajeetory that intercepts or is tangent
to the enemy trajectory. At the point where the vehicle comes in
contact with the enemy trajectory, a booster stage is used to put
the vehicle in the coincident trajectory. Achieving this coin-
cident trajectory requires a very high propulsive capability. In
a sample problemrthat was simulated on a digital computer, the ratio

of payload weight to initial weight of .01l was required. In

other words, for every added pound in the vehicle, 98 pounds would

DECLASSIFIED




have to be added to the initial weight of the anti-missile. The

‘in‘tercépter rocket itself has a payload ratio of .31. If 6 rockets
are carried, then for every pound that is added to the payload of
each of the small rockets, 1740 pounds are added to the weight of
the missile. Since it is proposed to carry several of these
missiles in a submarine, it is desirable to make the intereeptor

system as simple and light as pessible.

1.4 Forming the Basic Design

In forming the basic design, the two necessary components of
the rocket, i.e. the warhead and propulsive unit are first considered.
It is then determined what minimum equipment must be added to

complete a successful interception.

The weight requirements demand that the warhead have as
high an energy concentration as possible., This would call for
some type of small nuclear weapon. The weight of the prepulsive
unit depends entirely on the weight to be accelerated and the
velocity requirement. The velocity requirement, in turn, depends
on the time of flight desired. Since the miss distance depends
on flight time and the size of the warhead on miss distance, there
is a relation between the weight of the warhead and the weight of
the propﬁlsive unit., Because of the highly classified nature of
the data on nuclear weapons, no attempt is made heré to optimize
this weight trade-off. For the design purposes of this thesis it
is assumed that the warhead weighs 50 pounds and has a destructive

radius ef 200 feet. DECLASSIFIED
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The rocket must be launched with an amgular accuracy of one

milliraidan. Since an unguided rocket could not be launched this
accurately, some type of guidance equipment must be added. Two
guidance tecnniqﬁes are considered here. The first method would
use a small second stage that would employ some sensing device
(infrared, radar, etc.) to home in on the target at the end of
flight. The second method would control the rocket only during
burning by command guidance from the vehicle.v These two methods

are now compared to see which would be best in this application,

The primary disadvantage of the first system is its weight.
Each rocket would be required to carry a sensing device plus
the associated instrumentation and éontrolﬁsystem. An additional
propulsive unit would be needed to make the necessary correction
at the endrof flight. There would also be a problem ot target
idenﬁification. Some assurance would be needed that the second
~ stage homed in on the corréct particle. Furthermore, for the
hémlng operatiéns, the attitude of the rocket must be controlled.
This ﬁould require inertial reference equipment and a reaction
wheel or gas jet attitude control system on each rocket. The
first system is more accurate but requires a considerable amount

of extra equipment.

The second system, on the ether hand, would require almest no
extra equipment. All that would be needed to control the rocket

by command frem the vehicle would be a radio receiver, control vanes

~ DECLASS
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in the rocket nozzle and the associated servos and electronics.

The command guidance would automatically stabilize the rocket in
pitch and yaw. The rocket would also have to be stabilized in
roll. This would require one small gyro. The rocket coasts in
free fall to its target after burnout so no second stage rocket

or attitude control devices are needed. Since there is no correc-
tive thrust at the end of flight, the position of the target has

to be known very precisely relative to the véhicle, the launch
direction has to be calculated exactly, the burning characteristics
of the rocket have to be véry near the design values, and the
command guidance has to be accurate. But 1f it is possible to
achieve these needed accuracies, the command guidance system

would be the more desirable of the two since it would be the lightest
and lLeast complicated. The command guidance is then the one

chosen for the interceptor system designed in this thesis. The
errors are analyzed to see if it indeed is capable of performing

a successiul interception.

1.5 The Operation of the Interceptor Rocket System

The operation of the proposed inﬁerceptor system is divided
into three phases: (1) the tracking phase, (2) the computation
phase, and (3) the launch and guidance phase. The sequence of
phases is shown graphically in Fig. 1.2, During the first phase
a specified target is tracked for 20 sefonds, with the position

data taken at one-second intervals. The position data is referred

 DecuassrEp
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to an arbitrary nbnprétating cé-ofdinate'systemlfixed in the
vehicle. During the computation phase the tracking data is used
to predict the target trajectory. From the known characteristics
of the interceptor rocket and its time of launch, the position of
the rocket is known as a function of time and launch direction.
At the instant of interception the rocket and target will be at
the same position. By using the équatlons giving the positions
of the rocket and target as functions of time, the flight time
and launch direction can be found. Launch equipment.on board
the vehicle place the rocket in the proper orientation for firing.
At a specified time the rocket is fired. During burning the
rocket is tracked by the radar. If the rocket deviates from the
desired direction, a command is sent to actuate the control vanes
bringing the rocket back to the planned path. After burnout the
system begins the same process for the next target. The most
distant target is intercepted first to keep interference from
~the exploding warhead at a minimum, A fuﬁctional diagram of the
operatién_of the system during the tracking and computation phases

is shown in Fig. 1.3 and during the guidance phase in Fig. l.h.

12
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’ 1.6 Summary of Results

DECLASSIFIED
The results of the study that follows show that the proposed

rocket interceptor system is feasible. It is found that the
‘accuracy required to predict the position of the target could be
achieved by tracking the target for 20 seconds and then smoothing
the tracking data by the least squares method. The position of
the target as a function of time is approximated by the Taylor
series. The results indicate that thne third.term, caused by the
variation in the gravity field, is needed to achieve the desired
accuracy. The fourth and subsequent terms are negligible, The
design characteristics required for the rocket itself are reasonable.
The rocket could be built with the present state of the art. A
comnand guidance system that only controls the rocket during burn-
ing is sufficient to bring the rocket to within the deéired
distance from the target. A second stage is not needed to make
corrections at the end of flight. These results are shown by an

analog computer simulation of the guidance system.,




CHAPTER I

DERIVATION QF EQUATIONS

FOR THE TRACKING AND COMPUTATION PHASK

The equations needed in the tracking and computation phase
are derived in this chapter. The discussion is developed as
follows: (1) The equations of motion of the target relative to
a co-ordinate system centered in the tracking vehicle are formu-
lated and analyzed using the Taylor series; (2) The method of
least squares is adapted for use in smoothing the radar dataj
(3) The launch direction is then calculated; (i) Finally, two

sources of error in the launch direction vehicle are investigated.

2.1 The Equations of Motion

As stated above, the Taylor series will be used to describe
the motion of the target relative to a vehicle-centered, non-
rotating, arbitrary co-ordinate system. The motion will be des-
cribed in the non-orthogonal directions x, y, z, shown in

Fig. 2.1.

15



TARGET

VEHICLE

Y

Fige 2.1

Co-ordinate System Used in Developing the Equations of Motion

It is assumed that the coordinates of the target as a function

of time can be written in the following form:

X=X+ K (E-10) + 2% (b-2)0 2@t +

Y= Yo k% (E-t) s Tt gy oo (20D
= Y- (2 - 7 S T4V

Y= A ()b T (b2 ) p P (-2 Y 4

where (){o y Vo, T y );M R ) are constants evaluated at time t = to.

