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ABSTRACT

We define a dimensional vhase transition as one in which
the dimensionality of space-time changes. Two possible scena-
rios for such a phase transition are presented.

One of the scenarios may be thought of as a generali-
zation of the random lattice techniques while the other may
be interpreted as a dynamical realization of the spontaneous
compactification in a Kaluza-Klein theory .

Most of the concrete results presented are about the
second scenario. Specifically, we investigate thas dimen-
sional phase transitions through collison of space-time
boundaries.

The classical dynamics of space-time boundaries is
established. The dynamics is uniquely defined when gravity
is present. It is shown that for a certain choice of boun-
dary conditions on metric fluctuations and the matter fields
the coupling of space-time boundary proceeds in a universal
manner analogous to the case of gravity, i.e. the back re-
action of the matter and gravity is represented by the matter
stress-energy tensor only. The boundary condition for the
gravity is derived and discussed in connection with the
consexvation of enerav.

Nuantum properties of the matter--gravity-boundary system
are discussed. It is shown that the measured Casimir effect
of attraction between two conductors can be calculated using
the framework of boundary dynamics, i.e. in terms of lo-
cal quantities as ovposed to conventional calculations based
on global quantities like total renormalized energy.
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DIMENSIONAL PHASE TRANSITIONS, AN INTRODUCTION

It is widely believed that if one looks back into .the his-
tory of the universe one wilil observe a number of phase transitions.
The chiral and confinement transitions are expected to occur
at temperatures around 0.5 GeV, the Weinberg-Salam transition
around 102 GeV, the GUT transition somewhere between 1014—-1016
GeV and effects of quantum gravity will come into play when the

19 Gev.

energy scale of the particles reaches 10

In this thesis we speculate about and obtain somz concrete
results concerning another phase transition. We explore the
idea that at certain energy, temperature or density scale our
present-day wvacuum becomes unstable with respect to change of
space-time dimensionality.

First of all, why one should expect such a change in dimen-
sionality, or dimensional phase transition It is a simple fact
that in a flat m-dimensional Euclidean space R" one can draw a
unique 1line through any two points, a unique plane through
any three points and so on. That is, generically, nd m points
in R® belong to a n-1 dimensional hyperplane R® < R':  If
we were to take this argument seriously and apply it to the phy-
sical world, then one cannot but wonder why about 1080 protons
or electrons or any other kind of stable particles that are esti-
mated to inhabit the observable universe fit so nicely into the
three-dimensional space at each point in time, instead of some
space of dimensionality of 1080-1, where they truly belong.

Indeed, putting aside cosmologically short-scale inhomogeneities

one could easily imagine our universe vopulated by rather weakly
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interacting stable elementary particles. Why then the observed
matter moves along trajectories that lie in a three-dimensional
subspace of 1080-1 dimensional space? Or, in other words, why ig
the dimensionality of space-time so low?

The answer to these questions obviously lies in propverties of the
vacuum. Even if one observes a one-particle state, without refe-
rence to any other particle, one still assumes that the momentum
is four-dimensional. This assumption states implicitly that it is
the vacuum, that serves as a reference frame for measuring of
dimensionali*~y. It is apparent, looking from this angle, that
it is through interaction with the vacuum that particles "know"
which dimension they are in, even if thev do not interact or
interact very weakly.

One is led, consequently, to the notion that the dimensio-
nality is a property of the vacuum. Furthermore, we know that the
vacuum is not an empty abstraction but is a rather complex
physical system, whose properties can and do change, the simp-
lest example being a spontaneous decay of "false" wvacuum into
the"true" vacuum when a symmetry is svontaneously broken,

It is natural to assume, therefore, and it constitutes the ba-

sis for this research, that dimensionality is one of the phy-
sical properties of the vacuum. Thus it is natural to ask the
following questions: can the dimensionality change? has it

ever changed in the history of the universe? There certainly

is no experimental evidence to support ( or disprove, for that
matter ) that the second question has a positive answer. If
however we can convince ourselves that it can change, by buil-
ding , for example, an aesthetically pleasing formalism which will

be natural in some way, then one will have some ground to pre-
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dict that it did change at a certain point during the universe's
evolution, since if anything can happen in this world, ap-
parently it does. It is the first question we are concerned
with.

An idea that there may exist some extra dimensions to the
world we live in is far from new. Kaluza and Klein were the
first to apply the idea of higher dimensions to physics [1].

And although they did not succeed in presenting a realistic mo-
del when treating four-dimensional gravity plus electromagne-
tism as a manifestation of pure five-dimensional gravity, the
idea has been vursued with varying degrees of interest ever since.

More recently, in conjunction with the higher-dimensional
supergravity theories, the interest has been revived again [2].
It is nesessary to point out, however, that the question of
dimensionality in the Kaluza-Klein approach is largely ignored.
Apart from some recent attempts to make thes central concept
of a Kaluza-Klein theory, spontaneous compactification, dyna-
mical [3], the question of why eleven or ten is as unaddressed
as why four.

