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Abstract

We present a smoothed analysis of Gaussian elimination, both with partial pivoting
and without pivoting. Let A be any matrix and let A be a slight random perturbation
of A. We prove that it is unlikely that A has large condition number. Using this result,
we prove it is unlikely that A has large growth factor under Gaussian elimination
without pivoting. By combining these results, we bound the smoothed precision
needed to perform Gaussian elimination without pivoting. Our results improve the
average-case analysis of Gaussian elimination without pivoting performed by Yeung
and Chan (SIAM J. Matrix Anal. Appl., 1997).

We then extend the result on the growth factor to the case of partial pivoting, and
present the first analysis of partial pivoting that gives a sub-exponential bound on the
growth factor. In particular, we show that if the random perturbation is Gaussian
with variance o2, then the growth factor is bounded by (n/c)?0°¢™ with very high
probability.
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Chapter 1

Introduction

In this thesis, we present an analysis of the stability of Gaussian elimination, both
without pivoting and with partial pivoting. The analysis is carried out under the
smoothed model of complexity, as presented in [21]. We thus hope to explain the
experimental observation that Gaussian elimination is stable in practice, even though
it is extremely unstable in the worst case.

In the remainder of this chapter, we introduce the Gaussian elimination algorithm
along with associated definitions of condition number and growth factors, and describe
what is meant by a smoothed analysis of this algorithm.

1.1 Gaussian Elimination

Gaussian elimination is one of the simplest and perhaps the oldest numerical al-
gorithm. It can be looked at in two slightly different but equivalent ways. One
emphasizes the solution of the linear system of equations

Ax=D>
and the other the LU-factorization of the coefficient matrix
A=LU

into a lower triangular matrix with unit diagonal, and an upper triangular matrix.

The algorithm consists of choosing one of the equations and one of the variables,
and using this equation to eliminate the variable from the remaining equations, thus
giving a smaller system to which Gaussian elimination may be applied recursively.
The choice of equation and variable is determined by which pivoting rule is being
applied.

The simplest case is when no pivoting is done, when the first equation and first
variable are chosen to be eliminated first.

The most commonly used pivoting rule is called partial pivoting, and it chooses the
variables in order, but at each step to pick the equation that has the largest coefficient
(in absolute value) of the variable to be eliminated. This leads to a matrix L in which
all entries have absolute value at most 1.



A third pivoting rule is to choose the largest coefficient among the whole system,
and eliminate using the variable and equation to which it corresponds. This is known
as complete pivoting, and its worst case stability is provably better than that of
partial pivoting. In spite of this, it is not commonly used as it requires twice as many
floating point operations, and partial pivoting is usually stable enough.

It should be noted that the equation

A=LU

corresponds to no pivoting. For a general pivoting rule, the equation must be rewrit-

ten as
PAQ = LU

where P and Q are permutation matrices. Partial pivoting corresponds to Q = 1
and |Ly| < 1, while complete pivoting can be defined by

ILyl <1 and [Uy| < [Uyl

1.1.1 Error analysis: condition number and growth factors

Wilkinson [24] showed that the relative error when a linear system is solved using
Gaussian elimination satisfies

“i“;T"f_’ < nOMk(A)pr(A)pu(A)e

where k(A) is the condition number of A, pr(A) and py(A) are the growth factors,
€ is the machine precision, and the polynomial factor depends on the norms in which

the condition numbers and growth factors are defined.
The condition number is an intrinsic property of the matrix, being defined as

k(A) = |A[H[|AT]

and it measures how much the solution to the system Ax = b changes when there
are slight changes in A or b. Any technique to solve the system will incur this error.

The growth factors are a contribution to error that is specific to Gaussian elimi-
nation. They are defined as

_ Iy

A) = ||L]| and =
pL(A) = |IL]| and pu(A) Al

They measure how large intermediate entries become as Gaussian elimination is car-
ried out. Partial pivoting eliminates the growth in L, since its entries remain bounded.
However, py(A) can grow exponentially with n in the worst case. In fact, Wilkinson
showed that a tight bound on py(A) with the max-norm is 2™ '. On the other hand,
it is observed in practice that py(A) is extremely well-behaved: for random matrices
it grows sublinearly [23]. We will give a partial explanation for this behaviour in
Chapter 3.
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1.2 Smoothed analysis

Spielman and Teng [21], introduced the smoothed analysis of algorithms as a means of
explaining the success of algorithms and heuristics that could not be well understood
through traditional worst-case and average-case analyses. Smoothed analysis is a
hybrid of worst-case and average-case analyses in which one measures the maximum
over inputs of the expected value of a function on slight random perturbations of that
input. For example, the smoothed complexity of an algorithm is the maximum over
its inputs of the expected running time of the algorithm under slight perturbations of
that input. If an algorithm has low smoothed complexity and its inputs are subject
to noise, then it is unlikely that one will encounter an input on which the algorithm
performs poorly. (See also the Smoothed Analysis Homepage [1])

Smoothed analysis is motivated by the existence of algorithms and heuristics that
are known to work well in practice, but which are known to have poor worst-case
performance. Average-case analysis was introduced in an attempt to explain the
success of such heuristics. However, average-case analyses are often unsatisfying as
the random inputs they consider may bare little resemblance to the inputs actually
encountered in practice. Smoothed analysis attempts to overcome this objection by
proving a bound that holds in every neighborhood of inputs.

1.3 Our results

For our analysis of Gaussian elimination, the model we use is that the input matrix A
has additive Gaussian noise. In other words,

A=A+0G

where A is the “true” value of A, and oG represents noise. The matrix G is assumed
to be composed of independent standard normal variables, that is, G ~91(0,I ® I).
We prove that perturbations of arbitrary matrices are unlikely to have large con-
dition numbers or large growth factors under Gaussian elimination, both without
pivoting in Chapter 2 and with partial pivoting in Chapter 3. In particular, we show

that
9.4n (1+ \/log(x)/2n)
Pr[k(A) > x] <
X0
an \/Z 1
PripulA) > < /2= (? Fvilent m>
1 nn+1)
Pripu(A) >1+x] < T

for Gaussian elimination without pivoting.
For partial pivoting, we prove

12logn
Prlpu(A) > x] < (l (@ (M)) ) )
A x o

11

1
—57 logn



This is the first sub-exponential bound on the growth of partial pivoting, even in
the average case. Hence we feel that the result is important, even though the bound
of (n/c)OUe™ it establishes on the growth remains far from experimental observa-
tions.
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Chapter 2

Smoothed Analysis of Gaussian
Elimination without Pivoting

2.1 Introduction

In this chapter, we consider the growth factor of Gaussian elimination when no piv-
oting is done. Since the matrix A has a Gaussian distribution, the event that a pivot
is exactly zero (in which case the LU-factorization fails) occurs with probability zero.
We will show that the growth factors py and pr have tail distributions O (1/x), that
is,

PrlpLu(A) > ] = 0 (1)
A X

‘We are able to show that the condition number of A has tail distribution

Prk(A) > x] = O (13535)
A X

a slightly weaker bound.

The remaining sections are organized as follows: in Section 2.2, we bound the tail
of the condition number. This section also contains the heart of the arguments we
make, Theorem 2.2 on the distribution of the smallest singular value of a non-central
Gaussian random matrix. We then bound the growth factor, in U and in L, and
combine these three results to give a bound on the expected precision of Gaussian
elimination without pivoting. We then extend the analysis to the case when A is
symmetric, and certain entries are known to be zero, in Section 2.5.

2.2 Smoothed analysis of the condition number of
a matrix

In his paper, “The probability that a numerical analysis problem is difficult”, Dem-
mel [7] proved that it is unlikely that a Gaussian random matrix centered at the
origin has large condition number. Demmel’s bounds on the condition number were
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improved by Edelman [10]. In this section, we present the smoothed analogue of this
bound. That is, we show that for every matrix it is unlikely that a slight perturbation
of that matrix has large condition number. For more information on the condition
number of a matrix, we refer the reader to one of [12, 22, 8]. As bounds on the norm
of a random matrix are standard, we focus on the norm of the inverse. Recall that
1/ ||A7"|| = miny [JAx|] / ||x|.

The first step in the proof is to bound the probability that HA‘]VH is small for
a fixed unit vector v. This result is also used later (in Section 2.3.1) in studying
the growth factor. Using this result and an averaging argument, we then bound the
probability that |A~"|| is large.

