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Abstract
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rics, organized in the form of three chapters. In the first two chapters, I investigate the properties
of parametric and semiparametric fixed effects estimators for nonlinear panel data models. The
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Introduction

This dissertation is a collection of three independent essays in theoretical and applied economet-
rics, organized in the form of three chapters. In the first two chapters, I investigate the properties
of parametric and semiparametric fixed effects estimators for nonlinear panel data models. The
first chapter focuses on fixed effects maximum likelihood estimators for binary choice models,
such as probit, logit, and linear probability model. These models are widely used in economics
to analyze decisions such as labor force participation, union membership, migration, purchase
of durable goods, marital status, or fertility. The second chapter looks at generalized method
of moments estimation in panel data models with individual-specific parameters. An important
example of these models is a random coefficients linear model with endogenous regressors. The
third chapter (co-authored with Joshua Angrist and Victor Chernozhukov) studies the interpre-
tation of quantile regression estimators when the linear model for the underlying conditional
quantile function is possibly misspecified.

Chapter 1, “Estimation of Structural Parameters and Marginal Effects in Binary Choice
Panel Models with Fixed Effects,” analyzes the properties of maximum likelihood estimators
for index coefficients and marginal effects in binary choice models with individual effects. The
inclusion of individual effects in these models helps identify causal effects of regressors on the
outcome of interest because these effects provide control for unobserved time-invariant charac-
teristics. However, it also poses important technical challenges in estimation. In particular, if
these individual effects are treated as parameters to be estimated (fixed-effects approach), then
the resulting estimators suffer from the well-known incidental parameters problem (Neyman and
Scott, 1948).

This chapter derives the incidental parameter bias for fixed effects estimators of index co-
efficients and introduces analytical bias correction methods for these estimators. In particular,
the first term of a large-T" expansion of the bias is characterized using higher-order asymptotics.
For the important case of the probit, this bias is a positive definite matrix-weighted average

of the true parameter value for general distributions of regressors and individual effects. This
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implies, for instance, that probit estimates are biased away from zero when the regressors are
scalar, which helps explain previous Monte Carlo evidence. The expression of the bias is also
used to derive the bias of other quantities of interest, such as ratios of index coefficients and
marginal effects. In the absence of heterogeneity, fixed effect estimates of these quantities do not
suffer from the incidental parameters problem. Moreover, numerical computations and Monte
Carlo examples show that the small bias property for fixed effects estimates of marginal effects
holds for a wide range of distributions of regressors and individual effects. The methods and
estimators introduced in this chapter are applied to the analysis of the effect of fertility on female
labor force participation.

Chapter 2, “Bias Correction in Panel Data Models with Individual-Specific Parameters,”
introduces a new class of semiparametric estimators for panel models where the response to
the regressors can be individual-specific in an unrestricted way. These estimators are based on
moment conditions that can be nonlinear functions in parameters and variables, accommodat-
ing both linear and nonlinear models and allowing for the presence of endogenous regressors.
In models with individual-specific parameters and endogenous regressors, these estimators are
generally biased in short panels because of the finite-sample bias of GMM estimators. This
chapter derives bias correction methods for fixed effects GMM estimators of model parameters
and other quantities of interest, such as means or standard deviations of the individual-specific
parameters. These methods are illustrated by estimating earnings equations for young men
allowing the effect of the union status to be different for each individual. The results suggest
that there is large heterogeneity in the union premium. Moreover, fixed coefficients estimators
overestimate the average effect of union status on earnings.

Chapter 3, “Quantile Regression under Misspecification, with an Application to the U.S.
Wage Structure,” studies the approximation properties of quantile regression (QR) estimators
to the conditional quantile function. The analysis here is motivated by the minimum mean
square error linear approximation property of traditional mean regression in the estimation of
conditional expectation functions. Empirical research using quantile regression with discrete
covariates suggests that QR may have a similar property, but the exact nature of the linear ap-
proximation has remained elusive. This chapter shows that QR can be interpreted as minimizing
a weighted mean-squared error loss function for specification error. The weighting function is
an average density of the dependent variable near the true conditional quantile. The weighted
least squares interpretation of QR is used to derive an omitted variables bias formula and a

partial quantile correlation concept, similar to the relationship between partial correlation and
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OLS. General asymptotic results for QR processes allowing for misspecification of the condi-
tional quantile function are also derived, extending earlier results from a single quantile to the
entire process. The approximation properties of QR are illustrated through an analysis of the
wage structure and residual inequality in US census data for 1980, 1990, and 2000. The results
suggest continued residual inequality growth in the 1990s, primarily in the upper half of the

wage distribution and for college graduates.

15
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Chapter 1

Estimation of Structural Parameters
and Marginal Effects in Binary
Choice Panel Data Models with
Fixed Effects

1.1 Introduction

Panel data models are widely used in empirical economics because they allow researchers to
control for unobserved individual time-invariant characteristics. However, these models pose
important technical challenges. In particular, if individual heterogeneity is left completely un-
restricted, then estimates of model parameters in nonlinear and/or dynamic models suffer from
the incidental parameters problem, first noted by Neyman and Scott (1948). This problem arises
because the unobserved individual characteristics are replaced by inconsistent sample estimates,
which, in turn, bias estimates of model parameters. Examples include probit with fixed effects,
and linear and nonlinear models with lagged dependent variables and fixed effects (see, e.g.,
Nerlove, 1967; Nerlove, 1971; Heckman, 1981; Nickell, 1981; Greene, 2002; Katz, 2001; and
Hahn and Newey, 2004).

Incidental parameters bias is a longstanding problem in econometrics, but general bias cor-
rection methods have been developed only recently. Efforts in this direction include Lancaster
(2000), Hahn and Kuersteiner (2001), Woutersen (2002), Arellano (2002), Alvarez and Arellano
(2003), Carro (2003), Hahn and Kuersteiner (2003), and Hahn and Newey (2004). I refer to the
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approaches taken in these papers as providing large-T-consistent estimates because they rely
on an asymptotic approximation to the behavior of the estimator that lets both the number of
individuals, n, and the time dimension, T, grow with the sample size.! The idea behind these
methods is to expand the incidental parameters bias of the estimator in orders of magnitude of
T, and to remove an estimate of the leading term of the bias from the estimator.? As a result,
the adjusted estimator has a bias of order T2, whereas the bias of the initial estimator is of
order T~!. This approach aims to approximate the properties of estimators in applications that
use panels of moderate length, such as the PSID or the Penn World Table, where the most
important part of the bias is captured by the first term of the expansion.

The first contribution of this chapter is to provide new correction methods for parametric
binary choice models that attain the semiparametric efficiency bound of the bias estimation
problem. The improvement comes from using the parametric structure of the model more inten-
sively than in previous studies by taking conditional moments of the bias, given the regressors
and individual effects. The correction is then constructed based on the new formulas. This
approach is similar to the use of the conditional information matrix in the estimation of asymp-
totic variances in maximum likelihood, instead of other alternatives, such as the sample average
of the outer product of the scores or the sample average of the negative Hessian (Porter, 2002).3
The adjustment presented here not only simplifies the correction by removing terms with zero
conditional expectation, but also reduces incidental parameter bias more effectively than other
large-T' corrections.

The second contribution of the chapter is to derive a lower bound and a proportionality result
for the bias of probit fixed effects estimators of model parameters. The lower bound depends
uniquely upon the number of time periods of the panel, and is valid for general distributions of
regressors and individual effects. According to this bound, for instance, the incidental parameters
bias is at least 20 % for 4-period panels and 10 % for 8-period panels. Proportionality, on the
other hand, establishes that probit fixed effect estimators of model parameters are biased away
from zero when the regressor is scalar, providing a theoretical explanation for the numerical

evidence found in previous studies (see, for e.g., Greene, 2002). It also implies that fixed effects

!Fixed-T-consistent estimators have been also derived for panel logit models (see Cox, 1958, Andersen, 1973,
Chamberlain, 1980, for the static case; and Cox, 1958, Chamberlain, 1985, and Honoré and Kyriazidou, 2000, for
the dynamic case), and other semiparametric index models (see Manski, 1987, for the static case; and Honoré
and Kyriazidou, 2000, for the dynamic case). These methods, however, do not provide estimates for individual
effects, precluding estimation of other quantities of interest, such as marginal effects.

2To avoid complicated terminology, in the future I will generally refer to the first term of the large-T expansion
of the bias simply as the bias. )

3Porter (2002) also shows that the conditional information matrix estimator attains the semiparametric effi-
ciency bound for the variance estimation problem.
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estimators of ratios of coeflicients do not suffer from the incidental parameters bias in probit
models in the absence of heterogeneity. These ratios are often structural parameters of interest
because they can be interpreted as marginal rates of substitution in many economic applications.

Finally, the bias of fixed effects estimators of marginal effects in probit models is explored.
The motivation for this analysis comes from a question posed by Wooldridge: “How does treating
the individual effects as parameters to estimate - in a “fixed effects probit” analysis - affect
estimation of the APEs (average partial effects)?”® Wooldridge conjectures that the estimators
of the marginal effects have reasonable properties. Here, using the expansion of the bias for the
fixed effects estimators of model parameters, I characterize the analytical expression for the bias
of these average marginal effects. As Wooldridge anticipated, this bias is negligible relative to
the true average effect for a wide range of distributions of regressors and individual effects, and
is identically zero in the absence of heterogeneity. This helps explain the small biases in the
marginal effects estimates that Hahn and Newey (2004) (HN henceforth) find in their Monte
Carlo example.

The results presented in this chapter are also consistent with Angrist’s (2001) argument
for cross-sectional limited dependent variable (LDV) models. Angrist argues that much of the
difficulty with LDV models comes from a focus on structural parameters, such as latent index
coefficients in probit models, instead of directly interpretable causal effects, such as average
treatment effects (see also Wooldridge, 2002; Wooldridge, 2003; and Hahn, 2001). He recom-
mends the use of simple linear models, where the structural parameters are directly linked to
the effects of interest, just as if the outcomes were continuous. Here, I show that the same
approach of focusing directly on causal effects rather than structural parameters also pays off
in panel data models. However, unlike Angrist (2001), I use nonlinear models that incorporate
the restrictions on the data support explicitly. These models are better suited for LDVs in cases
where some regressors are continuous or the model is not fully saturated.

Monte Carlo examples show that adjusted logit and probit estimators of model parameters
based on the new bias formulas have improved finite sample properties. In particular, these
corrections remove more effectively the incidental parameters bias and provide estimators with
smaller dispersion than previous methods. Accurate finite sample inference for model parameters

and marginal effects is obtained from distributions derived under asymptotic sequences where

4Marginal effects are defined either as the change in the outcome conditional probability as a response to
an one-unit increase in a regressor, or as a local approximation based on the slope of the outcome conditional
probability. For example, in the probit the marginal effects can be defined either as ®((z + 1)8) — ®(z6) or as
0¢(z@), where ®(-) and ¢(-) denote the cdf and pdf of the standard normal distribution, respectively.

5C.f.,, Wooldridge (2002), p. 489 (italics mine).
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T/ nl/3 — oo for static panels with 4 periods and dynamic panels with 8 periods. Results are
also consistent with the small bias property of marginal effects for static models; they suggest
that the property holds for the effects of exogenous variables in dynamic models, but not for the
effects of lagged dependent variables. Simple linear probability models, in the spirit of Angrist
(2001), also perform well in estimating average marginal effects.

The properties of probit and logit fixed effects estimators of model parameters and marginal
effects are illustrated with an analysis of female labor force participation using 10 waves from
the Panel Survey of Income Dynamics (PSID). The analysis here is motivated by similar studies
in labor economics, where panel binary choice processes have been widely used to model female
labor force participation decisions (see, e.g., Hyslop, 1999; Chay and Hyslop, 2000; and Carro,
2003). In particular, I find that fixed effects estimators, while biased for index coefficients, give
very similar estimates to their bias corrected counterparts for marginal effects in static models.
On the other hand, uncorrected fixed effects estimators are biased away from zero for both
index coefficients and marginal effects of the fertility variables in dynamic models that account
for true state dependence. In this case, the bias corrections presented here are effective reducing
the incidental parameters problem.

The chapter is organized as follows. Section 1.2 describes the panel binary choice model
and its maximum likelihood estimator. Section 1.3 reviews existing solutions to the inciden-
tal parameters problem and proposes improved correction methods for binary choice models.
Section 1.4 derives the proportionality result of the bias in static probit models. Section 1.5
analyzes the properties of probit fixed effects estimators of marginal effects. Section 1.6 extends
the previous results to dynamic models. Monte Carlo results and the empirical application are
given in Sections 1.7 and 1.8, respectively. Section 1.9 concludes with a summary of the main

results.

1.2 The Model and Estimators

1.2.1 The Model

Given a binary response Y and a p x 1 regressor vector X, consider the following data generating

process

Y =1{X'0y+a—¢c>0}, (1.2.1)

where 1{C} is an indicator function that takes on value one if condition C is satisfied and zero

otherwise; 6y denotes a p x 1 vector of parameters; « is a scalar unobserved individual effect; and
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€ is a time-individual specific random shock. This is an error-components model where the error
term is decomposed into a permanent individual-specific component a and a transitory shock
¢. Examples of economic decisions that can be modeled within this framework include labor
force participation, union membership, migration, purchase of durable goods, marital status, or

fertility (see Amemiya, 1981, for a survey).

1.2.2 Fixed Effects MLE

In economic applications, regressors and individual heterogeneity are correlated because regres-
sors are decision variables and individual heterogeneity usually represents variation in tastes or
technology. To avoid imposing any structure on this relationship, I adopt a fixed-effects ap-
proach and treat the sample realization of the individual effects {c;}i=1,.n as parameters to
be estimated, see Mundlak (1978), Lancaster (2000), Arellano and Honoré (2000), and Arellano
(2003) for a similar interpretation of fixed effects estimators.®

To estimate the model parameters, a sample of the observable variables for individuals fol-
lowed in subsequent periods of time {yit, Zit};—y 7. =1, , IS available, where ¢ and ¢ usually
index individuals and time periods, respectively.” Then, assuming that e follows a known dis-
tribution conditional on regressors and individual effects, typically normal or logistic, a natural

way of estimating this model is by maximum likelihood.® Thus, if €;; are i.i.d. conditional on #;

and oy, with cdf F.(-|X, @), the conditional log-likelihood for observation i at time ¢ is®
lit(e, Ozi) = Yit log F'it(g, Oti) + (1 — yit) lOg(l — Fit(e, Ozi)), (1.2.2)

where Fy (6, ;) denotes F.(z,0 + ;| X = Z;,@ = o), and the MLE of 8, concentrating out the

a;’s, is the solution to

n T T
6= arg max > (6, 6i(0))/nT, é4(6) = arg max > lig(6,0)/T. (1.2.3)

1=1 t=1 t=1

®Note that Kiefer and Wolfowitz’s (1956) consistency result does not apply to here, since no assumption is
imposed on the distribution of the individual effects conditional on regressors.

In the sequel, for any random variable Z, z;; denotes observation at period t for individual i; Z denotes a
random vector with 7' copies of Z; and Z; denotes an observation of Z, i.e. {z,..., zit}.

8Since the inference is conditional on the realization of the regressors and individual effects, all the probability
statements should be qualified with a.s. I omit this qualifier for notational convenience.

Following the common practice in fixed effects panel models, I will assume that the regressor vector X is strictly
exogenous. See Arellano and Carrasco (2003) for an example of random effects estimator with predetermined
regressors.
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1.2.3 Incidental Parameters Problem

Fixed effects MLEs generally suffer from the incidental parameters problem noted by Neyman
and Scott (1948). This problem arises because the unobserved individual effects are replaced
by sample estimates. In nonlinear model, estimation of the model parameters cannot generally
be separated from the estimation of the individual effects.!® Then, the estimation error of
the individual effects introduces bias in the estimates of model parameters. To see this, for
% = (s, Z;) and any function m(2;, o), let E[m(%, )] = Egq {Ey [m(Z,2)|X,a]}, where
the first expectation is taken with respect to the unknown joint distribution of (X, ) and the
second with respect to the known distribution of ¥|X,a.!! Then, from the usual maximum

likelihood properties, for n — oo with T fixed,

T
6 L5 0r, 0r = argmng‘ {Z Lie(0,&:(0))/T| . (1.2.4)

t=1

When the true conditional log-likelihood of Y is 1;:(6o, ;) generally 67 # 6y, but 87 — 6y as
T — oo. For the smooth likelihoods considered here, 7 = 6y + % +0 (717) for some B.1? By
asymptotic normality of the MLE, v/nT(§ — 67) 4N (0,—J 1) as n — oo, and therefore

VT (6 - 6p) = VnT(0 — 6r) + va{f? +0 <\/T£3> . (1.2.5)

Here we can see that even if we let T grow at the same rate as n, that is T' = O(n), the MLE,
while consistent, has a limiting distribution not centered around the true parameter value. Under
asymptotic sequences where T grows large no faster than n, the estimates of the individual effects
converge to their true value at a slower rate than the sample size nT', since only observations for
each individual convey information about the corresponding individual effect. This slower rate

translates into bias in the asymptotic distribution of the estimators of the model parameters.

101n static linear models the individual effects can be removed by taking differences with respect to the individual
means without affecting the consistency of the estimator of model parameters. There is no general procedure,
however, to remove the individual effects in nonlinear models. An exception is the panel logit, where the individual
effects can be eliminated by conditioning in their sufficient statistics.

'When the observations are independent across time periods the conditional cdf of ¥ given (X,a) can be
factorized as F(Y|X,a) X ... x F(Y|X, ). For dependent data, if ¥ = (Yr, ..., Y1), then the conditional cdf of ¥
given (X, Yo, a) factorizes as F(Yr|X,Yr—_1,..., Yo, @) x ... x F(Y1|X, Yo, ). The conditional cdf of Y can then
be obtained from the conditional cdf of ¢, which is assumed to be known.

1270 see this intuitively, note that MLEs are implicit smooth functions of sample means and use the following
result (Lehmann and Casella, 1998). Let X1, ..., X7 be i.i.d. with E [X1] = ux, Var [X1] = 0%, and finite fourth
moment; suppose h is a function of real variable whose first four derivatives exist for all z € I, where I is an

interval with Pr{X: € I} = 1; and h®®(xz) < M for all z € I, for some M < oco. Then E [h(zz;l Xt/T)] =
h(px) + o%h" (px)/2T + O(T™?).
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1.2.4 Large-T Approximation to the Bias

In moderate-length panels the most important part of the bias is captured by the first term of the
expansion, 5. A natural way to reduce bias is therefore to remove a consistent estimate of this
term from the MLE. To implement this procedure, however, we need an analytical expression
for B.13 This expression can be characterized using a stochastic expansion of the fixed effects
estimator in orders of T.

A little more notation is useful for describing this expansion. Let

(0, 0) = -1(0,a), vir(0,a) = 3%zit(e, o), (1.2.6)

0
70"
and additional subscripts denote partial derivatives, e.g. u;(0, @) = Ou;(0,a)/90'. Then, the

first order condition for the concentrated problem can be expressed as

n T
=1 t=1

Expanding this expression around the true parameter value 6y yields
0=1a(6o) + J(0)(6—60) = 6—00=-J(0)  (by), (1.2.8)

where 0 lies between 6 and 6o;

T
X 1 ¢ .
i(fo) = — Zzuit(eo,a,-(eo)) (1.2.9)
i=1 t=1
is the fixed effects estimating equation evaluated at the true parameter value, the expectation
of which is generally different from zero because of the randomness of &(fy) and determines the

bias; and
n

T
LOEE 53 {m(e 8(0)) + wiral6, az(e))a‘;j,e)} (1:210)

n
i=1 t=1
is the Jacobian of 4(6).
For the estimators of the individual effects, the first order condition is 23;1 vit(0,44(0))/T =

13 Jackknife is an alternative bias correction method that does not require an analytical form for B, see HN.
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0. Differentiating this expressions with respect to 8 and &; yields

06:(6) _ _ Er[vas(8,&:(6))]
o6’ Er [vita(8,6:(0)]

(1.2.11)

where Er [fi] = zz;l fit)T, for any function fi; = f(z;). Plugging this expression into (1.2.10)
and taking (probability) limits as n,T" — oo

J) 2+ & |Br fusel - Br luna] | = 7, (1219
T [Uita]

where Ep [fi:] = limr_eo Z?:l fit/T = Ez|fit]a], by the Law of Large Numbers for i.i.d. se-
quences. For notational convenience the arguments are omitted when the expressions are eval-
uated at the true parameter value, i.e. vig = vi9(fo, ;). Here, — 7! gives the asymptotic

variance of the fixed effect estimator of §y under correct specification.
For the estimating equation, note that using independence across ¢, standard higher-order
asymptotics for the estimator of the individual effects give (e.g., Ferguson, 1992, or Rilstone et

al., 1996), as T — oo

T
G = o+ 9i/VT+Gi/T+0p(1/T), i =Y vu/VT - N(0,07), (1.2.13)

t=1

_ 1
Ve = ofvi, 0f=—Er[vita] ', B =07 {ET [vitatit]) + ‘2‘0'1’2ET [Uitaa]}- (1.2.14)

Then, expanding 4(6y) around the ¢;’s, and assuming that orders in probability correspond to

orders in expectation, we have as n,T — oo

Ta(fo) = T% > {E’T [uie] + Br [uita(& — @)] + Br [witaal(di ~— 0)?] /2 + Op(l/T)}
i=1
ENY: {o ¥ Br fusa) 8-+ Br [usatiu] + So?Er [uitaal} b (1.2.15)

Finally, the (first term of the large-T expansion of the) asymptotic bias is!4

T(8 ~ 6) -2 T(07 — 6p) = —plim J(6) ! plimTa(f) = —T ‘b= B. (1.2.16)

147his expansion also provides an alternative explanation for the absence of incidental parameters bias in the
static panel linear model. In this case vi: = yit — T5:0 — @i, Vita = —1, Uitaa = 0, and ui: = vizi:. Then,
Bi = b = 0 since Efvitatir] = Eluitatit] = 0 and Evitaa] = E[titaa) = 0. Moreover, the bias terms of higher
order are also zero because the second order expansions are exact.
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1.3 Bias Corrections for Discrete Choice Panel Data Models

Large-T correction methods remove the bias of fixed effects estimators up to a certain order
of magnitude in 7. In particular, the incidental parameters bias is reduced from O(T~!) to
O(T~2) as T — oo, and the asymptotic distribution is centered at the true parameter value if
T/nl/ 3 _ co. To see this, note that if ¢ is a bias corrected estimator of 6y with probability

limit 05 = 89 + O (T‘Z), then

VnT(6¢ — 6y) = VnT(6° — 65) + O <\/Tz> (1.3.1)

These methods can take different forms depending on whether the adjustment is made in the
estimator, estimating equation, or objective function (log-likelihood). The first purpose of this
section is to review the existing methods of bias correction, focusing on how these methods can
be applied to panel binary choice models. The second purpose is to modify the corrections in
order to improve their asymptotic and finite sample properties. Finally, I compare the different

alternatives in a simple example.

1.3.1 Bias Correction of the Estimator

HN propose the following correction

' =6 -

il

NS

, (1.3.2)

where B is an estimator of B. Since BB generally depends on 6, ie,B=8 (é), they also suggest to
iterate the correction by solving ° = § — B (é°°) To estimate B, HN give two alternatives. The
first alternative, only valid for the likelihood setting, is based on replacing derivatives for outer
products in the bias formulas using Bartlett identities, and then estimate expectations using
sample means. The second possibility replaces expectations for sample means using directly the
bias formulas for general estimating equations derived in Section 1.2. These expressions rely
only upon the unbiasedness of the estimating equation at the true value of the parameters and
individual effects, and therefore are more robust to misspecification.

I argue here that the previous distinction is not very important for parametric discrete
choice models, since the estimating equations are only valid under correct specification of the
conditional distribution of e. In other words, these estimating equations do not have a quasi-
likelihood interpretation under misspecification. Following the same idea as in the estimation

of asymptotic variances in MLE, I propose to take conditional expectations of the bias formulas
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(conditioning on the regressors and individual effects), and use the resulting expressions to
construct the corrections.!® These new corrections have optimality asymptotic properties. In
particular, using Brown and Newey (1998) results for efficient estimation of expectations, it
follows that the estimator of the bias proposed here attains the semiparametric efficiency bound
for the bias estimation problem.!® Intuitively, taking conditional expectations removes zero-
mean terms of the bias formula that only add noise to the analog estimators.

