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Abstract

In this thesis, we examine the effect of relay memory on the capacity of two types
of relay channels.

In the first part of the thesis, we present a parallel relay channel model. Un-
der this particular model, intermediate processing at the relays is distributed and
cooperative. We derive the capacity by making use of the direct relation between
capacity and estimation theory. We show that the capacity of the channel under
distributed relay processing by a Kalman filter and that of the channel under op-
timal relay processing are equal. Using a one dimensional (1D) Kalman filter, pro-
cessing at individual relays requires infinite memory, assuming that the channel is
subject to inter-symbol interference (ISI). For a channel with ISI, we show that a
two dimensional (2D) Kalman filter allows the memory for processing at individ-
ual relays to be finite.

In the second part of the thesis, we present a serial relay channel model. Un-
der this particular model, one section of the channel is coupled with the next by a
memoryless relay. Assuming the channel is subject to energy constraints and finite
end-to-end noise power, we show that the capacity tends to infinity asymptotically
in the number of relay stages. Given a finite number of relay stages, finding max-
imum mutual information subject to energy constraints alone is difficult. Thus, in
addition to energy constraints, we propose entropy constraints. We give an ex-
plicit upper bound to capacity, assuming the channel is subject to the proposed set
of constraints on the channel input as well as the relay outputs. We illustrate the
use of our upper bound numerically and contrast it versus several lower bounds.
Next, we relax the memoryless restriction, thus allow coding and decoding at the
relays. We show two trade-offs concerning the length of relay memory and the
number of relay stages.
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Chapter 1

Introduction

1.1 Purpose of the thesis

The problem of point-to-point communication over relay networks has spawned
much research and debate in the information theory community. The body of lit-

erature pursuing information theoretic study of relay networks is vast.

An information theoretic study would naturally point to the question of ca-
pacity. Finding capacity for point-to-point communication over a set of relays is
usually either trivial or hard. For the model involving a series of AWGN chan-
nels shown in Figure 1.1, with a relay coupling one AWGN channel with the next,
the question of capacity is trivial. Reference [6] showed that capacity of the over-
all AWGN channel is that of the individual channel with the highest noise power.
As demonstrated in [14, Ch. 14.7] and [47], for models involving the traditional
AWGN relay channel shown in Figure 1.2 and the parallel AWGN relay channel
shown in Figure 1.3, respectively, establishing capacity results is difficult.

There are more recent capacity approaches considering more tractable models
than [14] and [47] but not as trivial as that of [6]. Reference [46] considers point-

to-point communication where sender and receiver communicate over a network
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Figure 1.1: A serial AWGN relay channel

of fixed relay terminals. Reference [48] considers essentially the same communi-
cation model but allows relay nodes to be mobile. Reference [2] considers a high
SNR model of point-to-point communication in which sender and receiver com-
municate over several layers of relay terminals. Finally, reference [5] considers a
model where sender and receiver communicate over a single layer of relays but
employ spatial multiplexing by means of multi-antennas at sender, receiver, and
relay nodes.

Lately, there has been growing interest in using a joint source/channel ap-

proach for communication models involving relays with finite memory [9, 13, 15].

In this thesis we study a theme which has not received much attention in the
context of capacity. The theme is best described by the following questions. Can we
consider, from a capacity point of view, the effect of finite relay memory over the

different types of relay channels? In particular, when faced with limited memory at

X

Figure 1.2: The traditional AWGN relay channel
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Figure 1.3: The parallel AWGN relay channel

relays, what is the maximum rate at which information can be reliably transmitted
over the relays? Why we are concerned with such an issue, of all other issues
surrounding point-to-point communication over relay networks, will be addressed

in the following section.

1.2 Motivation for the thesis

As seen from information theory, a relay network is an idealized mathematical
abstraction. Although such an abstraction may help—by bringing the essential
mathematical structure with which issues are dealt with, it is not meant to enclose
all the issues and complexity pertinent to the design of relay networks.

Many factors may be taken into account when defining the performance of a
relay network such as implementation cost, communication protocol complexity,
end-to-end delay, power efficiency. There are complicated trade-offs involved, and,
speaking generally, it is difficult to arrive at concrete results if the problem is not
greatly simplified .

A principle that works well is to isolate the issues which we would like to un-
derstand, using mathematical models representing the essential structure of the
problem— of communication over a relay network—while eliminating unneces-
sary complexity. We will follow this principle, particularly by the following three

key steps: making observations about two basic and fairly general relay commu-
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nication models, sensing the issues we would like to understand from these obser-
vations, and investigating such issues through some simple mathematical models.

In this section, we describe two relay models for point-to-point communica-
tions, namely parallel and serial relay models. The two models are basic. Many
relay networks are comprised of parallel and serial combination of relays. The
central issue which will arise from our observations, as well as information theo-
retic models proposed in the next chapters, given our observations, is that of finite

relay memory and its effect upon capacity.

1.2.1 A Parallel Relay Model

Figure 1.4 points to a model in which relays are deployed for communication be-
tween sender and far-receiver. We could view each relay as a sensor with some
processing capability. Of many problems addressed in the sensor network litera-
ture, the problem of transporting data to a far-receiver via the n sensors has partic-
ularly received a lot of attention [10]. The following references provide some of the
ideas concerning the problem of transporting data from sensors to a far receiver.

Reference [24] considers partitioning a sensor network into disjoint and equal-
sized cells. The purpose is to eliminate redundant transmission by ensuring that
only one sensor in each cell transmits. The environment in which sensors commu-
nicate between themselves is assumed as a fading environment.

Reference [22] considers flooding a sensor network with information from a
source. One or a few sensors transmit data to a far distant receiver and the rest
operate as repeaters. Sensors, chosen as repeaters, form several levels of relays ex-
tending through the entire network. Such an approach is intended to allow reliable
transmission to far destinations that individual sensors cannot reach without rapid
consumption of their own power resources. The sensor network is assumed to be

impaired by fading.
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Figure 1.4: A parallel relay model

Reference [23] considers a model where individual sensors in the network pick
up some correlated signals, encode these signals, and individually send the en-
coded signals over a multiple access channel to a far-receiver. The multiple access
channel between sensors and the far-receiver is assumed to be a fading multiple
access channel.

Observe that the communication approach shown in Figure 1.4 causes redun-
dant streams to be sent to the far-receiver. The n intermediate receivers
—interchangeably used to denote relay —individually transmit their output streams
to the far-receiver, and thus the far-receiver receives n corrupted versions of the
original stream from the sender. Next the far-receiver centrally processes the streams
that it receives and reconstructs the original sender’s information at its best. Here-
after, we denote such processing approach as the centralized processing approach.

Our view of reach-back communication considers the parallel relay approach
shown in Figure 1.5. Assuming the n intermediate receivers have been indexed
as intermediate receiver 1 to intermediate receiver n, the point-to-point commu-

nication approach shown in Figure 1.5 works as follows. Intermediate receiver 1
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Figure 1.5: Processing which is distributed in space

processes the stream it receives from the sender and transmits an output stream to
intermediate receiver 2. Intermediate receiver 2 receives streams from both sender
and intermediate receiver 1, processes them, then forwards an output stream to
intermediate receiver 3. Similarly, the processing progresses from one to the next
intermediate receiver, until, in the final step, intermediate receiver n directs its out-
put stream to the far-receiver.

By processing, as opposed to simply relaying, each intermediate receiver per-
forms some operation on its received signals. Observe that the approach shown
in Figure 1.5 points to processing which is distributed in space. Comparing Fig-
ure 1.4 with Figure 1.5, processing which is distributed in space ensures only one
intermediate receiver—intermediate receiver n— communicates information to the
far-receiver. We hereafter denote such a processing approach as the distributed
processing approach.

The distributed processing approach brings about a number of benefits over the
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centralized processing approach. First, the approach allows processing to be local-
ized and distributed in the network of intermediate receivers, rather than central-
ized in the far-receiver. Second, the approach yields reduction in the redundancy
of data being sent to the far-receiver, preserving communication resources such as
bandwidth and power. Third, the processing approach can be tailored to work in
a frequently changing topology of sensor networks, given that the far-receiver and
the intermediate receivers form a spanning tree with the far-receiver being one of

the end nodes.

In Chapter 2, we direct our attention to comparing the distributed processing
approach to the centralized processing approach. Assuming a discrete-time chan-
nel model, we consider transmission capacity, rather than distortion, as the metric
to contrast capacity under distributed versus centralized processing. We will inves-
tigate whether or not models for point-to-point communications with distributed

processing lead to lower capacity than that when processing is centralized.

Why should we be concerned with the relation between the memory of relays
and capacity of the communication over these relays? At this point, the aspect of
memory and its utility for processing information at the relays is not apparent. In
Chapter 2, we will adopt information theoretic models to represent the structure
of point-to-point communication shown in Figure 1.4. For these models, the chan-
nels between individual intermediate receivers and the far-receiver are not sub-
ject to communication constraints; these channels are noiseless. The implication is
two-fold. On one hand, such models imply that communication with centralized
processing is optimal, since it allows the highest degree of freedom for processing
information at the far-receiver. On the other hand, by elaborating on such models,
we will find that communication with distributed processing between sender and

far-receiver entails processing with memory at intermediate receivers.
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Figure 1.6: A cascade of n AWGN channels

1.2.2 A Serial Relay Channel

Consider the discrete-time channel shown in Figure 1.6. The channel is comprised
of several sections, each with AWGN. Each section is coupled with the next by a
memoryless relay. A relay is a function mapping the output of one section to the
input of the next section. The mapping is assumed to be memoryless in the sense
that the output at time 7 only depends on the input at time 7.

The discrete time AWGN channel in Figure 1.6 arises in optical communica-
tion over a serial distribution network. In such a distribution network, a central
problem is noise accumulation. The two major components of noise are receiver
and amplifier noise. At sufficiently high signal-to-noise ratio (SNR), receiver noise,
such as that from the dark current generated by an avalanche photodiode (APD),
can be well modelled as AWGN, without the need to consider Poisson models that
are more relevant in the low-photon regime count. Amplifier noise, such as ampli-
fied spontaneous emission (ASE) from Erbium-Doped Fiber Amplifiers (EDFAs)
[7], is also well modelled as AWGN.

In order to counter noise, regeneration is performed at each relay stage. As used
in the optical communication literature, the term regeneration denotes memoryless
processing at individual relays, assuming that information is transmitted by means
of on-off keying (OOK) or antipodal signalling; these two types of binary signalling

are the most commonly used for optical transmissions. Such processing is aimed
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Figure 1.7: A cascade of two AWGN channels

at countering noise, and in effect lowering bit error rate (BER).

Concerning regeneration for optical communications, we observe the follow-
ing. First, arbitrary processing, such as coding/recoding at source/destination
and relays, would yield a better performance than that if processing at source/
destination and relays is memoryless (symbol-wise). Second, if certain elements
have already been placed in the fiber plant, what does this mean for its future per-
formance? More sophisticated coding, decoding, and modulation than currently
used will appear at the edge of fiber well before it appears in the middle. The two
observations motivate us to consider a more general regeneration than currently
addressed the optical communication literature. In other words, what if we allow
arbitrary processing—more sophisticated coding, decoding, and modulation—at
the edges of fiber, beyond that associated with OOK or antipodal signaling? The
pursuit of higher rates for optical communication purposes will probably lead to
the implementation of coding and recoding at the relays. On the road to realizing
coding and recoding at the relays, implementing coding/decoding at the edges of
fiber, while maintaining the relays to be memoryless, is in effect a natural mile-

stone.

Before coming back to our discussion of regeneration with arbitrary processing
at the source/destination, but memoryless at the relays, we present the following
background on the problem of regeneration in optical communications. The prob-

lem of regeneration has been explored for years. It was originally investigated for
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Figure 1.8: A hard-limiting function

coaxial systems [39], and is particularly relevant in optical transmission systems.
Consider the channel model shown in Figure 1.7. For this model, given that the
input is either OOK or antipodal and a hard-decision is placed at the output end
of the channel, common relay functions studied in the optical communication lit-

erature are as follows:

e Linear amplifier
X = fi(rr) =aY,

where « is some real valued constant,
e Hard-decision (the function in Figure 1.8, with 2 = b),

¢ A combination of hard-decision and linear amplifier (see Figure 1.8)

-1 forY1 <a
Xo=fih) =4 ;&1 - L fora<Y;<b
1 forY1>0b

wherea < band a,b € R,
e An arbitrary nonlinear function.

There is no single nomenclature for regeneration, but a fairly common usage is that

of R1 for linear amplification, R2 for linear amplification and hard-limiting, and R3
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for linear amplification, hard-limiting, and retiming [49, 39, 50]. R2 systems are
the common means of regeneration in optical systems [49, 32, 51, 52]. Many R3
systems have been demonstrated and proposed [53, 54, 55, 56]. Unlike R3, R1 and
R2 systems assume that timing and jitter are perfect [57], and thus do not consider
such issues.

The problem of transmitting signals through a channel subject to hard-limiter’s
noise [29, 38], of recovering original signals from noise contaminated signals [58,
30, 31, 59, 60, 44], and of transmitting various sinusoids [61] are classic problems
in communication theory. More general non-linearities have been considered for
noise [62], binary processes [42], phase modulated signals [36], noise contaminated
signals [63] and Markov processes in general [64, 65, 66]. To our knowledge, none
of these works establish the optimum memoryless relay function for regeneration
of binary signals for the channel shown in Figure 1.7. Attempts at comparing the
performances of different functions in regeneration have been limited [41]. The
term optimal relay function denotes the optimum memoryless (symbol-wise) relay
function that minimizes bit error rate (BER) for the channel shown in Figure 1.7
(assuming an antipodal or OOK input and a hard-decision at the output end of the
channel).

There is a conjecture on the problem of regeneration under OOK signalling,
popularly known as a ‘folk theorem’ in the optical communication community.
Consider the discrete time channel shown in Figure 1.7 and assume an antipodal
or OOK input and a hard-decision at the output end of the channel. Moreover, let
SNR be defined as the ratio between input and noise powers at each section of the
channel. For such a channel, the “folk theorem’ states that a hard-decision function
is the best memoryless relay at low SNR and a linear amplification is the best at
high SNR. In Chapter 3, we will present a serial relay model and use it to argue
that such is not always the case.

More recently, [1] derived the optimum memoryless relay function f;(Y;) for
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the channel in Figure 1.7, assuming an antipodal or OOK input and a hard-decision
at the output end of the channel, subject to energy constraints. Depending on the
noise at the first and second section of the channel, the optimum function gradually
varies from being a linear on one extreme, to being a hard-decision function on the
other extreme. As such, the result has some likeness to that of the ‘folk theorem’. It
is different, however, for the gradual change of the shape of the optimum function
is not dictated by SNR, but by the amount of noise power at each section of the
channel. In Chapter 3, we will describe the optimum function derived in [1] and
relate it to the main theorem of the chapter.

The issue of performing regeneration linearly or nonlinearly and that of whether
to regenerate optically or electronically have spawned much research and debate.
There are tradeoffs involved, most notably that between cost and BER. In this the-
sis, we isolate such issues and their inherent complexity. Rather, from a capac-
ity point of view, we ask the following question: given memoryless processing at
the relays but arbitrary processing at source/destination, what is the fundamental
limit of communication? In effect, we are generalizing the current problem of re-
generation with R1, R2, and R3 to that of regeneration with memoryless processing
at the relays but arbitrary processing at both ends of the channel. This is the main
thrust of Chapter 3. Our motivation stems from our view that the more general

regeneration allows for:

e the increase in the latency of optical communications by coding/decoding at

the source/destination ;

e economic feasibility at the current stage of development in optical communi-
cations, namely optical regeneration (without OEO) with memoryless relays

is economically more feasible than

— optical regeneration (without OEO) by coding/recoding at the relays;
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— electronic regeneration (with OEO) using memoryless relays;

— electronic regeneration (with OEO) by coding/recoding at the relays.

1.3 Thesis Outline

In Chapter 2, we will study the problem of point-to-point and distributed commu-
nication over parallel relays. The channel model chosen to represent the structure
of such a problem is the Single Input Multi Output (SIMO) with Additive White
Gaussian Noise (AWGN).

