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Chapter 1

Introduction

Enumerative problems in algebraic geometry were intensively studied in the nineteenth century.
It is thus quite surprising to realize that some of the very well known and basic examples worked
ouf in this paper have generalizations that are still unsolved. For example, consider the problem
of counting lines on a hypersurface. In 1849, Salmon and Cayley showed that there are 27 lines on
a cubic surface in P3, The general problem, however, is much more difficult. Even the dimension
of the “Fano variety” of lines on a smooth hypersurface X C P" of degree d < 7 is still unknown,
although both Johan de Jong and Olivier Debarre have conjectured it to be the expected value,
dim F, (X) =2n -3 - d.

In this paper we construct and describe some of the basic tools of algebraic geometry and
intersection theory. The topics we cover are selected to solve some of the classic enumerative
geometry problems. For instance, we solve the problem of lines on a cubic surface, as mentioned
above. Other, more intricate examples are mentioned below.

In the first chapter, we begin by considering the question of lines meeting four general lines
in P3. Interestingly, this question can be rephrased as follows: Consider maps P! — P! of degree
3, modulo automorphisms of the target P!. These correspond to rational functions g, along with

. . . . . . |la b .
the equivalence relation £ ~ 2E+bCG with nongingular coefficient matrix . Now, specify four
q [€] cF+dG g e d P y

points py,...,py4 in the domain P!'. How many such maps have these four points as critical points?
In general, we could ask how many degree d maps P! — P! have 2d — 2 critical points.

The original question of lines meeting four lines leads us to the definition of the Grassmannian
and its tangent space, and to the introduction of the Chow ring. We devote all of chapter 3 to
the definition of the Chow ring and its properties. Another option would have been to define the
algebraic Chow ring instead (where two k-cycles Y and Y’ on X , & smooth projective variety, are
equivalent if, for a smooth connected curve C with p,q € C , we have Y C X x C, and Y, = Y and
Yq =Y"). The algebraic Chow ring is easier to work with than the Chow ring. However, one of the
reasons to use the Chow ring is that, in the case of curves, it coincides with the Picard group.

After the discussion of the Chow ring, we introduce Chern and Segre classes, which will turn
out to generate of the Chow ring in many of our examples. Although Segre classes were historically
introduced first, we follow the modern custom of first defining Chern classes and then introducing
Segre classes. In chapter 4, we give an original proof of the relationship between the total Chern
class and the total Segre class of a vector bundle over a variety using Giambelli’s formula.

Next, in chapter 6, we describe parameter spaces and introduce the Chow variety and the
Hilbert scheme. In this chapter, we will see how important the appropriate choice of parameter
space can be in solving an enumerative geometry question. In particular, we discuss two possible
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solutions to Steiner’s problem of finding the number of conics tangent to five general conics in P2,
A solution to this problem was first attempted by Jacob Steiner in the mid-1800s using a synthetic
construction of curves, which had correctly yielded the result that there is only one conic tangent
to five general lines in P?.

Unfortunately, Steiner’s construction for the problem of five conics gives the incorrect answer
of 7776. The error in his calculation comes from Steiner’s failure to realize that, in the P* of plane
conics, there is a Veronese surface S of double lines and that S is also contained in each set of conics
tangent to one of the given five conics. There are three ways of correcting Steiner’s oversight. We
could blow-up the P° of plane conics along S and then carry out our calculations in X = BlgPS,
or we could introduce the space of complete conics, the closure in P® x P** of the set of smooth
conics dual to each other. Both of these approaches are carried out in chapter 6. The third and
final method is to apply the ezcess intersection formula. We discuss this formula in chapter 6.6.

Lastly, in chapter 7, we develop Porteous’ formula, which leads us to a brief discussion of
determinantal varieties. These varieties have equations that can be expressed as the minors of
a matrix. Veronese and Segre varieties and rational normal scrolls are all in fact determinantal
varieties. Porteous’ formula, for example, allows us to calculate the number of quatrisecant lines
of a smooth, rational curve of degree d in IP3.

10



Chapter 2

The Grassmannian

To motivate the construction of the Grassmannian and of the Chow ring, we will start by stating
a classical enumerative problem. Its solution will be worked out in section 3.4.

Question: Given four general lines Ly, Ly, L3, L4 in P?, how many lines L € P? meet all four?
For each L; consider the subset of G(1,3) given by

%1(L;) = {lines in P* meeting L;}.

The answer to our question is simply given by the number of lines L such that L € I,(L;) for all i.

First we need to show that ¥,(L;) is a projective subvariety of G(1,3). Consider the incidence

correspondence
[ ={(L,p):pe L} CGQ1,3) x P,

then we have two projection maps:

8

[ ——p3

|
G(1,3)

Note that the fibers of a are isomorphic to P'’s, and that the fibers of 3 are isomorphic to P2’s. Since
G(1,3) is 4 dimensional and IP? is 3 dimensional, we see that I' must be 5 dimensional. Now 8 is just
a P? bundle, thus ~!(L;) is smooth and 3 dimensional. Furthermore, since ,(L;) = a(8~1(L;)),
%1(L;) must be a 3 dimensional and smooth subvariety of G(1,3) except possibly at the point
corresponding to L; itself.

Then, how do we count the lines in NX;(L;)? To answer this question we need to understand
the Grassmannian and to be able to the define and calculate its Chow ring, A(G). Finally, we want
to find the class of X;(L;) in A(G) and take its four-fold self-product.

This section closely follows [H], where further details may be found. The Grassmannian is
defined to be the set of k& dimensional planes in C*, denoted by G(k,n) or G{k—1,n—1). We want
to realize the Grassmannian as a projective variety. First we show that it is a subset of projective
space. Start with a k dimensional subset of P", call it W, and suppose that it is spanned by the
vectors vy,...,vr. We can then associate to W the multi-vector



Clearly w is determined up to scalars by W, if we chose a different, basis, the corresponding vector
would equal w times the determinant of the change of basis matrix. Thus, we have a well defined
map of sets

0: G(k,n) — ]P’(/\k(C")) given by
W [og A Awgl.

For any [w] = ¢(W) in the image, the space of vectors v € C* such that v Aw =0 € AFTH(CP) is
simply W. Thus, ¢ is an inclusion. Next, we show that G(k,n) is actually a subvariety of A*(C").
To do this, we need to characterize the subset of totally decomposable vectors w € A¥(C?). A
multi-vector w will be totally decomposable if and only if the space of vectors v dividing it is k
dimensional. To see this, note that a vector v € C* will divide a vector w € A¥(C") if and only if
w A A =0. Thus, [w] will lie in the image of the Grassmannian if and only if the rank of the map

flw): e = A e

VWA

is » — k. Note that the rank of f(w} is never strictly less than n — & and so [w] is in the image of the
Grassmannian if and only if the rank(f(w)) < n —k. Since the exterior product is multi-linear, the
map AF(C") — Hom(C", A¥T(C")), sending w to f(w), is linear. This means that the entries of
the matrix f{w) € Hom(C", A**(C")) are homogeneous coordinates on P(A¥(C")). Thus, we see
that G(k,n) € P(A*(C")) is the subvariety defined by the vanishing of the (n —k +1) x (n — k+1)
minors of the matrix f(w).

The Grassmannian can also be viewed as complex manifold. Given a k-plane A in C*, it can
be represented by a k x n matrix

Ukl ottt Uk

of rank k. Such a matrix determines A up to an element of GL;. Given any multi-index of
cardinality k, I = {41,...,1x} C {1,...,n}, let Vio C C" be the (n — k)-plane in C* spanned by
the vectors {e; : j ¢ I'}, and consider the set

Ur = {A € G(k,n) : AN Vie = {0}}.

U is the set of A € G(k,n) such that the I-th (k x k)-minor of any matrix representation of A is
nonsingular, and A € Uy can be represented uniquely by a matrix A’ of the form

1 0 --- 0 % --- *
01 0
0 0 «+ 1 * =+ =%

Conversely, any such k x n matrix represents a k-plane A € U;. Thus the k(n — k) entries of the
I°th k x (n — k) minor A}, of A7 give a bijection of sets

@r - U[ — Ck(n_k)
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for each I. Note that w7(U; N Up) is open in C¥"~%) for all I, I’. Furthermore, the map ¢ o }*
is holomorphic on this open set since if we choose some A € Uy N Up and let AT, be the I'-th
k x kminor of AL, then

AT = (ALY AT

Since the entries of (AL,)~! vary holomorphically with the entries of A7, ¢ o 7! is holomorphic.
Hence the maps ¢y give G(k,n) the structure of a complex manifold.
Moreover, the unitary group U, maps surjectively and continuously onto G(k,n) by the map

g+ g(Vx),

where Vi, = {e1,...,ex} C C* (similarly GL, acts transitively on G(k,n)). Thus, with the above
topology, G(k,n) i1s compact and connected.

2.1 Schubert Cycles

Our next task is to give a cell decomposition of G(k,n) to understand its additive cohomology.
The results and discussion in this section closely follow [GH]. Begin by choosing a flag of linear
subspaces of C" as follows: let {e1, - ,e,} be a basis of C*, and set V; = {e;,--- ,e;} C C*. Then,
for every [A] € G(k,n), consider the increasing sequence of subspaces

OCANVICANVa C---CANV, 1 CANV, =A.

Clearly, for a generic A, ANV, will be zero for ¢ < n —k, and (¢ + kK — n)-dimensional for 7 > n —- k.
Now, given any sequence of integers a = ay,...,ag, let

Way,or = {A € G(kyn) | dim(ANV,_yiq,) =1}

Since dim(AUV, ki q;) = k+(n—k+i—a;)—i = n—a;, Wy, .., will be empty unless a;,...,ar is a
non-increasing sequence of integers less than or equal to n—k. Furthermore, dim(ANV,_g4i—q,) =%
if and only if the rank of the last k& x (k + a; — ¢) minor of the matrix representative for A is exactly
k — 1. Thus, the closure

Way,.oap = {A € Glk,n) | dim(ANVy_giiq,) > i}

is a subvariety of G(k,n).
Since the W, will be the cells we are looking for, we want to choose a special basis for any
k-plane A € W, . ,,. Let v; be a generator for the line A N V,,_g41_4,, normalized so that

(v1,en—k+1-q,) =1 or, in other words, v; = (x,%,...,%,1,0,...,0).
Next, choose vy so that span{v;,vs} = (AN V,_4412_,,), and normalized to give
(V2,€n—k+1-a;) =0, and (v3,en_gq2-0,) = L.
We can continue to choose the v; such that v1,...,v; span ANV,_p4,_,, and
0 ifj<i,
Vi Bn—kti—g: ) =
(v, et ;) {1 if = .

13



Since the choice of each v; is completely determined by the above conditions, we get a unique
k x (n — k) matrix representative for the k-plane A

N A ) 0]
* 0 % 1 0 0 vt e 0
* 0 = 0 = = = 1 0 0 0
mn 0 0
'U.k *x % x 0 x 0 * * % 0 * %= x 1 0 0 0
0 0 0
[ * * * 0 x 0 x * x 0 =« R I N 1

where, in the i-th column, the number of zeros after the one is a; — i. Conversely, any such
matrix determines a k-plane A € W, ,. . Now, (k% + 3" a;) entries of the matrix are fixed and
the rest can vary freely. Thus, we have a homeomorphism

Worap = Chn—k)-32 o

and so the sets Was,...a, Eive a cell decomposition of G{k,n). Note that, we have cells only in even
dimensions and therefore all the boundary maps are zero, hence

Proposition 1 (Griffiths, Harris). The integral homology of the Grassmannian G(k,n) has no
torsion and is freely generated by the cycles 04, . o, = [Wa,,..a,) in real codimension 23 a;, where
{a1,...,ax} ranges over all non-increasing sequences of integers between 0 and n — k.

