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ABSTRACT

The dynamics of the disturbances due to the instabilities of horizon-
tally and vertically shearing mean monsoon flow have been studied. The
necessary conditions for internal jet instability are satisfied, and a baro-
tropic-baroclinic instability analysis of the observed zonal flow has shown
that the fastest growing modes are mainly due to the barotropic instability
of the upper level flow. The amplitude of the most unstable mode is confined
to the barotropically unstable upper tropospheric levels and the primary
energy conversion is from the zonal kinetic energy to the eddy kinetic ener-
gy. This may explain the occurrence of observed westward moving waves at
200 mb.

In an attempt to explain the formation of the monsoon depressions,
the role of the CISK mechanism in conjunction with barotropic-baroclinic in-
stability has been explored.

Instability analysis of vertically shearing zonal flows with pre-
scribed vertical distribution functions for-cumulus heating has shown that
the horizontal scale, phase speed and structure of the most unstable mode
depends upon the choice of the vertical heating distribution function. The
horizontal scale of the most unstable mode is larger for those distribution
functions that provide heating to the larger vertical depths of the atmos-
phere. .

Instability analysis with the quasi-equilibrium assumption (QEA) of
Arakawa and Schubert for parameterization of moist convection has shown that
in a quiescent atmosphere the growth rate is a maximum for a perturbation of
intermediate scale. The vertically integrated net heating is a maximum for
the fastest growing mode. It has been shown that a two-layer model is not
adequate for study of CISK with QEA parameterization of moist convection.
For a two-layer model, the growth rates are infinite for the perturbations
whose horizontal scales are proportional to the Rossby radius of deformation.
In the presence of vertical shear, the cloud mass flux, as determined by QEA,
becomes inversely proportional to the wavelength of the perturbation and the
maximum growth rate occurs for the smallest scales.

A combined CISK-barotropic-baroclinic instability analysis of the
observed monsoon flow has been performed using the quasi-equilibrium assump-
tion for the parameterization of moist convection. The structure and ener-
getics of the computed linear perturbations are in good agreement with the
structure and energetics of the observed monsoon depressions. The results of
this study suggest that CISK may provide the primary driving mechanism for
the growth of monsoon depressions..

Thesis Supervisor: Jule G. Charney
Title: Professor of Meteorology
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CHAPTER 1. INTRODUCTION

The general circulation of the atmosphere may be imagined as axisym-

metric and consisting of a thermally direct Hadley cell in the tropics, a

thermally indirect mechanically-driven Ferrell cell in the middle latitudes,

and a direct cell in polar regions. This idealized model, with added large-

scale baroclinically unstable eddies transporting momentum from tropics to

middle latitudes (say, across 30*N), helps to explain the maintenance of the

non-decelerating westerlies in middle latitudes. In reality, the Hadley

cell is far from being symmetric at any time during the year; westerly

winds over the equator are not uncommon. The presence of orographic bar-

riers of varying height and the distribution of land and sea introduce asym-

metric mechanical and thermal forcing into the atmosphere. The complexity

of the circulation is further compounded by seasonal variations in the dis-

tribution of solar heating, which differs in its influence over land and

sea, The seasonal fluctuations are more prominent in the eastern hemis-

phere, as compared to the western hemisphere, due to the preponderance of

land area, This is especially so over the Asiatic land mass which contains

the highest and most extensive plateau of the world, the Tibetan plateau

(general elevation, 4-5 km, and an area of more than one million square

km). It is observed that during northern winters a large anticyclone per-

sists over north Asia, and its central area lies over Mongolia and adjoin-

ing Siberia where the highest surface pressure observed anywhere on the

globe exists (Ananthakrishnan and Ramakrishnan, 1963). The prevailing

northeasterly winds in the lower troposphere over India and adjoining areas
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during winter are referred to as the northeasterly monsoon, or the winter

monsoon. It is also observed that during the northern summer an extensive

low-pressure area persists between north Africa and east China, and its

central area lies over west Pakistan, where the lowest mean surface pres-

sure observed anywhere on the globe exists during June-September. The

southeasterly trade winds of the southern hemisphere, which cross the

equator under the influence of this thermal forcing due to asymmetric con-

tinentality, and turn into southwesterly currents, are referred to as the

southwest monsoon. (In its generic sense, the word 'monsoon' was derived

from an Arabic word meaning 'season'.) The corresponding season of rain-

fall over China is referred to as Mei-yu and over Japan as Baiu.

Figure 1.1 shows the cross-sections of mean monthly zonal wind

speed and potential temperature for the month of July along 85 0 E from

200S to 400N. The vertical structure of the mean circulation is charac-

terized by lower tropospheric westerlies, which attain a maximum speed of

about 15-20 knots at about 850 mb, and upper tropospheric easterlies,

which attain a maximum speed of 40-60 knots at about 150 mb. The vertical

shear is easterly (the meridional temperature gradient from south to north

is negative), and the transition from lower level westerlies to upper level

easterlies occurs at about 500 mb. The mean circulation is also charac-

terized by appreciable horizontal shear. At 850 mb, the strongest wester-

lies occur at 10 0N and are flanked by weaker easterlies in the foothills

of the Himalayas and relatively stronger easterlies south of the equator.

Figure 1.2 shows the cross-sections of zonal wind and potential

temperature along 730E and 100 0 E. It may be seen that the vertical struc-
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ture of the mean circulation is fairly homogeneous between longitudes 730E

and 1000E.

Figure 1.3 shows the vertical structure of temperature and moisture

for the mean monsoon atmosphere. Moist static energy decreases from the

surface value of 85.0 cal/gm to 81.0 cal/gm at about 3 km. Like the mean

tropical atmosphere, the monsoon atmosphere is also conditionally unstable,

with large values of mixing ratio in the lowest layers.

The purpose of this thesis is to study the dynamics of the distur-

bances which may appear due to the instabilities of the mean monsoon cir-

culation. The basic approach will be to investigate the instability mech-

anisms due to which infintesimal perturbations upon this mean state may

grow. Since the mean state is characterized by horizontally and vertically

shearing zonal winds, and since monsoon disturbances are accompanied by

organized convective activity and precipitation, this work may also be

viewed as a general study of the instability of a basic state in which the

zonal wind has horizontal and vertical shear, the vertical thermal struc-

ture is conditionally unstable, and the moist convective heating is para-

meterized in terms of the large-scale variables.

It is well known that monsoon depressions are among the most impor-

tant components of the monsoon circulation. Although the depressions

rarely attain hurricane intensity, the rainfall associated with them is

quite large and accounts for a major portion of the total monsoon rainfall.

However, no systematic study has been made previously to investigate the

dynamics of these disturbances and to identify the physical mechanisms and

dynamic instabilities which may be responsible for the growth and mainten-

ance of these depressions. So far as is known to the author, this study
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is the first such attempt in this direction. In particular, the study

focuses upon the disturbances observed between longitudes 700E and 1000E.

This is the longitudinal belt of maximum meridional temperature and pres-

sure gradients and substantial cyclogenesis. Although the paucity of data

is a general problem for the whole monsoon region, the synoptic network

over India provides reasonable data coverage in the longitude belt under

consideration.

Figure 1.4 shows a typical synoptic situation in which a monsoon

depression is located over northeast India. For the same synoptic situa-

tion, Figure 1.5 displays the vertical cross-sections of meridional wiud,

temperature anomaly, and absolute vorticity, along a zonal plane at 220N.

These figures have been reproduced from a paper by Krishnamurti, et. al

(1975), which is perhaps the first documented detailed analysis of the

structure of a monsoon depression. In this paper, the authors make the

following statement about the structure of the monsoon depressions:

"The horizontal scale of the depression is about 2,000 km,
the vertical scale about 10 km, its westward speed of motion
about 50 longitude/day. The monsoon depression is an in-
tense close vortex that has horizontal wind speeds of about
10 to 15 mps and its closed circulation extends to about
9 km in the vertical. . . . The vortex has a very well-de-
fined cold core in the lower troposphere and a warm core
above 500 mb. . . . Vertical motions show rising motion
west of; i.e., ahead of, the trough line and descending
motion to the rear. . .1.

It is not clear why the authors considered the horizontal scale of

the monsoon depression to be 2,000 km. We may see from Figure 1.5 (top

panel) that the distance between the maxima of northerly and southerly com-

ponents of the meridional wind is nearly 16 degrees of longitude, which

may be considered as one-half wavelength. Therefore, when considering the

monsoon depression as an idealized, wave-like perturbation, it seems more
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reasonable to take the horizontal wavelength as 3,000 km.

Figure 1.6 shows the tracks of observed monsoon depressions over

India in the month of July for the period 1891-1960. The general direction

of movement of these disturbances is between west and west-northwest.

Their phase speed is typically about 3 m/s. Due to scarcity of observa-

tions on the Burma coast, it is not possible to determine whether these

disturbances formed over the Bay of Bengal or whether they originated fur-

ther eastwards. We have examined the daily satellite cloud pictures for

the months of June through September for the years 1967-1973 in an attempt

to trace the movement of organized cloud clusters from regions east of the

Bay of Bengal. Due to extensive monsoon cloudiness in the region, it was

not possible to identify, or to trace, the individual clusters, but a sub-

jective visual inspection of daily cloud pictures suggested that most of

the disturbances which originated in the Bay of Bengal formed in situ and

then moved westwards over the Indian subcontinent. This conclusion is

further supported by an earlier study of Ramanna (1967), in which he ex-

amined the dates for which a cyclonic system was observed on the China

coast, and the dates for which a monsoon depression appeared over the Bay

of Bengal. His conclusion was that not more than 15 percent of the mon-

soon depressions would have developed from the westward moving perturba-

tions which come from the China sea. It seems, therefore, reasonable to

assume that most of these disturbances develop over the Bay of Bengal and

then move overland. The questions that we would be primarily interested

in are: What makes this area so cyclogenetic? Why do the monsoon depres-

sions grow, or why do the weak perturbations which come from the east in-

tensify after moving over this region?
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Since the mean monsoon zonal flow has appreciable horizontal and

vertical shear, it is quite likely that barotropic-baroclinic instability

may play a role in the genesis of these disturbances. Since extensive

organized moist-convection and large amounts of precipitation are associ-

ated with these disturbances, it is quite likely that the CISK mechanism

may be important for their growth and maintenance. We shall, therefore,

make a systematic analysis of CISK-barotropic-baroclinic instability to

understand the physical mechanisms responsible for the growth and mainten-

ance of these disturbances.

One of the unique features of the monsoon disturbances, as distin-

guished from other tropical disturbances, is that they form sufficiently

far from the equator so that the mass and the motion fields are in reason-

able geostrophic balance. The spatial scale (~~ 2,000-3,000 km) and the

propagation speed (~. 3 m/s) of these disturbances suggests that a quasi-

geostrophic model may be an adequate dynamical framework for their study.

In Chapter 2, we have examined the combined barotropic-baroclinic

instability of mean monsoon zonal flow, ()(yfb, using a ten-layer quasi-

geostrophic model. Becausek is a function of y and pthe problem becomes

non-separable, and this is a manifestation of the fact that there are two

sources of energy (available kinetic energy and available potential energy).

We have, therefore, followed the initial value approach to instability

analysis, in which the linearized perturbation equations for a given wave-

length are numerically integrated in time for an arbitrary initial condi-

tion. The integration is continued until the phase speeds and the growth

rates converge to their constant values over the whole computational

domain. These are the values of phase speed and growth rate for the most
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unstable mode. Integrations were performed for a range of wavelengths.

In Chapter 3, we have examined the role of the CISK mechanism for

the development of monsoon disturbances. We have parameterized the heat-

ing due to cumulus convection in terms of the Ekman pumping at the lowest

level and have used empirical profiles for the vertical distribution of

heating. We have also experimented with the parameterization of heating

in terms of the vertical velocity at the top of the lowest layer. The

primary objective of such experimentation is to show that the results are

very sensitive to the shape of the empirically chosen vertical distribu-

tion function and therefore to emphasize the need for a physical theory

from which to deduce a scheme to parameterize heating due to cumulus con-

vection,

In Chapter 4, we have described the quasi-equilibrium assumption

of Arakawa and Schubert (1974) which is used in this thesis to parameter-.

ize the heating and the moisturizing effects of cumulus ensembles, We

have incorporated this scheme within a three-layer quasi-geostrophic model

to perform an instability analysis of a conditionally unstable atmosphere

with vertical shear. We have also studied a two-layer model and pointed

out the inadequacy of two-layer models for the study of the dynamics of

disturbances for which moist convection processes are important.

In Chapter 5, we have analyzed the instability of the monsoon

zonal flow, 1J(j.4). We have used the initial value approach of Chap-

ter 2 and have applied the parameterization of moist-convection, as des-

cribed in Chapter 4.

In Chapter 6, we have presented a summary of the study and our

principal conclusions.
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CHAPTER 2. BAROTROPIC-BAROCLINIC INSTABILITY OF MONSOON FLOW

One of the noteworthy features of the cross-section of the zonal

wind along 850E (see Fig. 1.1) is the presence of a weak easterly wind

between the two westerly maxima. Subtraction of a constant U (which is

equivalent to a Galilean translation in the zonal direction) would readily

show an internal jet. This suggests the possibility of an internal jet

instability mechanism (Charney and Stern, 1962) in this region. One of

the necessary conditions for this instability is that the gradient of

potential vorticity on an isentropic surface should vanish in the region.

Figure 2.1 shows the cross-section of potential vorticity along 850E. It

is seen that this necessary condition for instability is satisfied.

We shall first examine the instability properties of the basic

flow using the inviscid, adiabatic, quasi-geostrophic system of equations.

Since U is a function of y and p, the perturbation equations become non-

separable; we shall follow the initial value approach to stability analy-

sis (Brown, 1969). In this approach, the linearized perturbation equations

of the model are numerically integrated in time with an initial arbitrary

perturbation of given wavelength. The integration is continued until the

phase speed and the growth rate (as determined by (2.6) and (2,5)) con-r

verge to constant values over all points of the computational grid, Such

integrations are repeated for several values of wavelength in order to

find the wavelength for which the growth rate is a maximum.

2,1 The Mathematical Model

The linearized form of the vorticity and thermal equations may be

written as:
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Figure 2.1 Cross-section of potential vorticity (10-54S- 3 MrI(o*K) along 85E.
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where tj and WJ are the perturbation stream function and vertical velocity

respectively. - is the stability parameter, which is a function

of g only, and is given as:

-. (2.3)

where the bar (-) denotes the mean over an isobaric surface. is the

constant value of the coriolis parameter and . Assuming geostro-

phic balance between the mass field and the motion fields, we may derive

the omega equation forcu from (2.1) and (2.2), viz:

f ] rj 2I(Ev% 13Ll-' jfTh ;i'> A& ?- (24)

The first and second terms on the right hand side of (2.4) are respective-

ly the differential vorticity advection and the Lapacian of thickness ad-

vection. (A diagnostic (.U equation yields that value of vertical velocity

that is needed to maintain geostrophic and hydrostatic balance.)

The perturbation V is taken to be of the form

where T is complex. is the wavenumber along fl.

molli 
ly,
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T1L =m {FI CCs(kck) - rI vt

Solving forV andc we obtain the growth rate

420NOW~w= TV

Zv . %fTQ:

and the phase speed

KY t/. ) 2/

We may also write

where w W + fWl

We may decompose (2.1) and (2.3) for the real and imaginary parts of the

complex amplitudes I and \V.

2. 2.