In Section 2.2, we will propose a one dimensional (1D) Kalman filter as means
of successively estimating the input sequence of the channel. One dimensional
recursive estimation from one relay to the next by a 1D Kalman filter yields the
same final estimate as the estimation in which the complete set of observed output
is fused and processed in a centralized fashion. We will find the expression for the
capacity of the centrally processed channel and show that it is the same as that of
the channel processed by the 1D Kalman filter.

In Section 2.3, we will extend the model of Section 2.2 to a SIMO with AWGN
and inter-symbol interference (ISI). ISI entails infinite memory for processing at
each receiver if distributed processing is done by a 1D Kalman filter. In order
to mitigate the problem of infinite processing memory, distributed processing is
performed by a two dimensional (2D) Kalman filter. With a 2D Kalman filter, es-
timation proceeds from the first relay to the next and successively to the last one
at each time step. Within the same time step, however, the last relay feeds back its
estimate to the first, allowing the estimate of the next time step to be based on the
present. The final estimate attained by the 2D Kalman filter with finite processing
memory is the same as the estimate computed by 1D Kalman filter with infinite

processing memory at the relays. Finally, we will find the expression for the ca-
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pacity of the centrally processed channel and show that it is the same as that of the
channel processed by a 2D Kalman filter.

In Chapter 3, we will study the problem of point-to-point communication over
serial relays. We will adopt a model whereby the sender and far-receiver commu-
nicate over a series of AWGN channels resulting from the coupling of one AWGN
channel with the next by a relay.

In Section 3.2, we will assume the relay functions to be memoryless. Under
this assumption, and given that end-to-end noise power is finite and the serial
relay channel is subject to energy constraints, we will show that capacity tends to
infinity with the number of relay stages in the series. The particular model and
assumptions considered in this section is aimed at demonstrating the following.
A ’folk theorem’ states that a hard-decision function is the best memoryless relay
at low SNR and linear amplification function is the best at high SNR. Using the
particular model and its assumptions, we will argue that such is not always the
case.

In section 3.3, in addition to assuming the relay function to be memoryless,
we will restrict the number of stages to be finite. We will derive an explicit upper
bound to mutual information assuming that each section of the serial relay channel
is subject to energy and entropy constraints. The energy and entropy constraints,
together, are proposed to characterize a set of operating conditions for the serial
relay channel. We will illustrate the use of our upper bound numerically. To il-
lustrate the use of our upper bound, we will contrast such an upper bound versus
several lower bounds.

In section 3.4, we will relax the memoryless restriction on the serial relay model
of Section 3.3, hence allowing relays to perform operations with memory. We will
show two tradeoffs. First, given that information is sent at a fixed rate R and given
the requirement that end-to-end error probability is bounded above by some arbi-

trary quantity, we will show that the requisite length of memory N for decoding
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purpose at each stage is monotonically decreasing in the number of relay stages
n. Second, given that information is sent at an achievable rate R, we will show
the rate at which mutual information per unit memory tends to R is higher as the

number of relay stages n grows.
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Chapter 2

On the Capacity of a Parallel Relay
Channel

In this chapter, we consider discrete-time models motivated by the discussion in

Section 1.2.1, and address the problems brought about by such models.

To compute the capacity of point-to-point communication with distributed and
intermediate processing at the relays, we will make use of the direct relation be-
tween transmission capacity and estimation theory. As we make use of such a rela-
tion, it will be apparent that achieving reliable transmission between sender and

far-receiver relates to memory at intermediate nodes.

We will also propose a particular algorithm for distributed processing at the
relays. The simplicity of such an algorithm is another merit which will be more ap-
parent as the chapter progresses. Under the models we adopt, we will investigate
whether point-to-point communication involving such an algorithm is optimal,
namely whether the resulting capacity is equal to that of point-to-point communi-

cation under centralized processing.

In general, the distributed processing problem falls in the class of problems

involving the observation of events in space-time and making estimates or pre-

25
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Figure 2.1: The CEO problem

dictions based on the phenomena observed. Often the receiver-estimator system
is distributed in the sense that data are collected at several spatially separated
sites and transmitted to a central estimator/decision maker over a communication

channel with limited capacity.

A related model, in the context of source coding, is the CEO model shown in
Figure 2.1. The CEO problem is a multi-terminal source coding problem. Its set-up
is as follows: n agents receiving independently corrupted versions of an input pro-
cess forward their corrupted observations to a central receiver—the CEO. There are
however communication constraints associated with the communication between
individual agents and the CEOQ: first, the total data rate at which the agents may
communicate to the CEO is constrained by some finite quantity; second, the agents
are not allowed to convene and collapse their corrupted observations. Under the
communication constraints above, the CEO source coding problem is a hard prob-
lem. For the particular models used in this chapter, in contrast with the CEO model
above, we assume that the links between relay nodes and far-receiver are noiseless,

namely the links are not rate constrained.
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Figure 2.2: Successive encoding for the CEO problem

Reference [13] introduced and studied the CEO problem for discrete mem-
oryless sources, contrasting distortion in the case when estimators convene for
smoothing corrupted observations with that in the case when estimators do not
convene. References [27] and [20] extends [13] to the special case of continuous
Gaussian source and observation. More recently, [15] developed successive en-
coding strategies for the CEO problem, based on a generalization of Wyner-Ziv
encoding. The successive encoding model for the CEO problem is shown in Figure
2.2. By successive encoding, estimators (or ‘agents’) are ordered and communicate-
—one to the next—over rate-constrained links, the final agent in the chain being
termed as the CEO.

2.1 Channel Model: SIMO, AWGN

To address the issue of whether distributed processing yields the capacity equal
to, or perhaps less than, that of centralized processing, we begin with the simplest
model we can think of. As will become more obvious in the next section, the in-
sights gained in this section will be of importance to the analysis of more involved
models adopted in the next section

For the point-to-point communications shown in Figure 1.4, notably communi-

cation with centralized processing, and Figure 1.5, notably communication with
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Figure 2.3: Channel under centralized processing

distributed processing, let us consider the information theoretic models shown
in Figure 2.3 and Figure 2.4, respectively. Both channel models are discrete time
AWGN channels with Single Input Multi Output (SIMO).

Such models, shown in Figure 2.3 and Figure 2.4, rely on the following two
assumptions. First, the links between sender and the intermediate receivers are
bandlimited and subject to AWGN. Second, the link between one intermediate re-
ceivers and the next, as well as the link between individual intermediate receiver

and far-receiver, are noiseless.

The first assumption allows the channel models shown in Figure 2.3 and Figure
2.4 to be viewed as discrete time and continuous alphabet channels. The second
assumption, in effect, allows the capacity problems associated with the communi-
cation models shown in Figure 2.3 and Figure 2.4 to be not as trivial as that of the
serial AWGN relay channel shown in Figure 1.1 [6], but more tractable than that of
the parallel AWGN relay channel shown in Figure 1.3 [47].
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The sender transmits a symbol X with average energy constraint E[X?] < E.
There are n intermediate receivers, and the bandlimited channel between sender
and intermediate receiver i, denoted as channel i, is corrupted by bandlimited
AWGN N; with average energy o2. Under the sampled model of the bandlimited
channel, the relation between input symbol X and the output symbol at interme-

diate receiver i, Yj, is given by
Y; =X+ N; x=1,...,n (2.1)
where
X arandom variable with zero mean and variance E;
Y; arandom variable with zero mean and variance (E + 0',-2 );

N; ~ N(0,0?) for i = 1,...,n and N; is independent of X and Nj, for j €
(,2,...,n}\i

We consider two approaches for processing the Y;’s.

Option 1 : Centralized Processing

As Figure 2.3 shows, at each time step, intermediate receiver i, i = 1,...,n, si-
multaneously relays its received signal, Y;, i = 1,...,n, to the far-receiver. Note
the optimality of this approach, in account of the unlimited freedom that the far-

receiver has, in processing the complete set of corrupted signals it receives.

Option 2 : Distributed Processing

As Figure 2.4 shows, this approach allows estimation to be done stage by stage
at each intermediate receiver. In particular, intermediate receiver 1 receives Y},
then produces U, i.e., an estimate of X from Y;, and transmits this estimate to

intermediate receiver 2. Intermediate receiver 2 then produces U, i.e., an estimate
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Figure 2.4: Channel under distributed processing.

of X from U; and Y5, and transmits the corresponding estimate to the subsequent
intermediate receiver, i.e., intermediate receiver 3. In the same fashion processing
carries on until the far-receiver receives an estimate, U, i.e., an estimate of X from

U,_; and Y,,_1, from intermediate receiver n.

2.1.1 Distributed Processing by One Dimensional (1D) Kalman
Filter

Since, at any time unit, it is possible to have a record of the measurements {Y;}* ,,
distributed processing can be rephrased as the on-line estimation of the state vari-

able of intermediate receiver n, i.e., U, = X, from the measurements {Y¥;}~_;.

One such algorithm that yields an on-line unbiased linear least square error
(LLSE) estimate of the state U, is the 1D-Kalman filter [11], [28]. The estimate is
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unbiased in the sense that

E[U, — Uy =0

where E[e] denotes expectation, and U, = X is the estimate of U, = X from
{Y;},, i.e., available measurements. The minimum error variance characteristic

simply means that the quantity
E[(Un — Un)?]

can be minimized from the requirement that the estimate be the result of a linear
operation on the available measurements [11], [28].

A particularly convenient form for the 1D-Kalman estimation algorithm can be
developed in a recursive manner [11] [28], with a state-space model defined by

state and output equations

Unpn = U 2.2)
Yisi = U1+ Nia (2.3)

Note that the output equation (2.3) follows from (2.1) and (2.2).

Let us define

Ulilk] an LLSE estimate of U;, based on observations from intermediate receiver 1

to intermediate receiver k(k < i);
K; receiver-varying Kalman gain (a scalar);

Ac[ilk] = E[(U; — U[i|k])?], i.e., the error covariance, based on observations from

intermediate receiver 1 to intermediate receiver k(k < i);

0? measurement noise variance at intermediate receiver i, i.e., E[(N;)?);
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The on-line 1D Kalman filtering algorithm is as follows.
1. Initialize the prediction and its associated error variance according to
upjo] = o 24)
Ae[1]0] = E (2.5)
and leti =1.

2. If i < n go to the next step, if i > n then transmit U, to the far-receiver and

end process.

3. Port i computes the Kalman gain matrix

1
Y1+

K; = Ac[ili — (2.6)

and generate the filtered estimate and its associated error covariance from the

corresponding prediction quantities according to

afili] = Ulili— 1] +K; (Y; — Qlili — 1)) (2.7)
Aelil]] = Aelili — 1] — KiA[ili — 1] 2.8)

4. Port i generates the next prediction and its associated error covariance from
the corresponding filtered quantities according to
Uli+1li] = Uil (2.9)
Acfi+1l]] = Alfili] (2.10)
5. Transmit U[i + 1|i] and A[i + 1|i] to intermediate receiver i + 1.
6. Increment i and go to step 2.

Moreover, let us define a new channel which is a twist from the centralized chan-

nel. Instead of having a channel with input X, and output Y, i.e., the input-output
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Figure 2.5: Reduced Channel

relation for the centralized channel, we reduce the channel to one which has input,
X, and output, X, where X is the Linear Least Square Error (LLSE) estimate of X,
that is,

X =ay, (2.11)

where a is a vector with the appropriate dimension such that E [(X — X)T(X — X)]
is minimized. Let us name the channel with input and output relation in (2.11) as
the reduced channel (see Figure 2.5).

The following theorem follows immediately.

Theorem 1 Let X be the output of the the reduced channel and Uy, be an estimate attained
by intermediate receiver n under distributed processing by 1D Kalman filter. Then

X=0,. (2.12)

Theorem 1 asserts equality on the capacities of the following two channels: the

reduced channel (see Figure 2.5) and the channel under distributed processing (see
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Figure 2.4). However, the equality we desire is equality between the capacity of the
channel under distributed processing and that of the channel under centralized
processing (see Figure 2.3). What, therefore, remains to be shown is the equality
that bridges the gap between Theorem 1 and the desired equality, i.e., the equality
between the capacity of the channel under centralized processing and that of the

reduced channel. We treat this problem in the following section.

2.1.2 Capacity of Channel under Distributed Vs. Centralized Pro-

cessing

Consider the channel under centralized processing, i.e, a channel whose input X,
noise N = {N;},, and output Y = {Y;}}, are related by (2.1), with symbol
energy constraint E[X?] < E. Moreover, let X¢ be a random variable such that
X ~N(0,E). Let B = [ 11 ---1 ]T,N= [ Ny N --- N3 ]Tand

Yo =BXg+N, (2.13)

hence Yg ~ N (0, Ag), where Ag, a covariance matrix, is such that

1402 1 -+ 1
1 1402 -+ 1
|Acl = E 2 (2.14)
1 .1
1 1 ... 1+02

Note that

det(cov(Y)) = det(E[YYT])

1402 1 -+ 1

1 14062 ... 1

= E[X¥ . 2 o
1 1 ... 1402

< A6l (2.15)
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Finally let X be an LLSE estimate of X based on Y and A, = E[(X¢ — Xg)4,
i.e., the estimation error variance.
Lemma 2
_ 1
£+ i Tifk

e

Proof. From [11] and [28]

1
[%+BTE[NNT ™ B]

Aez

and with a few simple substitutions, the lemma follows. [

Using (2.13), (2.14), (2.15), and Lemma (2), we now find the maximum mutual
information between the input X and output Y of the channel under centralized

processing.

Lemma 3
E
T q%
i ee12,. n)\i%
and the supremum is achieved by fixing X = Xg ~ N (0, E).

sup I(Y;X) = 1log 1+
X:E[X2]<E 2

Proof.
sup I(Y;X) = sup [h(Y) —h(Y|X)]
X:E[X?)<E X:E[X?<E

< h(Ye) —h(N) < h(Xc) — h(Xe — Ro|Tc)

d 1 1 1

= = log (2meE) — = log | 2me————
2 L N B

e 1 E

= 3 log | 1+ 2

Limi e (12,..n0\i%
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(a) follows from the definition;

(b) combining (2.13), (2.14), and (2.15), the entropy of Y, given the constraint on

the average energy of input symbol, is maximized by the entropy of Yg;

(c) follows from the definition and recall that (2.14) and (2.15) implies X is the
random variable that satisfies (2.15) with equality;

(d) follows from Lemma 2;

(e) follows from simplifying the right hand side of (d).
From (2.13), the input that achieves the supremum on mutual information is X¢g ~
N(0,E). O
Having found the maximum mutual information, the capacity of the channel un-

der centralized processing is as follows.

Lemma 4 Let C; be the capacity of the channel under centralized processing, then

E
o
Y he(12,. a0i%

Proof. Taking in account that the output of SIMO AWGN (centralized channel) is

a vector instead of a scalar, and making the appropriate substitution, the proof is
similar to the standard proof for Single Input Single Output (SISO) AWGN chan-
nel, [14, p.244-245]. O

We now establish an equality between the maximum mutual information of
the channel under centralized processing, i.e., X and Y, and that of the reduced

channel, i.e., X and X.

Lemma 5

sup I(X;Y)= sup I(X;X)
X:E[X2|<E X:E[X?|<E
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Proof.

AN

sup I(X;Y) = I(Xg;Yeg)
X:E[X2]<E

lIs

h(X6) — h(Rg|Yc)
h(Xc) — h(Xc — Xq|Ye)
h(Xg) — h(Xe — Xc)
h(Xg) — h(Xc — Xs|Xc)
I(Xg; Xc)

=

I~ I~

llow

sup I(X;X)
X:E[X2|<E

(a) follows from Lemma 3;
(b) follows from definition;
(c) follow since translation does not change differential entropy;

(d) follows from the fact that the error of an LLSE estimate is independent of the
observed vector when the observation and the random variable to be esti-

mated are jointly Gaussian;
(e) follows since translation does not change differential entropy;
(f) follows from definition;
(g) follows from data processing inequality, i.e., the fact that VX : E[X?] < E

I(X:X) < I(X;Y)

< sup I(X;Y).
X:E[X2]<E

O

In the following Lemma, we show an equality that is desirable, i.e., equality be-
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tween the capacity of the channel under centralized processing and that of the

reduced channel.

Lemma 6 Let C, be the capacity of the reduced channel and C. be the capacity of the

channel under centralized processing, then

E
07
T ke (1,2, n)\i%F

Cr':Cc'—_%log 1+

Proof. (=) Recall Lemma 3 and Lemma 5. Taking in account that the output of the
reduced channel is X, i.e., an LLSE estimate of {Y;}?,, and making the apropriate
changes, it is straight forward that the forward proof is similar to the forward proof

of Lemma 4.