To describe how to construct the correction from the new bias formulas, it is convenient to

introduce some more notation. Let

Fx() = Fe(zyf+ &)X, @), fiu(0) = fe(alf + 6:(6)|X, a), (1.3.3)
. — 1o A v . — fit(e)
git(0) = [flaif+&(6)|X,a), Hu(6)= O A Fad) (1.3.4)
where f is the pdf associated with F', and f’ is the derivative of f. Also, define
62(0) = B [Hit (0) £(0)] ", $u(6) = 62(0)Hie (9) [yie — Fiu(0))]. (1.3.5)

Here, 62(6) and 7,[3“(9) are estimators of the asymptotic variance and influence function, respec-
tively, obtained from a expansion of &;(6) as T grows after taking conditional expectations, see

(1.2.13) and the expressions in Appendix 1.A. Let

Bi(0) = —&HO)Er[Hyi (6) i (0)] /2, (1.3.6)
JO) = —% Z {ET [Hit(0) fi(0)zinaly] — 62(0) Br [Hit(8) fir (0)wia] Er [Hit () fit(g)xgt]} ,
i=1
(1.3.7)

where (;() is an estimator of the higher-order asymptotic bias of &;(6) from a stochastic ex-
pansion as 1" grows, and J (6) is an estimator of the Jacobian of the estimating equation for .

Then, the estimator of B is

n

B©) = ~F(0)1660), 5(0) =~ 3~ {Br (Hu®) fu(®)sil 5i(6) + Er [Hel0)gu(©)wi] 53(0)/2}
i=1
(1.3.8)

15 A ppendix 1.A gives the expressions of the bias for discrete choice models after taking conditional expectations.

18Brown and Newey (1998) results apply here by noting that the bias formula can be decomposed in uncon-
ditional expectation terms. The efficient estimators for each of these terms is the corresponding sample analog
of the conditional expectation, given the regressors and individual effects. Then, the argument follows by delta
method. See also Porter (2002).
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where b(0) is an estimator of the bias of the estimating equation of 6.

One step bias corrected estimators can then be formed by evaluating the previous expression
at the MLE, that is B = B(0), and the iterated bias corrected estimator is the solution to
6 =4 - l’;’(é"o) Monte Carlo experiments in Section 1.7 show that the previous higher-order

refinements also improve the finite sample performance of the corrections.

1.3.2 Bias Correction of the Estimating Equation

The source of incidental parameters bias is the non-zero expectation of the estimating equation
(first order condition) for 4 at the true parameter value 6, see (1.2.15). This suggests an
alternative correction consisting of a modified estimating equation that has no bias at 6y, up to
a certain order in T (see, for e.g., Woutersen, 2002; HN; and Ferndndez-Val, 2004).}7 For the

discrete choice model, the score-corrected estimator is the solution to

n T

0= 1 Do ull @) - 5(6). (1.3.9)

HN and Ferndndez-Val (2004) show that this method is equivalent to the iterated bias correction
of the estimator when the initial estimating equation is linear in #. In general, the iterated

estimator is the solution to an approximation to the unbiased estimating equation.

1.3.3 Modified (Profile) Maximum Likelihood (MML)

Cox and Reid (1987), in the context of robust inference with nuisance parameters, develop a
method for reducing the sensitivity of MLEs of structural parameters to the presence of incidental
parameters.'® This method consists of adjusting the likelihood function to reduce the order of
the bias of the corresponding estimating equation (see Liang, 1987; McCullagh and Tibsharani,
1990; and Ferguson, Reid and Cox, 1991). Lancaster (2000) and Arellano (2003) show that the
modified profile likelihood, i.e. concentrating out the «;’s, takes the following form for panel

discrete choice models

1 n T 11 n —ET['U't (9 &(9))] 1
5 1i(0,6:(0)) — === " log — ittt 7 1 . N
nT;; +(0,4:(6)) T 2 og e a0 12 (0] + 5 logT (1.3.10)

"Neyman and Scott (1948) suggest this method, but do not give the general expression for the bias of the
estimating equation.

18«Roughly speaking ‘nuisance’ parameters are those which are not of primary interest; ‘incidental’ parameters
are nuisance parameters whose number increases with the sample size.” C.f., Lancaster (2000), footnote 10.

27



Appendix 1.D shows that the estimating equation of the modified profile likelihood is equivalent
to (1.3.9), up to order op(1/T'). The difference with (1.3.9) is that the MML estimating equation
does not use conditional expectations of all the terms. For the logit, ‘however, the two methods
exactly coincide since the correction factor of the likelihood does not depend on €. In this case
Er [via(8,8:(0))] = —Br [Hit(6) fi(0)], Hit(9) = 1, and the modified likelihood takes the simple

form

n T n
1 o 11 - 1
TL_T izg 1 t:E 1 lit(e, a,(g)) + ﬁ-ﬁ ii 1 log ET [fit(G)] + > log T (1.3.11)

1.3.4 Example: Andersen (1973) Two-Period Logit Model

The previous discussion suggests that the most important distinction between the correction
methods is whether to adjust the estimator or the estimating equation, and in the former case
whether to use a one-step or an iterative procedure. Here, 1 compare the asymptotic properties
of these alternative procedures in a simple example from Andersen (1973). This example is
convenient analytically because the fixed-T' probability limit of the MLE has a closed-form
expression. This expression allows me to derive the probability limits of the bias-corrected
estimators, and to compare them to the true parameter value.

The model considered is
vit = 1 {z0p + i — €z > 0}, €0 ~ L£(0,72/3) t=1,2; i=1,..,n, (1.3.12)

where ;7 = 0 and x;5 = 1 for all 7, and £ denotes the standardized logistic distribution.
Andersen (1973) shows that the MLE, 6, converges to 20p = 6ML as n — oo, and derives a
fixed-T" consistent estimator for this model, the conditional logit estimator. Using the probability
limit of the MLE and the expression of the bias in (1.3.8), the limit of the one-step bias-corrected

estimator is

gl=0— (69/2 - e_é/2> /2 P20 - (e" - e—") /2 = 6. (1.3.13)

For the iterated bias-corrected estimator, the limit of the estimator (6°°) is the solution to the

following nonlinear equation

6° = 20 — (e9°°/2 —e 071 2. (1.3.14)
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Finally, Arellano (2003) derives the limit for the score-corrected estimator!®
6 25210 be’+1 =6° (1.3.15)
S\5+e? ) =7 h

Figures 1 and 2 plot the limit of the corrected estimators as functions of the true parameter
value 0y.2° Here, we can see that the large-T adjustments produce significant improvements over
the MLE for a wide range of parameter values, even for ' = 2. Among the corrected estimators
considered, no estimator uniformly dominates the rest in terms of having smaller bias for all
the parameter values. Thus, the one-step bias correction out-performs the other alternatives for
low values of 6, but its performance deteriorates very quickly as the true parameter increases;
the score correction dominates for medium range parameter values; and the iterated correction

becomes the best for high values of 6.

1.4 Bias for Static Panel Probit Model

The expression for the bias takes a simple form for the static panel probit model, which helps
explain the results of previous Monte Carlo studies (Greene, 2002; and HN). In particular,
the bias can be expressed as a matrix-weighted average of the true parameter value, where
the weighting matrices are positive definite. This implies that probit fixed effects estimators are
biased away from zero if the regressor is scalar (as in the studies aforementioned). This property
also holds regardless of the dimension of the regressor vector in the absence of heterogeneity,
because in this case the weighting matrix is a scalar multiple of the identity matrix (Nelson,
1995). In general, however, matrix-weighted averages are difficult to interpret and sign except
in special cases (see Chamberlain and Leamer, 1976). These results are stated in the following

proposition:

Proposition 1 (Bias for Model Parameters) Assume that (i) ey|X;, a5 ~ 4.4.d. N(0,1),
(ii) E [ X X'|a] exists and is nonsingular for almost all o, (iii) Xit|a is stationary and strongly
missing with missing coefficients such that Y oo_; af,g/m/m < o0, for almost all a, (iv) a; are
independent, (v) E [||(X,a)||'*] < oo, and (vi) n = o(T?).2! Then,

1.

B= %E[Ji]'lE [0 ] 6o, (1.4.1)

19He obtains this result for the MML estimator, but MML is the same as score correction for the logit case.
20See Arellano (2002) for a similar exercise comparing the probability limits of MML and ML estimators.
21 .|| denotes the Euclidean norm.
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where

i Br [Hy fuzazly) — 0l Br [Hit fuzit] Er [Hifaxl) , (1.4.2)
0?2 = Er [Hitfit]_l = Er {qb(a:gté)o + )2/ [@(xé,ﬂo + ;) (1 — & (27,600 + ai))] }_1 i
(1.4.3)

2. E[7)™? 02J; is positive definite for almost all ;.
3. If a; = a Vi, then

Bzﬁﬁ%, (1.4.4)

where o2 = Ep {¢(z},00 + a)?/ [®(},00 + a) (1 — ®(z,00 + a))]}_l.

Proof. See Appendix 1.C. m

Condition (i) is the probit modelling assumption; condition (ii) is standard for MLE (Newey
and McFadden, 1994), and guarantees identification and asymptotic normality for MLEs of
model parameters and individual effects; assumptions (iii), together with the moment condition
(v), and (iv) are imposed in order to apply a Law of Large Numbers;?? and assumptions (v) and
(vi) guarantee the existence of, and uniform convergence of remainder terms in, the higher-order
expansion of the bias (HN, and Ferndndez-Val, 2004). Note that the second result follows because
a? is the asymptotic variance of the estirﬁator of the individual effect o;, and J; corresponds
to the contribution of individual ¢ to the inverse of the asymptotic variance of the estimator of
the model parameter 6. Moreover, since o2 > ®(0) [L — ®(0)] /$(0)? = 7/2, B can be bounded

from below.

Corollary 1 Under the conditions of Proposition 1
T .
181 5 6ol (1.45)

When the regressor is scalar or there is no heterogeneity, this lower bound establishes that the
first order bias for each index coefficient is at least 7/8 = 40%, /16 ~ 20% and 7 /32 =~ 10%
for panels with 2, 4 and 8 periods, respectively.?® In general, these bounds apply to the norm

of the coefficient vector. Tighter bounds can be also established for the proportionate bias,

22The stationarity condition can be relaxed to accommodate deterministic regressors, such as time dummies or
linear trends.

23For two-period panels, the incidental parameters bias of the probit estimator is 100 % (Heckman, 1981). Part
of the difference between the bias and the lower bound in this case can be explained by the importance of higher
order terms, which have growing influence as the number of periods decreases.
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I1BII/ll6oll, as a function of the true parameter value 6p. These bounds, however, depend on
the joint distribution of regressor and individual effects, and are therefore application specific.
Thus, using standard matrix algebra results (see, e.g., Rao, 1973, p. 74), the proportionate bias
can be bounded from below and above by the minimum and maximum eigenvalues of the matrix
E[T)]'E [027:] /2, for any value of the parameter vector y.2*

The third result of the proposition establishes that the bias is proportional to the true
parameter value in the absence of heterogeneity. The intuition for this result can be obtained
by looking at the linear model. Specifically, suppose that yi; = 80 + @; + €;t, where €; ~
1.1.d.(0, crg). Next, note that in the probit the index coefhicients are identified only up to scale,
that is 6p = Bo/oe. The probability limit of the fixed effects estimator of this quantity in the

linear model, as n — oo, is

6= Uﬁ 2, _T\/;—g%_/_ﬂ = [1 + 2—1T-} o+ O(T2), (1.4.6)
where the last equality follows from a standard Taylor expansion of (1 —1/7)~1/2 around 1/T =
0. Here we can see the parallel with the probit, where 67 = [1+ 0%/2T] 6y + O(T~2). Hence,
we can think of the bias as coming from the estimation of o, which in the probit case cannot be
separated from the estimation of fy. In other words, the over-fitting due to the fixed effects biases
upwards the estimates of the model parameters because the standard deviation is implicitly in
the denominator of the model parameter estimated by the probit.

Proportionality implies, in turn, zero bias for fixed effects estimators of ratios of index
coefficients. These ratios are often structural parameters of interest because they are direct
measures of the relative effect of the regressors, and can be interpreted as marginal rates of

substitution in many economic applications.

Corollary 2 Assume that the conditions of the Proposition 1 hold and a; = a Vi. Then, for
any j# ke{l,..,p} and 0 = (04, ...,6p)
f.

b 2, %5 o2, (1.4.7)
9k 90,k

In general, the first term of the bias is different for each coefficient depending on the distribution
of the individual effects, and the relationship between regressors and individual effects; and

shrinks to zero with the inverse of the variance of the underlying distribution of individual

24Chesher and Jewitt (1987) use a similar argument to bound the bias of the Eicker-White heteroskedasticity
consistent covariance matrix estimator.
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effects.

1.5 Marginal Effects: Small Bias Property

1.5.1 Parameters of Interest

In discrete choice models the ultimate quantities of interest are often the marginal effects of
specific changes in the regressors on the response conditional probability (see, e.g., Angrist,
2001; Ruud 2001; Greene, 2002; Wooldridge, 2002; and Wooldridge, 2003). However, unlike in
linear models, structural parameters in nonlinear index models are only informative about the
sign and relative magnitude of the effects. In addition, an attractive feature of these models is
that marginal effects are heterogeneous across individuals. This allows, for instance, the marginal
effects to be decreasing in the propensity (measured by the individual effect) to experience the
event. Thus, individuals more prone to work are arguably less sensitive to marginal changes on
other observable characteristics when deciding labor force participation.

For a model with two regressors, say X3 and X5, and corresponding parameters #; and 6o,

the marginal effect of a one-unit increase in X; on the conditional probability of Y is defined as
Fe((xl + 1)91 + x969 + ale, Xg, Oé) — Fe(aslé)l + 2905 + a|X1, X2, Oz). (1.5.1)

When X7 is continuous, the previous expression is usually approximated by a local version based

on the derivative of the conditional probability with respect to i, that is

o _ _
%—Fe(xlﬂl + 2909 + a|X1, Xo, oz) = Glfe(.’l:lgl + 2969 + a|X1, Xo, Oz), (1.5.2)
1

where f.(-|X, ) is the conditional pdf associated with Fi(+|X, ). These measures are heteroge-
nous in the individual effect o and the level chosen for evaluating the regressors.

What are the relevant effects to report? A common practice is to give some summary
measure, for example, the average effect or the effect for some interesting value of the regressors.
Chamberlain (1984) suggests reporting the average effect for an individual randomly drawn from

the population, that is

u(z‘l) = / [Fe((ir,‘l + 1)91 + 33292 + aIXbXQ, a) - Fe(:clé?l + 1‘292 + ale, Xg, a)] dG)?z’a(a#Ig’, a),
(1.5.3)
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or

= /Glfe(xlel + 298y + ale, )_(2, a)dH)_(l,Xz,a(a—zlr Zo, a), (1.5.4)

where G and H are the joint distribution of (Xs,a) and (X, ), respectively, and z; is some
interesting value of X;. The previous measures correspond to different thought experiments.
The first measure, commonly used for discrete variables, corresponds to the counterfactual
experiment where the change on the outcome probability is evaluated as if all the individuals
would have chosen z; initially and receive an additional unit of X;. The second measure, usually
employed for continuous variables, is the average derivative of the response probabilities with
respect to xi, i.e., the average effect of giving one additional unit of X;. The fixed effects

estimators for these measures are

ilz) = Z Z [ ((x1 + 1)1 + zoitby + &| X1, X2, @) — Fo(2101 + w2302 + 64Xy, Xo, )] ,
e (1.5.5)
and
1 n T
fr= ﬁzz 01 fe(z15001 + Toiba + 64| X1, Xo, ), (1.5.6)
i=1 t=1

respectively. Note that the first measure corresponds to the average treatment effect if X is a
treatment indicator.

These effects can be calculated also for subpopulations of interest by conditioning on the
relevant values of the covariates. For example, if X7 is binary (treatment indicator), the average

treatment effect on the treated (ATT) is

HATT = / [Fg(el + 2262 + ale,XQ, a) — Fe(z902 + (L|X1, XQ, Oz)] dG)z?’a(l'Q, alX; =1),
(1.5.7)

and can be estimated by

n T
farr = : Z > [Fe(él + z2u0a + G| X1, X, @) — F(z2uu0a + dil)zl,Xz,a)] 1{z1 =1},
e (1.5.8)
where Ny = Y7 | Zt 1 1{z1;x = 1}. Other alternative measures used in cross-section models,
such as the effect evaluated for an individual with average characteristics, are less attractive

for panel data models because they raise conceptual and implementation problems (see Carro,

2003, for a related discussion about other measures of marginal effects).?®

%50n the conceptual side, Chamberlain (1984) and Ruud (2000) argue that this effect may not be relevant for
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1.5.2 Bias Correction of Marginal Effects

HN develop analytical and jackknife bias correction methods for fixed effect averages, which in-
clude marginal effects. Let m(r, #, &) denote the change in the outcome conditional probability as
a _response to a one-unit increase in the first regressor
F. ((r1 4+ 1)01 +r16_1 + a| X, a) = Fe(r161+r_10-1 +a|X, a), or its local approximation 6 fe(r'60+

alX,a) if X; is continuous.?® The object of interest is then
= E{m(r,6,)], (1.5.9)

where r = (z1, X2) for discrete X; and r = X for continuous X1.27 The fixed effects MLE of u
is then given by
1 T
p=— 3 m ('rit, é, di(())) , (1.5.10)
=1 t=1
where r;; = (x1,T2:t) or 7 = xj. For the bias corrections, let  be a bias-corrected estimator
(either one-step, iterated or derived from a bias-corrected estimating equation) of 6y and &; =

di(é), i =1, ...,n, the corresponding estimators of the individual effects.?® Then, a bias-corrected

estimator of u is given by
1 n T _ 1-
po= sy yom (rit,e,ai> - 74, (1.5.11)

L3 Lo () [ (5) 4 (5)] + e (r30) 52 9) .

(1.5.12)

>
I

where subscripts on m denote partial derivatives. Note that the ’I/Ajit (5) term can be dropped

since 1;; does not depend on €;;.

most of the population. The practical obstacle relates to the difficulty of estimating average characteristics in
panel models. Thus, replacing population expectations for sample analogs does not always work in binary choice
models estimated using a fixed-effects approach. The problem here is that the MLEs of the individual effects
are unbounded for individuals that do not change status in the sample, and therefore the sample average of the
estimated individual effects is generally not well defined.

26For a p x 1 vector v, v; denotes the i — th component and v_; denotes (1, ..., Vi1, Vi+1, -+ Up)’ -

27If X, is binary r; is usually set to 0.

28Bjas-corrected estimators for marginal effects can also be constructed from fixed-T' consistent estimators.
Thus, the conditional logit estimator can be used as 4 in the logit model. This possibility is explored in the Monte
Carlo experiments and the empirical application.
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1.5.3 Panel Probit: Small Bias Property

Bias-corrected estimators of marginal effects are consistent up to order O (T'~?) and have asymp-

1/3 0. This can be shown using

totic distributions centered at the true parameter value if 7'/n
a large T-expansion of the estimator, just as for model parameters. The question addressed here
is whether these corrections are indeed needed. In other words, how important is the bias that
the corrections aim to remove? This question is motivated by Monte Carlo evidence in HN,
which shows negligible biases for uncorrected fixed effects estimators of marginal effects in a
specific example. The following proposition gives the analytical expression for the bias of probit

fixed effects estimators of marginal effects.

Proposition 2 (Bias for Marginal Effects) Letji=6 37, ZZ—.l @ (x;té + &i(é)) /nT and
p =0y E[p (X0 + )], then under the conditions of Proposition 1, as n,T — oo

1
ﬂ—&mfsﬁow”), (1.5.13)
where

B, = %E— {¢ (&it) [5it90 (wit — 02 By [Hu fawi]) — Ip] (UiQIP - BT E [U’Z‘Z]) } B0,

(1.5.14)
&t = xyfo + i, (1.5.15)
o} = BrlHufu]" = Br {g(&)?/ [@(G)@ (=&}, (1.5.16)
Ji = —{Er [Hufuzazy) — 0} Br [Hufuzu) Br [Hufuzy]}, (1.5.17)

and I, denotes a p x p identity matriz.

Proof. See Appendix 1.C. =

When z;; is scalar all the formulas can be expressed as functions uniquely of the index &;; as
B, = Eqo [By;] = Eq [6:m5]00/2, (1.5.18)

with §; = Ex {(b(fit) [fit (ﬁz‘t — Ep[Hyfu) ™' Br [Hitfitfit]) - 1} [a}, ™ =0?-E[J| T E [027],
and J; = — {ET [witfft] —02Er [witﬁit]Q}. Here, we can see that the bias is an even function
of the index, &;, since all the terms are centered around weighted means that are symmetric

around the origin.?® The terms §; and 7; have U shapes and take the same sign for a; = 0 (when

A function f: R™ — R is even if f(—z) = f(z) Vz € R™.
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the mean of the regressors is absorbed in the individual effects); the term ¢(&;:) in 6; acts to
reduce the weights in the tails, where the other components are large. This is shown in Figure
3, which plots the components of the bias for independent normally distributed regressor and
individual effect. In this case the bias, as a function of «, is positive at zero and takes negative
values as we move away from the origin. Then, positive and negative values compensate each
other when they are integrated using the distribution of the individual effect to obtain B,,.
The following example illustrates the argument of the proof (in Appendix 1.C) and shows a

case where the bias is exactly zero.

Example 1 (Panel probit without heterogeneity) Consider a probit model where the in-

dividual effect is the same for all the individuals, that is a; = a Vi. In this case, as n,T — oo
i 4 0,(T72). (1.5.19)

First, note that as n — oo
i 2 E{6rBr (¢ (¢ + 6:(67))]} - (1.5.20)

Next, in the absence of heterogeneity (see Proposition 1, and proof of Proposition 2 in Appendiz
1.C)

Or =6 + —21?0200 +0(T7%), &(0r) = a+P;/VT +ac?/2T + R; )T/, (1.5.21)
where under the conditions of Proposition 2

$i 2 N(0,0%), 0% = Ep [Hufa]™', E[R)=0(T"?). (1.5.22)
Combining these results, the limit of the indez, €it = z;,0r + &;(61), has the following expansion

i = (14 02/2T) € + s /VT + Ri/VT + O(T72), & = z}4b0 + a. (1.5.23)

Finally, replacing this expression in (1.5.20), using the convolution properties of the normal

distribution, see Lemma 1 in Appendiz 1.C, and assuming that orders in probability correspond
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to orders in expectation,

a -2 E{%E[ﬂét”x’a]}:]@[% ¢<(”‘2%2“‘)§’*+”)\/7T¢( Zv)dv}
Lee) (Ui

+ O 3H=E

V1+02/T

(1.5.24)
since by a standard Taylor expansion

(1+ a2/T)‘1/2 (1+0%/2T) = (1 - g; + O(T-2)> (1 + %) =1+0(T?).

(1.5.25)

In other words, the standard deviation of the random part of the limit index exactly compensates

for the first term of the bias in the conditional expectation of the nonlinear function ¢(-).

The intuition for this result is the equivalent for panel probit of the consistency of av-
erage survivor probabilities in the linear Gaussian panel model. Thus, HN show that S =
S ® (M) /n is a consistent estimator for S = E {<I> (fig‘j;r—a)} for fixed T, because
averaging across individuals exactly compensates the bias of the estimator of o. In the nonlin-
ear model, however, the result holds only approximately, since averaging reduces the bias of the
MLE of the average effects by one order of magnitude from O (T~!) to O (T~2).

