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1 Introduction and Problem Formulation

-

Let there be two sensors, §; and 52, respectively. Sensor §; (respectively, 52) obtains a data vector
z € R™ (respectively, y € R"). Sensor, Sy (respectively, §;) transmits to a fusion center a message
my(z) (respectively, my(y)). Here, g : R™ - R and 17y : R™ > R"2 are vector—valued functions
which we call message functions. Finally, the fusion center uses the values of the received messages
to evaluate a given function f : R™+" » R*. For this to be possible, the received messages must
contain enough information; in particular, the function f must admit a representation of the form

flz,y) = h(ma(2), Ma(y)),  V(z,9) €6, (1.1)

for some function / : ®71+72 > R*. Here G is some subset of ™+ representing the set of all pairs
(z,y) that are of interest. For example, we might have some prior knowledge that guarantees that
all possible observation pairs (z,y) lie in G. For reasons to be explained later, we also require the
functions M, s, and A to be continuously differentiable. In the sequel, we will occasionally refer

-
to the functions 171y, 7y and i as a communication protocol.

The above described framework is a generic description of the process of data fusion. Data are
collected at geographically distant sites and are transmitted, possibly after being compressed, to
a fusion center. The fusion center needs these data for a specific purpose. No matter what this
purpose is, it can be always modeled as the task of evaluating a particular function of the data.
For example, suppose that  and y are random variables, representing noisy observations. Let z be
a vector random variable to be estimated, and suppose that we wish the fusion center to compute
the mean square estimate F[z | z,y]. Assuming that the joint probability distribution of (z,y, z) is
known, E[z | z,y] can be expressed as a function f(z,y), and we are back to the model introduced
in the preceding paragraph.

;From now on, we adopt the ahove framework. We assume that the function f and the data
domain G are given. Our objective is to choose the message functions 77; and 7,, in some desirable
manner. An obvious solution to our problem is to let 771(2) = = and 77i3(y) = y. This corresponds
to a centralized solution whereby all available data are transmitted to the fusion center. However,
if communication is costly, as it sometimes is, there could be an advantage if less information were
transmitted. We may thus pose the problem of choosing the message functions 77; and i, so
as to minimize the number r = r; + 7, of real-valued messages that are transmitted by the two
sensors (recall that r; is the dimension of the range of 77;), subject to the constraint that f can be
represented in the form (1.1). The minimal possible value of 7 will be called the communication
complezity corresponding to f and G and will be denoted by C’l(f; G), where the subscript “1”
denotes the fact that the functions m; and h are assumed to be C' functions. We will also consider
the cases where the functions 7i;, 77, and h are restricted to be linear or analytic. For these cases,
we use Cin( fiG ) and Coof £ G) to denote the corresponding communication complexity. Clearly,
one has C1(f;0) < Coo( £; ) < Clin(f5 9)-



A couple of remarks about our model of communication are in order.

1. The assumption of continuous differentiability is introduced in order to eliminate some uninter-
esting communication protocols. For example, if no smoothness condition is imposed, then each
sensor S; can simply interleave the bits in the binary expansions of each component of its data
vector and send the resulting real number to the fusion center, thus sending a single real valued
message. Upon receiving this message, the fusion center can easily decode it and determine the
value of # and y. Thus, with a total of 2 messages, the fusion center can recover the values of
z,y and thus evaluate f( ©,y). Such a communication protocol is not interesting since it basically
amounts to sending all the information collected by the sensors to the fusion center. We are in-
terested instead in a protocol that can somehow intelligently compress the information contained
in the values of z,y and send to the fusion center only that information which is relevant to the
evaluation of f(z,y). As we shall see later, the smoothness condition on the message functions
succeeds in eliminating uninteresting communication protocols such as the one described above.
The differentiability requirement on the function % of Eq. (1.1) is quite mild and not unnatural

given the assumption that /7, and 77, are differentiable.

2. We have assumed that messages are real valued, in contrast to the digital communication often
used in practice. Although such a continuous model of communication cannot be implemented
exactly using digital devices, it is nonetheless a useful idealization for certain types of problems.
For example, most (if not all) of the parallel and distributed numerical optimization algorithms are
usually described and analyzed as if real numbers can be computed and transmitted exactly [BeT89].
In addition, there is a fair body of literature in which data are communicated and combined for
the purpose of obtaining a centralized optimal estimate [Spe79, Cho79, WBC82, HRL88]. This
literature invariably assumes that real-valued messages are transmitted. The schemes proposed in
these papers are often evaluated on the basis of the number of transmitted messages. However,
there has been no work that tries to derive the minimal number of required messages, and this is
where our contribution lies. Another motivation for using a continuous communication model, as
opposed to the discrete model often used in the theoretical computer science community [Yao79], is
that it opens the possibility of applying tools from analysis, algebra and topology to the systematic
study of communication complexity problems. It is also worth noting that a similar continuous
framework has been successfully applied to the study of computational complexity [BoM75, BSS89].

Our formulation of the data fusion problem can be regarded as an extension of the one-way
communication complexity model first introduced and studied by Abelson [Abe78]. In particular,
Abelson considered the situation where two processors P;, P, wish to compute some real valued
function f(z,y) under the assumption that the value of z (respectively, y) is given only to P
(respectively, P;) and that the messages (real valued) can be sent only from P; to P;. Our setting
has a similar flavor, except that we are dealing with a different “organizational structure.” It is
also worth noting that Abelson’s model of continuous communication protocols has an interesting



parallel in the field of mathematical economics; in the latter field, the problem of designing a com-
munication protocol is formulated as a problem of designing a decentralized prdcess that performs
a desired economic function [Hur60, Hur85, MoR74]. Subsequent to Abelson’s initial work, there
have heen several other studies [Abe80, LuT89, LuT91] of the communication complexity of various
specific problems under more general continuous models of communication (e.g., allowing messages
to be sent in both directions). The discrete counterpart of Abelson’s formulation was introduced in
[Yao79] and was followed by many studies of the communication complexity of specific graph and
optimization problems (e.g., [JaJ84, LiS81, PaS82, TsL87}).