VSince

we have

(2.7)-bZ Uk i +(-% t h
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Then,

and

(2.5)

(2.6)
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( $ t. -. -- (2.8)

.L 4-F (2.9)

+- k4IJ & #J P(2.10)

2.2 Numerical Integration of the Ten-layer quasi-geostrophic Model

A finite difference representation of (2.7) through (2.10) for

the model shown schematically in Figure 2.2, was integrated using cen-

tered differences in space and time. A forward difference in time was

used for the first time step and also at every fiftieth time step, to

suppress the separation of the solutions at even and odd numbered time

steps. The upper and lower boundary conditions were W =0 at = 0 and

P - 1000 mb. The lateral boundary conditions werel" = 0, i.e., - 0 at

the lateral boundaries.

Integrations were performed for two geometrical configurations

(Fig. 2.2). In the first case (domain I), a vertical wall was placed at

28.75N. In the second case (domain II), steeply-sloping Himalayan topo-

graphy was simulated by a vertical wall extending up to 600 mb; the Tibe-

tan plateau extended polewards to 40N, which is the northernmost limit of

the domain of integration in the model. A horizontal grid length (4 A) of

138.89 km (1.25 degrees of latitude) and a vertical grid length ( e4) of

100 mb, were used for numerical integrations. The time increments ( f)
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used depended upon the wave number k (a UT ,where L is the wavelength);
L

the actual values of At were given by

= (k UAX) with ' x a 40 m/s

The tendency terms a and , were found from (2.7) and (2.8)

by use of a one-dimensional relaxation technique. The Liebman relaxation

technique with overrelaxation coefficient of 0.3 was used to solve (2.9)

and (2.10) at each time step. At the end of every fifty time steps, the

phase speed C and growth rate V were calculated from (2.5) and (2.6). If

they had converged to constant values, the integration was terminated.

All the integrations began with a constant value of T specified over the

whole domain.

We point out that Klein (1974) used A0.- 300 km for similar numeri-.

cal calculations and found that for a middle latitude winter profile of

U the most unstable wavelength was 4000 km. In order to assess

the effect of the horizontal grid resolution we have carried out

three experiments with A = 69.45 km, 138.9 km and 277.8 km. For the

given U ( ja), the wavelength of maximum growth rate remained nearly the

same for the cases = 69.45 km and 6ip= 138.9 km, but for the case

277.8 km, the wavelength of maximum growth rate increased by nearly 1000

km. These integrations indicated that coarse resolution may introduce a

numerical viscosity which may change the shape of the growth rate curve.

2.3 Structure of the Most Unstable Mode

Figure 2.3 shows the growth rate and phase speed versus wavelength

curves obtained for domains I and II. In both these cases, the wavelength

of the most rapidly growing perturbation is 3000 km. The e- folding times
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for cases I and II were 3.2 days and 2.6 days, respectively. This differ-

ence in the growth rates is due to the differences in available kinetic

energy density, These, in turn, are due to the relative locations of the

subtropical westerly jet and the tropical easterly jet at 150 mb. Figure

2.4 shows the structures of the amplitude and phase of T for both cases.

The amplitudes are found to be concentrated at 150 mb and fall off very

rapidly at the lower layers. Since the amplitudes vary over orders of

magnitude in the vertical, the phase lines are not very meaningful. The

presence of an elevated plateau in domain II has no appreciable effect on

the structure of the perturbation above 600 mb. It only affects the kine-

matics near the plateau boundary.

These results suggest that it is the barotropic instability of the

flow at 150 mb which is responsible for the structure and the growth of

the most unstable mode; since the model is vertically coupled through the

term, the fastest growing mode of the barotropically unstable 150

mb flow dominates the whole domain. This suggestion will be examined fur-

ther in section 2.4.

Since the horizontal scale of the most unstable mode is about

3000 km, we have examined the horizontal uniformity of the mean zonal

flow over a longitudinal belt of 3000 km. Figure 2.5 displays the cross-

section of potential vorticity along 73E and 100E. Comparison between

Figure 2.5 and Figure 2.1 shows that the mean zonal flow is homogeneous

between the longitudes 73E and 100E, and therefore, such a perturbation

analysis is justified.

2.4 Energetics of the Most Unstable Mode

In order to gain some further insight into the characteristics of
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the unstable modes, energy transformations were calculated for the most

unstable mode (L = 3000 km) for domains I and II. Results for both do-

mains were nearly identical (the northern boundary did not affect the re-

sults), because the amplitudes were concentrated at 150 mb.

Expressions for the conversion of eddy kinetic energy to zonal

kinetic energy, C(KE, KZ); for zonal available potential energy to eddy

available potential energy, C(AZ, AE); and for eddy available potential

energy to eddy kinetic energy, C(AE, KE), are given as follows:

C(KE, KZ) 2

C(AE,KE)J

where ) = lateral width of the domain = -i%

and. 1% = surface pressure = 1000 mb, <K , denotes domain average.

Figure 2.6 shows the numerical values of these conversions in arbi-

trary units. We see that the most dominant conversion is from KZ to KB,

which demonstrates the importance of barotropic instability.

This also suggests that the barotropic instability of the zonal

flow at 150 mb may be the primary excitation mechanism for these modes.

In order to verify this result, a barotropic instability analysis was per-

formed for the zonal flow at the 150 mb level.

Figure 2.7 displays the results of the barotropic-baroclimic insta-
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bility analysis for the entire domain I, and the barotropic instability

analysis of the zonal flow at 150 mb. It may be seen that both curves are

almost identical, confirming the earlier suggestion that most of the con-

tribution to the instability shown in Figure 2.3 comes from the barotropic

instability at 150 mb. In fact, the growth rate is slightly higher for the

barotropic (150 mb) case, because the lower levels have weaker horizontal

and vertical shears, and therefore, smaller available kinetic energy and

available potential energy. The same conclusion could have been reached by

examining the time evolution of the patterns of convergence for phase speed

and growth rate during the integration. For example, it was observed that

the convergence of C and Q occurred first at 150 mb and then proceeded

downwards. This reflects the influence of the instability at 150 mb level

on the lower levels, through the vertical coupling. However, the time scale

over which all the levels become 'contaminated' by the instability of 150 mb

is very large (50 days), compared to the period of the most unstable wave

at 150 mb (3 days).

The growth rates and the phase speeds for a range of wavelengths

were also calculated for the case where = 0 and at each level was

the same as U(s) at 150 mb. The results were very similar to the one

shown in Figure 2.7 for the 150 mb barotropic case.

The results of this section suggest that it is rather unlikely that

the barotropically unstable disturbances at 150 mb could account for the

observed monsoon depressions which have amplitude maxima at the lower tro-

pospheric levels, and are rarely detected at 200 mb.

2.5 Role of Barotropic-Baroclinic Instability in the Growth of the

Monsoon Depressions

The results of the preceding section indicate that the zonal wind at
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150 mb is barotropically unstable, and that the fastest growing mode has

the wavelength of 3000 km. The conversion, C(AZ, AE), is small, and there-

fore, the baroclinic instability mechanism is not important. The structure

of the most unstable mode is such that most of the amplitude is concentra-

ted at 150 mb. Since the vertical shear of the mean monthly (July) meri-

dional wind over the Bay of Bengal is small ( 3W9SJkYA) and the

static stability in the lower troposphere is large (Richardson number - 10o),

the baroclinic instability of the mean meridional wind will not be impor-

*
tant for the growth of monsoon depressions.

Although the necessary conditions for internal jet instability are

satisfied, the above results suggest that this is not the mechanism for the

growth of the monsoon depressions. It is rather unlikely that the baro-

tropically unstable disturbances at 150 mb could account for the observed

monsoon depressions which have their amplitude maxima at the lower tropo-

spheric levels and are rarely detected at 200 mb. Therefore, proper in-

clusion of moist-convective heating seems to be not only desirable, but

essential to explain the growth of the monsoon depressions.

These results, however, seem to explain the occurrence of westward

propagating waves at 200 mb. The phase speed of the computed most unstable

perturbation (see section 2.3) agrees reasonably well with the observed

phase speeds of 10-12* longitude/day at 200 mb (Krishnamurti, 1971). These

results also support the hypothesis of Colton (1973) that small-scale waves

at 200 mb are continuously draining the energy of the mean motion and quasi-

stationary large-scale waves.

*A paper by Mak (December 3975, J.Atmos.Sci.) on baroclinic instability of
a flow with a meridional wind component, which appeared after the thesis

was completed, is not relevant because of the very large meridional wind
shear in the basic flow.
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CHAPTER 3. INSTABILITY OF VERTICALLY SHEARING ZONAL FLOW WITH EMPIRICAL
VERTICAL DISTRIBUTIONS OF CISK-TYPE HEATING

3.1 The CISK

Charney and Eliassen (1964) have suggested that the development of

tropical disturbances in a conditionally unstable atmosphere may be viewed

as a kind of secondary instability in which the cumulus and cyclone-scale

motions cooperate, rather than compete, in such a way that the low level

synoptic convergence, as well as frictional convergence in the boundary

layer, pumps moisture upwards to the cloud base. The upward pumping is

further accelerated by the latent heat of condensation. In response to

the accelerating upward mass flux in the clouds, there is a compensating

sinking in the immediate cloud environment. The associated heating by

adiabatic compression increases the mean buoyancy and therefore the mean

upward velocity with height. The resulting stretching of the vortex tubes

of the earth's vorticity intensifies the cyclonic vorticity and enhances

the low level convergence and therefore increases the heating. This mechan-

ism is referred to as the Conditional Instability of the Second Kind (CISK)

(Charney, 1973).

Our main objective in this and the following chapters will be to in-

vestigate the plausibility of CISK theory as a mechanism for the growth of

the monsoon depressions.

Although the CISK theory indicates that the moist-convective heating

should be related to the total convergence of moisture into a vertical unit

column, it does not determine how this heating should be distributed in

the vertical. In the original formulations of Charney and Eliassen (1964),

they took only two layers with equal heating and in Charney (1971), the
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thermodynamic equation was used only at one mid-atmospheric level, where

the heating was specified.

The determination of the actual vertical distribution of heating

requires a parameterization of moist convection in a conditionally un-

stable atmosphere. The first reasonable theory for such a parameteriza-

tion was proposed only very recently by Arakawa and Schubert (1974). In

the past, several studies have been carried out with empirical or very

simplified specifications of the vertical heating function (Yamasaki,

1969; Hayashi, 1970; Chang, 1971; Lindzen, 1974). Such studies can be

broadly put into two categories. In the first category, it is assumed

that the heating is proportional to the Ekman pumping only (viz., Chang,

1971), i.e., & Q. - - (0) We

where We denotes the Ekman pumping.

In the second category (Yamasaki, 1969, etc.), it is assumed that

the heating is proportional to the vertical velocity at the top of the

lowest layer, i.e., Q ' Iv(I)VW *

where W denotes the vertical velocity at the top of the lowest layer.

The contention here is that the wave convergence, with or without Ekman

pumping should be used to parameterize the heating.

We will refer to these two parameterizations as Ekman-CISK, and

Wave-CISK, respectively.

- N(w) 6 -r Ekman-CISK

W1 }Wave-CISK

Yamasaki (1969) performed the instability analysis for the growth

of tropical disturbances, using wave-CISK type heating. His choices of

V(), however, were totally arbitrary.
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Recent diagnostic studies by Yanai, et. al (1973) and several others

have shown a vertical distribution of heating due to moist-convection as-

sociated with tropical systems. Although these studies describe the heat-

ing distribution for particular type of disturbances occurring over par-

ticular geographical regions, they may provide a reasonable representation

of the heating distribution function for those tropical disturbances which

have significant moist-convective activity associated with them. There-

fore, the vertical distribution function 7 may now be chosen in a less

arbitrary manner. Here, we will present the results of instability analy-

sis with specified 'q profiles for two cases where heating is of Ekman-

CISK type, and wave-CISK type, respectively. The more complete problem

of parameterizing the effects of cumulus heating, in terms of large-scale

variables, using the quasi-equilibrium assumption of Arakawa and Schubert

(1974), will be studied in the next chapter.

3.2 The Ten-layer Model with Vertical Shear

If is the rate of heating per unit mass, (2.2) may be written as:

t Cj frjf (3.1)

The heating parametrization is:

N- -E WI4 (3.2)

or z), (3.3)

where CL* is the vertical velocity at the 900 mb level, which corresponds



to the top of the lowest layer (see Fig. 3.1).

may be given as (Charney, 1971):

A 0lo

where
J=10

and

Since CO is, in general, complex, we may take

AN A A

Q

For 0, the system (2.7-2.10) may be written as:

u AA

d2

2

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

where F and Fi are the right-hand sides of (2.9) and (2.10) for 2 = 0.

We solve the above equations (3.6)-(3.9), using the procedure des-

cribed in Chapter 2.

3.2.1 Specification of the heating profile

We have experimented with two versions of the 4 specification:

a) constant I profile, and b) variable I profile.

Constant '1profile:

In this case,

44
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constant (3.10)

and from (3.2) or (3.3)

4 = (3.11)

where -M 6denotes either UE or W . For a constant value of , the heat-

ing realized under this formulation may be considered as equivalent to the

heating provided by a non-entraining deep cloud and may be considered

as the mass flux at the base of the cloud. This clearly shows the weak-

ness of this formulation, because the mass flux at the base of the cloud

need not be just equal to the Ekman pumping or vertical velocity at the

top of the lowest layer. However, in this chapter, our aim is to study

the effects of such simple formulations with empirical heating profiles,

so that we can make a realistic assessment of the adequacy and validity of

such formulations.

The approach in this section, therefore, may be considered as an

intermediate step between the totally arbitrary specifications of the

heating functions like Yamasaki (1969) and Koss (1975), etc., and the

heating profile obtained by the application of a closure theory of para-

meterization. The primary motivation for presenting these results is not

to explain the growth of tropical/monsoon disturbances, but to point out

the sensitivity of the results to the specification of the vertical heat-

ing distribution function.

If we assume that the moist air entering the base of the clouds is

saturated and has mixing ratio , the total realisable heating in the

interior is given by:
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total L (3.12)

where L is the latent heat of condensation. In (3.11), . is determined

by imposing the consistency constraint that the total heating realized in

the interior should be equal to Qtotal. If we further assume that

Qtotal heats the atmosphere between the pressure levels 9, and

(which denote the base and the top of the hypothetical cloud), the consis-

tency condition requires that:

L MB'I4  T (+

- -(3.13)

and therefore,

(3.14)

One of the primary reasons for imposing the consistency condition

is to make possible the intercomparisons among the results for different

vertical distributions. In order to make such comparisons, the vertically

integrated total heating should be kept constant in each case, and only

the vertical distribution should be different. Profiles , , N

(Fig. 3.4) give the same amount of total heating. (Heating due to N

and is not the same.)

Variable AI. profile

We have also made instability calculations with a variable

specification, where the functional form of 4 is the same as the ver-
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tical profile of Q given by Yanai, et. al (1973). We recognize that

this heating distribution was obtained from the data of the Marshall

Islands area and it is by no means a universal heating profile; however,

it does provide a quantitative heating distribution in a synoptic situa-

tion in which heating was provided by moist convection processes.

if denotes the &value in Yanai, et. al (1973), (see Fig.

3.2), we may determine )as:

t) (3.15)

where = 900 mb for our calculations.

Therefore,

Now, in our model, Q is given as:

and Me, .. .8) CG

or Mb= -

As discussed before, J is now determined by:

L (A /4 y +
(3.16)

For our calculations, we need j(k), which is the vertical profile

of Ma. Since is the vertical profile of M ?i, we may calculate the

vertical profile of M6 using and the known vertical profile of ~S
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--/q _ e* 1/4) --

T e (5/f k*

(where *- refers to the reference level, 900 mb).