Lemma 2.1 (Projection of A~"). Let A be an arbitrary square matrix in R™™,
and A a matrix of independent Gaussian random variables centered at A, each of
variance o2. Let v be an arbitrary unit vector. Then

21
Pr[||[A7v|| >x] <4/=—
TTXO
Proof. First observe that by multiplying A by an orthogonal matrix, we may assume
that v = e;. In this case,

IAT] = ATl

the length of the first column of A~1. The first column of A~', by the definition of the
matrix inverse, is a vector orthogonal to Ay, i.e., every row but the first. Also, it
has inner product 1 with the first row. Hence its length is the reciprocal of the length
of the projection of the first row onto the subspace orthogonal to the rest of the rows.
This projection is a 1-dimensional Gaussian random variable of variance o2, and the
probability that it is smaller than 1/x in absolute value is at most

1/
- et T
oV 21 J_1/x TXO

which completes the proof. O

Theorem 2.2 (Smallest singular value). Let A be an arbitrary square matrix
in R™™ and A a matrix of independent Gaussian random variables centered at A,
each of variance o?. Then

Pr[A7]| > +] <2350
X0

Proof. We apply Lemma 2.1 to a uniformly distributed random unit vector v and
obtain

_ 21
/13,5[“/\ V| =] <4/ — (2.2.1)
Now let u be the unit vector such that |]A”]uH = HA”‘ H (this is unique with proba-

bility 1). From the inequality
A7) = A1, vl

14



we have that for any ¢ > 0,

Pr [”A”’v“ > x\fﬂ > pr {”w > x| and |(up)| = \/a

Pr (A 2 xl] B fihl 2 /<.

I

So,
. Pray [[[AV]] = x\/F]
BellAtli=od <=5 mirs v
2 i
= \/;xc\/EPrA,\, [{uv) > /5] (by (2.2.1))
2 Vv
< \/;XO'\/(_:PIQ ek (by Lemma A.5)

where ¢ is a standard normal variable. Choosing ¢ = 0.57, and evaluating the error
function numerically, we get

Pr A" = ] <235Y2.
A X0
J

Theorem 2.3 (Condition number). Let A be an nxn matrix satisfying A < \/n,
and let A be a matrix of independent Gaussian random variables centered at A,
each of variance o? < 1. Then,

94n (1 + log(x)/Zn)
Pr(k(A) > x] < e .

Proof. As observed by Davidson and Szarek [6, Theorem II.11], one can apply in-
equality (1.4) of [17] to show that for all k > 0,

Pri|A—Al > vn+k] <e ™72
We rephrase this bound as

Pr U[}_\—A” >vn+ \/210g(1/e)] < e,

for all € < 1. By assumption, ||A|| < /n; so,

Pr [[]AH > 2V + x/Zlog(]/e)} <e.

From the result of Theorem 2.2, we have

Prijaz 228 <

€0

15



Combining these two bounds, we find

_ . 354/
pr ||A] HA 1“ > 47/n+2 35€GZn10g(1/e) < 2.

We would like to express this probability in the form of Pr [||A||||A7"|| > x], for
x > 1. By substituting

o 4.7m 4 2.35+/2n log(1/¢€)
€0 ’

we observe that

2 (4.7n +2.35\/27I@17?)) _ 94n (1 n W)

X0 X0

2e =

for

1

9.4n (1 n \/W)
S ()

which holds here, since o0 < 1.
Therefore, we conclude

9.4n (1+ /log(x)/2n )
xXO '

Pr A A7 =] <
|

We also conjecture that the 1+ 1/log(x)/2n term should be unnecessary because
those matrices for which ||A]| is large are less likely to have ”A“1 || large as well.

Conjecture 1. Let A be a n x n matrix satisfying ||Allmax < 1, and let A be a
matrix of independent Gaussian random variables centered at A, each of variance
0% < 1. Then,

Pr(x(A) > x] < 0 (n/x0).

2.3 Growth Factor of Gaussian Elimination with-
out Pivoting

We now turn to proving a bound on the growth factor. With probability 1, none of
the diagonal entries that occur during elimination will be 0. So, in the spirit of Yeung
and Chan, we analyze the growth factor of Gaussian elimination without pivoting.
When we specialize our smoothed analyses to the case A = 0, we improve the bounds
of Yeung and Chan by a factor of n. Our improved bound on py agrees with their
experimental analyses.

16



2.3.1 Growth in U
We recall that

U] Ul
= = max ,
Al Al
and so we need to bound the £;-norm of each row of U. We denote the upper triangular

segment of the kth row of U by u = Uy i, and observe that u can be obtained from
the formula:

pu(A)

u=a'-b'C’'D (2.3.1)
where
a’ =Ayn b' = Ay 14 C=An—11x1 D = Aix—1xn.

This expression for u follows immediately from

o C DY _ (Lix—1ga1 0} (Uia1ga-1 Uikt
Ve = bT aT Lk,1:k—1 1 0 u

In this section, we give two bounds on py(A). The first will have a better depen-
dence on o, and second will have a better dependence on n. It is the later bound,
Theorem 2.6, that agrees with the experiments of Yeung and Chan [25] when special-
ized to the average-case.

First bound

Theorem 2.4 (First bound on py(A)). Let A be an n x n matrix satisfying
|A]| <1, and let A be a matrix of independent Gaussian random variables centered
at A, each of variance o? < 1. Then,

1 nn+1)
Prlpu(A) >1+x] < T xe

Proof. From (2.3.1),

lull, = [[a" = bTCTD||, < [[aT[],; + [bTCT'D||
< fla'l; +{[o"c7'[l; IDlle  (as Dl =|ID"]},)
< A, (1+ ||ch—‘{|]) (2.3.2)

We now bound the probability |[bTC™'||, is large. Now,
[T, < vi=TpTcT,
Therefore,
Pr [[[7C|, > < Pr|[oTC||, > x/vie—T]
- \/Z\/k—1\/(k~ 1oZ + 1 PR3
7 xo

X0’

17



where the second inequality follows from Lemma 2.5 below and the last inequality
follows from the assumption o2 < 1.
We now apply a union bound over the n rows of U to obtain

Pripu(A) > 1+x] <Z <—\/~;—iT~)L~(—c—y—t-]—).

O

Lemma 2.5. Let C be an arbitrary square matrix in R%4, and C be a random
matrix of independent Gaussian variables of variance o’ centered at C. Let b be a
vector in R% such that ||b||, < 1, and let b be a random Gaussian vector of variance

o centered at b. Then

2
P [[b7CT]|, 2 < [2Y0T]
b,C 7T X0

Proof. Let b be the unit vector in the direction of b. By applying Lemma 2.1, we
obtain for all b, ‘

Pr[|o7C|, > ] =Pr HIBTc—‘HZ > “—g‘”-j < \/%x% bl

Therefore, we have

) ) 2 1
Eg[”bTC ;> %] =By [Pcr [Ilp'C 1”2>x]] S E%Eb (ol

It is known [16, p. 277] that Ey [Hb”ﬂ < o%d + Hl—)Hz As B [X] < /E [X?] for
every positive random variable X, we have Ey [||b|],] < 1/0?d + HBHZ <+Vo2d+1.

Second Bound for py(A)

In this section, we establish an upper bound on py(A) which dominates the bound
in Theorem 2.4 for o > n—3/2,

If we specialize the parameters in this bound to A = 0 and o = 1, we improve
the average-case bound proved by Yeung and Chan [25] by a factor of n. Moreover,
the resulting bound agrees with their experimental results.

Theorem 2.6 (Second bound on py(A)). Let A be an n x n matrix satisfying
HAH < 1, and let A be a matrix of independent Gaussian random variables centered
at A, each of variance ¢? < 1. For n > 2,

121 (2 n o 4ym
< Z [ ZpR3/2 — —
Pripu(A) >1+4+x] < e <3n +0‘+30‘2)

18



Proof. We will first consider the case k <n — 1. By (2.3.1), we have
lully < lally + ['CT'D|, < llall; + VK= T[[oTC'D|,.

Therefore, for allk <n —1,

jul, _ llal, + VE=T|[b7cD]

Al ~ ANl

Vk—=T|b"C7'D||,
<1+
ANl

— Tr-1
<1 +\/k T|oC'D||,
1A

We now observe that for fixed b and C, (bTC~")D is a Gaussian random vector of
variance ”bTC_1 Hicz centered at (b"C~")D, where D is the center of D. We have
|ID||, < ||A]], <1, by the assumptions of the theorem; so,

[eTc™D], < [[pTc, D], < fore T,

Thus, if we let t = (bTC-'D)/ HbTC~1 Hz’ then for any fixed b and C, t is a Gaussian

random vector of variance o2 centered at a point of norm at most 1. We also have

Br (67D, = 1] = P [[67C 1ty > ).

It follows from Lemma 2.5 that

P [fo7c', 2 < 2T
b,C s X0

Hence, we may apply Corollary A.10 to show
_ 2v/o2(k—1)+1/c(n—k+1)+1
Pr [[b7C, ¢, > ] < \/;\/ \7{0

Note that A,. is a Gaussian random vector in R™ of variance o?. As An, is
independent of b, C and D, we can again apply Lemma A.9 to show

VE=T|bTC'D||, ZX} < \/—g\/k——l\/oz(k—1)+1\/02(n—k+1)+1 y
T

”An,:Hl X0
1
X B |
{HAn,:HJ
ST (14 ne
AL T(1+2¢) 2
T xXo no

by Lemma A.4.
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From the proof of Theorem 2.4, we have that for k =n

2n
Prlffully /Al > T4 =4/~ (2.3.3)

Applying a union bound over the choices for k, we obtain

1+mz>2 2n

Pr[pU(A)>]+X]_<_Z\/K n—‘0_+ 7—_‘[%

k=2

< \ﬁ%_@ﬁz_ﬂ}l e
—Vm3 X TTXO

_\/zl 2 3/2+n 4y
T Vax \3 302

2.3.2 Growth in L
Let L be the lower-triangular part of the LU-factorization of A. We have

(k=1 (k—T1
Locrnmik = Al /Al s
where we let A denote the matrix remaining after the first k columns have been

eliminated. We will show that it is unlikely that ”L (k-+1): “»kHoo is large by proving that

it is unlikely that I'A ]]:Jr:)nk” is large while lAkk”‘

is small.