This example shows that, as in linear models, the inclusion of irrelevant variables, while
reducing efficiency, does not affect the consistency of the probit estimates of marginal effects.
Moreover, this example also complements Wooldridge’s (2002, Ch. 15.7.1) result about neglected
heterogeneity in panel probit models. Wooldridge shows that estimates of average effects that do
not account for unobserved heterogeneity are consistent, if the omitted heterogeneity is normally
distributed and independent of the included regressors. Here, on the other hand, I find that
estimates of marginal effects that account for heterogeneity are consistent in the absence of such
heterogeneity.

In general, the bias depends upon the degree of heterogeneity and the joint distribution of
regressors and individual effects. Table 1 reports numerical values for the bias of fixed effects
estimators of model parameters and marginal effects (in percent of the true value) for several
distributions of regressors and individual effects. These examples correspond to an 8-period

model with one regressor, and the model parameter 8y equal to 1. All the distributions, except
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for the Nerlove process for the regressor, are normalized to have zero mean and unit variance.30
The numerical results show that the first term of the bias for the marginal effect is below 2%
for all the configurations considered, and is always lower than the bias for the model parameter,
which is about 15% (larger than the lower bound of 10%). The values of the bias for Nerlove
regressor and normal individual effect are close to their Monte Carlo estimates in Section 1.7.
Thus, the theoretical bias for the model parameter and marginal effect are 15% and -0.23%, and
their Monte Carlo estimates are 18% and -1% (see Tables 2 and 3).

When can we use uncorrected fixed effects estimators of marginal effects in practice? The
expression of the bias derived in Proposition 2 is also useful to answer this question. Thus, since
the bias is a fixed effects average, its value can be estimated in the sample using the procedure
described in HN. Moreover, a standard Wald test can be constructed to determine whether the

bias is significantly different from zero.

1.6 Extension: Dynamic Discrete Choice Models

1.6.1 The Model

Consider now the following dynamic version of the panel discrete choice model
Y =1{8,0Y_1 +X'0;0+a—€>0}, (1.6.1)

where Y_; is a binary random variable that takes on value one if the outcome occurred in the
previous period and zero otherwise. The rest of the variables are defined as in the static case.
In this model, persistence in the outcome can be a consequence of higher unobserved individual
propensity to experience the event in all the periods, as measured by «, or to alterations in
the individual behavior for having experienced the event in the previous period, as measured
by 8,0Y_1. Heckman (1981) refers to these sources of persistence as heterogeneity and true
state dependence, respectively. Examples of empirical studies that use this type of specification
include Card and Sullivan (1988), Moon and Stotsky (1993), Roberts and Tybout (1997), Hyslop
(1999), Chay and Hyslop (2000), and Carro (2003).

To estimate the model parameters, I adopt a fixed-effects estimation approach. This ap-
proach has the additional advantage in dynamic models of not imposing restrictions on the

initial conditions of the process (Heckman, 1981). Then, given a sample of the observable vari-

39The Nerlove process is not normalized to help me compare with the results of the Monte Carlo in Section 1.7.
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ables and assuming a distribution for e conditional on (Y_1, X, ), the model parameters can be

estimated by maximum likelihood conditioning on the initial observation of the sample.

1.6.2 Large-T Approximation to the Bias

In the presence of dynamics, fixed effects MLEs of structural parameters suffer from the inci-
dental parameters problem even when the model is linear; see, for e.g., Nerlove (1967), Nerlove
(1971), and Nickell (1981). Formulas for the bias can be obtained using large-T' asymptotic
expansions of the estimators, which in this case include Hurwicz-type terms due to the corre-
lations between the observations. Thus, let Z; denote (X,Y;—1,...,Yp), and Er_j[z_x] denote
lim7 0o Z;P:k Y [zt_k|Zt_j, oz] /(T'—k) for k < j, then a large-T" expansion for the estimators

of the individual effects can be constructed as

T
& = ai+YIVT + BT +0,(1T), o= vd/VT -5 N(0,6%%),  (16.2)

t=1
T-1
v = —Brlvia]vi, 0 =—Er[vialt + 2 fim > Er- [d’gt fft_j] , (16.3)
j=1
T-1 1
B! = —Erlval™ 4 Jim 3 Brj [vuatblis] + 500 Br [vitaal ¢ (1.6.4)
Jj=0

As in the static model, wg, o

2 : . .
©“ and B¢ are the influence function, first-order variance and

higher-order bias of &; as T — oc. For the common parameter, the expressions for the Jacobian

and the first term of the bias of the estimating equation are

—_ E v-
7 = B{Brlud - Brfuwa] gEA (1.6.5)
Er ['Uita]
) T-1 1
o' = B Brlual B2+ Jim Y Broj [usatfy ;] + 500 Br el 0 - (16.6)
J=0
The first term of the bias of the fixed effects estimator of 6y is then B% = — (J d)_l b¢. This

expression corresponds to the bias formula for general nonlinear panel models derived in Hahn
and Kuersteiner (2003), where all the terms that depend on Y have been replaced for their con-

ditional expectation given (X,Y_1,a). This adjustment removes zero conditional mean terms

31

without affecting the asymptotic properties of the correction.®® Monte Carlo results in Sec-

31 Appendix 1.A derives the bias formulas for dynamic discrete choice models, and Appendix 1.B describes the
corrections.
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tion 1.7 show that this higher-order refinement improves the finite sample performance of the

correction for a dynamic logit model.

1.6.3 Marginal Effects

Marginal effects can be defined in the same manner as for the static model. Bias corrections for
fixed effects estimators also extend naturally to the dynamic case by adding some correlation

terms. Thus, using the notation of Section 1.5, the estimator of the bias can be formed as

Al = LG:i{ma (T'it 7 d') [ﬁ ( )—l—ﬂ’ ( )] +1m ('r‘ 6 d) &2 (9)}
(2 A ¢ g e
v 23S S )it (0)) e

=1 t=1 j=1

.

Here, J is a bandwidth parameter that needs to be chosen such that J/T? — 0 as T — oo,
see Hahn and Kuersteiner (2003).

The small bias property for fixed effects estimators of marginal effects does not generally
hold in dynamic models. The reason is that averaging across individuals does not remove the
additional bias components due to the dynamics. To understand this result, we can look at the
survivor probabilities at zero in a dynamic Gaussian linear model. Specifically, suppose that
- Yit = Ooyit—1+0utei, where €:|yit—1, -, Yi,0, @ ~ N(0,02), yiola; ~ N(ai/(1—0o),02/(1—63)),
and 0 < 6y < 1. The survivor probability evaluated at y; ;1 = r and its fixed effects estimator

S:E{q,(@_o_r_t_a_i)}, gzlz@(a_ﬁ;ﬁ@>, (16.8)
g ni=1 g

where § and 62 are the fixed effects MLEs of 6, and ¢2. It can be shown that § converges to

61 = 6y — (1 + 6p)/T + O(T~?), and 62 converges to 02 = o2 — 02/T + O(T~2), as n —

are

(Nickell, 1981). For the estimator of the individual effects, a large-T" expansion gives

-+ 0p(1/T), vi ~ N(0,52/T). (1.6.9)

&;(0r) = a; +vi — (07 90)
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Then, as n,T — oo

¢ o ofofp(meze))

Oou + a; + vi + (67 — 6o) (u - ﬁeﬁ) + 0,(T71)

= EC(E|®

ar

fou + o — (1 + 6o) (u - 1—‘_’5—0) +o(T™1)

= E!{® . , (1.6.10)

by the convolution properties of the normal distribution, see Lemma 1 in Appendix 1.C.

In (1.6.10) we can see that averaging across individuals eliminates the bias of 62, but does
not affect the bias of §. The sign of the bias of S generally depends on the distribution of the
individual effects. When there is no heterogeneity (o; = a Vi), for example, S underestimates
(overestimates) the underlying survivor probability when evaluated at values above (below) the
unconditional mean of the response, a/(1 — 6p). This means that if the marginal effects are
thought of as differences in survivor probabilities evaluated at two different values u; and wuy,
fixed effects estimates of marginal effects would be biased downward if the values chosen are
u; = 1 and ug = 0. For exogenous variables, Monte Carlo results suggest that the bias problem
is less severe (see Section 1.7). Intuitively, it seems that the part of the bias due to the dynamics

is less important for the exogenous regressors.3?

1.7 Monte Carlo Experiments

This section reports evidence on the finite sample behavior of fixed effects estimators of model
parameters and marginal effects for static and dynamic models. In particular, I analyze the finite

sample properties of uncorrected and bias-corrected fixed effects estimators in terms of bias and

32For example, assume that in the previous dynamic linear model we add an exogenous regressor X with
coefficient By, such that z;; ~ #.i.d. (0,02) (the individual means are absorbed in the individual effect). Then,
it can be shown that the fixed effects estimator of 3y is fixed-T" consistent, and the estimators of 6y and o2 have
the same probability limits as before. The fixed effect estimator of the survivor probability, evaluated at (uy, uz),
converges to, as n,T" — oo,

n A 2 L - -1
® (e’uy + Bug + d,) N {¢ (OOuy + Pouz + i T(l + 6o) ('U,y 13‘90) +o(T™7)
=1

.1
S==
n <

i

[} o

(1.6.11)
Hence, if there is no individual heterogeneity (a; = a Vi) and the probability is evaluated at the unconditional
mean of the lagged endogenous variable, i.e. uy = a/(1 — 6o), then the fixed effects estimator of the survivor
probability is large-T-consistent for every value of u,. As a result, the derivative with respect to u., which is the
analog of the marginal effect of X, is also large-T-consistent.
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inference accuracy of the asymptotic distribution. The small bias property for marginal effects is
illustrated for several lengths of the panel. Robustness of the estimators to small deviations from
correct specification is also considered. Thus, the performance of probit and logit estimators is
evaluated when the error term is logistic and normal, respectively. All the results presented are
based on 1000 replications, and the designs are as in Heckman (1981), Greene (2002), and HN
for the static probit model, and as in Honoré and Kyriazidou (2000), Carro (2003), and Hahn
and Kuersteiner (2003) for the dynamic logit model.

1.7.1 Static Model

The model design is

yir = 1{zubo+ a; — €y >0}, € ~N(0,1), oy ~N(0,1), (1.7.1)
Tt = t/lO + Ii7t_1/2 + Ui, Tio = Ui, Uit ~ U(——1/2, 1/2), (1.7.2)
n = 100, T =4, 8, 12; =1, (1.7.3)

where N and U denote normal and uniform distribution, respectively. Throughout the tables
reported, SD is the standard deviation of the estimator; p; # denotes a rejection frequency with
# specifying the nominal value; SE/SD is the ratio of the average standard error to standard
deviation; and M AE denotes median absolute error.3® BC1 and BC?2 correspond to the one-
step analytical bias-corrected estimators of HN based on maximum likelihood setting and general
estimating equations, respectively. JK is the bias correction based on the leave-one-period-out
Jackknife-type estimator, see HN. BC3 is the one-step bias-corrected estimator proposed here.
CLOGIT denotes Andersen’s (1973) conditional logit estimator, which is fixed-T' consistent
when the disturbances are logistically distributed. Iterated and score-corrected estimators are
not considered because they are much more cumbersome computationally.34

Table 2 gives the Monte Carlo results for the estimators of §y when €;; is normally distributed.
Both probit and logit estimators are considered and logit estimates are normalized to help
compare to the probit.>® The results here are similar to previous studies (Greene, 2002; and
HN) and show that the probit MLE is severely biased, even when T' = 12, and has important

distortions in rejection probabilities. BC3 has negligible bias, relative to standard deviation,

331 use median absolute error instead of root mean squared error as an overall measure of goodness of fit because
it is less sensitive to outliers.

34HN find that iterating the bias correction does not matter much in this example.

35Estimates and standard errors for logit are multiplied by v/3/ in order to have the same scale as for probit.
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and improves in terms of bias and rejection probabilities over HN’s analytical and jackknife bias-
corrected estimators for small sample sizes.36 It is also remarkable that all the bias corrections
and the conditional logit estimator are robust to the type of misspecification considered, even
for a sample size as small as 7' = 4. This resembles the well-known similarity between probit
and logit estimates in cross sectional data, see Amemiya (1981), but it is more surprising here
since the bias correction formulas and conditional logit estimator rely heavily on the form of the
true likelihood.

Table 3 reports the ratio of estimators to the truth for marginal effects. Here, I include
also two estimators of the average effect based on linear probability models. LPM — F'S is the
standard linear probability model that uses all the observations; LPM is an adjusted version
that calculates the slope from individuals that change status during the sample, i.e., excluding
individuals with y;; = 1 Vt or y;: = 0 Vt, and assigns zero effect to the rest. The results are
similar to HN and show small bias in uncorrected fixed effects estimators of marginal effects.
Rejection frequencies are higher than their nominal levels, due to underestimation of dispersion.
As in cross-section models (Angrist, 2001), both linear models work fairly well in estimating the

average effect.3”

1.7.2 Dynamic Model

The model design is

yio = 1{0x,0zi0+ oq — €0 > 0}, (1.7.4)
vie = 1{Oyoyit—1+0x0Tit+ 0 —€x >0}, t=1.,T-1, (1.7.5)
er ~ L(0,7%/3), zy~N(0,7%/3), (1.7.6)

n o= 250; T=8, 12, 16; Oy =.5; Oxo =1, 1.7.7)

where L denotes the standardized logistic distribution. Here, the individual effects are corre-

lated with the regressor. In particular, to facilitate the comparison with other studies, I follow

36In this case the bias correction reduces the dispersion of the fixed effects estimator. This can be explained
by the proportionality result of the bias in Proposition 1. Thus, the bias corrected estimator takes the form

[Tlp — A/ T] 6, which reduces to [1-6%/2T) 6 in the absence of heterogeneity.

37Stoker (1986) shows that linear probability models estimate consistently average effects in index models (e-g.,
probit and logit) under normality of regressors and individual effects. In general, however, the bias of the linear
probability model depends on the covariance between the conditional probability of the index and the deviations
from normality of the index, and on the covariance between the conditional probability of the index and the
deviations from linearity of the conditional expectation of regressors and individual effects given the index (see
equation (6.1) in Stoker, 1986).
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Honoré and Kyriazidou (2000) and generate a; = Z?:o z;it/4. The measures reported are the
same as for the static case, and logit and probit estimators are considered.®® BC1 denotes the
bias-corrected estimator of Hahn and Kuersteiner (2003); HK is the dynamic version of the
conditional logit of Honoré and Kyriazidou (2000), which is fixed-T" consistent; M ML is the
Modified MLE for dynamic models of Carro (2003); and BC3 is the bias-corrected estimator
that uses conditional expectations in the derivation of the bias formulas.?® For the number of
lags, I choose a bandwidth parameter J = 1, as in Hahn and Kuersteiner (2003).

Tables 4 and 5 present the Monte Carlo results for the structural parameters 6y, and 6x .
Overall, all the bias-corrected estimators have smaller finite sample bias and better inference
properties than the uncorrected MLEs. Large-T-consistent estimators have median absolute
error comparable to HK for 7' = 8.4 Among them, BC3 and M ML are slightly superior to
BC1, but there is no clear ranking between them.*! Thus, BC3 has smaller bias and MAE for
fy,, but has larger bias and MAE for 6x . As for the static model, the bias corrections are
robust to the type of misspecification considered for moderate T'.

Tables 6 and 7 report the Monte Carlo results for ratios of the estimator to the truth for
average effects for the lagged dependent variable and exogenous regressor, respectively. These
effects are calculated using expression (1.5.5) with ;3 = 0 for the lagged dependent variable,
and expression (1.5.6) for the exogenous regressor. Here, I present results for M LE, BC1, BC3,
linear probability models (LPM and LPM — F'S), and bias-corrected linear models (BC—LPM
and BC — LPM — F'S) constructed using Nickell’s (1981) bias formulas. As in the example of
the linear model in Section 1.6, uncorrected estimates of the effects of the lagged dependent
variable are biased downward. Uncorrected estimates of the effect for the exogenous variable,
however, have small biases. Large-T" corrections are effective in reducing bias and fixing rejection

probabilities for both linear and nonlinear estimators.

1.8 Empirical Application: Female Labor Force Participation

The relationship between fertility and female labor force participation is of longstanding interest

in labor economics and demography. For a recent discussion and references to the literature, see

38Probit estimates and standard errors are multiplied by 7/v/3 to have the same scale as for logit.

3%HK and MML results are extracted from the tables reported in their articles and therefore some of the
measures are not available. HK results are based on a bandwidth parameter equal to 8.

40 An aspect not explored here is that the performance of HK estimator deteriorates with the number of exoge-
nous variables. Thus, Hahn and Kuersteiner (2003) find that their large-T-consistent estimator out-performs HK
for T' = 8 when the model includes two exogenous variables.

“INote, however, that BC3 is computationally much more simpler than MM L.
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Angrist and Evans (1998). Research on the causal effect of fertility on labor force participation is
complicated because both variables are jointly determined. In other words, there exist multiple
unobserved factors (to the econometrician) that affect both decisions. Here, I adopt an empirical
strategy that aims to solve this omitted variables problem by controlling for unobserved individ-
ual time-invariant characteristics using panel data. Other studies that follow a similar approach
include Heckman and MaCurdy (1980), Heckman and MaCurdy (1982), Hyslop (1999), Chay
and Hyslop (2000), Carrasco (2001), and Carro (2003).

The empirical specification I use is similar to Hyslop (1999). In particular, I estimate the
following equation

Py =1{6+ Piy—16p + X;;0x + a; — €; > 0}, (1.8.1)

where Pj; is the labor force participation indicator; d; is a period-specific intercept; P;;—1 is
the participation indicator of the previous period; and Xj; is a vector of time-variant covariates
that includes three fertility variables - the numbers of children aged 0-2, 3-5, and 6-17 -, log of
husband’s earnings, and a quadratic function of age.*?

The sample is selected from waves 13 to 22 of the Panel Study of Income Dynamics (PSID)
and contains information of the ten calendar years 1979-1988. Only women aged 18-60 in 1985,
continuously married, and whose husband is in the labor force in each of the sample periods are
included in the sample. The final sample consists of 1,461 women, 664 of whom change labor
force participation status during the sample period. The first year is excluded to use it as initial
condition for the dynamic model.

Descriptive statistics for the sample are shown in Table 8. Twenty-one percent of the sample
is black, and the average age in 1985 was 37. Roughly 72% of women participate in the labor
force at some period, the average schooling is 12 years, and the average numbers of children
are .2, .3 and 1.1 for the three categories 0-2 year-old, 3-5 year-old, and 6-17 year-old children,
respectively.*3 Women that change participation status during the sample, in addition to be
younger, less likely to be black, and less educated, have more dependent children and their
husband’s earnings are slightly higher than average. Interestingly, women who never participate
do not have more children than women who are employed each year, though this can be ex-

plained in part by the non-participants being older. All the covariates included in the empirical

“2Hyslop (1999) specification includes also the lag of the number of 0 to 2 year-old children as additional
regressor. This regressor, however, is statistically nonsignificant at the 10% level.

“3Years of schooling is imputed from the following categorical scheme: 1 = ‘0-5 grades’ (2.5 years); 2 = ‘6-8
grades’ (7 years); 3 = ‘9-11 grades’ (10 years); 4 = ‘12 grades’ (12 years); 5 = ‘12 grades plus nonacademic training’
(13 years); 6 = ‘some college’ (14 years); 7 = ‘college degree’ (15 years); 7 = ‘college degree, not advanced’ (16
years); 8 = ‘college and advanced degree’ (18 years). See also Hyslop (1999).
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specification display time variation over the period considered.

Table 9 reports fixed effects estimates of index coefficients and marginal effects obtained from
a static specification, that is, excluding the lag of participation in equation (1.8.1). Estimators
are labeled as in the Monte Carlo example. The results show that uncorrected estimates of in-
dex coeflicients are about 15 percent larger than their bias-corrected counterparts; whereas the
corresponding differences for marginal effects are less than 2 percent, and insignificant relative
to standard errors. It is also remarkable that all the corrections considered give very similar
estimates for both index coefficients and marginal effects (for example, bias-corrected logit es-
timates are the same as conditional logit estimates, up to two decimal points).** The adjusted
linear probability model gives estimates of the marginal effects closer to logit and probit than
the standard linear model. According to the static model estimates, an additional child aged
less than 2 reduces the probability of participation by 9 percent, while each child aged 3-5 and
6-17 reduces the probability of participation by 5 percent and 2 percent, respectively.

In the presence of positive state dependence, estimates from a static model overstate the effect
of fertility because additional children reduce the probability of participation and participation is
positively serially correlated. This can be seen in Table 10, which reports fixed effects estimates
of index coefficients and marginal effects using a dynamic specification. Here, as in the Monte
Carlo example, uncorrected estimates of the index and effect of the lagged dependent variable
are significantly smaller (relative to standard errors) than their bias-corrected counterparts for
both linear and nonlinear models. Moreover, unlike in the Monte Carlo examples, uncorrected
estimates of the effects of the regressors are biased away from zero. Bias-corrected probit gives
estimates of index coefficients very similar to probit Modified Maximum Likelihood.#> The
adjusted linear probability model, again, gives estimates of the average effects closer to logit
and probit than the standard linear model. Each child aged 0-2 and 3-5 reduces the probability
of participation by 6 percent and 3 percent, respectively; while an additional child aged more
than 6 years does not have a significant effect on the probability of participation (at the 5 percent
level). Finally, a one percent increase in the income earned by the husband reduces a woman’s
probability of participation by about 0.03%. This elasticity is not sensitive to the omission of

dynamics or to the bias corrections.

“Logit index coefficients are multiplied by v/3/7 to have the same scale as probit index coefficients.
*5Modified Maximum Likelihood estimates are taken from Carro (2003)
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1.9 Summary and conclusions

This chapter derives bias-corrected fixed effects estimators for model parameters of panel dis-
crete choice models that have better asymptotic and finite sample properties than other similar
corrections. The idea behind these corrections is analogous to the use of the conditional in-
formation matrix in the variance estimation problem. Thus, the corrections presented here are
based on bias formulas that use more intensively the parametric structure of the problem by
taking conditional expectations given regressors and individual effects.

The new bias formulas are used to derive analytical expressions for the bias of fixed effects
estimators of index coefficients and marginal effects in probit models. The expression for the
index coefficients shows that the bias is proportional to the true value of the parameter and can
be bounded from below. Moreover, fixed effects estimators of ratios of coefficients and marginal
effects do not suffer from the incidental parameters problem in the absence of heterogeneity,
and generally have smaller biases than fixed effects estimators of the index coefficients. These
results are illustrated with Monte Carlo examples and an empirical application that analyzes
female labor force participation using data from the PSID.

It would be useful to know if the small bias property of fixed effects estimators of average
effects generalizes to other statistics of the distribution of effects in the population, like median
effects or other quantile effects. However, such analysis is expected to be more complicated be-
cause these statistics are non-smooth functions of the data and therefore the standard expansions

cannot be used. I leave this analysis for future research.
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Appendix

1.A Bias Formulas for Binary Choice Models

1.A.1 Static Case

The conditional log-likelihood and the scores for observation 7 at time t are

1406, 04) yielog Fit (0, ;) + (1 — yar) log(1 — Fiu(6, as)), (1.A.1)
vir(0,05) = Hi(0, ) (yie — Fie(0, 1)), wit(8, o) = v34(6, o) s, (1.A.2)

I

where F;(8, ;) denotes Fe(x},0 + ;| X = Zi,a = ;), f is the pdf associated to F, and H (0, ;) =
fit(8; 04)/ [Fir(6, o) (1 = Fie(6, )]

Next, since by the Law of Iterated Expectations Ez [h(zi)|a] = Ex [By [h(2it)|X, ] |a] for any
function h(z;), taking conditional expectations of the expressions for the components of the bias in

Section 1.2 yields

o} = Er[Huful™', Bi=—0!Br|[Hugxl/2, (1.A.3)
b = —E{Er[Hufuzi)Bi+ Er[Huguzie]07/2}, (1.A.4)
J = -E{Br|Hufuzux})— olBr [Hifuzu] Er [Hiefutl)}, (1.A.5)

where g denotes the derivative of f and all the expressions are evaluated at the true parameter value

(Ho,az-).