Ma ().M ()

Therefore, we have:

4(3.17)

The 4 profile given by (3.17) is designated as in Figure 3.3.

and in Figure 3.3 are two other artificial modifications of the

profile, in which heating does not occur above 400 mb, and 600 mb, respec-

tively. Similarly, Figure 3.4 shows three types of constant 1 profiles

designated as II , 11M, in which heating does not occur above 200 mb,

400 mb, and 600 mb, respectively. The v-lue of 4{ given by (3.14) is

shown along the x axis. We have presented the results of instability

analysis, using these six N profiles. Vertical structure of the mean

zonal wind is shown in Figure 3.5. g0 is taken as 20 gm/kgm.

3.3 Numerical Procedure

For the case of Ekman-CISK heating, the forcing terms on the rh.s.

of (3.8) and (3.9) contain only terms in IF and the method of solving

these equations for the ten-layer model (Fig. 3.1) is the relaxation

method described in Chapter 2. But, for wave-CISK type heating, R is
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proportional to W(.Jjo), which is the unknown variable on the l.h.s. of

(3.8) and (3.9), to be determined. In this case, the relaxation technique

is not desirable. The technique we follow here is a modified version of

the method described by Richtmyer and Morton (1967, page 200), which is

merely a special adaptation of the Gauss elimination procedure. The modi-

fication is needed to account for the fact that the r.h.s. of (3.8) and

(3.9) are functions of WI ( j--dO ).

The finite-difference form of (3.8) or (3.9) may be written (see

Fig. 3.1) as:

5 ~1 +. + y- cLj + y (3.17)

Q0aTy-)

where TJI TMAX-t ..

For (3.8), the coefficients -ijbC I, F- are given as:

b =(3.18)

Since (3.17) is a linear equation in 3 , we may assume that 45 and

4)-t are related as:

d J...+ 44+r (3.19)

and + *+3 (3.20)
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where -f ' are the constant coefficients to be determined. Substi-

tution of (3.19) and (3.20) into (3.17) gives the following recursion for-

mulae for J .

( O / ()j( / j+ )(3.21)

We can calculate for , JMAX, if we know their values

for J = t

The upper boundary condition on () determines Y for j 1

For LO=o at =a, i.e., j = 1

we get = 0

=0

-0

Now, we can calculate , j using (3.21).

In order to calculate 4 for = Q 71 from (3.19), we need the

boundary condition at 5 - JMAX. We shall consider two types of boundary

conditions:

i) ) = a at j -MAX

ii) W = WE at j = ~MAX

The boundary condition (i) would correspond to wave-CISK heating without

Ekman pumping, and (ii) would correspond to wave-CISK heating with Ekman

pumping. We have made the calculations for both these cases and compared
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the results in the next section.

For W = 0 at J TMVAX we get from (3.19)

For W = We at j = TMAX we get from (3.19)

Then, we can calculate W forj = 2 to (T-T-from (3.19).

The numerical procedure to integrate (3.6) and (3.7), and to cal-

culate the phase speeds and the growth rates, is the same as that des-

cribed in Chapter 2.

3.4 Growth Rate versus Wavelength

Figure 3.6 displays plots of the growth rate versus wavelength for

the six I% profiles given in Figure 3.3 and Figure 3.4. The phase speed

of the most unstable mode is also given in the same diagram and is labeled

as CI. The parameterization of cumulus heating for these calculations

was of the Ekman-CISK type in which heating was assumed to be proportional

to the Ekman pumping. Figure 3.7 shows the results for wave-CISK type

heating, in which heating was assumed to be proportional to the vertical

velocity at 900 mb, and the lower boundary condition for the vertical

velocity was the Ekman pumping. When the heating was confined only up to

600 mb and -.zQ, the values of the growth rates for the \ profile became

very large for the wavelengths shorter than 2000 km. This may be seen

from the lower panel of Figure 3.6. When the lower boundary condition

for the vertical velocity was the Ekman pumping, and the heating was as-
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sumed to be proportional to the vertical velocity at 900 mb, the values

of the growth rates for wavelengths shorter than 2000 km became extremely

large. In Figure 3.7, we have presented the results for the profiles

N 1 I N5only.
Figure 3.8 gives the vertical structure (amplitude and phase) of

W and 4 for the most unstable modes shown in the upper panel of Figure

3.6, for the profiles 1,, 12"73. The vertical structures of the most

unstable modes for the profiles NI,1 0was similar to the ones

given in Figure 3.8 for , respectively, and therefore, are

not shown separately.

It may be seen from Figure 3.6 and Figure 3.7 that the horizontal

scale of the fastest growing perturbation increases with vertical depth

of the atmospheric layer undergoing cumulus heating. This is in accor-

dance with the concept of the Rossby radius of deformation in the theory

of geostrophic adjustment, in which the scales of the horizontal and the

vertical circulations are interrelated through stratification and rota-

tion. By increasing the depth of the heated layer of the atmosphere, we

are effectively increasing the vertical scale of the perturbation and

therefore, increasing the corresponding horizontal scale.

The westward phase speed of the most unstable mode also increases

with an increase in horizontal wavelength. The perturbations of longer

wavelengths have corresponding larger vertical scales. Therefore, the

steering level is higher. Since the vertical structure of the zonal flow

is such that the speed of the easterlies increases with height, the west-

ward phase speed of these perturbations is also greater.

It may also be seen from Figure 3.6 and Figure 3.7 that the zagni-
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tude of the growth rate is larger for those IL profiles that provide

heating to the smaller vertical depths of the atmosphere. One of the

primary reasons for this result is the constraint imposed by the consis-

tency condition (3.16). In this formulation, the vertically integrated

total heating is kept constant for all nY profiles. Therefore, the

magnitude of the rate of heating is larger for those 9 profiles that

provide heating to the smaller vertical depths of the atmosphere. This

may be seen from Figure 3.4, in which 0(=-1.4 for I/ '/and o(= 2 for 7
Since the horizontal scale of the most unstable perturbations de-

creases with vertical depth of the heated layer, heating per effective

unit mass is increased for those 7 profiles that provide heating to

the smaller vertical depths of the atmosphere.

Intercomparison of the upper and the lower panels of Figure 3.6

shows that the nature of the growth rate versus wavelength curves re-

mains the same for both the constant I and the variable ?l profiles.

The heating realized under the assumption of a constant g profile may

be considered as equivalent to the heating provided by a non-entraining

deep cloud. The variable 7 profile was determined from the observed

vertical distribution of heating in a real synoptic situation, which

may have a combination of deep and shallow clouds. The results of the

instability analysis remain the same for the case of deep and shallow

clouds, as for the case of deep clouds only, perhaps because the heating

is provided mainly by deep clouds and the chief role of shallow clouds

is to detrain moisture and liquid water into lower layers.

Figure 3.6 and Figure 3.7 also demonstrate that the shape of the

growth rate versus wavelength curves is qualitatively the same for both
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the Ekman-CISK type and the wave-CISK type of heating. However, in

either case, the main difference in the results occurs with change of

the vertical distribution function used for cumulus heating.

Figure 3.8 shows that the vertical structure of the most unstable

modes also depends upon the vertical distribution function for cumulus

heating. The maximum amplitudes of { and 0 for the profile

occur at a higher level than those for the '4 profile. Ia either case,

there is no appreciable phase shift in the vertical. Such vertical struc-

ture is consistent with the vertical scales, steering levels, and west-

ward phase speeds, of these perturbations.

Figure 3.9 displays the plots of growth rate versus wavelength

for the 71, profile for the wave-CISK type heating. The upper curve was

obtained when the lower boundary condition upon the vertical velocity

was given by the Ekman pumping; the lower curve was obtained when the

vertical velocity at the lowest level was set equal to zero. The figure

shows that when heating was made proportional to the vertical velocity

at the top of the lowest layer, the magnitude of the growth rates was

increased when Ekman pumping was added at the lowest level.

The results of this section have clearly demonstrated that the

horizontal wavelength, phase velocity, growth rate, and the vertical

amplitude structure of the most unstable mode depends upon the vertical

distribution function for cumulus heating. It is, therefore, possible

to simulate several kinds of tropical disturbances by choosing suitable

profiles. For example, the most unstable mode in the case of the

profile (see Fig. 3.6) has nearly the same horizontal wavelength ( 2000

km) and westward phase speed as a typical monsoon depression. However,
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the purpose of these calculations was not so much, to simulate the growth

of the monsoon depressions as to point out that one can simulate several

kinds of tropospheric tropical/monsoon disturbances by choosing suitable

?L profiles. Since the choice of 4t is largely arbitrary, it points to

the need of a theory for deducing the effects of the moist convection.

In the next section, we have applied the quasi-equilibrium assump-

tion of Arakawa and Schubert (1974) to parameterize the effects of moist

convection.

In all the analyses presented in this chapter, heating is considered

a perturbation quantity and is assumed to have a sinusoidal variation in

the longitudinal direction. This assumption is made to simplify the

mathematical analysis of the linear stability problem. Earlier works by

Yamasaki (1969), Hayashi (1970), Chang (1971), Koss (1975) and Lindzen

(1974) also suffer from this shortcoming of linearizing the condensation

process. In the observed synoptic waves, precipitation is mainly confined

to the convergent regions of the wave. According to this assumption, heat-

ing occurs over half of the wavelength of the perturbation and an equal

amount of cooling takes place over the remaining half of the wavelength.

The effect of this assumption may be to enhance the rate of generation of

available potential energy and therefore, to overestimate the magnitude

of the growth rates.

In the next chapter also, heating has been assumed to be a linear

perturbation variable. Consideration of the nonlinear character of conden-

sation with the quasi-equilibrium assumption for parameterization of

moist convection, makes the problem extremely complicated.
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CHAPTER 4 QUASI-EQUILIBRIUM ASSUMPTION AND GROWTH OF DISTURBANCES

Assuming that a fraction, CE , of a unit synoptic area is covered

with convective clouds, and that <<1, the equations for the mean dry

static energy S (= 4: T ) and the mixing ratio 4V , may be written

as (Arakawa and Schubert, 1974):

f4Jtt M+LNz+ Q9 *Z (4.1.1)

V$ - e- (4.1.2)

where: bars (-) denote the average over unit synoptic area;

tildas (~-s) denote the average over the cloud-free environment;

and star (-*) denotes the saturation value;

denotes the total radiative effects of the clouds;

L is the latent heat of condensation;

9 is the saturation mixing ratio;

is the mean horizontal velocity vector;

W is the mean vertical velocity such that:

f f Ml, + M, 
(4.1.3)

where: is the total mass flux in the clouds and

.M is the mass flux between the clouds;

is the total detrainment from the clouds into the environment;

is the detrained liquid water.

If we define a size parameter A for the clouds, we may denote the
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cloud mass flux Me as:

jM (C.ctX(4.1.4)

where \ is the value of ) for the cloud which is detraining at the

level t

The mass flux tn(tX)at any level for the clouds of type N may

be given as:

66A)N (E A)(4.1.5.)

where 'M8( is the mass flux in the base of the cloud of type /\ and 1

prescribes the vertical profile of the mass flux (and depends upon the

rates of entrainment and detrainment). The fractional rate of entrainment

(assumed constant in 3: ) is given by L l . Let us further assume that

we identify a cloud type by its fractional rate of entrainment and that

therefore:

(4.1.6)

then -= ft-y

(4.1.7)

where Z9 is the height of the cloud base and 1g)is the level of vanish-

ing bouyancy for the cloud type X . It is further assumed that the clouds

entrain for their whole depth and detrain only at the level of vanishing

bouyancy. If i denotes the moist static energy ( &-.:. CbT+ --+Ly ),
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the value of in a cloud at any level -L- may be given as:

''I(4. 1.8)

where is the value of at the cloud base (Ez EB). The

equation for the budget of cloud moisture and liquid water may be

written as:

[Nee. f ?X)kx+c M yQ9YWN() (4.1.9)

where ' is the rate of conversion of liquid water to precipitation.

It may be seen from (4.1.1) and (4.1.2) that the influence of the

cloud ensemble, in modifying the large-scale fields and Cy , appears

through the terms containing gc. and ) . The heating in this system is

provided by the term Mc. i , which may be viewed as the effect of adia-

batic compression of the subsiding air in the cloud free region which is

needed to compensate for the cloud mass flux. Alternatively, Mc ii may

be viewed as the adiabatic cooling of the ascending cloud parcels, which is

just compensated by release of latent heat of condensation inside the cloud,

and therefore, a measure of non-adiabatic heating due to condensation. The

term .... L represents the cooling due to evaporation of the detrained li-

quidywater. (Evaporationrrof falling rain has not been included here.)

frt. represents the drying of the environment due to a downward

mass flux and 3) ( /t. L.- ) is the moistening of the environment due to
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detrainment of liquid water and moisture from the clouds.

This formulation highlights the importance of a spectrum of clouds

needed to maintain the observed mean thermal and moisture structure (con-

ditional instability) of the tropical atmosphere. Clouds of varying size

have different levels of vanishing bouyancy. By detrainment, the clouds

provide moisture to the environment, while the downward mass flux in the

environment decreases the mixing ratio of the environment. Similarly, the

thermal structure is maintained by the heating effect of Mc& and the

cooling due to -CDS and radiation.

The problem of parameterizing the effects of moist convection now

consists of determining Kc , 93, and . Using the spectral representa-

tion of the cloud ensemble and a simple cloud model, it may be seen from

(4.1.4), (4.1.5) and (4.1.9) that the problem of parameterization is fin-

ally reduced to finding the mass flux at the cloud base 'Ma(g as a func-

tion of X

Arakawa and Schubert proposed the concept of quasi-equilibrium be-

tween the destabilizing large-scale forcing and the stabilizing effects

of the cumulus ensemble. We shall refer to this assumption as the quasi-

equilibrium assumption and use the abbreviation QEA.

4.1 Parameterization of Moist-convection by Quasi-equilibrium Assumption

The time change of the kinetic energy of a cloud ensemble may be

given as:

kM) _ A(X) Th(A) -i- (4.1.10)

where KtX) and P~s) represent the kinetic energy and dissipation
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rate, respectively.

Arakawa and Schubert (1974) call A ( ) the cloud work function,

which is the kinetic energy generation per unit mass flux and is given

by:

(for a comprehensive discussion, see Arakawa and Schubert (1974))

According to the quasi-equilibrium assumption:

Substituting (4.1.11) into (4.1.12)
cIA

(4. 1. 12)

where ---

and ().A

Equation

cLIA

represents

represents

all

the

Ott ) C k ) L-.

the terms involving cloud mass flux

terms involving large-scale variables,

(4.1.12) is found to be of the form:

0
kx4) n(g') t +FB (4. 1.13)

where the Kernel, k($, X', is a measure of the stabilization of the

cloud work function for type clouds through the modification of the

environment by type x clouds,, and F(,\) is the large-scale forcing.

The solution of (4.1.13) gives us the spectrum of 71V6( A) , which

in turn, determines M. and It)
The quasi-equilibrium assumption (4.1.12) is based on the hypothesis

that the time scale of the changes of large-scale forcing is much larger
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than the time scale over which the cumulus activity adjusts to a given

large-scale forcing. Arakawa and Schubert have given observational evi-

dence to support their assumption. They have shown that the work function,

A, remains nearly constant.

