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ABSTRACT

Effects of asymmetric tip clearance on axial compressor stability have been
investigated using a two-dimensional, incompressible, fluid dynamic stability model.
Computations have been carried out to determine how the circumferential distribution of tip
clearance, the compressor characteristic, and other system dynamic parameters affect the
behavior of pre-stall disturbances and compressor stall margin.

The loss in stall margin associated with asymmetric tip clearance was found to be
more severe than that based on the annulus averaged tip clearance. The loss in pressure
rise capability was close to that seen with axisymmetric flow at the maximum clearance.
Decreasing the length scale of the clearance non-uniformity mitigated the adverse effect on
stall margin. The sensitivity to clearance asymmetry also depended on the compressor
peak pressure rise and curvature of the characteristic. Compressor characteristics which
were steep and had a sharp drop in pressure rise after the peak, promoted sensitivity to
clearance asymmetry.
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Chapter 1

Introduction

1.1 Background and Motivation

A major aspect of the overall performance of an axial compressor can be

summarized by considering its mass flow versus pressure rise characteristic curve as

shown in Figures (l.la) and (1.lb) for a single stage and a multi-stage compressor

respectively. The operating range of these turbomachines is limited at low mass flow rates

(high pressure rise) by the onset of fluid dynamic instability. As the flow rate is reduced,

the pressure rise across the compressor typically increases monotonically until an instability

is encountered. When this occurs, the steady, essentially axisymmetric flow through the

system rapidly transitions to an unsteady, generally non-axisymmetric flow, with large

amplitude oscillations. There is also a concomitant decrease in time mean pressure rise and

mass flow as compared to the values prior to instability.

Although the detailed structure of the aerodynamic instability can take several forms

depending upon compression system parameters, the instabilities can be put two broad

classes: (a) surge, or (b) rotating stall [1, 2]. The first of these is a global system

instability which is characterized by large scale roughly one-dimensional oscillations in

compressor flow and pressure rise, including periods of flow reversal through the

machine. The second type, rotating. stall, is local to the compressor and is a two- or three-

dimensional disturbance associated with separation of flow from a region of airfoils around

the compressor annulus. This patch of separated or reversed flow propagates around the

annulus as a result of incidence variations on airfoils adjacent to it [3]. The axial extent of
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the non-axisymmetric disturbances associated with rotating stall is typically confined to the

compressor, but the resultant behavior of the overall system is to operate at reduced time

mean pressure rise and mass flow. Experiments have shown that the frequency of surge

oscillations is on the order of a few hertz while that of fully developed rotating stall is

typically one-quarter to half the rotor rotational frequency [5].

In 1976, Greitzer [4, 5] showed analytically and experimentally that the form the

instability takes in its mature state (surge or rotating stall) is related to a non-dimensional

system parameter. This parameter, denoted by B, is defined as the ratio of fluidic

compliance to fluidic inertia within a particular pumping system. In both a theoretical [4],

and an experimental [5] study, Greitzer demonstrated that compression systems with low B

values exhibit rotating stall, while those with large B undergo surge oscillations.

Both forms of instability severely degrade compression system performance and

durability, and to avoid them a compression system must be operated at a safe margin from

the point where the instabilities occur ("a stall/surge margin"). Since the instability point is

often near the operating points with the greatest pressure rise and efficiency, this constraint

is generally observed at the cost of overall compression system performance.

Considerable work has been done to determine which geometric and aerodynamic

factors most influence compressor stability and off-design performance. Of the various

features identified, compressor rotor tip clearance, which is the gap between the rotating

blade tip and the stationary outer casing, has been found to be one of the most important in

determining the performance of a given machine.

Figure (1.2) shows a schematic of the tip clearance flow. Due to the pressure

difference across the rotor blade tip, leakage flow goes from the pressure side of the airfoil

over the blade to the suction side.. The clearance flow then rolls up to form a vortex

somewhat analogous to the wing tip vortices on aircraft. The tip leakage vortex is

characterized by high stagnation pressure loss and low axial momentum. Hence it cannot
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withstand a strong adverse pressure gradient without large increases in cross-sectional area,

i.e. aerodynamic "blockage".

One of the earliest compilations of experimental data which demonstrates the

importance of rotor tip clearance on compressor pressure rise capability is that of Smith [6].

Figure (1.3a) from [6] shows, for a number of compressors with clearances between 1.5

and 8% of chord, a 1% increase in clearance produces approximately a 5% decrease in peak

pressure rise'. Figure (1.3b) shows more recent data from Baghdadi [7] which also

provides a trend similar to the data of Smith [6]. The trends illustrated in these figures have

been also been corroborated by data from other sources including Koch [8], Wisler [9] and

[10-12].

In addition to the effect on pressure rise capability, there is also an impact on

machine efficiency as shown in Figure (1.4) from Wisler [13]. Efficiency penalties range

from 1 to 2 points for each 1% increase in the stage average clearance/blade height,

depending upon the design. Over the years, data such as these have provided strong

motivation to understand the nature of the tip clearance flow field as well as to develop

techniques to modify it.

In spite of the importance of the tip clearance flow, however, complete explanations

of the mechanisms by which the endwall flow degrades blade row performance still do not

exist, and the present status is that empirical correlations are employed in the design

process. In addition, although there is a strong connection between compressor tip

clearance, system stability, and off-design performance, the relevant fluid dynamic

mechanisms are still poorly understood.

For clearance/chord less than 1.5%, the sensitivity to clearance change is also observed, however data
appears less conclusive regarding the magnitude of the change in pressure rise capability.
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1.2 Review of Previous Work

This thesis examines the stability of a compression system with circumferentially

non-uniform tip clearance. The investigation is based on compression system stability

modeling coupled with the data regarding the effects of tip clearance on compressor

performance. The review of previous work is limited to that which has had a strong

influence on the present study.

Since the pioneering work of Emmons et al [3] the topic of compressor surge and

stall has been extensively studied by numerous researchers. An indication of some of the

work done in this area can be gathered by examining the reviews of Greitzer [1, 2].

Since these reviews a number of studies have been published regarding the

modeling of surge and stall in compression systems. Of these the works of Moore [14]

and Moore and Greitzer [15, 16] formed the basis for many subsequent investigations.

These investigations furthered the idea that surge and rotating stall were actually large

amplitude, limit cycle oscillations of initially small amplitude, essentially linear,

instabilities. As the initial velocity or pressure disturbances grow, the flow field of the

compression system was predicted to evolve from axisymmetric through-flow to fully

developed rotating stall. The form of disturbance utilized in these models were annulus

circumference scale, traveling waves which may contain several spatial harmonics. The

Moore-Greitzer model as initially developed assumed the existence of such waves in a

compression system with uniform inlet conditions.

To examine the effects of circumferentially non-uniform (distorted) inlet flow on

compression system stability, Mazzawy [17] developed a model which was based on

parallel compressor theory. This study showed that adequate predictions of performance

degradation with inlet distortion could be obtained by modeling the different circumferential

locations as a number of separate (parallel) compressors coupled together. Later, linear and

nonlinear models based on the work of Moore and Greitzer, were also developed by Hynes

and Greitzer [18], Longley [19], Strang [20] and Chue et al [21] to examine the effects of
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stationary and rotating inlet distortions. These studies identified parametric dependencies

linking the stability of a compression system operating with inlet distortion to aerodynamic

and geometric design variables.