Both scenarios for the dimensional phase transitions which
we present here are devoid of the idea of spontaneous compacti-
fication and the initial dimensipnality of space-time 1is not
determined and is not importnat. Furthermore, the author be-
lieves that the initial singularity which the classical Gene-
ral Relativity predicts may be avoided as a concept if, instead
of a picture of the Big Bang , one can develop a consistent
picture of an infinite series of dimensional phase transitions
that take place as the typical energy scale of the universe decrea-

ses. ¢
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Of course the final justification for such a scheme could
only be an experiment confirming the existence of the dimensio-
nal phase transitions. We cannot claim that we can devise
a determinate experiment nor can we present the reader with a con-
sistent formalism as yet. However even if the ultimate goal
of this research is far away, the by-products of it seem to be
interesting in themselves. Although at the present moment tha
idea of the dimensional phase transition in the universe seemsto
be no more than a guiding light, the results we obtained in
general relativity and theory of the Casimir effect provide
an interesting outlook on these subjects.

Finally, even if as mentioned earlier, the evidence for
a dimensional phase transition is absent, phase transitions of
a similar kind do occur in solid state physics. The most ob-
vious example is the foam formation in soany water, where the
ratio of area ﬁo volume goes to infinity under certain condi-
tions. A less trivial example would be stratification in 1li-
quid crystals, where a three-dimensional volume of a specific
crystal becomes, under certain conditions, stratified into an
array of parallel, thin, two-dimensional layers. Another area
of contact with the solid state physics would be the roughening
Phase transitions, also yet to be found exverimentally [4].

We now present the two scenarios mentioned above and list
the mathematical problems whose solution is necessary in order
/to develop the scenarios into full-fledged consistent formalisms.
The rest of this chapter is on the guestion of the boundary con-
ditions for the gravitational radiation and sections II and III

of the thesis constitute partial solutions of some problems for
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the second scenario.

DIMENSIONAL PHASE TRANSITIONS THROUGH

ROUGHENING OF SPACE-TIME

In this scenario we consider a lattice approximation to the
continuum field theory as a basic concept. However instead of
taking the lattice to be a triangulation of some smooth manifold
we start with the premise that the sites of the lattice do not
"know" beforehand any global information about the structure
obtained by linking some of the sites. Thus we start with some
fixed number of sites N ( although it must ultimately vary).

These sites are linked in a random manner by M é; g-(%:ylinks,

or one-dimensional simplices. We call any three sites to be

in common position if their links form a boundary of a triangle,
or 2-simplex. We call a n-simplex elementary if it containsmo
sub-simplices. Elementary 2-simplices are attached in a random
manner to the set of triads in common position without intersec-
tions. We proceed with this prosess until all elementary
n-simpleces are joined in some random manner up to the largest
dimension posssible. The result of this construction is what
mathematicians call a’simplicial complex. We bring physics into
the picture by associating a statistical weight to each complex
in such a manner that complexes that are "close" to those which
are triangulations of some smooth ,"simple" manifold -- the
base manifold X -- have the highest weight W , while comple-
xes that do not approximate any smooth, "simple" manifold have

the least weight. We then redefine the partition function for,
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say, the Euclidean formulation of a lattice field theory by in-
troduction of additional averaging over all complexes with some
suitable boundary conditions.

Thus instead of

—

203)= 2, MB)exp-X(p)+ ' T,

c u-{- urq'LWS
[;"' [~ 3,:\'9,“ l&#iCC

(1)

where ¢A are some fields , M(ﬂﬂ) is the measure weight

J,q is the current, one writes

20)=2- 7. MO

Cewl, exes, C flﬂ eouf.

{or a )

cownpllex C (2)
A __ L
expl - &0(@4) +W(C> +O T +C K,
where C K * are parameters of the complex and corresponding
currents, ) is the statistical weight of the complex

C. and M(¢A C,) is the summation weight.

The summation in (2) includes summation over all different
triangulations of the same smooth base manifold X . In this
sense our approach resembles the random lattice approach [5].
However we cannot attach physical difference to two different

triangulations of X and , consequently, require

W () = w(c')
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when C and C' triangulate the same manifold X . 1In this respect
our approach is different from that of [5].

We now iist the main problems one has to resolve in or-
der to reach the calculational stage for a realistic theory.

l. Extension of a lattice field configuration from a lat-
tice to an arbitrary complex.

This problem is difficult for any field with spin higher
than zero and is especially difficult for fermions. The ex-
tension problem stems from the fact that spinors and boson
fields with non~-zero spin have the notion of dimensionality built
into their definition. The problem may be avoided for
boson fields by using singqular exterior and symmetric form
formalism, while use of"doubling"of fermion species may help
solving the problem for fermions.

2. Determination of W(C) and M(ﬂﬁA,C).

The expression (1) can be regarded as a dicrete approxi-
mation for the functional integral and the measure weight M(gé A)
ensures that Z(J) has a sensible limit when the lattice size
goes to zero. In the same sense Z(J,K) in (2) can be thought
of as a finite-dimensional approximation for a functional inte-
gral over fields and complexes. Part of the problem is to find
M(gé‘A,C) such that Z(J,X) has a sensible limit when the sizes
of elementary simpljces go to zero.

The second part, more physical one, is the determination
of the statistical weight W(C), the weight which suppresses
"bizarre" complexes and does not suppress "nice" complexes. If
we were to consider at most two-dimensional space-times there

would be a natural candidate for W(C). It is a well-known fact
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that all compact two-dimensional manifolds are uniquely chara-
chterized by their Euler number ;( [6]. It was also shown by
Rota [6] that the Euler characteristic can be written for an
arbitrary abstract simplicial complex. The Euler number takes
high bounded values for "nice" manifolds, while it monotonically de-
creases to minus infinity as the complexity of the manifold

increases., Thus weighting complexes with the factor

exp A X A1

would pick out only “"nice" ones. Another non-trivial candidate is
PR
ﬁc[z v --m1- -:-/\2”’1' — fousF
W(C)"—' cl L)gec( g J) e , & = cous
N = coust

where m, 1is the number of nearest neighbours to the site j .
J

ke

W(C) as above ensures existence of phase transition at7:=Ei[4].