Some remarks on the assumptions and limitations of QEA

i) It is assumed that r7 << I . This assumption may not be valid

for the eyewall region of a hurricane.

ii) The cloud work function is determined only by the vertical thermal

structure of the atmosphere. For phenomena such as squall lines and

other types of rainbands, dynamical forcings are quite important.

In such situations, the work function may have to be redefined.

iii) It is assumed that the clouds are entraining through their whole

vertical depth and detraining only at the level of vanishing bouy-

ancy. This is not true for real clouds, because entrainment and

detrainment both take place through the whole cloud depth simul-

taneously. This assumption may not be very serious if we only con-

sider a spectrum of clouds because clouds of different size will

have different levels of detrainment.

iv) This parameterization scheme does not include the effects of evapor-

ation of the falling rain. The cooling due to the evaporation of

the falling rain may be an important factor in determining the ther-

mal structure of the tropical disturbances.

v) The observational evidence for the constancy of the work function

does not seem to be sufficient. More detailed data analysis for a

larger variety of synoptic situations may be needed to establish
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the validity of this assumption. It is one of the unique charac-

teristics of tropical disturbances that the temperature changes

associated with them are quite small and therefore, very careful

analysis of accurate observations are needed to detect the small

changes.

vi) The application of QEA turns out to be equivalent to assuming A=c

(Arakawa and Mintz, 1974), which is analogous to some form of

convective adjustment in which the computed cloud mass flux is

the one which is needed to keep the atmosphere neutral.

vii) The uniqueness of the solution of the integral equation (4.1.13) is

not guaranteed. Different spectral distributions of the cloud mass

flux may imply quite different vertical distribtutions for the

heating.

viii) A cloud type is characterized by only one parameter, namely A

In spite of the several limitations of the QEA parameterization,

this scheme, for the first time, offers a rational closure hypothesis to

determine the effects of a cumulus ensemble, from the large-scale vari-

ables and therefore, the application of this scheme merits discussion.

4.2 The Mathematical Model

The basic dynamical framework that we have used for the instability

study consists of the quasi-geostrophic equations with the quasi-boussi-

nesq approximation.

Following the notations of the earlier section, the model equa-

tions are:
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The vorticity equation:

4 u-.-v ( -+& ) _ ^) (4. 2. 1)

The dry static energy equation:

U S - - -vS

The moist static energy equation:

at- -f. i

-w s- - Ac- L D t(4.2.2)

. 1-fl' MO.Y- -}t) 4..) (4.2.3)

The continuity equation:

U-LWAY --6) (4.2.4)

The hydrostatic equation:

(4.2.5)

We shall linearize the above system of equations with respect to

a basic state in which the mean u, s, h, and p are the functions of y and

z only and the perturbation quantities are functions of k , , and

t.

(- - ;L - -
\ a x. >g.7L



(U=.

Here, the bar

infinitesimal

o 4U

+ +. ,

C +

h L(>) S (x9j, i> )

(-) denotes the mean state and the primes (/ )

perturbations over that mean state.

Since o / and

.1' P (4.2-7)
we may put = Q7P where (=

andf

The condition that V=o , W o and M. ro implies that the basic

state has no mean meridional circulations and no mean cloud mass flux.

This assumption has been made to simplify the analysis. Vertical and

meridional structure of the basic state, J , , is specified from

the observed mean state of the atmosphere.

The linearized system of equations may be written as:

(4.2.8)

73

(4.2.6)

denote the

-I
.1

7V7
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-_ -_C(4.2.10)

-9--- (4.2.11)
tT

where N/fw'and _.

Since .V , we may use the hydrostatic relation (4.2.11)
ftfa

to eliminate the time-dependent terms from (4.2.8) and (4.2.9) and get a

diagnostic equation for W . In a quasi-geostrophic system, the diag-

nostic equation for vertical velocity gives that vertical velocity field

which would be needed to maintain the quasi-geostrophic balance and the

hydrostatic balance.

The equation for W may be written as:

I2x 1] = a0 (4.2.12)

where D . and J -- (4.2.13)

Equations (4.2.8), (4.2.9), (4.2.10) and (4.2.12) are the four equations

for the four variables , and 4/ . By making use of the



75

quasi-equilibrium assumption, we calculate 4c. and }) (which in turn de-

termines . ) in terms of , /], Y , and the mean quantities U

K and T ,which finally closes the system.

4.2.1 Finite difference form of the linearized equations

For the three-layer model shown in Figure 4.1, the finite differ-

ence forms of (4.2.8), (4.2.9) and (4.2.10) may be written as:

- _ 4 :P0Cw2  4)(4.2.14)

2. -X3

; 7>j - -ryy(pH $ L(4.2.16)

= -SI(4.2.17)

aIf3 t 3

a S - . L(4.2.18)

S-vlS/ I C )- 9 S- S --(4. 2. 19)

-i 4-g ) -D - (4.2.20)
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L+f(M&W '4 ÷&v+(#4t3

ax3-(4.2.21)

jt4iJ)3r t + 2 ( - (4.2.22)

Since the deep clouds would be assumed to be fully precipitating, we

shall put 4- =o in the above system of equations.

The finite difference form of the hydrostatic equation (4.2.11) be-

comes:

q)
5-- t

mu1m ~

(4.2.23)

where - _

The finite difference form of (4.2.12)

for \A/I and tI4 6

2.-
A v W2.+ + VW A 'K.

{Oy jz= ,3),

gives the following two equations

-I .

yy - I3Y (4.2.24)
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RRR-- --- 3 J S -

RRR' -- - 3

g(149 e4 ? ) -+ -K A55

(Expressions for 4 sa [sq, 821, 184, 4q)B42.) 8141) (HSssare given

in Appendix A).

(4.2.24) and (4.2.25) are derived by substituting for and My

from (A-13) and A-14) of Appendix A.

4.3 Calculation of Cloud Mass Flux for a Discrete Model

For finite differencing the expression for the cloud work func-

tion A(X) and moist static energy in the cloud c , we have followed

the scheme given by Arakawa and Mintz (1974) and Arakawa and Chao (1975).

The structure of a three-layer model used in this study is shown

in Figure 4.1. It consists of three layers of depth V- 1 , &1-3 and

which are centred at the heights t , 7 3 and E5 , respec-

tively. 4 , S , are defined at the levels 1, 3, 5 and L\]

c. are defined at the levels 0, 2, 4, 6.

A cloud type is now identified by its level of detrainment and

since we have only three layers in vertical, we can consider only two

kinds of clouds. In the discrete model, the clouds have their base at

Z:, and therefore, the cloud mass flux at the base of the cloud
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Figure 4.1 Schematic representation of the three-layer model with shallow and
deep clouds.
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Entrainment occurs at those levels where 9 , , { are de-

fined and detrainment occurs only at the top of the cloud. The two kinds

of clouds that we consider in this model will be referred to as deep

clouds and shallow clouds. The non-precipitating shallow clouds detrain

at level "Z- . The amount of liquid water detrained at level 13 is

calculated from (4.1.9). The deep cloud is assumed to be fully precipi-

tating and its detrainment level is at Z5.

The height of the cloud base EB,.i-2.,is assumed to be constant with

time. Following the results of an observational study of Betts, et. al

(1974), it has been assumed that the cumulus clouds have their "roots" in

the mixed layer, and therefore, the moist static energy of the cloud at

the cloud base ( tC( b -. ') is assumed to be equal to the moist static

energy at 1 .

i.e.

(4.3.1)

The normalized mass flux for the cloud of type > may be

given as:

1 I- X((4.3.2)

We shall use the subscript 's' for the shallow clouds, and 'd' for

the deep clouds. The numbers 1,2,3,4,5,6 refer to - levels in the

Figure 4.1.
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For the three-layer discrete model, the expressions for

(4.1.11) and

A@) =

S( EX (4.1.8) may be written as:

< (i4 4.AE

6,5

C'ts1{+-,y

where j
=9 (Tv P

-m 3,S

y - 3., .57

SCW7M

CPT3 (- 3

-& s.3 5 s

4i4 = IA;[q L-e 412.

{ 6,3 =

I S3 I

o=,A

Si 2~

+ (14,g t~q~~3

(14l, -

(I s5, -a

i \s ( E3 7- 2t)

d.(A= 2

1d4j ) k-U
14. 2 f l

1s5i)

'; jz 2, 3, 9 f

whreC. --

(4.3.7)

(4,3s,8)

(4-3.9)

(4.3.10)

(4.3.11)

(4.3.12)

(4.3.3)

and C - &

(4.3.4)

(4s3.5)

(4.3.6)

,+T3 (in- I

=-- ILwhere
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As discussed in section 4.1, Y 8() is found by putting .. 0

which yields an integral equation (4.1.13). In the discrete model, we

put ;)A(s).o and .oand we get two algebraic equations for

which the two unknowns would be the mass flux at the base of the shallow

clouds, Me CS) and the mass flux at the base of the deep clouds, f8 ({)

For the purpose of instability analysis, we linearize the expres-

sions for ACX) and C)Q. To be consistent with the linearization

used in the section (4.2), we make the following linearization.

A )= o F

% +

JJ-

Since the level of detrainment of the clouds is fixed at the levels 3

and for the shallow and the deep clouds, respectively, and since S

and ( are being perturbed, it is necessary that Ns and X4 are

also allowed to change. With a change in S and -k./, the cloud en-

semble readjusts its characteristic size to be consistent with its de-

trainment level. This is an additional assumption which is necessitated

by the discreteness of the model. The alternative possibility of keeping

the > constant and varying the level of detrainment turns out to be

very cumbersome in the discrete model because the calculation of A it-

self requires a knowledge of the level of detrainment and I.- appears as
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upper limit of integration for the cloud work function.

We first compute Xs and from the linearized forms of

(4.3.9) and (4.3.7), respectively. Since the shallow and the deep clouds

detrain at the levels 13 and 25 , respectively,

{5,3 =. (4.3.13)

= (4.3.14)

From (4.3.9), (4.3.10), (4.3.12) and (4.3.13) we get:

5 .3 (4.3.15)

From (4.3.7), (4.3.11), (4.3.12) and (4.3.14) we get:

S- (4.3.16)

Knowing )5 and , we may compute Y and - from

(4.3.10) and (4.3.11), respectively.

For nonprecipitating shallow clouds, we may now calculate

(the liquid water detrained at level -3 ) from the finite difference

form of (4.1.9). -

4 ,3 ( s, !,3 ).I S A ( V S AY t, $ ~- Q i,3 ,'.q v 3 (4.3.17)



Since 52. = 'Vi

its , = [
and IgIo= 0 ,

ill3* ] (4.3.18)

By equating the time derivative of the perturbation cloud work function

equal to zero, we get the following two equations for the shallow and the

deep clouds, respectively:

Ipr2 0

; AQ) =0

(4.3.19)

4+ ~2. ~-5;
Oi-t a

;L t-

where - ______3

R=UR

kq&+
(4.3.20)

0

,WE k+ T s= .Y T

(4.3.21)

'~.tE3 7$4,

(4.3.22)
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(4.3.23)

Substituting (4.3.22) and (4.3.23) into (4.3.20) we get:

; xIII I I

Y 3 t+-- (4.3.24)

where

R , + R3 (i+ R / 1  + RSR7

(4.3.25)

4Yv4,R-5R4/ R5R7)~

Time tendencies of perturbation quantities appearing in (4.3.19) and

(4.3.24) may be obtained from the finite difference forms of (4.2.9) and

(4.2.10). This would give us two equations from which we can find m5)
and 1 (a) .
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Recalling the definition of cloud mass flux (from (4.1.4) and

(4.1.5)):

IT(4.3.26)

and- M L - ((4.3.27)

Since the shallow cloud detrains at the level Z3 , the cloud mass flux at

the level Z is due to the deep cloud only. Using (4.3.26), (4.3.27),

(4.2.9), (4.2.10). (4.3.19) and (4.3.24) we get the following two equa-

tions: (Details of the derivations are given in Appendix A.)

6(s) L< + ) K54  F (4.3.28)

bCs) k s + (.Th0 ta a F(4.3.29)

(Fs and Fd correspond to the large-scale forcing F(X of (4.3.13).)

where _ ._0 . Y-j*S)&-S,) 4*6)t3LIs3
t AtI 3  A

t ~ 3  17 t3

{3*

+6-kr3) 353S))-IhS*);s,3 L
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where (from (4.3.4) and (4.3.5))

4sJ I(4.3.33)

and

Since ,< , , j d, k&.L are the constants determined by the

vertical thermal and moisture structure of the atmosphere, we may solve

(4.3.28) and (4.3.29) for 'M,3( ) and 'Wc Ufl in-terms of F and F

which, in turn, are the functions of ,S, and the mean

quantities , 5 and U . This was the purpose of the parameteri-

zation scheme.

Solving (4.3.28) and (4.3.29) for T and m 3114Q , we get:

where A+t , -. , , A 9q , C jfi,3 and bj14 6 are the constants

of the mean state and are given in Appendix A.

Knowing bM 8 (S) and 'M we can find M~and A from (4.3.26) and

(4.3.27):
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(4.3.36)

We also haveit 'b(-) s

where D denotes detrainment.

is calculated from the thermal wind relation:

SC __ fo[uv Z)%IDt2. -T z) DU (J t

It has been assumed that the mean mixing ratio does not vary in the

meridional direction. This implies that the meridional gradients of the

moist static energy and the dry static energy are the same at any given

level.

4.4 The Two-layer Model in a Resting Atmosphere

For a two-layer model shown in Figure 4.2, we may write (4.2.9).

(4.2.10), (4.2.8), (4.2.11), as follows:

;4Si (M$_W)(S - U , ; S11' _ d b aS', (4.4.1)

~)

---- x-.w.') ( ---- -st 3 5- --- ---- -- (4.4.2)

t 3 : A. it 30



- (M I - d' i j

7(4;)

vhl I)

= '-b -4 -K /(4.4.5)

~ 3 y (- 3 - -t-) (4.4.6)

? I A3 (4.4.7)

where I and 3 are defined in (4.2.23).

In a two-layer model, we can consider only one type of cloud. The

cloud base is at Z1 and the cloud top is at Z3(see Fig. 4.2). The cloud

is assumed to be fully precipitating and therefore, there is no cooling

due to detrainment of liquid water.

Following the procedure described in section 4.3, we may find the

expression for M2 for a two-layer model.

It is found that:

h IrI rs sr d,

where fl jf are the constants determined by S , ,UL

90

(4.4.3)



Zr - -
- amm

Schematic representation of the two-layer model with deep clouds.

AZ.3

r

-43)
S3

AZ1E

W 2 , M2

ks

Wo =W E

mom

- MB

Figure 4.2

W4= 0



92

and h Actual expression for these constants are given in Appendix B.

and W are assumed to be of the form:

YI' e <'j

Ref 14x

C

tkCt- c~&)e

V (4.4.9)

and C are complex.

-40, 0, (4.4.5), (4.4.6) may be written

L wo

f-s ~t3

(4.4.10)

is Ekman pumping at the lowest layer.

Wo

It0
=.- E1.k>1

(4.4.11)

Using (4.4.1), (4.4.2), (4.4.5), (4.4.6) and (4.4.7) an expression

for A. may be given as:

f38tOIL, b

n - 4tK( -tt)

I

-wwhere .4)

For

as:

where WO

(4.4.12)

dMEW

40
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m i. ' t -:. '

and CL are the constants given in Appendix B.)

In order to simplify the algebra, we make the following assump-

tions:

t( t-3 -i) f2H (4.4.13)

then, using (4.4.12), (4.4.10) may be written as:

Z (x~c 4 tA

(where c (complex) is the eigenvalue.)