16




2.2 The Effect of the Variation of the Gravity Field

To determine the nature of equations (2.1) the constants
involved are evaluated. The constants in the first two terms
(X., Y., F')’,)%)'ﬁ ) represent the target's position and velocity
at time ¢ = to. These constants can be derived easily from the
radar data. The constants in the third terms represent the
acceleration of the target relative to the vehicle. In the non-
rotating co-ordinate system shown in Fig, 2.1 the only accelera-
tions will be those caused by the gradient of the gravity field.
In other words, because both target and vehicle are in free fall,
the only acceleration of the target relative to the vehicle will
be that caused by the difference in the pull of gravity on the

target and vehicle. The acceleration of gravity is:

=~_ K
G = % 1. (2.2)

—

where: G is the gravitational acceleration vector defined
positively down
K is the gravitational parameter of the earth
R is the magnitude of the vector from the center of the
earth to the particle.
IG is a unit vector in the & direction, which is the
negative R direction.
The change in G between the vehicle andvtarget is given approxi-

mately by:

17




AT = KRAL-2KRARL

RY (2.3)

= -g\: AL~ 2 %JARJ‘G
; The geometric relationship of G is shown in Fig. 2.2 to Fig. 2.6.
f TARGET 2’ 2

VEHICLE

CENTER
OF
Fig. 2.2 EARTH

The Variation in the Cravity Field
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Since the purpose of this development is to determine the
nature of the constants in equations (2.1), there will be no loss
in generality if equation (2.3) is restricted to the plane of the
trajectory. Also, for this development, define the x, z plane of
Fig. 2.1 as the plane of the trajectory. Define rotating co-
ordinates ( x', z!') with z' along G, as shown in Fig. 2.3.

7/

g 2z
X
x'\\\
T
R
c
7 ¢/
.F
Fige 2.3

Relationship of Co-ordinates to the Trajectory

19
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as shown in Fig. 2.4

T

(2.h)

(2.5)

AR

Fig. 2.4

Definition of AR and zﬁié
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Equation (2.3) is then:

AT=—Hrsnll] | 2Kreel ] (2.6)

wheres:
Tx‘ and Iz' one unit vectors in the x' and z' directions.
IZ‘ is equal to minus Tg.

The geometric relationship of AT 1s shown in Fig. 2.5.

P

-
AGC ———=

2

2 Ky cos?'
R3 | - Kr
R32 J
T - 2
s
Kr sy,
. R? 5
X’ v

Figo 205

Geometric Relationship of AG

To provide some conception of the size of these acceleration

terms, they will now be evalvated for a typlcal situation. It is

21
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assumed that a typical trajectory has a 6000 n. mi. optimum range.
The other parameters can be calculated on the basis of this assump-

tions

¢ = 7‘@71?(3 aﬂ7/& = Gggo = /OOO

@
e = [=Sin 3 = ,3c 4

cogs
PN

P = RE () + e cos UVyo - %3) = Léo xio” ft

_ _r »
Romar = = 2.5/ x 1o £,

K= 1) xi10'¢ FF Jegor

If a maximum separation velocity of 200 ft/sec is assumed between
target and tankage and if it is also assumed that interception

takes place approximately 1000 seconds after separation, then:

T = 2OOJOOO )C7L

. Thus the maximum valune A G will be:

- 2K
Sl

— L2044 ¥10") 2,0 X0f)
(2.6) X/.«_)”)*‘ =.3¢7 167[/7@&2'

Equations (2.1) must predict the position of the target for

approximately 60 seconds. The magnitude of the third terms could

then bes




9-:9 2 —_ }A 6:’!0‘ <
-E— é "’m'X‘_‘ 2 21:
] (2.7)
.357

-—
—

@Go) = ¢ 45 £#

2

which would definitely be significant. The third terms in the

expansion are therefore needed.

The constants for the fourth terms in the expansion represent
the rate of change of accelsration with respect to inertial space.
This will be the rate of change with respect to the rotajting
(primed) co-ordinate system plus the acceleration times the angular

rate of the primed co-ordinates.

If: A-— e ——i/ggr(g/ﬂa/‘j_y' —_ 2 ces 2//‘;_,) (2.8)
e« dAG] _ dAé/ —
Then: = /I— = {’2/4. Lo Xde (2.9)
OLAZ _ K/?.?_';_,_ 3/( 7 /?. _ -
. (2.10)

e CCosf]y, + 2 sin f_/;)

The angular rate of the primed co-ordinates is the rate of

change of f, which is given by:

VKp

= = (2.11)
f FE
and is perpendicular to A G.
Thus p ; _ (2.12)
WX NG :-—~-—[?7.~’—3 (CosT_/w-f—z:/nZA_Z,)

Then substituting equations (2.10) and (2.12) into equation (2.9):
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2!&5::__(/(7;— . 3/(7‘ )Glnx‘_/y’——‘anr/ )
At/ R A7
(2.13)

/(R”' (P +f)6sor ]t sm7],)

The magnitude of each part of equation (2.12) is now estimated to

determine the importance of the fourth terms of equations (2.1):

e

ot

2:(Y+f)ﬁwffL,*2‘”))L;V (2.1h)

Kr' 3/(7“& Zkv-‘
<)2‘,5?‘"77 /a”vuf)/
With 7= 200 ft/sec and R = Il x 10° ft/sec, the first term of

equation (2.1h) is:

(Q/no") (2006)  _ (3X(hYI 410" Xz 00.52) (414 x 10°)
(2_‘)//}‘/07) C)}s‘“/x/o?)‘f

(2.15)

=(3.05 007"~ 177 X0t )= L9807 £
» S@

The components for the second term of equation (2.1ll) will be:

VKp \/(/ Y4)x jo’c X eox]o?) -
'7(’ /? (2 5/ )(/é”)z =, 785 x/0" " rad

Lo

(2.16)
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The ?% term results from the component of velocity of the vehicle
perpendicular to the line of sight between the target and vehicle,
If it is assumed that the target was ejected radically from the
center, the only perpendicular component of velocity is caused by
transverse acceleration. As can be seen from Fig, 2,5, this trans-
verse accelerstion is greatest when,ﬁAis approximately 30o and is

less thanAT¥ max. Then the transverse velocity is less than:

'U‘T<AGi': 2K7~j

R?
t = /066 sec (2.17)
< XL ¢ X/o")/_?ooT/oao) -3 5)
.5/ X/o"] 2 7 ICA
B'f /&7 s (2.18)

T Go v 734 Xs07 TM///.:

The components for the second term of equation (2.,1)) is:

ZKrf _ XA X104 2.6 165D
(34 £ = (2.87 x167)3

=C.0f diot A/

(756 +, 734 K 1072
(2.19)

The fourth terms of equations (2.1) after 60 sec will be propor-

tional to:
)omc

£® . oy
ol t fz'z (.99 x /0 460¥’M50%§

(2.20)
= 2.9 [#
Thus it is seen that the fourth terms of equations (2.1) are
negligible and that the first three terms of the Taylor expansion

is all that is needed.
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In practice, the acceleration terms would be determined by the
radarda'ba and are not derived by the relatiens given asbove. This
eliminates the need for knowing the orientation of the co-ardiﬁate

system with respect to gravity.