A review of the Moore-Greitzer type stability models for compression systems with

uniform and distorted inlet flow has recently been given by Longley [22]. The review also

addressed additional phenomena which are frequently incorporated to improve stability

predictions; including unsteady blade row loss time lags, blade row deviation effects, and

variations in inlet and exit swirl.

A fundamental assumption of the Moore-Greitzer type models is the presence of

circumferential traveling waves prior to compression system instability. The existence of

such waves has been confirmed by a number of experimental studies in single and multi-

stage compressors. Experiments on low speed single stage compressors with undistorted

inlet flow which show traveling disturbances include those of McDougall et al [11],

Garnier et al [23], Paduano et al [24], and Gysling and Greitzer [25]. Similarly, low speed

multi-stage measurements by Gamier et al [23] and Haynes et al [26] also show the

presence of traveling waves, as do the studies of Longley [19] and Longley et al [27] for

compressors with stationary and rotating inlet distortions. Pre-stall traveling disturbances

have also been observed in some high speed compressors as shown by Garnier et al [23]

and Tryfonidis et al [28].

Although these experiments lend confidence to the traveling wave (sometimes

referred to as "modal") type stability models, other studies of rotating stall inception have

demonstrated that a different mechanism may lead to instability. The work of Day [29] has

shown that for some compressors, rotating stall appears to emerge from a localized, finite

amplitude, three-dimensional disturbance which contains significant span-wise non-

uniformity. The formation of these non-modal traveling disturbances is not captured by the

"two-dimensional" stall inception process described by the Moore-Greitzer model.
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At present, the compression system parameters which determine the nature of the

stall inception process (either two- or three-dimensional) have not been clearly identified.

Hence, for a particular compression system the form of the disturbance leading to

instability must be determined experimentally. However, for many low speed

compressors, the data indicate that models based on work of Moore-Greitzer can capture

the primary phenomena leading to instability.

There is much less work on the effects of tip clearance non-uniformity on

compressor performance. Horlock and Greitzer [29] conducted a linearized analysis to

compute velocity disturbances induced by clearance asymmetry, and their results indicated

that sizable flow non-uniformities can be generated by clearance non-uniformity. The

generation of structural forces as result of non-uniform clearance has been addressed by

Colding-Jorgensen [31] using an extension of the Horlock-Greitzer model [29], and by

Ehrich [32] using a parallel compressor model. These studies did not pursue a model for

the impact on compressor stability, and thus a goal of the present work was to develop a

methodology to predict the effects of tip clearance non-uniformity on compression system

performance and stability.

The ability to predict and measure instability precursors (i.e. traveling disturbances)

has provided an opportunity to apply methods based on closed loop control to modify the

stability and operating characteristics of compression systems. This concept was first

proposed by Epstein et al [33], and a number of studies since have demonstrated the

feasibility of such control. A recent summary of some of the control schemes employed to

stabilize compression systems is provided by Paduano et al [34].

1.3 Problem Statement and Research Objectives

This thesis examines the influence of non-uniform tip clearance on compression

system stability and off-design performance.
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The objectives for the investigation are:

* Formulate a mathematical compression system stability model that includes tip
clearance asymmetry.

* Utilize the model to elucidate the effects of clearance asymmetry on the
compressor flow field and stability.

Specific fluid dynamic questions to be addressed are:

* Is the effect of tip clearance asymmetry to cause the stability of the system to
differ from that based on average clearance? If so, why?

* How is the compressor stability limit affected by the tip clearance distribution and
other system parameters?

1.4 Contributions of Thesis

A new model has been created to predict the effects of asymmetric tip clearance on

the compressor flow field and stability. Through numerical simulations it was found the

loss in stall margin associated with asymmetric tip clearance was more severe than that

based on the annulus averaged tip clearance. A sensitivity study has also been conducted to

determine how the clearance distribution and other system parameters effect stability limits.

The model has been used to design an experiment on the a multi-stage compressor which is

being carried out at the GE Aerodynamics Research Laboratory.

1.5 Outline of Thesis

The thesis is organized in the following manner

Chapter 2 provides the description, development, and application of a model for

determining the effect of tip clearance asymmetry on compressor stability. A parametric

study of compressor and system parameters is also included. Chapter 3 presents

conclusions, implications of this study, and recommendations for future work. Appendix

A gives the equations employed in the stability model, and Appendix B provides the

mathematical formulation utilized to incorporate the effects of tip clearance asymmetry.

17



0.7

0.6

0.5

0.4

0.3

0.2
0.3 0.4 0.5 0.6

Figure (1.la): Single stage compressor characteristics (McDougall [11])

0.7

0.6

0.5

0.4

0.3 0.4

Figure (1.lb): Multi-stage compressor characteristics (Wisler [9])

18

0.7

1.38% Chord

- -- 2.80% Chord

9.7

1

0.5

I



inlet flow

tex

Figure (1.2): Schematic of compressor rotor with tip clearance flow (casing not shown)
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Chapter 2

Compression System Model with
Tip Clearance Asymmetry

2.1 Introduction

Although there has been a considerable amount of work on the effects of

axisymmetric tip clearance size on compressor performance, a topic which has received

much less attention is the influence of tip clearance asymmetry or non-uniformity on

compressor stability. Tip clearance asymmetry exists in all compressors to some extent,

with the severity depending on both the mechanical design and machine operating

condition.2 A problem of interest is thus to determine how the stability of a multi-stage

compressor is affected by the distribution of clearance around the annulus.

2.2 Approach: Description of Model

The compression system model is based on the conceptual framework described

in [18] for examining effects of non-uniform inlet flow on compressor stability. A

schematic is shown in Figure (2.1). There is a compressor which pumps flow to a

plenum, which exhausts through an exit throttle. The flow external to the compressor is

assumed inviscid and two-dimensional. The compressor and throttle are modeled as

actuator disks, each of which has a nonlinear constitutive relation that includes a

rudimentary description of blade row unsteady response.3 The compressor ducting is

taken to be long enough so that there are no non-axisymmetric pressure field interactions

2 In the context of this discussion tip clearance asymmetry will be considered to be a result of casing non-
uniformity (stationary asymmetry) as opposed to variations in blade height (rotating asymmetry).

3 The details of the mathematical model used in this study are presented in Appendix A.
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with the inlet and exit duct terminations. This is not a fundamental limitation of the

model, but was done to (slightly) decrease algebraic complexity. Density changes in the

plenum are assumed to be related to pressure changes through an isentropic relationship,

and the inertia of the fluid in the throttle is neglected.

Stability analysis of a compression system generally consists of two distinct steps.

The first step involves solution of the governing equations for the steady state

background flow through the system. As is typical with hydrodynamic stability problems

this solution can be obtained whether or not such a flow would be stable in practice. The

second step involves adding a small perturbation to the background flow and determining

from a (linearized) stability analysis whether or not such a disturbance grows or decays

with time. The eigenvalues of the resulting system of linearized differential equations

are the indications of stability.