4 40

-03

a.-

b

-V.----

]
(4.4.15)

A.

and

(where1

=0

(4.4.14)

4,iFk

A

f A6 Z.7=

(

o me 'o

Hk.3 f
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H CA.-Q ktw T- 2 #T

2. 4

fH

N ( 4-tz

H 3 T1,A T3

For nontrivial solutions of (4.4.14), the determinant of the coefficients

must be equal to zero.

Equating the determinant of (4.4.14) equal to zero gives us the

eigenvalue equation:

iS X { Y) - Y( Xd t} .:(4.4.16)

where C 0

For growing solutions to exist, should be greater than zero.

Substituting (4.4.15) into (4.4.16) we find that kcz is always

negative for I. .

Therefore, for K I, there are no growing modes.

Since M-, = f11. , W).1 implies that convective heating is not

enough to offset the adiabatic cooling and the perturbations do not grow.

For > j , we may have positive values of Ci .
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It turns out that CL is a maximum for

or __--__(4.4.17)

H"|V (IL-

and the maximum value of CL is 00.

(4.4.17) shows that the scale of maximum growth corresponds to the

Rossby radius of deformation, provided the static stability parameter

N2 is scaled by ( '-t ) where Y may be considered as the heating

parameter.

If cumulus heating is assumed to be proportional to the mid-level

vertical velocity in a two-layer model, the instability study yields an

infinite growth rate for a finite scale. This is the reason why Israeli

and Sarachik (1973) and Charney and Eliassen (1964) got infinite growth

rates at finite scales. If the heating is assumed to be proportional to

the Ekman pumping (Charney, 19714, the maximum growth occurs for the

small scales. Since Charney and Eliassen (1964) assumed the heating to

be proportional to a linear combination of Ekman pumping and internal ver-

tical velocity at the middle level, they obtained both branches of the

solution.

Since is only a constant determined by the vertical struc-

ture of the atmosphere, we may treat I as a parameter and solve the

eigenvalue equation (4.4.16) for various values of1 .

Figure 4.3 gives the values of KC(i as a function of wave-

length for different values of 4 . The numerical values of the con-
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stants used to compute (4.4.15) and (4.4.16) are taken as:

W~uS19 3 xu7 L1

The wavelength of maximum growth rate increases as we increase the heat-

ing parameter, , and then growth rate decreases with increase in

the wavelength.

In order to get some insight into this phenomena, we may rewrite

(4.4.10) as follows:

(By eliminating W2 and putting / 0 for convenience)

*.. (4.4.18)

where E is the Ekman pumping coefficient given by (4.4.11) and other

notations have the same meaning as in the section 4.4.

We may see from the coefficient on the L.H.S. of (4.4.18) that for

2
a given heating ( i ), stability (N ) and vertical scale (H), there is a

horizontal scale (k) for which the coefficients become zero and for that

scale, the growth rate approaches infinity. That horizontal scale is

determined by:

aft P 1

m

I

I
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or

which is the same as (4.4.17).

In a two-layer model, there is only one vertical scale and the

horizontal scale associated with that vertical scale is the Rossby radius

of deformation.

It may be seen from (4.4.12) that for H 
tV?-1,)W2

becomes infinite and therefore, the assumptions of quasi-geostrophic and

hydrostatic balance break down for this scale. From (4.4.1) and (4.4.2),

it is seen that for Q > j1, heating is associa:ed with upward motion and

cooling is associated with downward motion and the flow is therefore un-

stable.

The occurrence of an infinite growth rate for a finite scale is a

consequence of. the unrealistic modelling assumptious of only two layers

in the vertical and the heating being proportional to the mid-level ver-

tical velocity, In the three-layer case (see Section 4.6) the infinite

growth rate at an intermediate wavelength is replaced by a finite maxi-

mum growth rate.

4.5 Charneyt s Two-layer Model of ITCZ with QEA

In order to explain the formation of the Inter-tropical Conver-

gence Zone (ITCZ), Charney (1971) studied the growth of a zonally sym-

metric perturbation of a resting atmosphere on the rotating earth. The

basic driving mechanism in this model was CISK, in which heating was
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parameterized in terms of the Ekman pumping. Since he took a two-layer

model, the temperature equation was defined at the middle level and

heating due to condensation was specified at that level. The nonlinear

character of the condensation process was correctly accounted for by con-

sidering the heating only in a limited region of width (see Fig. 4.4)

in which vertical velocity at the top of the boundary layer was upwards.

The purpose of this section is to repeat the instability analysis

by Charney (1971) with the quasi-equilibrium assumption of Arakawa and

Schubert to parameterize the heating due to condensation.

For a two-layer model (see Fig. 4.4), the nondimensional equations

of the model may be written as (Charney, 1971):

3 U1 v-: 2  A o

(4.5.1)

4 0 0

(c0 +'( 3  .FNUU3/%

where >3 is the nondimensional radius of deformation. It may be noted

that the only difference between Charney's equations and the above equa-

tions is that now the heating term involves the internal vertical velocity

W312.instead of the Ekman pumping, WEg.

From the above system of equations, we may derive separate equa-

tions for heating and non-heating regions.
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Assuming all dependent variables proportional to

yy -Zt - =.+

_._ _.t loo%~1~K[ ~:

(for heating region)

(for non-heating region)

Continuity of mass (pressure) and temperature) at y = a gives the boun-

dary conditions which give the following eigenvalue equation:

Nt N

1F'V2..
LN

(4.5.4)

(4.5.5)

N-
2+.

From (4.5.4) we may see that:

Y a Ro7m

ot: t4jj

TOL

So the growth rate is maximum ( = cO ) for
a/il

get:

101

, we

(4.5.2)

(4.5.3)

where

and

(4.5.6)

(4.5.7)

AZJL[
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and decreases to zero for 1PTT t4

For , r' is negative.

For K 2 tv {, we have no real solutions for (F-.

Since 'N is a constant in a two-layer model, we may treat it as

a parameter and solve (4.5.4) for different values of . Figure 4.5

gives the plot of r VS for different values of .

So far as the nature of the growth rate versus wavelength curve

is concerned, these results are similar to the results obtained in the

earlier section. The maximum growth rate ( = cC ) is found for a finite

scale and the growth rate decreases as the scale increases. The scale,

at which the maximum growth rate occurs, increases with an increase in

the heating parameter '7.
The ratio of the half of the wavelength L of the most unstable

mode (for sinusoidal heating case of section 4.4 and the size of the

heating region 2a (see (4.5.7)) may be given as:

L/-. TrxAqW $ IT

Although N1 is greater than one, but not too much greater than one, it

may be suggested that the assumption of sinusoidal nature of heating

tends to overestimate the scale of the most unstable mode.

4.6 The Three-layer Model in a Resting Atmosphere

The model equations for a three-layer resting atmosphere are

given by the set (4.2.14) through (4.2.25) with the following substitu-
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tions:

- ..- =0 J=637(4.6.1)

and

Following the notions of Appendix A, the cloud mass flux for a

three-layer case, with the assumptions given by (4.6.1), is given as:

(Henceforth, we will drop the primes ( /) from the perturbation quanti-

ties)

These substitutions in (4.2.12) yield the equations for W).i and

W4. Putting (4.4.9) in the whole set of equations, we get the following

thse)Yihequations for W

(A:w(B+li) 419 ((4.6.3)

(These constants are defined in (4.2.25).)
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t ((4.6.4)

where (c) is the complex phase speed ( C= C+ZCi).

We have substituted (4.6.3) into (4.6.4) and solved for the eigenvalue

The vertical structure of the mean tropical atmosphere over the

Caribbean and the vertical staggering of Z levels used for these calcu-

lations is shown in Figure 4.6.

The cloud base is taken at 600 metres, the shallow clouds detrain

at 4.05 km and the deep clouds detrain at 10.95 km. Clouds are assumed

to have, their roots in the mixed layer and therefore, the value of { at

the cloud base is specified from the mean environmental values at Z

( = 300 metres ).

4.6.1 One-cloud and two-cloud model

We have solved (4.6.4) for the complex phase speed (c) for two

cases. Fot one case, we have taken the deep cloud only and in the other,

we have taken the deep and the shallow clouds. We would refer to these

two cases as one-cloud and two-cloud models, respectively.

For the case of the deep clouds only, we make the following substi-

tutions in (4.6.2) and (4.2.12):
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Figure 4.6 Vertical structure of temperature T, mixing ratio ~q, dry static
energy S, and moist static energy h for mean tropical atmosphere
over the Caribbean.
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A

PcS) = 0

rS'x- . 5 = = , 2 'Ns~A = (4.6.1.1)

MN ~ ~ ~ r S,1~ YB~

"M A) LA W L

(values of A3 p I Di (see Appendix A) are now changed because

3 = 0)

The boundary condition for the vertical velocity and cloud mass

flux is given as: (Referring to the notations of Fig. 4.1)

WO W=WE (Ekman pumping)

*a*

\A' .

(4.6,1.2)

Mo: Mv= ,is a statement of the obvious fact that there is no

cloud mass flux below the cloud base or above the top of the cloud.

Figure 4.7. gives the phase speed and the growth rate for a range

of the values of wavelength. It may be seen that the shape of the growth

rate curve remains essentially the same for the two-cloud model and the

deep cloud only. Figure 4.8 gives the vertical structure of the amplitude

and phase of for the fastest growing mode. For the one-cloud model,

the amplitude is a maximum at the lowest layer and decreases upwards. For

the two-cloud model, the amplitude is a maximum at the level Z3 and then

-
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decreases upwards. This difference occurs because the shallow clouds

contribute to the total cloud mass flux and to the determination of

liquid water in the lower layers. This effect is absent in the absence

of shallow clouds.

Thus, it is seen that the essential character of the growth rate

curve is determined by the deep clouds which are precipitating and pro-

viding the heating to the substantial part of the atmosphere. The role

of the shallow clouds is to moisturize the lower part of the atmosphere.

In an instability analysis, therefore, while considering the- growth of

the perturbations over a specified mean state, it may be reasonable to

ignore the effects of shallow clouds and consider the effects of deep

clouds only.

The results in Figure 4.7 are in good agreement with the results

of Arakawa and Chao (1975) for a balanced cyclone model (see section

4.6.3 of this thesis). In order to make such comparisons, the verti-

cal structure of and { and the vertical staggering of Z levels

was kept the same as in Arakawa and Chao (1975).

As shown in Figure 4.7, for the case of deep clouds only, the

wavelength of the perturbations having maximum growth rate is 1100 km,

the phase speed is -. 6 m/s and e- folding time is 1.83 days. The novel

feature of this result is the occurrence of maximum growth rate for an

intermediate scale of reasonable size (L= 1000 km). In this model, for

growth to occur, the vertically integrated cumulus heating must be

greater than the vertically integrated adiabatic cooling. Among all the

growing modes, the fastest growing mode is the one for which the verti-
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cally integrated net heating is a maximum.

Since the cloud mass fluxes M2 and M4 are proportional to a linear

combination of W2 and W , the magnitude of the net heating depends upon

the vertical structure of the W field (i.e., relative magnitudes of W2 and

W 4 ) and the constants of proportionality between the mass flux and the

vertical velocities. The constants B 924 1 (see (4.6.2))

are det.ermined by the quasi-equilibrium assumption. These constants depend

upon the mean vertical structure (temperature and moisture) of the atmos-

phere and therefore, remain the same for all the modes.

Since the equations for W2 and W (see (4.6.3)) are linear, the

interior vertical velocity may be decomposed into a component due to

friction in the boundary layer and a component due to heating in the

interior. Using the suffix F and H for the components due to friction

and heating, respectively,

W1F +W.H

W14 Wh[-F+w 4 H 5 (4.6.1.3)

For the purpose of mathematical convenience and without any loss

of generality for these results, it is further assumed that = 0.

Substituting (4.6.13) in (4.6.3):

FIL 4  L, 4 F0
(4.6.1.4)

L~wS ~L,
W, AWH
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and

H N
AIWH +AWH -- P(A+LA) wJ+(A 2-L2)L

A(L(4.6.1.5)
A-, i + A q k/4H wF + (A- L4) w4 F

where

+o0P3 4 KM'BWI4 3 5312)

.- ER3+Rr) 4 K4 - k+ S32 B2H)
6 =- .(+ R * Kf@ d.i(322-:) +3 S- j @4i692

LAi = 54 R3 k' { aM

Lf%-kt 3 S3

L-, - fo ( 4+ -4

La =-t4.(R4R 3 ) - L# kj

LLA -. 4., R3 -- S41 k

(These constants are defined in section 4.2.1)

Sand may be calculated from (4.6.1.4) and and may be calcu-

lated from (4.6.1.5). Vertically integrated net heating will be given

as:

Net Heating = 2. 1L($w7 s

+FWq ( 4.6.1.6)
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It may be seen from (4.6.1.6) that the net heating depends upon the con-

stants 8
1 . , By , B 4 , 84H, , \:, w/H and vWv4 . 2. and W

depend, interalia, upon/F,/ and the constants
upo 4. ,22. 11 B 3U4L2f.

Figure 4.9 shows the magnitude of net heating 9, for a range of

wavelengths. The values of the constants for this model are;

B,1 = .562714, 81 = .220388, B4, = 1.08013, 89= .423034. The

wavelength of the perturbation having maximum growth rate is nearly the

same as the wavelength of the perturbation for which the net heating is

a maximum.

4.6.2 The role of friction

We have seen in section 4.5 that for the case of a two-layer model

of the resting atmosphere there are no growing solutions in the absence

of surface friction. (4.6.1.4) and (4.6.1.5) show that, in the absence

of surface friction, there are no growing solutions for a three-layer

resting atmosphere also. For = 0 in (4.6.1.4), IAJI L4 = 0, i.e.,

there is no internal vertical velocity generated due to surface friction.

For W-6F= F 0,

the right-hand side of (4.6.1.6) is = 0. Then, \A.LH and WA/H

exist only if

AA 4A- AIA -0

For the values of the constants given above and for the range of wave-

lengths of interest,

A1 4 -- g2 gA3  +0

and therefore, W/ = 0
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This shows that in the absence of surface friction there is no mechanism

to generate the internal vertical velocity and therefore, there is no

H H
possibility of cumulus heating. If , W6 and Wq may have non-

zero values, but their magnitudes are very small and therefore, the as-

sociated cumulus heating is very small, and therefore, the computed

growth rates are found to be extremely small (growth rate ', iJ5'ic ).

In the presence of surface friction, the frictional convergence associated

with the infinitesimal perturbation, is sufficient to generate an internal

vertical velocity which, in turn, produces heating. Thus, there is a

possibility that the perturbations may grow.

The situation is different, however, in the case of vertically

shearing flows. In this case, differential vorticity advection and thick-

ness advection may generate the internal vertical velocity. Thus, there

is a possibility that cumulus heating may take place. Whether the net

heating is accomplished or not would, however, depend upon the structure

of the vertical velocity field. The vertical velocity field, obtained

by solving the quasi-geostrophic omega equation, would now be the one

which is consistent with the hydrostatic and geostrophic assumptions and

the parameterized form of cumulus heating.

4.6.3 Wave-CISK versus QEA

As it was pointed out in Chapter 2, in some empirical parameteri-

zations, the cumulus heating is parameterized in terms of the vertical

velocity at the top of the lowest layer and the vertical distribution

function is arbitrary. We have referred to such parameterization as

wave-CISK type.
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For the three-layer model, the wave-CISK parameterization corres-

ponds to:

MHLi tW21. 
(4.6.3.1)

where and are arbitrary.