2.3 The Method of Least Squares

The radar on board the vehicle will track the target in the
arbitrary non-rotating co-ordinate ‘system in the spherical co-
ordinates ( », 8, tf). The information is then transformed into

(xa s ) by
x =7 S/ " 9

y = —cos & $in 7 (2 21)

r=r

If the measurements made by the radar were exact, the constants

'Xo) Vo, Yo, Xo ) y,,* « 7, could be solved from equations (2.1)

with three positien fixes. Since the radar data will have randum

uncertainties, redundant measurements are made. From these data
A

A FOREO e
"best values® (X., ¥, 7, X, Y, -+ 7. ) are found by the least

éed : er.r_of method.

These "best values" are found by minimizing the sum of the
squaréd errt;rs. These errors are the difference between the
measured valne at a certain time and the value predicted by

equations (2.1) using the "best value® constants. Taking the r
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.equation as an example, the squared error would be:

< — Ea
Feeal-5)"+ @G- +G-7)" (222

Where n is the number of measurements made and:A

A
- A AN 7 2
o= T4 7 (-8 45 Chot)
A\
AR Lo (4, -8, )?
7‘—2—_—6‘*‘7—0Cé‘2-to)+2<1 ‘> (223)
: P
/\ /.\ *
7:;»1: r, + T, Ctm—ia)‘f% (z_q'tojl
The mean squared error will than be:
AN PA o) 2 ‘
F = [77 -(71 + 7 (2,-2,) +..2’:2@—,~go) )]
(2.2L)

‘/‘[rz ‘(ﬁ ‘}‘é (tz—ta) "Lé-(tz'éo)))jz

) < 2
s 71- [7‘0’ _(ﬁ -/‘ 7/:0\ (tm -ﬁﬁ) 7L %(i‘w-tﬁ)zjj

To minimize this mean squared error the partial derivatives with
P AN ANETA
respect to the three constants ( V‘o) YT, ) are set equal to

zero: A E A A o)
2R =z [7‘, -'(7; + 7. (t-4,) 4{—'—(*51—29))]

. A D z
2 [ -(F ﬁ(tz-éo)%}?g[t‘id)j

(R B ey B )T
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| 75“ = 2] -7 + E (t-2) + _2)/2\ (- a;)‘)]@,—t,)
(-2 &~ 2)

A A .
v 2 [ = T2 2 B () B 4) = o

(2.25)

NI

12 [ n-(R+ PG4

;E _ N\ N ) s - 2
SE = 2[r -+ ol E,-2) 4 5 Gy SRS

L2 n- s Bla-n) +i;/i(tz~zb)l)j@_:ﬁ°
2.

o 2
con o Z[R“Cﬁ 7 V/.':(iwzﬁa) ’L?Cﬁwz)‘) E:Z:‘:Q
2

This results in three simultansous equations for the constants:

2=

< - T 3 ~
St +2 (ti-4) 5 4 Ct;z-izb) 2 z@i_ie)ré (2.26)
= 1= Z=)

2

: ¥ < S 4y 9 - ~

> s PPN Gl ) Gi-2) 2 = N @)

I=1 = = o ° ‘z—i
=/ f:r

r=y

The notation can be made more concise by using matrix notation.

If a matrix A is defined as:

;o @-t)  Gmt)
2
[ (Ba-2)  Ga-2n)
A= 1 = (2.27)

7

| @am2) Eo- 1)
’ 2

b— -
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'Equations (2.26) can be rewritten as:

AAR,=A.R

(2.28)

where R is a column matrix consisting of the measured values:

T
R= |-

7%
R.= |%
D
T,

-1 oy
C = A A T A T
‘biaen the desired values will be

R.=CR

Also, for the other two components:

X.=CX Yo =CY

where:
1. %
X. = % Y, = |9
PN
X, yé

(2.29)

(2.30)

(2.31)
(2.32)

(2.33)

(2.34



(2.35)

x>
v
= X

| %n ] Vo

The matrix A and thus C are precalculated constants that depend
only on the number of fixes and the time between fixes. The time
between fixes is picked as one second. The number of fixes will
depend on the accuracy reguired. It is desired that the positien
of the target be known within 200 feet after 60 seconds. This
will Ijequ:i.re that the velecity constants be known to within 3 ft/sec.
Because of the nature of the radar, the angular measurements will
~ be the most critical. If the distance from the vehicle to the
target is approximately 2@0,‘ feet, the required accuracy for
the angular rate is 1.5 x 10.5 rad/sec. The number of fixes
needed at a rate of one per second is approximately 20, This

will improve the accuraecy by approximately:

n

o
0= 7= | (2.36}

where o is the deviation of ome measurement, G~ 1is the deviation
of "best value*’ if there are n measurements, and n 1s the number
of ﬁeésurementé.- With an assumed accuracy for fhe radar of ,001
radisn, the accuracy of the '"best values" will be:

.00/ -4
ﬁo_- 2.2 X077 rad, (2.37)

g, =



With a tracking time of 20 seconds, this standard deviation will

| give an angular rate deviation of:

On_ _ 2.2 yjor = )l xio® Ta«i/
Sea

+ 20 (2.38)

which is seen to be within the required telerance.

2.i The Caleulation ef the Launch Direction

At the end of the tracking period, all neecessary information
is available for the calculation of the launch direction. The
launch direction is calculated by deriving the equations for the
pesition of the target and for the attacking rocket as a function
of time, with time + = 0 at ﬁhe £ime the rocket stops burning.

The position of the target and rocket are then set equal to obtain
the time of flight and lsunch conditions.

A1l time intervals in the operation of the system until
rocket burnout are constant and are determined by design considera-
tions. After the system receives a command to destroy a target,
it tracks the target for 20 seconds as described sbove. After
this, there is a time peried in which the computer solves for the
launch conditions and the vehicle prepares to launch the reckgt.
Then at a given time from the initiation of tracking the rocket is
launched. Since the rocket is designed to burn for a definite
period, the time of rocket burnout is also fixed relative to the
initiation of tracking. The peosition of the target relative to the

vehicle is known at rocket burnout.



The position of the target as a funetion of time after burn-
out is given by equations of the same form as equations (2.1).
If time ¢ o is pieked as the burnout time, the constants for equa-
tioms (2.1) will be given by equatiens (2.32) and (2.33). The
elements of the A matrix will then be defined by the time inter-
val between the begimming of tracking and burnout, and the inter-
val between fixes as described in the previous paragraph. If
time 1 = to is arbitrarily set equal to zero; the eguations for

the position of the target will be:

- 2 .
= + X, t . =
Xp= Xo# Xo£ + X X (2.39)

s 2 >
Vo= Yot Vot + V.

A A 3
R S P S

The position of the rocket at burnout is determined by the
design of the rocket and the launch direction. It is assumed
that the rocket accelerates approximately in a sﬁraight line.