This paper is organized as follows. In Section 2, we consider the case where f is linear and G is
a subspace of ®™*" and we restrict ourselves to linear protocols. We motivate this problem in the
context of decentralized estimation of Gaussian random variables, under the assumption that the
statistics of the underlying random variables are commonly known. We obtain a complete char-
acterization of the corresponding communication complexity Cyin(f; G ), together with an effective
algorithm for determining it. In the process of deriving these results, we solve a problem in linear
algebra that could be of independent interest. In Section 3, we extend the results of Section 2
to the case of a general nonlinear function f and general communication protocols. In particular,
we show that for the case of decentralized Gaussian estimation, the restriction to linear message
functions does not increase the communication complexity. In Section 4, we consider a variation of
the Gaussian case treated in Section 2. The main difference from Section 2 is that the covariance
matrix of the observation noise at any particular sensor is assumed to he known by that sensor but
not by the other sensor or the fusion center. We apply a result from Section 3 and obtain a fairly
tight bound on the communication complexity. In particular, we show that a standard method for
combining decentralized estimates has nearly optimal communication requirements. To the best of
our knowledge, this is the first time that a result of this type appears in the estimation literature.

We shall adopt the following notational conventions throughout this paper. For any matrix M
and N of size I x m and | X n respectively, we use [M, N] to denote the matrix of size [ X (m + n)
whose columns are the columns of M followed by the columns of N. We let r(M) be the rank of M,
and MT its transpose. For any differentiable function f : R™*+" » R of two vector variables z € R™
and y € ", we use the notation V, f(z,y) (respectively, V,f(z,y)), to denote the m-dimensional
(respectively, n—dimensional) vector whose components are the partial derivatives of f with respect
to the components of z (respectively, y). If f : {mHn s RN is a vector function with component
mappings fi, f2..., fs, then V _F will denote its Jacobian matrix whose i-column is given by the
gradient vector V f;. Similarly, V, f (respectively, V, f ) will denote the matrix whose i-th column
is V f; (respectively, V, f;).



2 Decentralized Gaussian Estimation with Linear Messages

-

In this section, we consider a simple decentralized estimation problem in which all of the random
variables involved are Gaussian and all the message functions are linear. We will give a complete
characterization of the communication complexity for this problem, together with an effective
method for computing it. The results in this section and the techniques developed for proving
them will provide insight and motivation for the results in the next section where the general
nonlinear case will be considered.

Let z € R' be a zero mean Gaussian random variable with known covariance matrix P,,.
Suppose that the sensors §; and 53 collect data about z according to the formulas

r = Hiz+ v, (21)
y = Hz+ v, (2.2)

where H;, H, are some m X [ and n X [ matrices, respectively, and v; € R™, v, € R™ are zero mean
Gaussian noise variables, not necessarily independent. Let R be the covariance matrix of (vy, vp).
Suppose that the fusion center is interested in computing f(z,y) = E[z | z,y], the conditional
expectation of z given the observed values ¢ and y. Assuming that v, and v, are independent of z,

we have
flz,y) = E[z]| z,y] = HT [HPZZHT + R] [ ¢ ] , (2.3)
Y
where we let
H,
H= R 2.4
] (2.4)

and where we have also assumed that the inverse exists. Suppose that the matrices P,,, Hy, H;
and R are known to both sensors 51, S, as well as the fusion center. Then, equations (2.3) and
(2.4) imply that

flz,y) = Az + By, (2.5)

for some matrices A, B (of size [ X m and [ x n respectively) depending on P,., R, Hy, and H,.
Notice that the matrices 4 and B can be regarded as constant since they can be precomputed and
can be assumed to be available at the sensors and the fusion center.

The set G of possible data pairs is the support of the probability distribution of (z,y) and our
Gaussian assumptions imply that it is a subspace of ®™*". If the noise covariance matrix R is
positive definite, then it is clear that ¢ = R™*". On the other hand, if the covariance matrix of
(z,y) is singular, then (2,y) takes values in a proper subspace of R™*", with probability 1. In
other words, we have either

G = gmin (2.6)

or

g ={(z,y)| Cz + Dy = 0}, (2.7)
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where C' and D are some matrices of size k x m and k X n respectively, and k is some positive
integer. The entries of C' and D can be determined from P,,, Hy, Hy, and R; so both C' and D
can be viewed as commonly known by the sensors and the fusion center.

Under the restriction to linear message functions, we have the following characterization of the
communication complexity:

Theorem 2.1. Let f(z,y) and G be given by (2.5) and (2.6)-(2.7). Suppose that the matrices
P,,, Hy, Hy, and R are known to both sensors 51, 52 as well as the fusion center. We then have

r(A) + r(B), if G = {m*n,

miny{r(4 - XC)+r(B-XD)}, ifG={(z,y)| Cz+ Dy=0}, (28)

Clin(]?; g) = {
where the minimum is taken over all possible real matrices X of size [ x k, and where & is the

number of rows of C' and D.

Proof. Consider any communication protocol for computing f with linear message functions. Let
ma(z) = Myz and My(y) = May be the message functions used by sensor 51 and S, respectively,
where M; is a matrix of size 1 x m and M, is a matrix of size 7, X n. (So, 71 and ry are the
number of messages sent to the fusion center from sensor §; and 5, respectively.) By (1.1), there

exists some final evaluation function % such that
Az + By = f(z,y) = k(1 (2), m(y)) = h(Myz, Myy),  Y(z,y) € G- (2.9)
We consider two cases.
Case 1. ¢ = R™+". By (2.9), Az + By is a function of Myz and M;y. So, there holds
Az + By = k(0,0) = constant,

for all (x,y) satisfying
Mz =0, Myy =0, (z,y) € ™™ (2.10)

Thus, (2,y) must be orthogonal to the rows of the matrix [A4, B] whenever (z,y) satisfies (2.10).

M, 0
0 M,

is contained in the null space of [4, B]. It follows that there exist matrices Ny and N, of appropriate

In other words, the null space of

dimensions such that

4, B] = [y, V] [ M 0 ] .

0 M,

Therefore, we have

4= Nlﬂfl, B = NZA’I%



which further implies r(A4) < 7(M;) < ry and 7(B) < 7(M;) < rz. Thus,r = r; +7, > r(4)+r(B),
which proves Cpin(f; ®™7) > r(4) + r(B). -

We now show that Cpn(f; R™+") < r(A) + 7(B) by constructing a communication protocol
for computing f with r(A) + 7(B) linear message functions. This is accomplished as follows. By
the singular value decomposition, A can be written as A = EF for some matrices £ and F of
size | x 7(A) and r(A) X m respectively. Furthermore, A is known to both sensors §;, Sz and
to the fusion center. Thus, the decomposition A = EF can be precomputed so that both the
sensors and the fusion center know the value of £ and F. Now let sensor S; use the message
function 7y (¢) = Fe, which clearly takes r(A) messages. Upon receiving the value of Fz, the
fusion center can compute Az by using the formula Az = E(Fz). By an identical argument, the
value of By can also be computed with r(B) linear messages from the sensor S;. As a result, the
fusion center can compute f(z,y) = Az + By with a total of r(4) + r(B) linear messages, which
proves Cpin(f; R™+") < 7(A) + #(B), as desired.