Since we can always find a continuous family of linear automorphisms of C* taking any flag to
another, the homology class of the subvariety o, is independent of the flag chosen. The subvarieties
o, are called the Schubert cycles of the Grassmannian.

2.2 The Tangent Space to the Grassmannian

We have seen that the Grassmannian G(k,n) is a smooth variety of dimension (k + 1)(n — k). This
follows from the explicit description of the covering of G(k,n) by the open sets Uy = A+1{n—Fk)
Thus the Zariski tangent spaces to G are all vector spaces of dimension (k + 1)(n — k).

Claim 2. The tangent space to the Grassmannian is given by
Tip Gk, n) = Hom{A,C""L/A).

We obtain this identification in terms of tangent vectors to arcs in G(k, n). Suppose that {A;}
is a holomorphic arc in G(k,n), let Ag = A, and let v € A be any vector. Choose a vector valued
function v(t) such that v(¢) € A; for all ¢ and, in particular, »(0) = v. Then we can associate to v
the vector

o(v) = v'(0) = -% (0 e A,

This measures the movement of A away from v, and if ¢(v) is nonzero, we cannot choose v(t) = v.
Now, we could have chosen a different vector valued function, say w(t) with w(t) € A; for all £.

14



Then, since w(0) = v(0), we can write
w(t) — v(t) = tu(t)

where u(t) € A; for all £. It follows that w(v) is well defined as an element of C**!/A. Thus, the
arc {A;} determines a linear map ¢ : A — C**! /A, which is a tangent vector of G(n,k) at A. So
the identification

Tia)G(k,n) = Hom(A, C*HL/A)

holds.

15
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Chapter 3

The Chow Ring

The most relevant for this section if [F 98}, where the proofs of the following results may be found.
Let X be an algebraic variety. A k-cycle on X is a formal sum

Z n;[Vi]

where the V; are k-dimensional subvarieties of X, and the n; are integers. Let Z,(X) be the set of
k-cycles,
Zn(X) = {Z ni[V;] : V; k-dimensional subvariety of X,n; € Z}.

The first step in defining the Chow ring is to formulate the correct equivalence relation on Z, (X),
called rational equivalence.

Let R(X) be the field of rational functions on X, and let R(X)* denote the ring of nonzero
elements of this field. Let V be a subvariety of X of codimension one, and thus the local ring
A = Oy x is a one-dimensional local domain. Let » € R(X)*, then we will define a homomorphism
called the order of vanishing of r along V, ordy (r). Note that, since any r € R(X)* may be written
as a ratio 7 = a/b, for a,b € A, and since for a homomorphism,

ordy (rs) = ordy (r) + ordy (s)

for any r, s € R(X)*, we only have to define ordy (r) for r € A. It is clear what ordy (r) should be
in two special cases. First, if X is a curve over an algebraically closed field K,

ordy (r) = dimg (A4/(r)).

Next, if X is nonsingular along V' of any dimension, 4 is a DVR. Then r = ut™, for u € A a unit,
t a generator of the maximal ideal and m € Z. Thus, it is natural to define

ordy (r) = m.

In general, we define
ordy (r) = length(A4/(r)) as an A-module.

For any (k+ 1)-dimensional subvariety W of X, and any r € R(X)*, define a a k-cycle on X by
[div(r)] = 3 ordv (r)[V],

17



where the sum is over all codimension 1 subvarieties V of W.

Definition 3. A k-cycle § is rationally equivalent to zero, § ~ 0, if there exists a finite number of
(k + 1)-dimensional subvarieties W; of X and r; € R(W;)*, such that 8 = 3[div(r;)].

Since [div(r~")] = —[div(r)], the cyeles rationally equivalent to zero form a subgroup Ratg(X)
of Zk(X )

Definition 4. The group of k-cycles modulo rational equivalence on X is the quotient group
Ap(X) = Zp(X)/Rat(X).
Furthermore, we can define
Za(X) = Bpo0Ze(X)  AuX) = DR Ak(X),

where n equals the dimension of X.
Remark 1. Two cycles are rationally equivalent if they are members of a family of cycles parametrized
by PL.

Now, for an n-dimensional, nonsingular variety X, set
AF(X) = A, 4 (X),

and let 1 € A°(X) correspond to the class [X] € A,(X). By A*(X) = ®AP(X).

3.1 Intersection Pairing and the Gysin Homomorphisms

We want to define a pairing: Ay (X) x A;(X) — Ap_n(X).

There are three different approaches to this problem.

1. If V,IW C X intersect generically transversely, set (V] N[W] = [V N W], and then apply
Chow’s moving lemma, proven in [R].

2. If V,W only intersect properly (i.e. in the correct dimension), we can try to define the

intersection product as {V]-[W]= > multz(V - -W)[Z].
ZCVnw
3. (Which we will follow). In general, given any two V,W C X, define [V] - [W] € Agyi_n(V N

W) — Ag+i—n(X). More precisely, if X is a non-singular variety, the diagonal embedding § : X —
X x X is a regular embedding. Thus, for [V], [W] € A.(X), we define the product [V]-[W] € A.(X)
by the composition

A(X) ® 4(X) —25 Apu(X x X) T Apria(X), (3.1)

where §* is the Gysin homomorphism.We start by describing a special type of Gysin homomor-
phism, and then use it to obtain the general case.

Definition 5. Let s = s¢ denote the zero section of a vector bundle 7 : £ — X of rank r. We
define the k-th Gysin homomorphism

s* Ak(g — Ak_rX,

by



The following theorem shows that s* is a well defined homomorphism.

Theorem 6 (Fulton). Let £ be a vector bundle of rank v on a scheme X, with projection = : £ —
X. Then, the flat pull-back
A X = A€

is an isomorphism for all k.

The Gysin homomorphism is an important intersection operation. Given any subvariety of £,
or k-cycle 8 on £, no matter how it meets the zero section, there is a well-defined cycle class s*(8)
in A;_,X. By the surjectivity of 7*, s* is determined by the facts that s*[7=1(V)] = [V] for all
V C X, and that s* preserves rational equivalence.

We actually need a more general form of the Gysin homomorphism to understand equation
(3.1).

Let i : X — Y be a closed regular embedding of codimension d, and denote the normal bundle by

NxY. Let V be a purely &£-dimensional scheme, f : V' — Y be a morphism, and let f~1(X) =W,
then form the fiber square

| v

lg f

X —Y.
)

Let N = g*NxY, a bundle of rank d on W, and let 7 : N — W be the projection map. Since
the ideal sheaf 7 of X in Y generates the ideal sheaf .7 of W in V, there is a surjection

®f*(Z/I") - o™ /T

This determines a closed embedding of the normal cone ¢ = CwV (for the definition of the
normal cone, see appendix A), as a subcone of the vector bundle N

NS

Since C is purely k-dimensional, it determines a k-cycle [C] on N. Let s be the zero section of the
bundle N, then

Definition 7. The intersection product of V by X on Y, denoted X - V', is the class on W obtained
by
X -V =§"[C] € Ap_q(W),

where s* 1 Ag(N) — Ap_q(W) is the Gysin homomorphism defined earlier.

Now we can define the refined Gysin homomorphism used in equation (31). Let i : X = Y be
a regular embedding of codimension d (i.e., every point in X has an affine neighborhood U/ in ¥V
such that, if A is the coordinate ring of U7, and I the ideal of A defining X, then I is generated by

19



a regular sequence of length d), and let f : Y’ — Y be a morphism. Form the fiber square

X’_j>Y’
Pl
X_z')Y’

and define the homomorphisms
P ZRY! o Ap_g X'

73 onlVil) =) miX -V,

where X - V; is the intersection product defined above. i* passes to rational equivalence, as shown
in [F 98]. Assuming such result, we can finally make the following definition.

by

Definition 8. The induced homomorphisms
’i! : AkYI - Ak_Xm
are called the refined Gysin homomorphisms.

If Y =Y and f = idy,then, the induced morphisms are called Gysin homomorphisms and
denoted by
i ALY — Ap_aX.

Then, the intersection product can be rewritten as [V] ® [W] — [V] - [W] and
ARX) @ AY(X) — AFH(X),
indexing by codimension.

Definition 9. With the above product A*(X) = ©AP(X) is a commutative, graded ring, with unit
[X]. A*(X) is called the Chow ring of X.

3.2 The cycle map

If the base field is C and V C X a subvariety of dimension &k, we can look at the class of V,
[V] € B> 2%(X,C), and the map: A, (X) — H*(X,C) sending the class of V in A.(X) to the
corresponding class in H*(X,C). In this case, we can define the intersection pairing to be the cup
product in cohomology.

We want to find a class of spaces where

AX =2 HX.
We start with the following result.

Lemma 10 (Fulton). If X is an n-dimensional complex non-singular scheme, then H; X =0 for
i > 2n, and HypX is a free abelian group with one generator for each irreducible component of X.

20



The proof of this lemma is simply given by the Poincaré isomorphism and the following property
of homology:
X =H;X1®--® HXn,

where X is the disjoint union of the X;. The generator of H3, X corresponding to an n-dimensional
irreducible component X; will be denoted ¢l(X;). In general, if Y is a k-dimensional closed subva-
riety of a scheme X, we define the cycle class cIx(Y) to be

Clx(Y) =1,el(Y) € Hy X,

where i is the inclusion of Y in X. Here are some properties of clx.

Lemma 11 (Fulton). Let f : Y — Z be a proper, surjective morphism of varieties. Then
o x(Y) =deg(Y/2) - cl(2).

Furthermore, if a cycle a on a complex scheme X is rationally equivalent to zero, then cl(a) =0 ¢
H.X.

For a proof and a more general statement of the above lemma see [F 98]. It follows that the
cycle map passes to rational equivalence, defining homomorphisms

d: AkX — Hqyp X,

which are covariant for proper morphisms.
The cycle map is the morphism we want since there are many interesting schemes X for which

cdx  AX - HX

is an isomorphism. These varieties can have no odd-dimensional homology, and so the only curves
in this class are P! and A'. On the other hand, if X has a cellular decomposition (i.e., X has a
filtration X = X, D X,,—1 D -+ D Xy D X_; = @ by closed subschemes, with each X; — X;_; a
disjoint union of schemes U;; isomorphic to affine spaces A%}, then clx will be an isomorphism.
The most relevant cases are those of X a projective space, Grassmannian, or an arbitrary flag
manifold, and then clx will also be an isomorphism. More generally, if X is a flag bundle over a
scheme Y, then cly is an isomorphism if and only if cly is an isomorphism.

3.3 Properties of the Chow Ring

~Let X be a nonsingular projective variety. Then its Chow ring has the following properties.