I

Having resolved the two main problems mentioned above it
would be easy to pose a correct mathematical problem about exis-
tence of a dimensional phase transition in a particular system.
One will have to prove existence of a complex which in the distant
past is a triangulation of a space-time of some dimension N andin the
distant future is a triangulation of a swace-time of dimension
Pﬂ ;&/b/ . Such a complex by definition cannot be a triangu-
lation of any smooth manifold and may be called a rough instanton
(borrowing terminology from the solid state physics). Actually
one can imagine a rough instanton to connect space-times of
the same dimensionality but different topological structure.
It is rather hard to imagine making more dimensions from less, globally,

and it is rather easy to imagine the reversed process. Thus
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it will be natural for a system to undergo a sequence of phase
transitions with dimensionality decreasing. A possible answer
to why four may be then suggested. Namely, our universe is four
dimensional because it is near the end of its evolution Whether
or not a phase transition to three space-time dimensions is pos-
sible in our universe is another interesting question to consi-
der.
DIMENSIONAL TRANSITIONS THROUGH SPACE-TIME
BOUNDARY COLLISION

In this scenario , which in its present form would work
only when quantum gravity is not dominant, one considers spon-
taneous formation of a space-time boundary?))(in some D-dimen-
sional space-time ;X; . If, during their evolution, two or
more disjoint components of FD;X: collide and "stick" together
i.e. if an infinite area of contact is energetically favorable
and if the thickness of the layer between two boundaries with,
possibly, some matter trapped inside, is small enough then the
"squashed" observer will not notice the extra dimension in the
direction of the normal to the layer, just as the extra dimen-
sions are unobservable in a Kaluza-Klein theory.

Since this scenario is discussed in greater detail in part
II and III of the thesis, we now list the problems one has to
solve in order to make the scenario work.

1. Developement of formalism of classical dynamics of

space-time boundary.
2. Semiclassical quantization for the boundary dynamics
and renormalization.
3. Developement of a formalism to describe spontaneous

boundary formation as a tunneling process.
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4. Late evolution of the layer of the collision.

The first and the second problems are largely solved and
some of the results are presented below. Additional results
will appear in forthcoming publications ( see ref [13] in chap-
ter III ). At the same time there are some indications that the
third problem is tractable and that in the late stage of its evo-
lution the layer of the collision decouples from the matt?r and
gravity inside the layer. This is largely due to the buundary
conditions on the fields on the boundary. They are such that
certain types of boundaries decouple from interactions inside.
It is a plausible hypothesis that such configurations of the
boundaries are in fact in some sense stable and consequently are

the end points of boundary evolution.
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We now would like to elaborate on the boundary condition for
gravity proposed in chapter II.
The boundary condition in question is ( all notations are

on page 23 of chapter II)
vV
(75‘”"' XZ\/‘ )é/«v IDX_—- © (3)

for any boundary P>;>(. , Where 6%74\/ is the metric vari-
ation. There is no boundary condition on the background metric
itself.

On :%: one can decompose é;ﬂﬁx/ in tangential and

normal directions

é/\,:gﬂ\/ 4—4},!’!\/)4"@ l/I/H\/ ”
M _
A/,h =0 .

~ (6)

We now would like to enforce the transverse-traceless gauge

i

for 65 v since we are most interested in gravitational

//\

radiation which can carry energy and momentum. This means that

M
65 /A =0 (7)

DM'6/4\1= o

(8)

Applying constraint (7) to (4) we get
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o~ M
B =-¢& (9)

Differentiatiog (6) we obtain

7( é + —_ (10)
Applying (8) and (10) to (4) and projecting along and perpen-
dicular to the normal we get on B-X

M o p ~ )
nb & ,+2x& N =0

(11)

F_/‘\) ’*‘7(/4\/ +-2 LVPD g/f=0 (12)

b,

F‘/—AJ: /_;,A\/—-/)VA/,\ : (13)

These are Neumann-type boundary conditions on g /A/,,\
and /‘\/M provided thev do not vanish. They vanish
only when a gravitational wave falls on BX along the nor-

mal V, . In this case

/.A

K ~ N

where ,</A is the direction of the wave propagation.

This leads us to considering the boundary condition on the trace-

less part of Z
s/

Epv=Ev T L/M’ €

Eliminating the remaining freedom by requiring
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€0 =
we find that the boundary condition (3) applied to an arbitrary

boundary is equivalent to the Dirichlet boundary condition

z O
& oV T (14)
which mean that for a plane gravitational wave with

Zf)(yz
[0 o © o

— C) 2, ¢ o — .
e $u T2 0 giogi(z-1)
O 3.9. '3" o
o O o oO.

=0
¢ 515%

The boundary condition (14) is fulfilled by sending in

the opposite direction a wave with the same amplitude and thus
is of purely reflecting type. The boundary conditions (11)

and (12) are not, in general of reflecting type unless },‘\/': 0
i.e. the boundary (BX is a so-called totally geodesic

submanifold of . This mean that if %/u‘/ # 0 then even
a static boundary :ican absorb energy from gravitational radaition.