1.A.2 Dynamic Case

The conditional log-likelihood and the scores for observation 7 at time ¢ are

L0, ;) = wirlog Fi(0,:) + (1 — yie) log(1 — Fi (0, ), (1.A.6)
vie(0,05) = Hi(6,05) (yir — Fie(0,00)), uit(0, i) = vit(0, i) wss, (1L.AT)

where Fj; (0, ;) denotes Fe(0yy;1—1 + xiy0z + o|Ysm1 = %541, Yo = yo, X = Ty, o = o), Hix(0, ;) =

Fir(9, as)/ [Fse(8, ;) (1 — Fie (0, a;))], and f is the pdf associated to F'.

Next, taking conditional expectations of the expressions for the components of the bias in Section 1.6
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and using the formulas for the static case, yields

T-—1
v = olve, of" =0l +2 lim ZET i it ], (1.A.8)

T-1
B = Bi+o? lemoo Z {Br_; [Hufudbds_;) + Er—j [V&vE,_ ;] Er [Hirgie + 2Gitfur] }
j=1

(1.A.9)
. T-1
b* = —EX} Er[Hufuzi) B + Er [Hirguti) 07 /2 +T1£r;oz Er_j [Hitfudd_jzit]
j=1
T-1
~ E{ lim ZET =5 [W&v¢,_;) Er [Huguzis + 2Git fuwir] (1.A.10)
Jt = g, (1.A.11)

where g denotes the derivative of f, Giy = (gitFi(1 — Fi) — f2(1 — 2Fy)) / [Fu(1l — Fit)]2 is the deriva-
tive of Hj, and all the expressions are evaluated at the true parameter value (g, ;).
1.B Bias Corrections in Dynamic models

Here, I use the expressions in Appendix 1.A to construct bias-corrected estimators for the dynamic model.
Let 0 = (04,0%), zit = (Yi,4—1,%},) and

F;1(0) = Fe(2,0 + 6:(0)| 21, @), Fit(6) = fe(2[,0 + & (0)| Z:, o),
. — it ()
gzt(g) ( 1t9 + aw(G)Ian )a Hzt(e) = it(e)f(l(—aFu(G))’ (1B1)
) = g:¢(8) _ fit(8)2(1—2F3,(8))
Gi(0) = 7 (0)(1 Fie(0)) ~ [Fu(0)(1—Fu(0)]%

Then, the components of the large-T expansion for the estimator of the individual effects can be estimated

adding some terms to the analogous expressions for the static case. Thus,

¥5(6)
52(0) = ”2(9)+22EM[¢) (009, (0)], (1B.3)

Jj=1

Ble) = Bi(e>+&3<e>ZET_J[ Hix (6) £ie(8) ¢, —;(0)]

H;:(0) [yit - Z:t9 - &i(e)] > (1-B-2)

J
+ Z = [98.0)92.,(0)| Br [Hi (6) 9 (6) +2Gu (6) fu(®)].  (1.B.4)
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Similarly, for the estimator of the common parameter

Jhe) = J), | (1.B.5)
n J
o) = —% Br [Hi(0) fu(0)x:t] B(0) + Y _ Er [ H;y(0) it (0)arnd, 7(9)]
i=1 i=1
n J
NS e B0 5(6)] Br [Hi (6) 9@z + 2G5 (6) F(6)z]
1=1 Jj=1
= %262(9)ET[Hit(e)git(e)xit]/z (1.B.6)

Here, J is a bandwidth parameter that needs to be chosen such that J/T'/? — 0 as T — oo, see Hahn
and Kuersteiner (2003). For the first-order variance of the estimator of the individual effects, a kernel
function can be used to guarantee that the estimates are positive, e.g., Newey and West (1987). From
these formulas, all the bias-corrected estimators described in Section 1.3 can be formed.

For dynamic binary choice models, Lancaster (2000) and Woutersen (2002) derive score bias correction
methods, and Carro (2003) extends the Modified Maximum Likelihood estimator of Cox and Reid (1987).
The exact relationship between all these methods and the approach followed in Hahn and Kuersteiner
(2003) is not yet known. The reason is that the equivalence results from the static model do not generalize
directly to the dynamic case.

Finally, note that the asymptotic variance of the estimator of the common parameter needs to be
adjusted to take into account the dependence across the observations, and is no longer the inverse of the

Jacobian of the estimating equation. In this case, we have the standard sandwich formula

Er [uita]

V=(—Jd)_19(—3d)—l, Q= V{Tl/zET[Ut]} Ui = Uztm,

(1.B.7)

where §) can be estimated using a kernel function to guarantee positive definiteness, see Hahn and

Kuersteiner (2003).

1.C Proofs

1.C.1 Lemmas

Lemma 1 (McFadden and Reid, 1975) Let Z ~ N(pz,0%), and a,b € R with b > 0. Then,
& _Hzta ) /<1> <_z+_a> 1 é (ﬂ) dz, (1.C.1)
NEY b ) oz oz

1 pz+a \ _[1 z+a) 1 z—pz
\/b2+a%¢<\/b2+a%)_/b¢( b )gzd’<‘——‘gz )dzv (1.C.2)

50

and




where ®(-) and @(-) denote cdf and pdf of the standard normal distribution, respectively.

Proof. First, take X independent of Z, with X ~ A (—a, b?). Then,

Pr{X-Z<0}=0 (——"11) (1.C.3)

N,

since X — Z ~ N(—a— puz,b* + 0%). Alternatively, using the law of iterated expectations and X|Z ~ X

by independence,

Pr{X - Z<0}=Ey[Pr{X < Z|7}] = /@ <Z+a) Ly (Z—“Z> dz. (1.C.4)

b gz gz
The second statement follows immediately by deriving both sides of expression (1.C.1) with respect to a.

1.C.2 Proof of Proposition 1

Proof. First, note that for the probit g;; = —(z,00 + a;) fiz. Then, substituting this expression for g;:

in the bias formulas of the static model, see Appendix 1.A, yields

B = {o!Er[Hufazi) b+ 0iai} /2, (1.C.5)
J = —E{Er[Huafuzuzl] ~ o] By [Hy fuzi) Br [Hufuzy)} = E[J], (1.C.6)
b = —E{o!Er|Hyfizu| Er [Hitfaziy) 0o + 0l Er [Hit fuzi) o} /2

+ E{0}Br [Hufuizy) 00 + 0F Er [Ht futir] i}y /2
E{0? (BEr [Hit fuzusly) — 0l Er [Hit fuzi) Er [Hufuzh)) } 60/2 = —E [02.7;] 60/2-
(1.C.7)

Finally, we have for the bias
B=_J = %E 177" B [027] 60. (1.C.8)

The second and third results are immediate and are described in the text. m

1.C.3 Proof of Proposition 2

Proof. We want to find the probability limit of 4 = >, 231:1 ¢ (:c;té + dl(é)) /nT, as n,T — oo,
and compare it to the population parameter of interest u = E [fo¢ (z},00 + ;)]

First, note that by the Law of Large Number and Continuous Mapping Theorem, as n — oo

o = E{07Er (6 (01 + G:(67))]} - (1.C9)
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Next, we have the following expansion for the limit index, éit(GT) = x5,07 + G&;(07), around 6o

Eﬂ(GT) = 51721:00 + &4(6o) + [w;t + a%éle)} (81 — o). (1.0.10)

Using independence across ¢, standard higher-order asymptotics for &;(09) give (e.g., Ferguson, 1992, or

Rilstone et al., 1996), as T — oo
5:(00) = i + Ui /NT + B; 32y @ 2 - _ 1t
&i(Bo) = i + ¥i/VT + B;/T + Ry /T*%, ¥y — N(0,0; = —Er [Vita) ), (1.C.11)

where R; = Op(1) and Er [& /T?] = O(1) uniformly in ¢ by the conditions of the proposition (e.g., HN

and Fernandez-Val, 2004). From the first order conditions for &;(6), we have, as T — o0

861,' (é) _ ET [UitO]

80 ET[v,.m]JrRzl/‘/T o?Er [vite] + Ras/VT, (1.C.12)

where Rp; = Op(1) and Er [Rp;/T) = O(1) uniformly in i, again by the conditions of the proposition.
Plugging (1.C.11) and (1.C.12) into the expansion for the index in (1.C.10) yields, for &; = z},00 + o,

£x0r) = Eit + i /VT + Be, /T + Rai /T2, (1.C.13)

where B¢, = B + T (2}, + 02 Er [vite]) (61 — 60), Rai = Op(1) and Er [R3i/T?] = O(1), uniformly in ¢ by
the properties of Ry; and Ry;.
Then, using the expressions for the bias for the static probit model, see proof of Proposition 1, and

Er [vite] = —Er [Hit firwys], we have

Be, = (02Er [Hifutl) o+ 0t0s) /2 + (zi — 0? Er [Hifuzi]) B+ O(T™?)
= 0%4/2 - (2, — 02 Br |Hiefuzh)) 0200/2 + (2} — 02 Br [Huefuchy]) E1T ™ E [0] 7] 6o
+ O(T™?) =02€/2—Di + O(T™?), : (1.C.14)

where D; = (2, — 02Er [Hit firziy)) (afl'p —-E\Z|E [a?.ﬁ]) 60/2, and I, denotes the p x p identity
matrix. Substituting the expression for B¢, in (1.C.13) gives

€(07) = [1+02/2T) &t + %i/VT ~ Dy/T + Ri/T*?, /YT X N(0,0%/T) (1.C.15)

where R; = O,(1) and Er [R,-/T2] = O(1) uniformly in 1.
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Finally, using Lemma 1 and expanding around o, it follows that

i 2 E{orBr[o(éeen)]}

= E{eT/¢([1+af/2T]§it+v— ; €¢(€”>dv+O(T—2)}

- E {(1 +02/T) b1 ( [+ o?/27] 6 — Di/T) + O(T“z)}

V1+02/T
= u+ QITE {¢(§it) (fiteo (zit — 02Er [Hitfit$it}), - Ip) (U?Ip -E[JZ)'E [Ufﬂ]) 90}
+ O(T H=ypu+ %B“ +0(T7?), (1.C.16)

as T grows, since

2 2 2
9T _ o; o; o) Y
V1+o2)T (1+§T) <1‘ﬁ+O(T )) =1+0(T7). (1.C.17)

1.D Relationship between Bias Correction of the Estimating
Equation and Modified Maximum Likelihood

The first order condition for the MML estimator is

- JTZZ zt(a)——b (1.D.1)

where

5(9) _ Tll Z {1 ET [Uztae(g) + 'Uztaa(o)aal(o)/ae/] ET [( n(@)gzt(O) + Glt(e)fu(e)) (3¢ + aal(g)/aei)]

i=1 2 ET [vzta(e)] { it (e)fzt(e)]
(1.D.2)
From the first order condition for &;(#), note that as T — oo
6011(9) _ _ET [vuo(e)] + Op(l). (1D3)

99 Er[via(9)]

Replacing this expression in (1.D.1), and using the Bartlett identities Vitd = Uit aNd Vitas = Ujtaq, aS

n, T — oo

boy P, @)L Er[Hi(0)g:(9)] 4 . 1 LEr [Hit(0)gi(8)zs)
b(9) E{2 Br {Hit(g)fit(9>]2ET [Hit(0) fie(0)zi1] 3 By [Hu(0) £ (0)] }

= —E{Br[Hu(0)fit(0)z:] 5;(8) + Er [Hit(0)9:2(6)z:2] 0f(6)/2} =b(6).  (1.D.4)
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Figure 1-1: Asymptotic probability limit of estimators: Andersen (1973) two-period logit model.
6o is the limit of the conditional logit estimator (true parameter value); #ML is the limit of the
fixed effects maximum likelihood logit estimator; ! is the limit of the one-step bias-corrected
estimator; 0% is the limit of the iterated bias-corrected estimator; and 6° is the limit of the score
(estimating equation)-corrected estimator.
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Figure 1-2: Asymptotic probability limit of estimators: Andersen (1973) two-period logit model.
6o is the limit of the conditional logit estimator (true parameter value); #ML is the limit of
the fixed effects maximum likelihood estimator; §°° is the limit of the iterated bias-corrected
estimator; and #° is the limit of the score (estimating equation)-corrected estimator.
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Figure 1-3: Components of the bias of the fixed effects estimator of the marginal effect: B, =
Eq [Bu] = Eq4[dim;). Individual effects and regressor generated from independent standard

normal distributions.
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Table 1: First Order Bias, T=8
(in percent of the true parameter value)

Regressor

Individual Effects Nerlove Normal (1) (2) Bi(10,.9)

A - Index Coefficients

Normal 14.59 15.62 16.56 1593 15.62
(1) 12.57 14.77 13.82 14.00 14.85
2(2) 13.17 14.95 13.04 14.55 15.16
Bi(10,.9) 15.46 15.53 16.36 16.47 15.44

B -Marginal Effects

Normal 027 -0.07 1.89 0.95 -0.03
(1) -0.21 -0.06 -0.18 0.24 0.34
#(2) -0.28 -0.05 -0.54 0.10 0.31
Bi(10,.9) 027 -0.08 1.56 1.59 0.26

Notes: Bias formulae evaluated numerically using 10,000 replications.
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Table 2: Estimators of 0 (0,=1) & ~N(0,1)

Estimator Mean Median SD p; .05 p; .10 SE/SD MAE
T=4
PROBIT 1.41 1.40 0.393 0.25 0.36 0.82 0.410
JK-PROBIT 0.75 0.75 0.277 0.11 0.19 1.08 0.265
BC1-PROBIT 1.11 1.10 0.304 0.04 0.11 1.03 0.215
BC2-PROBIT 1.20 1.19 0.333 0.09 0.16 0.95 0.253
BC3-PROBIT 1.06 1.06 0.275 0.02 0.06 1.13 0.195
LOGIT 1.30 1.29 0.374 0.17 0.26 0.83 0.331
JK-LOGIT 0.71 0.70 0.239 0.18 0.28 1.15 0.307
BC1-LOGIT 0.97 0.96 0.266 0.04 0.08 1.08 0.180
BC2-LOGIT 0.95 0.94 0.263 0.03 0.09 1.09 0.178
BC3-LOGIT 0.94 0.94 0.253 0.04 0.07 1.13 0.173
CLOGIT 0.95 0.94 0.263 0.04 0.08 1.09 0.177
T=8
PROBIT 1.18 1.18 0.151 0.28 0.37 0.90 0.180
JK-PROBIT 0.95 0.96 0.118 0.05 0.11 1.09 0.085
BCI1-PROBIT 1.05 1.05 0.134 0.05 0.11 0.98 0.099
BC2-PROBIT 1.05 1.05 0.132 0.05 0.10 1.00 0.097
BC3-PROBIT 1.02 1.02 0.124 0.03 0.07 1.05 0.085
LOGIT 1.12 1.12 0.148 0.14 0.23 0.91 0.129
JK-LOGIT 0.91 0.91 0.114 0.12 0.20 1.09 0.105
BC1-LOGIT 0.97 0.97 0.127 0.06 0.13 1.00 0.087
BC2-LOGIT 0.96 0.95 0.122 0.07 0.13 1.03 0.087
BC3-LOGIT 0.95 0.95 0.121 0.07 0.13 1.04 0.089
CLOGIT 0.96 0.96 0.122 0.07 0.13 1.03 0.088
T=12
PROBIT 1.13 1.13 0.096 0.30 0.41 0.94 0.129
JK-PROBIT 0.98 0.98 0.080 0.05 0.10 1.06 0.055
BC1-PROBIT 1.04 1.04 0.087 0.07 0.13 0.99 0.062
BC2-PROBIT 1.03 1.03 0.085 0.06 0.11 1.01 0.058
BC3-PROBIT 1.01 1.01 0.082 0.04 0.09 1.05 0.056
LOGIT 1.09 1.09 0.097 0.15 0.25 0.96 0.095
JK-LOGIT 0.95 0.95 0.080 0.08 0.15 1.07 0.068
BCI1-LOGIT 0.99 0.99 0.086 0.06 0.10 1.01 0.059
BC2-LOGIT 0.98 0.97 0.083 0.06 0.11 1.04 0.060
BC3-LOGIT 0.98 0.97 0.082 0.06 0.10 1.05 0.059
CLOGIT 0.98 0.98 0.083 0.06 0.10 1.04 0.059

Notes: 1,000 replications. JK denotes Hahn and Newey (2004) Jackknife bias-corrected estimator; BCI1
denotes Hahn and Newey (2004) bias-corrected estimator based on Bartlett equalities; BC2 denotes Hahn
and Newey (2004) bias-corrected estimator based on general estimating equations; BC3 denotes the bias-
corrected estimator proposed in the paper; CLOGIT denotes conditional logit estimator.
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Table 3: Estimators of p (true value = 1) £ ~N(0,1)

Estimator Mean Median SD p; .05 p; .10 SE/SD MAE
T=4
PROBIT 0.99 0.99 0.242 0.10 0.16 0.82 0.163
JK-PROBIT 1.02 1.02 0.285 0.12 0.19 0.75 0.182
BC1-PROBIT 1.00 1.00 0.261 0.12 0.18 0.79 0.176
BC2-PROBIT 1.04 1.04 0.255 0.12 0.19 0.80 0.176
BC3-PROBIT 0.94 0.94 0.226 0.08 0.13 0.91 0.158
LOGIT 1.00 0.99 0.246 0.10 0.16 0.82 0.164
JK-LOGIT 1.01 1.01 0.279 0.13 0.19 0.76 0.189
BCI1-LOGIT 0.98 0.97 0.257 0.11 0.17 0.81 0.178
BC2-LOGIT 0.94 0.94 0.236 0.09 0.15 0.88 0.164
BC3-LOGIT 0.93 0.93 0.230 0.08 0.14 0.90 0.166
BC-CLOGIT 0.94 0.94 0.237 0.09 0.15 0.87 0.168
LPM 0.98 0.98 0.233 0.09 0.15 0.84 0.156
LPM-FS 1.00 1.00 0.242 0.10 0.16 0.87 0.163
T=8
PROBIT 0.99 0.99 0.104 0.08 0.14 0.82 0.070
JK-PROBIT 1.00 1.00 0.107 0.07 0.14 0.84 0.071
BCI1-PROBIT 1.01 1.01 0.110 0.09 0.15 0.80 0.073
BC2-PROBIT 1.00 1.00 0.105 0.07 0.13 0.83 0.070
BC3-PROBIT 0.97 0.97 0.103 0.08 0.13 0.86 0.071
LOGIT 0.99 0.99 0.106 0.08 0.13 0.83 0.071
JK-LOGIT 0.99 1.00 0.108 0.07 0.13 0.84 0.072
BCI-LOGIT 1.00 1.00 0.112 0.08 0.15 0.81 0.073
BC2-LOGIT 0.98 0.98 0.106 0.07 0.13 0.85 0.071
BC3-LOGIT 0.98 0.98 0.106 0.08 0.13 0.85 0.071
BC-CLOGIT 0.98 0.98 0.106 0.08 0.13 0.85 0.071
LPM 0.98 0.98 0.104 0.07 0.14 0.84 0.071
LPM-FS 1.00 1.00 0.109 0.07 0.13 0.87 0.075
T=12
PROBIT 0.99 0.99 0.062 0.05 0.11 0.75 0.043
JK-PROBIT 1.00 1.00 0.064 0.05 0.11 0.76 0.042
BC1-PROBIT 1.00 1.00 0.065 0.06 0.11 0.74 0.042
BC2-PROBIT 0.99 0.99 0.062 0.05 0.10 0.76 0.042
BC3-PROBIT 0.98 0.98 0.062 0.05 0.11 0.77 0.043
LOGIT 0.99 0.99 0.063 0.05 0.10 0.77 0.043
JK-LOGIT 1.00 1.00 0.065 0.05 0.11 0.77 0.042
BCI1-LOGIT 1.01 1.00 0.067 0.06 0.12 0.74 0.044
BC2-LOGIT 0.99 0.99 0.064 0.06 0.10 0.77 0.043
BC3-LOGIT 0.99 0.99 0.064 0.05 0.10 0.77 0.044
BC-CLOGIT 0.99 0.99 0.064 0.05 0.10 0.77 0.044
LPM 0.99 0.99 0.065 0.06 0.11 0.76 0.041
LPM-FS 1.01 1.01 0.067 0.05 0.11 0.80 0.045

Notes: 1,000 replications. JK denotes Hahn and Newey (2004) Jackknife bias-corrected estimator;
BC1 denotes Hahn and Newey (2004) bias-corrected estimator based on Bartlett equalities; BC2
denotes Hahn and Newey (2004) bias-corrected estimator based on general estimating equations; BC3
denotes the bias-corrected estimator proposed in the paper; CLOGIT denotes conditional logit
estimator; LPM denotes adjusted linear probability model (see text); LPM-FS denotes linear
probability model.
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Table 4: Estimators of 0y (0y g = .5), £ ~L(0,1)

Estimator Mean Median SD p; .05 p; .10 SE/SD MAE
T=38
PROBIT -0.26 -0.26 0.161 1.00 1.00 0.92 0.763
BCI1-PROBIT 0.25 0.25 0.148 0.43 0.54 0.96 0.251
BC3-PROBIT 0.48 0.48 0.140 0.05 0.10 0.99 0.101
LOGIT -0.24 -0.24 0.154 1.00 1.00 0.92 0.740
BCI1-LOGIT 0.39 0.38 0.134 0.14 0.23 1.00 0.131
HK-LOGIT 0.45 0.131
MML-LOGIT 0.39 0.11 0.127
BC3-LOGIT 0.45 0.45 0.134 0.06 0.12 1.00 0.101
T=12
PROBIT 0.06 0.06 0.111 0.97 0.99 0.99 0.435
BCI1-PROBIT 0.39 0.39 0.103 0.16 0.26 1.04 0.115
BC3-PROBIT 0.50 0.50 0.101 0.04 0.10 1.05 0.066
LOGIT 0.06 0.06 0.105 0.98 0.99 1.00 0.436
BC1-LOGIT 0.44 0.44 0.094 0.07 0.13 1.07 0.079
BC3-LOGIT 0.47 0.48 0.095 0.05 0.10 1.06 0.064
T=16
PROBIT 0.20 0.20 0.097 0.89 0.93 0.94 0.302
BCI1-PROBIT 0.44 0.44 0.091 0.11 0.18 0.98 0.080
BC3-PROBIT 0.51 0.51 0.091 0.06 0.11 0.98 0.061
LOGIT 0.19 0.19 0.091 0.93 0.96 0.95 0.312
BCI1-LOGIT 0.46 0.45 0.084 0.07 0.14 1.01 0.067
HK-LOGIT 0.45 0.074
MML-LOGIT 0.48 0.067
BC3-LOGIT 0.48 0.48 0.085 0.06 0.11 1.00 0.059

Notes: 1,000 replications. BC1 denotes Hahn and Kuersteiner (2003) bias-corrected estimator; HK
denotes Honor¢ and Kyriazidou (2000) bias-corrected estimator; MML denotes Carro (2003) Modified
Maximum Likelihood estimator; BC3 denotes the bias-corrected estimator proposed in the paper; LPM
denotes adjusted linear probability model (see text); LPM-FS denotes linear probability model.
Honoré-Kyriazidou estimator is based on bandwidth parameter = 8.
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Table 5: Estimators of 0x (0x = 1), £ ~L(0,1)

Estimator Mean Median SD p; .05 p; .10 SE/SD MAE
T=8
PROBIT 1.28 1.28 0.082 0.97 0.99 0.92 0.277
BC1-PROBIT 1.19 1.19 0.077 0.78 0.86 0.89 0.187
BC3-PROBIT 1.10 1.09 0.065 0.32 0.44 0.97 0.094
LOGIT 1.22 1.22 0.082 0.84 0.90 0.93 0.222
BC1-LOGIT 1.08 1.08 0.074 0.22 0.32 0.90 0.079
HK-LOGIT 1.01 0.050
MML-LOGIT 1.01 0.06 0.039
BC3-LOGIT 1.05 1.04 0.067 0.12 0.18 0.96 0.054
T=12
PROBIT 1.19 1.19 0.057 0.94 0.97 0.93 0.185
BC1-PROBIT 1.11 1.11 0.053 0.61 0.73 0.92 0.110
BC3-PROBIT 1.08 1.08 0.050 0.35 0.48 0.95 0.076
LOGIT 1.13 1.13 0.057 0.67 0.77 0.94 0.126
BC1-LOGIT 1.03 1.03 0.051 0.10 0.16 0.94 0.039
BC3-LOGIT 1.02 1.02 0.050 0.08 0.13 0.96 0.035
T=16
PROBIT 1.15 1.15 0.045 0.95 0.98 0.97 0.148
BCI-PROBIT 1.09 1.09 0.042 0.59 0.71 0.96 0.090
BC3-PROBIT 1.07 1.07 0.041 0.41 0.54 0.99 0.070
LOGIT 1.09 1.09 0.044 0.53 0.66 0.98 0.088
BC1-LOGIT 1.02 1.01 0.041 0.07 0.13 0.98 0.029
HK-LOGIT 1.01 0.023
MML-LOGIT 1.01 0.029
BC3-LOGIT 1.01 1.01 0.040 0.06 0.10 0.99 0.027