(<) For the converse part, we modify the notations in (2.1) to account for the time
sequence {j}72; and henceforth follow the lines and notations of standard proof
given in [14, pp. 246-247].

Yij =X,~+N,-}., i=1...,nj=1,...,m
where
Y;; the output symbol of intermediate receiver i at time ;
X; the input symbol at time j;
N;, the additive noise on channel i at time j;

n the number of receiving intermediate receivers in the SIMO channel.

Let Y™ = {{¥;}L )}y, Y; = {Y;}L, X" = {Xj}[,- Moreover let N™ =
N Y M, N = {Ny}L,, and X™ be the LLSE estimate of X" = {X]-}}';l
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when Y™ is observed. Now, consider any (2”8, m) code that satisfies the power

constraint, i.e.,

1 m
=Y X?(w)<E
m =

for the message index w = 1,2,.. .,2MR  Given that we can decode the index w
from the LLSE vector estimate X” with low probability of error, we can apply

Fano’s inequality [14, p.38—40] to obtain

H(w|X™) < 1+ mRP™ = mey,, (2.16)

(m)

where €, — 0as P,/ — 0. Hence
mR £ H(w) LA I(w; X™) + H(w|X™)
A d _
I(X™; X™) + mem < I(X™;Y™) + mem)
R(Y™) — h(Y™|X™) + mem L h(Y™) — H(N™) + mem

[Io

[l

A

(’f: I (XﬁYj)) + mém 2.17)
j=1

(a) follows since w is a discrete random variable with uniform probability mass

(ﬁh(f@-)) ~h(R™) + e & (}"’:hm)) _ (ihavj)) 4 men
j=1 j=1 i=1

“N-

function;
(b) follows from definition;
(c) follows from data processing inequality and (2.16);
(d) follows from data processing inequality, i.e., I(X; Xm) < I(X; Y™);
(e) follows from definition;

(f) follows since translation does not change differential entropy;
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(g) follows from the chain rule for entropy and the fact that conditioning reduces

entropy;
(h) follows from the chain rule for entropy;

(i) follows from definition;

Here X; = X;(w), where w is drawn according to the uniform distribution on the

set of message indices, {1,2,.. .,2’”R}. Now, let E; be the average power of ith

column of the codebook, i.e.,

Continuing with the inequalities of the converse, we obtain

mR 2 [h(Y) - h(N)] +mem
j=1

m

b 1 E;j
= l; Elog 14+ " o2 + mey

Yt eaa,.. nn\i%

(a) follows from (2.17);
(b) follows from Lemma 3;

Since each of the codewords satisfies the power constraint, so does their average,

and hence
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Since f(x) = 1 In(1+ x) is a concave function of x, we can apply Jensen’s inequality

to obtain
1,01 E; 1 1 m E.
— Zlog |1 ! < zlog |14+ = !
m; 2 CH _ o2 - 2 og |1+ m = m_ o2
Yt ee 1,2, n)\i% | T Mheq1,.. nn\i%%
1 E
< =1 1
- 2 °8 |1 I_jof
i Y e g1, n0\i0F
Thus, R < %log 1+ n,,E — + mem, €m — 0, and we have the required
k=1'k

converse for the channel under distributed processing. [

Theorem 7 Let C; be the capacity of the channel under distributed processing, then

E
I
Y heq2,. n)\i%

Cdz-;—log 1+

Proof. By Theorem 1 and Lemma 6, Theorem 7 follows immediately. [

2.2 Channel Model: AWGN, SIMO, ISI

Let us refer to Figure 1.4 and Figure 1.5. What if the channels between sender and
the intermediate receivers are subject to many changes which cannot be controlled
or predicted? Such is the case when obstacles appear and disappear in the environ-
ment between sender and intermediate receivers; the phenomenon leads to echoes
(multipath).

The channel models which account for multipath effect in the point-to-point
communication, shown in Figure 1.4 and Figure 1.5, are the Single Input Multi
Output (SIMO) discrete time channels subject to AWGN and inter-symbol interfer-

ence (ISI). Such models, shown in Figure 2.6 and 2.7, rely on the same assumptions
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Figure 2.6: Channel under Centralized Processing

as those corresponding to the models in Section 2.1. One additional assumption,
however, is that the channels are subject to ISI. ISI is perhaps inadequate for charac-
terizing multipath since it only captures one ensuing aspect of multipath, namely
non-ideal frequency responses of the links between sender and intermediate re-
ceivers. Representing multipath effect with ISI, nevertheless, allows for tractability
and poses a structure that will yield insights into distributed processing of infor-

mation at the intermediate receivers.

Let us look at the Single Input Multi Output (SIMO) channel under centralized
processing, as shown in Figure 2.6, and distributed processing, as shown in Figure
2.7. A sender transmits a sequence of symbols, X = {X; }321- The output process at
each intermediate receiver is the input process which is corrupted by a bandlimited

AWGN process. Under the sampled model of the bandlimited channel, the relation
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between the input and output process at each intermediate receiver is
M;
Y,-jzgh,-ka_k—}-Nij i=1...,n j=1,...,0 (2.18)

where
Yj; be the output at intermediate receiver i and time j;

X; be the zero mean input at time j satisfying the average symbol energy con-
straint;

E[X?]<E i=1,...,0; (2.19)

{h} ,ﬁo be the finite impulse response (FIR) (with memory M;) of the ISI correspond-

ing to intermediate receiver i;

N,-]. be an additive white Gaussian noise with mean zero and average energy

E[N;?] = o® for all i, j.

Note that the same average noise energy for all §, j, i.e., E [N,-].Z] = ¢2, is not a lim-
iting assumption. In the case where E[Nijz] varies with i and j, it can always be
normalized to 02 by some appropriate scaling of the FIR filter {h,-j } ;.M:"O foralli,j.
In the same spirit as that of the previous section, we seek to find whether dis-
tributed processing shown in Figure 2.6 leads to the same capacity as that of cen-

tralized processing shown in Figure 2.7.

2.2.1 Distributed Processing by Two Dimensional (2D) Kalman
Filter

As Figure 2.7 shows, a problem with the channel under distributed processing by
1D Kalman filter, when channel is subject to IS, is as follows. For each intermedi-
ate receiver to compute distributed and bottom-up linear least square error (LLSE)

estimates of the input process {X; };-";1, the intermediate receiveri (i = 1,...,n) is
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Figure 2.7: Channel under Distributed Processing by 1D Kalman Filter
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forced to store an infinite sequence of the observed output process {Y,-j}]i'il. With
an infinite sequence of observed output process being stored at each intermediate
receiver, one dimensional receiver-by-receiver Kalman filtering is then performed
from the bottom intermediate receiver to the top one, thus attaining the final esti-
mate, i.e., {X,};’il The implications are twofold. First, infinite memory for hold-
ing an infinite sequence of the observed output process is required at individual
intermediate receivers. Second, there is an infinite delay before {X]-}]i”:l, i.e., the
estimate of {X]-}]i”:l, can finally be sent to the far-receiver.

To allow for finite processing memory and delay, we consider the case when
the channel under distributed processing performs two dimensional (2D) Kalman
filtering (see Figure 2.8) in order to compute the LLSE estimate of the input process.

By a 2D Kalman filter, the channel under distributed processing performs two
dimensional filtering operation in time and space. With some finite processing
memory, equal to max M;, i.e., the maximum memory among all the FIR filters
representing ISI, esti;nation is performed receiver-by-receiver from the bottom in-
termediate receiver to the top one, i.e., intermediate receiver 1 to intermediate re-
ceiver n, respectively. However, at each time step, intermediate receiver n feeds
back its estimate to the first intermediate receiver, allowing the estimate of the next
time step to be based on the estimate of the present time step. Note that the fi-
nite processing memory requirement for 2D Kalman filtering entails a time spread
(processing delay), of the same amount as the processing memory, in the final step
of estimating the input process at the far-receiver side.

We will show that 2D Kalman filter yields the same LLSE estimate of the in-
put process as that which is resulted from the 1D Kalman filter when an infinite
sequence of observed output process is in store at each intermediate receiver.

Let us return to the model shown in Figure 2.8. Such a model of distributed pro-
cessing under 2D Kalman filter corresponds to the point-to-point and distributed

communication shown in Figure 2.9. Processing at the intermediate nodes is not
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Transmitter Far Receiver

Figure 2.9: Distributed Processing in Time and Space

only distributed in time, but also in space.

Similar to distributed processing in space alone, distributed processing in time
and space is localized within the intermediate nodes; the far-receiver is excluded
from taking part in the intermediate processing. However, there is a difference.
Under distributed processing in time and space, intermediate receiver n feeds back
its output stream to intermediate receiver 1, at each unit of time, besides sending
the same stream to the far-receiver. We will show that this feedback allows pro-

cessing with finite memory at the intermediate receivers.

2.2.2 A Base Model for Estimation

As (2.18), i.e., the sampled model of a bandlimited channel, suggests, the base

model chosen to represent the relation between input and observed output of the
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channel corresponding to intermediate receiveri (i =1,...,n)is
M
Yi]' = E hika—k + N,']' (2.20)
k=0
where

Yi; be the output at intermediate receiver i and time j;

Xj be the input at time j such that {X;}%, forms a white wide sense stationary

(WSS) input process with zero mean and unit variance;

{hik}ﬁo be the finite impulse response (with memory M;) of the ISI corresponding to

intermediate receiver i;

M be max M;, i.e., the maximum memory among all FIR filters representing ISI,
1
or may well be interpreted as the ensuing time spread (processing delay) in

the estimation of input process;

N;; be a bandlimited AWGN such that {Nj;}:2, a white Gaussian noise process

with mean zero and average energy E[N,-]-z] = o forall i, j.

Moreover, we assume that X_p; = ... = Xy = 0.
Denote Uj; to be the vector of states at time j for the channel associated to inter-
mediate receiver i. Then (2.20) suggests that the dynamics of the input process can

be represented by the state equation

Uiy = FU;+GXjyq (2.21)
Uiy = Uy (2.22)
where
_ : T
Uijr) = | X Xj - Xj—M+1]
_ - T
ul] = X] Xj—l X]_M]
) - T
Uity = | X X -+ Xj—M]
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and

-O . O- -

[ 1

10 0 )
F=|0 1 0 ---0/[.G=| |. (2.23)

0

0--- 0 1 0 L~

Relating (2.20) to (2.21) and (2.22), the channel output at time j can be described

in terms of the state vector at time j
Yi]' =G Hi]' + Ni]' (2.24)

where Cjisan 1 X (M + 1) matrix, i.e.,, C; = [ hio ha -+ him ] .

We now state the estimation problem: given the foregoing channel model and
the statistics of the input signal and the measurement noise, we desire to obtain
an on-line estimation procedure that yields an LLSE estimate of the symbol X; at
some delayed time (j + M).

2D-Kalman Filtering Algorithm

Since, at any time j, it is possible to have a record of the measurements {Y;;1}% ;,
{Y}iq, .-, {Yij}L,, the preceding estimation problem can be rephrased to be the
on-line estimation of the (M + 1) components of the state vector of intermediate
receiver n at time j, i.e., Unj = [ X]- Xj_1 o Xim ]T, from the measurements
{Ya Yy (Yt - {YHoy

One such algorithm that yields an on-line unbiased LLSE estimate, i.e.,

A

T _
U, = [ )‘(]. )‘(j_l ... )"(j_ M ] , of the complete state vector U,; from the avail-
able measurements at time j, i.e, {Yi},, {Yi2}'., is the 2D-Kalman filter [11],
[28].
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A particularly convenient form for the 2D-Kalman estimation algorithm can
be developed in a recursive manner [11], [28]. More precisely, for the estimation

model defined by (2.21), (2.22), and (2.24), let us define

fl”t [ilk] an LLSE estimate of U;;, based on observations from intermediate receiver 1

to intermediate receiver f(t < i) which spans from time 1 to time k(k < j),
; 1 k.
e, {{Yp,}po1ter

K;; time and receiver-varying Kalman gain (an (M + 1) x 1 vector);

Aem [jlk] error covariance matrix, based on observations from intermediate receiver 1
to intermediate receiver ¢(f < i) which spans from time 1 to time k(k < j),
1 k ;
{{YP q }p:l}q:l’ Le.,
E [ (T — Uy 1K) (@ — Tty 1K) 75

2

02 measurement noise covariance = E[(N;j;)?] for all i,j;

I,0 the (M + 1) x (M + 1) identity matrix and the column vector with all its

(M + 1) components being 0, respectively.
The algorithm is as follows.

1. Initialize the prediction and its associated error variance according to

tyf1l0] = o (2.25)
Aey[110] = 1 (2.26)

and let j = 1.
2. Leti=1

3. Port 1 computes the Kalman gain matrix

Ry, = Aey, lilj — 1]Ct" (ciAem [ilj —1]Ca” + az) - (2.27)
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and generate the filtered estimate and its associated error covariance from the

corresponding prediction quantities according to
Caplil] = Golfli =1+ Ky, (Yo, - Cillplili—11)  @29)
Ae1|1 [’i]] = Ae1|1 []'] - 1] - KljclAe-lu []l] - 1] (229)
4. While i < n perform as follows. If i > n go to step 5.

(a) Port i generates the next prediction and its associated error covariance

from the corresponding filtered quantities according to

ﬁi+1|i[/ff] = ﬁi|i[f|j] (2.30)
Aei+1[i[ﬂj] = Aei|iU|j] (231)

(b) Transmit lfl,-+1|,-[j[ jland Ae, ;. [jlf] to intermediate receiver i + 1.
(c) Increment i.

(d) Port i computes the Kalman gain matrix
> " oL -1
Ry = Aeyy G (Cike,, 171G +?) (232)

and generate the filtered estimate and its associated error covariance

from the corresponding prediction quantities according to
Uylil] = Qgacalilf] + Ky (Yij - Cillyi—q [ilj]) (2.33)
Aei;imﬂ = Aei[i_l []l] - 1] - KijCiAei|i_1 []l] - 1] (2.34)
(e) Go tostep 4.

5. Port n generates the next prediction and its associated error covariance from

the corresponding filtered quantities according to

Uyglj+ 1] = Flyplili] (2.35)
Aey [i+1l]] = FAg,liljJF" + GG’ (2.36)
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Figure 2.10: Reduced Channel

6. Transmit ﬁl|1U +1(j] and Ae,, [j + 1j] to intermediate receiver 1.

7. Increment j and go to step 2.

We shall refer to the channel whose input-output relationship is described by

(2.18) as the channel under centralized processing. Now, let

Y be the column vector of output process {{Yij};-’?_—l}?:l , L.e., infinite sequence

of output symbols at intermediate receiver i;

X be the column vector of the zero mean input process {X]}}’f’:1

Moreover, let us define a new channel which is a twist from the channel under
centralized processing. Instead of having a channel with input, X, and output Y,
i.e., the input-output relationship for the channel under centralized processing, we
reduce the channel to one which has input, X, and output, )e(, where X is the LLSE
estimate of X, that is,

X =AY, (2.37)
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where A is a matrix with the appropriate dimension such that E [(X - X)T(X-X )]
is minimized. Let us name the channel with input and output relation in (2.37) as
the reduced channel (see Figure 2.10).

The following theorem follows immediately.

Theorem 8 Let X be the output of the reduced channel and lélfl\;-“’l is the (M + 1)-th
component of the state vector estimate attained by intermediate receiver n at time j, i.e.,

Upj, under distributed processing by 2D Kalman filter. Then
X = {02 (2.38)

Theorem 8 asserts equality on the capacities of the following two channels: the
reduced channel (see Figure 2.10) and the channel under distributed processing
(see Figure 2.8). However, the equality we desire is equality between the capacity
of the channel under distributed processing and that of the channel under cen-
tralized processing (see Figure 2.6). What, therefore, remains to be shown is the
equality that bridges the gap between Theorem 8 and the desired equality, i.e., the
equality between the capacity of the channel under centralized processing and that

of the reduced channel. We treat this problem in the following section.

2.2.3 Capacity of Channel under Distributed Vs. Centralized Pro-

cessing

Before showing the desired equality, i.e., the equality between the capacity of the
channel under centralized processing and that of the reduced channel, we must
first find an expression for the capacity of the channel under centralized process-
ing.