Theorem 2.7 (pr(A)). Let A be an n-by-n matrix for which [|A]| < 1, and let
A be a matrix of independent Gaussian random variables centered at A, each of
variance 02 < 1. Then,

2
Prlpi(A) >x] < —2~n— (ﬁ ++/2logn
TX \ O

1
+ —
V2m logn)
Proof. We have

(k=1)
A (k+1)m,k
(k—1)
Ak,k

1
A et1)mk = A e Dm0 DA 11 1) M i=1) K

L(k~l—1):n,k =

Asge = At e DA T ) ey A e 1) K

_ Afermk — A m 1ik—1)V
Ak — Ax1k=1)V

20




where we let v = A7 g (k1) Aqk-1) k- Since ”A” < 1, and all the terms A (i41)m
A k+1)m, (k=1)s Ak Ak1 {(k=1) and v are independent, we can apply Lemma 2.8 to
show that

21 2
Pr [||Lpcenmpl| . > %] < ~= <% +4/2logn +

1
V2mlog n)

The theorem now follows by applying a union bound over the n choices for k and
observing that ||L||_ is at most n times the largest entry in L. O

Lemma 2.8 (Vector Ratio). Let

e a be a Gaussian random variable of variance o with mean @ of absolute value
at most 1,

e b be a Gaussian random d-vector of variance o2 centered at a point b of norm
at most 1,

e x be a Gaussian random n-vector of variance o centered at a point of norm
at most 1,

¢ Y be a Gaussian random n-by-d matrix of variance o2 centered at a matrix of
norm at most 1, and

e let v be an arbitrary d-vector.

If a, b, x, and Y are independent and o2 < 1, then

lIx + Y| } \/?1 V2 1
Pri=———=2>x| <4/==| —++2logn + ————
[ la+bT| “Vnx\ o & V2mlogn

Proof. We begin by observing that a + b™v and each component of x + Yv is a
Gaussian random variable of variance 62(1+ ||v/|*) whose mean has absolute value at
most 1+ ||[v]|, and that all these variables are independent.

By Lemma A.3,

p 1

On the other hand, Lemma A.2 implies

(2.3.4)

. BN
[la+bTvI } XO'\/] +”v

21



Thus, we can apply Corollary A.9 to show

2
v g L () ()
Prl— >x| < =

=
‘(1+b V' X0 /-I + ”v“z
\/51 14+ vl ( 1 )
=1/ == | ——==+{ V2logn + ————
T\ g /14 v V2mlogn

21 (V2 1
<hf=—| —+2logn+ ————
- \/;x ( o & \/Zfrtlogn)

x|

2.4 Smoothed Analysis of Gaussian Elimination
We now combine the results from the previous sections to bound the smoothed pre-
cision needed to obtain b-bit answers using Gaussian elimination without pivoting.

Theorem 2.9 (Smoothed precision of Gaussian elimination). For n > e*, let
A be an n-by-n matrix for which ||A|| < 1, and let A be a matrix of independent
Gaussian random variables centered at A, each of variance 62 < 1/4. Then, the
expected number of bits of precision necessary to solve Ax = b to b bits of accuracy
using Gaussian elimination without pivoting is at most

1 1
b+§10gzﬂ+310gz( >+10g1+2\/_0 +10g2\/logn+-——g—+504

Proof. By Wilkinson’s theorem, we need the machine precision, €mqch, to satisfy

5 . zban(A) pU(A) K(A) €mach S 1 ::>
2.33+ b +1log,n +log,(pr(A)) 4 log,(pul(A)) + log,(k(A)) < log,(1/€mach)

We will apply Lemma A.11 to bound these log-terms. For any matrix A satisfying
HAH < 1, Theorem 2.4 implies

1
E [log, pu(A)] <210g2n+log2( >+O12

and Theorem 2.7 implies

1 1
< z ] 1.62
E [log, p1{A)] < 2log, n + log, (0. + vlogn ( + 210gn)> e
using 0 < %_ and n > e*,

1
< 2log,n + log, (1> + log, v/logn + _g_ +1.62

22



Theorem 2.2 implies

1 1
E [log, |A7"||] < 5 log,n + log, (5) +2.68,

and,
E [log,(|A[])] < log,(1 -+ 2v/no)

follows from the well-known fact that the expectation of “A‘— /5\“ is at most 2¢/no
(c.f., [19]) and that E [log(X)] < log E [X] for every positive random variable X. Thus,
the expected number of digits of precision needed is at most

1
b+ glogzn—l—Slogz (E) +log(1 + 2v/no) + log, v/logn + E;; +5.04

The following conjecture would further improve the coefficient of log(1/0).

Conjecture 2. Let A be a n-by-n matrix for which |All <1, and let A be a matrix
of independent Gaussian random variables centered at A, each of variance ¢ < 1.

Then & log®
Pripu(A)pulA)x(A) > ] < 1B,

for some constants ¢y and c;.

2.5 Symmetric matrices

Many matrices that occur in practice are symmetric and sparse. Moreover, many
matrix algorithms take advantage of this structure. Thus, it is natural to study the
smoothed analysis of algorithms under perturbations that respect symmetry and non-
zero structure. In this section, we study the condition numbers and growth factors
of Gaussian elimination without pivoting of symmetric matrices under perturbations
that only alter their diagonal and non-zero entries.

Definition 2.10 (Zero-preserving perturbations). Let T be a matrix. We define
a zero-preserving perturbation of T of variance o2 to be the matrix T obtained
by adding independent Gaussian random variables of mean 0 and variance o to
the non-zero entries of T.

In the lemmas and theorems of this section, when we express a symmetric matrix
A as T+ D+ TT, we mean that T is lower-triangular with zeros on the diagonal and
D is a diagonal matrix. By making a zero-preserving perturbation to T, we preserve
the symmetry of the matrix. The main results of this section are that the smoothed
condition number and growth factors of symmetric matrices under zero-preserving
perturbations to T and diagonal perturbations to D have distributions similar those
proved in Sections 2.2 and 2.3 for dense matrices under dense perturbations.

23



2.5.1 Bounding the condition number

We begin by recalling that the singular values and vectors of symmetric matrices are
the eigenvalues and eigenvectors.

Lemma 2.11. Let A = T4+D+T7" be an arbitrary n-by-n symmetric matrix. Let T
be a zero-preserving perturbation of T of variance 0%, let Gp be a diagonal matrix
of Gaussian random variables of variance o2 and mean 0, and let D = D + Gp.
Then, for A=T+D+TT,

Pr (A > o] < |/ 2o
Proof.
Pr(T+D+TH7| >x] < m1§1x1G3r (T+D+TH+ Gp)7'|| = %]

The proof now follow from Lemma 2.12, taking T+ D + T as the base matrix. [

Lemma 2.12. Let A be an arbitrary n-by-n symmetric matrix, let Gp be a diagonal
matrix of Gaussian random variables of variance o2 and mean 0, and let A = A+Gp.
Then,

P [|A-1]| = o] < \/gnw/m

Proof. Let x1,...,%x, be the diagonal entries of Gp, and let
1 En_—_x nd
= i &
T i=1
Yi=X%X—9g
Then,
Pr [[(A+Gp)7'||=x]= Pr [||(A+diagys,...,un)+9D)7"|| >x]
Yi,--ey Yn,9 Y1,.-Yn,g9
< jax Pr [||(A + diag(y,...,yn) + oD 77| > x].
15---yUn
The proof now follows from Proposition 2.13 and Lemma 2.14. O
Proposition 2.13. Let x4,...,x, be independent Gaussian random variables of
variance o with means as,..., a,, respectively. Let
_ ] i xi, and
g= .y 1
i=1
Yi=X%Xi—9

Then, g is a Gaussian random variable of variance o?/n with mean (1/n) ) aj,
independent of yi,...,yn.
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Lemma 2.14. Let A be an arbitrary n-by-n symmetric rnatrix,_and let g be a
Gaussian random variable of mean 0 and variance o?/n. Let A = A + gl. Then,

Prl[[AT] 2] < \/%ns/z/m

Proof. Let A1, ..., A, be the eigenvalues of A. Then,
I(A+ g7 = min[Ac+ gl

By Lemma A.2,

riA—gl<el< \/%ﬁe/c; 50,

2
Pr [mﬁnl?\i —gl< e] < \/;n3/ze/cr
1

As in Section 2.2, we can now prove:

Theorem 2.15 (Condition number of symmetric matrices). Let A = T+D +
TT be an arbitrary n-by-n symmetric matrix satisfying ||A|| < 1. Let 0 < 1,1et T
be a zero-preserving perturbation of T of vanance 02, let Gp be a diagonal matnx
of Gaussian random variables of variance ¢? and mean 0, and let D = D + Gp.
Then, for A=T+D+T',

2 n?
Prik(A) > x] < 4\/;E (1 + +/Tog(x) /2n>

Proof. As in the proof of Theorem 2.3, we can apply the techniques used in the proof
of [6, Theorem I1.7], to show

Pr[|A-Al 2 Vad+k| <e™

The rest of the proof follows the outline of the proof of Theorem 2.3, using Lemma 2.11
instead of Theorem 2.2. O

2.5.2 Bounding entries in U
In this section, we will prove:

Theorem 2.16 (py(A) of symmetric matrices). Let A = T+ D + T' be an
arbitrary n-by-n symmetric matrix satisfying f\ <1 Leto? <1, letTbea
zero-preserving perturbation of T of variance o2, let Gp be a dlagonal matrix of
Gaussian random variables of variance o? and mean 0, and let D = D 4 Gp. Then,
for A=T+D+T',

2 TL7/2

2
Pripu(A) > 1+x] < =4/ ——
7V T xo
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Proof. We proceed as in the proof of Theorem 2.4, where we derived (2.3.2)

Wigenlly <1+ ||Ak,1;k—1Aﬁ]<_1,1:k—1”1

1Al
< T+ Vi =T A AT e |,
<1++vk-—1 |[Ak,1:k-1“2 HAT:I]c—l,1:k—1“2

Hence

Pr l:”uk,k:nlll

Al > 1 +XJ <Pr I;”Ak,lzk%”z ||A1_:11<~1,1:k~1|l7_ >

X
vk—1

2 (k—1)2
< E | Akl = , by Lemmas 2.11 and A.9,
T X0

—— [2(k—1)?
< 2, —
<V 2

X

where j is the number of non-zeros in Ay 1x-1,

2Vk(k—1)?

s X0

Applying a union bound over k,

Pr[pu(A) > x] < = D> Vk(k—1)?

TUXO
k=2

< 2 [2n7/?

— 7V xo

2.5.3 Bounding entries in L

As in Section 2.3.2, we derive a bound on the growth factor of L. As before, we
will show that it is unlikely that Ag;—” is large while A](ck]: " is small. However, our
techniques must differ from those used in Section 2.3.2, as the proof in that section
made critical use of the independence of Ay y.x~1) and Aq 1) k.

Theorem 2.17 (pr(A) of symmetric matrices). Let 02 < 1. Let A=T+D+T"'
be an arbitrary n-by-n symmetric matrix satisfying ||A|| < 1. Let T be a zero-
preserving perturbation of T of variance o2, let Gp be a diagonal matrix of Gaussian
random variables of variance 62 < 1 and mean 0, and let D = D + Gp. Then, for
A=T+D+TFT,

4
Prip (A) >x] < é'z—tlog"’/2 (e 7I/2X0‘2> :
xo
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Proof. Using Lemma 2.18, we obtain for all k
Pr[3dj > k: “—j,k‘ >x] <Pr [HL(k—H):n,k” > X}

2
< 3.2n log*/* (e\/TT/EXGZ) .

x02

Applying a union bound over the choices for k, we then have

2n3
Pri3j,k: Ll >x < 3-2n log®? (e\/ﬂ/ZXOZ).

x0?

The result now follows from the fact that ||L||_, is at most n times the largest entry
in L. O

Lemma 2.18. Under the conditions of Theorem 2.17,

3.2n?
Pr [”L(kﬂ)mk“ > x] < ——;(—;L— log3’/2 <€\/7'C/2X0'2) .
Proof. We recall that

-1
Ak—H mk Ak+1 n,Tk—1 A];k_1 Jk—1 A]:k——1 k

Lk.—H'n k —
m, 3
Ak — Ak Tx-1AT 1 11 ATk-1 &

Because of the symmetry of A, Ay 1k is the same as Ajx_1x, SO we can no longer
use the proof that worked in Section 2.3.2. Instead we will bound the tails of the
numerator and denominator separately.

Consider the numerator first. Setting v = A;]]c—L]:k—JAkk—T,k’ the numerator can

be written Ayqim,1:x (_}’T ) We will now prove

— 2
Ak-{—]:n,]:k ( ;)T) > X] S 2 (2“ (] -+ G\/—Z_Eg—(;(f_—)) -I-n)
i (2.5.1)

7 X0
It suffices to prove this for all x for which the right-hand side is less than 1, so in
particular it suffices to consider x for which

Pr
Ax+1im,1kATK=1, 1k

= > 1 (2.5.2)

14 0+/2log(xo) )
and xo > 2. We divide this probability accordingly to a parameter ¢, which we will

set so that 1=¢ = |/2log(xc). We have

—vT
P Axtin 1 >
Ak+l:n,1:k.£\1:k—l,1:k[ T ']'k< 1 ) o X}
—7
< Pr { ( ) ‘ >cx} (2.5.3)

Al:(k=-1),1:k 1 .

—vT 1] /—vT —
Pr ||| Axainn ! 5
+Ak+‘:£":k K+1: ,1.k( 1 )loo c ( 1 )H“( : > <CX} (2.5.4)
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. P .
Once v is fixed, each component of Ay1m1x ( ;’ ) is a Gaussian random vector

of variance

(1+ VM o* < (1 + [vl]) o

and mean at most “/—\Hm,nk (”;’T) ' < ”('}’T> l So,

oo ()L~ 21

implies some term in the numerator is more than 1/c — 1 standard deviations from
its mean, and we can therefore apply Lemma A.1 and a union bound to derive

2 ne _% co
sng < IR
( ) T e xm/Zlog X0)

To bound (2.5.4), we note that Lemma 2.11 and Corollary A.10 imply

1
(o

o0

Pro (AT Al > ] <4/2 05
Atk ik 1:k—1,1:k—1/V1:k—1,k = 7ty0"

(7)

and so

Pr

Ad:i(k-1),1:k [ Ati(k—1),1:k

2 n?
= \/;(cx—~ No
< \/g?_nz(] —|—G\/210g(xc))) by (25.2).

X0

l > cx] < Pr (AT A > ex— 1]

So,

(25.1) < \/2 n N %1 + oy/2log(xo))
77 Vo \ xoy/21og(x0) Wy

< \/z (2112(1 + 04/2log(x0o)) +n)
—_ 7_( b

X0

by the assumption xo > 2, which proves (2.5.1).
As for the denominator, we note that Ay i is a independent of all the other terms,
and hence

21

Pr [|Arx — Ak 1a1AT 1 1t At ] < 1/x] < pppt

by Lemma A.2.
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Applying Corollary A.8 with

12 _4no /2
oc—-\/;(Zn +n) ‘3_\/7? Y=y/=

to combine this inequality with (2.5.1), we derive the bound

(an +n+ ((2 + 4\/50/3> n?+ n) log®/? (\/7T—/ixol))
< 2 (3+4v20/3) (1og (V/iT2x?) 1)

X072
< o2 log (e\/ﬂ/ZXO' ),

TIX 02

as o < 1.
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Chapter 3

Smoothed Analysis of (Gaussian
Elimination with Partial Pivoting

3.1 Introduction

In this chapter, we consider the growth factor of Gaussian elimination with partial
pivoting. With partial pivoting, the entries in L are necessarily bounded by 1 in
absolute value, so the growth is confined to U. Thus

A =PLU

where P is a permutation matrix and |L;;| < 1. We will usually assume that A has
been put into partial pivoting order, so that P = 1. Recall that U is given by the
equation

uk,: - Ak,: - Ak,]:k——1A]_;]1<_1,];k~1A1:k—l,:

and the growth factor py by

U,
oy = —nijlcl%\ﬂfdl <1+ HAk,1:k.4ATn1<_1,1:k—1H1

The remaining sections are organized as follows: in Sections 3.2 and 3.3, we estab-
lish a recursive formula for Ay 14-1A74_; 147~ In Section 3.4 we give an outline of the
probabilistic argument that will follow. This is followed by Section 3.5, which proves
some technical results about Gaussian vectors and matrices. Sections 3.6 and 3.7
bound the tail distribution of two factors that appear in the recursive formula de-
rived in Section 3.3, and the final Section 3.8 puts everything together to prove the
main theorem, which we state below.

Theorem 3.1. If A € R™¥ is a random matrix distributed as 9 (A, 0’Ly® L)
with ||A]| <1, and py(A) is the growth factor during Gaussian elimination with
partial pivoting, then

12logk
renun > 1 (o (M) )

7’,— logk

X (o
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In the theorems and lemmas below, we will assume that all matrices are of full
rank (in the probabilistic setting, this is true with probability 1).

3.2 Some algebraic results

First, we define some convenient notation.

Definition 3.2. Given a matrix A € R™", an index k and a submatrix X =
Akl ka2, litlo define ]
X = X = Ao, 1A T 1A 100 1

and
<X> = <X>min(k1,l1)-1

Intuitively, (X), is what remains of X after k steps of elimination have been carried
out.