For the case of the three-layer model in a resting atmosphere, we

may derive the equivalent 14 profile for the parameterization with QEA

and we may show the essential differences between the parameterization of

(4.6.3.1) and equivalent profile of QEA.

Since M. -. 2112. h' + 829

and MLI \342. vja -+ B 4 W

the expressions for M2 and M4 may be rewritten as:

andL(4.6.3.2)

and 4 \\.

because W2 and W are interrelated.

In order to demonstrate this point with the simplest possible

model, we have considered the three-layer 'balanced cyclone model' studied

by Arakawa and Chao (1975).

Following the notations of this chapter, the dynamical equations
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of this model may be written as:

--- .(4.6.3.3)

-- to (4.6.3.4)

aL _3

_ - LAII-O(4.6.3.5)

where R is the coefficient of Rayleigh friction in the lowest layer where

the frictional and coriolis forces are assumed to be in balance. Equa-

tions for S and the hydrostatic equations are the same as given in

section 4.2.1.

Making use of the hydrostatic relationship:

S -4 I 3 S531 + S /

we may find a relationship between W2 and W . By using (4.6.3.3) and

(4.6.3.4) and putting

it is found that:

- 1-- (4.6.3.6)

where C2 and C are the constants determined by the vertical structure of

the atmosphere and h

Substituting for W4 in the expressions for M 2 and M4, we find:



IL C Ct-+Paq0

Bqa f(kIk4Ps) K>4S-1(B84)4 o 4

*+32 2  3q~54lq 9  R3

fr44~Y 8jCL*4 b)+ As4 B~I

where j=. b (S::1,3,5)

e.* =. 53T s3 L

at %
Ts fs-

d.(PS -3s)

(Other notations have the same meaning as defined before)

Comparison of (4.6.3.1) and (4.6.3.7) clearly brings out the novel

feature of the QEA that the coefficients +jare not arbitrary

constants, but are determined by the vertical structure of the atmosphere
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where

T =

ST

(4- 6 -3-7)

-



and the wavelength of the perturbation. One of the most discomforting

aspects of the empirical specification of ti is that the values of I

remain the same for all the horizontal scales. In the QEA parameteriza-

tion, the values of and are determined by the wavelength of

the perturbacions.

Incidentally, it may be remarked that we have performed the numeri-

cal integration of this 'balanced cyclone model' to test the correctness

of our numerical procedure to make the instability analysis, by initial

value approach. The initial value approach and the eigenvalue approach

gave the same results.

4.6.4 Maximum Growth Rate and Maximum Potential for Dominance

In interpreting the results of instability analysis, it is

generally assumed that the wave having maximum growth rate would even-

tually dominate over the rest of the growing waves. The synoptic waves

appearing on the weather charts are recognized as the possible manifes-

tations of the fastest growing mode of the instability analysis.

In the case of barotropic or baroclinic instability, it may be

reasonable to assume that the perturbations having the maximum growth

rate will eventually dominate because they would 'consume' most of the

available kinetic or available potential energy. It is not clear if this

would be so in the case of instabilities driven by moist convection be-

cause in this case, the extent to which a perturbation of a given wave-

length may grow would be determined by the availability of moisture on

the scale of that perturbation. Although the growth rate of the small-

scale waves may be large, if the period of such waves is small, the total
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moisture evaporated over one period of the wave may not be sufficient to

sustain the precipitation and therefore the maximum growth. of the wave

may not take place.

The actual equilibration mechanism for the tropical waves, which

are driven primarily by cumulus heating, is not quite clear. Because of

the nonlinearity connected with real condensational heating, an arbitrary

flow may not be expressed as a superposition of linear eigenmodes, and

therefore it may not be possible to apply a selection principle based on

these considerations; i.e., the mode with the greatest growth rate does

not necessarily dominate. We do not fully understand the roles of the

mean motion and the availability of moisture in determining either the

maximum possible amplitude of the tropical waves or the selection mechan-

ism due to which the synoptic waves appear on the weather charts. Hayashi

(1971) has hypothesized that the heating decreases with the increasing

frequency of the waves so that the high frequency waves are stabilized.

Lindzen (1974) has suggested that the equilibration of tropical waves

may be determined by the way the waves modify the environment. The

cumulus heating may modify the basic state in such a way that the most

unstable modes may become neutral with respect to the modified environ-

ment. Although the gravity waves of the smallest scales had maximum

growth rate in Lindzen's analysis, he hypothesized that the instability

would not prove effective for those waves whose time scales are shorter

than the life cycle of a hot tower.

In order to explain the appearance of synoptic-scale waves on the

daily weather charts (even if the instability analysis may give the
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maximum growth rate for the smallest scale), we hypothesize that only

those waves would 'dominate' (and hence appear on the synoptic chart) for

which the ratio of their period to their e- folding time is maximum.

Since the upper limit on the amplitude of a wave may be. determined by its

ability to utilize the available moisture, a wave may not dominate just

because it has large growth rate. A large growth rate would only imply

that it would equilibrate faster than other waves. The waves having

larger periods may have the potential to dominate among all the growing

waves.

We have, therefore, defined a quantity , denoting the 'potential

for dominance' and is given as the ratio of the imaginary and the real

parts of the complex phase speed. ( = C*-L ).

We will calculate the values of y for a range of wavelengths and,

according to our hypothesis, the perturbation of that wavelength would

have maximum potential for dominance for which is maximum.

We have calculated the values of 9 for the model described in

section 4.6.1. The result is shown in Figure 4.10. The values of growth

rate for a range of wavelengths is also shown in the same figure. It is

found that the maximum growth rate and the maximum potential for dominance

occur for nearly the same wavelength. We have presented similar results

for vertically shearing flows in the next section.

We would like to emphasize that the above criteria, based on the

ratio ( C4 C.), to determine the most dominant perturbation is only a

hypothesis. This criteria breaks down for CA= 0. It is possible that

for certain structures of the mean state, none of the criteria mentioned

above suggest a dominant mode. In such a situation, we propose to examine
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the structure of those perturbations whose wavelength. corresponds to that

of the observed synoptic disturbances. A more rigorous criteria to ex-

plain the scale of the observed tropical waves awaits a clearer under-

standing of the equilibration mechanism for the tropical waves and their

interaction with the mean motion.

4.7 The Three-layer Model with Vertical Shear

The governing equations for the three-layer model with vertical

shear are the same as given by (4.2.14) through (4.2.25) with the added

simplifications that

2. 2.

The procedure for performing the instability analysis in this case con-

sists of the following steps:

i) Derive the expressions for I(S) and Inls(k) using the QEA in terms

of 4 , and for j = 1,3,5 (see Equations A.8 and A.9).

ii) Derive the expressions for M2 and M from A.10 and A.ll.

iii) Substitute the expressions for Mt, MM, T7 , P, LsA-5 in (4.2.12)

and derive the expressions for W2 and W in terms of . S

(j = 1,3,5). (See Equations 4.2.24 and 4.2.25).

iv) Substitute the expressions for W2 and W4 in (4.2.14) through (4.2.22).

This would give us nine equations for nine variables:

Let us assume that all the perturbation quantities are of the form:

r *\ II

-j e.j L(4.7.1)
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where C is the complex phase speed ( = Cr + z C4 ).

Substitution of (4.7.1) in (4.2.14) through (4.2.22) and application of

the boundary conditions given in (4.6.1.2) yields the following eigenvalue prob-

lem:

31 A41 51 A61 71 A81 A91

A12 (A22-c) A32  A42  A52

A13 A (A -c) A A53

A14 A24 34 (A-44 c) A54

A15 A25 A35 A45 A5 5-c)

A62 A72 A82 A92

A63 A73 A83 A93

A64 A74 A84 A94

65 A75

26 A36 A46 56 (A66-c) A76

85 A95

A86 A96

A 17 A27 A37 A47 57 A67 (A77-c) A87 A97

A18 A28 A38 A48 A58 A68 A78 (A88-c) A98

A A29 A39 A49 A59 A69 79 A89 (A99-c)

where the matrix A ( A'.. 1,9 and j::.,

that in the case of resting atmosphere weI

cause the cloud mass flux is determined in

In the case of shearing zonal flow,

the advections of

s: and by

consider the time

$ and A. by the mean motion

the perturbation stream function

variations of 1f , I and

S3

13

s5

=0 (4. 7 .2)

i, ) is complex. It may be recalled

have solved only a 3 x 3 matrix be-

terms of W2 and W only.

the cloud mass flux also depends upon

and the advections of

We therefore must

in a coupled way.

A2 1F(-c)

A16

I

I
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The expressions for all the elements of the complex matrix

are given below: (We would use the notation Yit :fT )

kk

(4Re~r. P :j Z 3, .
a~c I 

(Imaginary parts of all the elements Ac for i = 2,9, and j - 1,9

would be equal to zero. This is because the imaginary parts of the matrix

A ej appear due to the terms involving the Ekman pumping and the Ekman

pumping is proportional to ^Y, only.)

12 F., Q8-A,) -t- ~P 3 (e(-A

3 33

for i = 3,9

A = F5 ( B, - - 8 )

A;3 = 23 P8

43 =L for i = 4,9
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Ar 99 =

Lz2 ,41 ,I (Of7/ a

t w 
w)

where &,S, (f or j = 1, 9) , Iz ) B2.4'1 +. "9 . 410As2, 2A z4, A14D2.,

X 4.2 (,/ 't14i, 1 4)S are given in Appendix A.

are given as follows:

-o (eSr)

Js J)
AA

Qwc)(ADOC)

(wrf)D(jvDB)

- ktA
?f3

dim m*

Irv =

91ai, .93A33

#0

9, a
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43%
J (DST)

where

where

(C. S r)

KDS T)=

h%14 A 1'

k7. g*
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AA1 b= - kz q 's6) .3ti I
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and

AA4

261 =

so9z=

k'6 - ti
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6B~ k {-c 3gt4), fl4.br6 ts. I

where =3; 7rt: 3"R

(For -. definition of et s , , o see section 4.2)

((3Ar- = - GUIT) Sf3,

6> (AST) Qs;

where = -

Since all the 81 elements of the complex matrix A L are nonsimple,

it has not been possible to derive simple algebraic expressions for the

eigenvalue C. We 'ave, therefore, solved the equations (4.7.2) numeri-

cally. We have used the standard subroutines (available at the computation

centre) for finding the eigenvalues of a complex matrix.

Figure 4.11 shows the plots of growth rate ( Jc ), phase speed

( Cr) and the ratio ( C /c,) for a range of wavelengths for the mean

tropical atmosphere. The temperature and moisture structure are shown in

Figure 4.6 and the structure of the zonal wind is shown in Figure 4.12. If

we follow the conventional criterion that the fastest growing modes may be

the most dominant perturbation, two peaks in the growth rate curve are

found for wavelengths of about 1000 km and 5000 km. Wavelength of typical

easterly waves is in the range of 2000-3000 km. If we follow the criterion

defined in the earlier section, the wavelength of the perturbation having
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maximum potential for dominance is about 6000 km_. Ther� is a secondary 

maxima at 2000 km which is close to the wavelength of the observed easterly 

waves. The amplitude of the 2000 km perturbation has a maximum at the 

middle level. Although the wavelength and the phase speed are in the pro

per range, the detailed structure of the analytical perturbation having the 

wavelength of 2000 km does not agree well with the structure of the obser

ved easterly waves. The computed perturbation 5lopes towards the west in 

the vertical and the slope is very large. The rising motion occurs ahead 

(west) of the trough at the higher levels and behind the trough at the low

er levels. In order to get a realistic structure for the easterly waves, 

it may be necessary to include the effects of horizontal shear. 

The purpose of this calculation was to test the performance of the 

criterion based on the ratio ( C�/C�) for the case of mean tropical atmos

phere over the Caribbean. 

Although this criterion has been presented only as a hypothesis and 

we have no rigorous proof for its validity, we feel that this criterion 

offers a reasonable basis to determine the most dominant mode. 

We have made the computations of growth rate for a range of values 

of vertical wind shear. One of the striking features of all the calcula

tions (see, for example, Fig. 5.2) was the occurrence of maximum growth 

rate for the smallest scale. This nature of the growth rate curve did not 

change when the effects of vorticity transport by the cumulus clouds was 

added. In the present linear model, mean cloud mass flux is assumed to be 

zero and therefore only the perturbation cloud mass flux acts to transport 

the vorticity of the mean field. In the absence of horizontal shear, this 

effect does not appear in a quasi-geostrophic model. 



The occurrence of maximum growth rate for the smallest scale may

be either due to inadequate treatment of the subcloud layer or due to the

parameterization of cumulus heating by the quasi-equilibrium assumption.

In reality, for cumulus convection to take place, the boundary layer con-

vergence must be sufficient to lift the low level air up to the lifting

condensation level. The scale of the vertical circulations, associated

with small horizontal scales, is also very small. The small-scale pertur-

bations may not provide the necessary lifting needed to set in the cumu-

lus convection. Therefore, all the perturbations with the horizontal

scale smaller than the Rossby radius of deformation, corresponding to the

vertical scale of the height of the lifting condensation level, should be

stable. In the present model, the treatment of the subcloud layer is very

simple. The vertical resolution is not adequate to identify the top of

the mixed layer and the lifting condensation level. A more realistic

treatment of the mixed layer, including the time variations of the depth

of the mixed layer and the height of the cloud base, is beyond the scope

of this-thesis. A time dependent mixed layer introduces a constraint

on the intensity of convection.

It may be recalled from (4.3.34) and (4.3.35) that in the presence

of vertical shear the cloud mass flux is found to be inversely proportion-

al to the wavelength of the perturbation. Since heating is proportional

to Mc, in the QEA parametetization and the vertical velocity is deter-

mi-ied by heating and large-scale vorticity and temperature advections, the

vertical velocity, and therefore the heating, is found to be maximum for

the smallest scale. This was confirmed by examining the eigenfunctions

135
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for the largest eigenvalues for a range of wavelengths. This may explain

the occurrence of maximum growth rate for the smallest scale. An excep-

tion may occur for those perturbations for which the vertical structures

of the perturbations (q0, , K) and the mean state (U ,

*. ) are such that the vertically integrated generation of the cloud

work function by including the horizontal advections is equal to zero.

In the next chapter, we have performed the instability analysis of

horizontally and vertically shearing monsoon flow.*

It should be noted that the instability analysis presented in this

chapter was based on a vertical differencing scheme in which the stream

function and the temperature were defined at the same Z levels. The same

analysis was repeated for a three-layer ( %- ) model in which the tempera-

ture and vertical velocity (d.*(4A) were defined at the same levels. The

results were quantitatively similar for both the cases.

In order to check the correctness of the computer program and the

algebra involved, which was quite considerable, calculations were made

with Usao and Us constant. (4.7.2) reduced to a (3x3) system in the

former and (9x9) system in the latter case. The values of the growth

rates remained exactly the same in both the cases, and the changes in the

phase speed were exactly equal to the constant . For the case of ver-

tical shear, the initial value approach and the eigenvalue approach gave

the same results.

*If W/I-o, for a horizontally shearing flow considered in the next
chapter, the maximum growth rate occurred for a wavelength of intermedi-
ate scale (see section 5.3.1).
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CHAPTER 5. INSTABILITY OF HORIZONTALLY AND VERTICALLY SHEARING MONSOON
FLOW WITH PARAMETERIZATION OF MOIST-CONVECTIVE HEATING BY
QUASI-EQUILIBRIUM ASSUMPTION

In this chapter, we will perform the instability analysis of the

observed monsoon flow. The vertical temperature and moisture structure

of the mean monsoon atmosphere has been given in Figure 1.3. This verti-

cal structure has been obtained from Saha and Singh (1972), Koteswaram

(1974) and 'Forecasting Manual' (1971) published by India Meteorological

Department. We have used the three-layer quasi-geostrophic model des-

cribed in section 4.2. We have used the quasi-equilibrium assumption,

described in section 4.1, to parameterize the effects of cumulus heating.