Theorem 9 Let C. be the capacity of the channel under centralized processing. Then

n . -2
Cc = (2m)™! / nlog [max (@ . SRR _2,1)] A (2.39)
0 Y1 Micqi2,.. np\i [Hi(A)]
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where H;(A) is the channel transfer function given by
M; .
Hi(A) =Y Hijexp™, 1=v-1 (2.40)
j=0
(periodic in A with period 27t) and where the parameter 0 is the solution of
w I |H(A)| 2
/ max | © — Y] Y PP Qo
O(H;(A)#£0 Vi, j) Yi=11licq12, ap\i [Hi(A)] o

(o]

Moreover, the capacity-achieving qn, the inputs { X;} Zoor

are correlated Gaussian random

variables with mean zero and covariances ry, —0 < n < oo, given by
T
ru = E [XeanXs] = (1)1 /O Sx(A) cos(nA)dA 2.42)

where the input power spectral density satisfies

2(0 _ -2 2
S — { o2(0— K(A)72), KA >1 |A| <7, 05
0, otherwise
with L
K(/\) . Hz’zl 'Hz(A),

= )
Yk=11licq12, . ap\i [Hi(A)]
In particular, capacity is achieved when all inputs X;, —oo < j < oo, have the same

average energy E[XIZ] =ry=E.

Proof. The proof is an extension on the proof for the capacity of the single input
and single output (SISO) discrete-time Gaussian channel with intersymbol inter-
ference. An approach that can be taken in proving the theorem is the eigenvalue
decomposition approach [17, 26]. However, we take on an approach that utilizes
decomposition technique on the dicrete Fourier transform (DFT) domain [18]. We
will only show the necessary modification and the rest follows immediately from
[18].

Consider the N-circular Gaussian Channel (NCGC) defined by [18]. Then dis-
crete Fourier transform (DFT) on the NCGC channel which is derived from (2.18),
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followed by an appropriate orthogonal decomposition (described in [18]) on the

transform domain, yields
Yi=X+N; i=1...,n j=0,..,(K-1) (2.44)

with block-energy constraint becomes, in the transform domain,
k-1
Y. EX)] < K?E (2.45)
j=0

and the lej in (2.44) are statistically independent Gaussian random variables with

mean zero and variance
o2 =Ko? ||, i=1,..,n j=0,...,(K-1) (2.46)

From (2.44), there are n SIMO channels for every index j, for which the input and

output relation is described by
Yl]:X]+Nl] i=1,...,n (2.47)
Recalling Lemma 3 and Lemma 4, for every j, we have an equivalent channel, i.e.,
Y;=X;+N; j=1,...,K (2.48)

where the N} in (2.48) are statistically independent Gaussian random variables

with mean zero and variance
= =2

02 = Ko? I, |hii| 5

] -~ —_

Y1 Tieqiz,.. i Bl

(2.49)

Thus it follows from (2.48) that the equivalent transform domain channel model
for the NCGC is a set of K parallel discrete memoryless additive Gaussian noise
channels where the channel inputs X; Lj= ., (K —1), satisfy (3.23). This equiv-

alence implies

sup I (XSS T ) = sup I (M) @50
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where Qg is the class of probability densities for {X; }]K:'ol satisfying block-energy
constraint (3.23). To write (2.50), we have made use of the fact that the average
mutual information between two sequences is invariant to any succession of re-
versible transformations of one or both of the sequences [16, p.30]. Application of
a theorem [16, Theorem 7.5.1] to this transform-domain channel provides the solu-
tion for C,, i.e., the capacity of SIMO NCGC channel, in the form of the parametric

expression

¥ L4 T, Iﬁijl—z
Ix(E)=(2K)™' }_ log [max { @ —,1 (2.51)
j=0 Yo icq12,..np\i |Bijl

where the parameter 0 is the solution of

K-1 n i 72
) max | ©- Iy [ —,0] = Ef— (2.52)
=0 Tkt Tieq1z,..npi | il 7

With (2.52), the modification, through which the capacity result in [18] extends
directly to the centralized SIMO channel, is complete. [

We now establish an equality between the maximum mutual information of
the channel under centralized processing, i.e., X and Y, and that of the reduced
channel, i.e., X and X.

Let Xg = {X]G }32, be the input sequence that achieves the resulted capacity in
Theorem 9, Yg = {{Yl? }]?';1};;1 is the output sequence which satisfies

M
Y$ =Y haX{ o+ Ny,
k=0

and Xg = {f(]G };";1 be the estimate of X based on the observation Yg.

Lemma 10

sup I(X;Y)= sup I(X:X)
R:E[X2|<ENVi X:E[X?|<ENi
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Proof.
sup  I(X;Y) = I(Xg:Ye)
X:E[X?|<E Vi

L h(Xe) - h(Xc|Ys)
£ h(Xe) — k(X — XclYc)
£ h(Xg) —h(X — Xo)
£ h(Xc) - h(Xe — X6l Xc)
L (% %)
" B 0

(a) follows from Lemma 9;
(b) follows from definition;
(c) follow since translation does not change differential entropy;

(d) follows from the fact that the error of an LLSE estimate is independent of the
observed vector when the observation and the random vector to be estimated

are jointly Gaussian;
(e) follows since translation does not change differential entropy;
(f) follows from definition;
(g) follows from data processing inequality, i.e., the fact that VX : E[X{?] < E, Vi,

I(X;X)

IA

I(X;Y)
< sup I(X;Y).
X:E[X?|<E Vi

Having found an equality between the maximum mutual information of the
channel under centralized processing with that of the reduced channel, the follow-

ing lemma follows.
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Lemma 11 Capacity of reduced channel, C,, is equal to capacity of the channel under

centralized processing, Ce.

Proof. Recall Theorem 9 and Lemma 10. The fact that LLSE estimation in the time
domain maps to LLSE estimation in the discrete Fourier transform (DFT) domain
allows the coding theorem in Theorem 9 and Theorem 6 to apply, hence Lemma 11

follows immediately. [

Theorem 12 Capacity of distributed channel, C;, is equal to capacity of channel under

centralized processing, C..

Proof. By Theorem 8 and Lemma 11, Theorem 12 follows immediately. [J

Note that, from (2.43), the capacity-achieving input process is a colored Gaus-
sian process. On the other hand, distributed processing by 2D Kalman filter (Sec-
tion 3.2.1) stipulates the input process to be white, i.e, a sequence of independent
random variables. Thus, estimating the capacity-achieving input process by means
of 2D Kalman filter requires a causal shaping filter. With a shaping filter, a unit
energy white Gaussian process is shaped into a zero mean and colored Gaussian
process with power spectral density as given in (2.43). In what follows, we assert

the existence of such a filter.

Lemma 13 For any colored wide sense stationary process (WSS) {V]};il, there exists a

causal filter with memory H and impulse response {g; }1,. Moreover,
H
Vi= ) &Xj«k
k=0
and {X;}52, is a white WSS process with E [(X;)?] =1, j=1,...,00.

Proof. From [28] or [11], spectral factorization, e.q. Gram-Schmidt orthogonaliza-

tion, will yield a causal filter which satisfies the statement of the theorem. [J
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Recall (2.20). The input sequence is the white WSS process, {X;}32 ;. By Lemma
13, we can perform 2D Kalman filtering on the colored WSS process {V;}72; by
replacing {{h;;}., }]Ai o with {{h;;}7 }]Isi-gH where

. min{M, H}
hi= ), s&hij-, j=0,...,(M+H)

and replace M with (M + H). In the case where H = oo, a truncation strategy
would be required to find the most sensibly finite amount of processing memory,
H, to assign in the state vector of the state-space estimation model. The strategy is
aimed at narrowing the error covariance gap between the two estimates, i.e., X and
{I:I,I:;HH“ % My h (the sequence of the (M + H + 1)-th component of the state
vector estimate). One approach to truncating H and finding a causal filter with fi-
nite memory H, {g; fio, is a decomposition approach using the prolate spheroidal
wave functions [12]. This problem is not elaborated in this chapter and is subject
to further study.

In closing our discussion, we make the following remarks.

1. Distributed processing by 2D Kalman filter requires the rate of the feedback
link to be n times the line rate, with n being the number of intermediate re-

ceivers.

2. For a rate below capacity, distributed processing by Kalman filter also works.
Instead of consisting of Gaussian symbols attaining maximum mutual infor-
mation, code book consists of Gaussian symbols with mutual information

less than the maximum.

3 If the channel between an intermediate receiver and the far- receiver is subject
to noise, the capacity result and the equality between capacity of the channels
under centralized and distributed processing by Kalman filter do not hold.
The capacity of such a relay model in difficult to find [47].
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2.3 Conclusions

We have studied the problem of distributed processing for point-to-point commu-
nication over parallel relays. Such processing for relay communication purposes
is relevant to a problem in the sensor networks literature, notably the problem of
transporting data to a far-receiver via intermediate sensors. The model we chose
to represent the structure of the problem is the single-input multi-output AWGN
channel with and without inter-symbol interference (ISI). Our results point to the
implementation of distributed processing via one dimensional (1D) and two di-
mensional (2D) Kalman filters. With the 1D Kalman filter, processing proceeds in
space, namely from one to the next intermediate receiver. With the 2D Kalman fil-
ter, in addition to progressing in space, processing proceeds in time, namely from
one to the next time step. We find the capacity of the distributively and optimally-
—that is, centrally—processed channels to be the same. In computing the capacity,
we make use of the direct relation between capacity and estimation theory. Un-
der 1D and 2D Kalman filters, processing is linear. However, the 2D Kalman fil-
ter mitigates a problem—of infinite memory for processing at each intermediate
receiver—imposed by the 1D Kalman filter. Under the 2D Kalman filter, interme-

diate processing is done with finite memory.

When the capacity achieving input process (a wide sense stationary stochastic
process) has infinite memory, a truncation strategy is needed. The truncation strat-
egy will allocate some sensible finite amount of processing memory in the state
vector of the state-space estimation model. By sensible, we mean the strategy will
reasonably narrow the error covariance gap between the two estimates, i.e., the
estimate when the state vector has infinite memory and that when the memory of
the state vector is limited to some finite amount. One approach to truncating mem-
ory is a decomposition approach using the prolate spheroidal wave functions [12].

This problem is not elaborated in this chapter and is subject to further study.
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An interesting extension to study is that of distributed processing on a chan-
nel that is not perfectly known at the intermediate receivers, namely a channel
whereby the intermediate receivers perform channel estimation with some error.
A cumulative error would build up in the case of such a channel. The results based

on [19] may be extended to this case.




Chapter 3

On the Capacity of a Serial Relay
Channel

3.1 Introduction

Consider the discrete-time channel shown in Figure 3.1. In this chapter, we ad-
dress the problem of regeneration for such a channel, motivated by the discussion
in Section 1.2.2. Note that the regeneration we are concerned with is that which
involves arbitrary processing at source/ destination but memoryless processing at
the relays. The natural approach with which we study the problem is the capacity
approach.

3.2 Infinite Series of AWGN Channels with Memory-

less Relay Functions

Assume that 7 relays are placed uniformly between identical AWGN channel sec-
tions, and assume that the AWGN noise power at each section is "72 With the

assumption above, we obtain the serial relay channel shown in Figure 3.2.

61
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Figure 3.1: Regeneration with coding/decoding at the sender/receiver and mem-
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oryless processing at the relays.

A caveat for the channel model considered in this section is as follows. The
model—and therefore the result obtained, given such a model—depends on the
idealization that the end-to-end sum of noise power is constant and evenly di-
vided by the number of relay stages 7. Such an idealization is not compatible at all
with the serial distribution network for optical communication purposes. In such a
network, inserting an additional relay on the channel adds noise to the overall sys-
tem. Adding more and more relays across the channel will cause the noise power
to increase unboundedly.

Although the channel model is based on an idealization that is not compati-
ble with the serial channel model for optical communication purposes, the ensu-
ing capacity result, nevertheless, carries an insight. The insight is summarized as
follows. Given that the serial relay channel is subject to memoryless relay func-
tions, capacity tends to infinity in the number of relay stages. The capacity result
depends on the choice of input distribution and relay functions used, and more-
over achieved without coding/decoding at the source/destination. We will argue
that such a capacity result does not support the view taken by the ‘folk theorem’-
—discussed in Section 1.3.2.

Let us characterize the discrete-time memoryless channel shown in Figure 1.6.
Let X; be a random variable with some density function. Foralli = 1,2,...,n, let
N; be independent zero mean Gaussian random variable with variance %, N; ~
N(O,%). Moreover, fori = 1,2,...,n — 1, let the relay function f; : R —» Rbea
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Figure 3.2: A series of n AWGN channels subject to energy constraints

memoryless mapping. By memoryless, the mapping at time n only depends on the

relay’s input at time n. Then,

Y, = X;+N; Vi=12,...,n (3.1)
Xj = fisa(Yj-1) YVji=2,...,n+1 (3.2)

To preclude signals of infinite energy traversing across the serial relay channel,
we constrain the energy at the input of the channel as well as at the outputs of
individual relays to be of some finite quantities. Namely, the channel is subject to

energy constraints
EX}] <1 Vi=12,...,n+1 (3.3)

For simplicity, we assume the mapping f;_; : R — R preserves X;,V j = 2,...,n,
to be zero-mean. This assumption is not a limiting assumption since we can always
force X; to be zero-mean by adding the appropriate constant.

Let C be the capacity of such a channel and the following theorem follows.

Theorem 14 Asymptotically in the number of stages in the cascade,

C — oo. (3.4)

n—00

Moreover, when the number of stages, n, is infinite, the capacity in (3.4) is achieved without

coding/decoding at the source/destination.



64 CHAPTER 3. ON THE CAPACITY OF A SERIAL RELAY CHANNEL

Proof. To see that (3.4) holds, consider the following scheme. Consider an M-ary
signalling scheme, that is, Xj is an M-ary (where M is assumed as an even and
strictly positive integer) random variable. The probability density function (PDF)
of X is

1 M2 2i—1
Px,(x) == ), 5(x — ) (3.5)
' i=—(M/2)+1 M-1
The average energy of X; is
M2 -1
—_— <
E[Xl] =12 S ! (3.6)

Define the relay function f;(Y;),Vi=1,2,...,n,by

(3 e <vs

and]— M+4...,M2;2

~M+2
-1 ifY; < 555

1 ifYy; > 42

fi(Y;) = 1 (3.7)

\

Note that
E[fiv)] <1, (38)
hence, from (3.6) and (3.8), constraint (3.3), Vi =1,2,...,n, is satisfied. Now,

Pr(error) = Pr(Xp4 # Xi) (3.9)
= 1-Pr(Xp11 = X1)

1— [ Pr(Xip1 = X3)]

= 1 [Pr(X; = X1)]"

= 1-[1-Pr(X; # X1)]"

® 1_[1_2(M—1) Q( \/ﬁ) )]n’ (3.10)

M (M—-1)o

where

(a) follows since Pr(X,+1 = Xq) > T Pr(Xiy1 = X;),
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(b) follows since Pr(error|outer) = Q ((—M‘_L’i%) for the two outer sample sig-
nals of Xj, and Pr(error|inner) = 2Q ('(Iﬁ—i;?) for the M — 2 inner sample
signals,

where the Q function is defined by

1 [*° _=
— —§/2
Q(x) 5 /x e dg.
Asymptotically (in the number of channels in the cascade),

Pr(error) = 0, (3.11)

since, on the right hand side of (3.10), Q ((ﬁ_@ﬁ) —0.

n—00

Equation (3.11) suggests that the cascade of channel becomes noiseless as the
number of relay functions tends to infinity. Information can be sent reliably across
the cascade, without coding, at the rate of log M (in bits/channel use). Since such
a rate holds for any M, i.e., the number of sample signals in the PDF of Xj, the
asymptotic (in the number of channels in the cascade) capacity in (3.4) follows. O

Theorem 14 implies the following. As demonstrated in the proof, such an
asymptotic capacity result depends on the choice of relay functions used, and is
achieved without coding/decoding at the source/destination. For the asymptotic
model considered, note that the SNR per section tends to infinity with the number
of relay stages n. From the discussion in Section 1.3.2, recall that the folk theorem’
points to the use of linear relay functions when SNR is high. Yet, fixing the relays to
be unit amplification functions and X; ~ N (0, 1), thus satisfying the set of energy
constraints, only yields a finite capacity, i.e., 3 In (1 + ;17) [nats/channel use].
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Figure 3.3: A series of 2 AWGN channels

3.3 Finite series of AWGN Channels with Memoryless

Relay Functions

In a serial distribution network for optical communication purposes, the two major
components of noise are the receiver and relay noise. This means that inserting an
additional relay on the serial network adds noise to the overall system. In this sec-
tion, we consider a discrete-time channel model which is more compatible—than
the model in the previous section—for such a serial network. The model is shown
in Figure 3.1. For this model, we assume that the number of relay stages n is fi-
nite, processing at the source/destination is arbitrary but processing at the relays
is memoryless.