The absorbed energy becomes then the energy of the boundary exi-

tations, which propogate along the classical background boundary

2 X .

Boundaries with %‘,V‘:O have non-compact spacial sections
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and thus cannot be created spontaneously. However boundaries at
infinity or conformal boundaries can be made to obey Jﬁ‘V=EC) .
An example of such boundary can be found in the work by Hawking
[7] done in connection with earlier work by Breitenlohner and
Freedman [8]. Hawking showed that that there is only one choice
of supersymmetric reflecting boundary conditions for gravityin
the case of X'-: CAJS -~ the covering of anti-de~Sitter
space-time -- and not two as found in [8].

It was essential for Hawking's argument to have ?9,v!==C) .
Our boundary conditions (11), (12) and (14) appear to be unique,
apply for any boundary and do become reflecting when fx/,.,:-O .
This suggests that our boundary conditiond are in fact genera-
lization of Hawking's. This question will be addressed in detail
elsewhere.

Finally, having derived the boundary conditions for the gra-
vitational radiation it is interesting to speculate whether one
can build a resonant cavity to amplify the gravitational waves
for the purpose of their detection and, possibly, generation.
Presumably this would involve calculation of propagation of the
gravitational radiation in real media and it appears unlikely
that such a resonant device could be constructed. However if
a resonant cavity with sufficient degree of amplification can
be built on Earth or in its vicinity on may try to detect the

radiation from exploding nuclear devices or earthquackes.
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Introduction

Relativistic extended objects -- membranes and strings --
with the "surface" action proportional to the "area" the object
"sweeps" during its motion, have been studied extensively from
classical and quantum points of view [1].

In this letter we treat the boundary of D-dimensional space-
time as a D-l-dimensional membrane and show that there exists a
natural coupling of the boundary to the gravity-matter system.

The boundaries of vacuum phases were treated dynamically in
the Bag models of hadrons [2], the boundary of space-time as a
dynamical object was considered by Witten [3], who discussed a
vacuum decay mechanism which involves a spontaneous creation and
expansion of the boundary. Finally, since the discovery of the
Casimir effect, much work has been done on the boundary effects
in guantum field theory [4].

However, in the work cited above the motion of the boundary-
like objects is either predetermined or the coupling between the
matter and the boundary is non-dynamical. Furthermore, the Cazi-
mir forces which one obtains by varying the total renormalized vacuum
energy can only serve as a non-relativistic approximation of the
back reaction of the matter fields on the boundary. The boundary
of space-time with gravity, to my knowledge, has not been dis-
cussed as a dynamical object in the literature.

It is interesting, therefore, to derive covariant equations
of motion for the boundary from the action principle and to see

whether the Casimir forces appear in the non-relativistic limit.
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Equations of Motion
Our conventions are: X denotes a D-dimensional manifold
with Lorentzian metric guv’ which has positive signature;

9X is the boundary of X; Zu(ya) are the local coordinates of 9X in

a...D

X; n" is the outward pointing space-like normal nu=xeuv o€

3 z¥ ... 9, 2° where A is chosen such that n n“=1; h,.= e#—4 — g
a b u 1J oyl oyj “HV

is the induced metric on 93X; h: = Gi-nunv is the projection opera-

tor from the tensor bundle of X on that of 9X; XUP = Dvn“h; is the

second fundamental form. Greek indices run 1 to D=dimX, while

U

Latin ones 1 to D-1. The coordinates x"~ always refer to X and ya

to 3X . With our conventions fdxgl/2

DUAu = fdyhl/znuAu. All quanti-
ties are made dimensionless by a choice of units. All fundamental

constants are put to one.
First consider an arbitrary matter system on a manifold with

a boundary and a fixed background metric. The action for the sys-

tem is:

8"‘8” +Sax (1)
o= [JV(F) ; dV=grdx

(2)

SBX = gJﬁ ) ‘Jg = AVlJY ) G=CMS+ (3)

Before deriving the equations of motion let us consider coor-
dinate invariance of the action (1). The requirement that (1) is
invariant w.r.t. the transformations that map 93X into 9X identi-

cally: ya+§a = ya,gives us the usual covariant conservation law
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for the stress-energy tensor
mV
D, T =0 (4)
%
-1/2 GS

where by definition oHY = g ga

If, however, under the coordinate transformation 98X maps into
9X not identically: ya+§a # ya, the situation is slightly differ-
ent since, in general, additional boundary terms will appear in

S due to the non-vanishing of the boundary variations of fields

and metric

I

8 7.
8¢A =L§¢A (5b)

L‘,; g/w (5a)

Here the index A combines external and internal indices and Lg is

the Lie derivative w.r.t. the vector field gu which is generated

by an infinitesimal coordinate transformation.

Indeed a vector field Eu which is non-zero at the boundary
and is tangential tc it -- F,unulaX = 0 -- still induces a coordi-

nate transformation according to (5a-b).