Lemma 3.3 (Block-structured inverse). Consider an n x k real matrix with the
block structure

A; C
MR
X1 Xz

where A, A; and A, are square matrices. Then

XAT = [X; X [’M Cr

R Ay

= | (%= 02 A TR) AT 5 (X) (A2) ]
Proof. Multiplying the RHS by A gives for the first component

X1 — (X2) (A2) TR+ (X2) (A2) TR =X
and for the second

X1ATTC — (X2) (A2) T RATTIC + (Xo) (A2) T Ay = X1 ATTC + (X2) (A) T (AL)
=X,

O

Notice that XA~ gives the coefficients when rows of X are expressed in a basis
of the rows of A. According to the lemma, the coefficients of [R Az] are given

by (X2) (A2)~". Hence 1
X—(X2) (Az2)7 [R A4

is the part of X that is spanned by [A1 C}. Let us write this matrix as
X—(X2) (A2) 7[R A =Y[A; C]
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Then if S is any subset of columns of this matrix containing at least [A;| linearly
independent columns, the coefficients Y of [A1 C] will be given by

(Xs— (X2 (A7 R Az]g) ([Ar €] g)"”

where M denotes any right-inverse of M, i.e., MM = 1.
We restate this as a corollary to Lemma 3.3.

Corollary 3.4. With the same notation as in Lemma 3.3,
(%1 = 02) (A2} TR) AT = (Xs = (Xa) (A2 [R Adlg) ([Ar €])"

o 0% 5 (e ay”

for any subset S of the columns of A such that [A1 C} s is right-invertible.

Corollary 3.5. Consider an n x m real matrix with the block structure

A; C Y
R A2 Y,
X1 X Z
where A and A are square with dimensions k; and k; respectively, with k;+k, = k.
Let
_ Al C . . Y]
A= {R Az] X=[X; Xg] Y= {Yj
Then
-1
(L) = (L), — X2}y, (A2, (Y2)y,
Proof.

(Z),=Z—XATY
=2 (X1 = %) (A7 R) ATV + () (A2) Yo
= (Z=XA7TY) = (X2) (A2) 7T (Y2— RATTYy)
= (Z)y, — (X2) (A2) 7" (Y2)
(]

Remark: Corollary 3.5 is the trivial fact that eliminating k; rows, then the next k, rows
is the same as eliminating k = k1 + k, rows.

Definition 3.6. For any matrix A € R™™, m < n, define the (right) pseudo-
inverse AT € R™™ to be the matrix satisfying the conditions

AAT =1 and A'A is an orthogonal projection.
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Given the singular value decomposition
A=UzV'
with U € O(m, m), V€ O(n, m) and £ an m x m diagonal matrix, A' is given by
Al =veu’

The pseudo-inverse is undefined if A does not have rank m.
If m > n, we similarly define a left pseudo-inverse.

Lemma 3.7. For matrices X € R*™ Y € R™™, Z € R™™, such that m >n > 1,
Xy — (XZT)(YZT)(T)

That is, X multiplied by any right-inverse of Y is equal to XZ! multiplied by some
right-inverse of YZ and wvice versa.

Proof. Since m > n, we have ZZ = 1. Hence
Xy =X (ztz) vy = (XZ1) (zv™M)

Also (YZ') (ZY™) = I which shows that ZY™ is a right-inverse of YZ.
Conversely, since
Y (Z(vzh™) =1

we may write (XZ1)(YZ)™ = X (ZH(YZ)™) as XY™, O

3.3 Recursive bound

Now we will apply the results of the previous section to derive a recurrence relation.

Lemma 3.8. Let A € Rk, and
1<ki<ka<k
be two indices such that k,; < 2ky. Let S be a subset of (ki, k] such that
ko —k <IS] <Xk

Define
A= Ak 1,k K
Xi = A, (ki M
B =Apgms
C=Ap xS
L= A(—b],k,},(o,kﬂA(O,k.],s
Then

[— AN 1) ==X (A7 1] [“((B>k, ZN((C), 2" I}
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Proof. By Lemma 3.3 and Corollaries 3.4 and 3.5,
A AD T = [ () (A7 1] (B, (O 5 — (X2 (A0 7]

and by Lemma 3.7,

= |[- 06 (AT 1 (Bh, Z) (0, ) 5 =) (A0)7]
O
The'reason for choosing the matrix Z is that
(B, Z' =BZ" — A, my 01 ZZ"

and ZZ' is a projection matrix. This will prove useful in bounding the norm of (B) Z*

(resp. ({C) ZT)T) even though the norm of (B) (resp. (C)) is hard to bound directly.
Now we extend the idea of the preceding lemma to a whole sequence of indices k;.

Theorem 3.9. Let A € R™¥ and
O=ko<ki<ky<...<ks<k<n

be a sequence of indices with the property

kivi <Z2kifor 1 <i<r.
Let S; be a subset of (k;, k] such that

ki —ki < IS <kifor T <i<r

and k; < |Sy|. Define

A= A K, (ki K

Xi = Afign), (k.4

Bi = Apa,ymls:

Ci = Apa kil s

L= Aa)],ki],(o,ki]/\(o,ki],si
We define Z; only for i > 1. Then

1

0" =106 A0 1 TT [~ 2 (€0 2)" 5 1] %

i=r—1]
x [~BoCl 1]
Note that the index 1 in the product counts down.

Proof. Similar to Lemma 3.8 (except we do not apply Lemma 3.7 to rewrite BoCéﬂ),
we have

[—XoAS" 1] = [ (X)) (A~ 1) [=BoCh 1]

The rest is immediate from Lemma 3.8 and induction. |
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3.4 Outline of Argument

The idea now is to choose a suitable sequence of ki’s in Theorem 3.9 and bound the
tails of each factor individually. In particular, we will want to limit r to O (logk).

In the next section, we will prove some probabilistic results about Gaussian
matrices and vectors, and use these to estimate the tail distributions of (B;) Zi
and ((C;) ZD'.

Once we have a handle on these two, it is a matter of nailing down appropriate
values for the k; and pulling everything together via a union bound over the r factors
in Theorem 3.9. The very first factor in it will be bounded by ensuring that k —k, =
O (log k), so that in the worst case, it is still only polynomial in k.

3.5 Some probabilistic results

3.5.1 The smallest singular value of a scaled Gaussian matrix

We will need to investigate the smallest singular value of a Gaussian random matrix
that has been multiplied by a constant matrix. (For example, Z; has this form.)

Theorem 3.10. If ¥ € R™™ is a matrix with singular values
01 <025 ---< 0n

and X € R™ is a random matrix distributed as 91 (X, I, ® L), then

T (k/?_)( —k+1)/2 n~k+1 1
Bl > < o ey 1 e

k/z)(n k+1)/2 1 n—k-+1
m—k+NrGn- k—i—])(xcﬁ)

Proof. First, we will estimate
P [[uT(zx0] >

for a unit k-vector u. Notice that rotating u, i.e., replacing u by Hu where H is a
square orthogonal matrix, is equivalent to replacing X by XH, since

(HW)"(ZX) = u™MHT(ZX)F = uT(ZXH)}

Since this only changes the mean of X, and our bounds will be independent of this
mean, we will assume u = e;. In this case, we want the probability that the norm of
the first row of (IX)! is greater than x. The first row of (XX)' is the vector that is
the relative orthogonal complement of the column span of XX. 7y in the column span
of ZX, and has inner product 1 with the first column of XX. Hence we are looking
for a bound on the probability that the component of the first column of £X in the
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orthogonal complement of the span of the remaining columns has norm less than 1/x.
Let V € R™™**1 bhe an orthonormal basis for this vector space. Then we need to
bound

Pr[[[VTEX, || < 1/x]

If &1, 52, ..., Gnksr are the singular values of VTL, then this probability is the same
as the probability that the component of X. ; in the row span of V'L is contained in an
ellipsoid with semi-axes 1/x&;, and hence is bounded by the volume of the ellipsoid,
times the maximal density of the Gaussian, (27t)~%+1/2, Thus

2 HN/2TT( /%63 1
(m—k+DIEn—k+1)) (2m) kD72
22T (] /x )

S (n=k+DFEm—k+1))
2-n=k=N/2T7(1 /x07)
T (m—k+DrEm—x+1)

Pr [[lul(zX)![| > ] <

since 0; > 0;. Now let u be a random unit vector, and v be the right singular vector
corresponding to the smallest singular value of X (which is the same as the left
singular vector corresponding to the largest singular value of (£X)!). Since

[uT (21 = [(EX)F]| 1w, )l
we have
Pr [[[u(2X)"]| > x/VK] = By [[[(2)1]| > x] - Bx [itw, v}l > 1/vK]
or
2—(n—k-1)/2

m—k+NriEGn—k+1)
1

Pryu [|<u, W >1 /ﬁ]