If we consider the types of memoryless relay functions that include the op-
timum function which was derived in [1] (see (3.25)) and, moreover, the hard-
decision and linear amplification functions, what does this say about the perfor-
mance limits? The question motivates us to consider the maximum mutual infor-
mation of the channel shown in Figure 3.1, assuming an arbitrary power-limited
input distribution and a family of relay functions that includes those described
previously.

Finding the maximum mutual information of the channel in Figure 3.1, subject
to energy constraints alone, is problematic. We illustrate the point with the follow-

ing example. Consider the serial relay channel shown in Figure 3.3. Such a channel
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is obtained from the channel shown in Figure 3.2 by setting n = 2. To preclude sig-
nals of infinite energy traversing the channel, let us constrain the energy of X; as
well as the energy of X, such that E[X?] < 1 and E[X3] < 1. These are the same
constraints imposed on the serial channel of the previous section. Given such a
channel, what is its maximum mutual information?

A natural approach for finding the maximum mutual information begins with
fixing the non-linear and memoryless relay function f; to be some initially chosen
function. Given that f; is fixed, one would use one of the following algorithms
[14, Ch. 8.3]: constrained maximization using calculus and the Kuhn-Tucker con-
ditions; the Frank-Wolfe gradient search algorithm; or an iterative algorithm de-
veloped by Arimoto and Blahut, to search for the input distribution px; that max-
imizes mutual information. If the search converges to the maximizing px:, then
another search begins, namely we fix the input distribution to be px; and, by using
some search algorithm, search for the non-linear and memoryless relay function f;*
that maximizes mutual information. If the search converges to the maximizing f;
then fix it as the relay function and search for px; again. So the search continues
until it converges, assuming that it does converge, and produce the pair of pxy and
f{ which maximizes mutual information simultaneously, that is, given f, there is
no other distribution that attains higher mutual information than that of p X3 and
vice versa.

The problem with the approach above is as follows. For the channel in Fig-
ure 3.1, the problem of finding an input distribution px; which maximizes mutual
information, given that the relay function f; is fixed and the channel is subject
to the energy constraints at the input as well as the relay, is a convex optimiza-
tion problem. A number of algorithms have been developed for solving such a
problem, making use of either the saddle point or the alternate maximization ap-
proach. A globally optimal solution exists since mutual information is a concave

function of the input distribution, given that the relay function—thus the channel
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transition probability py, x, —is fixed. It is not the case, however, for the following
search. Given that the input distribution py, is fixed and the channel is subject
to some energy constraints at the input as well as the relay, the problem of find-
ing a relay function f; which maximizes mutual information may not be a con-
vex optimization problem. Fixing the input distribution px, and subject to some
energy constraints at the input as well as the relay, mutual information is a con-
vex function of the transition probability py,|x,. This, however, is not enough to
guarantee that a globally optimal solution exists. This is due to the fact that the
mathematical relation between the relay function f; and the transition probability
Py,|x, is not a straight-forward one. As a consequence, we do not know whether
the overall search—for the pair of px: and f{ which maximizes mutual informa-
tion simultaneously —converges to a globally optimal solution. Even if the overall
search—namely the search, which alternate from finding the maximizing input dis-
tribution given that the relay is fixed, and moreover finding the maximizing relay
given that the input distribution is fixed—is convergent, this search leads only to a
local maximum, instead of a global maximum.

The fact that we do not know whether the standard approach for finding max-
imum mutual information converges to a globally optimal solution, given that the
channel in Figure 3.1 is only constrained in energy, motivates us to consider a dif-
ferent set of operating conditions: a set of operating conditions which accounts for
the interplay amongst noise and input energy of individual sections of the chan-
nel, as well as a certain characteristic of the individual relay functions. To such an
extent, we propose a set of constraints involving energy and differential entropy.
We will show that the set of constraints allows us to derive an upper bound to
mutual information in terms of the noise at each section of the channel, the energy
at the first and the last section of the channel, and finally the relation between the
differential entropy of the output and input of the individual relay functions.

We characterize the discrete memoryless channel shown in Figure 3.1 as fol-
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lows. Let X7 be a random variable with some density function. Fori = 1,2,...,n,
let N; be an independent zero mean Gaussian random variable with variance o2,
N; ~ N(0,07). Moreover, fori = 1,2,...,n—1, let f; : R — R be a memoryless
mapping. By memoryless, the mapping at time  only depends on the relay’s input

at time n. Then,

Y, = X;+N; Vi=1,2,...,n (3.12)
X] = fj—l(Yj—l) Vj=2,...,n (313)
To preclude signals of infinite energy traversing across the first and the last section
of the serial channel, the channel is subject to energy constraints. Given the con-

stants 7 € R*, and ¢ € R™, the cascade of AWGN channels is subject to energy

constraints, namely

EX{] < ¢ (3.14)
E[X3 < 7 (3.15)

IA

The set of energy constraints above, i.e., (3.14) and (3.15), allows for the case where
noise-added signals with arbitrarily large energy traverse across the 2™ up to the
(n — 1)* section of the channel. As such, a theorem which we will derive, i.e.,
Theorem 17, yet demonstrates that the mutual information is bounded from above.

As discussed in the beginning of this section, to mitigate the problem of finding
the upper bound to mutual information, we propose a set of constraints that does
not only constrain the energy, but also the differential entropy of the output of each
relay function in terms of that of its input. Namely, given the constants §; € R¥,
Vi=1,2,...,n—1,

h(XH_l) > h(ﬁ,Yl)
= Ing;+h(Y) (3.16)

In what follows, we proceed with the steps for the derivation of an upper bound
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to the mutual information of the series of channel shown in Figure 3.1, subject to

constraints (3.14), (3.15), and (3.16). Let us begin with the following theorem.

Theorem 15 (Conditional Entropy-Power Inequality) Let X and Y be two random

variables which are conditionally independent given a random variable W. Then

ZHXHYIW) > 20(X|W) | 2h(YIW) (3.17)

Proof. The proof is given in Appendix A. [J

We shall now apply Theorem 15 to the cascaded channel, that is, a channel
whose model is specified by (3.12) and (3.13), constraints (3.14), (3.15), and (3.16).
Before proceeding with Lemma (16), we introduce a quantity which we call the
conditional entropy-power. Suppose W and Z are two random variables, we define

W|Z as the conditional entropy-power of W given Z, that is,

2h(W|Z)
A
|1Z £ s (3.18)
Lemma 16 Given the the serial channel in Figure 3.1,
1 o2 nl 2 (1182
h(YalX:) 2 510 | 27e (o7 + ¥ of (Hk=1 ﬁk) . (3.19)
i=1
Proof. We make use of induction. By induction, the base step, ie., i = 2, is as
follows.
nYx;) “ %mzne Y%,
® 1
2 5 In2me(X,| X1 + No|X1)
() 1
> 5 In27te(pio? + 03)
where

(a) follows from the definition of conditional entropy-power in (3.18),
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(b) holds by applying Theorem 15 for the random variables X5, Np, and Y, =
X5 + N, conditional on Xj,

(c) follows for the following two reasons. The first is the fact that h(N>|X;) =
h(N;) = 1In2meo?, hence, by (3.18), N2|X; = 03. The second is from data
processing inequality, i.e., I(X1;Y1) > I(Xj; X2). Data processing inequality
and the entropy constraint (3.16) imply

h(V1]X1) —h(X2|X1) £ k(Y1) — h(X2)
—Inpy

IA

hence

h(Xz|X1) = h(M|X1) +Inpy
= h(N1)+Inpy
= gin2me(plod)

By definition of entropy power in (3.18), X5|X; > p3o?
Now, the induction step for i = n is as follows.

Y Xy) © %InZne e

1

5 In27e(Xy,| X1 + NplX1)

(c) 1 n-1

> ln2rme (Z o? (H;(’;llﬁi) + 0',%)
i=1

where

(a) follows from the definition of conditional entropy-power in (3.18),

(b) holds by applying Theorem 15 for the random variables X, Ny, and Y, =
Xn + Ny, conditional on Xj,
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(c) follows for the following two reasons. The first is the fact that h(Ny|X;) =
h(Np) = 1 In 272, hence, by (3.18), Ny, |X1 = ¢2. The second is from data pro-
cessing inequality, i.e., I(X1;Yn—1) > I(X1; Xx), entropy constraint (3.16), and
our induction hypothesis, i.e., h(Y,—1|X1) > 11In (Zne (17 4+ X 2 o? (Hz_lzﬁk)))

n—

Data processing inequality, the entropy constraint (3.16), and the mductlon
hypothesis imply

h(Ypo1|X1) — h(XalX1) < B(Yn_1) — h(Xp)
< _lnﬁn-—l

hence

h(Xn|X1) > h(Yn_1|X1)+1n[3n_1

= 11n<2m <02 +ni:20'-2(1'1"‘2ﬁ2)))+1n
= 3 n-17T 2, 0 \M=1Pk Pn-1

(m (Elaz(nn ] )))

By definition of entropy power in (3.18), X4|X; > Y7 02 (H,’c’;ll ﬁ%),

NH—*

completing the proof. [

Now, let C be a set of all pairs (Xj,f; : R = RVi = 1,...,n — 1) which obey
(3.14), (3.15) and (3.16), namely C = {(X3,f : R - RVi = 1,...,n-1): (3.14),
(3.15) and (3.16) are satisfied}.

Theorem 17 (i) Fory < (H” lﬁz) C+Yi of (Hz—,‘ ﬁk) andy 2 Ty of (Hl?"lﬁz)

N (1 | 1T o () ) ’
i

sup I(X;Y,) =
" X4 (Hi‘—zl ﬁk) +o;

1
(X1, FRoR)E C 2
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n—1 n—1
and the supremum is attained by fixing X, ~ N (0, '7_2"=111£1(22("=" A %)) and fi_1(Yj-1) =
ﬁj-l,\‘/j=2,...,n.

In particular for § = (H,’c’;llﬁ%) g+ yrlo? (H;:;il ﬁ%)r

In|1+ ¢ ,

sup  I(Xy;Yn) = — ~
L ()

(Xl, f:]R—)]R)G C

N =

and the supremum is attained by fixing Xy ~ N (0,8) and f;_1(Yj_1) = Bj-1,
Vi=2,...,n

(i) Fory > (TZ1BE) &+ 20 o? (TRZ1BY),

_yn-142 (T-1g2
sup I(X;;Yan) < 1ln (1+ 17 L= '( k_lﬁk)).

(X1, fR-R)E C 2 rLo? (HZ;} ﬁ%) + o2
Proof. From the definition of mutual information
I(X1; Yn) = h(Yn) — h(Ya|X1) (3.20)

By constraint (3.15)
h(Y,) < % In (27e (17 + a,%)) (3.21)

Combining (3.20), (3.21), and (3.19) of Lemma 16,

I(Xl; Yn) <

N} =

2
In 7+ T (3.22)
L o (T4 B) + 03

Consider the following two cases.

() Case 1: T o? (TRZABR) < < (TR & + i o? (Tt gi).
Before proceeding with the proof of the first case, we note that from 3.22, the
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lower bound on 7, thatis, Y- 11 o? (Hk_ ; ﬁk) < 7,is needed to guarantee that
the constraints (3.14), (3.15) and (3.16) are mutually compatible. Otherwise,
ie,, when Y71 07 (TT2]7) > 7, the constraints (3.14), (3.15) and (3.16) be-
come mutually incompatible, leading to I(Xj; Yx) being bounded from above
by a negative quantity.

Now, from (3.22),

I(Xl}Yn) <

N =

n
ln( i of (HZ—lﬁk) +‘72)
- (1+ 1 - L o] (H;::}ﬁk))

D -1 2(H£_1ﬁ2)+¢72

N =

n—1 -1
The upper bound is satisfied by fixing X; ~ N (0 z—;_l ;'2 l(ﬂ =i ﬁk)) and
1=1Pk
f]-l(-Y]—l) = ﬁj—ll V ] = 2, (8

In particular, when = (H" 1,Bk) F+yrlo? (Hz_lﬁk)
then from (3.22),

I(X;;Yn) <

N =

n+og
In ():n 1 o? (H;:_,lﬁz) +¢T§)
In (1 + (nn 1% k) 6 )
i of (le:;il ﬁ%) +0%
(mlgd) e
o+ oo (e

N =

In|1+

N =

The upper bound is satisfied by fixing X; ~ N (0,¢) and fj_1(Yj-1) = Bj-1,
Vi=2,...,n

(ii) Case2: 77 > (1'1 ﬁk) E+yrta? (Hk_, ﬁz)
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From (3.22),

In 1
i o (TG2B) + 03
N (1 1 - L5 o? () ) )

+
L o? (21 BE) + o3

I(Xl; Yn) <

N =

N =

completing the proof. [J

For case (i) of Theorem 17, we have shown a tight upper bound on mutual
information for the channel shown in Figure 3.1, given that the pair (Xy,f; Vi =
1,...,n — 1) satisfies constraints (3.14), (3.15), and (3.16). For case (ii) of Theorem

17, we are however unable to show that the upper bound is tight.

3.3.1 Numerical Results

As opposed to case (i) of Theorem 17, case (ii) of of Theorem 17 applies to a re-
gion where the upper bound is not exactly the the maximum mutual information,
subject to constraints (3.14), (3.15), and (3.16). In this region, we will use the upper
bound — given by case (ii) of of Theorem 17— to investigate how several reasonable
choices of pairs of input distribution and relay function perform. For this purpose,
we will numerically compute the mutual information, subject to constraints (3.14),
(3.15), and (3.16), attained by the following pairs of input distribution and relay
function:

¢ an antipodal input and an optimum relay function derived in [1];
¢ an antipodal input and a relay function performing linear amplification;

¢ an antipodal input and a relay function performing minimum mean-square

error (MMSE) estimator;

¢ a Gaussian input and a relay function performing linear amplification
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Note that—by construction—these mutual information are lower bounds to maxi-
mum mutual information subject to constraints (3.14), (3.15), and (3.16). We will
numerically contrast these lower bounds versus the upper bound given by case (ii)

of Theorem 17.

The channel we consider is the channel with two sections—each with AWGN-
—shown in Figure 3.3 and subject to constraints (3.14), (3.15), and (3.16). As will
be discussed later, the main result of this section is as follows. We will numerically
demonstrate that lower bound attained by the pair of Gaussian input and linear re-
lay function approaches the upper bound more closely than that attained by other
choices of pair of input and relay function which we consider. The lower bound
attained by a pair of Gaussian input and linear relay function is closer to the upper
bound as the noise power of the first section decays and that of the second section
grows. In the context of a two-stage serial distribution network for optical com-
munications, the noise power of the second section is likely to outgrow that of the
first section. This is due to the fact that the major noise components are the noise
from the relay and that from the receiver. For optical communication purposes,
this means that the choice of a code book consisting of alphabets, each with a dis-
tribution approaching that of Gaussian, at the source and a linear function at the

relay outperforms other reasonable choices of code book and relay functions.

In the following, we describe in more details the numerical steps with which

we demonstrate the result above.

Numerical Procedure

1. Consider the two-stage serial channel shown in Figure 3.3. Assign the AWGN

noise power 012 and 0'% to take on one of these values : 100,200, 300, 400. Next,
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assign the energy constraints (3.14) and (3.15) by fixing

E[X?] < 1 (3.23)

E[X3] = 1407 (3.24)

2. Let X1 be an antipodal random variable, that is, X; takes on one of the equiprob-

able sample values 41 and —1. Moreover, let

f(¥2) ={ ~8(-1) forx <0 (3.25)
g(Yl) for Yl >0

where

(o (3))°

Y) = 2LambertW | 2—————L2- |,
g( 1) 0; Lamber (/\20_22\/;[‘)2

and A is chosen such that
Elfi (Y1)2] =1+02 (3.26)

Note that the function LambertW(x) is Lambert’s W function! that is analytic
at 0 and defined in terms of its inverse, that is, for y = LambertW(x),

x =yexp(y).
A plot of f1(Y;) versus several values of the pair {c?,02} is depicted in Figure
3.5. Later in this section, we will describe what motivates us to choose the
pair {X1, f1(Y1)} given above. Also note that the pair {Xy, f1(Y1)} satisfies
energy constraints (3.23) and (3.24) with equality.