In this case, performing such a transformation, we obtain

&‘Snz JV{P@,(%@) DﬁA]L Q /méﬂf
+ PR oL
[ds (%) hyda 5 00 A
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\/ .
+ SJS n’M 1‘—,\/; (8a)
and separately

/M\/
3 SBX = 4 ‘(’JS Z‘ D/A 2\/ (8b)

Note that additional terms will appear in (8a) if the action

(1) depends on higher than first derivatives of the metric or the

n-bein.
Using the equations of motion for ¢A and (4) we obtain that

we must have

543 gfa@j,w) b, gav *m ,@)L;@‘}

+SJ§ l’l”;vgv =0

and

(9)

X(JS L‘Iﬂ\/[},‘gy =0 (10)

u. =
when & nu]ax 0.
We now require that the boundary conditions on the matter
fields cancel identically the first integral in the LHS of (9) for

all E“ = hEgp. Then for the matter fields we have
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M v —
4 -‘;"‘/ b £ 0 (11)

The condition (10) is trivially satisfied since
\Y
[asn*’p & = [asxn"f , where x = h"“x . Thus, under the
boundary conditions we required, (11) supplements the condition

(4). For a static boundary and Minkowski metric on X, (1ll) takes

the form

N
Il
N
51
S
n

M/u = (Oa n. ) (12)

This just means that there is no energy flow through the
boundary and that the force exerted on the boundary always points
along the normal.

The main justification for the restriction on possible boun-
dary conditions comes from consideration of equations of motion
for the boundary. These are obtained by varying the range of inte-
gration in (2) and varying (3) w.r.t. Zu(ya). However, if our
theory is generally covariant then the range variation is equiva-
lent to the variation (5a-b) such that gunulax # 0. 1Indeed in this

case the variation of the volume is, for instance,

eV = &Sc}x j\/Q_ _ Xclx j\/9~ @Jéﬂng\/l\Vlhﬂ;}u
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i.e. the same result as we would obtain by the range variation
with sz'(y®) = -g"| ..

The transformations (5a-b) are coordinate transformations for
any internal point of X, thus only surface terms could appear in
variation of all quantities.

Taking into account the boundary conditions and (4) we obtain
for the boundary

AV
ax n” + T n, =0 (13)

or

/a\/
__.Qy:: —T V/L‘VIV (14)

We see that the restriction on the boundary condition makes
the equation of motion to have a particularly simple form. It
means that the normal-normal component of the stress-energy tensor
provides the source term for the "free" boundary,described by the
equation X = 0.

The stress-energy tensor in (14) is symmetric. This is due
to the general covariance of the action (1). Relativistic covari-
ance inplies the canonical stress-energy tensor in (14) and, in
general, different dynamics for the boundary.

For the electromagnetic field the RHS of (14) reduces to the
familiar Casimir pressure in the case of the static boundary R x Sz.

As noted in [5] for the ideal conductor boundary -- but, in fact,
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valid for any -- the pressure on the R x 82 boundary given by the
principle of virtual work coincides with that obtained from the
normal-normal component of the renormalized stress-energy tensor.
There is nothing exotic about the restriction we imposed on
the boundary conditions. Indeed in flat space-time for the canon-

ical scalar field ¢ it is equivalent to the Neumann boundary condi-

tion. In this case

L=4gBygvp V(P

M’Mz—fz = n"o ¢) =0 (15)
For the gauge fields it is satisfied by the Bag boundary con-
dition

éZ? —_ _._L Q?EQL F:‘ y Lrﬂ/u\/

]')X (16)

The case of spin 1/2 fields is somewhat more complicated since
the corresponding Lagrangian depends on n-bein derivatives (in the

generalization of the tetrad formalism). For spinors

Yo kg (T TV - V(F¥)

[y 5 =287 1y g =2y
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—

D 4iwmes
where V; is the n-bein with the upper world and lower space-time
indices. After simple calculations we find that the well-known

boundary condition
L'J;,.F)'“LP:LP (17)

Wote that due to (17) presence of a boundary breaks chiral invariance

This is also true for supersymmetrically invariant theories.

We now consider inclusion of gravity into the system. It is
well known [6] that in the presence of the boundary the gravity
action must be modified to cancel surface terms that contain nor-
mal derivatives of the variation of the metric guv' The simplest

way to make the modification is to take for the gravity action

S’gf:“,!: cl\/Q - %SJS'/L (18)

where x is the Newton's constant and R is the curvature scalar. Varia-
tion of the action (18) vanishes when the Einstein equations of

motion are satisfied and when

[X/AJ_ ,Xl];m/] gcf/”//;xo
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We consider this as a boundary condition on the metric fluctua-
tions, but not on the metric itself. This interpretation is in
accordance with the approach taken in [7].

L]

We thus arrive to the total action for the system

gzge,"'gm +§BX (19)

Variation of the action (19) w.r.t. the boundary gives

18 = < [V (R 4R g - = ) 8¢
+m"§JS['X”N—X /»N]&J,N - &\CJS’XH"}/

where dguv = Dugv + Dvgu.
Using Bianci identity and (4) and when g¥ = nv-F(y) we obtain

the boundary equation of motion

v .y - v
7%_(xﬂ‘z;v._:X2>._££¢§:Y:=751’%7;Mv/ élpléauv '4‘2:\/)f7

(20)

where we used the unique extension of n" off 3X in its neighbor-
hood in X defined by n)‘D)\nu = 0. (in the case when £V=hz£o, the -
Codacci equation ensures §S = 0.) Wnen the Einstein equaticns are
satisfied, it appears that in this egquation the effects of matter
are cancelled by the effects of gravity. Remarkably, this is not

true. The equation
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—'-7':07( + R"(%”?ﬁw - x*) =0

(21)

does contain the stress-energy tensor. 1Indeed, using the expres-

sion for the curvature scalar R' of the induced metric

Rl:Q -’ZRVNMH /‘V—x (22)

and using Einstein's equations once more we obtain

“ﬁd?( + wt R+ .2—5.4\/ n”“n =0

(23)

The equation (23) contains only one free parameter: the "sur-
face tension" constant a. It is tempting, in view of the fact that
R' contains only second derivatives of the small fluctuations of

Z“(ya), to remove the ambiguity by putting a=0. Then we would

have

R+ 2k -;v h*n’= o0

(24)

Since k is very small we see that the strong coupling of (14) gave

way for the weak gravitationally induced coupling. When Tuv=0

'=0 according to (24) which,for example when D=3, means that

tae curvature in time direction is zero.