Case 2. We now assume that G = {(z,y) | Cz + Dy = 0}. Again, by (2.9), we have
Az + By = k(0,0) = constant,
for all (z,y) € K™ satisfying
Mz =0, Myy = 0, Cz+ Dy =0.

Therefore, the null space of the matrix

¢ D
My 0
0 M,

is contained in the null space of the matrix [4, B]. As a result there holds

¢ D
[4,B]=[X,P,P)| My 0 |,
0 M

for some matrices X, P; and P, of appropriate dimensions. Thus, we have
A=XC+ P M, B = XD + Py M,,

which implies
r(A~XC)=r(PM)<r(M) <7y,

and
(B — XD) = r(P;M;) < r(M;) < 2.




Therefore, 7(4 — XC) + r(B — XD) < 7y + ra, which implies C;n(f;G) > ming{r(4 — XC) +
r(B — XD)}. -

It remains to prove Cpin(f;G) < miny{r(4 - XC) + (B — X D)}. To do this, fix any matrix
X which attains the minimum in the expression minyx{r(4 — XC) + r(B — XD)}. Notice from
(2.7) that f(z,y) = Az + By = (A— XC)z + (B — X D)y, for all (¢,y) € G. By the singular value
decomposition of A — X C and B — X D and using an argument similar to the one used in Case 1, we
see that (A—X C)z can be computed with 7(A—X C) linear messages from sensor 5y, and (B—-X D)y
can be computed with r(B — X D) linear messages from Sy; thus, f(z,y) = (A— XC)z+(B-XD)y
is computable with a total of 7(4A — XC') + 7(B — X D) linear messages. By the choice of X, we
have Ciin(f;G) < ming{r(4 — XC) + r(B — XD)}, as desired. Q.E.D.

Theorem 2.1 has provided a complete but nonconstructive characterization of the communica-
tion complexity of computing E[z | #,y] with linear message functions, for the Gaussian case. In
order to turn Theorem 2.1 into a useful result, we show below that Cj;n( f: G) and the minimizing
matrix X in (2.8) is effectively computable (in polynomial time). The intuition behind this result
can be drawn by considering the following two extreme cases. Suppose that C' = —D = I. Then,
Clin(ﬁ G) = miny{r(4A - X)+ (B + X)}. Choosing X = —B, we see that C’lin(f} G)<r(A+ B).
On the other hand, using the inequality r(4 — X) 4+ »(B + X) > r(A + B), for all X, we have
Ciin(£;G) > 7(A + B), and, therefore, Clin(f;G) = r(A + B). For another extreme case, sup-
pose that D = 0. Then, C’lin(f; Gg) = r(B) + miny r(4A + XC). Lemma 2.1 below shows that
miny 7(4 4+ X ') is computable in polynomial time. The proof of the polynomial computability of
Clin( f, G) in the general case is based on a combination of these techniques, as can be seen in the

proof to follow.

Theorem 2.2. Suppose that the entries of the matrices A, B, C and D are all rational numbers.
Then, there is a polynomial time algorithm (in terms of the total sizes of the entries of 4, B, C'
and D) for computing miny {r(4 - XC)+ r(B — XD)}.

Remark: By transposing, we see that the minimization miny {r(4 — CX )+ »(B — DX)} is also

solvable in polynomial time.
Proof. The proof of Theorem 2.2 consists of a sequence of lemmas.

Lemma 2.1. For any rational matrices 4 and C, there exist square invertible matrices P and @
such that:

(a) P and @ depend only on C and are computable in polynomial time.

(b)fY = XP and A = AQ™!, then r(A + XC) = r([4; + Y1, 43]), where ¥} is a submatrix of
Y given by a certain partition ¥ = [¥;,Y3] of the columns of ¥, and [4;, 4] is a corresponding
partition of A (partitioned in the same way as ¥ = [¥1, ¥3]).

(¢c) miny r(4+ XC) = r(4,). In particular, miny r(4 + X C) is computable in polynomial time.




Our next lemma, which is based on Lemma 2.1, reduces the original rank minimization problem
to a simpler one. -

Lemma 2.2. Let 4, B, C and D be some rational matrices. Then, there exist matrices A, 4,,
B, and B, with

min {r(4 - XC) + r(B - XD)} = min {r((A1 + W, &) + (B + W, Ba)) }

Moreover, the matrices 4;, A5, B; and B, can be computed in polynomial time from 4, B, C and
D.

The proofs of Lemmas 2.1 and 2.2 are lengthy and have been relegated to the appendix.
Lemma 2.3. For any rational matrices A, B, C' and D, there holds
nkin{r([A +X,C))+r([B+ X,D)}= g}’iznr(A -B+CY +DZ)+r(C)+r(D), (2.11)
where the minimum is taken with respect to all matrices of the proper dimensions.

Proof. We first show that the left—hand side of (2.11) is no smaller than the right-hand side. To
do this, we first notice

r([A+X,C))
r([B+ X, D))

r[A+CY + X,C]), VY, (2.12)
r([B-DZ+ X,D]), VZ. (2.13)

i

Suppose that the minimum of miny {r([4 + X, C]) +7([B + X, D])} is attained at some X*. Then,
using the above relations, we have

r([4+X*C)) +r([B+ X", D))

r([A+CY + X*,C))+r([B-DZ + X*, D))
H([A+CY + X*,C)) + r([B — DZ* + X*,0]) + (D)
r([A- B+ CY +DZ*,Cl])+ r(D)

r(A—- B+ CY*+DZ*))+ r(C)+ (D)

> I%ian(A—B+CY+DZ)+7'(C')+7'(D),

v

I

where the second equality follows from choosing a Z* so that the columns of D become perpendicular
to the columns of B — DZ* + X*. (Such a Z* can be found by solving for Z* the system DT(B —
DZ* + X*) = 0. This system clearly has a solution when D has full rank. The case where D does
not have full rank can be easily reduced to the full rank case by throwing away some of the columns
of D and letting the corresponding rows of Z* be equal to zero.) The first inequality follows from
the general matrix inequality r(M)+7(N) > r(M + N), for all M and N; the third equality follows
from choosing Y* so that the columns of C are orthogonal to the columns of A— B+ CY*+ DZ*.