3. Given the pair {Xj, f1(Y1)} above, compute k(X3) and h(Y1). Next, compute
B1, that is, B1 = exp (h(X2) — h(Y1)). Now assign the resulted B, to the
entropy constraint (3.16) for the channel shown in Figure 3.3 by fixing

h(X2) > h(B1Y1) (3.27)
IDiscovered by J.H. Lambert, a French-born German mathematician (1728-1777) who did the 1%

rigorous proof on the fact that 7t is an irrational number.
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Figure 3.4: A series of 2 AWGN channels given antipodal input and a hard-decision
function at the output end
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Figure 3.5: f1(Y1) given by (3.25) as a function of the pair (0%, 03)

4. Let IYB(Xy;Y,) be the upper bound to mutual information of the channel
shown in Figure 3.3 subject to constraints (3.23), (3.24), and (3.27). As shown
in Appendix B, the computed values of B; yield the case where 1 + 02 =7 >

B1(1 + 0?). Given such a case, we make use of case (ii) of Theorem 17 to
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compute IYB(Xy;Y;).

5. Compute four explicit lower bounds to maximum mutual information of the

channel in Figure 3.3. These lower bounds are:

(@) I ampert(Xq; X3), that is, the mutual information between X; and X3 for
the channel shown in Figure 3.4, given that the relay function f1(Y7) is
defined by (3.25) and X takes on one of the equiprobable sample values
+1 and —1. Later in this section, we will describe what motivates us to

choose the pair { X3, f1(Y1)} given above.

(b) Ipinear(X1; X3), that is, the mutual information between X; and X3 for the
channel shown in Figure 3.4, given that the relay function is f1(Y;) = Y1

and X7 takes on one of the equiprobable sample values +1 and —1.

(©) Ipmmse(X1; X3), that is, the mutual information between X; and X3 for
the channel shown in Figure 3.4, given that X; takes on one of the equiprob-
able sample values +1 and —1 and the relay function f;(Y7) is a mini-

mum mean-square error (MMSE) estimator, that is,

Y
f1(Y1) = atanh (o_—i) , (3.28)
1
where « is chosen such that
E[f1(Y1)}] =1+ 02 (3.29)

Later in this section, we will describe what motivates us to choose the

pair {Xj, f1(Y1)} given above.

(d) Igaussian(X1; Y2), that is, the mutual information between X; and Y; for
the channel shown in Figure 3.3, given that the relay functionis f1(Y7) =

Y; and X; is a Gaussian random variable A (0, 1)
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Figure 3.6: IY3(Xy;Y>) as a function of the pair (02, 03)

Note that the systems considered for computing the four lower bounds above
are also subject to constraints (3.23), (3.24), and (3.27)—refer to Appendix B
for the numerical results supporting the fact that the constraints are satisfied.

In particular, energy constraints (3.23) and (3.24) are satisfied with equality.

6. Find the maximum of the four lower bounds above. Next, we contrast the

upper bound I¥B(X;; Y,) versus the maximum of the four lower bounds.

Upper bound to Mutual Information

In the following, we will compute IYB(X;;Y5), that is, the upper bound to mutual
information of the channel shown in Figure 3.3 subject to constraints (3.23), (3.24),
and (3.27).
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Figure 3.7: I} mpers(X1; X3) as a function of the pair (0%, 07)

To derive px,, given that X; X; takes on one of the equiprobable sample values

+1and —1, and f1(Y3) is given by (3.25), we make use of the following lemma.

Lemma 18 Suppose that g is monotonic and that for some function h and all x in the

range I of X we have
y = g(x) ifand only if x = h(y).
Assume that h has first derivative 1’5(_}2‘ Then the PDF of Y in the region where py(y) > 0

is given by
dh(y)
) = px(y)) | 2
pr(y) = px(h(y) | =5
Proof. A proof for the lemma is given in [25]. [
First, for each value of 07, we numerically compute A using (3.26). Next we

apply Lemma 18 to derive py, in terms of the function expressed in (3.25) and py,,
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with py, being a Gaussian PDF with mean zero and variance 1+ 0%.

Having derived pyx,, we can now compute k(X;) and h(Y;) numerically. At this
point, computing B is straight forward, that is, B1 = exp (h (X2) — h(Y1)). Let us
assign B onto the entropy constraint (3.16), that is, h(X2) > h(B1Y1). As shown
in Appendix B, the computed values of B; yield the case where 1+ ¢? = 5 >
B1(1+ 012). Given such a case, we make use of case (ii) of Theorem 17 to compute
I¥B(X1;Y>) for the channel shown in Figure 3.3, subject to constraints (3.23), (3.24),
and (3.27).

Figure 3.6 shows a 3D plot of I"B(X;;Y,) as a function of the pair (02, 02). We
observe that IU8(X;;Y,) grows with 02, given that 07 is fixed, and decays with 02,
given that 0? is fixed. Appendix B presents the numerical figures leading to the

plot in Figure 3.6.

Lower Bound to Maximum Mutual Information under Antipodal Input and the

Function given by (3.25)

Consider the channel shown in Figure 3.4. Let X; be an antipodal random variable,
that is, X; takes on one of the equiprobable sample values +1 and —1. Moreover,
let f1(Y1) be the function given by (3.25). Note that the pair {X, f1(Y1)} satisfies
constraints (3.23), (3.24), and (3.27), all with equality.

What motivates us to consider the pair {Xj, f1(Y;)} above is as follows. For
the channel shown in Figure 3.4 (given an antipodal input and a hard-decision
function at the output end), subject to energy constraints (3.23) and (3.24) and a
functional constraint that f1(Y7) is sign-preserving and symmetric, reference [1]
derived the function f(Y;) given by (3.25) and demonstrated that such a function
minimizes error probability, that is, Pr(X; # X3).

Since relay function f; (Y1) is sign-preserving and symmetric, moreover X; and
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Figure 3.8: Iineqr(X1; X3) as a function of the pair (07, 02)

X3 are discrete random variables, it is not difficult to show that

Pr(error) £ Pr(X; # X3)
= Pr(Xi # X3|X1 = 1) =Pr(X; # X3|X; = 1)
Similarity in the conditional error probabilities, i.e., conditional on X; = 1 and

X1 = -1, implies that the channel in Figure 3.4 is a binary symmetric channel
(BSC) and

It ambert (X1; X3) = In(2) (1 — H(Pr(error))) [Nats/Channel Use], (3.30)

where H(Pr(error) denotes discrete entropy of the error probability and I} ;mper (X1; X3)
is the mutual information between X; and X3 when relay function is the function
given by (3.25). From (3.30) and the fact that the function f1(Y;) given by (3.25)
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Figure 3.9: Inyimse(X1; X3) as a function of the pair (07, 03)

minimizes error probability [1], it follows that I} mper(X1; X3) maximizes mutual
information of the channel shown in Figure 3.4, subject to energy constraints (3.23)
and (3.24) and a functional constraint that f; (Y1) is sign-preserving and symmetric.

We compute the mutual information Ij;mper:(X1; X3) of the channel shown in
Figure 3.4 as follows.

The expression for Pr(error) is derived in [1], that is,

Pr(error) = /_ ooo dxN (x; 1,0%) (3.31)

—00

+/—°mdy1 (N (x;—l,of) —N(yl;l,of)) /—f © dyN (y;O,a%),

1

—m)? . Lo
where N (x;m, p) £ \/.'71.7:_;4 exp ( —L%"L) and f; (x) is the function given by (3.25).
We numerically compute the error probability by making use of (3.31). Having
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Figure 3.10: Igaussian(X1; Ya) as a function of the pair (02, 03)

computed the error probability, we can readily compute I} ;per: (X1; X3) by making
use of (3.30).

Figure 3.7 shows a 3D plot of I1mpert(X1; X3) as a function of the pair (07, 03).
We observe that I ;uper: (X1; X3) decays with 012 and 2. In particular, I smpert (X1; X3)
decays with 02, given that 03 is fixed, at a faster rate than that of 02, given that 2

is fixed. Appendix B presents the numerical figures leading to the plot in Figure
3.7.
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Figure 3.11: M(f;):f‘z(—;ffg’(x“xﬁ as a function of the pair (¢7,02)

Lower Bound to Maximum Mutual Information under Antipodal Input and Lin-

ear Amplifier

Consider the channel shown in Figure 3.4. Let X; be antipodal, i.e., X; takes on
equiprobable sample values of +1 and —1, and fi(Y1) = Y;. Note that the pair
{X1, f1(Y1)} satisfies energy constraints (3.23), (3.24), and (3.27).

Since relay function f1 (Y1) is sign-preserving and symmetric, moreover X; and
X3 are discrete random variables, the computation of Iy, (X1; X3), that is the
mutual information of the channel shown in Figure 3.4, given antipodal input and
the linear amplifier, follows the same lines as given the pair of antipodal input and
the function given by (3.25).

Figure 3.8 shows a 3D plot of I1iner(X1; X3) as a function of the pair (0%, 03).
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Figure 3.12: TLambert (X1;X3

as a function of the pair (02,02)

We observe that I1ie.r (X1; X3) decays with 02 and 02. Appendix B presents the
numerical figures leading to the plot in Figure 3.8.

Lower Bound to Maximu Mutual Information under Antipodal Input and MMSE

Estimator

Consider the channel shown in Figure 3.4. Let X; be antipodal, i.e., X; takes on
equiprobable sample values of +1 and —1, and and f1(Y;) be a minimum mean

square error (MMSE) estimator, that is,

fi(Y1) = atanh (ﬁ) , (3.32)

2
4
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Figure 3.13: —L-fmﬁﬂ%d—l as a function of the pair (o7, 03)
where « is a constant chosen such that
Elfi(M)} =1+d. (3.33)

Note that the pair {X3, f1(Y1)} satisfies energy constraints (3.23), (3.24), and (3.27).

What motivates us to consider f1(Y;) given by (3.32) is as follows. When con-
cerned with the relay function f;(Y;) that minimizes mean square error distortion,
ie., E [(X3 — X1)?], for the channel shown in Figure 3.4 (given antipodal input and
a hard-decision at the output end), subject to energy constraints (3.23) and (3.24),
reference [1] shows that the optimum relay function is the function given by (3.32).

Since relay function f;(Y;) is sign-preserving and symmetric, moreover X; and

X3 are discrete random variables, the computation of Ippse(Xy; X3), that is the
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mutual information of the channel shown in Figure 3.4, given antipodal input and
MMSE estimator, follows the same lines as given the pair of antipodal input and
the function given by 3.25.

Figure 3.9 shows a 3D plot of [ vmse(X1; X3) as a function of the pair (02,02).
We observe that Iyse(X1; X3) decays with o? and 2. Appendix B presents the
numerical figures leading to the plot in Figure 3.9.

Lower Bound to Maximum Mutual Information under Gaussian Input and Lin-

ear Amplifier

Consider the channel shown in Figure 3.3. Let X; be a Gaussian random variable

N(0,1) and fi(Y1) = 1. Let IGaussian(X1; Y2) denote the mutual information at-
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53
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Figure 315 -3 loasinX0) with 62 = 10,20,30,40 and 7 =
100,200, 300, 400

tained under such a pair. For such a channel,

(X3 Yy) = 11n (1+ ! )

‘71 +(72

Note that the pair {X;, f1(Y1)} satisfies energy constraints (3.23), (3.24), and (3.27).
Figure 3.10 shows a 3D plot of Iguussian(X1; X3) as a function of the pair (012, og).

We observe that I1,je.r (X1; X3) decays with 02 and 0%

Discussion

Iig bert(xllx3) ILinear (X1:X3)
Let us turn to Figure 3.11. Figure 3.11 shows a 3D plot of -zt TE—r )
as a function of the pair (¢Z,02).
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Figure 3.16: ——L—IZ&W as a function of the pair (o7, 03)

As discussed earlier in this section, I} ;uper (X1; X3) maximizes mutual informa-
tion of the channel shown in Figure 3.4 (given antipodal input and a hard-decision
at the output end), subject to energy constraints (3.23) and (3.24) and a functional
constraint that f;(Y7) is sign-preserving and symmetric. This is illustrated by Fig-
ure 3.11. The quantity (I mpert(X1; X3) — ILinear(Xa; X3)) is always nonnegative.

When concerned with the relay function f1(Y7) that minimizes mean square
error distortion, i.e., E [(X3 — X1)?] for the channel shown in Figure 3.4 (given an-
tipodal input and a hard-decision at the output end), subject to energy constraints
(3.23) and (3.24), reference [1] shows that the optimum relay function is the MMSE
estimator given by (3.32). Figure 3.12 shows a 3D plot of Mambert (%1:X3) ~ s (¥1:X)

ILambert(xlix3)
as a function of the pair (0'12,0'22). The plot demonstrates that Ippse(X1; X3) is
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below—although closely approximates— I ;ypert (X1; X3). For the channel shown
in Figure 3.4, subject to energy constraints (3.23) and (3.24), this implies that mini-

mizing minimum mean square error does not imply maximizing capacity.

IGayssian(X1:Y2) = I aymbers (X2:X3)
Iaussian (X1 ;X3)

(02,02). The plot demonstrates that Iggussian (X1; Y2), a lower bound to

Figure 3.13 shows 3D plots of as a function of the pair

sup I(X1; Ya)
(X1, f1(V): (3:23),32),3:27))

for the channel shown in Figure 3.3, is greater than I,mpers(X1; X3) for the pairs
of (02,02) considered. It follows that Igyssizn (X1;Y2) is the maximum of the four
lower bounds that we consider. We shall therefore compare IY3(X;;Y,) with
IGaussian (X1; Y2)-

Figure 3.15 shows a 3D plot of Ius(xl;l;zlz;(l)((;f?;;i;nQﬁ;m with ‘712 = 10,20,30,40
and 03 = 100,200,300, 400. Figure 3.16 shows a 3D plot of “— X112} Gausien (112
with 02 = 100,200, 300,400 and ¢2 = 100, 200, 300, 400.

Figure 3.15 and 3.16 demonstrate that I¥B(Xy;Y2) — IGaussian(X1; X3) tends to

zero as 03 grows. Particularly, such a difference decays, thus the upper bound is
tighter, with 022, given that (712 is fixed, and grows, thus the upper bound is looser,
with 0%, given that 07 is fixed.

The insight above brings about the main result of this section. In the context
of a two-stage serial distribution network for optical communications, it is reason-
able to assume that such a distribution network operates under a noise region in
which the noise power of the second section outgrows that of the first section. This
is due to the fact that the dominant noise components, such as amplified sponta-
neous emission (ASE) from Erbium-Doped Fiber Amplifiers (EDFA) and the dark
current from avalanche photodiode (APD), are generated at the relay and the re-
ceiver [7]. For optical communication purposes, this means that the choice of a
code book, consisting of alphabets whose distributions are close to being Gaus-

sian, at the source and a linear function at the relay outperforms other reasonable
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choices of code book and relay function.

3.4 Cascade of AWGN Channels by Relay Functions
with Memory

Let us recall the result in Section 3.2. Asymptotically in the number of relay stages,
capacity grows to infinity, while, on the other hand, the memory length of each re-
lay function decays to one—the relay is memoryless. The result implies that infinite
memory requirement for decoding purpose at the destination can be distributed
amongst the relay functions.

In this section, we revisit the result of Section 3.2, from a view that relay func-
tion is with memory, instead of memoryless as assumed in Section 3.2. For the
model considered in this section, however, we further assume that the number of
relay stages is finite. The assumptions above imply that coding/decoding are per-
formed at the source/destination as well as the relay. The problem we would like
to investigate is described by the following question: what is the the relation of the
number of relay stages to the length of memory for decoding purpose at the relays.
Later in this section, we will derive a theorem concerning such a relation. We will
demonstrate that, asymptotically in the number of relay stages, the theorem agrees
with that of Section 3.2.