The problem with (23) and (24) is to prove that the equations

are equations of the propagating type. This question will be con-
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sidered elsewhere.

Note that one cannot take the limit of the flat space-~time by
by putting guv=nuv in (23 ). One has to consider guv=nuv+Khuv and
retain the first order terms in «k in R'. This just means that

gravitons also contribute to the force on the boundary.

Note that if Tvpnunv'é.o, R' is pPositive. That means that
the boundary whose spatial curvature is everywhere positive, i.e.
that looks, for example, like a distorted sphere without "dents",
tends to expand with non-zero acceleration. This fact suggests that

space-times with Nedative wpreggure™ may be unstable w.r.t. the

spontaneous boundary formation.

Remarks on Quantization

The formalism presented here was developed for the descrip-
tion of the boundary dynamics under the influence of the Casimir
forces. It is hoped that two spontaneously created boundaries
would like to develop an infinite area of the surface of their con-
tact when they collide due to their expansion. This would produce
an effective Kaluza-Klein compactification for the region between
the two boundaries. It is known that a spherical ideal conductor
boundary tends to expand infinitely while two parallel conductor
planes tend to reduce distance between them to zero [5]. So the
scenario described above is not that far-fetched.

However, the naive substitution of <Tuv>ren instead of Tuv
in the boundary equation of motion (14) or (27) does not make much
sense, since it is well-known that generically <Tuv>ren diverges on

the boundary. Indeed, for the canonical scalar field (15), accord-

ing to Deutsch and Candelas [4]: <Tuv>ren has the following asymp-

totic form in four dimensions and for Minkowski space-time



i
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v7rm ~ —H( ) /V

&E20

=30 _L ~ 13 ~--L Yn n
t € [6041"7(/“’ 2qon”){6‘”" L/XJ'?( ‘/]

11 é
rxéxf /,, v - (25)

where the Neumann boundary condition is assumed and with € being

the distance to the boundary.
On the second examination, however, we see that the normal-

normal component of <Tuv>ren is much less divergent.

-3 -2 -2
T o €2y €T 1€ c0(E)
n 4}“\)7t'gu e>0 Yfx? X +6'0]'sz 1-/107" X &”V (26)

We find that most of the divergent terms are insignificant
for the boundary dynamics while the remaining divergent terms have
the same functional form as the terms of boundary equation of mo-
tion (21). Thus there is hope that,when properly renormalized,
eq. (21) will somehow absorb at least some of the infinities in (26).



The naive substitution of <Tuv>ren in (23) might not be justi-

fied. 1Indeed on one hand we expect the condition nuTuvh: = 0 to

hold,together with DuTuv = 0,even after renormalization since both
are due to the coordinate invariance of the matter-gravity-boundary

system. On the other hand, substitution of (25) into (11) yields

n<T

v -2 o -2
/\)?{*eh L‘ N~ € T%J_.bz L’f DO{'X + 0(6 )

£ eso (27)

In general this is not zero. Taken literally, (27) means a
breakdown of the coordinate invariance of the quantized system.
This is unacceptable on general grounds. One possible explanation
for (27) is that quantum fluctuations of the boundary must be taken
into account to ensure that the RHS of (27) is zero.

It is also not obvious that the naively expected expressions

y,
h f>rem - HM< —];AV >r""

< n“ T

Y
/“VI)X BX/’, s

and

MoV = Ve T
L h"n ‘T;VI)X>‘un h=n < /MVjcun}X,

are consistent.

Apparently more work on quantization of the interacting boun-
dary-gravity-matter system is needed before one can have a definite
answer to whether or not one can describe the motion of the boun-
dary under the "pressure" from the Casimir "forces". If one can

find a consistent formalism, however, it may help resolving the
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mystery of spontaneous compactification in Kaluze-Klein theories
by providing another possible mechanism for its dynamical realiza-

tion, in addition to that currently discussed in the literature [8].

I am greatly indebted to Jeffrey Goldstone for numerous dis-

cussions on the subject. I wish to thank Alan Guth for valuable

suggestions.
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Existence of forces acting on conducting surfaces in
vacuum [1l] is a remarkable consequence of quantum nature
of the vacuum. A generalization to the case of non-perfect
conductors has been done by Lifshitz [2]. For the real
materials the force F per square unit has two asymptotes.
The first is dominant when the separation a between, say,
two parallel flat conductors is much less than a characteristic
frequency of the absorption spectrum of the plate's material
A_.. Then

C

0o

Fe
'E::&'“a3 ' €+i) Jf o

0

where

.Qoo Imé(u)>olu)

with Ime being the imaginary part of the dielectric constant
of the plate's material. This force is due to the molecular
structure of the plates.