C1 The cycles in codimension 1 are Weil divisors, and rational equivalence is the same as linear
equivalence for them. Thus, since X is nonsingular, we have that A!(X) 2 PicX.

C2 The projection map p : X x A™ — X, A™ any affine space, induces an isomorphism p*
A(X) = A(X x A™).

C3 If Y is a nonsingular closed subvariety of X, U = X — Y, andi: Y — X y J: U — X the
inclusions, then there is an exact sequence

A(Y) 2 A(X) L A(U) — >0,
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C4 Let £ be a vector bundle of rank k£ on X, let 7 : PE — X be the associated projective
bundle, and let { € A (PE) be the class of the divisor whose restriction to the fiber of
7 is the hyperplane class. Then n* makes A(Pf) into a free A(X)-module generated by

la C7C2= e 1Ck_1'
3.4 Lines meeting four general lines

Recall our first question. Given four general lines L1, Lo, L3, L4 in P?, how many lines L C P? meet
all four? To answer it, we need to find the four-fold intersection product of the class of £1(Z;),
where for each L; ¥1(L;) the subset of G(1,3) given by

%1(L;) = {lines in P* meeting L;}.

We start by calculating A.G, where G = G(1,3). The cohomology groups of G{1,3) are as
follows

A4(G) = Z(G) = Z{oy)
. A3(G) = Z{oy)

Az(G) = Z(01,1,02>

A (G) = Z{02,1)
Ao(G) = Z(o2,)

Where the generators are

00 = [G(l, 3)17

o1 = [B1(L) = {lines meeting L C P*}],
01,1 = [¥1,1(H) = {lines contained in the hyperplane H}],

o9 = [Ea(p) = {lines containing the point p}],
02,1 = [£2,1(p, H) = {lines containing the point p and contained in the hyperplane H}],
o232 = [point].

Now, we need to calculate the ring structure, that is, we need to calculate the intersection
pairings of the above Schubert cycles

! g2 011 021 0922
oy |o2+o1,1 021 0321 1 0
(03] J2,1 1 0 0 0
01,1 g2,1 0 1 0 0
0'271 1 0 0 0 0
Jg2.2 0 0 0 0 0
Then, the number of lines meeting four general lines in P? is a% =2. &

Note: So far in our calculation we have been implicitly assuming that all of our intersections
were transverse, that is
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Definition 12. Suppose that X,Y C G(1, 3) are two subvarieties and that their intersection has
irreducible components Z;. We say that X and Y intersect transversely at a point p; € Z;, if they
are smooth at p; with tangent spaces spanning T, (G(1, 3)).

The following theorem, proved in [K], allows us to treat the intersections as transverse

Theorem 13 (Kleiman). Let X be any variely on which an algebraic group G acts transitively,
Y C X any smooth subvariety, and f : Z — X any map. Foranyg € G let W, = (gof)"1(Y) C Z-
that is, the inverse image of the translate g(Y). Then for general g € G,

(Wg)sing = Wg N Zsin.g-
Note that the theorem holds for Grassmannians. Furthermore, if f is an inclusion, this says

that a general translate of one smooth subvariety of a homogeneous space meets any other given
smooth subvariety transversely.

23



24



Chapter 4

Chern and Segre Classes

We will start with a working definition of Chern Classes and then refine it to a more precise
formulation. Let X be a n-dimensional variety and £€ — X a vector bundle of rank k. Given a
section o of £, we would expect the zero locus of o to be a cycle of dimension n — k.

Definition 14. The top Chern class of £ is defined to be
cx(€) = [(o = 0)] € A¥(X).

More generally, given a collection of [ sections oy,...,0; of & we can look at the locus where
they fail to be independent. We would expect this locus to be a cycle of codimension k — I + 1.

Definition 15. The r-th Chern cless of £ is defined to be
C,-(g) = [(0'1 VAR Uk:—'r+1) = 0] < AT(X)

Definition 16. Let £ be a vector bundle of rank  on a variety X. The total Chern class ¢(£) is
the sum
e(€) =1+ c(E) +- + ¢ (€).

The Chern polynomial is:

o

(&) =) @)t =1+ (E)t+ca(E) 2 + - .

=0

Although it is not clear at this point that Chern classes are well defined, we are going to use
the above definitions to give a few examples of why Chern classes are useful.

First we need to introduce some ubiquitous vector bundles over the Grassmannian. Let G =
G(k,n) and let V = C**! x G be the trivial bundle. We define the universal, or tautological,
sub-bundle § C V' to be the bundle with total space given by the pairs

(k — plane A € C"*!, vector v € A),

and with projection map 7 : V' — G given by 7(A,v) = A. Note that Sa] = A. There is another
natural bundle on the Grassmannian arising from the two above. The universal quotient bundle Q
is simply the quotient @ = V/S and each fiber is given by Qua) = C*t1/A. This gives rise to the
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following sequence of vector bundles

0 S 1% Q 0,

AN

G

called the universal ezact sequence over the Grassmannian. These vector bundles give us another
way of describing the tangent space to the Grassmannian

TG = Hom(S, Q),

where the homomorphisms are to be taken as vector bundle maps.

Example 1. We want to calculate the Chern classes of the dual universal bundle S* on G(1,3) =
G(2,4), a rank 2 bundle. First note that a fiber of S* over a point of the Grassmannian is simply
S[*A] = A* Now, given a homogeneous linear form X : C* — C we define a section o of §* by setting:

U(A) = )‘IA'

What is then ¢2(5*)? Using our working definition of the top Chern class we see that it simply the
zero locus
[0 =0] = {A : A C H} = the Schubert cycle oy 1,

where H = ker()). Now for the next Chern class we need to define two sections of $*. Choose
two homogeneous linear forms o, 8 : C* — C. Then define the sections w, 7 to be w(A) = a|y and
7(A) = fB|a, both in A*. Now we can proceed to calculate ¢;(9*) = [(w A 7 = 0)]. Note that:

wAT=0&kerajpNkerf|a #0 & keran ANker 5 #0,

but the last statement simply says that c;(S*) is the class of lines in P® meeting a given line, that
is the Schubert cycle ;. o

Related to the notion of Chern classes there is an inverse concept, the Segre classes. Recall that
we defined the :-th Chern class to be

c;(€) = [ locus where o1, - , 04441 are linearly dependent)].

On the other hand we could have considered the locus where o1, -+ ,044,-1 fail to span. We are
going to call this locus the i-th Segre class. More precisely,

Definition 17. Given a vector bundle £ of rank k over a variety X, we define its i-th Segre class
to be: _ .
5i(€) = (—1)*[ locus where 01, ,04i—1 fail to span] € A*(X).

At this point we would like to see how these two notions are related. In the C* category,
every vector bundle & — X of rank k is the pull-back of @, the universal quotient bundle over
the Grassmannian, to X for some map X — G(n — k,n) for some n. Explicitly, find n generating
sections for &, call them w1, ...,w,, and define the map X — G(n — k,n) by
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p: X = G(n—k,n)
z— {(a1,...,a,) : Bajw;(z) =0 € £},

and hence we see that £ = ¢*@Q. Now we can make a second definition of the Chern and Segre
classes.

Definition 18. Let £ be a rank k vector bundle over a variety X, let ¢ : X — G(n — k,n) be as
above. Then we define the i-th Chern class of £ to be:

ci(€) = ¢’o;.
Similarly we can define the i-th Segre class of £ to be:
8i(€) = (—l)i(p*crl,,_,,l.
Where o; and oy ; are Schubert cycles over G(n — k,n).

Proposition 19. Let £ be a rank n bundle over a space X, then

-1
S(E)_C(E)'

Proof. By definition 18 we have that ¢;(£) = ¢*0;, and thus
cf)=1+¢"or+¢’or+-+@*on=¢*(1+o1+0o2+---+0y,).

Then we see that

1 = : :
-1 —1)¢ i
T +§( (o1 +o2+-- 4 op)
_ _ 2 -3 _
=1 +( 0’1)+(Jl 02l+£ gy +2310'2 0’3)J+ s
To T Ty Ty

and thus the dth term will simply be

1 o0

Ty = —1*6;.0;,-+-0;, and =1 )
d Z( )Poi 0y -+ 0y, 1to1 % +o, +ZTd

k
¥i;=d

Recall Giambelli’s formula to express any Schubert cycle in terms of elementary ones

Tqy Oa141 Tey+2 " Ogj4d-1
Tpo—1 Tay  cvrmveann Tgotd—2
O-CL], & = 0&3—2
Uad_d+1 .................. Oay




By definition 18, s,(€) = (—1)%¢*01,... 1, and so we only need a special case of the above
determinant. Using the facts that oy = 1 and 0,9 = 0, we see that

gy 02 O3 - o4
1 o1 o2 -+ 041
o 10 1 o - 04-9
1,---,1 .
Se——— :
d—times
0o ....... 1 g1
dxd

We will now calculate oy.... ; in terms of the o;. Define Py to be the above determinant and let

by by by --- by
1 Jgtr 09 -+ Od-1
Q(bla"' 7bd)= 0 1 1 -t Od-2 )
0 ....... 1 a1
so that Q(o1, -« ,04) = P;. By expanding the determinant along the first column, it is clear that

Q(bl"' ) 7bd) - le(Ula' o :Ud—l) - Q(bZa 7bd)
=b1 Py 1 — Qb ba)

Hence, we can write
Py =Q(o1,-++ ,04) =01FP3_1 — Q(o2,--- ,04)
=01Py1 — (0aPy_2 — Q(o3, -+ ,04))
= 01Pg1 — 09Py_o 4+ (03Py_3 — Q(o4,- -+ ,04))
=01Py_| — 9Py g+ 03Py 3 -+ (=1)%04_1 Py + (-1)% oy,
that is

01,1 = Pd = UIPd—l - JgPd42 + Jgpd_g -t (—l)dO'd_]_Pl + (—1)d+10'd. (4.1)

We claim that

Py = {Zzijzd(—l)d_koh ---oy, ifd>0,
0

ifd <0.

We will prove the claim by induction on (4.1). If d = 1, P; = o1 and the claim is obviously true.

Then suppose that the claim holds for Py, P, --- , Py—1, we want to prove that it holds for P.
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By (4.1) we have that

Py=01Py—1 ~02Py_2 + 03Pz — - + (=1)%a4_ 1 P, + (-1)% gy
=0 Z (D)Mo, -0y, — 09 Z (-1 0y, 04, +
m T
Nijd—1 2 d~2

+ (=1)ay_101 + (-1)*ay

=3 Y () ey,

m
Liy=d-r
— E E (_l)d_(m+1)gr0il e O.’Lm = E (_l)d—(m+1)o~u . J‘im+1 .
r m m
Bij=d—r Bij=

Let k=m+1 and

as claimed. Finally recall that

and clearly T; = (—1)¢P,, which proves that s(£) 31?5 O

4.1 Properties of Chern Classes

In general it very difficult to calculate Chern classes directly from the definition. In practice most
calculations are carried out using properties of Chern classes rather than their definition. The
following properties can be found in greater generality and with their proofs in [Hart].

The first four properties of Chern classes listed below can be used to show that, regardless of
definition, there exists a unique theory of Chern classes. That is, for each vector bundle £ on X
there is a way of assigning a class ¢;(£) € A*X, satisfying C1, C2, C3 below. C4 is called the
splitting principle and it is used to prove the uniqueness of such ¢;(&).