Let us turn to the cascade in Figure 3.17. Such is a cascade obtained by placing
a decoding function f, and an encoding function g at the input and output ends,
and by placing decoding function fj, Vj = 1...n, and encoding function g;, Vi =
1...n —1, at each stage of the cascade in Figure 1.6.

Referring to Figure 3.17, let N be the length of relay memory and R be the
transmission rate. Forsome N € Nand R € R*,W;,Vi=1,...,n+1,is arandom

variable taking on one of the discrete sample values in the set W = {wy, ..., wynr }.
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Figure 3.17: A cascade with encoding and decoding functions at each stage of the

cascade in Figure 1.6.

Function g; : W; — RN, Vi=1,...,n, maps each sample value w; € W; to one
of the random codewords (X{’l,...,Xz’N) € RN, Vj = 1,...,2NR_ Furthermore,
we assume {Xg’k}, Vi=1,...,n,Vj=1,...,2NR and Vk = 1,...,N, is a collec-
tion of independent and identically distributed zero-mean Gaussian random vari-
ables with E [(X{'k)z] < ¢ Fori = 1,...,n, the function f; : RN — W maps
(Y},...,YN) € RN to one of the discrete sample values in W according to the

maximum likelihood decision rule, namely choose w; € W if
Pr(Y},...,YN|w)) > Pr(Y},...,YN|wy) Vk #j, 1 <k < 2NR

Lastly, fori = 1,2,...,n, let N; be independent zero mean Gaussian random vari-
able with equal variances, N; ~ N (0, %)
The capacity of such a cascade is known [6], that is,
. 1 ng
C= nI(X,-;Y,-) = Eln (1 + 37) (3.34)

j=1..

Now, let n be the number of stages, N be the memory length of the decoding
function f;, Vi = 1,...,n, P, be the end-to-end error probability, P48 be the upper
bound on end-to-end error probability, and R be the transmission rate. Then, by
the following theorem, we claim a tradeoff between the number of stages in the

cascade and the memory length of the decoding function at each stage.
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Theorem 19 Assuming finite end-to-end noise power 02 and given any rate R € R¥ for

which PUB € (0, 1] is arbitrarily small,
3 a pair (ng, Ng) s.t. P, < P98 for ¥n > npand YN > Ny,
Moreover, N decreases monotonically as n grows .

Proof. An upper bound for error probability of the AWGN channel was derived
in [16], assuming the receiver performs maximum likelihood decoding. We will
extend such a result to the cascade shown in Figure 3.17.

Let the end-to-end error probability P, £ P(W; # Wy1). It follows

n
P < ZP(VVJ # Wj+1)
j=1

© puBy, (3.35)
with
PY8[n] = nC[n]exp (—NE[n]) (3.36)
Eln) = (1—plal) + 31 (i) + 2575 — &)
Cln] = mNe*(1— B[n])?
pln) = %(1-"5,2”% 1+"25:’R2)
SNR = fi
where

(@) follows from applying the union bound on error probability,

(b) follows from a direct application of Gallager’s upper bound
[16, Eq.(129),(138),(139)] on the probability of error for each stage of the cas-
cade, i.e., the channel between W; and Wi, Vi=1...n.
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From (3.34), there exists 1y such that ny = inf{n : C < R} for any given R € R*.
Next, fixing n > nyg, (3.36) implies that INp such that P48 monotonically decreases
for some N > Ny, hence IN; > Ny such that, for N > Ny, P48 is less than or equal
to the target upper bound on error probability, completing the first statement of
the theorem.

From (3.36), it can be seen that 3 a pair (12, N2) such that, forn > ny and N >
N», P48 monotonically decreases with n and N. Hence, choosing n > max{ng, 2}
and N > max{Ny, Ny}, the target upper bound on error probability is satisfied
and, moreover, PY2 monotonically decreases with 7 and N. As such, (3.36) implies
that the target upper bound on error probability P48 remains satisfied, if n is fur-
ther increased while N is decreased by some integer value for which the inequality

P. < PYB holds still, completing the proof. O

Let us now look at what happens when the number of stages in the cascade
shown in Figure 3.17 tends to infinity. Theorem 19 tell us that we can achieve
rate R, with 0 < R < oo, at an arbitrarily small error probability, with individual
decoding functions whose memory N tends to 1. This asymptotic view agrees
with that of Section 3.2, that is, we can achieve infinite capacity without coding as
n — oo,

In what follows we would like to gain more insight by applying Fano’s in-
equality to the cascade show in Figure 3.17. Let us assume that each sample value

w; EW,i=1,...,2NR is equiprobable. The following lemma follows.
Lemma 20 For the channel shown in Figure 3.17,
logM — P,log(M — 1) — H(P,) < I(Wy, Wy,41) [bit]

where P, is the end-to-end error probability, i.e., the probability that Wy # Wy41, and M
is the size of the signal set for Wh, that is, |W)|.
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Proof. By applying Fano’s inequality, we will show a lower bound on the mutual
information between W; and Wy,;. An interesting fact to note is that the lower
bound is expressed only in terms of the size of the signal set for Wy, i.e., M, and
the probability of error, i.e., the probability that Wy # W, 11.

For the lower bound, let us define an error indicator variable E, that is, E = 1 if

Wi # Wyy1 and E = 0 else. Let the probability of error P, £ P(E = 1). Now,

I(W1;Wyp1) = H(Wip) 4+ H(W1|Wyya)
> log|W|— P.log(|W|—1) — H(P.)
9 1og M — P,log(M — 1) — H(P,) (3.37)

where

(a) follows from the definition of mutual information,

(b) follows since H(W;) = log |W)| and, by Fano’s inequality,

1 1
H(P,) = P.log (E) +(1—-P,)log (i——Pg) ,
(c) from the fact that |[W| = M, completing the proof. O

Let us turn to the cascade shown in Figure 3.17 again and consider two such
cascades with different number of stages. Assuming nq > ng and n4,ng € N,
cascade A is a cascade with n4 stages and cascade B is a cascade with np stages.
Next, suppose that we are sending information at the same achievable rate R, i.e.,
R < [% In (1 + 2‘;'7‘:)], on both cascade A and B. Finally, let P, be the end-to-end
error probability, i.e., the probability that W; # W,.1. The following theorem

follows.
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I(WiW,, I(W;W,
Theorem 21 Lower and upper bounds on i N at) and i N pt1) for cascade A and

B, respectively, are :

I(er WnA+l)

1

R(1—PY8[n,]) — 5 < N <R; (3.38)
I(Wy; W,

R(1 — PHB[ng]) — —i—, < L—’—N—“) <R (3.39)

with N being the memory length of each decoding function f;,i = 1,...,n, and PUB being
specified by (3.35) and (3.36).

Both lower bounds expressed in (3.38) and (3.39) approach the upper bound R with N. In
particular, the lower bound for cascade A approaches R faster, with N, than that for cascade
B.

Proof. From Lemma 20,

(a)
I(Wy;Why1) > log(|W]) — Pelog(IW|) — H(F.)

NR(1-P) -1 (3.40)
where

(a) follows from Lemma 20,

(b) follows since log(]W|) = NRand H(P,) <1.
Moreover,

I(Wi; Was1) 2 H(Wp) — H(Wi|Wyy1)
< H(W)
NR (3.41)

where
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(a) follows from the definition of mutual information,
(b) follows since discrete entropy H(W;|Wy41) > 0,
(c) follows since H(W;) = log(|W|) = NR.
From (3.40) and (3.41), it follows
NR(1—P,) —1 < I(Wy; Wypy1) < NR. (3.42)

Dividing both sides of (3.42) with N,

I(Wy; Wn+1)

- - — <
R(1-F.) N

<R, (3.43)

Note that, as N — oo, thus P, — 0, the lower bound meets the upper bound and

I (Wll' Wn+1) _
TN R
Applying (3.43) to cascade A, we get
I(Wy;
R(1 ~ PYB[n4]) — _(.‘_'Vl_N_"Ai) <R (3.44)

since from (3.35), P, < PY8[n,], with PeUB [na] = naCl[na)] exp [-NE[R,n,]]. Simi-
larly, applying (3.43) to cascade B, we get

I(wll Wn3+1)
N

since from (3.35), P, < PYB, with PeuB = ngC|np] exp [~NE|R, ng]]

Now, let us contrast how the lower bounds approache R in the limit as the

R(1— PYB[np]) — <R. (3.45)

memory length of individual decoding functions f;,i = 1,...,n, N — oo on both
cascades. Taking derivatives of the lower bounds in (3.44) and (3.45) with respect
toN,

d(R(1— P*B[ny4)) — §)
dN

= naRKa(NE[na] —1)exp [-NE[na]] + Nl'z‘
= O(exp [-NE[na])), (3.46)
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d(R(1 — PHB[ng]) — &)
dN

— RKg(NE[nz] — 1) exp [~ NE[ng]] + Nl—z
= O(exp [-NE[nz]}), (3.47)

for some constants K4 for cascade A and Kp for cascade B. From (3.36) and the
assumption that n4 > np, it follows that the lower bound of (3.44) approaches R
faster with N than that of (3.45). Such is true since

d(R(1 - P®[na]) - §) _ d(R(L = Pe[mg]) — )
AN N ’

and the second derivatives for the lower bounds are negative VN, completing the
proof. [

Although hardly a strong argument, in fact, almost an abuse of interpretation,
the fact that the lower bound of (3.38) approaches R faster than that of (3.39), with
respect the to memory length N of individual decoders f;,i = 1,...,n, givesus a

"feel’ the rate at which %‘L—l) — Ron cascade A is faster than the rate at which

I(Wy;Wyp11)

—xN2— — Ron cascade B.

3.5 Conclusions

We have considered point-to-point communication over a series of AWGN chan-
nels. In such a series, one section of the channel is coupled with the next by a relay
function. This communication set-up is particularly relevant in optical communi-
cations.

We have studied the maximum rate at which information can be reliably trans-
mitted over a series of AWGN channels with memoryless relays. We have shown
the following two results. First, assuming end-to-end noise power is finite and the
serial relay channel is subject to energy constraints, we have shown that the ca-
pacity tends to infinity with the number of relay stages in the series. This result,

though based on a set of assumptions that is not compatible at all with the serial
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channel model for optical communication purposes, points to the following in-
sight. A “folk theorem’ stated that a hard-decision function is the best memoryless
relay at low SNR and linear amplification function is the best at high SNR. Using
the particular model used, we have argued that such is not always the case. Sec-
ond, given a finite number of relay stages, finding maximum mutual information
subject to energy constraints alone is difficult. In addition to energy constraints,
we have proposed entropy constraints at the output of individual relays. We have
derived an explicit upper bound to mutual information, subject to these energy
and entropy constraints. For a particular series of two AWGN channels, we have
numerically demonstrated that lower bound attained by the pair of Gaussian in-
put and linear relay function approaches the upper bound more closely than that
attained by other choices of pair of input and relay function that we consider. In
the context of a two-stage serial distribution network for optical communications,
the noise power of the second section is likely to outgrow that of the first section.
This is due to the fact that the major noise components are the noise from the relay-
—such as amplified stimulated emission (ASE) from erbium-doped fiber amplifier
(EFDA)—and that from the receiver—such as the noise from the dark current gen-
erated by avalanche photodiode (APD). For optical communication purposes, this
means that the choice of a code book, consisting of alphabets whose distributions
are close to being Gaussian, at the source and a linear function at the relay outper-
forms other reasonable choices of code book and relay function.

Next, we have revisited the result from the model for infinite series of AWGN
channels with memoryless relays, from a view that relay function is with memory,
rather than memoryless—thus allowing coding/decoding at individual relays. We
have shown two tradeoffs. First, given that information is sent at a fixed rate R
and given the requirement that end-to-end error probability is bounded above by
some arbitrary quantity, we have shown that the requisite length of memory N for

decoding purpose at each stage is monotonically decreasing in the number of relay
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stages n. Second, given that information is sent at an achievable rate R, we have
shown the rate at which mutual information per unit memory tends to R is higher

as the number of relay stages n grows.




Chapter 4

Conclusions and Direction on Further

Research

Of all the issues surrounding point-to-point communication over relay networks,
we have studied a theme which has not received much attention in the context of
capacity. The theme is best described by the following questions. Can we consider,
from a capacity point of view, the effect of finite relay memory over the different
types of relay channels? In particular, when faced with limited memory at relays,
what is the maximum rate at which information can be reliably transmitted over

the relays?

In this thesis, we have proposed two capacity approaches on point-to-point
communication over a set of relay nodes with finite processing memory. The es-
sential difference between the first and the second approach is that point-to-point
communication in the first utilizes of a set of parallel processing nodes, while in
the second a set of serial processing nodes. In what follows, we state conclusions

and direction for further study.

103
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4.1 On the Capacity of a Parallel Relay Channel

We have studied the problem of distributed processing for point-to-point commu-
nication over parallel relays. Such a processing for relay communication purpose
is relevant to a problem in the sensor networks literature, notably the problem of
transporting data to a far-receiver via the intermediate sensors. The model we have
chosen to represent the structure of such a problem is the single-input multi-output
AWGN channel with and without inter-symbol interference (ISI). Our results point
to the implementation of distributed processing via one dimensional (1D) and two
dimensional (2D) Kalman filter. With 1D Kalman filter, processing proceeds in
space, namely from one to the next intermediate receiver. With 2D Kalman filter, in
addition to progressing in space, processing proceeds in time, namely from one to
the next time step. We have found the capacity of the distributed and optimally-
—that is, centrally—processed channels to be the same. In computing the capacity,
we have made use of the direct relation between capacity and estimation theory.
Under 1D and 2D Kalman filter, processing is linear. However, 2D Kalman fil-
ter mitigates a problem—of infinite memory for processing at each intermediate
receiver—imposed by 1D Kalman filter. Under 2D Kalman filter, intermediate pro-
cessing is done with finite memory.

Our treatment of distributed processing for point-to-point communication over
parallel relays considers transmission capacity as the metric to contrast distributed
against optimal (centralized) processing of observations. In order to derive ca-
pacity for communication under distributed processing, we have made use of the
direct relation between transmission capacity and estimation theory.

When the capacity achieving input process (a wide sense stationary stochastic
process) has infinite memory, a truncation strategy is needed. The truncation strat-
egy will allocate some sensible finite amount of processing memory in the state

vector of the state-space estimation model. By sensible, the strategy will reason-
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ably narrow the error covariance gap between the two estimates, i.e., the estimate
when the state vector has infinite memory and that when the respective memory in
the state vector is truncated. One approach to truncating memory, when infinite, is
a decomposition approach using the prolate spheroidal wave functions [12]. This
problem is not elaborated in this chapter and is subject to further study.

An interesting extension to study is that of distributed processing on a chan-
nel that is not perfectly known at the intermediate receivers, namely a channel
whereby the intermediate receivers perform channel estimation with some error.
A cumulative error would build up in the case of such a channel. The results based

on [19] may be extended to this case.

4.2 On the Capacity of a Serial Relay Channel

We have considered point-to-point communication over a series of AWGN chan-
nels. In such a series, one section of the channel is coupled with the next by a relay
function. This communication set-up is particularly relevant in optical communi-
cations.

We have studied the maximum rate at which information can be reliably trans-
mitted over a series of AWGN channels with memoryless relays. We have shown
the following two results. First, assuming end-to-end noise power is finite and the
serial relay channel is subject to energy constraints, we have shown that the ca-
pacity tends to infinity with the number of relay stages in the series. This result,
though based on a set of assumptions that is not compatible at all with the serial
channel model for optical communication purposes, points to the following in-
sight. A ’folk theorem’ stated that a hard-decision function is the best memoryless
relay at low SNR and linear amplification function is the best at high SNR. Using
the particular model used, we have argued that such is not always the case. Sec-

ond, given a finite number of relay stages, finding maximum mutual information
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subject to energy constraints alone is difficult. In addition to energy constraints,
we have proposed entropy constraints at the output of individual relays. We have
derived an explicit upper bound to mutual information, subject to these energy
and entropy constraints. For a particular series of two AWGN channels, we have
numerically demonstrated that lower bound attained by the pair of Gaussian in-
put and linear relay function approaches the upper bound more closely than that
attained by other choices of pair of input and relay function that we consider. In
the context of a two-stage serial distribution network for optical communications,
the noise power of the second section is likely to outgrow that of the first section.
This is due to the fact that the major noise components are the noise from the relay-
—such as amplified stimulated emission (ASE) from erbium-doped fiber amplifier
(EFDA)—and that from the receiver—such as the noise from the dark current gen-
erated by avalanche photodiode (APD). For optical communication purposes, this
means that the choice of a code book, consisting of alphabets whose distributions
are close to being Gaussian, at the source and a linear function at the relay outper-
forms other reasonable choices of code book and relay function.