In the model the uniform clearance compressor performance must be specified

through pressure rise - mass flow characteristics. The characteristic utilized is the non-

dimensional total-to-static pressure rise (p) as a function of flow coefficient (0) where,

ly = PI2U"' P and = V (2.1)
PU2 U

It is through modification of this characteristic that the effects of clearance asymmetry

are included.

For a compressor with circumferentially uniform tip clearance a single pressure

rise characteristic is sufficient to represent the overall performance. For a compressor

with asymmetric tip clearance, regions having smaller tip clearance produce increased

pressure rise and those having larger clearance produce decreased pressure rise. The

result will be a pressure rise that varies around the circumference and hence a non-

axisymmetric axial velocity.

The approach taken here is to consider a compressor with asymmetric clearance

as having different pressure rise characteristics at each circumferential location round the
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annulus. (This is analogous to the parallel compressor concept which has been employed

to study circumferential inlet distortion [17].) The peak pressure rise of these local

characteristics depends upon the level of clearance at that location. Locally the pressure

rise is assumed to follow the uniform clearance behavior: i.e. a 1% increase in

clearance/chord produces approximately a 5% decrease in stalling pressure rise as shown

in Figures (1.3a) and (1.3b).

A decrease in peak pressure rise capability is not all that results from an increase

in clearance. Data also indicates that there is typically a change in stalling flow

coefficient with the level of clearance; for a specific compressor the minimum stable

flow coefficient is lower with smaller tip clearance. The model must thus account for

observed changes in both pressure rise and in flow capacity.

It is useful to illustrate the procedure used to define the family of pressure rise

characteristics which represent a compressor with asymmetric tip clearance. Figure (2.2)

shows the total-to-static pressure rise characteristic, based on parameters for a three stage

axial compressor, with uniform clearance equal to 3% of chord. This characteristic

served as the nominal one for the computational study conducted here. Suppose a casing

asymmetry is introduced in the form of a cosine shaped non-uniformity with amplitude

equal to 2% of chord. The compressor will then have minimum and maximum

clearance-to-chord of 1% and 5% respectively as shown in the schematic of Figure (2.3).

Assume for the moment that clearance level affects only the peak pressure rise (and not

the flow coefficient associated with the peak). If so, the peak pressure rise will vary

around the annulus from 10% lower than nominal to 10% higher than nominal. The

family of pressure rise characteristics for such a case is illustrated in Figure (2.4).4

As stated, the assumption of tip clearance only affecting pressure level is not

general enough because most compressor data show that a change in clearance also

affects the flow coefficient associated with the peak. For an asymmetric clearance

4 The mathematical formulation for the actual an(l isentropic compressor pressure rise characteristics used
in this study is presented in Appendix B.
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variation, the characteristics around the annulus would be expected to show variations in

peak pressure rise and in flow coefficient at the peak. This behavior can be incorporated

by shifting the peaks of the characteristics in a specified manner. Figure (2.5) shows

characteristics for ±2% asymmetry using the same parameters as Figure (2.4) with the

locus of peaks along a 45 degree line. The horizontal shift shown corresponds to a 38%

change in flow coefficient from the highest to lowest characteristic peaks.

To incorporate effects associated with the unsteady viscous response of a blade

row, the isentropic or lossless pressure rise characteristic for the compressor is required.

Both the actual steady-state and the isentropic pressure rise characteristics must be

provided for each circumferential location. The difference between the steady-state and

isentropic pressure rise characteristics is the steady state loss. The isentropic

characteristics are also dependent upon the local level of tip clearance (see Appendix B).

An important non-dimensional parameter which characterizes the system

dynamic behavior is;

U |Vplenum Fluidic ComplianceB= 2 -- A o (2.2)
2 a ALtotal Fluidic Inertia

For a given compression system the value of B defines whether the mode of instability

will be surge or rotating stall. Systems with B above a critical value exhibit surge

oscillations, while those having B lower than this will undergo an initial transient to the

quasi-steady flow and pressure rise associated with operation in rotating stall. In this

investigation the effect of B on the system response was examined and will be discussed

in Section (2.8). A more detailed discussion of the role of B in determining instability

behavior is given in [2] and [4].
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Scope of Calculations

A set of numerical simulations was conducted to determine the stability of a

compression system with asymmetric tip clearance. The following calculations were

executed:

(1) Baseline Compressor Stability Calculations (three-stage compressor)

* Effect of asymmetry magnitude on compressor instability point with characteristic

peaks aligned.

* For +2% clearance asymmetry, effect of shifts in compressor characteristic peaks

on instability onset.

(2) Effect of Blade Row Unsteady Viscous Response on Baseline Results

(3) Effect of Compressor Characteristic Curvature

* Nominal characteristic with twice the curvature at the peak

* Nominal characteristic with half the curvature at the peak

(4) Effect of Compressor Peak Pressure Rise

* Characteristic with twice the baseline peak pressure rise (- six-stages)

* Characteristic with three times the baseline peak pressure rise (- nine-stages)

(5) Effect of Tip Clearance Asymmetry Distribution

* Continuous clearance variations of various wavelengths

* Discrete or "notch like" clearance variations

Cases (1) - (5) were run with B parameter of 0.05 in order to decouple the compressor

dynamics from those of the system and thus ensure that a rotating stall mode would be

the dominant instability [4].

(6) Effect of Compressor\Compression System Coupling on Baseline Results

* +2% clearance asymmetry with characteristic peaks aligned

* +2% clearance asymmetry with characteristic peaks shifted along a 45 degree line
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The reasons which underpin each of the choices will be discussed in subsequent

sections, and the results of each of the investigations are detailed with an emphasis on the

changes that tip clearance asymmetry introduces.

2.3 Baseline Compressor Stability Calculations

The initial set of calculations were conducted without inclusion of the blade row

unsteady viscous response and with the peaks of the local pressure rise characteristics

aligned. This was done to establish a baseline as well as to obtain some insight into the

magnitude of the changes to be expected. A cosine clearance asymmetry was utilized

with amplitudes varying from 0 to ±2% clearance/chord. (The pressure rise characteristic

families for the uniform clearance and +2% clearance variation cases are shown in

Figures (2.2) and (2.4) respectively.)

Figures (2.6)-(2.12) illustrate the type of results obtained with compressor

operating at neutral stability and having +2% (of chord) clearance asymmetry. These are

typical of those obtained with various levels of clearance non-uniformity. Table [2.1]

lists the nominal values of the parameters used in the baseline calculations. The

mathematical definitions for each of these variables is provided in Appendix A, as are the

equations governing the background flow and stability.

Table [2.1]: System Parameters used in Baseline Simulations
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Rotor fluid inertia, A 0.68

Compressor fluid inertia, p 1.01

Compressor inlet duct/radius 2

Compressor exit duct/radius 2

Nominal B - Parameter 0.05

Compressor degree of reaction, R 75%



In addition to the compressor characteristic slope, the inertia of the fluid in the

compressor and rotor are linked to the compression system dynamics and hence the

stability of the flow field to non-axisymmetric disturbances. The duct lengths are

associated with the B - parameter and hence the mode of instability. The degree of

reaction is utilized to determine the rotor-stator loss split when the unsteady viscous

response model was included as described in Section (2.4).