To show the other direction of the inequality, suppose that the minimum in the expression
miny,z r(A— B+ CY + DZ) is attained at some matrices Y'* and Z*. Then, using (2.12) and (2.13)
we see that

r([A+ X,C))+r([B+ X,D])=r([A+CY* + X,C])+ »([B-DZ* + X, D)).
Letting X* = —B + DZ* and using the above relation, we obtain
r[A+ X, C))+r([B+X*D]) = r([A-B+CY*+DZ*C])+r(D)
r(A-—B+CY*+ DZ*)+ r(C)+ (D)
1)1;1ian(A - B+ CY +DZ) +r(C)+ r(D),

IN

I

where the inequality follows from the general matrix inequality 7([M, N]) < r(M) + r(N), for all
M and N; the last step is due to the definition of Y'* and Z*. This completes the proof of (2.11).
Q.E.D.

We are now ready to complete the proof of Theorem 2.2. By Lemma 2.2, it suffices to show the
polynomial time computability of

nv]il;n{r([jil + W, Ao]) + r([B1 + W, Bz])}

for some known (and polynomially computable) matrices A;, Ay, B; and B,. By Lemma 2.3, we
only have to argue that miny z7(4; — By + A,Y + B,Z) is computable in polynomial time [cf.

(2.11)]. Letting X = { l; ],we have

nlizl;’l.T‘(/il - El + /izY +BzZ) = n}(inr (fil - Bl + [Az,Bz]X) = Ir%nr (Ag‘ - B? + XT[fiz, Bz]T) 5

’

and the result follows from Lemma 2.1(c). Q.E.D.

Theorem 2.2 provides a method for evaluating Cjin(f;G) (as given by (2.8)). The proofs of
Lemmas 2.1 and 2.2 (see the appendix) show that the running time of this method is roughly equal
to the running time of performing several Gaussian eliminations and matrix inversions plus that
of evaluating the rank of several matrices. It is still an open question whether there exist more
efficient algorithms for computing Ci;n( fig ). We also remark that the proof of Theorem 2.2 also
provides us with a (polynomial time) algorithm for constructing a minimizing matrix X and a

corresponding optimal communication protocol.

3 The General Nonlinear Case

In this section, we consider the case where the function f is nonlinear and fairly arbitrary. Ac-
cordingly, we allow the message functions to be nonlinear as well. In terms of the decentralized




estimation context, this is the situation that would arise if we were dealing with the optimal esti-
mation of non-Gaussian random variables. We derive general lower bounds on the communication
complexity for solving this problem. Our results imply that the lower bound of Theorem 2.1 remains
valid even with general message functions. Thus, the restriction to linear message functions does
not increase the communication complexity for the case of Gaussian random variables. We will also
consider in this section the case of computing a rational function f(z,y) by using communication
protocols whose message functions and final evaluation function are analytic. We will use some
analytical tools to obtain an exact characterization of the communication complexity. This bound
will be used in Section 4, in our further analysis of decentralized Gaussian estimation.

In what follows, we assuine that G, the set of possible observation pairs for the two sensors .9;
and S5, is described by

G={(2,9)191(z,9) =0, Go(z,y) < 0; 2 € R™, ye R" }, (3.1)

where §; : R™*" » R4 and §, : R™*+" — R*2 are some given differentiable functions, with ¢, ¢,
some positive integers. When ¢; = §> = 0 we have § = R™+" which corresponds to the case where
the pair (z,y) is unrestricted.

Let f : ™+ » R* be a differentiable function of two vector variables z and y (¢ € R™,
y € ®"), and let § = (§1, §2). Our result is the following.

Theorem 3.1. Suppose that G (as defined by (3.1)) is nonempty. Suppose that either V§(z)
(the Jacobian of §) has full rank for all (z,y) € G, or that § is a linear mapping. Then, for any
z=(z,y) € G, we have

Ci(fi9) 2 min {r(Vaflz) = Vofi(2)X - Vo@a(2)Y) + (Y, f(2) - V,i(2)X - V,3a(2)Y)} -
o (3.2)
Here, the minimum is taken over all matrices X and Y of appropriate dimensions, subject to the
constraint that all entries of ¥ are nonnegative.

Proof. Consider any optimal communication protocol for computing f(:c,y) over G (i.e., with a
minimum number of messages). Let ; : R™ — R™ and i, : ™ — R be its message functions
which are assumed to be continuously differentiable. Here, r; (respectively, r;) is equal to the
number of messages sent from sensor §; (respectively, S,) to the fusion center. ;From equation
(1.1), we have

f(:l.‘, :‘/) = E(Tﬁl(ﬂﬁ), T‘flz(y)), V(‘”: ,T/) € g’ (33)

where £ is a continuously differentiable function. We need the following simple lemma.

Lemma 3.1. Let p: R > R* and ¢, : R — R @ : B! — Rt be three continuously differentiable
functions. Suppose that the set § = {z € R | §1(z) = 0, §2(z) < 0} is nonempty and that f(z) is
constant over G. Let § = (d1,d2). If V§(z) (the Jacobian of §) has full rank for all z € R!, or if
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is a linear mapping, then there exists a matrix function A(z) of size ¢{; x s and a matrix function
B(z) > 0 (componentwise) of size t; X s, so that Vi(z) = Vi (2)A(z) + V@ (z)B(z), for all z € G.

Proof. Let p; be the i-th component function of p, i = 1,...,s. Consider, for each ¢, the following
constrained optimization problem:

min :{(2). 3.4
min  pi(z) (3-4)

By assumption, each z satisfying ¢1(z) = 0 and ¢2(z) < 0 is an optimal solution to (3.4). Since
the regularity condition on the Jacobian of ¢ or the linearity of ¢ ensures the existence of a set
of Lagrange multipliers, the necessary condition for optimality ([Lue84, page 300]) gives Vp;(z) =
V§i(z)ai(z) + V§z2(z)bi( z), for some vector function a;(z) of dimension ¢; and some vector function
b;(z) > 0 (componentwise) of dimension ¢, for all ¢ = 1,...,s. Writing these relations in matrix
form yields the desired result. Q.E.D.