Then the velocity of the rocket in the ¥ direction at burnout is:
Tor = f alt) ol t (2.40)
7]

and the position is:

‘f(, '1.' :
Tor =f fa«m LY dt (2.41)
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' The acceleration as a function of time can be found experimentally
through static firings of the rocket. The accuracy requirements
for these constants and the design of the rockets will be discussed

later. The initial conditions in the other two directions are:
X oR ~ Von S/ &,

Xop = Ton Sim 8, (2.42)

yon = Yop Cos (9" £ fA
\/on — y-'” Coys 9,_ sgw ‘/4_
where ©_ and /, are the launch angles these relationships are

shown in Figo 2060

7,

Fig. 2.6

Geometrical Relationships at the Time of Launch
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After burnout the only accelerations of the rocket are these
due to the difference in the gravity field. They are of the same
nature as the acceleration acting on the target as described in the
first section of this chapter. The acceleration of the rocket |

is proportional te:

- Kr -
Tr R3 - (2.43)

where 7 =7Tix#%,% . Since the acceleration caused by gravity

is itself a first order effect, any first order effects on it

can be neglected as second order effects. Thus Y., can be neglected
compared to 7:;R t since 7, represents only about 10% of the total
flight path. The acceleration is then: |

= K £ -

and the displacement at the end of flight is:

3

' E
A R PN _K__"!"_ . 3 (2.&5)
: R® 6
where t £ is the time of flight., The acceleration of the target is:
T CE
and the displacement is:
' L, K7 t,cz
A Tr —‘—-Rsr >y | (2.47)

3k



‘Since Yon © is approximately Tors the displacement of the rocket

is:

KGte) 5 Kr. e A7
IR? 2 T 3R 2 3 (2.48)

AT, ~

Thus the rocket acceleration is approximately one-third the

target acceleration as derived from the radar data.

The equations of motion for the rocket ares:

< s
Xoe=0og +Tant)sm 8, + § 4
. 2

| o . (2.49)
Ve = (Fon + Yent)eosb, 5"”901- 4*'3)/—" ‘i’

A

%

2

TR= Tan + Tont +

NG

To find the launch conditions, set equatiens (2.39) equal to

equatiens (2.49)., The time of flight is solved from the y equations:

2 . 2
=

AN D <0 *

Yr=re +T.E 4+, z = Y%= Yor "'Téﬂt"}"gl_iz' (2.50)
o
To ;2 o . D 5
S8+ (T -F)t +(F -1 =0 (2.51)

Thé solution of this quadradic involves the difference of
large numbers and it also involves a square oot which mskes its
solution on the computor more difficult. Since the accelerations

are small an iterative solution is more accurate.



‘A first approximation for the time of flight is,

P
f-r,

ty, = 22 (2.52)
Tor = 7,

Then a second approximation is given by:

i AN N 205
[371 t,, +(% ~7;«)]f,z=—(7/ﬁ—7:4) (2.53)
Substituting equation (2.46) for t, gives:
P (f;p‘ - Aa - f‘_ .._...___740 —Tor
e

To confirm the accuracy of this approximation by a typical example:

. 200, 000 -
t, = o = 40 sec (2.55)
£ = 202,000 - Yo
‘Fz ‘ Fooo — ;’38 Yo GL 10/92 ° 7 ey (2.56)
The next approximation would be:
ZL_{. 290,000 = Y0 .,0/92/)8 sec (2-57>

- A8 .
3 Soop - <t 1/0102_

The error would be .9 x 107 which would be very much less than

the errors in the other numbers in the equation.

With the time of flight known, the launch direction can be

solved from the other two equations. From the x equation:

A A
X =X, +X, t, +X

<
& L2 )<E:<Y;2 + Ton ’t:>s’/'vz<9,_ -/—év—‘l Z'; (2.58)

z
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A A D2
L) Yot Note 4+ N EE

G, =5 -
Tor + Ton Ef

(2.59)

From the y eguatiens

2

A o /:} t - {o\ 2 .
Vo= Yot Yote + 0, B =Yy = (g +Ton)cosbisig + o 2 (2.60)
. -

o a age |
ﬂ:sﬁ“%+ﬁb+%f (2.61)
T;n + 7’;« i};)COS 9,_

2.5 BError Calculations

Two different sources of error are investigated here. These
are the error in position caused by ar error in burning time and

the error in position caused by an error in final velocity.

One of the most likely sources of error is an error in burning
time: Burning timé is dependent on the initial temperature of the
propellant which is difficult to control. If the actual imitial
£emperature'dif£ers from the design value, the fuel will burn at
some rate other than the deéign rate, but sinece it is likely that
all the fuel will be burned, the rocket will reach approximately
the same final veloéity. Thus the primary effect of an erremeous
burning fame will be an error in the initial pesition of the rocket

( 7%,) and in the burning time ( % ).

To determine the effect of an erroneous burning time, the

error caused by a 10% slower burning time is calculated. It would
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take approximately a S0°F errer in initial temperature to cause

an error this large in the burning time. Thus it is probable that

the burning time can be held well within this 10% telersnce. In

these ealculations the primed guantities are the actual values and -

the unprimed quantities are the design values. Also, the gravity

accelerations can be neglected"in these calculations as second

order effects and the aceeleration of the rocket | can be assumed

constant. -

For this example, lets

o~
]

ti'.b’ =

o I

/?:

16 sec.

// Sec »
(2.62)
|98 eoo ft

200 FHe._

Zooo FJ/%G

Since the acceleration of the rocket is assumed constant, the

design acceleration is:

¥
a = OR

—

T4

- &booo
= 0 = 6&oo F‘f/_reot (2.63)

and the actual value is:

a =

/ réﬂ _

£y

6"000 ~
= 45 H4SS ,c%acz (2.6h)



. The design value for the initial positien of the roecket is:

+2 >
T;n —_ G = S$¢° Go = 2§ Co00 Fi (2065)

2 2

and the actual value is:

3 L 44, )
Ton = — = 255‘/@) = 27§00,27 fT (2.66)

The effects of these errors combine to préduée an error in the

caleculation time of flight. The calculated value is:

—_ T ok — /75 .0 - 25, ;
i'F ’0 /?\ — 500 25,200 3/) 250 §¢(2.67)
Ton — 7 6000 - 200

The actuai value for the time of flight is:

/ ¢ - Y4 g -
zf.'_‘; - = f;\R _ 1725, 000— 27 500,27 (2.68)
7o,

-~ =30,
.- 7 5000 - 200 742 sec

The miss distanee can be found by refering to Fig. 2.7.

R,

25
7% e
VEHICLE

Fig. 2.7

’Miss Distance
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At the calculated interception time the target will be at position
Tl, at the intersection of the target and rocket flight paths.
Although the rocket was launched at the correct time, it accelerated
slower than planned so it will be at the position Rl at the cal-
culated interception time. At some time later the rocket and target
will be at positions R2 and Tz, respectively, which is approximately
their closest miss distance. The time interval between the cal-
culated interception time and the time when the rocket and target
are at positions R2 and T2 is the difference between the actual

and designed rocket burning time plus the difference in time of

flight from burnout as shown in the following equationss

St

I

(tél‘—i'é) +(f’¢/ —ﬁ.p) (2.69)

ot (// - /0) 4»(30,’7%2. ——j/,250> :/——,’5-2/

= 479 sec.