Cl If £ =2 O(D), then ¢;(£) = 1 + Dt. In this case P€ = X and the hyperplane class is just [D],
that is, ¢ (£) = D.

C2 The total Chern class ¢ is a natural transformation of functors, ¢ : Vect(X) — A*(X). Thus,
if f: X’ = X is a morphism, and £ is a vector bundle on X, then for each ¢

ci{f*E) = f*a(€).

C3 Whitney product formula. If 0 — £ - £ — £” — 0 is an exact sequence of vector bundles on
X, then

ct(€) = er(€') - cn(£").

C4 The splitting principle. A vector bundle £ is said to split if there exists a filtration £ = £ 2
& 2 -+ 2 & = 0 whose successive quotients are all vector bundles. Now, suppose that &£
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C5

splits and, furthermore, that the filtration has line bundles £, ..., £ as quotients, then
k
er(€) = [ er(Lo).
=1

The splitting principle is a very useful tool in calculating the Chern classes of tensor products,
exterior products, and dual vector bundles. Let £ have rank &, and let F have rank s. If we
write

Il
m?s‘

c(€) (14 ajt) and

.
Il
—_

il
.E*

ct(F) (1 + bit),

-
il
—

where the a; and the b; are just formal symbols, and then we have

(€ ®F) = [J(1 + (ai + b))t)
i
ame) = J] (+(an+-+ai)t)
1<iy < <Cip<h

&) = (—1)i(E).

If we expand the expressions in C5, we see that the coefficients of each power of ¢ are symmetric

functions in the a; and the b;. Thus, they can be expressed as polynomials in the elementary
symmetric functions of the a; and the b;, which are the Chern classes of £ and F.

4.2 Projective Bundles

In section 3.3 we mentioned the associated projective bundle, P, to a vector bundle £. In this
section we will develop some its properties.

Definition 20. Consider a vector bundle £ — X of rank k, we define

PE = {(z,0) 1 | C &} — X,

called the projective bundle of €. It is a P*~! bundle over X.

Now, is there a class ( € H2(IPE) whose restriction to the fiber of 7 : P — X is the hyperplane

class? Consider

0 S ™€ Q 0.

|

PE
lw
X
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Then, we claim that { = ¢;(S*). Furthermore,
k-1
H'(PE,Z) = @ ('H'(X,7),

as a group.

We prove that ( = ¢;(S*). Begin by considering the case where X = {z}, a single point. In
this case PE = P*~1 and ¢ = ¢1(S*), by definition. Now, for general X, consider the restriction of
PE to a point

i*S* §*
7= (2)—— PE.

Then, we can apply property C2 of Chern classes to see that c; (:*5*) = i*¢;($*), where ¢; (28*)
is just the hyperplane class on a fiber and i*c; (5*) is the restriction of the class ¢;(S*) to a fiber.
Thus, we have that { = ¢;(S*), as claimed.

The statement that, as groups,

k-1 .
H*(PE,2) = ® ('H"(X,Z),

is a direct consequence of the Leray-Hirsch theorem. For a proof of this theorem see [BT).
Now, consider the case where £ is trivial. Then, as rings,

H*(PE,Z) = H'(X,Z) ® H*(P*™,Z) = H*(X, Z)[¢]/(¢¥).

In general, ¢* # 0 and so it will be a measure of the twisting of £. The following proposition
gives ¢¥ in terms of the Chern classes of £.
Proposition 21. Let &€ = X be a vector bundle of rank k, then

H*(X,Z)[¢]
(€F + k- ler(E) + -+ a(€))

H*(PE,Z) =

Proof. Consider the following sequence of vector bundles:

0 S & Q 0.

l

PE

We want to think of H*(P€) as an algebra over H*(X) and find the product relations in the powers
of ¢.

Since ¢ = ¢1(8*), then ¢(S) = 1 — ¢ and, by properties of Chern classes, we know that
7*c(€) = ¢(S) — ¢(Q)

and (@) = lc (f)c

=(1l+ea()+eE)+ WL+(+32+).
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However, note that rank(@) = k£ — 1, and thus ¢; (@) = 0. Therefore, we have that
F+la@ +FPa@) + - +alé) =0
O

Remark 2. Another way to define Chern classes is to start with the above result and to take the
ith Chern class of the bundle £ to be the coefficient of ¢¥~* in the expression for ¢".

More precisely,

Definition 22. Let £ be a vector bundle of rank k on a nonsingular projective variety X. We
define the ith Chern class ¢;(€) € A*(X) to be given by ¢y =1 and

k
Z'fr*ci(é') LCEt = 0 e AR (PE).
1=0

Where 7 : PE — X is the projection.
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Chapter 5

Examples of Chern Classes
Calculations

Example 2. Consider a cubic surface X C P? given by a polynomial F = 0. Define the first Fano
variety of X as
F1(X) = {lines on X} C G(1,3).
What is the expected dimension and degree of F;(X)?

First, we need to show that F1(X) is a variety. Consider the open subset U C G(2,4) of 2-
planes A C C* complementary to a given 2-plane Aq. We are going to give explicit equations for
Fi(X)NU c U. Start by choosing a basis vg(A),v1(A) for each A € U by taking vectors vy, v; € C*
that, together with Ag, span all of C!. Then, set

v;(A) = AN (Ag + ).
The coordinates of these vectors are regular functions on U.
Now, the homogeneous polynomial F is an element of Sym?(C?)* c ((C*)®%)*, and we let
ar(A) = F(v;, (A),vi, (A), 05 (4)),

where I is a multi-index, I = {i1,42,43}. The a;(A) then provide a system of polynomials defining
Fi(X) in U. In other words, the ay are the coefficients of the restriction of F to U, written in terms
of the basis for A dual to the basis {vg(A),v1{A}}.

Next, we define a section or of Sym® §* by op|s = F|a, where A € G(1,3). Then, F; (X) = [oF]
and deg(F1) = c4(Sym®S*). We know that

Cl(S*) = 0'1,1
CQ(S*) =0,

and so we can write ¢($*) = (1 + a)(1 + B), where @ + 8 = 0y and - 8 = 7y ;. It follows that

c(Sym® %) = (1 + 3a)(1 + 20 + B)(1 + o + 28)(1 + 38)
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and thus

cs(Sym® §*) = 9aB(a + 28) (20 + )
= 9aB(20 + 5a8 + 24?)
= 901,1(20'({7 +01,1)
=901,1(301,1)
= 27.

Hence there are 27 lines on a smooth cubic surface in P?, counting multiplicities. In fact there
are exactly 27 lines. To prove this, we begin by calculating the dimension of F(X).

Start by considering the space PV parametrizing all hypersurface of degree d, with N = (”f) -1.
Now define the variety ® to be

®={(X,L): LcX}cP¥ xG(1,n).

Then the fiber of ® over a point X C P” is the first Fano variety F1(X). If the image of the
projection 1 : ® — PV is of the maximal possible dimension, then we would expect the dimension
of F1(X) for general X to be the dimension of ¢ minus N.

Now we need to calculate the dimension of ®. Consider then the second projection my : & —
G(1,n). The fiber of this map over any point L € G(1,n) is the space of hypersurfaces of degree d
containing L, since the restriction map

{polynomials of degree d on P"} — {polynomials of degree d on I = P!}

is a surjective linear map, this is a subspace of codimension M = (dj;l) in the space PY¥. Thus & is
irreducible of dimension 2(n — 1) + N — M, and hence the expected dimension of the general fiber

of ® over PV is
d+1

dim(Fy (X)) = 2(n — 1) — ( J

)=2n—d—3.

In our case, dim(F; (X)) =2n—-d—3=6—3—3 =0. Now we can calculate the multiplicities
of the lines on X. Let L C X be a line. We want to calculate N, x. If H denotes the hyperplane
class, then ¢; (Tps) = 4H and, by adjunction, ¢;(Tx) = H. Thus

ca(Npyx) = a(Tx|n) — (1) = -1

Np/x is a line bundle and, by the above, it must be Og(—1). Thus it has no global sections. This
tells us that, for any smooth cubic surface F;(X) is reduced, zero dimensional, and dim T}, F; (X) =
0. Thus, X has exactly 27 lines. &

Example 3. Consider a pencil of degree d curves in the plane, C\ = (AF + A G) C P2, How
many of them are singular?

Let
V =HYP?,0O() and V,=HYP’ZI2(d)CV,

and so V, is the codimension 3 subspace of curves with a singularity at p. Define a vector bundle
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& on P? by £, = V/V,|,, or, more precisely, by

%

Then, F' and G € V induce sections 0,7 of & — P2. The number of singular curves in C) will
be given by the number of points p € P? such that o(p), 7(p) are linearly dependent, i.e. cy(€).
Introduce W, = H°(P?,Z,(d)), and note that V,, C W, C V. Thus, we have a short exact sequence

0 Vo E 0.

0 Wp/Vp V/Vp VIWp —0.
Tp. ®l Z(d) iz (94:)

Let w denote the hyperplane class, then, from the short exact sequence
0 — Opn = Opa(1)®) 5 Tpn — 0,
we see that ¢(Tpr) = (1 + w)™t!. Apply property C5 of Chern classes to obtain
ca(Tp) =1 — 3w+ 3w? = (14 a)(1 +B),

where @ + 8 = —3w and aff = 3w?. Then,

c(€) = (1+a+dw)(l + 8+ dw)(l + dw)
c2(€) = (a+ dw)(B + dw) + dw(a + B + 2dw)
= af + 2(a + B)dw + 3d°w?
= w?(3 — 6d + 3d%) = 3(d — 1)%w>.

Thus, we see that there will be 3(d — 1)? singular curves in a pencil of degree d plane curves.

Example 4. Consider the space of all plane cubics, canonically identified with P°. In this space
we want to find the degree of the locus of cubics with a triple point, call it . First note that ¥ is
a codimension four subspace of P°. Now, a triple point p locally looks like the intersection of three
lines at p. Define I' C P? by

T = image of {(L1, Ly, Ls) : each L; a line in P?} = P?" x P?* x P2*,
under the 6 to 1 map

(L19L27L3) '1> L U Lo U L3,
P?* P2 x P2* 2 p9.

Since ' is 6 dimensional, we want to find the number of points in the intersection of I' with a
P* C P°. If we denote by w the hyperplane class in H2(P°, Z), then, since P3 = Hy N --- N Hg, we
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see that the class of P* in H2(PY,Z) is simply w®. Hence,

HT ) = oy (BY)
= %#(v‘l(h’l N---N H))
= (S

If we let A denote the class [y~ ! (w)] in H*(P?" x IP2* x P2* Z), then the degree of ¥ is 22. Let’s
proceed with the calculation. Let ¢; denote the pull-back of the hyperplane class of P2* under the
projection 7; : P2* x P2* x P2* — p2* , then

H* (P x P?* x B, Z) = Zfon, 00, 03]/ (of — 0, TIa? = 1),

By symmetry [v*(w)] = n(a:1 +ag+a3) for some n € Z. To find n, consider the class n = oy o304
Now, clearly [v*(w)] - = 1, and thus (o4 + a2 + a3) -7 = 1. Therefore we see that n = 1 and
A = a1 + az + a3. Finally, by a straight forward calculation, we conclude that the degree of the
locus of plane cubics with a triple point is &~ 90 = 15. )
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Chapter 6

Parameter Spaces

So far, in solving enumerative problems we have always adopted the same underlying strategy;
choose a good space to parametrize our objects, calculate its Chow or cohomology ring, and then
find the class of the subvariety we are interested in. The scope of this section is to give a brief
description of some common parameter spaces. We start by giving some definitions in these spaces
as varieties. Once we understand this case, we will redefine a parameter space in scheme-theoretic
language. In this section we follow the treatment in [H].