7(k/2)(n—k+1)/2 1
T (n—k+NrGn—-k+1) ch&

vk
[[=x

Pr[[[(2X)1]] > ] < o

i

X

i

3.5.2 The moments of a Gaussian matrix

Theorem 3.11. If X € R™™ is a random matrix distributed as 91 (X, 0°I, ® I,),
with ||X|| <1 and o < 1/2, then

Bx [IXI¥] < 251(/2)(1 + ovm)
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Proof. First, note that
X <1+ 0ol|G]

where G ~ (0, I,, ® I,). Hence
K * k
B [IXI] < | 01+ ot dupen
0

integrating by parts,

o]

=1 -I—kcj (1 + ot)*! Pr(|G|| > ] dt
0

applying the result of Theorem II1.11 from [6] to bound the tail of ||G||, we have for
any ¢ > 0,

cv/n 00
<1 +kGJ 1+ ot) " dt +k“J (14 ot) e z(-2VM* g4
0 cv/n
=1 +C0'\/T_L)k+k0'J (14 covn +ot)le /2 dt
(e=2)yn

setting ¢ =2+ 1/0v/n,

< (24 20vM)* +ko(2 + 20y/m)* J (ot)Te~¥/2 dt
1/

+ oym) (241 + oy/m) + ko2 - * 12K (K/2))
M(k/2)(1 + ov/n)*

<(
<2

3.5.3 Partial pivoting polytope

Definition 3.12. Given a matrix A € R™¥, let B denote the result of ordering the
rows of A in the partial pivoting order. Define the partial pivoting polytope of A
to be the set of all points (row vectors) x € R* such that

-1 -1 .
ixi - x1:i——1B1¢i_1,1;1_1B1zi—1,i| < lBi.,i - Bi,hi#lB];iq’];i_]I for 1 <i<k

We will denote this polytope by the notation PP (A). Note that B;. € PP (A) for
all i > k, and that PP (A) = PP (B) = PP (Byx,.).

Observe that PP (A) is symmetric about the origin. Define v(A) to be the
largest r such that the ball B(0,7) € PP (A). This can also be computed as the
minimum distance r from the origin to one of the defining hyperplanes of the poly-
tope, and is half the minimum width of the polytope.
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Theorem 3.13. Let A € R™** be a random matrix distributed as 9 (A, 0’1, ® Iy).

Then - o
Prir(A) <] < (n) (\/Zi) < ( EE)
A k o To

Proof. Letting S be the subset of rows that are chosen by partial pivoting, we have
Prir(A)<tl= > Prlr(As)<tandVi¢$, A;; € PP(As)]
se()
< > Pr[vigs, Ay € PP(As)|r(As) <7]

se(¥)

and since A;. is a Gaussian k-vector, and A;. € PP (As.) implies that the compo-
nent of A;, along the normal to that defining hyperplane of PP (As.) which is at
distance r(As_.) from the origin must be smaller in absolute value than r(As.) <,

<> ()

se(¥)

M2

3.5.4 Conditional Gaussian distribution

Lemma 3.14. If X, is a random variable with a density function of the form
p(x)e 20’
with p(x) a symmetric function of x, then for any 0 < r < R,

Pr [X. € [-7,7]|X, € [-R,R]] < Pr [Xo € [-7,7]|Xo € [-R, R]]

Proof. The logarithmic derivative (wrt p) of the conditional probability over X, is

T 1 5
9 x)(x — n)e~z 1" dx
— InPr [XLL € [—r, T”Xu e [—R, R}] — f_r p(,. )( IJ)] 2
ot Xy J‘_r p(x)e‘i("““) dx
SR ep(x)(x — e s0W ax
R plx)e 3t dx
= Bx, [Xu[Xy € [=7,7]]
— Bx, [Xillxu € [-R, R]]
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Now, the logarithmic derivative of the first term on the RHS with respect to r is

re~ 11 ez om3(—p)? | e—g(—r—w)?

f:rxp(x)e"%("””)z dx [T p(x)e” 702 gy

Its sign is hence the same as that of
T

Ex, [Xu|Xy € [=7,7]]

—1

Clearly, —r < B [XH|XLL € [—T,r]] < 1, and the expectation will have the same sign
as | (this follows from the symmetry of p). Hence if u > 0, E [X,L|XH € [-r,7]] is an
increasing function of r, which implies that

Pr [X, € [-7,7][X € [-R, R]]

u

is a decreasing function of u, and if u < 0, the reverse holds. Thus the conditional
probability will be maximized at p = 0. O

Corollary 3.15. If X, is a normal random n-vector distributed as 91 (p, I,), and 0 <
T <R, then

Pr [IXull < | 1%l < R] < Br [IXall < 7| %ol < R] < ()" et

Proof.

2
IB(OT) e";_”x‘l-'-” dx

1;1” [”XHH < TI ”XH“ < R] = , _luxw ”Z
" fB(o,R) e 2 dx

converting to polar coordinates,

S ST XM Te T2 dx qu

e SRR XM e dx

by Lemma 3.14,

LR et a

T IXl“_] e~ dx




Theorem 3.16. Let S be a closed, convex subset of R™. Let V be a k-dimensional
subspace of R™, and assume that the k-dimensional ball of radius R centered at the
origin By(0, R) is contained in SNV. Let 7ty denote the orthogonal projection map
onto V. Then

Pr

T [Imev(z)]| < €|z € §]

=7 ]7\) k(AR (? A) )ke%((m‘“—”e)z—eﬂe%
< g e

for all A such that 2e/(R+¢€) <A< 1.
Proof.

hys 2
J.ZES:ﬂv(Z)GBv(O,e)e zllz=H dz

(S L™

Pr[|myv(z)]| < elz €] =

in the denominator, substitute z = T(z’), where T acts as the identity on V and the
contraction 1— A on V4, giving

—Miz—u?
1 Jesmymenyi00 € 2 dz
(=A™ e e—2lIT@-nl? 4
z

let z = x +y, where x = 7ty(z), and similarly p = py + pye,

I 12— y— 2
1 fx+yes,xesv(o,e)e Hlxpv i g3 [y [ gx dy

(] _ A)n—kf

x+(1-A)ye

et | 0-Ru-in [ gy gy

the ratio of the two y-integrals can be bounded by the maximum of the ratio of the
integrands, giving

i
<
===

1 2
=7 lx—nvil
fxvc-}»yes,xeBy(O,e) €2 dx e_Ay'(“_A/Z)U_“vl)

e—%llx-*uv ”2 dx

X max

y
f xx+(1-A)yes

Let S(y) denote the cross-section of S at y, i.e., the set of x such that x+y € S. By
convexity,

(1 =2)S(y) +ABv(0,R) C S((1—A)y)
Hence as long as S(y) N By(0, €) # @, we must have

Bv(0,AR— (1 =A)e) € S((1—=A)y)
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Thus applying Corollary 3.15 to the x-integrals, we obtain

‘] k . ,
P TviZ z S 5| (AR—=(1-A)e)*—¢

(1 =) T
« max e W ((1-2A/2)y—py, 1)
y
k e
< (] ;) k ()\R (? }\) ) e%((AR—(]—}\)e)Z_ez)eiﬁ\/}T{L
— . n— _ — c
g

If we choose A satisfying

1
A< — AL
n
7‘5—‘*]“‘—2 A> 2e
[ R+2e

A
Al =

(assuming, of course, that € is small enough that it is possible to satisfy these in-
equalities simultaneously), then we get

] € € 2e
< (1=1/n)T<4 = T AR
a7V R 0e S AR-ARZ ~ AR
2
e%((AR—U—?\)e)z—ez) < ez eAq?ZV‘L“U < e2

Hence for k > 4,

Corollary 3.17. For A = min(1/n,1/R, 1/ [Jiye||*) and € < AR/2(1 —2),

4e\*
P < Sl < ( —
=Motn) limv(z)]l < efz € 5] < (7\R>

3.6 Bound on ||(B) Zi|

We will first bound the tail distribution of BZ'.