When a>>)‘c then

> /€1
F__ ke 7T [Eo! /u(é>

a4 240 \E, + ¢ (2)

where u(eo) iS some definite function [2]. The case of the

perfect conductor [1l] is recovered by putting €0 and u(=)=l.



then we have the famous

—
C
FZ“‘/:L (3)

240 qH

This expression is independent of the material of the plates
and is solely due to the quantum fluctuations of the vacuum.

The validity of the expressions (1) and (2) has been
proven experimentally [3]. Here we rely on the paper by
Tabor and Winterton. For the case of eo=1.59 and the refractive
index parallel to the cleavage plane of the two perpendicular,
covered with evaporated silver, mica cylinders about 1.56, they
measured that in the case a>19nm, where the second asymptotic

takes over, the force F is

e 3

1
3 wm
:_-:(0.81&0,014)-/0 (%" “1

This should be compared with the theoretical prediction

Fo o 00 (=)

E

The agreement is remarkable considering the uncertainties in
measuring various constants.
The explanation of the physics of the effect is based on

the fact that due to the guantum nature of the electromagnetic



vacuum, the renormalized vacuum expectation value of the
stress-energy tensor Tuv acquires a nonvanishing value. Indeed,
in the case of two infinite parallel ideal conductor planes

it is easy to show [4] that because of requirements of covariant
conservation, Lorentz and conformal invariance of the electro-
magnetic stress-energy tensor its renormalized value (neglecting

gravity effects) is

7t te

<-T;AV(X)>,.%=;’;'55 an J;Gj("i,i,i)—.B)’ (4)

where a is the separation between the planes and the direction of

separation along z-axis corresponds to the last entry in the
matrix in (4).
Varying the total renormalized energy per unit area U=a<T0 0>ren

w.r.t. the separation a one obtains the force F in (3)

- -2

=5

This is the conventional derivation. Unfortunately it is in-
herently non-relativistic, not to speak of general covariance.

An attempt has been recently made [5] to consider a space-
time boundary as a dynamical object. It was shown there that,
provided certain boundary conditions hold, the space-time boundary
is a rather well-defined classical object and couples to the

matter and gravity in a universal manner, through the stress-energy

tensor.
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We now present an extention of the results for the
ideal conductor boundary and show that the Casimir force (3) arises
naturally in this formalism.

Let us first give a more direct derivation of the boundary
dynamics for any boundary condition in arbitrary space-time

dimension D. The total action for the matter-gravity-boundary

system is taken as

S‘;.-gclox g‘h&o%) /6 gngj‘/z(Q+2A> (5)
817@— SJD’ le ]

where x" are some coordinates on a manifold X, g=-det guv’éZ}¢A)

FHY
v

for the case of electromagnetism), G is the Newton's constant,

is the Lagrangian gensity of the matter fields ¢A(éz? =-% F

R and A are the curvature scalar and cosmological constant

respectively, ya are some coordinates on the boundary 93X, h=-det hab

v
_02z 3z _ a .
where hab_§§a ayb g and zM=z% (y”) defines the boundary
imbedding and,flnally,x=xuu where Xuv=Dunv with n, being a vector
field in a neighborbood of X such that n"n | =1 n.Don | =0 and
| 5zH | M ex J Hoax
n —5 =0 D (n D n, ) .
M ax dy ) ox"

The action S can be rewritten as a pure volume integral

$- Wi g8 - @2 ) 4k, 6.1

It is now easy to perform the boundary variation of the action using
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the fact that any vector field V]J on X defines an infinitesimal

boundary variation

e <1

et

and using

&;K S-S A $ i,

Thus, in addition to E.o.M. for matter and gravity we

obtain on 93X

QO(SéA) “é‘@(gﬂ?ﬂ} +T@ D (n X) O (7)

After some manipulations with the last term in (7) and using

- _prCT
Q/Av/'_'szJ/AJQ-/\J/V v C L

b\
NP )

we obtain

@) - o[- 60 (B b g R) - 2R 20
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and, finally,

R g+l ()30 Ty) = 0

(8)

where R' is the intrinsic curvature of the boundary. We now
can connect this derivation with the one in [5]. Indeed, when

second derivatives of metric do not enter the matter action

Y Ry (g L
T a[ 2 g,(v(gﬂfﬂ) TR

}c?/“

If we require

[}@\0 -l/:z_D fD \/LQO) 0

a——

}J/\/ f o ((?fj/»/> }Xﬁ

as a boundary condition)nuanuv=<§f and putting A to zero we

obtain the eg. (24) of [5] provided we identify k in [5] as
-81T Go

This equation is

R’v/éz‘é M”MVZM/"O (9a)
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or alternatively

R - lbr & é\f@: 0 (9b)

Note that when gf;¢AD¢A, where D is some differential operator
then on solutions 6Efis zero. For such matter actions, classically,
the boundary decouples. This observation also provides a con-~
vinient way of determination of<§? on 9X by reducing the matter
action to a form with q=¢AD¢A plus surface terms.