6.1 Parameter Spaces for Varieties and The Chow Variety

The basic situation we are interested in is that we are given a collection of subvarieties {X,} of
some projective space P". We would then like to give a natural bijection between the set {X,} and
the points of an algebraic variety #, and to require that the {X,} form a reduced family with base
H. We now need to explain what we mean by natural.
We start by noting that given a closed family V C B x P" of subvarieties of P™ in the set {X,},
we have a set-theoretic map
py: B> H,

given by sending each point b € B to the point of # corresponding to the fiber V3 = 7~1(b).

Definition 23. Let {X,} be a collection of subvarieties of P". A parameter space for {X,} is
an algebraic variety H together with a bijection between the points of # and {X,}, such that,
the {X,} form a reduced family with base . We require that, for any projective variety B, the
association to each family V C B x P" of the map ¢y : B — H induces a bijection

{reduced closed families with base B,

whose fibers are members of {X,} } ¢ {regular maps: B — H}.

Similarly, a cycle parameter space is defined to be a space satisfying the above condition with
respect to generically reduced families.

Suppose that X € P" has pure dimension & and degree d. Consider then the following incidence
correspondence

I'={(p,Hy,...,Hp1):p€ X and p € H; forall i} C X x P** x --. x P"*,

Where the H; are hyperplanes in P*. What is the dimension of I'? The set of hyperplanes containing
any p € X is a hyperplane P~ C P**, and so the set of (k +1)-tuples of hyperplanes is irreducible
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of dimension (k + 1){n — 1). Therefore, T is of pure dimension & + (k + 1)(n — 1) = (k + 1)n — 1,
with an irreducible component for each irreducible component of X. Given a general point p € X
and hyperplanes Hy, ..., Hg 1, such that p € H; for all 4, the intersection of X and the H; only
contains the point p. Thus, the projection 7 : ' — P"* x ... x P™* is birational. It follows that the
image of I' under the projection is a hypersurface in P** x ... x P?* call it ® .

Let Fx be the multi-degree d, multi-homogeneous polynomial defining the hypersurface ®x C
P x ... x P* and consider the vector space V of multi-homogeneous polynomials of multi-degree
(d,d, - ,d) in k+1 sets of n+1 variables. Then, we can associate to a variety X C P of dimension
k and degree d a well-defined element [Fix] € PV and thus we have a set-theoretic map

varieties of pure dimensiony ¢
{ k and degree d in P" } — B

The point £(X) = [Fx] in PV is called the Chow point of X.
The image of £ is a quasi-projective variety, and it is called the open Chow variety of subvarieties
of dimension & and degree d in P", denoted Cy 4 = Cy, 4(P"). Its closure is called the Chow variety,

Che -

Proposition 24. The open Chow variety is a cycle parameter space for the set of varieties of pure
dimension k and degree d in P™.

6.2 The Hilbert Scheme

A good reference for this section is [EH] and we follow their treatment. We want to define a scheme,
‘H p, which will be a parameter space for subschemes of a projective space P} having a given Hilbert
polynomial P. How do we construct such scheme? Note that if A C P% x B — B is any flat family
of subschemes of P%. with Hilbert polynomial P, we then get a map from the points of B with
residue field K to the points of Hp with residue field K, by sending a point b € B to the point of
Hp corresponding to the fiber X, of Hp over b. Moreover, we want Hp to have the property that,
for any scheme B over K, the set of flat families of subschemes of P% with Hilbert polynomial P
parametrized by B is naturally identified with the set of maps from B to Hp. Finally, we want to
be able to define, for each P a single object 7{p over Spec Z such that, for any filed K, the product
Hp x Spec K parametrizes subschemes of P% with Hilbert polynomial P.

Definition 25. The Hilbert functor hp, the functor of flat families of schemes in P7 with Hilbert
polynomial P, is the functor
hp : (schemes) — (sets)

that associates to any B the set of subschemes & C P% flat over B whose fibers over point so B
have Hilbert polynomial P.

We would then like for the Hilbert scheme Hp to be the scheme that represents hp, that is,
the scheme whose functor of points is hp. Then, by Yoneda'’s Lemma, this would determine the
scheme Hp. To do this we need the following result

Theorem 26 (Mumford). hp s representable. Define Hp, the Hilbert scheme, to be the scheme
whose functor of points is hp.

For the proof of this theorem see [M].
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The statement of the above theorem has another useful interpretation. It tells us that there
exists a universal family, that is, a scheme H and a subscheme X' C P7 x H flat over H with Hilbert
polynomial P, such that any subscheme Y C P} x B flat over B with Hilbert polynomial P is equal
to the fiber product Y = & xy B C P} x B for a unique morphism B — H. Since, if a universal
family X exists, then # represents the functor Ap. Conversely, if a scheme H represents hp, then
the subscheme X C Pj x H associated to the identity map is universal in the above sense.

Example 5. Let P(m) = m + 1 be the Hilbert polynomial of a line. Then the Hilbert scheme of
subschemes of P? with Hilbert polynomial P is the Grassmannian. $

6.3 Examples of Parameter Spaces Calculations

Example 6. How many conics in P? meet 8 general lines? Regard P** as the Grassmannian of
2-planes in P2. with universal rank 3 sub-bundle S and quotient bundle Q. The variety H of conics
in P® may be identified with the projective bundle of PSym?(S$*). Let w denote the hyperplane
class. Since ¢(S*) = 1 + w + w? + w?, by the splitting principle we see that ¢(Sym?(5*)) =
1 + 4w + 10w? + 20w3. Then, if we let 2z = ¢;(Ops(1)), we see that

Zw, 2
A(Y) = :
(¥) (wt, 26 + dwz5 + 10w223 + 20w322)’
and
2= —4, zZ-w=6, 2. w=—4, 2 w=1.

Next, we express £ = {conics meeting a given line L} as a class in A*(#) and find its eight-fold
product. It is easy to see that [L] = z + 2w, because the open subset of P>* consisting of planes not
containing a give line has codimension 2, and any line in given plane will meet the conic contained
in that plane.

Then,
(z + 2w)® = 2% 4+ 1627 - w + 1122° - w? + 4482° . o®
= —4496 — 448 - 448 = 92
Hence, we have 92 conics in P? meeting 8 general lines. O
Example 7. Given 5 general conics ¢i,...,cs in P2, how many conics are there which are tangent

to all 5 (i.e. having a point of intersection of multiplicity > 2 with each ¢;)?
The first guess to the answer comes from a simple calculation. Let

¥, = {conics tangent to ¢} C Y = {conics in P?} = ",

Note that I, for ¢ smooth, is a degree 6 hypersurface in P5. To see this let L € Y be a generic
line and {cx}scp the pencil of conics it represents. Then, the curves {cx} cut out on ¢ a linear
system of degree 4 without base points. The corresponding map expresses ¢ as a 4-sheeted cover
of P!. Thus, by the Riemann-Hurwitz formula, the number of branch points of this map is

b=2g(c) — 2 — 4(2g(P') — 2) = 6.

The pencil {c,} therefore contains six conics tangent to ¢, and thus deg(X,) = 6. We would then
expect that there is a finite number of conics tangent to 5 distinct, general conics in P2. In particular
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we see that
N1 T, = [B)° = [6H]? = 6° = 7776.

Unfortunately, this guess is incorrect.
What is wrong with this calculation? The problem is that in the P® of conics, there is a Veronese
surface S of double lines and S C ¥, for any ¢;. Thus, for 5 general conics

Ni%e =SNT,

where T is the finite set corresponding to actual solutions, i.e. corresponding to smooth conics
tangent to cy,...,cs. How do we solve this problem? There are two approaches.

6.4 First Method

For this procedure to be valid, there must be some compactness assumption. One method is to
construct a better (non-singular) compactification of Y, where the intersections are proper and
correspond only to non-degenerate solutions. In our case the space of complete conics is such
compactification.

Introduce the space of complete conics,

X ={(c,¢*) : ¢,c* smooth conics dual to each other} C P® x P5",

What does X look like? X is the graph of the rational map P5 — P®* sending a conic to its
dual. In coordinates, this is the map which sends a symmetric (3 x 3) matrix to its inverse. A
general point of X will simply be a smooth conic ¢ C P? and its dual, also a smooth conic ¢* C P?”.
A four dimensional subvariety of X is given by pairs of the type

Where Cj is obtained as the limit of a family of conics degenerating to two lines

Lim;o(Cy)* = 2 - {line dual to p}.

Another four dimensional subvariety of X is given by pairs of the following type

ol
G
ﬂ‘
C
_-— {—
by 3 \P2 Dy Nl 9./ 4 94
3k &
P q

Where Cy is the limit of a one-parameter family degenerating to a double line
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Limy;o0(Ct)* = {line dual to p} U {line dual to ¢}.

Finally, there is a 3 dimensional subspace S of X given by double lines and their duals, which
are simply double lines.
X -7y PS5 is an isomorphism away from P® ~ S. For ¢p € 9, we have that

ﬂ--‘l(co) = {(Co,p* A q*)apaq on ICOI}-

Thus, =~!(X) — S is a P? bundle. We’'ll see that X is the correct space for our calculation.
The next step is to calculate 4,(X). Let

X
PS5 P5*,

and set w = w(Hps), and v = 7*(Hps-), the generators of A*(X). Note that, by symmetry,
wv? = wivt, and so

wd o= {number of conics through 5 points} = 1
w' v = {number of conics through 4 points and tangent to 1 line} =
w®-v? = {number of conics through 3 points and tangent to 2 lines} = 4
w?v? = 4
w-vt = 2} dually.
ok =1
Then, let

(c,c*) : ¢ in a general pencil |

o=
B =[(c,c") : c* in a general pencil |

and we see that

o
B
From this table we see that ¢ = 2w + 2v and thus

I
— b
O Q

o* =P(w+v)P =2(1+2-5410-4410-4+5.2+1)
=29.102 = 3264.

6.5 Second Method
Another possible solution to this problem is given by blowing up Y, the conics in P?, along §.

FE ;—>X=B15P5

| I

P2eg§ ——sy — p5
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For this calculation, we follow [GH]. Given any c¢;, denote by ic,- the proper transform of X;.

Claim 27 (Griffiths, Harris). For five generic smooth conics c1,...,Cs,
1. Zepy-oo, By C X meet transversally away from the subvariety of singular conics,
2. no conics consisting of two lines will be tangent to all five c1, ..., s, and

3. the proper transforms icl, ca ,)565 C X = BlgP® have no common points in the exceptional
divisor E of X.

Proof. To prove assertion 1, note that for ¢ smooth, the divisor ¥, is irreducible. To see this let
I' = {(co,p) : co is tangent to cat p } C T¢ X ¢.