By (3.3), f(z,y) — h(1hy(), Ma(y)) = 0 for all (z,y) satisfying §1(z,y) = 0 and Fa(z,y) < 0.
Let flz,y) = f(z,y) — A(1(2), Ma(y)) and let Gi(z,y) = §i(z,y), 2(z,y) = §2(2,y). Then, F, ¢
and ¢, satisfy the assumptions of Lemma 3.1. Thus, there exist some matrix functions Q;(z,y)
and Q;(z,y) > 0 such that Vi(z,y) = V§i(z,y)Qi(2,y) + Va(2,y)Q2(z,y), for all (z,y) € G.
Equivalently, for all (z,y) € G, we have

= [ v 0 A . .
Vf- L=V v .
f [ 0 Vi, ] [ Vo ki ] §1Q1 + V§2Q:
Fix any (¢,y) € G and let X = Q1(z,y) and ¥ = Q2(z,y). The above relation implies that
ViV h = Vof - Vofi X = Vs, (3.5)
Vi Va,h = V,f — V51X — V,3:Y. (3.6)

Since Vi, is a matrix of size m X ry, we obtain
T ?_ ’I‘(Vﬁll)
> (Vi Ve, h)
T(sz—— Vmﬁlx - Vm§2y)7 ‘ (37)

Il

where the last step is due to (3.5). Similarly, (3.6) yields
re > r(Vyf — Vyii X — Vy3eY).
Therefore,

T+ 72
> (Vef = Vot X = VadeX ) + 7(Vyf = V,§1.X — V,52Y)
Join {r(Vef = Vot X — Vo@a) + 7(Vyf - Vi X — YooY )},

Il

(3 9)

v
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for all (z,y) € G. This completes the proof of Theorem 3.1. Q.E.D.

We remark that when f and G are given by (2.5) and (2.6)—(2.7) then the right—hand side of (3.2)
reduces to the right-hand side of (2.8). This implies that Cj;(f;G) = C1(f;G). In other words,
for the problem of estimating a Gaussian random variable, the restriction to the linear message
functions does not increase the communication complexity. It is not clear how such a restriction
on the message functions will affect the communication complexity for estimating general random

variables.

A disadvantage of Theorem 3.1 is that it only provides a lower bound for the communication
complexity C'q( 7 G). It is not known in general how far away this lower bound can be from C( f; g).
However, we show next that if fis a rational vector function, then we can obtain tight lower bounds
in a local sense, for the class of analytic communication protocols (Theorems 3.2 and 3.3). We need

to fix some notations.

Notation: Let f = (f1, - fs) be a (vector) rational function and let D (the domain of f) denote
the open subset of R™*" over which f is well defined (finite). For ¢ = 1,...,s, and for any n-

tuple a = (ay,...,a,) and m-tuple 8 = (B4, ...,0m) of nonnegative integer indices, we define the
functions f* : D — R and ff : D — R by letting
aafi 3 3ﬂfi
fza T, ¥y)= o o an \ T Y fi Z,Y) = T,Y)- 3.8
(2,9) Byl‘ayzz---ayﬂ"( ) (z,9) amllamgzn_azg‘m( 1Y) (3.8)
(We use the convention f? = f;.) Furthermore, a notation such as span{V, fe(z,y) : Vy €

Dy, Vi,a} will stand for the vector space spanned by all vectors of the form V,f*(z,y) that
are obtained as y varies in a set D, and as 7 and « vary within their natural domains. Finally, for
any finite index set I and collection {a; : 7 € I} of vectors, we use [a; : i € I] to denote the matrix
whose columns are given by the vectors a; € I.

Theorem 3.2. Let D denote the domain of f. Let D, and D, be two nonempty open subsets
of ™ and R respectively with D, x D, C D. Consider an analytic communication protocol,
consisting a total of 71 + 7, messages, for computing j? over § = D, x Dy, where 7, (respectively ry)
denotes the number of messages sent to the fusion center from sensor S; (respectively, S3). Then

ry > max dimspan{V, f(z,y): Vy € Dy, Vi, a}, (3.9)
ry > max dimspa,n{Vyff(:c,y) :Ve € D, Vi,5}. (3.10)
yelly

Proof. Due to symmetry, we shall only prove (3.9). Let the message functions be denoted by
(), ii2(y) and let the final evaluation function be denoted by k. We then have from (1.1),

flz,y) = Kma(), Ma(y),  ¥(z,9) € De x D,
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Fix any ¢ € D,. Differentiating the above expression with respect to y yields

ff(zay) = h?(ml(w)’ ﬁ"'Z(y)v y)) Vy € Dy’ Vi, (3'11)

where A is a suitable analytic function. We now differentiate both sides of (3.11) with respect to
z to obtain

Vo fi(2,y) = Vot (2) Vs, BT (P (2), M2(y),y),  Vy € Dy, Vi (3.12)

Thus, for all y € D, and for all ¢, the vector V. f*(z, y) is in the span of the columns of the matrix
V.my(z). Since the number of columns of V.77 (z) equals 7y, it follows that

ry > dimspan{ V. f(z,y) : Vy € Dy, Vi, a}.
Since the above relation holds for all ¢ € D,, we see the validity of (3.9). Q.E.D.

It should be clear from the proof that Theorem 3.2 remains valid if the function f is merely
analytic, rather than rational.

We continue with a corollary of Theorem 3.2 that will be used in the next Section.

Corollary 3.1. Let f be a rational function with domain D. For any analytic protocol that
computes f over an open set § C D, the number of messages r; and r, transmitted by sensors 5
and 53, respectively, satisfy

ry > dimrank[V, ff(z,y) : ¢, o], Y(z,y) €G

ry > dimrank[V, ff(z,y) : 1, a]. V(z,y) € G.

Proof. Given (z,y) € ¢ C D, let D, and D, be some open sets containing (z,y) and such that
D, x D, C G, and apply Theorem 3.2. Q.E.D.

We now provide a partial converse of Theorem 3.2 by showing that the lower bounds (3.9) and
(3.10) are tight in a local sense.

Let f(rc, y) = (fi(z,y), falz,y),..., fs(2,y)) be a collection of rational functions to he computed
by the fusion center, where z € 2™, y € R". Suppose that fi(z,y) = pi(2,y)/a:(z,y), 1 = 1,...,s,
where p; and ¢; are relatively prime polynomials. We assume that all of the p;’s and ¢;’s are nonzero
polynomials. Note that each p; and ¢; (i = 1, ..., s) can be written in the form

pi(z,y) = S pip()y Yy, gi(ey) = S gs(e)yyy -yt (3.13)
ﬁ:(ﬁln"ﬂﬁn)eﬁ ﬁ:(ﬁl ,---,ﬁn)EE

where each pig, ¢i3 is a suitable polynomial and B is a finite set of n—tuples of nonnegative integers.
Symmetrically, we can write
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Pi(:c, y) = Z pia(y):c‘i‘l ;13‘2‘2 . m;‘:lm, qi(m, y) = Z qz'a(y)w‘{“ 1:62‘(2 e mg"m,
a=(o1,e0m)EA a=(aynom)EA
(3.14)

where each pi, ¢iq is a suitable polynomial and A is a finite set of m—~tuples of nonnegative integers.
We let

t, = max r[Vpis(e), Vagig(z): 1 <i< s, B € B], (3.15)
ty = nelgx T[VDia(y), Vaia(y): 1 < i< s, a € Al (3.16)
y n