Notes: 1,000 replications. BC1 denotes Hahn and Kuersteiner (2003) bias-corrected estimator; HK
denotes Honoré and Kyriazidou (2000) bias-corrected estimator; MML denotes Carro (2003) Modified
Maximum Likelihood estimator; BC3 denotes the bias-corrected estimator proposed in the paper; LPM
denotes adjusted linear probability model (see text); LPM-FS denotes linear probability model.
Honoré-Kyriazidou estimator is based on bandwidth parameter = 8.
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Table 6: Estimators of py (true value =1), £ ~ L(0,1)

Estimator Mean Median SD p; .05 p; .10 SE/SD MAE
T=8
PROBIT -0.38 -0.39 0.235 1.00 1.00 0.92 1.386
BC1-PROBIT 0.43 0.42 0.254 0.68 0.77 0.87 0.577
BC3-PROBIT 0.86 0.85 0.255 0.14 0.22 0.88 0.211
LOGIT -0.37 -0.37 0.236 1.00 1.00 0.93 1.374
BC1-LOGIT 0.72 0.70 0.257 0.28 0.38 0.88 0.304
BC3-LOGIT 0.85 0.85 0.260 0.14 0.24 0.87 0.212
LPM -0.40 -0.40 0.238 1.00 1.00 0.92 1.399
BC-LPM 0.77 0.77 0.267 0.23 0.32 0.85 0.261
LPM-FS -0.45 -0.46 0.257 1.00 1.00 0.92 1.459
BC-LPM-FS 0.84 0.83 0.289 0.16 0.24 0.85 0.236
T=12
PROBIT 0.11 0.11 0.183 1.00 1.00 0.99 0.894
BC1-PROBIT 0.70 0.70 0.189 0.38 0.49 0.96 0.297
BC3-PROBIT 0.93 0.93 0.190 0.08 0.13 0.96 0.136
LOGIT 0.11 0.11 0.182 1.00 1.00 1.00 0.889
BCI1-LOGIT 0.86 0.86 0.187 0.13 0.19 0.98 0.169
BC3-LOGIT 0.93 0.94 0.191 0.08 0.13 0.97 0.133
LPM 0.09 0.09 0.188 1.00 1.00 1.00 0.908
BC-LPM 0.91 0.91 0.202 0.09 0.15 0.94 0.151
LPM-FS 0.09 0.09 0.192 1.00 1.00 1.00 0.909
BC-LPM-FS 0.93 0.93 0.207 0.08 0.14 0.94 0.143
T=16
PROBIT 0.34 0.34 0.167 0.98 0.99 0.94 0.660
BCI1-PROBIT 0.81 0.80 0.170 0.25 0.35 0.93 0.201
BC3-PROBIT 0.95 0.94 0.171 0.09 0.15 0.92 0.125
LOGIT 0.35 0.34 0.166 0.97 0.99 0.95 0.658
BC1-LOGIT 0.91 0.90 0.168 0.10 0.18 0.95 0.139
BC3-LOGIT 0.95 0.94 0.171 0.08 0.14 0.93 0.128
LPM 0.34 0.33 0.170 0.97 0.99 0.96 0.666
BC-LPM 0.95 0.95 0.180 0.09 0.15 0.91 0.129
LPM-FS 0.34 0.34 0.172 0.97 0.99 0.96 0.665
BC-LPM-FS 0.96 0.95 0.181 0.08 0.15 0.92 0.128

Notes: 1,000 replications. BC1 denotes Hahn and Kuersteiner (2003) bias-corrected estimator; HK
denotes Honoré and Kyriazidou (2000) bias-corrected estimator; MML denotes Carro (2003) Modified
Maximum Likelihood estimator; BC3 denotes the bias-corrected estimator proposed in the paper; LPM
denotes adjusted linear probability model (see text); LPM-FS denotes linear probability model; BC-
LPM denotes Nickell (1981) bias-corrected adjusted linear probability model; BC-LPM-FS denotes
Nickell (1981) bias-corrected linear probability model. Honoré-Kyriazidou estimator is based on
bandwidth parameter = 8.
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Table 7: Estimators of py (true value = 1), £ ~ L(0,1)

Estimator Mean Median SD p; .05 p; .10 SE/SD MAE
T=38
PROBIT 0.97 0.97 0.041 0.11 0.19 0.93 0.034
BC1-PROBIT 1.02 1.02 0.044 0.11 0.17 0.85 0.032
BC3-PROBIT 0.98 0.97 0.041 0.11 0.19 0.88 0.033
LOGIT 0.98 0.98 0.042 0.07 0.14 0.93 0.031
BCI-LOGIT 1.01 1.01 0.046 0.09 0.15 0.83 0.031
BC3-LOGIT 0.99 0.99 0.043 0.08 0.15 0.86 0.030
LPM 0.96 0.96 0.040 0.19 0.29 0.91 0.043
BC-LPM 0.98 0.97 0.040 0.09 0.16 0.92 0.033
LPM-FS 0.97 0.97 0.040 0.10 0.17 0.97 0.034
BC-LPM-FS 0.99 0.99 0.040 0.05 0.10 0.98 0.028
T=12
PROBIT 0.99 0.99 0.031 0.07 0.14 0.92 0.021
BC1-PROBIT 1.01 1.01 0.032 0.08 0.13 0.89 0.022
BC3-PROBIT 0.99 0.99 0.031 0.07 0.14 0.90 0.020
LOGIT 0.99 0.99 0.031 0.06 0.11 0.93 0.020
BCI-LOGIT 1.01 1.01 0.032 0.06 0.13 0.89 0.022
BC3-LOGIT 1.00 1.00 0.032 0.06 0.13 0.90 0.021
LPM 0.99 0.99 0.031 0.08 0.14 0.93 0.023
BC-LPM 0.99 0.99 0.03] 0.06 0.11 0.93 0.021
LPM-FS 0.99 0.99 0.031 0.07 0.12 0.94 0.022
BC-LPM-FS 1.00 1.00 0.031 0.06 0.11 0.95 0.020
T=16
PROBIT 0.99 0.99 0.025 0.05 0.10 0.98 0.017
BC1-PROBIT 1.01 1.01 0.025 0.06 0.11 0.95 0.017
BC3-PROBIT 1.00 1.00 0.025 0.05 0.10 0.96 0.017
LOGIT 1.00 1.00 0.025 0.04 0.09 0.98 0.017
BC1-LOGIT 1.00 1.00 0.026 0.05 0.11 0.95 0.017
BC3-LOGIT 1.00 1.00 0.025 0.05 0.10 0.96 0.017
LPM 0.99 0.99 0.026 0.06 0.12 0.97 0.019
BC-LPM 1.00 1.00 0.026 0.05 0.11 0.98 0.018
LPM-FS 0.99 0.99 0.026 0.05 0.11 0.98 0.019
BC-LPM-FS 1.00 1.00 0.026 0.05 0.10 0.98 0.018

Notes: 1,000 replications. BC1 denotes Hahn and Kuersteiner (2003) bias-corrected estimator; HK
denotes Honoré and Kyriazidou (2000) bias-corrected estimator; MML denotes Carro (2003) Modified
Maximum Likelihood estimator; BC3 denotes the bias-corrected estimator proposed in the paper; LPM
denotes adjusted linear probability model (see text); LPM-ES denotes linear probability model; BC-
LPM denotes Nickell (1981) bias-corrected adjusted linear probability model; BC-LPM-FS denotes
Nickell (1981) bias-corrected linear probability model. Honoré-Kyriazidou estimator is based on
bandwidth parameter = 8.
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Chapter 2

Bias Correction in Panel Data
Models with Individual-Specific

Parameters

2.1 Introduction

Random coeflicients panel models are attractive because they allow for heterogeneity in the
individual response to the regressors. However, they pose important technical challenges in the |
estimation of average effects if the individual heterogeneity is left unrestricted. In particular, if
some of the regressors are endogenous and different coefficients are estimated for each individual
(fixed-effects approach), then averages of these individual IV estimates are biased in short panels
due to the finite-sample bias of IV estimators. A way to overcome this problem is to neglect the
individual heterogeneity and estimate the same coefficients for all the individuals. However, in
the context of cross-section models, Imbens and Angrist (1994) and Angrist, Graddy and Imbens
(1999) show that the estimands of these fixed coefficients IV estimators are weighted-averages
of the underlying heterogenous individual effects. The implicit weights in these averages are
typically correlated with the individual effects, and therefore these estimators do not converge
to population average effects.!

In this chapter I introduce a new class of bias-corrected fixed effects estimators for panel
models where the response to the regressors can be individual-specific in an unrestricted fashion.

Thus, instead of imposing the same coefficients for all the individuals, I treat the sample real-

! Angrist (2004) finds homogeneity conditions for the estimands of fixed coefficients IV estimators to be the
average effects for models with binary endogenous regressors.
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ization of the individual-specific coefficients as parameters (fixed-effects) to be estimated. For
linear models, the new estimators differ from the standard fixed effects estimators in which, not
only the constant term, but also the slopes can be different for each individual. Moreover, unlike
the classical random coefficients models, no restriction is imposed in the relationship between
the regressors and the random coefficients. This allows me to incorporate, for instance, Roy
(1951) type selection where the regressors are decision variables with levels determined at least
in part by their returns. Treating the raﬁdom coefficients as fixed effects also overcomes the
identification problems for these models in the presence of endogenous regressors, see Kelejian
(1974).

The models proposed here are semiparametric in the sense that they are based on moment
conditions. These conditions can be nonlinear functions in parameters and variables, accommo-
dating both linear and nonlinear models, and allowing for the presence of endogenous regressors.
In addition to identifying the model parameters under mild assumptions about the nature of
the stochastic component, these moment conditions can be used for estimation via GMM pro-
cedures. The resulting fixed effects GMM estimates, however, can be severely biased in short
panels due to the incidental parameters problem, which in this case is a consequence of the
finite-sample bias of GMM estimators (see, for e.g., Nagar, 1959; Buse, 1992; and Newey and
Smith, 2004). Analytical corrections are then developed to reduce this bias.

These bias corrections are derived from large-T" expansions of the finite-sample bias of GMM
estimators. They reduce the order of this bias from O(T~!) to O(T~?) by removing an estimate
of the leading term of the expansion from the fixed-effects estimator. As a result, the asymptotic
distribution of the corrected estimators is normal and centered at the true parameter value under
asymptotic sequences where n = o (T3). These corrections therefore aim to work in econometric
applications that use long panels, for e.g., PSID or Penn World Table, where the most important
part of the bias is captured by the first term of the expansion. Other recent studies that use a
similar approach for the analysis of fixed effects estimators in panel data include Phillips and
Moon (1999), Rathouz and Liang (1999), Alvarez and Arellano (2001), Hahn and Kuersteiner
(2002), Lancaster (2002), Woutersen (2002), Hahn and Kuersteiner (2003), Li, Lindsay and
Waterman (2003), and Hahn and Newey (2004)

A distinctive feature of the corrections proposed here is that they can be used in situations
where the model is overidentified, that is when the number of moment restrictions is greater than
the dimension of the parameter vector. This situation is very common in economic applications

where the moment conditions come from rational expectation models, or more generally when
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there are multiple sources of exogenous variation to instrument for the endogenous variables. For
example, Hansen and Singleton (1982), Holtz-Eakin, Newey, and Rosen (1988), Abowd and Card
(1989), and Angrist and Krueger (1991), all use quite large numbers of moment conditions in
their empirical work. This feature, however, complicates the analysis by introducing an initial
stage for estimating optimal weighting matrices to combine these moment conditions. Thus,
overidentification precludes the use of the existing bias correction methods.

To characterize the bias of fixed effects GMM estimators, I use higher-order asymptotics.
The results obtained here extend the bias formulas of Newey and Smith (2004) for cross sectional
GMM estimators to panel data GMM estimators with fixed effects. Analytical bias-correction
methods are then described for model parameters and smooth functions of the individual-specific
parameters, such as averages or other moments of the distribution of the random coefficients.
These corrections are computationally more attractive than other alternatives, such as Bootstrap
or Jackknife, especially when the moment conditions are nonlinear in parameters. Different
methods are considered depending on whether the correction is made on the estimator or on the
estimating equation, and on whether the correction is one-step or iterated.

The finite sample performance of these corrections is evaluated using a Monte Carlo example.
Here, I consider a linear IV model with both common and individual-specific coefficients. I find
that estimators that do not account for heterogeneity by imposing constant coefficients can have
important biases for the common parameter and the mean of the individual effects. I also find
that analytical bias corrections are effective in removing the bias of estimators of the standard
deviation of the individual effects.

Finally, the estimators introduced in the chapter are illustrated in an empirical application. I
use 14 waves of the National Longitudinal Survey (NLS) to estimate earnings equations for young
men allowing the effect of the union status to be different for each individual. I consider both OLS
and I'V methods. The latter accounts for the possibility of endogeneity in the union membership
decision. The results suggest that there is important heterogeneity across individuals in the
effect of union status on earnings. Moreover, estimators that impose a constant coefficient for
the union status overstate the average effect.

The rest of the chapter is organized as follows. Section 2.2 illustrates the type of models
considered and discusses the nature of the bias with a simple example. Section 2.3 introduces
the general model and GMM estimators. Section 2.4 derives the asymptotic properties of the
estimators. The different bias correction methods and their asymptotic properties are given in

Section 2.5. Section 2.6 compares the finite sample performance of these and other methods
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through a Monte Carlo experiment. Section 2.7 describes the empirical application and Section

2.8 concludes. Proofs and other technical details are given in the Appendices.

2.2 Example: A Linear IV Panel Model with Individual-Specific

Coefficients

2.2.1 The Model

A simple example of the type of models considered is the following
Vit = Qo; + 13Tit + i, (2.2.1)

where y;; is a response variable; z;; is a regressor; €;; is an error term; and ¢ and ¢ usually index
individual and time period, respectively.? This is a linear random coefficients model where the
effect of the regressor is heterogenous across individuals, but no restriction is imposed on the
distribution of the individual effects vector a; = (o, a3;)’.2 The regressor can be correlated
with the individual effects and the error term, and a valid instrument z;; is available for z;, that
is Elzieit)o;) = 0 and Efzpxias] # 0. All the random variables are i.i.d. across time periods

and independent across individuals.

2.2.2 Example

Animportant case that is encompassed by this simple set-up is the panel version of the treatment-
effect model, see, for e.g., Wooldridge (2002, Chapter 10.2.3) and Angrist and Hahn (2004). Here,
the objective is to evaluate the effect of a treatment (D) on an outcome variable (Y) for some
population of interest. The average causal effect for each level of treatment is defined as the
difference between the potential outcome that the individual would get with and without the
treatment, Yy — Y, averaged across the individuals of the population of interest. If individuals
can choose the level of treatment, then outcome and level of treatment are generally corre-
lated, and an instrumental variable Z is needed to identify the causal effect. This instrument is
typically a random offer of treatment that generates potential treatments (D) indexed by the

possible values of the instrument. For the binary treatment-instrument case, the panel version

2More generally, i denotes a group index and ¢ indexes the observations within the group. Examples of groups
include individuals, states, households, schools, or twins.

3Random coefficients models usually assume that o; is uncorrelated with the regressor z:;. See Hsiao and
Pesaran (2004) for a survey of these models.
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of this model is

Yie = Your + (Yt — Yoir) Dit, (2.2.2)
Dit = Doit + (Doit — D1it) Zss- (2.2.3)

Potential outcomes and treatments can be represented as the sum of permanent individual
components and transitory individual-time specific shocks, that is Yj;; = Yj; + €;;¢ and Djy =

Dj; + vji for j € {0,1}, yielding

Yii = aoi+ oDt + e, (2.2.4)
Diy = moi + miZit + vit, (2.2.5)

where ag; = Yoi, a1; = Y1i — Yoi, €t = (1 — Dit)eoit + Dit€rit, moi = Doi, m1i = D1 — Doy,
and vy = (1 — Zit)voi + Zigviie- In this model, under independence of the instrument with
the transitory shocks to potential outcomes, and monotonicity on the effect of the instrument
on the treatment, that is either Dy;; — Dgst > 0 or Dyj — Do < 0 with probability one, local
average treatment effects are identified for each individual as the number of time periods grow,

see Imbens and Angrist (1994).

2.2.3 The Problem

Returning to the linear IV example, suppose that we are ultimately interested in the average
response to the regressor, i.e. E{ay;], and we run fixed effects OLS and IV regressions without

accounting for heterogeneity on the slope of z;, i.e. we estimate
Yit = o + 1Tt + Uit (2.2.6)

where u;; = z;(a1; — 1) + €;¢ if the true model is (2.2.1). In this case, OLS and IV estimate
weighted averages of the individual effects in the population, see for example Yitzhaki (1996)
and Angrist and Krueger (1999) for OLS, and Angrist, Graddy and Imbens (2000) for IV. OLS
puts more weight on individuals with higher variances of the regressor because they give more
information about the slope; whereas IV weights individuals in proportion to the variance of
the first stage fitted values because these variances reflect the amount of information that the
individuals convey about the part of the slope affected by the instrument. These weighted

averages, however, do not necessarily estimate the average effect because the weights can be
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correlated with the individual effects.
To see how these implicit OLS and IV weighting schemes affect the estimand of fixed-

coefficients estimators, assume for simplicity that the reduced form of x;; is linear, that is
Tig = Toi + M1i2i¢ + Vit, (2.2.7)

m; = (moi, ™1i), (€it,vit) is normal conditional on (2, a;,7;), 2it is independent of (a;,m;), and
(i, m;) is normal. Then, it is straightforward to find that OLS and IV estimate the following
population moments*

Covlei, vit] + 2E[m13}V [2i] Cov|ans, m14]
Var(wi]

Pt = Eloy]+ : (2.2.9)

Covlays, 714

Ot{V E[ali] + E[ﬂ'l ]
i

Il

(2.2.10)

These expressions show that the OLS estimand differs from the average effect in presence of
endogeneity, i.e. correlation between the individual-time specific error terms, or whenever the
individual coefficients are correlated; while the IV estimand differs from the average effect in
the latter case.®

The extent of these correlations can be explained in the panel treatment-effects model. In
this case, there exists correlation between the error terms in presence of endogeneity bias. Corre-
lation between the individual effects arises when individuals who experience a higher permanent
effect of the treatment are relatively more prone to accept the offer of treatment. In other words,
constant effects estimators do not estimate average effect in the presence of Roy (1951) type
selection, that is if individuals choose the level of the regressors knowing the effects of these
regressors (up to random deviations). Angrist (2004) finds special circumstances where the
estimand of the IV estimator coincides with the average effects in models with binary endoge-
nous regressors. For models with continuous regressors, Angrist’s conditional constant effects
restriction corresponds to Cov[ay;, 715] = 0.

To overcome this problem, i.e. that estimands of constant coefficients estimators generally

differ from average effects, I propose to estimate the population moments of interest based

4The limit of the IV estimator is obtained from a first stage equation that imposes also fixed coefficients, that
IS Tit = moi + T12it + wir. When the first stage equation is different for each individual, the limit of the IV

estimator is
ZE[T{H]CO’U[(IM, 7I'11]

E[m}? + V)
See Theorems 2 and 3 in Angrist and Imbens (1995) for a related discussion.
5This feature of the IV estimator is also pointed out in Angrist, Graddy and Imbens (1999), p. 507.

o’ = Eloa] + (2:28)
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directly on estimators of the individual effects. This strategy consists of estimating each of
the individual effects separately, and then obtaining the population moment of interest as the
corresponding sample moment of the individual estimators. For example, the mean effect in the
population is obtained using the sample average of the estimated individual effects. As a result,
the estimands are the population moments of interest and consistency of the sample analogs
follows from consistency of the individual estimators, as the number of time periods grows.
However, since a different slope is estimated for each individual, the asymptotic distributions of
these estimators can be biased due to the incidental parameters problem (Neyman and Scott,

1948).

2.2.4 Incidental Parameters Bias

To illustrate the nature of this bias, consider the estimator of the average slope constructed
from individual IV fixed effects estimators.® In this case the incidental parameters problem is
caused by the finite-sample bias of the individual IV estimators. This can be explained using
some expansions. Thus, using independence across ¢, standard higher-order asymptotics gives

(e.g. Rilstone et. al., 1996), for T — oo

E [zftxiteit]
E [ZitiﬂitP ’

(2.2.11)

T
1 1 _ -
&1y = i+ Thi+ T D i+ 0p(T™Y), Vi = Elwazil " zivesr, Bi = -
t=1

where 5; is the higher-order bias of &}, see also Nagar (1959) and Buse (1992). In the previous
expression the first order asymptotic distribution of the individual estimator is centered at the
truth, as T — oo, because it is determined by the influence function, third term of the expansion,
since

\/——(alz O‘IZ - szt + OP(T 1/2) - N(O U’L = E[xltzlt] 2E[€1tzzt]) (2 2. 12)

\/_ x/*

_0(1) =0p(1)

However, the asymptotic distribution of the sample mean of the aI Vs

s has bias in short panels,
more precisely under asymptotic sequences where T' = o(n). Averaging reduces the order of the

variance of the influence function without affecting the order of the bias. Thus, under regularity

%In the rest of the section I assume that the individual constant terms have been partialled out by taking
differences of all the variables with respect of their individual means.
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and uniform integrability conditions,” the expansion for the sample mean is

\/TTT% SO~ o) \/’ Zﬁz FZZ%H% (2.2.13)
=1

t=1 t=1

=0(\/;) =0, (1)

This expression shows that the bias term becomes first order in the asymptotic distribution of

the sample average of the individual estimators if T = o(n).

2.2.5 Bias Corrections

One solution to center the asymptotic distribution of the average estimator is to use higher-order
unbiased estimators for the «a;’s (see, for e.g., Hahn and Hausman, 2002, and Newey and Smith,
2004). These estimators can be constructed by removing estimates of the higher-order biases

1%

from the aI ’s. For example, using the sample analog of the expression for §; evaluated at the

individual IV estimators, yields

/T L, 222 (ys — ziadly
G (a m)*— t=1 tTt L ¥ ”), (2.2.14)
((I/T) Et:l ZitIit)
and
a7 =ady - —ﬂz (adk) - (2.2.15)

Then, the average of the bias-corrected estimators has an asymptotic distribution correctly
centered at the true parameter in moderate length panels, that is if n = o(T3). To see this, note
that vnT >0 l(ﬁ, -~ B))/nT -2, 0 because 3; is a smooth function of a1; and d{,‘;’ is consistent

as T — co. Then, for T/n'/3 — co

1« 1 R 1 T T
\/_Tﬁg ;(dg}?o) — o) = \/?"E Z(:@z - Bi) + \/_ﬁ Z Z"/Jit + 0, ( %), (2.2.16)

N i=1 ., o t=1 t=1 . « /
=o(1) =0,(1) =o(1)

where this expansion is again correct under regularity and uniform integrability conditions.