Let us now turn to the case of the electromagnetic field.
To do this we have to drop the boundary term in (5) since the
conductor plates material is certainly transparent to gravitons
and put A=0. We should also add a term to the action which
would describe the "free" phenomenological boundary. Agruably,
it could be put as (M éi -lw2a?) for the non-relativistic
experiment in question? Here M is the cylinder's moment of

inertia and w depends on the elasticity of the cylinders. The

classical E.o.M. we get is

Wi v a + J;Lllz (Q‘(%‘) —/{;Lé /Q)-‘-O (10)

2=0
The conformal invariance of the EM field ensures that R=0 and

we arrive to
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. \/
Mol +‘~OLQ =- 27/&»(%1)'»\ - (11)

That is, the classical Casimir force F in this case is just

Vv 2
F==8&( -+ F7 FUS"§=§J7'
A 4 Yot > )
afaﬁl
%1/.“:(465
were we putt1=l in the weak gravity approximation. For the
classical vacuum Fuv=o and, consequently, F=0. This is not
true when quantum fluctuations are taken into account.

Let us now present a derivation of the Casimir force (3)
from semiclassical approximation to eq. (10). 1In this approxi-
mation only EM field is treated as a quantum quantity while
the space-time metric and the boundary are not gquantized.

Strictly speaking one also has to derive the effective action

then to renormalize it [6]. This should be distinguished from
the renormalization performed on the source of the boundary

eguation of moticn (9k) or (10).

The renormalization of the matter action in presence of
boundary has been extensively studied [6, 7] in conjunction
with renormalization of stress-energy tensor. And while earlier
work [7] revealed that the renormalized stress energy tensor
(and the Lagrangian) generically diverges as one approaches
the boundary, Kennedy et al. shcwed that the total renormalized
energy, say, in a cavity, can be made finite due to the presence

of a priori divergent boundary counterterms. We shall observe



the same effect when renormalizing the EM Lagrangian.

To separate the largest contibution to the quantum force ;
in the setting of the experiment described, one has to note that
it will come from the Minkowsky metric since the trace anomaly
is proportional to powers of curvature tensor. In this case one
can disregard all effects of gravity. However, in general, this
is not true for a non-conformally invariant matter,where Tuu#o
in classical dynamics. This observation may be relevant, for
example, for some bag models.

It is easy to evaluate the leading contribution using the
image solution for the photon's Green function given in [8]. Using

the point splitting technique one obtains for F=-4I(x)>renl
X

v
< Q(X,X()> = "Z/L é Y (X,X/) (12)

where
. ) o
C’ﬂﬁj)’\K _ J/“V)AKZ D(X—XI" nglﬂz)
l=- 0o



- 47 -

c:{/V}f\Kz iZVKDﬂ>'A“ 2/4?5 VBIA . 2/\/‘9\)9“(-2\/)9,«94;
pov = diag (4,1, 4.4,

The guantity duv;AK is obtained from d“wAK by substitution
)

guv+guv-2nunv. The function D(x~x ) in (12) is a usual

Minkowsky generalized function for a massless scalar

L

{
D(X) "2,,7/_.2 X2+ €

and xu is the reflected xu i.e., xu=(x0, Xl' x2, -x3). Re-

normalization of <£§f(x, x)>|ax must be made separately for

x=x =0 and x=x'=a. Iin the former it is equivalent to removal
of the zero mode from the sum (12), while in the latter the

first mode must be removed. Thus we have

LL(xx)>= OZO %S(K—x'—iafh) - Zﬁf L(x-% - Zafn)

¢=-00

23 E) D (kK ~2adn)
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Discarding the #4=0 mode as x, x'-+0 we get (S'—'—'l) 2

—-/2 T

) 7ren fr Gl T 200! By

Fea<&07en= fra 2 2 (F-2-2a0) ay0al
This is precisely the Casimir force (3) which has been

measured in experiments. The same result is obtained when x+x "

near z=z =a by discarding the first mode in the sum (12).

Note, that from a general point of view, the renormalization

carried out above amounts to renormalization of the term in

the bare surface action, which is proportional to the area of

space-time boundary [7]. The fact that mere removal of diver-

gent terms suffices to reach an agreement with the experiment SU9-

dgests that the corresponding renormalized constant is 2€XY0O.

This is in accordance with analysis based on renormalization of

total energy [9].



CONCLUSION

We have established here a crucial link connecting the
formal boundary dynamics introduced in [5] with experiment.
We have also pointed out that for conformally non-invariant
theories gravitational contributions may be considerable
even in the case of the weak gravitational field. This may
have implications for the Bag models.

The two most important questions about the boundary dynamics
are whether the space-time boundaries exist or can
be spontaneously created and are there any physical processes
in which the boundary dynamics can play an important role.
(To generate a dimensional reduction, for example). Witten's
reservation to inclusion of boundaries into the functional
integral in gravity [9] may be circumvented by considering the
boundary not as the boundary of classical background space-time
but as a boundary for quantum excitations above the background. The
possibility of such an approach, which induces obvious modifica-
tions of eqg. (9a), was pointed out by Kennedy et al [6]. This
would also ensure validity of the Positive Energy Theory [10].
The ambiguity of the choice of the boundary conditions is
resolved by requirement of universality of coupling of the
space-time boundary, i.e., coupling through stress-—energy tensor
T only. As for applications of the formalism, one which

uv
immediately comes to mind is the de-Sitter phase in the
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Inflationary Universe scenario and its modifications [11]
where the very high negative pressure density that drives
the inflation at the same time creates instability w.r.t.
spontaneous boundary formation. Discussions of these
guestions as well as more detailed analysis of renormaliza-
tion of the boundary matter-gravity system will be presented

in the forthcoming publications [12].
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