Thus the difference between the position of the target and rocket

at the calculated interception time is:

RR.= TR = g St -7 St (2.70)

- Cgooo -20@)(, 427 Sec)

= 2300 £7.

LO



At a time interval S+t later, the rocket and target pass at
approximately the closest miss distance. If the velocity in the
transverse direction is 187 ft/sec (See equation 2.17) the minimum

miss distance is:

A = /?;7-,_7-‘— ?);_Si

e J8o).427)= 9O FiE (2.71)

If the wespon is detonated at the caleculated interception
time, the rocket will'ba well outside the planned tolerance.
However, the weapon could be deéoﬁéted within the required accuracy.
by a proximity fuse. This possibility will not be considered
further here. An alternate means of detonating the weapon could be
by command from the vehicle. The wvehicle would recalculate the
interception time by using the actual velocity and position of the
rocket as measured by the radar. The radar will measure the
velocity and position of the rocket at approximately five seconds
after the planned burn out, at this time the rocket will have
Burned out. The values of velocity and position are inserted
back inte eguation (2.5&) to determine the new interception time.
This time is relayed to the rocket, and a clock detonates the-

weapon at the preoper time.

The other source of error considered is an error in final
velocity. This error can be caused by chunks of fuel breaking
off, by erosion, by residual fuel, etc. The effect of a final

velocity error on miss distance are readily calculated.




If a 2% error in final velocity is taken as an example, the error

in time of interception will be:

A A
_ o To = Tog -1
gi—f,c——?':,;:./ =~ /.<
To/z - 7: V;ﬂ - 7. (2.72)
/’7::,000-—25‘% 00O 3/,2 50
“9do00 ~200
= 31.9/5 -3L250 = .6 & Sec
The minimum miss distance is then:
d=v.§t = (180X.cc6) = /24 f£ (2.73)

Thus it is seen that with reasonable tolerances of 10% on
burning time and 2% on final velocity, a launch direction can be
calculated that will bring the rocket to within the required dis-
tance from the target. It remains to be shown (Chapter IV) that

the rocket can actually be launched along this direction.
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CHAPTER ITI

PHYSICAL DESIGN OF THE ROCKET

In this chapter a rough estimate is made of the important
characteristies of the actual rocket. A velocity impulse is
chosen to satisfy the requirements of the over-zll system.
Estimates are made of the weight of the payléad, structure, and
other equipment, and a fuel is chosen., A burning time is selected
that fulfills the time reqﬁirements of the control system. All of
this material is combined to determine the mass ratio of the rocket,
the configuration of the propellant grain, the characteristics of
the nozzle, etc. From these are found the weight, dymanic charac-

teristics, acceleration, etc. of the rocket.

3,1 Design of the Rocket Motor

In designing the rocket the weight of the warhead is assumed
to be 50 pounds. The actual design of the warhead would involve
highly classified information and also would be beyond the scope
of this thesis. If the actual weight of the warhead should differ
from the assumed weight, all other weights and design parameters
can be changed by a proportional amount. It is also assumed that
the control system weighs 10 pounds and that the structure accounts
for 15 per cent of the total weight. It is desired that the max-

imum time of flight be approximately 4O seconds. Since the target

L3



- could be as much as 200,000 feet away, the desired velocity impulse

is 5000 feet per second.

The fuel chosen is ammonium perchliorate ovidizer with poly-
butadience fuel binder and aluminum additive. The characteristics

of the fuel are:

Isp @1000 psi 250 sec (at sea level)
Burning rate @1000 psi JM67 in/sec

Burning exponent, n «236

Density : .063 1b/ft3

Since the specific impulse at sea level is expected to be improved
to 260 seconds in the near future, this number will- be used in the
design. The ideal exhaust velocity at sea level can then be deter-
mined from these fuel characteristics:
Vg = Lep 9
=(260 seq|32.2 £t/sec?)
= 8380 ft/sec

From this ideal velocity the characteristic parameter of the
fuel, arbitrarily called K, can be found. The parameter K is in-

volved with the burning témperature of the fuel. The equation is:

v;(a) = \/K [/_ (}?)KE} (3.2)




- where: B

.. 24k

: K== RTe

k = Specific heat ratie

(2ssumed to be 1.25)
Pl = ]000 psi  chamber pressure

P, = 1h.7psi  exit pressure

8380 ft/sec = \/ K [/ —6-%‘-‘520)%;?_/]'

£380)" , >
K= ( =7 = 1,23 X ’O? 'F{'%@G" ‘ (303)

then?

thus:

For convenience in the manufact;ure and handling ef the rocket,
the exit of the rocket nozzle is assumed to have approximately

the same diameter as the case. With this assumption and antici-

pating the size of the case and throat area from the results of
the design to follow, the ratio of exit area to throat area is
approximately 5Sk4. The pressure ratio can be found from the

relation:

s =t (..
soperof TETGF]

Solving this eguation using the graphs in reference ( ), the

pressure ratio will be:

— = 800 (3-5)

G
£
.
=
ol

L5
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‘thus the exit pressure will be:

P = /1060
2

ryal 1,25 psi

Using equation (3.2) the ideal exhaust velocity in a vacuum

can be derived:
25-1 -1
\/@3302 / /,25‘ EGE (3.6)
ZCVAC) 57 oao

'/ 83
= 8380, 57

= 10,050 ft/sec

The effective exhaust velocity is:

74

c= Uiwag T

where:
Pa =0 atmospheric pressure
A, = 38.6 in? exit area
X:v’ = mass flow rate, is anticipated to be
approximately 4.2 1b/seec
thus:

1,52)(39,c)(32.2)
c=10,050+( ) 7>

= 10,050 + 370 = 10,420 ft/sec

The specific impulse in vacuum is then:

c
I =L
sp
J (3.8)
_ /o420 _ ..
EeT— 324 sec
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In vact;mm there is no loss due to drag. 4lso, relative to
| the co-ordinate system used, the less due to gravity can be
negieeted in calculating the performance of the rocket. Thus
the actual velocity impulse achieved by the rocket is vary nearly

the ideal velocity impulse. The mass ratic can then be calculated

by:
Vo=clanMR (3.9)
y cooo | ‘
ln MR = _C_?_ = 7o 40 = 186

MR = 80 - 1.6

The mass ratio is the total weight over the burnout weight.
Thus the weight of the propellant can be found in terms of the
total weight by:

M=~ = - (3.10)

thuss:

W, = Wr (1= =) - (3.11)

The total weight of the rocket is then:
Woorar, = “warmmap * YcontRoL SysTEM 3.12)
3.12

* Warpuerore * "ProPELIANT

Substi’b’afing the values: ,
Wp=501p+#101b+ A5W,lb + W, (1 - 7% ) 1b
(1-.5-.38) W, =601b