The cloud base is assumed to be at 450 meters, which corresponds to the

lifting condensation level at 950 mb during the monsoon season. The level

of detrainment for the deep clouds is at 10.05 km. It has been assumed

that the deep clouds are fully precipitating. This assumption may be

justified from a study of Ramanamurty et. al (1960), whose observations

suggest that during the monsoon season, most of the precipitation comes

from the deep clouds.

5.1 The Case of Resting Atmosphere

Figure 5.1 shows the plots of growth rate versus wavelength for a

resting atmosphere. The horizontal wavelength of the fastest growing

mode is found to be about 2000 km, with an e- folding time of 2.2 days.

The westward phase speed of the perturbation is found to be 1.4 m/s.

These results are similar to the ones presented in section 4.6. The

structure of the fastest growing perturbations was found to be the same
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as given in Figure 4.8. Since the growth rate versus wavelength curve

remained essentially the same for. two-cloud types as for deep clouds

only, we will use only the deep cloud model for the later analysis.

Figure 5.1 also shows the plot of (CL./C,) versus wavelength and

growth rate versus wavelength for the case when the heating was provided

by the deep clouds only. The wavelength of the perturbation having

maximum growth rate is about 2000 km and the wavelength of the perturba-

tion having maximum potential for dominance is 2200 km. The westward

phase speed for the perturbation of 2200 km is 1.6 m/s and e- folding

time is 2.22 days. Thus, it is seen that the criterion based on the maxi-

mum value of the growth rate and the criterion based on the maximum poten-

tial for dominance yield nearly the same values of horizontal wavelength,

phase speed and e- folding time for the most dominant perturbation.

5.2 The Case of Vertical Shear

The procedure for these calculations was exactly the same as des-

cribed in section 4.7. Figure 1.3 shows the vertical profile of the

zonal wind, which has been used to perform the instability analysis of

the monsoon zonal flow. This profile is obtained by averaging the ob-

served zonal winds between the latitudes 20N and 30N at each vertical

level. Figure 5.2 shows the plots of growth rate ( kCL ), phase speed

( Cr,) and the ratio ( C2/C) for a range of wavelengths. The growth

rate is found to be maximum for the smallest scale. From the criteria

based on the ratio ( CJ/CA), the wavelength of the most dominant mode is

found to be about 2500 km. The westward phase speed for this mode is

about 4 m/s. These values of the wavelength and the phase speed are in
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reasonable agreement with the wavelength and the phase speed of the ob-

served monsoon depressions.

The amplitude and phase structure of for the most dominant

mode (wavelength = 2500 km) is shown in Figure 5.3. The amplitude is

maximum in the middle level. The amplitude at the lowest level is only

half of its maximum value at the middle level. At the lower levels, the

amplitude structure of the analytical perturbation is not in agreement

with the structure of the observed monsoon depressions. The maximum

amplitude of the observed monsoon depressions is found to be in the lowest

layers. This discrepancy is removed when we consider the observed profile

of mean zonal wind, which has horizontal and vertical shears.

5.3 The Case of Horizontal and Vertical Shear

For making the instability analysis of the horizontally and verti-

cally shearing monsoon flow, ] (> i) , we have followed the initial

value approach described in Chapter 2. Cumulus heating by the deep clouds

is parameterized by the quasi-equilibrium assumption described in Chapter

4.

The step wise procedure for making these calculations may be

briefly stated as follows:

i) Calculate the values of XAD,Ap, B2 , 641),B44,g1dkls

for the mean monsoon atmosphere. The mathematical expressions for

these quantities is given in Appendix A.

ii) Assume an arbitrary perturbation of Y..=I
iii) Solve the equations (4.2.24) and (4.2.25) to obtain W2 and\4
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We have used a matrix inversion subroutine to solve this system of

coupled elliptic equations.

iv) Obtain the values of M42, sM4 and D5 from (4.3.35) and (4.3.36).

v) Integrate the equations (4.2.14) through (4.2.22). The numerical

scheme for integrating these equations was exactly the same as des-

cribed in Chapter 2. The meridional extent of the domain was be-

tween 5N and 28.75N. No inflow or outflow was permitted through

the northern and southern boundaries of the domain.

The boundary conditions on the vertical velocity were

(see Figure 4.1):

Wo =WE

O W0 . =M6 = C

vi) Repeat the steps iii) through v) for 100 time steps.

vii) Calculate the values of growth rate, , and phase speed, C

at each grid point, using the expressions given by (2.5) and (2.6).

viii) Check for the convergence of the values of growth rate, ) , and

phase speed, C , for the whole domain. If 9 and C have not

converged, go back to step iii) and continue the integration. If

V) and C have converged to their constant values at all the

grid points, further integration is discontinued.

Figure 5.4a shows the plots of growth rate, ( kCL), phase speed,

(.C4) , and the ratio'( C/C4 for a range of wavelengths. Maximum values

of growth rates are found for the smallest values of the horizontal wave-

lengths. The criteria based on the ratio ( c4veS) suggests that the pertur-
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bation with the wavelength of 3000 km may be the most dominant perturbation.

The maximum value of ( C4/C),,) for the 3000 km perturbation occurs due to

very small value of its phase speed. In this case, the application of the

criteria based on the ratio (C./CA) may be questionable.

For the case of Ekman pumping = 0, plots of ( kCL ), (Cr) and

(C4 CA) are shown in Figure 5-4b. In this case, growth rate ( kco and

the ratio (CJJCA) are maximum for the smallest scale. Comparison of Figure

5.4a and 5.4b suggests that the reduction in the phase speeds of the per-

turbations may be due to the addition of the Ekman pumping at the lowest

boundary. It may be recalled from section 4.6 that, in the case of the rest-

ing atmosphere, surface friction is essential for the existence of growing

modes. For vertically shearing flow, the structure of the divergence

field depends upon the phase relationships among the internal vertical

velocities generated by: a) The differential vorticity advection and

thermal advection, b) surface friction, and c) cumulus heating. Since the

structure of these vertical velocity fields is wavelength dependent, the

magnitudes of the growth rate and the phase speed depend upon: a) Struc-

ture of the mean state (i.e., 1T 2 ), and b) wavelength

of the perturbation. Due to the complexity of the QEA parameterization,

it has not been possible to isolate the effects of each factor in analyti-

cal form, and therefore, we have presented the results of numerical inte-

grations of linearized perturbation equations.

Since the wavelength of the monsoon depressions is in the range

2000-3000 km, w have made a detailed analysis of the structure and ener-

getics of the computed perturbations for the wavelength 2000 km, 2500 km
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and 3000 km. The structure and energetics for the perturbations of these

wavelengths were found to be nerarly the same. For the case of the Ekman

pumping = 0, we have presented, in the following section, the structure

and energetics for the 2500 km perturbation.

5.3.1 Structure of the computed perturbation

Figure 5.5 shows the latitude-height cross-section of the amplitude

of Y . The perturbation has appreciable vertical structure up to 10 km

in vertical. The amplitude maximum is close to the observed location of

the monsoon depressions. Vertical amplitude structure is also in agree-

ment with the observations of Krishnamurti et.al. (1975). The westward

phase speed of the computed perturbations is comparable to the observed

phase speed of the monsoon depressions.

In order to understand the possible mechanisms which produce maximum

amplitude between 20N and 25N, we carried out the barotropic instability

analysis of the zonal wind at each level. It was found that for the case

of = 0 and U7 4 ) at each level equal to at 13 (3.64 km), the

maximum amplitude occurred between 20N and 25N. The results of a combined

CISK-barotropic instability analysis of the zonal wind at 23also showed

that the amplitude was a maximum between 20N and 25N. It may therefore be

suggested that the occurrence of maximum amplitude between 20N and 25N may

be primarily due to the barotropic instability of the flow at 3.64 km.

However, for the barotropic case and the CISK-barotropic case, the ampli-

tude, at a given latitude, was a maximum at the highest level 2 . The

amplitude structure shown in Figure 5.5, which is similar to the structure

of the observed monsoon depressions, occurred only when we considered the
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combined CISK-barotropic-baroclinic instability.

Figure 5.6 shows the longitude-height cross-section of the struc-

ture of the perturbation of wavelength 2500 km. The maxima of vertical

velocity is found to be ahead (west) of the trough. This agrees with the

conclusions of Krishnamurti et.al. (1975). The trough and the ridge lines

slope towards the east in the vertical, which is also in agreement with

the observed slope of the monsoon depressions. Krishnamurti et.al. (1975)

have shown that the monsoon depression has a cold-core in the lower layers

and a warm-core in the upper layers. The computed perturbations do not

have such thermal structure. Warm advection takes place ahead (west) of

the trough and the rising motions occur in the warmer sector of the wave.

We believe that the observed low-level cold-core may be due to the cooling

caused by the evaporation of the falling rain. We have not included this

effect in our model.

It may be recalled from the sections 4.7 and 5.3 that if cumulus

heating is parameterized by QEA, in the presence of vertical shear, maximum

growth rate occurs for the smallest scale. However, if 0 and heat-

ing was parameterized by QEA, for the horizontally shearing flow at

the maximum growth rate occurred for a wavelength of intermediate scale

(wavelength = 2000 km).
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5.3.2 Energetics of the computed perturbation

For the three-layer model described in section 4.2.1, energy equa-

tions may be given as:

-IC(kti E ( E E

- C(+C

C AC(1 I E ( ,AE

where K is the eddy kinetic energy, P is the eddy potential energy,

6 is the dissipation of eddy kinetic energy and C(QE-f, A1) is the

conversion from heating to the eddy available potential energy. Other

symbols are the same as defined in section 4.2.1. 'r' and 'i' are sub-

scripts for real and imaginary values.

1[kThi)t

JLK

a) J: 131
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Figure 5.7a shows the energy diagram for the computed perturbation

of 2500 km wavelength. Figure 5.7b shows the energy diagram presented by

Krishnamurti et.al. (1975). These authors have stated that the presently

available network was found to be inadequate for the computation of the

energy transformations from the observations of a single case study. The

energy diagram of Figure 5.7b was prepared from the data generated by nu-

merical weather prediction from a multi-level primitive equation model.

The primary difference between the energetics of the computed linear per-

turbations and the energetics based on the results of integration of multi-

level model, is found in the baroclinic conversions. The computed pertur-

bations are found to be baroclinically damped, whereas the energy diagram

given by Krishnamurti et.al. shows that the zonal available potential energy

is transformed to the eddy available potential energy. The energy trans-

formations from eddy available potential energy to eddy kinetic energy and

from zonal kinetic energy to eddy kinetic are nearly the same in Figures

5.7a and 5.7b. The largest conversions occur from eddy available potential

energy to eddy kinetic energy. The dominant energy source for the genera-

tion of the eddy available potential energy is the condensational heating.
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The conversion from zonal kinetic energy to eddy kinetic energy is rela-

tively small in both the cases. Comparison between Figures 2.6 and 5.7

highlights the important role of moist-convective heating for the energetics

of the monsoon depressions.
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CHAPTER 6. SUMMARY AND CONCLUSIONS

The monsoon depressions which form during the monsoon season over

the Bay of Bengal and move westward over India, are one of the most impor-

tant components of the monsoon circulation. Their wavelength is about

2000-3000 km, and they move towards the west with a phase speed of about

3 m/s. They account for the major portion of the monsoon rainfall. The

purpose of this thesis is to investigate instability mechanisms which may

be responsible for the growth and maintenance of these depressions.

The mean monsoon zonal flow has appreciable horizontal and verti-

cal shear, and the potential vorticity of the flow has maxima on isen-

tropic surfaces, indicating the possibility of internal jet instability.

We have examined the barotropic-baroclinic instability of the monsoon

zonal flow, using a ten-layer quasi-geostrophic model. It is found that

the most unstable mode has a wavelength of 3000 km and a westward phase

speed of 15 m/s. The amplitude of the perturbation is confined only at

150 mb, and falls off rapidly at the lower levels. Computations of

energy conversion have shown that most of the conversion is from KZ to

KE and very small conversion from AZ to AE , thus indicating the impor-

tance of barotropic instability to the dominance of such perturbations.

In fact, the barotropic instability analysis of the 150 mb zonal wind

alone, yields a growth rate versus wavelength curve which is similar to

the combined barotropic-baroclinic analysis of J( , ). This result

indicates that, in the absence of condensation, the fastest growing per-

turbation corresponds to the most unstable mode of the barotropically

unstable upper level zonal wind. Since the amplitude of the perturbation



is concentrated at the upper levels only, the scale and the structure of

the perturbations remain the same whether in the model a vertical wall is

put at 28.75N, or is put at 40N, together with a 600 mb high Himalayan

plateau between 28J5N and 40N.

The results of the perturbation analysis explain the occurrence

of the westward-moving waves at 200 mb. They also demonstrate that baro-

tropic-baroclinic instability alone cannot explain the formation of the

monsoon depressions, whose amplitude maxima are at the lower levels and

which have appreciable amplitude in lower troposphere.

The next step in the study is an exploration of the role of the

CISK mechanism in conjunction with barotropic and/or baroclinic instabil-

ity mechanisms, because the latent heat of condensation may be the primary

driving mechanism for monsoon depressions. We are thus faced with the

important, but yet unresolved, problem of the parameterization of the ef-

facts of moist convection and consideration of the interactions between

the large-scale circulation and cumulus convection.

We have examined the instability characteristics of a vertically-

sheared mean monsoonal flow, using empirical vertical distributions of

CISK-type heating. In this formulation, heating is made proportional to

the Ekman pumping, or to the vertical velocity at the top of the lowest

layer. In either case, the wavelength of the fastest growing mode de-

pends upon the vertical distribution function for cumulus heating (the

so-called I profile). We have experimented with several vertical dis-

tribution functions. One of the noteworthy results is that the horizon-

tat scale of the most unstable mode is larger for those N profiles that

provide heating to the larger vertical depths of the atmosphere. This
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is seen to be consistent with the concept of the Rossby radius of defor-

mation in the theory of geostrophic adjustment, in which it is shown that

the scales of the horizontal and the vertical circulations are interre-

lated through static stability and rotation.

In order to make the intercomparison among different j profiles,

values were scaled in such a way that the total heating realised by

the atmosphere remained the same in each case, and thus, we could com-

pare the effects of changing only the vertical distribution. It was also

found that when heating was made proportional to the vertical velocity at

the top of the lowest layer, the magnitude of the growth rates was in-

creased when we added the Ekman pumping at the lowest level.

The purpose of these calculations was not so much to simulate the

growth of the monsoon depressions as to point out that one can simulate

several, kinds of tropospheric tropical disturbances by choosing suitable

Nq profiles. Since the choice of is largely arbitrary, it points to

the need of a theory for deducing the effects of the moist convection.

We have applied the quasi-equilibrium assumption of Arakawa and

Schubert to parameterize the effects of moist convection. This scheme

involves some questionable assumptions concerning the interaction of the

large-scale with the cumulus ensemble, and concerning the structure and

life cycle of the cumulus clouds. It offers, nonetheless, a rational

closure hypothesis to determine, from the large-scale variables, the ef-

fects of a cumulus ensemble. Therefore, the application of this scheme

merits discussion.