Since ¢ is irreducible and the fibers of the projection map 7g : I' — ¢ are linear subspaces of Y, I'
is irreducible. Thus X, is irreducible. _
Now, let U C Y be the open set of smooth conics,

I={(ct,...,c5¢): ¢ C B, foralli } C (¥V)° x T,

and let J C I be the closed subvariety of I consisting of (c1,. .., ¢s; ¢') such that ¢’ is a non transverse
point of intersection of X, ..., X The fibers of the projection mp : I — U are isomorphic to
(Z¢,)?, and thus irreducible. Furthermore, since the map w1 : I — (Y)° is generically finite to one
we see that J can map surjectively onto (Y)® only if J = I. However, if J = I, assertion 1 would
be false, and thus, to finish its proof we need find a point in I — J. In other words, we need to
find six conics ¢1,. .. ,cs, ¢ such that B, ..., Se; meet transversely at c. If ¢’ is any smooth conic
and ci,. .., cs conics simply tangent to ¢ at distinct points p, ... ,ps, then the tangent hyperplanes
T..(Ec;) = Hyp,, the plane of conics containing p;, are independent. Lastly, we verify the statement
T, () = Hp,. Let ¢" bea smooth point of £, which is simply tangent to ¢ at a single point p € c.
If L € Y is a generic line through ¢” lying in the hyperplane H, C Y of conics containing p, the
corresponding pencil {c} } epr will cut out on ¢ a linear system of degree 4, with p as a base point.
The corresponding map then expresses ¢ as a 3-sheeted cover of P!, and so, by Riemann-Hurwitz,
has only
b= 2(g(c) — 2) — 3(29(P") — 2) =4

branch points, i.e. the pencil {c}} can contain at most four conics tangent to ¢ other than ¢’. Thus,

H, is the tangent plane to X at ¢, and conversely, if ¢” is simply tangent to ¢ at only one point
p, then ¢” is a smooth point of Y.

To prove assertion 2, first note that in general, if {D,} is any family of divisors without base
points on an n-dimensional variety V, n+1divisors Dy,, ..., Dy, , of the family have no common
points, as long as their are selected generically. Then, since the locus Y; C Y of conics of rank two
has dimension 4, we only need to check that the family {Z.:}ccy has no base points on this locus.
This is clear, since we can obviously find a conic not tangent to any conic of rank 2.

Finally, we prove assertion 3. We need to show that the family {3.} has no base points in E.
Now note that, given any point 2L € S and a normal vector v to S at 2L represented by a line {cx}
in Y, the proper transform ¥, will contain the point of E corresponding to v if and only if the line
{c»} has intersection multiplicity 3 or more with &, at 2L. Thus, we only need to show that, for
any point 2L € S and any line {c)} through 2L but not tangent to S at 2L, there exists a conic ¢
such that

multgL(Ec,{cx}) = 2.
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But, any pencil of conics containing two double lines, 2. and 2L’, has a base point of order 4, and
hence it must consist entirely of singular conics. We see then that, in the limiting case, any pencil
tangent to S at 2L has only singular conics. Thus, the tangent plane T57 (S) is equal to the 2-plane

{L + L’}L’E(]Pz)* - Y

Now, any pencil {c)} through 2L, but not in the tangent space T (S), has only finitely many base
points. Then, we choose the conic ¢ to miss these base points, and we see that {c)} meets . with
multiplicity 2 at 2L. a

We can then solve our problem. We begin by computing the multiplicity of the locus S of double
lines in the generic divisor .. Consider a conic ¢, a generic double line 2L, and a generic pencil
of conics containing 2L as an element, {c,}. Then, {¢x} cuts out on ¢ a base point free pencil of
degree 4. The corresponding map, as we have seen, has 6 branch points, but 2 of these are just the
points of intersection of L with ¢. Thus, {¢)} has 4 points of intersection with ¥, other than 2L.
It follows that

multgL({cA}, ZC) = 2,

and so, for generic ¢,

mults(Z.) = 2.

Then, we have .
o=3%,=6w— 2 € H(X,Z),

where & = 7*w is the pullback of the hyperplane class w in Y, and e is the class of the exceptional
divisor F.

Now, to finish our calculation we need to compute the five-fold self-intersection of o. Recall
that .S is the Veronese surface VLIPZ). Thus, let { and p = I denote the classes of a line and a point
in S = P? and let = 7*p and | = 7*{ be the pullback classes in E C X. Then,

wls - 2l,
and w?|s = (20)% = 4p.

We also know that

c(T(Y)|s) = (1 + 6w + 15w?)|g
=1+ 121 + 60p,

and
e(T(S)) =1+ 31 + 3p.
T(Y)s =T(S) ® Ng;y implies ¢(Ngjy) = %%)2, and so we see that
o(Ns/y) =1+ 91 + 30p.
Thus, if ¢ € H*(E,Z) denotes the Chern class of the tautological bundle on E = P(Ng/y), propo-
sition 21 tells us that

¢3—97-¢*+305- ¢ =0. (6.1)
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On each fiber E; of E — 3, the tautological bundle restricts to the universal bundle [— H], and so

¢*-p=a(lls)’ =1

Multiplying relation (6.1) by 1 we obtain

and hence

I.¢3_9p-c2=0,

-3 =y

Finally, multiplying equation (6.1) by ¢, we see that

and thus

¢t -9l ¢+ 305-¢2 =0,

¢t =91¢® - 305 ¢
= bHl.

Now, we can calculate 0°. Since the class w restricts to the class 2/ on S, we see that &|g = al.
The tautological bundle T' = Ng/ps, and

Furthermore,

Finally we see that

elg =a(l) =(.

T =1,
Fte= ()" =0,
& e = (2 Op'=0,
G =(2)? e =4F-MNe =4,
G-et =2 )p =18,

e’ =¢* =51

(60 —2e)° =650 —5-6*-2-&t-e+10-63.22.53% . &2

—10-6%-2%3-0% - ¥ +5-6-2¢ . m.et—2°.¢°
—6°-10-62-2%. 44+5.6-2*.18 —25.51
= 7776 — 11520 + 8640 + 1632 = 7776 — 4512
= 3264.

Thus, we confirm that there are 3264 conics tangent to 5 general conics in P2. O
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6.6 Excess Intersection Formula

We would like to end this paper by talking about some interesting formulas in intersection theory
and algebraic geometry in general. We will not give the proofs in detail or otherwise, but rather
we will try to justify why such formulas hold and give examples of how they may be useful.

Given a projective n-dimensional variety X and ! subvarieties of X y Z1,...,2; C X, each of
codimension ¢;, we would expect NZ; to have codimension ¢ = >>ci. Now suppose that, instead,
NZ; = UW,, where some of the W, have lower codimension than e We want to obtain a formula,
which assigns to each W, a class

Yo € An_o(Wa) = Ap_o(X) = A%(X),

such that
Y Ve = (7] € 4%(X).

Before deriving the general formula, we give two easier examples.

Example 8. Suppose that X = P3, and that we are given §,T,U € P? hypersurfaces of degrees
d,e, f respectively. Furthermore assume that S is smooth and 8,7, U are all irreducible. Then,
their intersection is simply

SUTUU=LNEZ,

where L is a line and ¥ a finite set. What is the degree of X7

Note that SNT = LUC and SNU = LU C". Their cohomology classes are [C] = e- 4 — and
[C] = f-h—1in H%S), for h = [H], the hyperplane section, and I = [L], the class of the line.
Then, & = C'N ¢, and the degree of ¥ is given by

degZ = (e-h—1)(f-h—1)
=ef(h-h)—(e+f)(h-l)+l2
=def —e— f + (2.

Now, we only have to calculate the product [-1 € A*(S). If D C X is a smooth divisor of a smooth
variety then, by adjunction, we see that Kp = (Kx+D)|p. In the case of § CP Ky = (d—4)-H.
Furthermore, for L ¢ S, we have that

Kp=((d-4)-H+1),
-2=(d~4)H -1 +12

and thus {2 = 2 — d. We see then that degX =def —e— f—d+2. $

Example 9. Consider two smooth surfaces in P4, S, T, intersecting along a smooth curve O and
a finite number of points X, that is, SNT = CUYE. We want to find a formula which assigns to C
a zero-dimensional class.

We start by perturbing T until ¢ breaks into points, but ¥ is still a finite collection of points.
Once we do this, we can calculate the class of the resulting collection of points. Recall that first
order deformations of T correspond to sections o of Nzpa. Let {Th} be the family obtained by
deforming T, so that T = T. Then, a point p is in 7" if and only if, under the same deformation,
Px € T). Denote by p the tangent vector at p = pg of the arc {p»}. Suppose that P € C, then
PrE€ESNTy only if p is tangent to S.
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Now, consider the restriction of Ny /pa|c. It maps onto the line bundle L = (% and then,

the zero locus of the section o|¢ is exactly the points which remain in the intersection of § N7},
as A varies. Thus, the answer to this problem is given by the first Chern class of L.

Given the following short exact sequence
0= Te = Trle ® Tsle — Trle + Tsle — 0,
it follows that
c1(L)

I
o

1(PYe) — e1(Tsle) — ex{Trle) + e (Te)

c1(Pe) — (e1(PYe) — e1(Nsle)) — er (PHe)+
1(Nrle) + (e1(P¥e) — er(Noypi))
(
(

[}

a1{Ns|c) + e1(Nrlc) — e1{Ny/pe)
c1(Nsle) + ct(Npypalo) — ei(Negpa),

where ¢1(L) = c1(Ns|c) + c1(Np/pa|c) — e1(Neype) is the class we have been looking for. &

6.7 The General Case

Instead of deriving the excess intersection formula in the utmost generality, we will motivate its
existence in a somewhat restricted case. The proof a more general incarnation of this formula can
be found in [F 98].

Let X be a smooth n-dimensional projective variety, and let Zi,--- , Z; be smooth codimension
c1 subvarieties of X, such that )" ¢; = n. Assume that
ﬂZZ - HWO”
X

where each W, is smooth of dimension d, and let W, Z2y X be the inclusion maps. We want the
excess intersection formula to assign to each Wy a class v, € Ag(Wy), such that

[1121] = > iaxra € 40(X).

To obtain the desired excess intersection formula, we proceed as in example 9 above. Suppose
that we can perturb the surfaces Z;, i.e. that there exist Z1,---,2;in X x A, for A a disk, flat
over A, such that

Zit) = Z:0 (X x {1})
and

Note that this assumption is not overly restrictive. Deformations always exist in the C>° category,
and from this we could deduce that they exist in under our assumptions. Furthermore, assume
that, for ¢ # 0, the Z;(¢) intersect transversely, that is

NZ; = UW, x {0} U,
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where @ is flat over A, consists of points of intersection of transverse fibers, and deg A = [[[Z;].
Now, for each &, we want to describe (W, x {0}) N®. Choose a particular o and let W := W,,.
Suppose that W is k-dimensional, then we have a map

NW x {0}/{X x A}) = @N(Z;/{X x AP)|wx{o}-
We want to find the points where the above map fails to be an inclusion. Note that
BN (Z:/{X x A})|wx{oy = ON(Zi/ X)|w,

and

N(X x {0}/{X x APy = ©

N(W X {0}/{X x A})rk n—k+1 @N(Zz/X) rk n

/ -

N(W/X)rk n—k

0

is short exact. Then we obtain a map
O™ 1 — (®N(Z:/ X)) /(N(W/X))™ *,
and therefore the class of (W, x {0}) N ® is
ce(®N(Z;/ X))/ (N(W/X)),

the excess intersection formula that we wanted.