WT = 128 1b

L7



From the tetal weight, the weight of the propellant is found to be:
W, = .15 Wy = 48 1b (3.13)

and the weight of the strueture is approximately:

Vo= W, (1~ 52) & 2w (3.1k)

With a 10-second burning time the mass flow rate is:

W 48
W= el = 4.8 1b/sec (3.15)

With a burning rate of .h67 in per second and a density of .063
pound per cubic inch, the burning area is:

‘;I" /0 BR .Aa

‘8 2
- = /¢
(0e3) (. 4¢?) 5

If the rocket is seven inches in diameter, a cone 1.k inches high

will have the propser surface area. The cone is doubled back on
itself twice to conserve space as shown in Fig. 3.1. The total

volume is:
w

Ve = 2 -0 w2 (3.17)

Using this volume, the length of the propellant grain from the
base of the cone on one end to the base of the cone on the other

end is:

V 2606 ‘
= = = . 1 .18
1p 7 " 3%c 19.7 in (3.18)
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"The height of the cone is 4.5 inches giving a total length for

the propellant grain of approximately _2h inches.

To detemi_ne if the estimate made for the weight of the
structure is approximately correct, the weight of the walls of
the recket case are calculated. From this the other weights

involved are estimated:

The thiékness of the walls azbe:

t = safety factor x press. x diameter

o . stress (3'1?)

With a safety factor of two and a maximum tensile strength of
130,000 psi the thickness iss

}oa (2)1000)(D)
Y Q30,000 (2)

(3.20)
=0,08% i,

With a density of the steel of 0.29 lb/:'Ln3 the weight of the

cylindrical portion of the case is:
We= L, 7 DL 0 (3.21)

= (0.05L4)(7r)(7)(24)(0.29)
= 8.2 1b

If the ends are considered spherical and with twice the thickness
of the wall they will weigh;
=4 7 GEI)C.29)
= 4,6 /b

(3.22)
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By comparing these weights with the welight of similar rockets, the
nozzle and other parts should weigh approximately 7 pounds. The
total weight is then:

W= 9.2 + 45 +7 = 9.9 /4 (3.23)

Thus the structure could probably be built within the original

weight estimate of 20 pounds.

The throat area is calcuvlated by determining the mass flow

rate in the critical section by:

W = %"——@ (3.2l)
=

= A _lg\/[l/w/] K-
tP: 8 W

From equations (3.2) and (3.3):
_ -NK
JIkRT = /5 (3.25)

\/(/ 25-1) ¢ 93 w]

= 4040 filc,

Thus:
9kRT
P9 kT2 ks e (3.26)

_ (4.8 (Yo to)
T (1000)(32.2)(. 736¢)

A=

—_ ,8’2 I'V\.Z

c1



' The area ratio is then:

(3.27)
Az _ 38.¢ _ ,,
A, w2

The nozzle shape can thus be modified slightly to conferm with

the originmal area ratioc eof 5.

3.2 Dynamic Charteristics of the Rocket

A rough estimate of the d&namic characteristics of the rocket
is necessary in order to @gsignﬂthe control system for the rocket.
This will include the moment of inertia and acceleration as a
function of time. (In actual practice these parameters would be
deterhined by experiment fbr the final system design.) The moment
of inertia is determined by calculating the moment of inmertia of
each component about its center of mass and then combining them
by the parallel axis theorem to find the tetal moment of inertia

about the center of mass of the rocket.

The moment of imertia of each part is:

a. Propellant - If the propellant is assumed to be a cylinder:

I,& =28 (3o + 2@ (3.27)

where:

n (t)'is the mass as a function of time, i.e.,

m&)=%-;t=w-h£t (3.28)
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and 1 (t) is the length of the propellant

as a function of time, i.e.,
1(t)=1®-1t=20—2t
thus:

L= 49/;""' /3G Ha0-26)  (3.30)
= (4.0 - 0. 4£)( 43¢, £ ~s0t+9422)
= 750 ~490 £ 49222/ ¢ 45 b w2
b. Warheaﬂ - If the warhead is assumed to be a sphere with

a radius of 6 inches:

o 2mR _ 2(s0)(ey
I, = T - (3.31)

= 750 1b/in°

c. Structure - The moment of inertia of the structure is
assumed to0 bé:
L\ z
1= m(35) = 190G 0) (3.32)

= )9060 /4 )n?%

d. Gontmlﬁystem - The moment of inertia of the control

system about its own center of mass is neglected.
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The moment of inmertia of the entire vehicle is calculated
using the weight and Balanee diagram in Fig. 3.2. The center
of mass travels 1,55 inches during burning, thus its rate of
travel is +155 ineh per second. The moment. of inertia of each

part about the center of mass of the system is:

I= I, + MCd = 155 +)° (3.33)

where d is the distance from the center of mass of the part to the
original center of mass of the system. This may also be a function

of the time as in the case of the prepeliant..
The total moment of inertia is then:
. N . ) : Z
IT= IPC" + IWM. + ZSM + M, ((s5-22) +./56 2)

FM, (13165 £5% 1 Y (9 1 155 3%+ M, (2¢ #1557

(3.34)

[=1750- 497 ¢ + 494>~/ (47 42650 + /900

+ (48~ 482X 5 ~155¢) + 50603 ~, 155 2)>2

FI9C T FIEELED £ o (26 4. jps )T

[= 22,980 - Jc92 £ + 3)0 22 ~ /2.8 27 )4 inn

5h,
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The angular acceleration of the vehicle as a function of the
force applied at the rocket nozzle is needed for the design of the

control system. This angular acceleration is given by:

¥ = f’——ﬁl (3.35)

-‘T
wheres

h is the distance from the central vane to the center

of mass:
he=(h +ht)=(2¢+ /55 %) (3.36)
FT is the transverse force acting at the rocket nozzle

due to a deflection of the control vane.

The angular acceleration is then:

é‘ﬂ: Frl2¢+.154)(322)(72) (3.37)
22,450 ~ /692 4 3/04%~ /2847

A graph of the transfer function between force and angular accelera-

tion is shown in Fig. 3.3.

The acceleration of the rocket as a function of time is also

needed for the design of the control system. The thrust is given

RA F=wl, =(%8)(32%)

= Js5 0 Jby | (3.38)
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'The mass of the rocket is:
ne=(m - wit) (3.39)
= (128 -4.92) /b
Thus the acceleration is then:

_ _Fa_ (ss0)(32.2)
Aw » 128 - 4, §L

(3.40)

The acceleration as a function of time is shown in Fig. 3.k.

3.3 Contrel: Vanes

The position of the rocket 1s controlled by four small vanes
located at the end of the rocket nozzle. The size of the vanes

needed are determined here.

The density of the jet exhaust at the position of the vanes
can be found by:

W= % A Ve (3.41)
/9' W _ (450

T AV, T 622 Jo,080)

=L78 X/oF /A/Fz‘?