Figures (2.6) and (2.7) show the time-mean background flow coefficient and

pressure rise coefficient at the compressor face. The annulus is unwrapped and the

coefficient values are given at each circumferential location. In this case the peaks of the

local characteristics were aligned and the corresponding pressure rise round the annulus

approximately follows the form of the cosine clearance geometry distribution. The

average flow coefficient at neutral stability has increased from 0.5 (with no asymmetry)

to 0.507, which is a 1.4% loss in flow range. There is also a decrease in peak pressure

rise from 0.8 to 0.770, which corresponds to a 3.7% loss in pressure rise capability.

If the pressure rise and flow coefficient distributions given in Figures (2.6) and

(2.7) are plotted together, a locus of steady state operating points around the annulus is

obtained as illustrated in Figure (2.8). For clarity only the highest (smallest clearance),

nominal, and lowest (largest clearance) compressor characteristics are shown. At neutral

stability approximately half of the points around the annulus are operating on positively

sloped portions of the compressor characteristic. The local characteristic slope for this

locus is shown in Figure (2.9).

To determine the stability of the compression system, the eigenvalues of the

governing linearized differential equations must be computed. Figure (2.10) shows these

eigenvalues for the case illustrated in Figures (2.6) to (2.9). With the exception of the

most highly damped eigenvalue, all the eigenvalues shown in Figure (2.10) are

associated with rotating stall type modes for the compressor. The most damped

eigenvalue located on the real axis is associated with plenum pressure perturbations. For
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each eigenvalue there is a corresponding eigenvector (whose components are the Fourier

coefficients of.the perturbation) which gives the mode shape of the corresponding flow

disturbance; these are the eigenmodes of the system. In Figure (2.10) the pair of

eigenvalues associated with the first eigenmode are at neutral stability while the zeroth

and higher eigenmodes remain damped. One can loosely view the zeroth eigenmode as a

surge-like disturbance and the others as different order propagating stall like

disturbances.

The first mode of the system is at neutral stability, and it is of interest to examine

the corresponding mode shape. Figure (2.11) shows the unsteady flow coefficient

perturbation at different times over a period versus circumferential position, illustrating

the wave envelope for the mode. The wave changes shape as well as peak-to-peak

amplitude while traveling around the annulus. The level of fluctuation that a stationary

sensor, such as a hot wire, would see thus differs at different points round the annulus.

The regions of wave growth and decay can be directly linked to those sections of the

annulus where the compressor is locally operating on either the unstable (positive slope)

or stable (negative slope) portion of the pressure rise characteristic family. Comparing

the steady flow coefficient distribution of Figure (2.6) with the wave envelope in Figure

(2.11) it is apparent that the region of reduced flow ( < nominal characteristic peak of

0.5) corresponds to wave amplification while the region with increased flow ( > 0.5)

produces wave attenuation. The product of the pressure rise perturbation and mass flow

perturbation, non-dimensionally yr 60 or (362). (do/d4) is an indication of the

unsteady energy input responsible for dynamic instability [5, 25]. Wave growth or decay

in a particular portion of the annulus is therefore associated with the addition or

dissipation of unsteady mechanical energy by the compressor in that region.

Figure (2.12) shows the harmonic content of the eigenmode in Figure (2. 11). The

clearance asymme ry introduces a non-uniformity in the background flow, so the

eigenmodes of the system can have a rich harmonic content. The individual harmonic
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magnitudes are constant since they represent the amplitudes of the temporally and

spatially invariant Fourier coefficients. As expected the first harmonic is dominant, but

the second and third harmonic amplitudes are also a significant fraction of the first.

For the case of inlet distortion, a criteria for compressor instability proposed by

Hynes and Greitzer [18] and Chue et al [21] is that instability occurs when the integrated

characteristic slope around the annulus is zero. The criteria -was based upon the notion

that a particular mode at neutral stability has one dominant harmonic. It does not hold

when the instability mode has a spectral content which includes several harmonics with

significant amplitudes. This is the case with tip clearance asymmetry, and thus the

integrated mean slope instability criteria does not apply.

The results so far have been for a compressor with the peaks of the local pressure

rise characteristics aligned. Now consider a ±2% tip clearance asymmetry with the peaks

of the characteristic shifted so that they lie on a 45 degree line. (The compressor

operating map for this configuration is shown in Figure (2.5).) The distortion introduced

by clearance asymmetry has a more complex harmonic content, but the same trends are

observed. Figure (2.13) illustrates the flow coefficient variation at the compressor face

for an operating condition with the first mode of the system at neutral stability. In

contrast to Figure (2.6), the distribution is no longer approximately sinusoidal and the

corresponding pressure rise does not resemble the clearance geometry distribution. As

shown in Figure (2.14) the locus of operating points around the annulus also

encompasses a greater range of pressure rise and flow coefficient. All these effects can

be attributed to the increased range of flow coefficients over which the characteristic

peaks are now distributed. The average flow coefficient at neutral stability varies from

0.5 with no asymmetry to 0.531 with the ±2% clearance asymmetry and the peak shift.

The first mode wave envelope is also slightly different in shape than with the

peaks aligned due to changes in local characteristic slope around the annulus, and the

magnitude of the second harmonic has increased to approximately 80% of the first. The
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eigenvalue structure is similar to that in Figure (2.10), but the frequency of the first mode

is approximately 20% higher than with peaks aligned.

The most important effect of tip clearance asymmetry on compressor stability is

the change in location of the neutral stability point. In Figure (2.15) the nominal pressure

rise characteristic is shown along with the locus of neutral stability point movement for

different levels of clearance asymmetry and peak shift. If tip clearance asymmetry is

modeled as modulating peak pressure rise but not flow coefficient (i.e. local

characteristic peaks remain aligned) the neutral stability point moves downward as

shown in the first section (a) of the locus in Figure (2.15). An asymmetry amplitude of

±2% causes a 3.7% loss in peak pressure rise and a 1.4% increase in stalling flow

coefficient.

To see the effect of characteristic peak alignment on neutral stability point

location, the peaks were gradually moved from vertically aligned (Figure (2.4)) to

aligned along a 45 degree line (Figure (2.5)). As the peaks were shifted horizontally, the

neutral stability point was found to move to a higher flow coefficient and lower pressure

rise, as illustrated in the lower section (b) of the locus in Figure (2.15). For ±2%

clearance asymmetry the shift of the local characteristic peaks to a 45 degree line resulted

in a 5.8% loss in peak pressure rise and 6.2% increase in stalling flow coefficient.

Although the location of the neutral stability point depends upon the level of clearance

asymmetry and the shape of the characteristic family, all of the compressors examined

had the same average tip clearance. Thus, clearance asymmetry can produce a

significant reduction in stall margin.

2.4 Effect of Blade Row Unsteady Viscous Response

The two-dimensional, incompressible stability model was also modified to

include a simple model for the development of viscous losses within the compressor.

The inclusion of this behavior tends to increase damping of the higher eigenmodes of the
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system, increasing first mode dominance. This implies that the model will predict first

mode stalling behavior, similar to that found experimentally (Paduano et al [24] and

Haynes et al [26]).