Finally, note that the procedure for the bias correction of the individual estimators can be

"] will establish precisely these conditions in Section 2.4.
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iterated by solving the equation

. . 1,7,
&7 = afl - 26, (al"?), (2.2.17)

which in this case has closed-form solution given by

T Z = TitYit
Y i Zitlit + —%—‘——‘ =
A (IBC) Zt=l ZitTit
& (2.2.18)
1i p ZT YT 2.
Dt ZitTit + Sl
- Y= ZitTit

2.3 The Model and Estimators

The general panel model I consider is one with a finite number of moment conditions m. To
describe it, let {zy,t = 1,...,,T}, for i = 1,...,n, be sequences of i.i.d. observations of a ran-
dom variable z;, where {z;,i = 1,...,n} are independent across ¢ (not necessarily identically
distributed). Also, let 6 be a p x 1 vector of common parameters; ¢, @ = 1,...,n, be a sequence
of ¢ x 1 vectors of individual effects; and g(z;6, ;) be an m x 1 vector of functions, where
m > p -+ q. The model has true parameters 8y and oy, ¢ = 1,...,n, satisfying the moment
conditions

E [9(zit; 60, ci0)] = 0, i=1,.,n, (2.3.1)

where E[] denotes expectation taken with respect to the distribution of z;. In this model, the
ultimate quantities of interest are smooth functions of parameters and observations, which in

some cases could be the parameters themselves,
1 n T
(= lm Gur, Gor=—5>_ > f(zit;00, o). (2.32)

n,T—
i=1T=1

For example, in the linear IV model considered in the previous section g(zi; 0o, o) = zit(Yir —

agio — i), 0 =0,p=0,¢=2and (or = L 37| 040
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2.3.1 Some Notation

Some more notation, which will be extensively used in the definition of the estimators and in

the analysis of their asymptotic properties, is the following

E [9(zit; 0, 0i)g(zit; 0, )] = (0, o), (2:33)
3 ;0a 7
EJ g(zgg/ a)] = B[Go(zi;0, 1)) = G, (6, ), (2.3.4)
B 2EE00) Bl (aus0,00)) = G0, (235)
i

where superscript / denotes transpose and higher-order derivatives will be denoted by adding
subscripts. Here (; is the variance-covariance matrix of the moment conditions for individual %,
and Gy, and G, are individual average derivatives of these conditions. Analogously, for sample
moments

T
1 5
T > 9(zi; 0, ) g(zit; 0, o)’ (8, o), (2.3.6)

t=1

Il

N -

Bg(zit; 6, o -
TZ 9(250, %) Z Golzit; 0, 0) = G, (6, 0), (2.3.7)

8 Z‘Lve 1 g
TZ 99(zi: 9, ) Galzit; 0, 0i) = G, (6, o). (2.3.8)

|
| -
M% 1

|
—

t

In the sequel, the arguments of the expressions will be omitted when the functions are evaluated

at the true parameter value (65, o}y)’, for example g(z;;) means g(zi; 0o, ctig)-

2.3.2 Fixed Effects GMM Estimator (FE-GMM)

In cross-section models, parameters defined from moment conditions are usually estimated using
the two-step GMM estimator of Hansen (1982). To describe how to adapt this method to models
with fixed effects, let (6, ) = T S g(2i; 0, ), and let (6, {&}™,)" be some preliminary
one-step estimator, given by (¢',{&]}%,)" = arginf, )Y €T Dimy 9i(0, o) Wt 3i(0, o),
where T denotes the individual parameter space, and W;, ¢ = 1,...,n, is a sequence of positive
definite symmetric m x m weighting matrices. The two-step fixed effects GMM estimator is the

solution to the following program

(@, {aiyry) = Zgz(o i) Qu(0, a:) "1 3:(0, i), (2.3.9)

{(9' ) }?_1€T
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where Qi(é, &;) is an estimate of the optimal weighting matrix ; for individual ¢. Note that for
exactly identified models without common parameters, i.e., m = g, the solution to this pfogram
is the same as to the preliminary estimator, and the choice of weighting matrices becomes

irrelevant.®

2.3.3 First Order Conditions for FE-GMM

For the posterior analysis of the asymptotic properties of the estimator, it is convenient to
consider the concentrated or profiled problem. This problem is a two-step procedure. In the
first step the program is solved for the individual effects & = (af, ..., @},)’, given the value of
the common parameter §. The First Order Conditions (FOC) for this stage, reparametrized
conveniently as in Newey and Smith (2004), are the following
#:(%,0) = — Gai(e’&i(?))i’\i(al =0,i=1,..,n, (2.3.10)
9i(0, 6:(0)) + §2:(0, &) A (6)

where ); is a m x 1 vector of individual Lagrange multipliers for the moment conditions, and
v = (o, N]})' is the new (g + m) x 1 vector of individual effects. Then, the solutions to the
previous equations are plugged into the original problem, leading to the following first order
conditions for ¢

500 = 13 80, 3:0) = -1 3 G (B, asB) D) = 0 (2.3.11)

" ni=1zyz ni:li’Z Z ' -
Note that the problem in this form lies within Hahn and Newey’s (2004) framework, with the
difference that the individual effects are multidimensional.® Moreover, if the model is over-
identified, then the initial estimation of the optimal weighting matrices complicates the analysis

by introducing additional terms in the bias formulas.

8In this model the inclusion of common parameters @ gives rise to over-identification. Intuitively, this case
corresponds to having different parameters 6; for each individual with the additional restrictions 8; = 0; V i # j.
In the original parametrization, the FOC can be written as

S

i Go,(0,6:(0))$0(0,6:) §:(8, 4:(6)) = 0, (2.3.12)

where the superscript ~ denotes a generalized inverse.
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2.4 Asymptotic Properties of Panel Data GMM Estimators

In tl;is section I analyze the asymptotic properties of one-step and two-step FE-GMM estimators.
In both cases, I assume that the initial weighting matrices are deterministic (for example, the
identity matrix for each individual).!® Consistency and asymptotic distributions for estimators
of individual effects and common parameter are derived, along with precise rates of convergence.
Results and necessary conditions are established separately for one-step and two-step estimators.
The section concludes with a simple example that illustrates the procedure followed to derive
the results.

To simplify the notation I give results for scalar individual effects, i.e., ¢ = 1, but all the
formulas can be extended to the multidimensional case without special complications. The
arguments for obtaining the properties of GMM estimating procedures are general, and can be
used to analyze the properties of other estimators based on moment conditions. In particular,
all the results can be extended to the class of generalized empirical likelihood (GEL) estimators,

which includes empirical likelihood, continuous updating and exponential tilting estimators.

Condition 1 (i) {zi,t =1,2,...} are i.i.d. and independent across i. (ii) n,T — oo such that
O(T) <n=0(T"), for some r > 1. Alternatively, n =T" /ar, where ap = o(T*) for any € > 0
and r > 1. (iii) dim[g(-; 0, ;)] = m < oo.

The alternative definition of the relative rate of convergence in Condition 1 (ii) is just a repre-
sentation and does not impose additional restrictions on this rate. It is adopted for notational
convenience, because it allows me to jointly treat cases where n = O(T") and more general
relative rates. The parameter r can be interpreted as a minimum polynomial rate of T' that is
not dominated by n. For example, if n = O(T), then ar = C for some constant C > 0, or if

n=0 (T"/logT), then ar = Clog T for some constant C > 0.

Condition 2 (i) The function g (;6,0) = (g1 (+;0,), ..., gm (-;8, @)’ is continuous in (6,a) €
Y; (ii) The parameter space Y is compact. (iii) dim(6,a) = p+ q < m; (iv) there exists a
function M (zi) such that |gk (zit; 0, cs)| < M (2it), ]ag%fo",‘;ﬂ’a" < M (zi), for k =1,..,m,

and sup; E [M (zit)%] < 00; (v) 8 > r; (vi) for each 7 > 0 and any sequence of symmetric

10 Alternatively, stochastic initial weighting matrices can be used by adding a condition on the stochastic
expansions of these matrices. This condition is slightly more restrictive than in Newey and Smith (2004), because
it requires uniform convergence of the remainder terms.
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deterministic positive definite matrices {Wi,1 = 1,2, ...},

inf {Q (6o, auo) — sup QY (6,a0)| >0, (2.4.1)
¢ {(6,0):|(8,2)—(60,i0)}>7}

where

1f

QY (6, ) —gi (6, 04) W gi (6, 04), (2.4.2)
9i(0,00) = E[3i (0, )] (2.4.3)

Conditions 2(i), 2(ii) and 2(iii) are standard in the GMM literature and guarantee the identifica-
tion of the parameters based on time series variation, see, for e.g., Newey and McFadden (1994).
Conditions 2(iv), 2(v) and 2(vi) are needed to establish uniform consistency of the estimators
of the individual effects and are similar to Conditions 2 and 3 in Hahn and Newey (2004), but

applied to moment conditions instead of log-likelihoods.

Theorem 1 (Consistency of First Stage Estimator for Common Parameters)
Suppose that Conditions 1 and 2 hold. Assume also that, for each i, W; is a finite symmetric

positive definite deterministic matriz. Then,
Pr {Ié - 00’ > 77} =0o(T""%) =0(1) Vn >0, (2.4.4)

where é c a’rgma‘x{(a,ai)}?__:lET % Z?zl QA'I/V(HV ai)r and QA},)V (07 a'i) = "‘.@i (0v ai)’ Vl/i‘lg’i (67 ai)-
Proof. See Appendix 2.A. =m

Theorem 2 (Consistency of First Stage Estimator for Individual Effects)

Suppose that Conditions 1 and 2 hold. Assume also that, for each i, W; is a finite symmetric
positive definite deterministic matriz. Then,

Pr{ max |G — ago| > 77} =0 (T""°) = o(1), (2.4.5)

1<i<n

Ai

for any n > 0, where &; € arg max, QI’V(é, a). Also, Pr {maxlgis,,

> n} = o(T7%) = o(1),
for any n > 0, where = —Wi‘lg‘]i(é, &;).

Proof. See Appendix 2.A. m
These theorems establish (uniform) consistency of first stage estimators of common param-

eters and individual effects. Let Ji = Gy PaY Gy, and JY = limpco £ 30, JY.
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Condition 3 (i) For each i, (6, ip) € int [X]. (ii) r < 3. (i) For any sequence of symmetric
positive definite deterministic matrices {Wi,i = 1,2,..}, JV is finite positive definite, and

{(G'a,- Wi‘lGai)}?zl is a sequence of positive definite matrices Vn.
Condition 4 There ezists some M (zy) such that, fork=1,...,m

dUtd2 gy (it 6, i)
8691 92

SM(zit), 0§d1+d2S1,...,6 (2.4.6)

and sup; E [M (zit)zs] < oo for some s > 4r.

Conditions 3(i) and 3(iii) are analogous for panel data to the standard asymptotic normality
conditions for GMM, see, for e.g., Newey and McFadden (1994). Condition 3(ii) establishes the
minimum polynomial rate of T' that is not dominated by n, i.e. it is a condition in the relative
rate of convergence of the two dimensions of the panel, and it is the same as in other studies
in nonlinear panel data (see Hahn and Newey, 2004; or Woutersen, 2002). Condition 4 extends
Assumption 3 in Newey and Smith (2004) to the context of panel data, and guarantees the
existence of higher order expansions for the GMM estimators and the uniform convergence of
their remainder terms. |

Let ¥ = (G4 W;'Ga,) ™", HY = SWG, Wi, and PY = W, = WG o HY . Let ¢

denote a m X 1 unitary vector with 1 in column j, and PC‘::’: ; denote the j-th column of P;’:.’ .

Theorem 3 (Asymptotic Limit of First Stage Estimators for Common Parameters)

Under Conditions 1, 2, 8 and 4, we have

VAT — 8g) - N (=AW )1 BY, (W) WF (W)Y, if  n=pT;

5 P (2.4.7)
T(6 — 8y) = —(J¥)"1BY, otherwise .
where
J¥ =limpoo 2 Y0, G5 PV Go,, VW =limp_o0 2 30 G PO, PY G,
BY =limy oo 2 Y0, {B:f.’B +BYC + B;V.’V} ,
(2.4.8)
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with

BYC = E[Gy, (z0) P 9i(zt)], BYY = ~1Gho, (PYUHY + STy ¢ HY QiPass)
BYP = -Gy, (B + BYC + BYYS), B = PV BlGay(z) BY gi(zit)] = 1P Goa,SW,
BY'S = HY' B(Gu,(zit) P gi(zin)], Bf\":’ls =1HY G, (ngniﬂxj’ + 3 e HY PV J.) .

Proof. See Appendix 2.B. =

The bias in the asymptotic distribution of the GMM estimator comes from the non-zero
expectation of the concentrated score of the common parameter at the true parameter value.
This bias in the estimating equation in turn is caused by the substitution of the unobserved
individual effects for sample estimates. This estimates converge to their true parameter value
slower than the sample size under asymptotic sequences where T = o(n). Intuitively, only
observations for each individual convey information about the corresponding individual effect.
In nonlinear model, the bias in the estimation of the individual effects is transmitted to the
estimates of the rest of parameters. This can be explained with an expansion of the first stage

plug-in score around the true value of the individual effects!!

E [l (60,%)) = E[3]+E [éfr‘{]'E[’n — Yol + E [(8%; — E [8%]) (% — v0)]
+ E[(% —vo)E [8%:] Gi — vi0)] /2+o(T1)
0+ {B¥E + B¥C + BV} /T + o(T™H). (2.4.12)

This expression shows that the bias has three components as in the MLE case, see Hahn and
Newey (2004). The first component (BZV ‘B comes from the higher-order bias of the estimator
of the individual effects. The second component (BXV’C) is a correlation term and is present
because individual effects and common parameters are estimated using the same observations.
The third component (BY"Y) is a variance term. The bias of the individual effects (BY ) can be

further decomposed in three terms corresponding to the asymptotic bias for a GMM estimator

11Using the notation introduced in Section 2.3, the plug-in score for the first stage is

W 1o~ ,w - 1o N
Gy) = — i i) = —— : y QG ) Ady 4.
3% (60) n;s, (60, ) n;Go,(eo &)’ A (2.4.10)
where %; = (&}, \}),i = 1,...,n, are the solutions to
W G, (00, @) A )
i (31, 60) = — AN L ) =0,i=1,..,n. 2.4.11
(7 ) 0) ( gi(90,di) + Wik, 0, 4 y ey TV ( )
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with the optimal score (BKV’I), when W is used as the weighting function; the bias arising from
estimation of G, (BXV’G); and the bias arising from not using an optimal weighting matrix

(BY1).

Condition 5 (%) There ezists a function M (2i) such that |gk (2it; 0, ;)| < M (23), ag%(z;‘;é’a" I <

M (zit), for k =1,...,m, and sup, E [M (zit)‘ls] < oo. (#) {Q4,i=1,...} is a sequence of finite

positive definite matrices. (i) s > 4r.

Condition 5 is needed to establish the uniform consistency of the estimators of the individual

weighting matrices.

Theorem 4 (Consistency of Second Stage Estimator for Common Parameters) Suppose

that Conditions 1, 2, 3 and 5 hold. Then,
Pr{|0~ 00| 20} =0 (") =o(1) ¥n>0, (2.4.13)

where 6 € argmax (g o)yr_ e1 & iy QL0 ), and Q (0, 0) = ~5i (0, o) (6, &:) =1 5: (0, o).

=1

Proof. See Appendix 2.C. =

Theorem 5 (Consistency of Second Stage Estimators for Individual Effects)
Suppose that Conditions 1, 2, 8 and 5 hold. Then,

Pr {lrsn{aglldi —ap| > n} =0 (T"°) = 0(1), (2.4.14)

for any n > 0, where &; € arg maxy Q?(é, a). Also, Pr {maxls,-gn X

for any n > 0, where _{],-(é, &) + Qi(é, &)Ai = 0.

2} =0 (I7~%) = o(1),

Proof. See Appendix 2.C. =m

Condition 6 There exists some M (zit) such that, for k=1,....m

9Nty (zit; 6, o)
9941902

_<_M(Z1;t) 0<di+d2<1,...,6 (2415)

and sup; E [M (zit)43] < oo for some s > 4r.

Condition 6 guarantees the existence of higher order expansions for the estimators of the weight-

ing matrices and uniform convergence of their remainder terms. Conditions 5, and 6 are stronger
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versions of conditions 2(iv) and 2(v), and 4, respectively. They are presented separately because
they are only needed when there is a first stage where the weighting matrices are estimated.

Let So; = (G407 Cay) 'y Hoy = ey G, 07, and P, = Q071 — 071G, Ha,

Theorem 6 (Asymptotic limit of Second Stage Estimators for Common Parameters)

Under the Conditions 1, 2, 8, 4, 5 and 6, we have

VT (0 — 6g) -5 N (= p(Js) By, J7Y), if n=pT;

A ~ 2.4.16
T@O-6) 2 —J'B, =B (0) , otherwise. ( )
where
Js = limpco 7 370y G, Pai G By = limn—oo 5 Yiey [Ba} + BG + By,
BS = E[G,(2it) Paig(2it)] BY, =0, (2.4.17)
BE = -Gy [B. +BS + B +B}],
with
B/I\i = Lo B[Go;(2it) Haig(2)] - %PaiGwizav Bg = Hy, E [Go, (2it) Po, 9(2t)] 5 (2.4.18)

B = Pu, E [g(2it)g(#it) Po,g(2i0)] BY, = Pa;Qa; (Hy, — Ha,) -

Proof. See Appendix 2.D. =

Theorem 6 establishes that one iteration of the GMM procedure not only improves asymp-
totic efficiency by reducing the variance of the influence function, but also removes the variance
and non-optimal weighting matrices components from the bias. The higher-order bias of the es-
timator of the individual effects (BZ) now has four components, as in Newey and Smith (2004).
These components correspond to the asymptotic bias for a GMM estimator with the optimal
score (B{); the bias arising from estimation of G, (BS); the bias arising from estimation of
Q (BY); and the bias arising from the choice of the preliminary first step estimator (BY).
Moreover, an additional iteration of the GMM estimator removes the BKV term, which is the
most difficult to estimate in practice because it involves {2q,.

The general procedure for deriving the asymptotic properties of the estimators consists of
several expansions. First, higher-order asymptotic expansions for the estimators of the indi-
vidual effects are derived, with the common parameter fixed at the true value 6y. Next, the
asymptotic expansion for the plug-in score of the common parameter is obtained from the indi-
vidual expansions. Finally, the properties of estimator for the common parameter follow from

the properties of its plug-in score. This procedure can be illustrated in the classical Neyman-
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Scott example of estimation of the common variance in a panel data with different means for
each individual. This model has been extensively studied in the literature. It is included for an-
alytical convenience, because it allows me to obtain exact stochastic expansions and closed-form

bias-corrected estimators.

Example 2 (Neyman-Scott) Consider the model
Tit = Qo + €it, €itlaip ~ 1..d. (0,60), t=1,...,T, (2.4.19)

where the observations are independent across i, and €;; has finite fourth moment. The parameter
of interest is the common variance of the disturbance 8y. I analyze the properties of the following

estimators for the individual effects and common parameter

n

T T
.1 . s 1 1 A 12
& = % t§=1 Ty, 1=1,..,1, 0= - '§=1 T ;:1 (w3 — G3)” . (2.4.20)

First, the stochastic expansion for the estimator of the individual effects can be obtained by

substituting (2.4.19) into the expression of &;. This yields the following exact expansion

T
VT (& — aip) = % > i =1va, ~5 N(0,60), (2.4.21)
t=1

which does not depend on 0. Note that, unlike in the linear IV model, the estimators of the

individual effects do not have higher-order bias. Second, plugging this ezpansion into (2.4.20),

the ezact stochastic expansion for the estimator of the common parameter is'?
0 1 <
VAT(8 - 60) = =\ 760+ %o — —== > (V2 ~ o), 2.4.22
(6 - 60) = =/ 60 + Vo m; o — 0o (2.4.22)

with

~ 1 n T B 1 n .
Vo= = > (e~ 60) 5 N (O, Eleh] - 63), 7 ; (92, - 60) 20, (24.23)

i=1 t=1

where the second result follows from the properties of the V-statistics.'® Therefore, the asymp-

121n this case the plug-in score is linear in 8, and therefore the expansion of the common parameter coincides
with the expansion of the plug-in score.
138ee Lemma 59 in Appendix 2.J.

88



totic bias for 0 is

X 1
Elf) 6 = —bo, (2.4.24)

which is the well-known bias formula for the estimator of the variance that does not correct for
degrees of freedom. Note that in this case the sources of the bias are the correlation between the
estimators of the individual effects and common parameter, and the variance of the estimators
of the individual effects. Moreover, in this simple example the first term of the ezpansion cap-
tures all the incidental parameters bias because there are no remainder terms in the previous

expansions.

2.5 Bias Corrections

When T grows large, the FE-GMM estimators, while consistent, have asymptotic distributions
not centered around the true parameter value under asymptotic sequences where 7' = o(n).
These sequences seem appropriate to capture the behavior of the estimators in empirical ap-
plications, since the time dimension is usually moderate but much smaller than the number
of individuals in commonly used micro-panels, for e.g., the PSID. The presence of this bias
has important practical implications because invalidates any inference that uses the standard
asymptotic distribution. In this section I describe different methods to adjust the asymptotic
distribution of the FE-GMM estimators of the common parameter and smooth functions of the
data and model parameters, and therefore to provide valid inference for these quantities. All
the methods considered are analytical. These corrections have computational advantages for
nonlinear models over other alternative methods, such as Bootstrap and Jackknife. The main
disadvantage is that they require closed-form expressions for the bias, but the results derived in
previous section can be used. Moreover, Hahn, Kuersteiner and Newey (2004) show that ana-
lytical, Bootstrap, and Jackknife bias corrections methods are asymptotically equivalent up to
third order for MLE. This result seems likely to apply also to GMM estimators, but the formal
proof is beyond the scope of this chapter.

The methods proposed differ in whether the bias is corrected from the estimator directly,
or from the estimating equation or plug-in score. For methods that correct the bias of the
estimator, one-step and fully iterated procedures are considered. All these methods are first
order asymptotically equivalent, reduce the incidental parameters bias from O(T 1) to O(T~2),

and yield asymptotic normal distributions centered at the true parameter value under asymptotic
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sequences where n = o(T%). However, they are numerically different in finite samples, and vary
in their computational complexity. Thus, score methods are the most computationally intensive
because they require solving highly nonlinear equations. Fully iterated methods can also be
computationally cumbersome when they do not have closed-form solution. In both cases, bias-
corrected estimators can always be obtained by iterative procedures, using as initial value the
FE-GMM estimates. Here, it is important to note that, despite the faster rate of convergence
of the estimator of the common parameter, it is necessary to recompute the estimators of the
individual effects at least in the first iteration. This is because the bias of the estimator of the
common parameter affects the higher order bias of the estimator of the individual effects, which,
in turn, is part of the bias of the estimator of the common parameter. This can be seen in the

following expansion
1 0é&;

%5 0,B(é) +o(T™Y). (2.5.1)

6;(8) — 64(60) =

However, no re-computation is necessary in subsequent iterations because the one-step estimator

of the common parameter is already consistent, up to order O(T~2).

2.5.1 Bias Correction of the Estimator

This bias correction consists of removing an estimate of the expression of the bias given in

Theorem 6 from the estimator of the common parameter. Hence, it only requires computing
Bn(6) = ~Jg! Bon, (2.5.2)

where J,, = % pa Js; and B, = ;ll— e Bsi. The components of J;; and B; can be calculated
using individual averages evaluated at the initial estimates of the parameters. The bias-corrected
estimator is then §(BC) = § — %Bn(é).

In practice, this bias correction is straightforward to implement because it only requires
one (possibly nonlinear) optimization. The estimates of  and «;’s are obtained from a GMM
procedure, including dummy variables for the individual effects, and then the expressions of the
bias are calculated using these estimates. The computational complexity of the initial estimation
of the FE-GMM can be reduced by constructing an appropriate algorithm, e.g., adapting the
methods of Greene (2002) to GMM. This procedure can be fully iterated in order to improve

the finite sample properties of the bias-corrected estimators.!* This is equivalent to solving the

14See MacKinnon and Smith (1998) for a comparison of one-step and iterated bias correction methods.

90



following nonlinear equation
§I50) = § - 2B, (6059, (253
When the expression of the bias is a linear function in 6, or more generally when 6 + B, (6) is

invertible, it is possible to obtain a closed-form solution to the previous equation. Otherwise,

an iterative procedure is needed.