Lemma 3.18. Let A a random matrix distributed as 9 (A, 0%l ® Ii), permuted
into partial pivoting order. Let 0 < ky < k, and S C (ky, k], with s = |S|. Define

B = A s A1 =Apxlok and Z =A7" A1

Then

X0

Pr (B2 > = (2L ovm) "
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Proof. Since HBZTH < IBIf|Z*],

Pr[||BZ|| > x] <Pr[|IB||||Z1]| > x]

Conditioned on Ao n) 0k, ||B|l and HZ‘LH are independent, and we may apply Theo-
rem 3.10 to obtain

Pr [||B]| || Z]| > x|A (om0 IIBIl]

7(3/2)(k1 —s+1)/2 <HA1 ” “B”>k1 ~s+1
T (ki—s+ DI (3(ky—s+1) X0

and so

7(8/2)“(‘ —s+1)/2
k—s+ M Q(ki—s+1)
B (I BIF ™ Ao, o]

(xo)ki—s+1

Pr [HBZJ’” > X|A(O,n],(0,k1]] <

X

applying Theorem 3.11 twice,
7(8/2)“" —s+1)/2 1
BZ' <
Pr{[BZ] > x] = & s+ DN (ki — s + 1)) (xo)k—+ -
x (2974 (L(ky — s + 1)) (1 + oy/m)k =)

ky—s+1
<7 (ki —s+1)) (Zﬁ‘/g“ i G\/ﬂ)z)

X0

< <]4ﬁ\/m(1 + Gﬁ)l) ki —s+1
- X0

IN

(mkm + a\/ﬁ)2>“‘“5+‘

X0
o

Lemma 3.19. Let A, B and Z be as in Lemma 3.8, but with A a random matrix
distributed as 91 (A, 0%I, ® Ix) with o < 1, permuted into partial pivoting order.
Then

30n(1 + c\/ﬂ)2> Ky —s+1

Pr[||(B). 2] > x] < ( e

Proof. Since (B),, =B — Ak, nj,(01Z, hence
(B)y, Z! = BZ' — A m, 011 ZZ"
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The norm of the second term is bounded by [|A], because ZZ! is a projection. Hence
for any ¢ € [0, 1], we have

Pr[|[(B)y, Z'|| > x] < Pr[|BZ1|| > ox] +Pr|A]l > (1 - c)x

Now _
1Al < [[Al[+oliGl <1+ 0|6

where G ~91(0,1,, ® It), and so

A > (0 —c)x = |G| > (i:%)l:l

and

2
PrilAll > (1—c)x] < exp (—% (_(:_C&).x_f_]_ *2\/ﬁ> )

Choose ¢ so that

2 ky—s+1
exp (__% ((1 —(2)(—1 —NR) ) < (mkm +o\/ﬁ)2>

CXo

1.€.,

1 cxXo :

This will be true if, say,
1 1+40vninx
X
Suppose x is large enough that ¢ > 2/3. Then we have

2\ ki—s+1
Pr[[|(B),, 2! > ] < (3Ok1(1;6\/ﬁ) )

The statement of the lemma is vacuous unless

2
o> 300(1 +ovm)

which gives

and so
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3.7 Bound on ||((C) ZhHi|

Lemma 3.20. Let_ A, C and Z be as in Lemma 3.8, but with A a random matrix
distributed as 91 (A, oI, ® Ii), permuted into partial pivoting order. Then

63t/ 4 o \/ﬁ)"' 3 min(ky —s+1,5—(kp—k1 )+1)
x03 )

P [|(C), 21| > < 10 (
where 1 4+ o = s/(k; — k).

Proof. We will first bound the probability that ||({C) Zht|| is large, where u is a
fixed unit vector. Rotating u by an orthogonal matrix H is equivalent to rotating C
and Ak, x,].(0k] by HT, since

((C) ZNTHu = (HT(C) ZH'u = (HTC — HTA (i, 11.0x02) 2N T

SO we may assume as usual that u = ej.
The first column of ((C) Z")' has length equal to the reciprocal of the component
of the first row of (C) ZT orthogonal to the span of the remaining rows. Now

<C> =C— A(kl ,kzl,(O,kx]Z

We will use a union bound over the possible choices for Ay, 1,} 0k, from the n — k;
rows that remain after the first k; rounds of partial pivoting. For each fixed choice
of the subset of k; — k; rows, the distribution of these rows is Gaussian conditioned
on being contained in PP (A(g,1,(0x,7)- Hence, for any choice of R and M, we have

Pr [||((C) ZNu|| > x] < Pr [r(Ax10k1) < R] +Pr [1+||CZf|| > M]

+ (;‘2—_‘]:) Pr [[[((C) ZN'u| > x|r(Aox050) = R, 1+ [|CZF|| < M]

The first term on the RHS is bounded by Theorem 3.13,

n—k;
2nR
< s
Pr [T(A(o,kl],(o,kd) < R] = ( T o )

the second by Lemma 3.18,

10k (1 + 2y ki—sH 20m(1 + 2\ ki—s+1
Pr1+|czt|| >M] < ( (1M*§f)\gﬁ) ) < ( n Mfﬁ) )

(where we assume M > 2) and the third by Corollary 3.17,

—k
(n ) Pr [[|((C) ZNul| > x|r(Apouiok1) 2 R, T+ [|CZH| < M]

k2 — kq
- kz — k] XAR
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where
A (1 o o2
=min| —, =, —
k;' R’ M2

and 1+ HCZTH upper bounds the ||u|| that appears in Corollary 3.17. For the choice
of parameters that we will make, it will turn out that A = 0*/M?2. Assume this for
now and set s = (1 + o)(kz — k1), so that

—k
(;‘2 3 k11> Pr[[[((C) 21 > x|r(Amiow) = R, 1+]|CZH] < M]

4Mzn]/(x S—(kz—k] )+1
< [ —
- ( x0%R )

Now choose R and M such that

2nR _ 20n(1+oym)?  4M2nl/e

m o Mo ~ x02R
1/4
o [2nR f20n(1 + oyn)?\ P aME/E T (5.9 )n<3+1/“)/4(1 + o)
- o Mo x02R o x1/4g5/4
This gives
100 1 1/a_yia
Mz—é—(n ox)'*(1 + oy/n) > oy/n
2 3/4(1—1/w) 3/4
_M_>5n (14 oyn)x -
oR ~ 4g1/4 -
for n'"V*gx > 1, which is true whenever the bound in the statement of the lemma

is non-trivial. So with this choice of R and M, in fact A = ?/M?.
Hence

64n3+1 /oc(‘] + ()'\/ﬁ)4> %min(kq —s+1,s—(ko—kj )+1)

Pr [[|((C) Zhhu > ] <3 ( s

since n—ky > k—k; > s > s—(ka—Xk;)+ 1. By a now familiar argument (see proof
of Theorem 3.10, for example), this leads to

6n35H/x(] 1 g \/T‘{)4> ¥+ min(ky —s+1,5—(ka—kq )+1)

Pr [||((C) ZNT|| > x] gm( —5
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3.8 Choosing parameters

In Theorem 3.9, we will choose

k; = 2k/3
2
kK —Kiy1 = g(k_ki)
k, =logk

si=k—ki = Sy = (ki Kkl
This corresponds to having & = 2 in Lemma 3.20. The number of factors T will be

log(k/3logk)

<
log(3/2) = 2logk

So for T <i<r—1, we have by Lemma 3.19 and 3.20,

Pr Hl(Bi)ki zi

. xl] - (SOn(l + o\/ﬁ)z)z“i“““ < (3011(1 + a\/ﬁ)2>"/3

X110 X10

Pr [[(Cy, 2!

k=kip1 41 k~kit+1
>x2] <10 (M) < (10n(1+0\/ﬁ))

174 = 1/4
X, ta5/4 xy *65/4

for k large enough. Since k — ki1 < 2k/9, we pick x; and x, such that

2/3
(30n(1 + cﬁ)z) _ (10n(1 + G\/ﬁ))

1/4
X10 Xz/ g5/4

B (30 L 10'm3(1 + G\/H)G)W _ (1 4 oym)¥7

X1%20° (x1x2)1/706/7

and obtain

Pr [“ ((Bidy, Z0) ((Cidy, ZDT” > X} <2 <7n5/7>(¢]1;gz/\7/ﬁ) 6/7) k)

which implies

Pr [1 + “((BO,<i ZD) ((Ci)y, ZDT“ S Xi} < (1()“5/7“ + 0'\/7_1)6/7) Kk

17
xi/ o6/7
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for x; > 2. Choose the x; so that

k—k1 k—k:
10n%7(1 4 0/m)/7 _(10n7(1 £ oym)oT
= X'|2/7O_6/7

-
x1/706/7

Il

V7 677
XT—]G/

—Kye
_ <1On5/7(1 + aﬁﬁ”)k ]

10n57(1 + oym)&7\ "V X e
= ( 0—6/7 ) X

V7 k——]?[
2 2
10n5/7(1 4 oy/m)e/7\ 38 ¥ 5 logk
< )

o®/7

>x}

2 2
5/7 6/7\ 3log" k
< 10n°/7(1 + oy/n) gk

Thus,
Pr [

We also have, from [6] and Theorem 3.10,

2
Pr [||Bo|| > x] < exp (~% (X_1 —2ﬁ> )

1

[T [-(@o Z) (2" 5 1]

i=r—1

o

k/6 2\ K/3
Pr [HCL“ > "] = (21?/3) (k/3)7f‘((kk//36))(xcr)k/3 = (l%)

and since A has only log k rows, we can use the worst-case growth of partial pivoting
to obtain

|06y (A0 7| < k10g

Putting everything together, we get

Theorem 3.21. If A € R™ is a random matrix distributed as 9 (A, 0’1, ® Iy)
with ||A|| < 1, and py(A) is the growth factor during Gaussian elimination with
partial pivoting, then

12log k
Pr lpu(A) >x] < (3—( (O (n—“%@» )
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Chapter 4

Conclusions and open problems

The most important contribution of this thesis is to establish a theoretical bound on
the growth in Gaussian elimination with partial pivoting that is better than 2™'.
The bound that we have managed to prove is, however, still much larger than the
experimentally observed growth factors. In this chapter, we attempt to clarify the
limitations of the method used.