The specific implementation is that unsteady total pressure losses in either the

rotor or stator are modeled as first order lags, so the governing differential equation is,

dL
dt = Ltet - L (2.3)

where the time constant r is on the order of the blade row flow through time. The steady

state loss in this equation is defined as the difference between the actual and isentropic

pressure rise.

Since instantaneous total pressure losses now include time lags associated with

the flow within the blade rows, the compressor pressure rise must respond accordingly.

Consider an instantaneous reduction in flow coefficient for a compressor with uniform

clearance operating on the positively sloped portion of the characteristic. Immediately

after the flow reduction, the total pressure loss is still at its initial value, hence the actual

pressure rise follows a path parallel to the isentropic pressure rise, which is negatively

sloped. Therefore, the transient slope is more negative than the steady state slope, and

the compressor is more stable than in steady state operation at the same mass flow. This

has important implications for the inception of rotating stall since the stability of

disturbances is dependent on the effective slope of the pressure rise characteristic [26].

To determine the impact of viscous response the baseline calculations were

repeated for a compressors with design point efficiencies of 80% and 90% . (The design

point was chosen to have 20% stall margin.) Figure (2.16) illustrates the locus of neutral

stability points for the 90% efficient compressor with time constants (r) of 1 and 1.5

times the average blade row flow-through time, as well as with quasi-steady losses. The

results for the 80% efficient compressor are not shown since they differ by only 1-2% in

pressure rise and flow coefficient from those obtained with 90% efficiency. Inclusion of
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unsteady viscous response moves the location of the uniform clearance neutral stability

point to the positively sloped section of characteristic. The choice of time constant is

seen to produce less than a 1% change in the neutral stability flow coefficient. Figure

(2.16) indicates that the qualitative movement of the neutral stability point with clearance

asymmetry is essentially the same over the range of time constant examined.

Quantitatively inclusion of unsteady response tends to slightly reduce the magnitude of

the changes observed with clearance asymmetry. Because the differences are small,

unless noted the calculations to be described have been conducted without unsteady

viscous response.

2.5 Effect of Compressor Characteristic Curvature

Calculations have been conducted to assess how changes in radius of curvature at

the peak of the pressure rise characteristic affect the neutral stability operating point.

Generally, for the characteristics utilized in this study, altering the peak radius of

curvature changes the compressor map width.

Three different levels of peak radius of curvature were examined: (i) a baseline

case (ii) half the radius of the baseline case (iii) twice the radius of the baseline case. In

all of the calculations the clearance asymmetry was cosinusoidal with amplitude between

O and 2% of chord. Figure (2.17) illustrates the locus of neutral stability points for the

three different peak curvature cases. As the peak radius of curvature is reduced the loss

in stall margin increases for a given level of clearance asymmetry or peak shift,

indicating that characteristics with sharper peaks have increased sensitivity to clearance

asymmetry.

To understand why the sensitivity is increased, consider the baseline case shown

in Figure (2.4). Calculation of the locus of operating points at neutral stability (Figure

(2.8)) showed that approximately half the points around the annulus are in the unstable

positive slope region of the compressor map. As the characteristic's radius of curvature
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is reduced (sharper peaks), the variation in pressure rise and slope encountered around

the annulus becomes greater for the same range of flow. Since regions of lower pressure

rise and increased (steeper) positive slope are accessed by the compressor, this causes the

onset of instability at a higher flow coefficient, thus reducing the stall margin.

2.6 Effect of Compressor Peak Pressure Rise

The baseline clearance asymmetry calculations were carried out for a three stage

compressor with peak pressure rise of p = 0.8. To determine the effect of increasing the

peak pressure rise, it is useful to think in terms of adding repeating stages to the three

stage compressor model. To make a comparison where only pressure rise has been

altered, the compressor map width was set to be the same regardless of the number of

stages. For fixed map width increasing the peak height also results in a reduction of the

peak radius of curvature. Figure (2.18) illustrates the pressure rise characteristics for the

original three-stage compressor along with those for six and nine stage machines of the

same map width. The highest, nominal, and lowest characteristics associated with a ±2%

clearance asymmetry are shown for each of the machines.

Figure (2.19) gives the locus of neutral stability point movement for the three

different map height cases. The results have been normalized by the peak quantities to

allow direct comparison. As the maximum pressure rise increases, the loss in stall

margin (pressure rise and flow) also increases for a given level of clearance asymmetry

or peak shift. The reasons are analogous to those given for changes in peak curvature

and hence will not be repeated here.

2.7 Effect of Tip Clearance Asymmetry Distribution

The role of the spatial distribution of tip clearance around the annulus has thus far

not been investigated. To determine the impact of tip clearance geometry on stability,

four different casing profiles were examined: (1) cos(O), (2) cos(20), (3) cos(40),

33



and (4) two 90 degree square notches (one above and one below the nominal clearance)

separated by 90 degrees. The first three of these are continuous clearance variations

which contain only a single spatial harmonic, while the fourth is a discrete clearance

variation which, in theory, contains an infinite number of harmonics.

Because three of the clearance variations contain harmonics higher than the first,

implying that unsteadiness can be more important, the unsteady viscous model was

utilized. As suggested by Haynes et al [26], the time constant in the calculations was 1.5

times the average blade row flow-through time.

The locus of neutral stability points for each of the clearance geometries is shown

in Figure (2.20).5 The clearance variations with the longest wavelength produced the

greatest loss in stall margin. For the discrete notches the movement of the neutral

stability point is similar to that of the cosine asymmetry because this non-uniformity has

a dominant first harmonic. These trends are similar to those obtained concerning the

spatial extent of circumferential inlet distortions; distortions with larger circumferential

extent produced largest losses in stall margin.

One reason for the increased stability associated with shorter wavelength non-

uniformities can be explained by analogy with one-dimensional unsteady flow in a duct.

For a fixed amplitude stagnation pressure disturbance, as the reduced frequency

increases, the amplitude of the velocity perturbation decreases. Similarly in the case of

clearance asymmetry as the length of the non-uniform region decreases, the reduced

frequency with respect to the non-uniformity increases. This decreases the amplitude of

the axial velocity non-uniformity (a sort of "smoothing"), and hence the impact on

stability. As an example, the background flow at neutral stability for the cos(28)

clearance variation is shown in Figure (2.21). The amplitude of the axial velocity non-

uniformity was reduced to approximately half that obtained with the cos(O) asymmetry

5 Note that the magnitude of the asymmetry was varied between 0 and ±2% clearance/chord, and that the
characteristic peaks were shifted to a maximum of 37 degrees from vertical. Peak shifts greater than this
caused regions of flow reversal in the 9-stage case and made the numerical method diverge.
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as shown in Figure (2.6). In summary, compressors having long wavelength (low

reduced frequency) tip clearance asymmetry will experience more severe losses in stall

margin than those having casing non-uniformity with short length scales.

2.8 Effect of Compressor\Compression System Coupling

The study so far has been aimed at examining the onset of instability as initiated

by rotating stall like disturbances. To ensure this, all of the numerical simulations have

been for compression systems which have very low B-parameter [4]. To investigate the

effect of compressor-compression system coupling, the baseline computations with a

cosine clearance asymmetry were repeated with B-parameters ranging from 0.05 to 0.8.