Since the vanes are in supersonic flow the change in the coefficient
of 1ift for a change in angle of attack is approximately two. In

other words: LYl

2= o

Qe -
(3.42)
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Thus the transverse force is:

2C. , 0. )2 g
Fr =5 "”f— ViA, (3.43)

The maximum angular acceleration demanded by the control

system is 3.58 rad/seez, at time t = 0. From equation (3.37):

A
_Z___:,z,t;zg Tad/ . per /4; o (3.kk)

Thus the transverse force needed is:

' 355
F, = A

_% L4 g : (3.45)

= 20 /AF

If it is required that the maximum valve for the angle of attack,

A 5 be spproximately .075 radian, the area required will be:

/4 — Fg — - ?ao
v %% 0{/_% pr 2 (,075)@'7%"_’(9;3)(/,0/ X Jo#)

T AhGHr0T L s 28t

Thus with two vanes used in each direction, the area of each vane

is 1) square inches.
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CHAPTER IV

THE LAUNCH AND GUIDANCE SYSTEMS

This chapter opens with a brief description of A proposed
launch mechanism for the imterceptor system. The deseription is
necessarily brief since the design of i‘qhe launch mechanism depends
to a great extent on the design of the fﬁen_’g;i’.r.jeiféehicle, which is
not the swbject of ;bhis thesis.. . The bulk of }tha éhap‘ter is thus
devoted to a detailed diss"c:&ssiozg of the guié).aznce system design
and to an analysis of thg_;.i?"es;ﬁlts of an &ﬁaleg computer simulation

of this guidhnce sys;te’m;

h.l The Launch System

For the reason noted above, only a brief outline of a possible

launch mechanism will now be presented. In the launch mechanism

proposed, rockets are carried much like shells in a revolver.
Sin;:e the co-ordinate system used to develop the equations for
launch direction (Fig. 2.1) is arbitrary, the co-ordinate system
can be chosen so that the x axis is approximately along the axis
of the "revolver." In other words, the co-ordinate system will
be apprémately éoihcident with a co-ordinate fixed in the wvehicle.
The rocket to be fired is rotated to the proper position determined
by the aingl.e‘ :79 and is then elevated to the angle 8. These angular

rotations are shown in Fig. L.l.
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From the nature of the co-ordinate system chosen, it is
apparent that the radar data and thus the laumnch direction are
actually relative to a co-ordinate system determined by the in-
ertial reference equipment., The attitude of the vehicle is also
controlled relative to the inertial reference equipment. This
attitude control is performed by an attitude control system which
controls the vehicle's attitude in such a way that the vehicle
co~ordinates are appfox:’x.mately along the co-ordinates determined
by the inertial reference. The approximation, of course, is only
as good as the attitude comtrol isystem itself. The actual launch
directien wi;Ll therefore be in error at least as much as the error
in the vehicle's attitude. Alse, additional errors will probably
be caused by the faulty separation of the rockets from the launch
mechanism, The purpose of the guidance system, to be discussed
later in this chapter, will be to correct these errors in launch

direction,

The lawnching of the rocket puts added loads on the attitude
control system. When the rockets are rotated in a certain direction,
the vehicle tends to rotate in the opposite direction by the law
of conservation ef angular momentum. The attitude control system
must be’» able to compensate for these rotations. When the rocket is
actually launched, a torgue is generated by frictibn between the
rocket and launch mechanism and a second torque is caused by the
rocket exhaust hitting the vehicle. The torque caused by the

friction tending to pull the vehicle with the rocket is in the
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~opposite direction to the torque camsed by the rocket exhaust
pushing the vehicle away from the rocket. It may therefore be
possible to adjust the friction so that the torques approximately
counteract each other, greatly reducing the energy requirements
of attitude control system. The actual design would have to

be determined by experiment on the actual equipment.

h.2 The Guidance System

The rocket is controlled during burning by command from the
vehicie. The actual position of the rocket 1s measured by the
radar and compared with the desired position determined by the
calculated launch direction, From the resulting error, a command
signal is computed by the guidance system. The command signal is

then sent to the rocket to bring it back to the proper path.

To simplify the design and analysis of the guidance system,
the motion of the rocket is restricted to one plane as shown in
Fig. 4.2. (The design of the system for the perpendicular plane
would be the same.) The x and z axis are the same as the x and z

axis in Fig. 2.1.

2

) o'
9J.

Fige. L.2

Guidance Co-ordinate Systems
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A primed co-ordinate system is defined so that ths,x} axis is

along the desired launch direction defined by the angle € The

E'
object is then to null the quantities 2t and 3t befere burnout.

In terms of the guantities measured by the radar:

2 =7 Sin ©

(4.1)
2= sme + rcse’s’ (L.2)
where:
©'- 6 - 0
A ' (L.3)

and where © and vy are measured by the radar and Gh is the ealculated
launch direction. Since the error is small, small angle approxi-
mations can be made. Thus:

] /
2 =78 (L)

/ >/

212 76 + T & (4.5)

The rocket is controlled by vanes in the rocket nozzle. A
deflection of the control vanes produces a torque on the rocket
which is proportional to the angular acceleration of the rocket.
The equation for the angular motion is:

5 = Lz (1.6)
L
where:
FT is the ﬁransverse fbrce acting at tﬁe rocket nozzle due to a
deflection of a control surface and is proportienal to a cormand

h

from the control system. is the relation between force and
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angular aecceleration and is given by Fig. 3.3. The angular
position of the rocket is proportional to the linear acceleration
in the zl direction. The equatiom of motion for the rocket in

linear motion is:

ve ]
=z =

Slw?/‘

£
~” (4.7)
=

II°

4

wheres

%E is the acceleration of the rocket given by Fig. 3.4. Zf\is
the angular pesitioen eof the rocket relative to the desired direction.
Hence, the linear pesition is proportiemal to the fourth integral

of the signal needed by the control vanes. (The dynamics of the

control vanes themselves are neglected.)

Normally, a second-order guidance system is formed by using
the position error and velocity feedback. In such a system, a
signal proportional to a commanded angular positien is sent to
the rocket. The rocket then uses a second-erder position control
gystem, composed of a position and rate gyro, to derive a signal

for the control vanes.

The rocket design proposed in this thesis, however, eliminates
the neé& for a position and a rate gyro located in the rocket itself,
with a cohseqnent reduction in rocket weight. Beéause of the de-
finite design characteristics and burning time of the rocket, it
is possible to simulate the rocket's motion in the control system

of the vehicle. The control system will then need the initial
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- angular positldn.(‘ﬁl) and rate ( 3”0) of the rocket as imitial
éonditions in the simulation., It is assumed that at the time

the control system begins to epérate, the rocket is leaving the

~ vehicle in a straight line. Then '32 is equal to zero and Zﬁ;
is the error angle 9% megsured by the radar. The command signal
sent to the rocket from the vehicle would then be directly pro-
portienal to the deflection of the central vame. The only equip-
ment needed by the rocket itself is a radie fBGQIVer and a servo
to position the control vanes relative to the command signal,

The control system is shown in Fig. L.3.