Finally, let D, and Dy be the (open) sets of points at which the maxima in Egs. (3.15) and (3.16),
respectively, are attained. Our result is the following:

Theorem 3.3. Let f(:c, y) = (pu(z,y)/01(2,9), ..., Ps(2, ¥)/qs(z, y)) be a rational (vector) function
(z € W™, y € "), where p;, ¢; (i = 1,...,5) are relatively prime polynomials. Let D = { (z,y) |
¢(z,y) # 0,Vi}. Suppose that (0,0) € D and that p;(0,0) # 0 for all <. Then, for any (z,y) €
D N (D x Dy), there exists an open set G of the form §¢ = D, x D, containing (z,y) such that
D, x D, cDn (D, x D) and

t, = max dimspan{ V. f*(z,y) : Yy € Dy, Vi,a}, (3.17)
ty = max dimspan{Vyff(:c,y) :Vz € D,, Vi,3} (3.18)
yely
and
Coo(f; ) = ta + ty, (3.19)

where tg, t, are defined by (3.15) and (3.16).

Proof. For notational simplicity, we shall prove (3.17), (3.18) and (3.19) only for the case s = 1
(i.e., f is a scalar rational function). We will thus omit the subscript i from our notation. The
general case of s > 1 can be handled by modifying slightly the proof given below.

Fix some (z*,y*) € DN (D, X D). Let D, x Dy C DN (D, x D,) be an arbitrary open set
containing (z*,y*). The validity of (3.17) and (3.18) follows directly from Theorem 3.3 of [Luo90].
Theorem 3.2 yields

Coolf; Dz X Dy) >ty + t,. (3.20)

It only remains to show that (3.20) holds with equality. To do this, we need to conmstruct
an analytic communication protocol for computing f(”n,y) over some open suhset D, x D, of
Dn (D, x D,) containing (z*,y*). Let By C B and By C B be such that |B;| + |B3| = t, and

r[Vps(e*), Vag:(2z*) : B € B1, B' € By] = t.. (3.21)
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Similarly, we let .4; C A and A; C A be such that |A;] + [A;]| = t, and
P[Vpa(y*), Vau(y*) 1 a € A1, &' € A3] = ¢,. (3.22)

Consider the communication protocol with m(2) = {pa(z), ga:(z) : B € B1, B' € Bz} and with
ma(y) = {Paly), qu(y): a € Ay, &' € Az}. Clearly, the total number of messages used in this
protocol is equal to t; +t,. We claim that this protocol can be used to compute f(m, y) over some
open set D, x D, containing (z*,y*). We need the following lemma! whose proof can be found in
[LuT91, Theorem A.1].

Lemma 3.2. Let Q be an open subset of ™. Let F': Q — R* be an analytic mapping such that

rzréanr(VF(z)) =s.

Suppose that f: Q — R is an analytic function with property
Vf(z) € span{VF(z)}, Vz e Q.

Then, there exists some analytic function A such that f(z) = A(F(2)) for all z € Q' , where Q' is
some open subset of Q.

Consider the polynomial mapping F' : R™+" — Rt=tty defined by F(z,y) = (Mu(z), M2(y)).
Clearly, max, , 7(VF(z,y)) = t; + t,. Moreover, we have

VF(z,y) = [ Vﬁg(x) Vﬁ:)z(y) }
- [[L59) Lo
0 ’ 0 | Voa(y) |’
0 ! a al
[ an‘(y) } L] ﬁ € Bl, ﬁ € Bz, € -Alv € »AZ ] 9 (323)

for all z and y, where the second step follows from the definition of /7;(z) and 7i;(y). On the
other hand, by differentiating f(:c y) = p(z,y)/q(z,y) and using (3.13) and (3.14), we obtain, for
all (z, y) sufficiently close to (z*,y*), that

Vf(z,y) € span{Vp(z,y), Vq(z
_ Span{[ p(w,y)} { Vaq(z,y) ]}
Vyp(z,y) (z,9)
([ Lt 157 o)
0 Vyp(2,y) 0 " Vya(z,y)

i fact, Lemma 3.2 was proved in [Luwl91] only for continuously differentiable functions. But its prool casily

yY)}

M

generalizes to the analytic functions.
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spa: Vps(e) Vga(z) 0 0 . )
) Pn{[ 0 ]’[ 0 }’[Vpa(y)]’[an(y)]'QEB’ EA}

= span{{Vpﬁ(m)] [ngr(a:)] [ 0 ] [ 0 ]
o 'l o 7| Vea®) || Vaw(y) |’

:B € By, B EByae A, o EAz},

where the last step follows from (3.15)—(3.16) and the fact that (3.21)-(3.22) holds for all (z,y)
close to (z*,y*). This, together with (3.23), implies V f(z, y) € span{V F(z,y)} for all (z,y) near
(z*,y*). Thus, we can invoke Lemma 3.2 (with the correspondence s « t, +t, and z « (z,y)) to
conclude that there exists some analytic function h : R*=*+tv » R such that f(z,y) = h(F(z,y))
for all (¢, y) near (z*,y*). Since F(z,y) = (m1(z), M2(y)), we see that f(z,y) can be computed on
the basis of the messages m7;(z) and 77i;(y) over some open subset D containing (z*,y*). Now take
an open subset of D with the product form D, x D, such that (¢*,y*) € D, X D,. This completes
the proof of Theorem 3.2. Q.E.D.

In essence, Theorem 3.3 states that the lower bounds of Theorem 3.2 are tight, in a local sense,
for the class of analytic communication protocols. The adjective “local” stands for the fact that
the protocol of Theorem 3.3 works only for (z,y) in a possibly small open set D, x D,. Theorem
3.3 also provides an alternative way of computing ¢, and ¢, (cf. (3.17)—(3.18)). This is particularly
useful since in some applications the computation of ¢, and ¢, as defined by (3.15)~(3.16) can be
quite involved, whereas the computation of ¢, and ¢, as given by (3.17)—(3.18) is relatively simple.