The upper limit of 0.8 was chosen because B greater than this allowed the zeroth ("surge

like") mode to become unstable before the first ("stall like") mode.

The impact of B - parameter on the zeroth and first eigenmode frequencies is

illustrated in Figure (2.22) for the cases with uniform clearance and with ±2% clearance

asymmetry with characteristic peaks aligned. For uniform clearance the frequency of the

propagating disturbance scales with the rotor speed and is not affected by system

parameters. However, the frequency of the surge like disturbance depends on the system

dimensions and therefore B. With asymmetric clearance both the zeroth and first mode

frequencies depend on B. In addition to the decrease in first mode frequency with B

shown in Figure (2.22), there is also an associated change in the structure of the

eigenmode. For the ±2% asymmetry case, Figure (2.23) gives the ratio of zeroth to first

harmonic amplitude for the first mode, at neutral stability, as a function of B. As B is

increased the zeroth harmonic (which is dominant in the zeroth surge like mode) begins

to increase in amplitude.

To determine the impact on stability, it is useful to examine how the stalling

pressure rise and flow coefficient change with B. Figures (2.24) and (2.25) give these

results for ±2% asymmetry with the peaks of the characteristics aligned and shifted to 45
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degrees. There is relatively little change in stalling pressure rise with B as shown in

Figure (2.24); but Figure (2.25) indicates a larger variation in the stalling flow

coefficient. This was expected since increasing B promotes larger mass flow excursions

(i.e. lower flow coefficients are accessed) which have a greater effect on the average flow

coefficient than on average pressure rise.

From Figures (2.24) and (2.25) there is a particular value of B for which the

system demonstrates the greatest loss in stability. In these simulations this occurs at a B

of approximately 0.4. Behavior similar to this was found by Chue et al [21] for inlet

distortion. Chue et al [21] showed that for a particular value of B - parameter the zeroth

and first harmonics will have a phase relationship which allows them to reinforce one

another. Similarly, for non-uniform tip clearance this effect was responsible for the

greater loss in stall margin at a particular B.

Experimental Investigation

Based on the model developed here, a set of experiments was designed to

investigate the effects of tip clearance asymmetry on compressor performance and

stability. These experiments were conducted by Wong [36] at the General Electric Co.

(GE) Aerodynamic Research Laboratory using a low-speed four-stage axial compressor.

The experiments will be reported in detail [36].

36



Plenum

Unsteady Nonlinear 2-D Isentropic Quasi-Steady
Euler Compressor Unsteady Compression Flow in Throttle

Characteristic Euler in Plenum
with Tip Clearance
Asymmetry

Figure (2.1): Schematic of compression system used for stability model
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Figure (2.2): Baseline three-stage compressor pressure rise characteristic
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Figure (2.4): Three-stage compressor characteristic family for 2% clearance asymmetry
with peaks aligned
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Figure (2.6): Flow coefficient distribution at compressor face at neutral stability for 2%
cosine clearance asymmetry with characteristic peaks aligned
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Figure (2.7): Pressure rise coefficient distribution at compressor face at neutral stability for
2% cosine clearance asymmetry with characteristic peaks aligned
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Figure (2.8): Locus of operating points around annulus at neutral stability
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Figure (2.9): Pressure rise characteristic slope variation at neutral stability for 2% cosine
clearance asymmetry with characteristic peaks aligned
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Figure (2.10): Compression system eigenvalues at neutral stability
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Figure (2.1 1): First mode wave envelope (flow coefficient perturbation) at neutral stability
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Figure (2.12): Spectral content of first mode at neutral stability

42

I . T , 

I k

i

I

.



0.8

0.7

0.6

0.5

- 0.4

0.3

0.2

0.1

0.0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

6 (in X multiples)

Figure (2.13): Flow coefficient distribution at compressor face at neutral stability for 2%
cosine clearance asymmetry with characteristic peaks along a 45 degree line
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Figure (2.14): Locus of operating points around annulus at neutral stability with
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Figure (2.15): Locus of neutral stability point movement with cosine clearance variation
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Figure (2.16): Effect of unsteady viscous response on neutral stability point movement
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Figure (2.17): Effect of characteristic peak curvature on neutral stability point movement
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Figure (2.18): Characteristic families of differing peak pressure rise
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Figure (2.19): Effect of compressor peak pressure rise on neutral stability point movement
with cosine clearance variation and characteristic peak shift
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Figure (2.21): Flow coefficient distribution at compressor face at neutral stability for 2%
of chord cos(20) clearance asymmetry with characteristic peaks aligned

1.0

0.9

0.8

0.7

0
0(D

0.6

0.5

0.4

0.3

0.2

0.1

0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

B - parameter

Figure (2.22): Zeroth and first mode frequencies with and without clearance asymmetry
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Chapter 3

Conclusions

3.1 Summary and Conclusions

The effect of tip clearance asymmetry on compressor stability has been studied

using a two-dimensional, incompressible, stability analysis. Multi-stage compressor

experiments with asymmetric clearance have been designed using this new model [36]. In

the model the tip clearance asymmetry was analysed by viewing each circumferential

location as operating on a different pressure rise characteristic corresponding to the local

level of clearance.

The results of the computations carried out were:

· Increasing the magnitude of the clearance asymmetry decreased the stalling pressure

rise and increased the stalling flow coefficient. The loss in pressure rise capability

was generally closer to that based on the maximum clearance.

* Decreasing the wavelength of the clearance non-uniformity (i.e. increasing the

reduced frequency) decreases the effect of clearance asymmetry on stall margin.

* Compressor characteristics which are steep, have high peak pressure rise, narrow

map width, and sharp drop in pressure rise after the peak, promote sensitivity to

clearance asymmetry.

* For a given compressor, sensitivity to clearance asymmetry is a weak function of

B-parameter.

· Distortions generated by tip clearance asymmetry have a rich harmonic content and

do not satisfy the integrated mean slope criteria for instability onset.
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3.2 Implications of Present Work

The results of this study suggest one possibility for modifying compressor designs

to improve tolerance to tip clearance asymmetry. For a particular machine having a fixed

amplitude casing non-uniformity (e.g. ±2% of chord), the loss in stall margin was found to

reduce as the wavelength of the asymmetry was shortened. To decrease the sensitivity to

clearance asymmetry one can increase the number of circumferential casing segments. The

present investigation indicates that essentially all the benefits are obtained when 4 or more

casing segments are employed.

3.3 Recommendations for Future Work

The following list summarizes some directions in which the present study could be

extended or enhanced.

* A study of the stall inception process with clearance asymmetry may be of interest

to determine if the pre-stall disturbance structure is influenced. Two specific

questions are whether the initial disturbances are two- or three-dimensional in

nature and is this important when characterizing the effects of asymmetry on the

overall system?

· The impact of clearance asymmetry on high speed compressor stability should be

examined to determine if the effects are more severe in that flow environment.