47



48



Chapter 7

Porteous Formula

In this section we follow chapter II of [ACGH] for most of the material presented. Consider a vector
bundle map ¢ : £ =+ F, where £ has rank m, F has rank n, and they are both bundles over a
smooth projective variety X. If we choose local trivializations of £ and F on an affine open U, the
homomorphism ¢ is represented by an (m x n) matrix A. This corresponds to a morphism

f:U—=M=M(m,n),

where M (m,n) is the variety of complex (m X n) matrices, and we denote the rank at most &k such
matrices by M. Let Ug be the pre-image of M} under this map, i.e. the ideal of U} is generated
by the (k+ 1) x (k+ 1) minors of A. Since Uy does not depend on the choice of trivialization, there
is a well defined subvariety X;(¢) C X, such that Xi(¢) NU = Uy, for any U.

Definition 28. The variety X (yp) is called the k-th determinantal variety associated to ¢, and it
supported on the set
{p € X : rank(p,) < k}.

It is clear from the definition that when Xj;(yp) is non-empty, it has codimension at most
(m —k)(n — k).

Proposition 29 (ACGH). Let X be a compler manifold, and let
p: & F

be a homomorphism of holomorphic vector bundles of ranks n and m, respectively. If Xi(p) has
codimension (m — k)(n — k), then it is Cohen-Macaulay.

We now proceed to derive Porteous formula, which will give us the class of X; = X () in the
Chow ring when X}, has the expected codimension. Clearly, the class of X will depend on £ and
F, but we will see that we only need to know the total Chern classes of £ and F

Let £ and F be vector bundles of respective ranks n and m over a smooth projective variety
X, and let ¢ : &€ =+ F, be as above. Recall that, from our first definition of Chern classes, the
Chern classes of a vector bundle £ — X describe the loci where one or more sections of X will be
linearly dependent, in other words, the locus Xy is the zero locus of ¢, considered as a section of
Hom(&, F), and so

[Xol = cmn(£* @ F) € 4%(X).
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In the case that m = n, we see that X,,_; is the zero locus of A™ ¢, and thus

Kl =i (A" ® A" )
= c1(F) - a1l8).

In general, we can always write
k+1
Xy = {/\ Y= 0}7

but as a section of A1 E* @ AP F, APt vanishes in the wrong codimension. To solve this
problem, start by considering the Grassman bundle 7 : G(n — k,&) — X, and denote by S and @,
the universal sub-bundle and quotient bundle on G(n — k, £) respectively,

0=>8S—>7€—->0Q—0.

Composing the lifted homomorphism 7*(y) : 7*€ — 7*F with the inclusion of S in 7*& gives a
homomorphism @ : § — «*F. Denote by X} the subvariety of G(n — k,£) defined by the vanishing
of . The support of Xj is the set of couples (z, W), where z is point of X}, and W is an (n—k)-plane
contained in the kernel of ¢;. Now X}, can be viewed as a section of Hom(S, 7*F). Therefore,

[‘}‘E] = Cm(qrz—k:)('s’,k ® n*F),
and we may compute the class of X as
[Xx] = m([X]),

where 7, : A*(G(n — k,€)) = A*(X) is the Gysin homomorphism.

At this point we only have to evaluate the top Chern class of the tensor product of two vector
bundles, apply this formula to the bundles S* and 7*F on G(n — k,£), and finally evaluate the
image of the class we get under the Gysin map m,. The first step is easily given by C5 from section
4.1. Recall that

(€ ® F) =[] + (a: + b)),
i3
where a;,b; are just formal symbols derived from the splitting of £ and F respectively. In other
words, if we assume that £ and F split into direct sums of line bundles

E=oL; ally) =a,
F =&M; c1 (M;)

I

ai,

so that

a@) =[O +at), elF) =]]0+0b:t).

Then, we can write £* @ F as
& eF =L oM,
Y]
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and thus

emn(E* @ F) = Hcl(L ® M;)

—Hb —a;).

Thus, if we define for any formal series p(t) = Y d;#* the determinant

Pi e Pidg1
Aij(p) = det [ S
Pi—j+1 .- D
the mn=th Chern class of the product above is
emn (€% ® F) = [[(b; — a1)
i,j

= Amplc(F)/cr(£)).
Now, recall that [X;] = 7. (cmpn-r)(S* ® 7*F)), and so we see that

[-Xk] = W*Am,n—k('ﬁ*ct(}-)/ct(s))'

For any monomial []e;(Q)* we have

Hq ) =0, if Y ia; < k(n—k).

=0

The above direct image is a multiple of the fundamental class of X when ) ia; = k(n — k). Since
c(8)e(Q) = m*¢(E), we have that

[Xk.] =7"*Amn k @ Ct( )/ct( ))

=Tl n_k (W* (%) : Ct(Q))

Also note that, since the entries of the (n — k) x (n — k) determinant A are all linear combinations of
co(@), - .., (@) with coefficients in A*(X), by the above remark, only those terms in the entries of
the determinant A which contain the factor ¢ (Q) will contribute to its Gysin image pi,A. Thus,
by the push-pull formula, we see that

[Xi] = Ak n-k(ce(F)/c(€)) - (muck(Q)"F).

Since our goal is to express [X}] in terms of the Chern classes of £ and F only, we want to show

that m.(cx (@)™ %) = 1x. Since @ restricts to the universal bundle on each fiber of =, this will
follow from

Lemma 30 (ACGH). If Q is the universal quotient bundle on the Grassmannian G(n — k,n),

51



then

Proof. The integral is just the number of zeros common to n — k general sections of . Any vector
v € C" determines a section of (), which vanishes precisely at those (n — k)-planes W which contain
v. If we choose n — k linearly independent vector v1,...,v,—t € C, the corresponding sections of
(} vanish simultaneously only at the span of vy,...,v,_g. W)

Thus we have proved Porteous’ formula. If X (p) 18 either empty or has the expected codimension
(n — k}(m — k), then
[(Xk] = Am—kn—i{c(F = £)).

Example 10. We want to evaluate the rank of the variety My(m,n) € PV, where N = mn — 1.
Denote by z;5, ¢ = 1,...,m, j = 1,...,n, the homogeneous coordinates in PV. Then, the matrix
z;; can be viewed as a matrix with entries in H(PY, (1)), and hence it gives a vector bundles
homomorphism

@ OSN - O]gLN(l)

We will use Porteous’ formula to calculate the fundamental class of M. Replacing ¢ by its trans-
pose, if necessary, we assume that m < n. If w denotes the class of a hyperplane, we see that

ct(0™(1)) = et (O(1))™
= (1+wt)™

m
= (m) Wt
i=o \°

Therefore, the fundamental class, Ay g n—i(c:(O™(1))), of My, is

()™ * m+2?11"21c—1)“’mm_2k_1
det : : ,
(m—T1+1)wm_n+1 e () ™%

and thus the degree of My is given by

(mTEk) (m~mk+1) (m+nT2k71)
m
det m_:k_l
(™ 0r) e (™)

Now, we only have to evaluate this determinant. We replace the second column with the sum of
the first two columns, the third column with the sum of the original second and third columns,
and so on. In the resulting matrix we replace the third column with the sum of the second and
third columns, the fourth column with the sum of the third and fourth columns, and so on. The
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resulting matrix tells us that

(moe) Gtidd) o (o)
deg(My(m,n)) = | ™7 _
(L) R (Mnk-l
1 1
n—k—1 (m +1)! m=k) *° (m¥n—2k-1)
N Lg(k+n' : :
1 1
nEt (m +4)! m -k m—k+1
- _1:[0 k+)l(m —k+3)! (m—-k)(m-k=1) (m—-—k+1)(m—k)

The last determinant above is simply the Vandermonde determinant

1 1
m—k m—k+1
(m—k)2 (m—k+1)2 A

and thus it equals

n—k—1
I[ {m-k+)—(m-k+i}= ]
n—k—1>i>5>0 i=0
Finally, we see that the degree of Mg(m,n) is
(m + i)l3!

n—k—1
deg(Mx(m,n)) = g (k+ i) (m —k+i)!

'To see how the formula works, we’ll compute a simple case. If £ = 1 then, according to our formula,

m+n—2
deg(M,) = . .
eeor) = ("4 %) )
Now, recall that
M; 2= {prot x oot CEL prnct]
If we let w1 and wy denote the hyperplane class of P*~1 and P™~! respectively, then
deg(M)) = (w1 + wy)™+" 72,
Which, by equation (7.1), is simply
(m+n—2 _ (m4+n-2)
n-1 )= m-Dm=D ¢
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Example 11. Let C = P! C P3 be a smooth rational curve of degree d. How many quadrisecant
lines does C' have?

The natural parameter space to consider is Sym* C' = P4, which parametrizes subschemes D C
of degree 4 and dimension 0. Let £ = H®(P?, Ops(1)) ® O¢, and construct a fiber bundle F, with
fiber at a point D of Sym* C given by

Fp = H(D,Ops(1)/Ops(1)(—D)).
To actually construct F, look at the universal divisor
A={(D,p):peD}c (Sym*C) x C,

where (Sym* C) x C has projection maps 7; and 75 to Sym? C and C, respectively. Then F =
1, (m5Ops(1)|a). If we consider the evaluation map ¢ : £ — F, the degree 4 points contained in a
line are exactly the points where ¢ has rank 2. Note that we expect a finite number of such points,
since this locus should have codimension (4 — 2)(4 — 2) = 4.

In order to apply Porteous’ formula we need to first calculate the Chern classes of £ and F. £
is easy, since it is a trivial bundle. Given that

A*(Sym' C) = A*(P') = Z[w]/ (),

we write
o(F) =1+ aw + fuw? + yw’ + dw.

To calculate v, 8,7y, and &, we will solve other, easier enumerative problems that we can express in
terms of «, 8,7, and 4.

Choose one section o; of £. We want to find where its image in F is zero. Such section
corresponds to a hyperplane, which cuts out d points on C. Then any of the (Z) degree 4 divisors

contained in the intersection will be a vanishing point of o;. Thus § = (Z).
Next, choose two sections of £, 1 and 3. # is the locus where o) and o5 are linearly dependent.

To find vy, we have to find the degree of this locus. Intersecting this locus with a hyperplane in

Sym*C gives a divisor vanishing at a specified point of . Thus, the desired degree is the number

of the number of 4-tuples of points in a pencil on C containing a specified point p. Then, v = (dgl).
Similarly, to find 3, we take a net of sections and we count how many have a 4-tuple of points

containing two specified points p and g. Thus, g = (df).

Finally, to find a, we consider a 3 dimensional family of sections and count how many of them

have a 4-tuple of points containing three specified points. Which tells us that o = (dzs).

Therefore,
= (T Non (5= (5 ) (%)

=(1—w)®
Now, we can use Porteous’ formula to find the number of quadrisecant lines to C:

satetr) =23 aF) = (457 - ()3 :

54



Appendix A

Normal Cones

We start by defining the normal cone in the case of subvarieties of an affine variety, as in [F 84].