2.5.2 Bias Correction of the Plug-in Score

An alternative to the previous method consists of removing the bias directly from the first
order conditions, instead of from the estimator. This procedure, while computationally more
intensive, has the attractive feature that both estimator and bias are obtained simultaneously.
This feature contrasts with the previous (one-step) method, where the estimator of the bias is
calculated using uncorrected estimates of the parameters. The score bias-corrected estimator is

the solution to the following estimating equation
. 1. -
3, (815BO)y — stn(e(SBC)) =0, (2.5.4)

where B, is a sample analog of the expression for the bias of the plug-in score. This adjusted
estimating equation can be highly nonlinear increasing the computational complexity of the
estimator.

This method is related to the fully iterated bias correction of the common parameter. Thus,

using a Taylor expansion of ,(6(5B)) around 6y, (2.5.4) can be written as
3n(60) + Jon(6) (é(330> - 00) - %Bm(é(SBC)) =0, (2.5.5)

where 8 lies between §SBC) and 6, and can be different across rows of Jon(+). For the iterated

method, noting that 3,(8) = 0 and B, (8) = —Jen(0) "1 Bsn(0), (2.5.3) can be written
3n(0) + Jon(0759)) (405) — §) - %Bm(éUBC)) —0. (2.5.6)

Comparing (2.5.5) with (2.5.6), we have that both methods solve the same estimating equation
but centered at different points: 6 for the score correction and 6 for the iterated correction.
Moreover, the two estimating equations are the same when the score is linear in . This can be
seen here, by noting that

3(0) = 3n(60) + Jen(8)(8 — 60), (25.7)
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where @ lies between § and 6o. Then, when Js,(8) = Js,, replacing the previous expression in
(2.5.6) yields

R A 1~ 4

$n(00) + Jon (9(130) - 90) ~ 7B (6959 = 0, (2.5.8)

which is precisely the estimating equation for the score method (see also Hahn and Newey, 2004).

Example 3 (Neyman-Scott model) The previous methods can be illustrated in the Neyman-

Scott example. Here, the one-step bias-corrected estimator of Oy is given by
60 =44 6/T. (2.5.9)

This procedure can be iterated using the recursion formula %) = § 4 §(*-1) /T. In this case, it

18 straightforward to show that

A 1 1 17 %
%) = [1—Tk+1}90+[ +T+...+T‘E}—_%
1 1111
— |:1+T+ ’j,—:l ; =E ('lﬁal—oo) (2510)

Hence, each iteration reduces the order of the bias by T~'. The fully iterated bias-corrected

estimator is obtained by taking the limit as k — oo

GIBC — j(o0) — 00+TT1\/?€:_T T—lTnZZ(w —90) _7:1-9,

i=1 =1

(2.5.11)

which corresponds to the standard unbiased estimator of the variance.
Alternatively, the bias can be removed directly from the first order conditions by centering

the score of the common parameter. In this case the plug-in score and its bias are given by
1 & 1
5:(0,60) = 35 > (ziw— &i)* — 0, El3:(6o,6:)] = 0. (2.5.12)

t=1

Then, the bias-corrected score can be constructed as

1, 1¢ T -1
7590,60) = 8:(6,04) + =0 = = > (za — &)’ - 0. (2.5.13)

Finally, the score bias-corrected estimator for 8 can be obtained by solving the first order condi-
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tion in the the modified score, that is

1¢8 - p P T . '
=3 "§7BOF%PC &) = 0= 6°PC =670 = —4. (2.5.14)
n “ T-1
i=1
In this simple example bias correction of the estimator (when iterated) and bias correction of the

score are equivalent and remove completely the bias, even for fixed T.

2.5.3 Asymptotic Properties of bias-corrected FE-GMM Estimators

The bias reduction methods described before remove the incidental parameters bias of the com-
mon parameter estimator up to order O(T~2), and yield normal asymptotic distributions cen-
tered at the true parameter value for panels where n = o(T®). This result is formally stated
in Theorem 7, which establishes that all the methods are asymptotically equivalent, up to first

order.

Theorem 7 (Asymptotic Distribution of bias-corrected FE-GMM) Under Conditions
1, 2, 8, 4, 5 and 6, for C € {BC,SBC,IBC} we have

VAT (6©) - 65) - N (0,771 (2.5.15)
where
~ ~ 1 - ~
Bo) _ L
0 6~ =Bn (9) , (2.5.16)
. . 1~ /4
gSBO) . g, (9<SBC)) ~ 7B ((9(530)) =0, (2.5.17)
o ” ~ 1 - ~
guEe) ;. QUPO) = § - —B, (0(”30)) : (2.5.18)
1 n
Jo = lim ~ ;a'ipaicgi, (2.5.19)

Proof. See Appendix 2.E. m
Theorem 7 also shows that all the bias-corrected estimators considered are first order asymptot-
ically efficient, since their variances achieve the semiparametric efficiency bound for this model,
see Chamberlain (1992).

In nonlinear models the ultimate quantities of interest are usually functions of the data,
model parameters and individual effects. For example, average marginal effects of the regressors

on the conditional probability of the response are often reported in probit and logit models.
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The following corollary establishes bias corrected estimators for this quantities, along with the

asymptotic distributions for these estimators.

Corollary 1 (Bias correction of smooth functions of the parameters) Let f(z;0, a;) be

a twice differentiable function in its third argument. For C € {BC,SBC,IBC}, let

T n
&7 = Z%;;f(zt 64, 6;(69)) - —A wr(09), (2.5.20)
n T -~ o
Apr(8) = ﬁl? Z > { falzit; 0, 8:(0)) [Bai(e) + wa,,(9)] + faal(zit; 0, di(ﬁ))Eaiw)} :

-
1
-
L33
Il
fa

(2.5.21)

where the subscripts on f denote partial derivatives, Ba,() is a consistent estimator of the first
component of B, Vg, (.) is a consistent estimator of —Ha,g(2:t), and S, () is an estimator of

Yu;- Then, under the conditions of Theorem 7

VaT (¢ — ¢) -4 N(0,Vp), (2.5.22)
where
— = 1i 0.
¢ = hm Gr= lm - ; ;f(zzt, 60, o), (2.5.23)
‘/C = n,'lllgoo nT ; ; fa(zzt7 007 alO)Eal + fﬁ(zzta 007 a’tO) J lfe(zzta 007 a’LO)]
n T
+ Zl ; [(f (zit; B0, cti0) — €)?] - (2.5.24)

A consistent estimator for V; is given by

§>
|
3=
.M=
M~

1
L
)
L

(72020 0©), @ (09, + falzits 09, @ (0O T fols 69), & (0

+
SIS
™

M=

-
1
—
o
Il
s

(7 Gzt 60, o) = E?] (2.5.25)
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2.6 Monte Carlo Experiment

For a Monte Carlo example I consider a linear IV model with both common and individual-
specific parameters. This model is a simplified version of the specification that I use for the

empirical application in next section. The model design is

Yit = T13tQ40 + T2i00 + €y it

(2.6.1)
T1it = ZitTi0 + T23tM2,0 + €g,it,
where
i 0 1 i / 1
Wit | iidN , P, L™ | ~idan || .02 K
€xit 0 p 1 Ti0 o n 1
To; 0 10
)~ GidN , , (2.6.2)
~it 0 0 1
and
n = 100; T =8§; a0=7r0=00=7r2,0=08=1;
p = 0,01, 05, 0.9, n=0, 0.1, 0.5, 0.9. (2.6.3)

I report results for estimators of 6y, and for the mean and standard deviation of the a;p’s,
that is for ag and og. OLS and IV estimators that impose a constant coefficient on x4 are
compared to OLS and IV estimators that allow for the coefficient to be different for each in-
dividual. In the estimators that allow for individual-specific coefficients I impose a constant
coefficient for xo;; in the reduced form of z1; to avoid identification problems due to weak in-
struments at the individual level. In particular, these estimators are the result of two GMM
procedures. In the first GMM an instrument, Z1;, is obtained for x1;; using the moment condi-
tions E [Z;(z15t — zigT; — Topma)] = 0 with Z; = (2, 2i)’. Then, estimates of 8y and ajg’s are
obtained from the moment conditions F [Xit (yit — L1005 — zgitﬁ)} =0 with X = (Z14t, T2it)’ -
Throughout the tables SE/SD denotes the ratio of the average standard error to standard
deviation; p; .05 is the rejection frequency with nominal value .05; F'C refers to fixed coefficient
for z144; RC refers to random (individual-specific) coefficient for z1;; BC refers to one-step
bias correction; and I BC refers to fully iterated bias correction. Standard errors are clustered

at the individual level for fixed coefficients estimators (see Arellano, 1987), and are robust to
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heteroskedasticity for random coefficients estimators.!®

Table la reports the Monte Carlo results for the estimators of p when T = 8 and 4y = 1.
I find important bias in the estimators of the common parameter that do not account for het-
erogeneity, with the bias of OLS depending on the degree of endogeneity, p, and the correlation
between the fixed effects, n; whereas the bias of IV depends only on 7. For random coefficients
estimators, OLS is only consistent in the absence of endogeneity and the bias corrections have
little impact. This is because the true conditional expectation is linear and therefore the first
order term of the bias is zero. Random effects IV estimators work fairly well in terms of hav-
ing small biases for all the configurations of the parameters, but their performances deteriorate
slightly with the degree of endogeneity (p). Random coefficients estimators also show large im-
provements in rejection frequencies, which are smaller, due to overestimation of the dispersion,
but much closer to their nominal values than for fixed coefficient estimators. Bias corrections
have little impact here.

Table 1b shows similar results for estimators of the (mean) coefficient of z1;;. Here, as in
Section 2.2, fixed coeflicient OLS estimates the average effect in the absence of both endogeneity
(p = 0), and correlation between the individual coefficients of the structural and reduced form
(n = 0). IV estimates the average effect in the latter case. On the other hand, random coefficients
IV estimators have small biases and give accurate rejection probabilities in all the configurations
of the simulation parameters.

Table 1c gives properties for the estimators of the standard deviation (o) of the individual
coefficients of x1;. I find that the bias corrections are relevant for IV and remove most of the
bias. Surprisingly, OLS estimates have small bias for most parameter configurations, and only
deteriorate when both p and 7 are large. This is probably due to cancellation of bias terms in

this particular design.

2.7 Empirical Application

The effect of unions on the structure of wages is a longstanding question in labor economics, see
Freeman (1984), Lewis (1986), Robinson (1989), Green (1991), and Card, Lemieux, and Riddell
(2004) for surveys and additional references. Most empirical studies that look at the causal

effect of union membership on earnings or union premium (increase in worker wage for being

15The standard errors for IV random coefficients models should account for estimated regressors. However,
this bias downward is more than compensated by the heteroskedasticity adjustment. In particular, the standard
errors reported without accounting for estimated regressors are biased upward.
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member of a union) recognize the presence of unobserved differences between union and nonunion
workers. This heterogeneity has been accounted for by estimating different equations for union
and nonunion sectors, e.g., Lee (1978); by using longitudinal estimators, e.g., Chamberlain
(1983), Chowdhury and Nickell (1985), Jakubson (1991), and Angrist and Newey (1991); by
including sample selection corrections, e.g., Lee (1978), Vella and Verbeek (1998), and Lemieux
(1998); or by using instrumental variables techniques, e.g., Robinson (1989), and Card (1996).
The validity of all these approaches depends on the underlying selection mechanism of the
workers into union and nonunion workers, see Green (1991).

Individual heterogeneity in the union premium arises naturally as a consequence, for instance,
of differences in the union presence at the firm level. Thus, bigger gains of union membership are
expected for individuals in firms with a higher proportion of unionized workers, even comparing
to other firms in the same industry. Here, I consider a different estimation strategy to model this
heterogeneity in the union effect. I impose no structure in the selection mechanism by estimating
wage equations allowing the union effect to be different for each individual. A similar idea is
explored in Lemieux (1998), but he uses a more restrictive random effects specification.

Both OLS and IV methods are considered. For the 1V, I follow Vella and Verbeek (1998) and
use lagged union status as an instrument for current union status. The identification assumption
is that past union statuses have no effects on wages, except through current union status. This
is likely to be satisfied when there is queuing for union employment, or when union employment
produces long-term advantages. To simplify the analysis, I also assume that union status is
measured without error. See Chowdhury and Nickell (1985), Card (1996), and Kane, Rouse
and Staiger (1999) for examples of how to deal with measurement error problems when the
dependent variable is binary. »

The empirical specification is also similar to Vella and Verbeek (1998). In particular, I

estimate the following equation
wip = & + Ui + Xj30 + as + €at, (2.7.1)

where w;; is the log of the real hourly rate of pay on the most recent job; d; is a period-specific
intercept; Uj; is the union status; and Xj; is a vector of covariates that includes completed years
of schooling, log of potential experience (age - schooling - 6), and married, health disability,
region and industry dummies.

The sample, selected from the National Longitudinal Survey (Youth Sample), consists of full-

time young working males who had completed their schooling by 1980, and are then followed
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over the period 1980 to 1993. I exclude individuals who fail to provide sufficient information
for each year, are in the active forces any year, have negative potential experience in at least
one year, their schooling decrease in any year or increase by more than two years between two
interviews, report too high (more than $500 per hour) or too low (less than $1 per hour) wages,
or do not change union status during the sample.’® The final sample includes 294 men. The
first period is used as initial condition for the lagged union variable.

Table 2 reports descriptive statistics for the sample used. Union membership is based on
a question reflecting whether or not the individual had his wage set in collective bargaining
agreement. Roughly 40 % of the sample are union members. Union and nonunion workers have
similar observed characteristics, though union workers are slightly more educated, are more
frequently married, live more often in the northern central region, and live less often in the
South. By industries, there are relatively more union workers in transportation, manufacturing
and public administration, and fewer in trade and business. Union membership reduces wage
dispersion and has high persistence. Note that all variables, except for the Black and Hispanic
dummies, display time variation over the period considered. The unconditional union premium
is around 20 %.

Table 3 reports pooled, fixed effects with constant union coefficient, and uncorrected and bias-
corrected fixed effects estimates with individual-specific union coefficients of the wage equation.
Pooled estimators include time-invariant covariates (dummies for Black and Hispanic). Pooled
and standard fixed effects estimates display the same pattern observed in previous studies, with
the effect of union increasing when instrumental variables are used, and decreasing when omitted
individual time-invariant characteristics are taken into account, see for example Vella and Ver-
beek (1998). Estimates based on individual-specific coefficients show a slightly different picture,
with the average union effect around 9 % and large heterogeneity across workers, although this
dispersion is not precisely estimated with the IV individual estimators. Here, as in the Monte
Carlo example, the bias corrections have significant impact on the estimator of the dispersion
of the union effect. The results also show that estimators that impose a constant coefficient for
the union status overstate the average effect. Overall, the pattern of the results is consistent

with strong Roy type selection and negative endogeneity bias.

6Note that for individuals that do not change union status the union effect is not identified.
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2.8 Conclusion

This chapter introduces a new class of fixed effects GMM estimators for panel data models where
the effect of some variables can be heterogenous across agents in an unrestricted manner. Bias
correction methods are developed because these estimators suffer from the incidental parameters
problem. An empirical example that analyzes the union premium shows that not accounting for
this heterogeneity on the effect of the regressors can lead to biased estimates of the average ef-
fects. In particular, fixed-coefficients estimates overstate the average effect of union membership
on earnings.

Other estimators based on moment conditions, like the class of GEL estimators, can be
analyzed using a similar methodology. I leave this extension to future research. Over-identified
dynamic models, extending the results of Anatolyev (2005) for cross sectional GMM estimators

to panel data, is another promising avenue of future research.
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Appendix

Throughout the appendices O,, and o,, will denote uniform orders in probability. For example, for a
sequence of random variables {&;,i = 1,...,n}, & = Oup(1) means maxi<i<n & = Op(1), and & = 0,,(1)
means maxi<i<n & = 0p(1). e; denotes a unitary vector with a one in position j. For a matrix 4 =
(aij),i =1,...,m,j =1,...,n, |A| denotes Euclidean norm, that is |A|? = trace[AA’]. The rest of notation

is standard.

2.A Consistency of the First Stage GMM Estimator

2.A.1 Some Lemmas

Lemma 1 (HN) Assume that & are i.i.d. with E[§] =0 and E [£}°] < co. Then,

T 2s

E [(Z &) ] = C(s)T® + o(T*) (2.A.1)
t=1

for some constant C(s).

Proof. See HN. =

Lemma 2 (Modification of HN) Suppose that {&,t = 1,2,...} is a sequence of zero mean i.i.d. random
variables. We also assume that E []Etlzs] < 00. We then have

T
L -5
Pr —T-Z;gt > n] =0 (T"°) (2.A.2)
for every n > 0.
Proof. Using Lemma 1, we obtain
T 2s
E { Y&l | <CcT*-E [igtFS] , (2.A.3)
t=1

where C > 0 is a constant. Therefore, by Markov’s inequality

Pr

1 Z
T;Et

cT?® s s
> 77} < WE [|§t|2 ] =0(T™*). (2.A.4)

Lemma 3 Suppose that, for each i, {zi,t =1,2,...} is a sequence of i.i.d. random wvariables. We

assume that {z;,t =1,2,...} are independent across i. Let h(zy;0, ;) be a function such that (i)
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h(zit; 0, ;) is continuous in (0,0;) € Y; (i) Y is compact; (iii) there exists a function M(zy) such
that |h(zit; 0, ;)| < M(z¢) and lah 2i1i0,0; I < M(z;t), with E [M(zit)z*"] < 0o. Then, we have

CICED)
Pr{ ha(0, i) — hi(0, )| > n} =0 (1), (2.A.5)
for every n > 0, where i
hs(0,0) = > hizus ) (2.4.6)
hi(6, o) = Elhi(6, o)) (2.A.7)

Proof. For any >0

E [ ha(0, i) — hi(6, ;) 28] B E “Zthl (h(2it; 0, i) — hi(e,ai))lzs}

> 77} < 2% - 1’2.9T2s

hi (6, i) — hi(8, o) ”

2

CT*E [|h(zit; 0, a:) — hi(6, ai)l%}

< o (T7°), (2.A.8)

where C is some positive constant. The first inequality {ollows by Markov Inequality, the second inequality

is immediate and the third inequality follows by Lemma 4 and Lemma 1. =

Lemma 4 Under the conditions of Lemma 3
E [lh(z,.t; 8, ;) — hi(6, ai)|2s] < o0 (2.A.9)
Proof. By the triangle inequality, we have
B [In(zi3 0,01) = ka0, )| < B [((zie:0, @0)| + ha(6, ) )| < B [(M (i) + BIM (z:0))*]

< C(s) - E [M(z:)*] < oo, (2.A.10)
for some constant C(s). m

Lemma 5 (Modification of HN) Under the conditions of Lemma 3

Pr ¢ sup

(6,a)

Proof. Let € > 0 be chosen such that 2e max; E[M (x;)] < 4. Divide Y into subsets Ty, Yo, ...,

T ar(e), such that [(0,a) — (¢',&')| < € whenever (6,a) and (¢',a') are in the same subset. Note that

ili(g, O() — h,(&, a)l > 'I}} = O(T—s). (2A11)

M (¢) is finite by compactness of Y. Let (6;, ;) denote some point in Y; for each j. Then,

sup |h; (6, a) — hy (6, a)’ = max sup lﬁi (8,0) — hi(0,a)], (2.A.12)
0,a) JT;
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and therefore

-

Pr hi (6,a) — h; (9,a)} > 77} . (2.A.13)

M(e)
sup lhi (6,0) — h; (9,04)| >n| < ) Prsup
(6:‘1) ‘ Jj=1 ‘rj

For (0, a) € T;, we have

T
- . £
hi (8,0) = hi (6,0)| < | (605, 05) = hi (95,05)| + 5 | D (M (zie) = EIM (za0)])| + 26 [M ()]
t=1
(2.A.14)
Then,
Pr [sup hy (8,a) — hi (8, a)l > n] < Pr [ h; (05,05) — hs (Bj,ozj)' > g]
T;
11Z
= 3e
- o) (2.A.15)
by Lemmas 2 and 3. =
Lemma 6 Under the conditions of Lemma 3, if n = o(T"), then
Pr{ max sup |hi(f,a)—hi(6,a)]>nb =o(T""%). (2.A.16)
1<i2n(9,a)eT

for every n > 0.

Proof. Given n > 0, note that

Pr{ max sup hi(0,a) — hi(0,0)| > n} < ZPr{ sup |hi(0,a) — hi(0,a)| > n}
i=1

1i%n (g a)ex (@.e)eT
=no(T~%) = o(T™%). (2.A.17)

Lemma 7 Suppose Conditions 1 and 2 hold and for each i, W; is a finite positive definite symmetric

deterministic matriz. Then, for everyn >0

Pr{ max sup |QO¥(8,a)- QY (9, a)l >np =0T, (2.A.18)
ISzSn (G,Q)GT
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where

QF (0,0) = —gi(0,0)W;5(0,a), (2.A.19)
QZV(H,Q) = ‘gi(01a),Wi_lgi(gva)’ (2.A.20)
gi(0,0) = El[§(8,a). (2.A.21)

Proof. First, note that

Q¥ (8,0) = Q¥ (6,0)| < |(3:(6, @) - s(6, @)W (3:(6,0) ~ :(0, )|
+2]g:(0, @) W H(3:(0, @) — g:(6, )]
<m? max |(Gri(0, @) = ka6, ) Wil ™

2 . -1 -~ o
+2m lrélg;an[M(zn)]lWJ lgcasxml(gk,z(e,a) gr,i(6, @))]. (2.A.22)

Then, we have

Pr{ max sup |QY(0,0)— QXV(Q,a)l > TI}

1gisn (g a)eT

< 2 9r,i(0, @) — gi 2wt > 2
< Pr{lrgiagn(efgzrm (12X |(Gei(0, @) = gri (6, )" Wil 2 3

P w;| 3.(0, @) — gr.i(6,a))| > n .
+ r{lxgiasxnl i (9,5521123;{"1'(%”( 10) = gk,i(6, )| = T2 maxlsignE[M(Zit)]}

(2.A.23)
The conclusion follows by Condition 2 and Lemma 6. m

Lemma 8 Suppose that Conditions 1 and 2 hold. Assume also that, for each i, W; is a finite symmetric

positive definite deterministic matriz. Then,
sup |Q}V (6,0) — Q¥ (¢, a)| < C - E[M(2:))? |6 — 6| (2.A.24)
[s3
for some constant C > 0.

Proof. Note that

QY (6,0) - Q¥ (0, 0)] < g0, 0) W (9:(0,0) — gi(0', )|
+ [(9:(8: @) — gi(0, 0)) W g (0, )]
< 2-mPE[M ()2 Wit |6 — 6] (2.A.25)
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2.A.2 Proof of Theorem 1

Proof. Let n be given, and let ¢ = inf; [Q:’V (B0, @i0) — SUP{(6,0):/(6,0) — (G0,cs0) >} @i (6, a)] > 0 by
Condition 2. With probability 1 — o(T"~¢) , we have

—1 6 . -1 w 0 :
|6— 90|>’70‘h ZQ %) < [(8,a)— (90 Cho)|>77 ZQ o)
1
max n~! W0, q;) + =
16,00~ (Bo,cxs0)[>7 ;Q’ (6, 04) + 3¢
- 2
< n—l ZQ:}V (90,%'0) — §€
i=1
< n‘IZQ (60, ctio) — —e, (2.A.26)

i=1

where the second and fourth inequalities are based on Lemma 7. Because
n n
g Jax n! Zl QY (0,) > n™? Zl QY (6o, o) (2.A.27)
1= 1=
by definition, we can conclude that Pr Hé - 60‘ > n] =0(T™*)=0(l). m

2.A.3 Proof of Theorem 2

Proof. Part I: Consistency of &;.