We note that, instead of quoting the results of [Luo90], we could have proved the lower bound
Cool £ D) > t, + ty directly from Theorem 3.1. However, such an approach is more complicated.
Finally, note that Theorem 3.2 asserts the existence of a local analytic protocol with ¢, +¢, messages.
Ideally, we would like to have a rational protocol (in which both the message functions and the
final evaluation functions are rational, instead of analytic), which uses only t, + t, messages, and

which is global (in the sense that the domain G of the protocol coincides with the domain D of f)

4 Decentralized Gaussian Estimation Revisited

In this section, we consider a variation of the decentralized Gaussian estimation problem of Section
2. In contrast to Section 2, we will now assume that some of the statistics of the random variables
involved are only locally known. We shall apply the results from Section 3 to obtain some tight
bounds on the number of messages that have to be transmitted from the sensors to the fusion center

and establish near optimality of a natural comnmunication protocol.

Let z € R™ be an unknown Gaussian random variable to be estimated by the fusion center.
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Let there be two sensors 5; and 57 which are making observations of z according to

v = Hyz+ v, (4.1)
w = H22+1)2, (42)

where u € R" (respectively, w € R") denotes the data vector observed by $; (respectively, S3).
Here, v; and v, are n—dimensional Gaussian noise vectors, independent of z and independent of
each other. Also, H; and H, are two coefficient matrices of size n X m. We note that, in practice,
the number n of observations obtained by each sensor is typically much larger than the dimension

m of the random variable z to be estimmated. For this reason, we will be focusing on the case n > m.

Let R; and R; be the covariance matrices of vy, v,, respectively. Let P,. be the covariance
matrix of z, which we asswme for simplicity to be positive definite. We assume that the fusion
center wishes to compute the conditional expectation E[z | u,w]. Assuming the existence of the

inverse in the equation below, we have
-1
Elz|u,w] = H” [HP..HT + E] [ v ] : (4.3)
w

where

_ HI _ Rl 0
pe[m] ae]m 0], w

Note that the invertibility of HP,,HT + R is equivalent to assuming that the support of the
distribution of (u,w) is all of R2". For this case, the results of Section 2 show that if the matrices
P,,, H; and R; (i = 1,2) are commonly known by the sensors and the fusion center, then the
communication complexity is equal to 2m. Let us now assume that P,, is known by the two
sensors and the fusion center, while the matrices Hy, R; are known only to sensor 5; and the
matrices H, R, are known only to sensor 5;. This case can be quite realistic. For example, the
coefficients of H; might be determined locally and on-line by sensor §; (as would be the case if
sensor 5; were running an extended Kalman filter). Also, the entries of R; might be estimated
locally and on-line by sensor $;, by computing the empirical variance or autocorrelation of past
observations. In both of the cases described above, the values of H; and R; would be known only

by sensor 9.

In relation to the notation used earlier in the paper, we have ¢ = (Hi, R1,u), y = (Ha, Rz, w),
and the function to be computed by the fusion center is

- -

fla,y) = fHy, Ry us Hy, Rayw) = HT [HP HT + R]“1 [ Z ] , (4.5)

where H and R are given by (4.4). Note that P,, does not appear as an argument in the left—
hand-side of Eq. (4.5), because it is considered as a commonly known constant.
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Finally, we let G he the set of all (Hq, Ry, u, H2, Ry, w) such that R; and R, are symmetric
positive definite matrices. (Note that on G, the matrix HP,, HT 4 R is guaranteéd to be invertible.)

Theorem 4.1. Let fand G be as above and assume that n > m. Then,

m? + m < Co(f3G) < m? + 3m.

Proof. The upper bound follows from well-known formulas for the combining of measurements.
We repeat the argument here for the sake of completeness. As is well-known, we have

Elz|u,w]=[P;' + HTR{*Hy + HT R H,) " [HT R 'u + H] Ry w). (4.6)

This suggests the following protocol. Sensor §; transmits H{ R{'z (m messages) and Hf Ry H,
to the fusion center. The latter is a symmetric matrix of dimension m X m. Since the off-diagonal
entries need only be transmitted once, m(m + 1)/2 messages suffice. The situation for sensor S is
symunetrical, and we see that the total number of transmitted messages is equal to m? + 3m. It is
clear from Eq. (4.6) that these messages enable the fusion center to compute E[z | u, w].

We continue with the proof of the lower bound. To keep notation simple, we will only prove
the lower bound for the case m = n. The argument for the general case (n > m) is very similar.
In any case, it should be fairly obvious that increasing the value of n, while keeping the value of m
constant, cannot decrease the communication complexity. (A formal proof is omitted.) Thus, any
lower bound established for the case n = m is valid for the case n > m as well.

A further simplification of the proof is obtained by considering the special case where P,, = I.
Aslong as m = n, and P, is positive definite, any decentralized estimation problem can be brought
into this form, by performing an invertible coordinate transformation to the vector z. Thus, this
assumption results to no loss of generality.

Let
A= HlHlT + R, H1H2T
B HHf  H,HI +R,
and note that

f=18], Hf )14 [ * } :
w

We will now evaluate Vg, f at (Hz, R3) = (I,0). Note that Vr,f is a matrix of size m(m +1)/2 x
m, because Ry has m(m + 1)/2 independent entries. A typical row of this matrix, denoted by
a f/ OR3(i,7), contains the partial derivatives of f with respect to a simultaneous change of the
(%,7)-th and the (7, %)-th entry of R;. We now use the formula VA-! = —~4-1VAA4-! to see that
the transpose of

af

BRair7) (4.7)

Hy=T
Rg:ﬂ
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(which is an m-dimensional column vector) is equal to

— [HT, 1]41 [ g EO ] At { : ] : (4.8)

Here, E;;, for i # j denotes the m X m matrix all of whose entries are zero except for its (¢, 7)-th
and (j,7)-th entries, which are equal to 1. For ¢ = j, E;; has all zero entries, except for the (4,4)-th
entry which is equal to 1. It is now easily verified that

A—l

-1
__[H1H1T+Rl H1] _[ R71 —Ry'H, ] (4.9)

i HY I _HTR:' I+HTR'H,

Taking (4.9) into account, expression (4.8) becomes, after some algebra,
E;HITR;'w - E;;(I + HTR{'H))w.

We differentiate once more, this time with respect to w, and obtain

af
Ve (332(iaj))

In terms of the notation used in Section 3, each entry of the matrix — E;;(I+H{ R7* H;) corresponds

= —E;(I + HFR{'Hy).

Hy=I
R

to a function of the form f. Our objective being to apply Corollary 3.1, we will now compute
the gradient of a typical entry of E;;(I + HlTRl_lHl), with respect to the variables of sensor Sj.
More precisely, we only take the gradient with respect to R;. (By not taking the gradient with
respect to some of the components of z, we are essentially deleting some of the rows of the matrix
[Voff(z,y) : i, al, and this cannot increase the rank of that matrix.) In fact, it is more convenient
to represent this gradient as an m X m symumetric matrix, rather than a vector of dimension
m(m + 1)/2, with the entries in the upper triangular part corresponding to the components of the
gradient. It is then understood that the rank in Corollary 3.1 will be computed in the vector space
of m X m symmetric matrices.