* Using a framework similar to that employed in the present study, the effects of

rotating asymmetry on compressor stability and performance can be examined.
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Appendix A

Equations in Compression System Stability Model

The equations described in this appendix were utilized to determine both the

background steady flow and the hydrodynamic stability of this flow to small (linearized)

disturbances. For additional details regarding the development of the equations given here,

the work of Moore and Greitzer [15], Hynes and Greitzer [18], Longley [22], and Haynes

et al [26] are good references.

The compression system to be modeled is that shown in the schematic of Figure

(2.1). The assumptions utilized to develop the mathematical model are as follows:

Assumptions:

* Inlet conditions to system are uniform and constant

* Two-dimensional, inviscid flow in all ducts

* Compressor and throttle are represented as actuator disks

* Pressure rise across compressor is modified by pressure difference required to

overcome the inertia of fluid within the blade rows

· Compressor outflow is axial

* Static pressure in the plenum is determined by exit throttle setting

* Flow in the plenum is spatially uniform and isentropic

* Pressure drop through throttle is quasi-steady with the time-averaged, annulus

averaged flow coefficient.
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A.1 Steady Background Flow

For steady flow in the compression system shown in Figure (2.1), the following

relations hold.

Upstream Duct:

P, () = P,2(8) (Al)

Compressor:

pU2 =V L, -Ls-A - A0 (A2)

T- bx
Ucos2y

N U

Ax - r,(Ti) (A3)
i=l r

The rotor and stator loss are determined using the reaction distribution,

L, = (1- R)(Vt - Ye) (A4)

L, = R(V - t) (A)

Downstream Duct/Plenum:

P3()-= P4(O) (A6)

Throttle:

P4 -P5 1 -2 A)
kr = k, (A7)

pU 2 2 3

The mathematical and physical description of Vr and fin utilized in the present

study are given in Appendix B. There the effect of circumferentially non-uniform tip

clearance is incorporated through these characteristics.
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A.2 Linearized Equations Governing Stability

The dynamical equations for the compression system are linearized by assuming

that each variable can be represented as the sum of a mean and a perturbation,

f =f +8f (A8)
After substitution into the governing equations, 2nd -order and higher terms are neglected.

Upstream Duct:

The compressor can create localized flow disturbances, which upstream of the

compressor, are of potential form. As experimentally observed these potential disturbances

will decay exponentially upstream of the machine. Begin by defining the upstream

disturbance velocity potential for the n*-spatial harmonic as

-= f(x)ei(n + " ) (A9)

Based on the assumptions, this must satisfy

V2 = O (A10)

for the upstream decaying perturbations. Hence

80(x, , t) = a,elnl(x/r)+i(ne+) (Al 1)

This is related to the upstream flow coefficient perturbation by

,60 = (,) lfl , (A12)

The governing equation for the flow in the upstream duct is the linearized unsteady

momentum equation,

I a(6)+ , Constant (A13)

or substituting (A12), at the compressor inlet,

p 2 Inl at 2) (A4)

In addition to (A14), the boundary condition of time independent total pressure at the

upstream inlet must also be invoked.
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Compressor:

Following the work of Moore and Greitzer [15] and Hynes and Greitzer [18], a

model based on one-dimensional flow through the compressor can be developed. The

unsteady pressure rise based on this is given by,

PU2 = - L, - L - (A15)

I = [(T, + Ti) + TIGV,l] (A16)

Linearizing this relation yields,

'P3 d- SP d d(b8) yir d() (A17)
pU2 do do U dt

where

fi =- L+L s (A18)

As stated in Chapter 2, the blade row unsteady viscous response models employed

in the present investigation are simple first order lags which account for the finite time

required for the development of loss within the compressor. For the stator, the transient

stagnation pressure loss perturbation is given by,

d(sL,) dz, 8 .=, 2L6Ls) aL450 A- S(A19)
:t o -L

Similarly, the rotor transient stagnation pressure loss is,

0(($Lr) Ud(5Lr )= dLr+ , = - L, (A20)dt r d (A2)

Note that the loss generation time constants, ;, and x,, are on the order of the blade row

flow through time. Equations (A17) - (A20) are the linearized equations governing the

compressor dynamic response.
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Downstream Duct:

In the exit duct, there are both convected vortical disturbances and downstream

decaying potential perturbations. For axial exit flow from the compressor through a high

solidity exit blade row, the axial momentum equation is,

U (8) = xxu 6) (A21)

The exit pressure field perturbations must decay axially downstream (i.e. V28P = 0),

hence they will have a form similar to (All 1). Based on this,

-d 5P ) InI 6P (A22)
dx pU2 ) r pU2

or, at the compressor discharge,

8P I r (53) (A23)
pU 2

3 In U dt

Equation (A23) determines perturbation behavior in the exit flow field.

Plenum and Exit Throttle:

For steady flow the static pressure in the plenum is determined by the throttle

setting as given in equation (A7). The flow through the throttle is regarded as being quasi-

steady, and disturbances in the throttle are not considered. In addition, it will be assumed

that the flow in the plenum is spatially uniform with pressure and density changes being

related by an isentropic relationship (see Greitzer [4]). Under these constraints, the

linearized continuity equation for the plenum is,

4 8 2.% ior 1 3P4r -U 3k, p =

The quantity L, is the "effective" compressor length defined as,

L, = L + + r (A25)
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and B is as defined in equation (2.2).

The compression system model described in Sections (A. 1)-(A.2) was coded using

Matlab. The original programs were written by Van Schalkwyk [37] to study inlet

distortion effects on stability. These codes were extensively rewritten by the author to

incorporate both blade row unsteady viscous response and asymmetric tip clearance

modeling.

A.3 Linearized Steady Flow with Clearance Asymmetry

As a simple first approximation of the effect of tip clearance asymmetry on the

background flow, a linearized analysis was conducted. This analysis provides an

indication of the distortion of the steady flow created by the presence of non-uniform

clearance.A'

For steady flow through the compressor, equation (A2) gives,

P -U A dO (A26)
PU2 de

where r = vi - L, - L, is the actual pressure rise characteristic of the machine. When

asymmetric clearance is present in the compressor, this characteristic will be assumed to be

a function of ¢(o) and e(@) where

clearance
chord

Therefore,

= (O,E) (A28)

Combining this with (A26), and linearizing,

o = + dslt E i e() (A29)

l' Note that this analysis reflects the situation where clearance affects peak pressure rise capability only.
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where the unsteady inlet and exit pressure perturbations are taken to be zero. It will be

assumed that the clearance variation and corresponding flow coefficient variation are

sinusoids of the form,

{0 = Ae °'

8e = B,,e" 0 (A30)

and substituting these into (A29),

MB(d //de) e O(Mi
Aid = ¢ e-@ (A31)

Thus the non-uniformity of the steady flow within the compressor depends on:

(i) harmonics of 60 and SE,

(ii) inertia of fluid in compressor, A

(iii) sensitivity of the compressor to clearance, dV/ e

(iv) compressor characteristic slope, d1

Similarly, the corresponding pressure perturbation within the machine is simply,

8P =Pu -¢) (A32)

The real portions of equations (A31) and (A32) are,

A[na sin(mO)+ dcos(m)] (A33)

9t PU2 = -. t(' ) (A34)