We have described the actual procedure used to calculate the cloud

mass flux from the large-scale variables. We have considered only two



kinds of clouds: (a) the non-precipitating, liquid water-detraining shal-

low clouds, and (b) the fully precipitating deep clouds. We have used a

three-layer quasi-geostrophic model to perform the instability analysis.

Since a cloud type, in a discrete model, is characterized by its level of

detrainment, we can only consider two kinds of clouds in a three-layer

model. The integral equation for the mass flux at the base of the clouds

is now reduced to two algebraic equations, the solution for which gives

the mass flux at the base of the shallow and the deep clouds.

Instability analysis of a resting atmosphere with the three-layer

quasi-geostrophic model has shown that the growth rate versus wavelength

curve remains essentially the same for two cloud types as for deep clouds

only. The effect of the shallow clouds, which detrain moisture and

liquid water in the lower layer, is only to change the structure of the

eigenfunctions. For most of the later analysis, only the deep cloud

model is used.

We have also studied the growth of perturbations in a two-layer

model. In this case, the application of the quasi-equilibrium assumption

determines the mass flux at the base of the cloud. The mass flux is

found to be proportional to the vertical velocity at the middle level.

The constant of proportionality ( f ) depends upon the temperature and

moisture structures of the atmosphere. If I, the wavelength of the

fastest growing mode is proportional to the Rossby radius of deformation;

the constant of proportionality is (1-1). To state this result in

another way, the wavelength of the fastest growing mode is the Rossby

radius of deformation itself. However, due to cumulus heating, the Brunt-

Vaisalla frequency, N2, (which is a measure of the vertical stratifica-
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tion) is now scaled by (N-i). The actual value of the growth rate of

the fastest growing mode, however, is found to be infinite. Since a two-

layer model has only one vertical scale, there is only one corresponding

horizontal scale which is the Rossby radius of deformation. which corres-

ponds to the horizontal scale of the most unstable mode. For this mode,

due to the effects of cumulus heating, the internal vertical velocity at

the mid-level becomes infinite, and the assumptions of hydrostatic bal-

ance and quasi-geostrophic balance break down.

In all the analyses presented in the thesis, heating is considered

a perturbation variable and is assumed to have a sinusoidal variation in

the longitudinal direction. This is certainly a shortcoming of the study,

because in observed synoptic waves precipitation is confined mainly to

the convergent regions of the waves. This assumption has been made to

simplify the mathematical analysis, because the specification of heating

over only a certain portion of the wave, and no specification of heating

over the remaining portion of the wave makes the problem nonlinear, and

would be difficult to incorporate in a linear stability analysis. Due to

the assumption of sinusoidal heating, the horizontal scale of the region

over which heating occurs is only half that of the wavelength of the per-

turbation. An equal amount of cooling takes place over the remaining

half of the wavelength. The effect of this assumption, therefore, may be

to enhance the rate of generation of available potential energy and there-

fore, to overestimate the magnitude of the growth rate. This model short-

coming may be partly corrected by introducing a mean heating term, which

can compensate for the cooling effects of the sinusoidal heating perturba-

tion. However, the incorporation of mean heating would involve the
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determination of the mean meridional Hadley circulation and the

parameterization of the mean cloud mass flux . This aspect of the

study is beyond the scope of the thesis.

Following Charney (1971), in one case we have considered a two-

layer model with heating parameterized by the QEA in which the heating is

confined to a finite region, and no heating occurs outside this region.

For a resting atmosphere, the results are similar to the case when the

heating is sinusoidal insofar as the character of the growth rate curve

is concerned, but the horizontal scale of the growing perturbation is re-

duced in the former case.

Our analysis has clarified the earlier results of Charney and

Eliassen (1964) and of Israeli and Sarachik (1973). We have concluded

that for a two-layer model where heating is made proportional to the

Ekman pumping, the smallest scale would be the fastest growing mode,

whereas if the heating is made proportional only to the internal vertical

velocity, the maximum growth rate would occur for a finite scale, but the

magnitude of the growth rate would be infinite. Since Charney and Elias-

sen took the heating to be proportional to a linear combination of the

Ekman pumping and the internal vertical velocity, they obtained both

branches of the growth rate curves. It may, of course, be possible to

obtain a short wave cut-off, when the heating is proportional to the

Ekman pumping, by an artificial choice of the I profile; i.e., where

= 0 in the lowest layer. This was done by Chang and Williams (1975).

It was pointed out by Charney (1973) that the small scales are stabilized

due to the 'inefficiency' of the Ekman pumping at the very small scales.

We have also pointed out the inadequacy of two-layer models to
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study the dynamics of disturbances which have significant moist convec-

tion associated with them. We have examined the equivalence of the so-

called wave-CISK parameterization (in which the heating is parameterized

in terms of the vertical velocity at the top of the lowest layer, and is

arbitrarily distributed in the vertical) with the parameterization by the

QEA. For a three-layer model of the resting atmospheres, we are able

to derive an equivalent \ profile for the QEA parameterization. The

novel feature of the QEA parameterization turns out to be that the heat-

ing function is mode-dependent, whereas that for arbitrary q profiles it

remains the same for all wavelengths.

It was also found that, for a resting atmosphere, if cumulus heat-

ing was parameterized by QEA, there were no growing solutions in the ab-

sence of Ekman pumping or in the absence of Rayleigh friction in the low-

est layer. If there is no surface friction, and if the disturbance is

not propagating, it is not possible to generate internal vertical veloci-

ties in a resting atmosphere. Since heating is parameterized in terms

of internal vertical velocity, heating is not realized in the absence

of surface friction, and thus, there are no growing modes. However,

in the presence of surface friction, the frictional convergence associated

with the infinitesimal perturbations produces Ekman pumping and internal

vertical velocity. Since heating is parameterized in terms of internal

vertical velocity, a perturbation may grow if the vertical structure of

the internal vertical velocity of the perturbation is such that the appli-

cation of QEA leads to a net heacing of the atmosphere.

We have studied the instability of a resting atmosphere with a

three-layer quasi-geostrophic model where cumulus heating is parameter-
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ized by QEA and Ekman pumping specifies the lower boundary condition for

vertical velocity. It is found that the maximum growth rate occurs for a

wavelength of intermediate scale. Maximum growth rate occurs for that scale

for which the vertically integrated net heating is a maximum.

We have also studied the instability of a shearing flow with the QEA

parameterization. In the presence of vertical shears, the cloud mass flux

depends on the internal vertical velocity, and the horizontal advections

of temperature and moisture. The cloud mass flux (and therefore, the heat-

ing) becomes inversely proportional to the wavelength of the perturbation,

and therefore we obtain maximum growth rate for the smallest scales. Only

in the unlikely case that the contribution of the horizontal advection of

entropy to the cloud work function vanishes, will maximum growth rates oc-

cur at intermediate scales.

We have hypothesized that among all the growing modes the most domi-

nant perturbation will be the one for which the ratio of the period and

the e- folding time is a maximum. The horizontal scale of the perturbation,

which is found to be most dominant according to this criteria, agrees reason-

ably well with the horizontal scale of the observed tropical waves.

Finally, we examine the instability of horizontally and vertically

shearing monsoonal zonal wind, using the QEA parameterization of the moist

convection in a three-layer quasi-geostrophic model. Due to the non-separa-

bility of the perturbation equations, we follow the initial value approach

to the instability analysis in which the linearized perturbation equa-

tions are numerically integrated in time. We have examined those
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waves which have horizontal scales in the range 2500-3500 km, which is

a reasonable scale for monsoon depressions. We have compared the struc-

ture and the energetics of the computed perturbations and the observed

monsoon depression by Krishnamurti, et.al. (1975). In the absence of

the Ekman pumping, the westward phase speeds of the computed perturba-

tions are comparable to the actual phase speeds of observed monsoon de-

pressions. However, when the effect of the Ekman pumping is added, the

phase velocity is reduced. The amplitudes of the computed perturbations

are a maximum between 20N and 25N, which is reasonably close to the ob-

served location of the most cyclogenetic area in the Bay of Bengal. The

model perturbations have significant amplitudes up to 10 km, and the

amplitudes are maximum in the lowest layers. This is in reasonable

agreement with the observed amplitude structure of the monsoon depres-

sions. The computed perturbations are found to have a warm-core, whereas

the observed monsoon depressions studied by Krishnamurti, et.al. (1975)

are found to have a cold-core in the lower layers, and a warm-core in

the upper layers. If the cold-core exists -- and there is some doubt

that it does (Sikka, personal communication) -- it may be due to the

cooling caused by the evaporation of the falling rain. This effect has

not been included in our model.

The dominant energy transformation for the computed perturbations

is found to be from eddy available potential energy to eddy kinetic

energy. The primary source of energy is condensational heating. The

transformation from zonal available potential energy to eddy available

potential energy is small but negative, indicating that baroclinic in-
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stability is not iTrpoctant. For the computed perturbations, which are

being driven primar .ly by cumulus beating, the barotropic conversion is

found to be from zona.L kinetic energy to eddy kinetic energy. Krishna-

murti, et.al, also found that the major energy exchange is from eddy

available potential energy to eddy kinetic energy and the conversion from

zonal available potential energy to eddy available potential is relative-

ly small. The barotropic energy exchange in their case also was from

zonal kinetic energy to eddy kinetic energy.

The structures of the computed perturbations suggest that the baro-

tropic instability of the middle layer may be responsible for the initial

growth of the perturbation and subsequently condensational heating be-

comes the dominant forcing. The results further suggest that the magni-

tudes of the growth rates and the dominant energy transformations are de-

termined by the CISK, the horizontal amplitude structure is determined by

the horizontal shears, and the vertical amplitude structure is determined

by the combined effects of vertical shear and condensational heating.

These suggestions are made on the basis of the results of a linear per-

turbation model and further observational and theoretical studies will

be needed to explain actual cyclogenesis over the Bay of Bengal. In par-

ticular, it may be desirable to investigate the moisture supply provided

by the Bay of Bengal, as well as the details of the surrounding topogra-

phy to arrive at an actual explanation.

From the results of the present study, it may be hypothesized that

the primary role of the terrain is to produce a mean circulation (viz.,

monsoon trough at the foothills of the Himalayas) which is barotropically
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unstable at the lower levels and which thus provides the. 'triggering'

mechanism for the monsoon depressions. These, however, are amplified

and maintained by latent heat of condensation.

Reasonable agreement in structure and energetics between the com-

puted and the observed perturbations suggests that Conditional Instabil-

ity of the Second Kind is the primary driving mechanism for the growth

of monsoon depressions.



�pendL.: A 

EquattiJus (4.3.19) and (li..3.24) anay be written as: 

d{: (1+ /3) 
Jt-

Since 

and ){� - 0+o's))t' 

(A .1) 
r 

I 
I 

+ f;, 
:) { � 

+ t J { 'i + f ) �; � 0 (A· 2)
;J-1:- 4 Jt- 5 Jt-

d53

"J+: 

I 

"J Ss 
)t 

we may write (A.l)and (A.2) from (4.2.9) and (4.2.10) for the discrete 

model given in Fig. 4.1! 

!f('l118 (s)+r116(J.))-W;}(ll-{1) _ Ut ;;{i' _ J{, �']
LL fi r:.c, J ')(. J}' J-;t. 

[('lllo(S)+ 'llia(t))-wi} ( 53 - 5�) + { 7\.t,� 1't1&(J)-W: f s"�-S.3)-:; U.,. 'J 
f 3, 6c3 

(A.3) 

which may be simplified as: 

kss )n6(s) + ksJ. Yr1e,(d) =-lw'l k.l.:l +W4 k,.4 (A.4)

-1-xo.l - c:

165 



fiQ4 j'im&ii~1~ V~wIJ4 (54 .- s.Ds

Rearranging the terms we get:

Th0(s) k,,L5 + 111(4) kd.&= k,, Waj - + k L, Li

where .=
L I

if1 A bt~,

LOPS) (&~-S3U
tb c1t3

fC3 aZ 3

IKQ& 9- ~5T)
-ts. tt$-

&r0 5 (S) S)
+-6Z-S

- I
-F.___

L

+Th3

+ s~l*YsrU +

4#H&LS)

DL"

+ N)

(A. 8)

167

9411:(A.

(A. 7)

tb s

f3 ( i+ e3) ( Lt3



Expressions for ss, 55&., ka , C .7, F &cL Fc

are already given in (4.3.30) and (4.3.31).

Solving (A.4) and (A.7) we get t11a(S) and Y11 6(t)

1T1(s) -.
. AsIas I W- 4 4WL4 + As

where

.9..
2X.. cVX-

A-x6s +
2L-

+ PAuqD

AI) b bK. 4

K; -5L

+

+ K - ).x.

7 a + _

k. K.. k- si k4%.

K 55 Ku. - K5 A.S
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and

(A. 9)
6119 ~

8(d}).A I-

+ 59 r

where

(A. 10)



Kaq KaL ksA. KqLi

kss ku K,,L KL,

H:. kss 1<:tq kds
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SS

kLs/ S s

si

Kss jA J<sot [(OLs

Ao4 Kq kss k4s

k k, 'LS

Let us further def ine:

s k s s k cou KmL s
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Then Oj and may be given by:

S*- Hay - T*- f I Hty

"--a- S3Y - -1 'fl H3y - -T' 3 (,+ 3) 3y

H.5 y 5y
(13

a 14

CL5
M---w

Ul 
4F-

( I - '03 )

U5 +

T -t--
b 7 Ul

U3

U5

H3Y +I f3 (l+y3) s3y

R 0+ S3 y

U5- T

(47 Ul S+-

CL L13

U5. T

-w-m-ft
Hly

b3 1*- 1 14 
si

amm
5- U -3 f ROL r/3



Since M 2. and MI are related to "Bn 4s) and

(4.1.4) and (4.1.5), we may write:

() as given by

:. YV 8 ( + 8 (d.)

M 4 SLia YrG(td.)

(A.12)

Substituting from (A.9) and A.10) we obtain:

+t 324 1 + .

2 642. W2. B4 W

+

B 14-- Asq -uAnw

B .am. A )i2.'1

S4 = AD ,4 4

Ass + AD)

'I, A).)
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(A.11)

(A. 13)

(A. 14)

where

(A.15)

(A.16)
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APPENDIX B

For a deep cloud in a two-layer model (see Fig. 4.2), work function

may be given as:

k < ,L - ({ct g) fh

TV es

+ 3 Pt3 =0

Following a procedure similar to the one in Appendix A, it is found

that the expression for the cloud mass flux M2 may be given as:

I
a3 Ja3 CL~

where (see Fig. 4.2)

NL2-

{ i N(~z-~ it ~.I
j=ig

= 2 RN+ ?*tl F3 H3l.+ P3' S3t

I = i + (C-z &)j{ P(2t1 S tP3 2 * Pitj

P3R

.A

(B.l)

(B. 2)

*f) 6 E,- k

MI + 016,
D-41

k 46



R1 . ~ R 1/Cf p

W32 4Qrrt1 3 ,L ~ %. e S'3 ~ Qt-%QR3

C1 = LLF~ 0:3 :=Udf P*CL,-U3 ?3

p = (r3 Hw3 + Ps'%yj)

P3

P3 % (iVM)UL

4E
Tb

(13- 1()

- <172

(13-1)
a

- kwr1~]

-to

k,(A){ ~~ 3

I

+(t7 3-2)3

E + - ~
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I

Cn. = u I P,

C
I

ul
it.

CL ( III -.. I I )

Ul 1 3

ID .

21) *
AIM

U2. + k,Ut =. (k, + k3) 1,
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