Definition 31. If W is a subscheme of an affine variety V, defined by an ideal I in the coordinate
ring A of V, the normal cone C = CwV to W in V is

C = Spec(®I*/1*1),

The isomorphism of the coordinate ring of W with A/I determines a morphism pc : C —
W called the projection, and a closed embedding s¢c : W — C, called the zero section, with
pc o s¢ = idw. If I is generated by fi,--, f4, the canonical surjection A/I[z1,...,z4] onto
@It/ determines a closed embedding in C in W x C?

c Wx@d.
N

w

The following lemma contains the main facts form commutative algebra that we will need. For
proofs, see [E|.

Lemma 32 (Eisenbud). (a) If A is Cohen-Macaulay, a sequence fi,..., fq of elements in the
mazimal ideal of A is a reqular sequence if and only if

dim(A/(f1,-.., f4)) = dim(A) — d.

(b) Let f1,...,fa be a regular sequence in a local ring A, and let I = (fy1,...,fq). then the
canonical homomorphism

Alllzy, ... 24 — 3801'5/1**“1,
t=

which takes the z; to the image of f; in I/I%, is an isomorphism. Moreover, the kernel of the
canonical surjection

A/I[:z:l, BN ,Ed] — té’olt

18 generated by the elements fiz; — fiz;, for 1 <i < j <d.
By this lemma it follows that, if f1,..., f4 is a regular sequence, then ¢ = W x C¢. In general,

since C is defined by a homogeneous ideal, it is a subcone of W x €%, i.e. C is invariant under
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multiplication by C* on the fibers of C¢,
Definition 33. The projective normal cone P(C) = P(Cy V) is defined by
P(C) = Proj(@I*/Tt1).

If generators for I are chosen as above, P(C) is the subscheme of W x P41 defined by the same
equations that define C in X x C¢.

If the embedding of W in V is a regular embedding, that is, local equations for the ideal of W
in V form a regular sequence in local rings of V, then Cy'V is the normal bundle to W in V. If
V and W are nonsingular, this agrees with the definition of the normal bundle as the quotient of
tangent bundles,

0—)Tw—>Tv|W—)NWv—)0.

Now, consider the blow-up V =BlwV ofa variety V' along a subscheme W, and let F be the
— o0
exceptional divisor, V = Proj ( & I'), and E = 7~ }(W).
=0

Then, the induced mapping (V — E) — (V — W) is an isomorphism, and F is isomorphic to
P(CwV). The identification of the exceptional divisor E with P(C) follows from the canonical
isomorphism

(@I') @4 A/T = (It /TH1).

Then, the mapping from F to W, induced by  : V- V, is the projection from P(C) to W

P(C)=F “——{=BlyV

b

W ——V.

When D is an effective Cartier divisor on a variety X, NpX is the restriction to D of the
associated line bundle Ox (D) on X. If E = P(C) is the exceptional divisor on the blow-up V of a
variety V along a subscheme W, then

NgV = 0g(B)|z = Oc(-1)

is also the dual line bundle to the canonical line bundle O¢(1) on P(C).

We will now look at an example of a normal cone which is not a vector bundle. If W is the
intersection of two curves which have common components in the plane V', then CyV will have
irreducible components which lie over each irreducible component of W. If the curves are written
in the from D; + F and D + E, where D1 and Dy meet properly, then Cy/'V has components over
each component of E and over each point in D) N Ds, including those points which are in E. To
see this, let dy,ds, e be the polynomials in R = C[z,y] defining D1, Dy, E, and set I = (d;e,dge),
the ideal of W. It is easy to see that the kernel of the homomorphism A/I[u1,us] — @I™/I"+L,
which takes u; to dje mod I2, is generated by dou; — dius. Thus, Cw V is the subscheme of W x C?
defined by dgul - dl'LLQ.

We can now translate the above definitions into scheme-theoretic language. The references for
the following discussion are [EGA] IL.8 and [EGA] IV. 16.9, 17, 19.1. '

Definition 34. Let X be a closed subscheme of a subscheme Y, defined by the ideal sheaf Z. The
normal cone CxY to X in X is the cone over X defined by the spectrum of the graded sheaf of
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Ox algebras &(I™/I"*1), that is

CxY = Spec( G>3 /T,
n>0

A closed immersion i : X — Y ag schemes is a reqular embedding of codimension d if every point
in X has an affine neighborhood U in Y, such that, if A is coordinate ring of U and I the ideal in
A defining X, then I is generated by a regular sequence of length d. If 7 is the ideal sheaf of X in
Y, is follow that the conormal sheaf Z7/Z? is a locally free sheaf of rank d on X. The normal sheaf
to X in Y, denoted NxY, is the vector bundle on X whose sheaf of sections is dual to Z/Z2.

If f:Y' = Y is a morphism, X’ = f~1(X), and g is the induced morphism from X' to X, then
there is a canonical closed embedding

CyY' Cg*CxY =CxY xx X'

Indeed, there is a canonical surjection of f*Z onto the ideal sheaf Z' of X' in Y’, which gives a
surjection of ®g*(I"/Z™*!) onto @((Z')*/(Z')"1).

If the embedding of X in Y is a regular embedding of codimension d, then CxY is a vector
bundle of rank d on X, and it is isomorphic to NxY, the sheaf of sections of NxY is (Z/Z?)*. In
particular, if i : X — Y embeds X as a Cartier divisor on Y, then

CxY = NxY = i*Oy(X).

A related concept to the normal cone of a subscheme is the blow-up of a scheme along a certain
subscheme.

Definition 35. The blow-up of Y along X, denoted Blx Y is the projective cone over Y of the
sheaf of Oy -algebras &Z™

Blx Y = Proj ( EEOI”)
n_

Let ¥ = Blx Y, and let 7 denote the projection from Y to Y. The canonical invertible sheaf
O(1) on the projective cone Y is the ideal sheaf of 7" (X), which is therefore a Cartier divisor on
Y, called the exceptional divisor. Let E = n~1(X). By construction E is the projective cone of
(®T") @0, Ox = B(I™/I™!), so

E = P(CxY)

is the projective normal cone to X in Y. From this description we see that
NgY = Og(E)|g = Oc(-1),

where ' = CxY. Let n be the projection from E to X. If the embedding of X in Y is regular,
then the canonical embedding of normal cones NgY C n*NxY is the embedding of the universal
line bundle Ox(—1) in 7* NxY. In general, = induces an isomorphism from Y — E onto Y — X.
Now, let $* = S° @ S' @ ... be a graded sheaf of Ox-algebras on a scheme X, such that the
canonical map from O, to §° is an isomorphism, and that S* is locally generated as an Oy-algebra
by S'. To §* we associate two schemes over X. '

Definition 36. Let S* be as above. Then the cone of S* is

C = Spec(§*), withmap =:C — X;
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and the projective cone of 5*, Proj(S*), with projection p to X, a proper morphism. The latter is
also called the projective cone of C, denoted P(C). The projective cone has a canonical line bundle,

Oc(1).

If $* — S$* is a surjective, graded homomorphism of such graded sheaves of O x-algebras, and
C = Spec(S*), C' = Spec(S*'), then there are closed embeddings C' — C, and P(C") — P(C),
such that Oc(1) restricts to O¢:(1).

Now, let ¢ be a variable, S*[t] the graded algebra whose n-th graded piece is

"S- @S @ St
The corresponding cone is denoted C & 1.
Definition 37. The projective cone P(C & 1) of C & 1 is called the projective completion of C.

For proofs of the above statements and for more information on cones and projective cones see
[Hart] I1.7.

A.1 Segre Classes of Cones

As in the previous section, we will first define Segre classes over varieties and then over schemes.
The references for the section are [F 84| and [F 98]. Let W be a subvariety of a variety V. If V
and W are nonsingular or if the embedding of W in V is regular, then the normal bundle Ny V is
defined, and we may construct invariants of the embedding by using Chern and Segre classes

c,;(NWV) M [W] and Si(NWv) N [W]

However, in general, the normal bundle is not defined and we have only the normal cone to
work with, CywV. Unfortunately, Chern classes cannot be defined over normal cones, but there is
a useful notion of Segre classes. We now see how this construction works. Let W be any closed
subscheme of a variety V, such that W # V. Let V denote the blow-up of V along W, E be the
exceptional divisor, and n : £ — W be the projection. The i-fold self-intersections E* of the divisor
E are well defined classes in Ax_;(F), k = dim(V') = dim(V).

Definition 38. We define the total Segre class s(W,V) € AW to be equal to the class [W] if
V =W, otherwise

s(W,V) = (~1)"In.(EY).

i>1

Identifying £ with P(C), the restriction of Oy (E) to E is the dual of the universal line bundle
Oc(1) on P(C). It follows that E* = (=1)" e (Oc (1)) N [P(C)], and hence

s(W, V) = n.(c(Oc (1)) N[B(C)).
Then, we can make the following definition.

Definition 39. The Segre class of a normal cone C = Cw'V, s(C), is given by
$(C) = nelc(Oc(-1)) ' N[B(C))).
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Now, we are ready to generalize the above constructions. Let € be a cone over a scheme X , Le.
C' = Spec(S5*), where S* is a sheaf of graded Ox-algebras. Assume that Oy — §9 is surjective, S!
is coherent, and S* is generated by S'. Let

P(C & 1) = Proj(S*[t])

be the projective completion of C, with projection ¢ : P(C@®1) — X, and let O(1) be the canonical
line bundle on P(C @ 1). Then,

Definition 40. The Segre class of C, denoted s(C), is the class in A, X defined by the formula

$(0) = &YWy nPC o 1),

i>0
We then need the following proposition from [F 98].

Proposition 41 (Fulton). (a)If £ is a vector bundle on X, then
s(&) = (&) n[x].

(b)Let Cy,...,C; be the irreducible components of of C, and m; the geometric multiplicity of C; in
C. Then

s(C) = Zmis(Ci).
i=1
Furthermore, note that, for any cone C, s(C @ 1) = s(C).

Now we can define the Segre class of any closed subscheme X of a scheme Y.

Definition 42. Let C denote the normal cone of X in Y. The Segre Class of X in Y, denoted
s(X,Y), is defined to be the Segre class of the normal cone C,

s(X,Y) =5(CxY) € A, X.
When X is regularly embedded in Y, €' = N is a vector bundle, and
s(X,Y)=c(N) I n[X].

The interesting result, which can be found in [F 98], is that these Segre classes have fundamental
birational invariance. If f : Y’ — Y is a birational proper morphism, and X’ = f~1(X), then
s(X',Y’) pushes forward to s(X,Y). More precisely,

Corollary 43 (Fulton). Let f : Y' — Y be o morphism of pure dimensional schemes, X CY a
closed subscheme, X' = f~1(X) regularly embedded in Y, with normal bundle Nioandg: X' 5 X

the induced morphism. If f is proper, Y irreducible, and f maps each irreducible component of X
onto Y, then

9 (e(N") "L N X)) = deg(¥'/¥)(c(N) (X, ¥)).
If X CY is also regularly embedded, with normal bundle N, then

g+ (c(N) T N[X']) = deg(Y"/Y)(c(N) " N [X]).
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