As an example of how the linearized steady flow would distort with clearance

asymmetry, consider the following case. For a multi-stage compressor having a single
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harmonic (180 °) casing asymmetry, operating at the peak of the characteristic, with the

clearance sensitivity found by Smith [6], assume,

= 0.5, = 1, m = , odr = -5, b = (A35)

Define a clearance asymmetry equal to 2% of chord,

Bm = IISell = 0.02 (A36)

From (A33)-(A36), for the first spatial harmonic of the flow distortion,

9t(&) = (0.02)cosO

(60&) = (-0. 10)sin0 (A37)

9pu) = (0.05)sinO

These results show that at the peak of the characteristic, the flow coefficient non-uniformity

is out of phase with the clearance variation. Therefore, as tip clearance becomes smaller,

the flow increases, and as the clearance opens, the flow decreases. This trend agrees with

the experimental data shown in Chapter 2. Thus, the linearized analysis has obtained the

qualitative variations seen in practice.
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Appendix B

Formulation of Compressor Characteristics

In this appendix the mathematical development of the actual and isentropic pressure

rise characteristic with clearance asymmetry is presented.

Data such as that of Wisler [9] and McDougall [11] show that in general the

variation of characteristics with clearance change is as illustrated in Figure (B 1). In this

schematic regions with smaller than nominal clearance are characterized by higher pressure

rise, while regions with larger than nominal clearance produce lower pressure rise. The

nominal tip clearance pressure rise characteristic has its peak at (p, y ).

B.1 Baseline Characteristics'

Assume that the typical pressure rise characteristic can be adequately represented by

a generalized cubic polynomial,

W(}) = AO3 + B' - C( + D (B1)

where the constants are to be determined.

To place the characteristic peak at a point (p, yp,), the slope of the cubic must be

identically zero there, hence

av| =3Ap2 + 2Bp + C O 0 (B2)

or, solving for A,

(2B C) (B3)
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In addition, at the peak ,the pressure rise is also specified, so substituting (B3) into (B 1)

Vrp = B02 + Cop + D (B4)

and solving for D,

D = V - P(2C+ B,) (B5)

Now A and D are determined in terms of B and C. To further reduce the number of free

parameters and form characteristics of a realistic nature, a hinge point must also be

specified. For the nominal characteristic this is the point (, ,) in Figure (B 1).

Specification of the hinge allows B or C to be obtained. In the present case it has proven

most effective to solve for C in terms of B, hence from (B 1), (B3) and (B5) evaluated at

some (,m, I, ),

Ym 2BO3 ) + Bm + C + P - p (2C + Bp) (B6)

or solving for C,
3 o2(VP- V.) - 2BOp03 +BO20.2 - BP4

C 3 (P l/n) 2B'p'P +3B'p' -B' (B7)
03 - 3p2p, +2 p

Therefore, the cubic characteristic passing through a peak at (, VrP) and a hinge point at

('Pm, m ) is given by equation (B 1) with coefficients A, C, and D specified by (B3), (B5)

and (B7) respectively. The constant B was chosen through iteration to obtain the desired

(i.e. representative) characteristic shape.

Once the characteristic is determined it is often useful to compute the radius of

curvature at its the peak. Using the definition of radius of curvature with ay/Idp = 0 it

can be shown that the peak radius is,

1 1
rp = = (BS)

d2 1/dO'2 16App + 2B1

B.2 Characteristics with Tip Clearance Asymmetry

Compressor data illustrates that clearance changes affect both the pressure rise and

the flow coefficient associated with the peak of the characteristic. The following equations

64



were developed to modulate the peak pressure rise in a manner which depends upon the

clearance geometry, the size of the asymmetry, and the sensitivity of the compressor to

clearance changes. Note that Wip is specifically the peak pressure rise of the nominal

clearance characteristic hence,

VP = P .fl + °y 6. f(°} (B9)

where m = maximum amplitude of the asymmetry

f(8) = shape of clearance geometry (e.g. cos(O))

| = sensitivity of compressor pressure rise to clearance change (from data)

In addition, the asymmetric clearance characteristic peaks must also be shifted such that the

higher peaks occur at lower flow coefficients. This was accomplished through shifts of the

nominal characteristic peak flow coefficient,

Up = 'p {1 - k f(0)} (B10)

where k is determined from data, or by aligning the peaks on a line of specified angle P as

shown in Figure (B 1). In the latter case the value of k is obtained from,

,tan(f) eI i ( 11)

Similarly, in Figure (B1), the hinge point flow coefficient is also shifted by a small

amount, hence

= m l {1+m f(O)} (B12)

where m is typically determined by iteration. Note that the shift in the hinge point is in the

opposite direction of the peak shift. Also, the hinge point pressure rise is not modulated

hence Ym = m-

By combining relations (B9), (B 10) and (B 12) with the cubic characteristic defined

previously, various families of characteristics can be readily generated. Two examples are

shown in Figures (2.4) and (2.5).
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B.3 Isentropic Characteristics

The isentropic characteristics utilized in this study were not developed from the

blading geometry of any particular compressor, but were formulated to include shifts due

to different levels of clearance. For simplicity it will be assumed that the isentropic total-to-

static characteristic is approximately linear,

v, = E + G (B 13)

Based on stall margin constraints, the nominal compressor design point is specified at

(Od, Wd ) with efficiency . The definition of efficiency utilized here is,

7 'd (B14)

so by combining (B 13) and (B 14),

G = W - Ed (B 15)

In addition, it will be assumed that at the design point the slope of the isentropic

characteristic is approximately equal to that of the actual characteristic. Therefore,

E = = 3A 2 + 2Bd+ C (B16)

where A, B and C were previously specified for each characteristic in the family.

To determine the efficiency of the compressor at a particular level of clearance, the

formulation proposed by Smith [35] was utilized. Smith's result accounts for both the

blockage and tangential force defect in the endwall region, and was originally developed to

compute compressor efficiency based on cascade measurements. Smith [35] defines,

- (1 . (B17)
Vh+ vI

h

where cascade efficiency is denoted by A, while 6 and v represent the actual endwall
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flow displacement thickness and tangential force defect respectively. In the worst case, the

endwall flow wvill provide no tangential force on the blading (F. = 0), hence from [35],

1 -r +8 1 rk +8
vh = rh (FU - F,)rdr-- rdr (B18)tr hr,

SO, Vh aSh

and similarly at the tip, v, = 8,

As a first approximation based on data, assume,

vh, = h, = 1 clearance height

,, =38,, = 3 clearance heights

Therefore, using (B 19), (B 17) the efficiency is,

77 AR I ~~(B20)

where the clearance has been normalized by chord, and AR is the blade aspect ratio. Note

that with clearance asymmetry the efficiency will vary around the annulus since e is a

function of 8.

In summary, the isentropic characteristics with clearance asymmetry are obtained

by combining (B13) and (B15),

wh= -hd)a- +v e d ($21)

where the derivative is given by (B16) and efficiency is approximated from (B20).
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Figure (B. 1): Schematic of actual and isentopic compesso pessue ise chaacteistics

Figure (B. 1): Schematic of actual and isentropic compressor pressure rise characteristics
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