The (p, q)-th entry of E;;(I+HF RT H;) can be written as el Ei;(I+HE R Hy)e,, where e, and
eq are the p-th and ¢-th unit vectors, respectively. We then use the formula? V 42T Ay = 2y + y=T
to evaluate the gradient of the above expression, with respect to Ry, at the point H; = R; = I.
The result is seen to be —(eqegEij + Eijepef). Note that eqeg’E’ij + Eijeieg' = B4, if i # 7,
and eqezTEij + Eijeie:qr = 2E,;, if ¢ # j, if i = j. Therefore, the matrices eqegEij + Eijepeg'
span the vector space of symumnetric matrices, which is of dimension m(m + 1)/2. In the notation
of Corollary 3.1, the rank of [V.ff(x,y) : i,a] evaluated at 2* = (Hi, Ry,u) = (I,I,u) and

y* = (Hj, Rz, w) = (I,0,w) is at least m(m + 1)/2.

2The correct formula is only zyT. We get the symmetric form because V4 stands for derivative in the direction

ol ai; and aj; simultancously.
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The desired lower bound now follows from Corollary 3.1, except for the minor difficulty that
(z*,y*) ¢ G. (This is because in § we have required R, to be positive definite.] However, an easy
continuity argument shows that the rank of [V, f#(z,y) : 4, a] remains at least m(m + 1)/2 in an
open set around (z*,y*). Thus, we can apply Corollary 3.1 to a point in the vicinity of (z*,y*)
that belongs to G, and the proof is complete. Q.E.D.

5 Discussion

In this paper, we considered the problem of minimizing the amount of communication in decentral-
ized estimation. When the random variables involved are Gaussian, we have obtained some tight
hounds on the number of messages that have to be communicated in order for a fusion center to
make a statistically optimal estimation. Our results may provide useful insight and guidelines to
design communication protocols for the decentralized estimation problems when the communica-
tion resource is scarce. While this paper has focused on static estimation problems, it might be

interesting to consider extensions to decentralized Kalman filtering problems.

A Appendix

Proof of Lemma 2.1: Using Gaussian elimination, we can write

I 0
C—P[O O}Q,

where P and @ are some invertible square matrices. Clearly, P and @ are computable in polynomial
time. Let A = AQ~! and ¥ = X P. We then have

(sex [l 0s)

r(A+ XC)

= r(A+[1,0])
= ({41 + Y1, 43)), (A1)

where we have partitioned Y into [¥7,Y3] so that

I 0 i
Y[o 0}:[1’01
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and have partitioned A = [4;, 4,] accordingly. This proves part (b). Since P is invertible and
Y = [¥1,Y2] = X P, we have from (A.1) -

ménr(A +XC) = n}lrinr([/il + Y1, 43))
P, 1

= 7‘(/12), (Az)
where the last step follows by taking ¥; = —A;. Since Q can be computed in polynomial time,

we see that A, is also computable in polynomial time, which further implies that 7(4,) can be
evaluated in polynomial time. Combining this with (A.2) yields part (¢). Q.E.D.

Proof of Lemma 2.2: First, by Lenmuna 2.1, there exists some linear transformation ¥ = X P
under which

r(d+ XC) = r([4] + 11, 43)), (A.3)

where P and A’ are two matrices computable in polynomial time and A’ = [4], A}] is partitioned
according to the partition ¥ = [¥7,Y3]. Under the same linear transformation ¥ = X P, we have

I

r(B + XD) r(B+YD)

= r(B+Y1D;y +Y,Dy), (A.4)

A

D,

where D = P~1D and D = [ P ] is partitioned according to ¥ = [¥;,Y;]. Using Lemina 2.1

2
again (with the correspondence B + YD, « A, Dy & C and ¥V & X ), we obtain
11}1’inr(B +Y1Dy +Y;Dy) = 7(B' + Y1 D'), (A.5)
2
where B' and D' are some matrices computable in polynomial time from B, D; and D,.

Combining (A.3) and (A.4), we obtain
mxin{r(A +XC)+r(B+ XD)} = ]r/m}n{r([A'l + Y1, A5)) + (B + Y1D; + Y2 Dy)}
P 1,12
= n}lrin{r([A'l + Y7, 4%]) + (n%,inr(B + YD, +Y2ﬁ2))}
1 2

= n}l/in{r([A'1 + Y1, A5]) + r(B' + Y1 D"}, (A.6)

where the last step follows from (A.5).

To complete the proof, we apply Lemma 2.1 to »(B’ + Y1 D’). In particular, there exists a linear
transformation W = Y1 P’/ (P’ is an invertible matrix computable in polynomial time) such that

r(B' + Y1 D') = r(B, + W1, B,) (A7)
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for some matrices B; and B, which are computable in polynomial time from B’ and D'. Here
W = [W3, W,] is some partition of the matrix W. Under the same linear transformation W = Y; P’,

we have

r([41+ 11, 43]) = r([4] + W(P')71, 43))
= r([41P' + W, 43])
= r([A1P' + [W1, W2, 43)),

where the second step follows from the invertibility of P’. Thus, we have

minr((4; + Y1, 43)) = minr([4}P' + Wy, Wy], 43])
Wz W2

= r([(A}P'), + W1, 0, 43])
= r([4; + Wy, 4y)), (A-8)

where the second step follows from choosing Wy = (A]P’); which is obtained by partitioning
AP’ = [(A}P')1, (A} P"),] according to the partition W = [Wy, W5]; and in the last step we have
let A; = (A} P'); and 4, = [0, A}]. We now combine (A.7) with (A.8) to obtain

11}1;'11{7‘([14'1 + Y, A))+r(B'+ Y1 D)} = V}-ni,f}, {r([A} + Y1, A5)) + 7([By + W1, Ba))}
1 1,772

= min { (I%Iiznr([A'l + Y A;])) +o([By + Wi, Bz])}
= lafiln{r([zll + Wi, A5)) + ([By + W1, By])}.
This, together with (A.6), implies
njlxin{r(A -XC)+r(B-XD)} = n}gn{r(A + XC)+r(B + XD)}
= H&}}ﬂ”([& + Wi, 43)) + 7([By + Wh, Ba))},

as desired. Q.E.D.
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