4.1 Limitations of the proof

The argument presented in Chapter 3 is remarkable in that very little use is made of
the improvement from partial pivoting that one expects and indeed, observes experi-
mentally. Most of the proof is in fact devoted to showing that rearranging the rows
does not significantly worsen the situation, as compared to not pivoting. We have
used a union bound in Lemma 3.20 to prove this, and this is the technical reason why
we require a logarithmic number of “stages” in the proof, and ultimately the reason
why our bound is of order (n/g)OUeg™,

This technique thus does not take advantage of the fact that partial pivoting
appears to significantly mitigate the effects of a large pivot. That is, if Ao (0, has
a small singular value, typically the next step chooses a row that removes this small
singular value, so that Ao x+1),(0,k+1 is much better conditioned. So the strength of
our method of argument, that it manages to get by only “touching” the algorithm at
a logarithmic number of places, is also its weakness, since it cannot take advantage
of the systematic improvement that partial pivoting produces.

4.2 Improvements

The most direct way of improving the bound we have proved is to reduce the number
of stages we use in Section 3.8. This in turn depends on improving the proof of
Lemma 3.20 so that we can make larger steps between stages. This will cut the
exponent in the bound for the growth factor, but ultimately cannot reduce it to a
constant.
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To get a polynomial bound on the growth factor it appears necessary to understand
better the effect of partial pivoting on the distribution of the remaining rows after
each step of elimination. This would appear to be the most fruitful area for future
research.
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Appendix A

Technical Results

A.1 GGaussian random variables

We recall that the probability density function of a d-dimensional Gaussian random
vector with covariance matrix 0%I4 and mean {i is given by

] - ist(x,)?
nlw, 0*La)(x) = 7 arazre 77 distbon)

Lemma A.1. Let x be a standard normal variable. Then,

1 e z¥
Prix >kl < N
for all k > 1.
Proof. We have
Prix>K=— Jw et dx
V2 Jx
putting t = 3x?,
1 [® et
< —\5_7—1 Lkz w dt
1 e 2¥
= N

O

Lemma A.2. Let x be a d-dimensional Gaussian random vector of variance o2 and
let H be a hyperplane. Then,

Prdist (x, H) < €] < /2/me/o.

o1




Lemma A.3. Let g1,..., gn be Gaussian random variables of mean 0 and variance
1. Then,

1
E [miax\gil} < /2logn + m.

Proof.

(e ¢]

E [m,aXIQiI] =J Pr [maXIQiI > t] dt
1 t=0 1
VZTogn
<|

[ee]

1dt +J nPrlg; >1t] dt

t=0 v2legn

applying Lemma A.1,

00 2 3t
Zlogn—i—J n €

— dt
V2log V
< y/2logn +

t

00 1 e

——e 2V dt
vlognjmf
1 (/ITogm)?

n
* Vlogn \/271 logn

2logn + 1
g V2mlogn

< +/2logn

O

Lemma A.4 (Expectation of reciprocal of the L1 norm of a Gaussian vec-
tor). Let a be an n-dimensional Gaussian random vector of variance o2, for n > 2.

E —— < —_—

Proof. Let a = (ai,...,a,). Without loss of generality, we assume o = 1. For
general o, we can simply scale the bound by the factor 1/0. It is also clear that the
expectation of 1/ ||a||, is maximized if the mean of a is zero, so we will make this
assumption.

Recall that the Laplace transform of a positive random variable X is defined by

LX) = Bx [e7]

and the expectation of the reciprocal of a random variable is simply the integral of
its Laplace transform.
Let X be the absolute value of a standard normal random variable. The Laplace
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transform of X is given by
2 o

LiXi(t) = —&J e e 7 dx
0

2 1e [T 1
= —ez e 2 dx
7t 0
2 120 1.2
= \/;eft e 7% dx
t

12 t
= ezt erfc{ — ).
(ﬁ)

We now set a constant ¢ = 2.4 and set « to satisfy

1 ((;/n — 7 (/M grfc (——”C/n) .

V2

As ez? erfc (%) is convex, we have the upper bound

t t
er¥ erfc (-\—/—2) < -, for 0 <t < +/c/m

For t > +/c/m, we apply the upper bound
e%tz erfc _;t_ < _2_1
V2 Tt

ro (e%tz erfc(t/\/z))n dt

0

<[ w [ (YE) «

(n—1)/2
< _._O_C_..+\/ZL2£_)______.
“—n+1 T n-—1

forn > 2. O

We now have

dn

Il

A.2 Random point on sphere

Lemma A.5. Let ug,...,uq be a unit vector chosen uniformly at random in R4,

Then, for c < 1,
c
Pr [lml > \/ﬂ > Pr [lg) > V],

where g is a Gaussian random variable of variance 1 and mean 0.

53




Proof. We may obtain a random unit vector by choosing d Gaussian random variables
of variance 1 and mean 0, x1, ..., X4, and setting

Xi

VGt

u; =

We have
c [ x3 . c
A

C(d—1)x? —1
:Pr (Zd )X1 E(d )C:I
[ X5+ X5 d—c
— 1)x2
>Pr (Zd )xlzzc},sincecgl
X’Z”'_*-x'd

We now note that

is the random variable distributed according to the t-distribution with d degrees of
freedom. The lemma now follows from the fact (c.f. [15, Chapter 28, Section 2] or [2,
26.7.5]) that, for ¢ > 0,

Pr[td>\/E] 2Pr[g>\/_c‘],

and that the distributions of t4 and g are symmetric about the origin. W

A.3 Combination Lemma

Lemma A.6. Let A and B be two positive random variables. Assume
1. Pr{A > x] < f(x).
2. Pr[B > x|A] < g(x).

where g is monotonically decreasing and lim,_,, g(x) = 0. Then,

o0

Pr[AB > x| §J
0

X !
£(%) (—g'tt)at
Proof. Let na denote the probability measure associated with A. We have

Pr[AB > x] = Joo F]’Br [B > x/t|A] dpa(t)

< Eo 0 (%) aualt

o4




integrating by parts,

O

Corollary A.7 (linear-linear). Let A and B be two positive random variables.

Assume
1. Pr[A>x] < Z and
2. PrB>xA] < &

for some «, 3 > 0. Then,

PriAB > < P (1 +1In (_X—>>
X xp

Proof. As the probability of an event can be at most 1,

def

Pr{A > x] < min (%,1) = f(x), and

Pr[B > x] < min (g, 1) Lef g(x).
Applying Lemma A.6 while observing
e g'(t)=0f"for t € [0,B], and

e f(x/t)=1fort>x/x,

we obtain

Corollary A.8. Let A and B be two positive random variables. Assume
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1. PriA > x] < min (1, 8/0x0),

2. Pr[B >xA] < X

for some « > 1 and f3,v,0 > 0. Then,

2
Pr(AB > < (1 + (%@-H) In¥? (ﬂ)) .
X0 3 Y

Proof. Define f and g by

o |1 forx < &
flx) ¥ { -
+3v1n
'OC—76:-}—Q_ fOI' X > %
(X] def 1 for x S %_
9=y for x > X
xXO (e}

Applying Lemma A.6 while observing
e g/(t)=0forte [0, }"], and

o f(x/t) =1 for t > x0/«,

we obtain
X0/t o+ B ln(x()'/t) ~ L4
PI[ABZX]SJ XO‘/t t2 dt+J _Edt
Ve X0/
B v/ xo? XGZ

(substituting s = 1/In(x0/t), t = xoe™")

J Vin x+Bs v
mol/y) XO02 xoe

v J\/ In(x0?/v) (xy
B Vinx

as o > 1. O

Lemma A.9 (linear-bounded expectation). Let A, B and C be positive random
variables such that
PriA>x] <

R

o6




for some « > 0, and
VA, Pr(B > xJA] <Pr[C >x].

Then,

Pr[ABzx]g-ifE[C],

Proof. Let g(x) be the distribution function of C. By Lemma A.6, we have

MmBzﬂgr(ﬁ)Fﬂ~m%D&

0 x

=3jmu¢uth

Corollary A.10 (linear-chi). Let A a be positive random variable such that
L PrfA>x] < 2.

for some o« > 0. For every A, let b be a d-dimensional Gaussian random vector
(possibly depending upon A) of variance at most o centered at a point of norm at
most k, and let B = ||b||. Then,

xvo2d + k2

X

Pr[AB > x] <

Proof. As E [B] < /E [B?], and it is known [16, p. 277] that the expected value of

B2—the non-central x?-distribution with non-centrality parameter “5 ”2——is d+ ”l_) HZ,
the corollary follows from Lemma A.9.

Lemma A.11 (Linear to log). Let A be a positive random variable. Assume
Hmzﬁéi
A X

for some o > 1. Then,
EallogA] <logoa+1.

Proof.

o0 [ o]

B, [log Al :J Pr[logAzx]dx:J min(1, Z)dx
o A x=0 ex

X ==

log & 0
= J dx+J ae *dx =loga + 1.

=0 x=log &
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