Next, we have revisited the result from the model for infinite series of AWGN
channels with memoryless relays, from a view that relay function is with memory,
rather than memoryless—thus allowing coding/decoding at individual relays. We
have shown two tradeoffs. First, given that information is sent at a fixed rate R
and given the requirement that end-to-end error probability is bounded above by
some arbitrary quantity, we have shown that the requisite length of memory N for
decoding purpose at each stage is monotonically decreasing in the number of relay
stages n. Second, given that information is sent at an achievable rate R, we have
shown the rate at which mutual information per unit memory tends to R is higher

as the number of relay stages n grows.




Appendix A

Proof of the Conditional

Entropy-Power Inequality

Note that the steps of the proof are based on a proof of Shannon’s entropy-power
inequality [3]. The extension which is required to prove the desired conditional

entropy-power inequality is almost trivial.

A1 The Derivative of h(X;|W)

We first define the conditional random variable X given W to be the sum of a
conditional random variable X given W with probability density pxw(x) plus an
independent (with respect to X and W) zero-mean normal random variable with
variance f. We show that the derivative of its conditional entropy h(X¢|W = w)

with respect to f is

1 __ an,|w(xf:f) dxy

where
(x5 — x)?

px w(xs, f) = \/—/ pxw (%) exp————f——— dx (A2)
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is the probability density of X given W.

Differentiating (A.2) inside the integral, we get the diffusion equation

Opx wlxs f) laszflw(xfrf)

2
of 27

(A3)

From (A.2) we see that px jw < 1/ V27t f, hence h(X¢|W = w) either converges
absolutely or is +o0. For fo > f1,

(a) (b) 1
WX W =w) <hX,W=w) <hX;W=w)+ Elog(fz/fl),

where

(a) follows since, for f > f1 and Xy, being Xy, plus some independent zero-
mean normal random variable with variance f, — f1, the mutual information
I(Xf, — Xg; X [W=w) 2 0;

(b) followssince, for f, > fi, the mutual information I(X; X4, |[W = w) > I(X; X, |W =

Hence, h(X¢|W = w) < oo for all f > 0 or h(X|W = w) = +oo forall f > 0. We
will show later that h(X|W = w) < co. Let us assume for now that h(X|W =
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w) < oo. Differentiating h(X¢|W = w) inside the integral, we get

dh(Xs|W = w) o Ipx w(xs f)
aF = _/_oo ——f—a’f_—dxf B
i ap (x rf)
/ —ﬁ%“f——log pxw(xf, f)dxy (A4)
a o & p (x lf)
@ 0———/ Xflw f logprlw(xf,f)dxf
®  19Px |w(xf,f) *
= —5——1‘5x—f—— o8 Px,|W (A5)
Xp=—00
/ aPXfIW(xflf) dxs

2 PXfIW(xfrf )
© / apr|w(xfff) dxg
- 0*3 pxw(xs, f)
@ EIW(Xf) ’ (A-6)

where

(a) follows from (A.3). The first term on the right hand side of (A .4) is 0 since

_/°° anﬂw("frf)dx _ /°° aZF’XfIW(’Cf'f)d

o Of F = )™ Y

an,;w(xfrf ) *®
axf

xf=—oo
(o]

2
= [ T [ paw() ey~ x) o ¥ S ]

= 0;

xf=—oo

(b) follows after performing integration by parts;

(c) follows from Lemma 1;
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(d) follows from (A.1). Since the integrand of (A.1) is never negative, J(Xy) either
converges or is +oo. Dividing (A.8) by px AW and integrating over all x¢, we
see that Jw(Xs) < 1/f. Hence, Jw(Xy) is finite for all f > 0, converging
uniformly for 0 < € < f and thus justifying (A.6).

Lemma1 For f >0,
19px,w (s, f) c
-_2- axf IOg prIW(xf'f) =0 (A'7)

XI=—OO

Proof.

Consider the following string of inequalities.

anf|w(xfrf) 2 _ \/PXle(xf' f)exp— 'xj_/’i
oy - |L 2nf

—x)2
v PxAw (xf, f) (xf — x) eXP——g;x)
V2mf3

(a) Pxf|w(xf’f)

S TR
(xf—x)?

/_0:0 pxyw(x)(xs — x)2exp BT dx (A.8)
® [ 2 pxgw(*sf)
Y 7 . ’ (A9)

(a) follows by applying Schwarz’s inequality to

Ipxw(xs. f) 1 oo e —x)2
Xf';vxff — _W/—wpxlw(x)(xf—x)exp—.(_%Tx_)_ dx;

(b) follows by finding the maximum of (xf — x)2 exp —(xf — x)2/2f,ie., a con-

2

where

cave function. After taking the first derivative with respect to xy — x and set-
ting it to zero, we find the argument (x5 — x)* which sets (x5 — x)?exp —(xf —
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x)2/2f to zero. We then take its second derivative and verify the second

derivative is negative given that (x; — x) = (x7 — x)*. It follows that max (xf—
f—x

x)?exp —(xs —x)2/2f = 2f /e, hence [° pxjw(x)(xf —x) exp—(—x%ﬁ dx <
2f/e.

Opx w(xf.f)
From (A.9) we see that —f%%—f—— is, at most, of the order of pr|w(xf, f) as

Ipx w(xs.f)
px,w(xs, f) — 0,and so ——%F—log px w(xs, f) — 0asxg — £ o00. 0

A.2 The Convolution Inequality For |

Given a random variable W, let X, Y, and Z = X + Y be some random variables
with Y being independent of X and W. The conditional probability densities of X,
Y, and Z are pyjw_u(x), pr(y), and

Pzw=u(®) = [ Pxw=u(x)pyr(z = x)dx, (A.10)

respectively. If these density functions are differentiable, then dpzjw—,,(2z)/dz is

P'z|w=w(z) = Loo quw—_—w(x)PY(Z — x)dx . (A.11)

Thus, if pxjw=w(x), pY(¥), and pzjw—,(z) never vanish,

Prw=o(?) _ [ Paslprtz - A C)

= dx
Pzw=w(2) Pziw=w(2) Pxiw=w(¥)
= E —|Z=zW=w|,
xizw [P)qw:w(x)

that is, the conditional expectation of pngzw(x) / Pxjw=w(x) for given values of Z
and W. Likewise,

p,Z]W_—.w(Z)

Pr(y)
PZlW:w(Z) ‘

N EY'Z'W[py(y) :z] '
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Therefore, for any constants 2 and b,

pg(lW:w(x) ply(y) — - - (a pIZ|W=w(Z)
Bxnizw [anM:w(x) 0 Z“’“"W‘“’] = ) me@
Hence,
 [Paw=a@]® Pew=o® o], _ o 1\
(@+8) [‘p‘zm‘:w'(‘z)] - {EX”‘Z'W [apxiwzw(x)+bPY(3/) ZmnlV=w

., Faw=a® A 0)]’
= EXXZWA A (@) Py (y)

Z=zW= w} ,
(A.12)

since the second moment of any random variable is never less than the square of

its mean, with equality only if

P (x ) L (2
Ll RO ) Pawenl?) (A.13)
Px|w=w(x) ry(y) lew=w(z)
with probability one.
Averaging both sides of (A.12) over the conditional distribution of Z given W =
w gives us
2 1) 2
Pziw—w(2) Pxw=(*) Py (y)
a+b)%E —_—— | IW=w} < E a +bX W=w
(kO Bz { [pZ,W=w @ K1) | i@ * )
2
P
= a’E | |(W=w
W { [PXIsz(x)
/ 2
+b2E [pY(y)} A.14
Y { 12440 A1
or
(a+b)*Jw(Z) < a*Jw(X) + b Jw(Y) (A.15)

Averaging both sides of (A.15) over the distribution of W gives us

(a+b)2Ew[Jw(Z)] < a®Ew[Jw(X)] + b*Ew[Jw(Y)] . (A.16)
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Setting a = 1/Ew|[Jw(X)] and b = a = 1/Ew[Jw(Y)], we obtain
1 1 1
b + ,
Ew[Jw(Z)] =~ Ewlw(X)] * Ew[Iw(Y)]
with equality if (A.13) holds. Let us suppose (A.13) holds. By substitutingx =z —y

(A.17)

into (A.13) and integrating with respect to y, we get

—alog pxiw=w(z — ¥) + blog pyjw—w(y) = (a+b) P2|w::§ ; +c(z) .

Setting y = 0 shows that the "constant” of integration c(z) is differentiable, and it
follows that p—zjﬁf%y, too, is differentiable. Thus, differentiating with respect to z
and setting z = 0, we have
_Prw=(=Y) Pziw=w(0) PZiw=0(0) = PZiw—r(0)
Px|w_w( Y) P2iw=u(0)
from which we see that (A.18) is satisfied if pxjw—,(x) is a normal density func-
tion. Similarly, the condition (A.13) for equality in (A.17) implies that equality is
satisfied if py(y) is a normal density function. Thus, (A.17) holds with equality

= (a+Db)

y+c(0), (A18)

when py|w—y(x) and py(y) are normal density functions.

A.3 One-Dimensional Conditional Entropy-Power In-

equality

Given W = w, we now define Xf(t), o(t)r and Z]-(t) tobe X, Y, and Z plus inde-
pendent zero-mean normal random variables with variance f(t), g(t), and j(¢) =
f(t) + g(t), respectively. We suppose that f(0) = g(0) = j(0) = 0, and we restrict
t to non-negative values. When f(t) and g(t) are positive, the conditional prob-
ability density functions of Xy, Yg(), and Z;;), given W = w are everywhere
differentiable and positive. Thus, differentiating

exp 2h(X () |[W) + exp 2h(Yy ()| W)

s(t) £ exp 2h(Zj |W)

(A.19)
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with respect to ¢ with the help of (A.6), we have

P () = XM () Ey [Ty (X)) + €0 g (1) Ew [Tw (Ypqr))]
[ezh(Xf(t)lW) + eZh(nglW)] [F'(t) — &' (D1Ew[Tw (Zis)] - (A.20)

Substituting the upper bound on Ew[Jw(Z;(;))] given by (A.17), we find that

Zh(Z-(f)|W)sl(t) >

O 1 ( Xf(t))]+e o™ By (1 (¥, (c))])
Ew[Jw(Xp)) ] +EwlIw (Yg(r))]

(£ OEWIW(Xp)) + & O EwTw (Yg(e)]) - (a21)

Hence, by choosing
f'(t) = exp2h(Xs()|W) and g'(t) = exp2h(Yy(|W), (A22)

we ensure that s'(¢t) > 0, with equality if equality holds in (A.17). Thus, under
(A.21), s'(t) = 0if, conditional on W = w, X £(%) and Yg(t) are normal. This fur-
ther implies s(t) is a constant if, conditional on W = w, X and Y are normally
distributed.

If the entropy integrals h(X(;)|W), h(Yg()|W), and h(Zj)|W) converge uni-
formly near ¢ = 0, then s(¢) is continuous at t = 0 and

(0) = exp 2h(X|W) + exp2h(Y|W)
exp 2h(Z|W)

To evaluate s(+o0) we note that (A.22) implies f(+o0) = g(+00) = j(4+00) =
+00, and we define Xp(;) to be X¢;)/ v/f- Then (A.2) gives us for its probability
density

P (a) = 2= [ O/ F) o0 T .

Given W = w, h(Xpp)|W = w) = i(Xp)|W = w) — Tlog f(t). As f(t) grows
infinite, \/f(t)pxjw=w(+/f()u) becomes a Dirac delta function, and px,\w=w
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approaches exp ——(—x%i)i/ v2n. Thus, if h(Xpy)|W = w) converges uniformly
as f(t) grows infinite, it becomes 1log2re in the limit, and h(Xep|W = w) —
Tlog2mef(t) — 0ast — +oo. Similarly, (YW = w) - 3log2meg(t) — 0
and h(Z;y)|W = w) — 1log2me(f(t) +g(t)) — 0. From (A.19), then, we have
s(+00) = 1, completing the proof for the one-dimensional conditional entropy-

power inequality, i.e.,
GH(ZIW) > 2H(XIW) | 2h(Y|W) (A.23)
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Appendix B

Numerical Figures to Support Section

3.3.1

0'% A B1 ILampert (Xlr' XB)
10 0.00322574 0.9545 0.0030

20 | 0.001519135 | 0.9411 0.0027
30 | 0.000937113 | 0.9176 0.0026
40 | 0.000650135 | 0.8918 0.0024
100 | 0.0001700164 | 0.7444 0.0018
200 | 0.00004609095 | 0.5668 0.0012

300 } 0.00001754179 | 0.4504 9.3739%e-4

400 | 0.00000769528 | 0.3703 7.4728e-4

Table B.1: B, for computing IYB(X;;Y,) and Iy ympert(X1; X3) given that 02 = 100

117
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o? A Br | ILambert(X1; X3)
10 0.00241402 0.9720 0.0016

20 0.00119004 0.9719 0.0015

30 0.000763584 | 0.9628 0.0014

40 0.000549017 0.9512 0.0014

100 | 0.0001720957 | 0.8711 0.0011

200 | 0.00006045746 | 0.7476 8.9097e-4
300 | 0.00002935973 | 0.6480 7.3505e-4
400 | 0.000016360003 | 0.5684 6.2225e-4

Table B.2: B; for computing IYB(Xy; Y2) and I1gmpert (X1; X3) given that o2 = 200

0-% A ﬁl 1 ambert (Xl} XB)
10 0.00201106 0.9777 0.0011
20 0.001008853 | 0.9813 0.0010

30 0.0006573 0.9768 9.871e-4

40 | 0.0004792175 | 0.9702 9.5934e-4

100 | 0.0001610391 | 0.9186 8.3546e-4

200 { 0.00006225747 | 0.8288 6.9568e-4

300 | 0.00003297228 | 0.7487 5.9350e-4

400 | 0.00001995973 | 0.6795 5.2148e-4

Table B.3: 1 for computing IYB(X1;Y>) and I1ympert (X1; X3) given that 02 = 300
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A B1r | ILambert(X1; X3)
10 0.00175972 0.9804 8.7077e-4
20 0.000891083 0.9858 7.6547¢e-4
30 0.000585433 0.9834 7.4977e-4
40 0.0004300915 | 0.9792 7.3458e-4
100 | 0.0001501585 | 0.9427 6.6003e-4
200 { 0.00006114028 | 0.8738 5.6842e-4
300 | 0.00003390846 | 0.8084 5.0072e-4
400 | 0.000021426755 | 0.7492 4.4708e-4

Table B.4: B; for computing IY8(X;Y2) and I ympers (X1; X3) given that 07 = 400

o? Pt exp (h(X2) — h(Y1)) | Immse(X1; X3)
100 | 100.9968 0.9999 0.0016
200 | 200.9584 ~1 0.0011

300 | 300.9989 ~1 7.9334e-4
400 | 400.9992 ~1 6.3742e-4

Table B.5: Inmse(Xa; X3) given that o7 = 100
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APPENDIX B. NUMERICAL FIGURES TO SUPPORT SECTION 3.3.1

o7 o exp (h(X2) = h(Y1)) | Immse(X1; X3)
100 | 100.9968 0.9999 0.0011
200 | 200.9584 ~1 8.0445e-4
300 | 300.9989 =1 6.5076e-4
400 | 400.9992 ~1 5.3143e-4
Table B.6: Iyimse(X1; X3) given that o7 = 200
o7 o exp (h(X2) —h(Y1)) | Immse(X1; X3)
100 | 100.9968 0.9999 0.00080566
200 | 200.9584 ~1 6.4821e-4
300 | 300.9989 ~1 5.4458e-4
400 | 400.9992 ~1 4.8156e-4
Table B.7: Iymse(X1; X3) given that 07 = 300
o7 o« exp (h(X2) —h(Y1)) | Immse(X1; X3)
100 | 100.9968 0.9999 6.5253e-4
200 | 200.9584 ~1 5.5189%-4
300 | 300.9989 =1 4.8298e-4
400 | 400.9992 ~1 4.3974e-4

Table B.8: Inpse(X1; X3) given that 07 = 400
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