4e3 Design of the Guidance System

The guidance system divides naturally inte two sectionms,
(1) an'inmer loop that controls the angular position of the
rocket and (2) an outer loop that controls the linear position
of the rocket. The imner, angular position loop is normally
contained in the rocket itself, but, as seen from the previous
sections, the operation of this loop is simulated in the vehicle.
The dynamics of these two loops will interact, but, to simplify
the design process, the interactions are neglected and the two
loops are analyzed separately., First a natural frequency is
picked for the outer loep to satisfy the required solution time.
A natural frequency is then picked for the inner loop to minimize
the effects_of interactions. The natuial frequency and damping

ratio are used to determine the parameters for the inner loop.
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~ The parameters are then determined for the outer loop using the
natural frequency for the outer loop, the damping ratio, and the
parameters previously determined for the inner loop. The guidance
system is then analyzed as a whole, using root locus methods, to

determine the effects of the interactions.

The solution time of the system is dominated by the outer
loop. If it is required that the final value be approximately 5%

of the initial value, the envelope of the response should be:

c = ,04" (4.8)
Thus:
TE = 20
< (4.9)
ot = 3.0
with t = 10 sec.
o =,30 (4.10)
The damping ratio (£ ) is chosen to be .707.
‘Thens
O = 17y
S (L4.11)
_ S _ .3e0 __

Thus the natural frequency of the outer loop should be .42k rad/sec.
To avoid interaction between the two loops, the natural frequency
of the inner loop should be 10 times that of the outer loop or

L.2h rad/sec.
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To arrive at an estimate for the values of the parameters in
‘the inner leop, the inner loop is simplified by ignoring the

effects of the simulation as shown in Fig. L.h.

y

R + _ R. P n ¢’ JL—‘I_ILC
2 S fS

Fig. L.l
The Simplified Loop

From this figure:

WA St b K. (k.12)

(4.13)

= e
S2 LK D5+ Ko
In terms of natural frequency and damping ratio, the transfer

equation for a second-order system is:

¢ G,

—

R~ g™ 28was +im®

(ho1k)




. Thus the parameters for the inner loop ares
G=
Ki= W,* = (424)* = /7.9 Tad /s per racl (4.15)

D ==2GwWy _ 2X760(4.24)
Kz /2.9

= ,33z2 Tndyémy per7ané@C

The simplified outer loop is shown in Fig. L.5.

i C
R + + K . I?rne-rvl.oop ” _}i - _l_ .__/
- - 1 =] »m s g
[} —
Fig, b5

Simplified Outer Loop
In this analysis the assumption is made that the inner loop has
a gain of one and that the effect of its dynamics on the dynamics
of the outer loop is negligible. Thus the transfer function of
the outer loop is approximately:

F’
Cc _ K, 5
R 5‘2.7(_ ’%D§+K%

(L.16)
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~ From equation (l.1h) the parameters for the outer loop are:

Ko

D=

I

|
W= (429 = ssort) . per £ 1D

I

28 an _ (2) 200X 424
K g; (/god

= 3.22 Fﬁ/g.ec 2 /D@,«- Fz%eo

The average value for the transfer between acceleration and angular

position (-é;) from Fig. 3.4 is approximately 482 ft/se02 per rad.

Then Kl is .37h x 10-3 rad. per ft.

The actual inner loop, including the effects of simulation

as shown in Fig. 4.3, can be rearranged as shown in Fig. L.6.

A~

= 1
- 7 -
4D |
Z—l
7.
— F}ﬁ o« |
Fig. L.6

The Actual Inner Loop

In this arrangement:

_y A (14.18)
K: | /[7/2 I’

[as




FA

The term 7 is a function of time and is shown in Fig. 3.3.

The parameter /7. is chosen so that K, will have the design value

2
(equations (4.15)) when f%ﬁL is average. Thus:

” K _ 179 71@{/§ng/7c¢ rodl (4.19)

- Fr4 L5850 Tad/%-%t/jw /é
r Covg

wf !
The term /::;/’ is the simulation of F/IA . It is found
that a linear approximation to JEiA— is sufficient for the

L

desired accuracies. From Fig. L.6 the transfer function is seen

to be: Zﬁzé
° e C _ H, s* T
/\J Sz—/- /_/&;;:A/Dzs _/_ /)‘/1/_le Sz

r I (4.20)

The natural freguency and damping ratio of the inner loop are the
same as those chosen for the simplified inner loop. See equations

(441h). The gain of the loop is:
- L
G = =777 (4.21)
Z'/

The gain is very nearly one. The only variation in the gain from

;

one is caused by the inaccuracy of the simulation. These errors
are considered in section Lj.5 of this chapter. In the development

to follow, the gain is assumed to be one.
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Fig. L.8

‘Root Locus of Damping Portion of Outer Loop

Th

o




Jowo

Fig. L.10
Root Locus of Emtire System

L
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From the root locus it is seen that the interactions of the
two loops have little effect on the characteristics. The parameters
derived using the simplified systems are thus retained as the

final values.

i Simulation of the Guidance System

To determine its actual dynamic characteristics, the system
was simulated on a PACE analog computer. Fig. L.1l shows the
computer diagram which is a very close representation of the

actual system shown in Fig.‘ h.3. The time varying numbers ELA and

I

—% are approximated by linear functions. The control system -

begins one second after launch.

The launch equipment will be able to launch the missile with
an angular accuracy of at least 5.7° (.l radian). Thus, this
angular accuracy is taken as an upper limit for the initial error
in the launch direction. The initial conditions for the guidance
can be fdund by inserting the initial error angle and range in

equations (h.l) and (4.5). The initial values are then:

Zo, = 7, @o'
= (coX.l)= /¢ f (4.22)
2 =7 e +ré
= 320)C0 + go)(o) (k.23)
and:
| 5/; =6,= ./ vacl (1.2h)
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- Fig. L4.12 shows the results of the simulation with these initial
conditions. The final value of‘zl was found to be less than 5
feet and the final value of él was less than 2 feet per second.
With a maximmm flight time of WO seconds, the final position

error caused by guidance uncertainty is less than 85 feet.

.5 Error Considerations

The effect of errors in the important parameters of the
gystem were also determined by simulation on the analog computer.
The error in burﬂaﬁt pesition and velocity caused by a plus
or minus 10% error in burning time, gain of the control system,
moment of inertia, and acceleration were simulated. The error was
determined for a 10% difference between the actual initial angular
position and the initial position used by the control system to
simulate the motion of the rocket. The angular velocity data from
the radar will probably be the most inaccurate information used
by the control system. The effects are shown of a plus or minus
20% error in the magnitude of the velocity feedback. The results

are shown in Table h.l.
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Table 4.1

Effect of Parameter Errors

Error at Burnout
Per cent Position Velocity
Parameter Error (feet) (£t/sec)
+10% +15 - ~ 0
Burning Time -10% -12 ~ 0
+10% +8 ~ 0
Gain -10% =1k +,3
+l{)% -18 +1.0
Moment of Inertia -10% +30 -1.0
+10% -6 +0.3
Acceleration -10% +) 0.6
- +10% +18 +2.,0
Initisl Condition -10% -12 =2.0
Velocity Feedback -207, =10 +2,0
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