We first prove that
Pr [max sup ‘Q:}V (5, a) -QW (6’0,a)l > n} =o(1) (2.A.28)

for every n > 0. Note that

DX sup QY ( )—Q,W (00,a)l
< o owp @ () = QF (5.0 |+ pmay [l (5r) - @Y 0 0)
< lrgfmé(n(soup‘QW 6,a) - QY (8, a)’—l— max C- E[M ()] la 90‘ (2.A.29)

where the last inequality hold by Lemma 8. Therefore,

Pr [llgfmgtnsup‘QfV (5, a) - Q:’V (Go,a)lz n] < Pr [max sup

1<i<n 0,

M (6,0) - QF (0,0)] 2 g]

] 7
o [!0 B 0"' N (mamgSnE[M(z“)]z)]

o(T7*), (2.A.30)
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by Lemma 7 and Theorem 1.
We now get back to the proof of Theorem 2. Let 1 be given, and let

e =inf I:va (8o, cti0) — sup QzW (6o, ai)} > 0.

{ailai~aio|>n}

Condition on the event

{ s sup |0 (.0) - @1 00, 0] < 3.

1<idn o

which has a probability equal to 1 — o(T7~°) by (2.A.28). We then have

R ~ 1 2 R ~
max va (H,Qi) < max QZW (8o, ;) + ge < Q}’V (6o, tio) — §E < QXV (9,(1,-0) -

loti —aio|>n |ai —evio|>n

This is inconsistent with Q% (é, &i) > QW (5, aio), and therefore, |&; — aig| < 7 for every i.

Part II: Consistency of ;.
First, note that

|

i

]W;lgi(é, &)

<miwil ™ max (|oi(8, &) - 9ri(0, &)

IA

-1 ~
Il e, [wi‘;’;r 910 5) = 900 “z”J

+ m (Wi M () ]é - 00| Wil M (zi0) | — cviol -

Then, the result follows by Lemma 6, Theorem 1 and the first statement of Theorem 2. m

+ |oki(6, )

(2.A.31)
(2.A.32)
1
(2.A.34)

Corollary 2 Suppose that Conditions 1 and 2 hold. Assume also that, for each i, W; is a finite symmetric

positive definite deterministic matriz. Then,

Pr{ i 161~ anl > 0} = o(1") = (1),
for any n > 0, where
Q0 € argmngfV(QO,a).
Also,
Pr {lréliagxn I:\w’ > n} =o(T"7%) = o(1),

for any n > 0, where
Xio = =W §:(0, Gio)-

Proof. The arguments in the proof of Theorem 1 go through replacing 6 for 6,. m
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2.B  Asymptotic Distribution of the First Stage GMM Estima-

tor

2.B.1 Some Lemmas

Lemma 9 (Modification of HN) Suppose that, for each i, {€i(¢),t =1,2,...} is a sequence of zero
mean i.i.d. random variables indezed by some parameter ¢ € ®. We assume that {&it (¢),t=1,2,...}
are independent across i. We also assume that supgeg [&it (¢)| < Bix for some sequence of random
variables By that is i.i.d. acrosst and independent across i. Finally, we assume that max; E [B,-%f] < o0,
andn=o0(T"), withs >r. We then have

>nT% | =0(1) (2.B.1)

1 T
7F > & (80)

Pr [ max
1<i<n
for every n > 0. Here, {¢;} is an arbitrary sequence in ®.

Proof. For each i, we have

T

pNTACH!
t=1

E [supd,eq, \Zle &t (d3)

> nT%+2—CJ

i

>nT%] = Pr [sup
$cd

T
Pr [Zlelg Wir ;fit (¢i)

< 1
- 1728 T2$(§+ﬁ)
< C(s)supyes T°E [1€it (6:) |*°]
- 7]2ST5+T
C(s)max; E [BE¥] C
S nstr = ITT, (2B2)
for some C > 0, where the second inequality is based on Lemma 2. Therefore, we have
1 T n 1 T C
Pr |max|— i I >nTz | < Pr{|— i I >nT%H Y < n— =o(1).
[ : tﬁ;@(w n } ; { ﬁtget(@) n } 7 = o)
(2.B.3)
|
Lemma 10 Suppose that Conditions 1 and 2 hold. Then, for every n > 0, we have
Pr{|0— 60| =n} =0(1) (2.B.4)
for any 0 between Gy and 0,
T — o] >0 = B.
Pr {lréllasxn [0 — crio] = n} o(1) (2.B.5)
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for any @9 between oo and G,

T —agl >0 =
Pr{lréxgsxnlaz azol_n} o(1)

for any @; between oy and &,
Pr{ max ‘XiO, > 77} =o0(1)

1<i<n

for any X; between \ip = 0 and :\,-0, and

Pr{ max |X;| > n} =o0(1)

1<i<n

for any A; between Ao = 0 and :\i.

Proof. The four statements hold by Theorems 1 and 2, and Corollary 2, noting that

|C—Co < lf-(o’,

for ( € {0,a;,\;}. =

(2.B.6)

(2.B.7)

(2.B.8)

(2.B.9)

Lemma 11 Suppose that, for each i, {z;,t =1,2,...} is a sequence of i.i.d. random variables. We

assume that {zi,t =1,2,...} are independent across i. Let h(zy;0,q;) be a function such that (i)

h(zit; 0, o) is five times continuously differentiable in (0,c;) € T; (ii) Y is compact; (i) there exists a

function M(zy) such that |h(zi1;6, ;)| < M(2;:) and )Mﬂ—a—)‘ < M(z) for 1 < dj +dy <5,

8091002
with E [M(zit)%] < oo. Let Hi(zi1; 0, a;) denote

ohtdzp (2,00, 0y)
00 af2

)

H:(8, ;) denote
, 1 I

T ZlHi(Ziﬁaaai),
t=

and H;(6, ;) denote
E [I:Ii(ﬂ,ai)] ,

for some 0 < dy +dy < 5. Let o be defined as

o = argsup Q}’V(H*, a),
@

such that af — aip = 0yp(T%*) and 6* — 0o = 0,(T*), with —1(1 - r/s) < a = max(aq, ag) < 0.

(2.B.10)

(2.B.11)

‘(2.3.12)

(2.B.13)

Assume also that n = o(T"), with s > r. Then, for any 0 between 0* and 0y, @; between o and oy,
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and n > 0, we have
Pr [max Az 9@
1<i<n

Hi(ao,a,-o)] > nT“] =o(1), (2.B.14)

and

Pr [m_ax ‘/T‘I:Ii(@,ai) - Hi(6,a;)
1<i<n

> an’i] =o0(1). (2.B.15)
Proof. Note that we can write
H:8,@) - E [ﬁ'(eo,aio)] = (161'(a @) — ﬁi(HOaaiO)) + (1:11(90,%0) -E [1:11(90,6110)])

aH (0** ** 8H (0*! **)

S5 (0 00) + a2 (@ — o) + (H (6o, ctio) — E [H (00,%)}), (2.B.16)

where (6**, a*) lies between (6o, ;o) and (0, @;). Next, observe that

+ |0/z aio0l| =

T
Hi(0,@;) - E [Hi(eo, Olio)] ‘ < |6-60] | ZM(Zn) Z M (zit)
=0up(T°)_F—-——/ —o.,,,(Ta) =1
=04(1)+0.5(1) =04 (1)+0up(1)
a) — E [ﬁi (90,0(1'0)” = 04p(T?%), (2.B.17)

-~

=o“p(T—§(1—r/s>)

+

by the conditions of this Lemma and Lemma 9.
Finally, the second statement holds by Lemma 9 for &;;(#;) = H;(zit;0, ) — E [Hi(zit;a, ai)], with
¢; = (8 ,a;) and By = M(z).

Lemma 12 Let {fj,i,'i =1,2,...}, j = 1,2, be two sequences of independent random variables such that

€10 = 0up(T™), €2 = 0up(T*2) and a; > ag, then

€16 + €20 = 0up(T™), (2.B.18)
€1 €20 = 0up(T17%2). (2.B.19)

Proof. For the first statement, note that

e _ o
max (104 €as)| < max ]+ max 1] = 0p(T). (2.B.20)
The second statement follows similarly by
. — a azy ay+az
19520 (5“ 52’)’ 19420 lfll 1555 \611 0p(T™) - 0p(T™%) = 0p(T™7). (2B.21)
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Lemma 13 Let {ij,-,i =1,2,...}, 7 =1,2, be two sequences of independent random variables such that

€15 =E1i+ 0up(T™), €5 = €01 + (T™), |€j4] < 00, 5= 1,2, and 0 > a1 > as; then
€1i- € — Eri- Eai = 0up(T™). (2.B.22)

Proof. Note that

€1, €ai— €1 E2if < l(él,i - El,i) : (éz,i - 52,i) + '(él,i —&1,4) b2 + I(é2,i =&2i) €14
< ’51,1' — &1 ‘éz,i — &2 + Iél,i - §1,i| &2l + €2 — €2,i| €14l
= 0yp(T*1%%) + 0yp(T*) + 0up(T*?) = 04p(T™), (2.B.23)

by Lemma 12. m

Lemma 14 Assume that Conditions 1, 2, 8 and 4 hold. Let tY¥ (v;;6) denote the first stage GMM score

of the fized effects, that is
G, (0, 05)'\;

£ (v;0) = - (2.B.24)
' 3i(0, o) + Wi
where y; = (i, \,). Let T}¥ (v:;0) denote aiY‘;(’;y{,-;a)' Define ;o as the solution to £Y¥ (v;;60) = 0.
Then, for any 7, between ;0 and ~v;o, we have
VTi¥ (v0) = ouwp (TF), (2.B.25)
TV (o) =TV = oup(1). (2.B.26)

Proof. The results follow by inspection of the score and its derivative (see Appendix 2.K), Lemma
10, Lemma 11 applied to 8* = 0y and o] = a;9, Lemma 11 applied to 8" = 8y and a] = &;0, and Lemmas
12and 13. =

Lemma 15 Suppose that Conditions 1, 2, 3, and 4 hold. We then have
VT (30 — ¥io) = 0up(T7/%). (2.B.27)
where ;o is the solution to £ (v;;6) = 0.

Proof. By a first order Taylor Expansion of the FOC for 7;9, we have

0 = & (o) =1 (o) + T} (7:) Fio — vio)
= ¥ (i0) + T (Gio = w0) + (T (7,) = T ) Gio — v0), (2.B.28)
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where 7; lies between 7,0 and ;9. Next

VT (i0 — io)

I

-1 - ‘ ~1f W, _
=(@) VT (o)~ (@) (T (7)) - T ) VT Gio = 0)
e e I
=0,(1) :O‘MP(TT/25) =Ou(1) =0up(1)

= 0up(T™?*) + 04p (\/’T(%o — ’Ym)) , (2.B.29)
by Condition 3 and Lemma 14. Therefore
(1 + 0up(1)) VT (Fio — i0) = 0up(T™?*) = VT (Fio — o) = 0up(T7/%). (2.B.30)
]

Lemma 16 Assume that Conditions 1, 2, 8 and 4 hold. Let t}¥ (;;0) denote the first stage GMM score
for the fized effects, that is
] G (0, 05)' A;
B (i) =~ _ (01 (2.B.31)
gi(f), Oti) + WiAi

where v; = (4, A:)'. Let 31 (6,7:(0)) denote the first stage GMM plug-in score for the common parameter,
that is

87 (6,%(0)) = —Gai(8,6:(0)) \i(6), (2.B.32)
where 7;(8) is such that £¥¥ (3:(0);0) = 0. Let f’}f‘é(’y,-;@) denote ﬁaw‘—‘y%ﬂ, for some 1 < d < 4. Let

- W (o . W (s, .
NY (vi;6) denote Qt-"a—(‘;f‘—’fl. Let M}%(6,%) denote ?iia—:s;z;ﬁ—) , for some 1 < d < 4. Let S¥(0,%) denote

i’%%"—oz. Let (8, {#:}2.,) be the first stage GMM estimators.

Then, for any 6 between 6 and 6y, and 5, between ¥; and 7,0, we have

T90.%) - T = ouw(1), (2.B.33)
MY @,7) - MY = oup(1), (2.B.34)
NY@.7)-NY = ouw(l), (2.B.35)
SP@.7) - ST = ouw(1). (2.B.36)

Proof. The results follow by inspection of the scores and their derivatives (see Appendices 2.K and
2.L), Theorem 1, Theorem 2, Lemma 10, Lemma 11 applied to 8* = 6 and af = @; with a = 0, and

Lemmas 12 and 13. m

Lemma 17 Assume that Conditions 1, 2, 8 and 4 hold. Let t\¥ (v;;0) denote the first stage GMM score

for the fized effects, that is
- G, (0, 0:) M
i (v:;6) = - ( (6,0 ) (2.B.37)

9:(0, o) + Wi
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where v; = (ay, ). Let 3% (8,7:(0)) denote the first stage GMM plug-in score for the common parameter,
that is

sW(0,7:(0)) = —Goil0, 3:(0)) \i(0), (2.B.38)
where 7;(0) is such that t¥¥ (%:(0);0) = 0. Let 1, AW(’n;H) denote f’.’i%%‘pi@) for some 1 < d < 4. Let
N¥ (v:;8) denote AT (i) | Loy M| (0. 7%:) denote M%—BJ , for some 1 < d < 4. Let SV (6,%) denote

a6’
AW s
33_1-6(0;-}2)_ Let 7;0 denote %;(0o).

Then, for any ¥, between %o and 7,0, we have

VTi¥(3,) = owp (T%), (2.B.39)
VT (f}%(%) - T“é) = o (T%), (2.B.40)

Proof. The results follow by inspection of the scores and their derivatives (see Appendices 2.K and
2.L), Theorem 1, Theorem 2, Lemma 15, Lemma 11 applied to 8* = 6y and o = &0 witha = T%(l”r/s),

and Lemmas 12 and 13. m

2.B.2 Proof of Theorem 3

Proof. From a Taylor Expansion of the FOC for 8, we have

sV Snw(—é) 5
0= 5;7(6) = 5 (60) + —252=(6 — o), (2.B.42)
where 9 lies between 6 and 8.
Part I Asymptotic limit of %z & defe) Note that
ds¥(0,)  1~dsl(8,%(9))
= ; Tt (2.B.43)
ds¥ (8, %(6)) 3s (8,7%(8)) _ st (8,7%(9)) 0%(9)
o = Gt oy - (2.B.44)
From Lemma 16, we have
dsy¥ (6,%:(6))
e S + 0up(1) = 0,p(1), (2.B.45)
83W _é, ~i 5
——-(M—?—(ﬁ = MY +o,(1). (2.B.46)
Then, differentiation of the FOC for 7;, £V (%:(6);8) = 0, with respect to 6 and %; gives
W 8%( ) W = (B\. By
TV (3:(0);9) 22 4 B (3:(8);8) = o, (2.B.47)
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By repeated application of Lemma 16 and Condition 3, we can write

0%(0) _

-1
o =~ (T") N+ oup(1). (2.B.48)

Finally, replacing the expressions for the components in (2.B.44) and using the formulae for the derivatives

from Appendices 2.K and 2.L, we have

dan(E) w 1¢ / pW w
a6’ = an + Op(l) = -l’—l Z GB,-Pai Gei + op(l) = Js + op(l)a (2B49)
Jv = Jim_ JY =0(). (2.B.50)

Part II: Asymptotic Expansion for § — 6. For the case n = O(T), from (2.B.50) and Lemma

46 we have
w ds%”(?i) 5
0 = VnTs) () + ~—Z—2V/nT(0 — bp). (2.B.51)
—_ do
0,(1) 0Q1)

Therefore, vnT (6 — 6p) = Op(1). Then the result follows by using again (2.B.50) and Lemma 46.
Similarly for the general case T = o(n), from (2.B.50) and Lemma 46 we have

0 = Tan(Ho)+ EG)T(G 0o). (2.B.52)
O(1) O(Vl)

Therefore, T(6 — 6p) = O(1). Then the result also follows by (2.B.50) and Lemma 46. m

Corollary 3 Under Conditions 1, 2, 8 and 4, we have

(0 - o) = QY + Zys ¥s’ + TR29’ (2.B.53)
where

o = C, if n=0(T?*) for some a € R; (2.B.54)

o(T*) for any e > 0, otherwise,

alg

o = -(IN7 ZQm, (2.B.55)
vy = —(J¥)'—= Zwsz, (2.B.56)
RY, = ou(VT). (2.B.57)

Proof. The result follows by using the expansion of T5% (6) in the proof of Lemma 46. m
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2.C Consistency of Second Stage GMM Estimator

2.C.1 Some Lemmas

Lemma 18 Assume that Conditions 1, 2, & and 5 hold. Then, for any n > 0, we have

Pr {11218.(}{ Q,(é, &1) — Qi(eo, Otio)‘ 2 7]} = O(Tr—s), (201)
where
R 1 &
©0) = 7 > 9(zit; 0, 0)g(2ir; 0, @), (2.C.2)
t=1
Qi((),ai) = E [f)i(e,ai)} . (203)

Proof. By Triangle inequality and Conditions 2 and 5, we can write

Qu(0,6:) - Qi(ﬁo,aio)’ < (€06, &) — (8, &)

+

(8, &) — Q4(6o, aio)‘

< lﬁi(é, &) — (0, &)

+ sz [M(Zit)2] ‘(é, dl) — (00, (X-L'())‘ . (2C4)

Therefore, we have

’\V - N . ] N < A' 0 ~.) — . ] v
Pr {lrg%xn 91(0,011) Ql(eo,azo)\ = T]} < Pr{lrélfl-sxn 91(67 Olz) Qz(e, 0{1) > 77/2}
o n
P 8,a;) — (6o, a4 2 ) e
+ r{l( , &) — (6o, cvio) 2m2maXiE[M(zit)2]} (2C5)

Then, the result follows by Lemma 6 (applied to maxi<k,i<m |9x91 — E [9xg:]|) and Theorems 1 and 2. =

Lemma 19 Let {Ei,i = 1,2,...}, be a sequence of independent random variables such that fz =& +

oup (T%), with a < 0 and min; §; > 0, then
1 =€ +oup (T7). (2.C6)
Proof. By Mean Value Theorem
=6 -(8) -8 @) =& +ou (1), (2.C.7)
where &, lies between £ and &, and is non-singular with probability 1 — oy, (7). ®

Lemma 20 Assume that Conditions 1, 2, 3 and 5 hold. Then, for any n > 0, we have

sup  Q(6,) — Q(9,a)
(6, 2)EY

Pr {lrélfgcn > 17} = o(T"™%), (2.C.8)
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where

QH0,05) = —5i(0,0)0u(0,8) 7 5:(6,®), (2.C.9)
Q?(& OL,’) = _gi(e? a)lﬂi—lgi (‘97 a)v (2010)
gi{f,a) = FEl§(0,0)]. (2.C.11)

Proof. First, note that with probability 1 — o(T7%)

0R6,0) - Q60,0 < |(@:(6,0) - 9:(6,0))%(0,3) 7 (3:(6,0) - :(6, )|
+2-]0i(6,0) (6, &) (5:(6,0) — (6, )|
+ [9:6,00) (006,) 7 - 977) 006, 0)

IN

2
2 a . —_ . . —l
m” max. ((;;l)xérl(gk,z(ﬁ, @) = gk,i (6, a))t) 1|

2 _ -1 b - Or;
+ 2m® max E[M(z)] []"" max ((e’sslérl(gk,z(ﬂ,a) gm(@a))l)

+ m?- max E[M(z)]?|0u(6, &) - 9;1(. (2.C.12)
1<i<n

Then, the conclusion follows Condition 5, and Lemmas 6 and 19. m
Lemma 21 Suppose that Conditions 1, 2, 3 and 5 hold. Then, with probability 1 — o(1)

sup |Q2(8,0) — QF(0', )| < C - E[M(2i)]* 160 - €|, | (2.C.13)
for some constant C > 0, where

Q0 0:) = -gi(6,0)0"9:(0, ), (2.C.14)
gi(0, ) E[3:(0,)]. (2.C.15)

Proof. Note that

IQ?(G’ Ol) - Q?(9/7 a)' < ]gi(ea a)’le(gi(ea a) - gi(ol’ a))'
+ |(gi(07 a) - gi(e” a))lﬂi_lgi(ela Ot)l
< 2-m2E[M(zi)2 %7 |0 - ¢). (2.C.16)
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2.C.2 Proof of Theorem 4

Proof. Let  be given, and let ¢ = inf; [Q? (6o, ai0) — SUP{(9,0):/(6,0) — (00, vs0) | >7} Qe (0, a)] > 0 with
probability 1 — o (T7~*) by Conditions 2 and 5. With probability equal to 1 — o (T"~?°), we have

n
_1 B .
E (0,:) < max n 2 (0
16— 90l>17 m, Q ) 1(8,&)~(00,ai0)|>n ;Qz ( )
- 1
oo n”! $(0,00)+ ze
[(8,)—(00,cxi0)}>n ;Ql ( ) 3
— id 2
< n IZQ? (0070‘1'0)— 55
Q 1
< Z i (G0, o) = 3¢, (2.C.17)

where the second and fourth inequalities follow from Lemma 20. Because

max Tl_lZQ? (9, a,') 2 n—IZQ? (0(),0(1;0) (2018)
i=1 =1

9,0(1,...,(1“
by definition, we can conclude that Pr Hé - 60' > n] =0o(T"°). m

2.C.3 Proof of Theorem 5

Proof. Part I: Consistency of &;. We first prove that

Pr [max sup ’Q? (é, a) — Q% (6o, a)‘ > n] =0 (T"°) (2.C.19)

1<i<n ¢

for every 1 > 0. Note that

max sup \QQ ( ) - QY (Go,a)’

1<i<n o

< g l08 (5) <08 5] # st () - @ )
<  max sup ‘Q (6,a) — Q% (4, a)‘ + max C-E[M (z))?- '6’ OOI (2.C.20)

1<i<n (6,0

by Lemma 21. Therefore,

IN

Pr [max suplQ? (67, a) - Q9 (Go,a)| > 77]

1<i<n o

Pr [max sup lQn (8,a) — Q% (8, a)’ > —]

1<ikn (6,

) U
o [‘9 - 90‘ 250 (max1cicn B [M (2“)12)}

= o(1"*), (2.C.21)
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by Lemma 20 and Theorem 4.
We now get back to the proof of Theorem 5. Let n be given, and let

e = inf {Q? (6o, in) — sup Q% (6o, ai)j| >0 (2.C.22)
' }

a;tla—aio|>n

by Conditions 2 and 5. Condition on the event
N A 1
2 — Q% ot
{lrélféxn sx;p ‘Qi (G,a) Q; (Go,a)l < 36}, (2.C.23)
which has a probability equal to 1 — o (T7~*) by (2.C.19). We then have

~ ~ 1 2 - ~ 1
max  QF (o) < max  QF (90, ) + 3¢ < QF (6, ai0) — 55 < QF (,0) - 35 (2029

las —aio|>n | —exio|>n

This is inconsistent with Q? (é, ézi) > Q? (é, am) , and therefore, |&; ~ a;o] < 7 for every i.
Part II: Consistency of ;. First, note that with probability 1 — o (T7~*%)

Nlo<oouT! m max (’f)k,i(é, &) — gr.i(6, é‘z’)’ + ‘gk,i(é, &;) — gk,i(00, as0) )
< | mmax sup  |4k,i(6, o) — gk,i(8, )|
kE (6,a1)eT
+ 1% M (2i)m |8 — 60| + |67 M(zi)m [ — cio] s (2.C.25)

where (6, @;) are between (6o, aip) and (é,di). Then, the results follow from Lemma 6, Theorem 4 and

the first statement of Theorem 5. m

Corollary 4 Suppose that Conditions 1, 2, 8 and 5 hold. Then,

P {llgagc 0= aual 2 1} = o7~ = o), (2.0.26)

for any n > 0, where
Qyo € arg max Q?(Go,a). (2.C.27)

Also,
Pr{ max ‘5\"0 > 77} =o(T7™%) = o(1), (2.C.28)
1<i<n

for any n > 0, where

Xio = =W 3i(0o, Gio)- (2.C.29)

Proof. The arguments in the proof of Theorem 4 go through replacing 6 for 6,. m
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2.D Asymptotic Distribution of the Second Stage GMM Esti-

mator

2.D.1 Some Lemmas

Lemma 22 Assume that Conditions 1, 2, 8, 4 and 5 hold. We then have
VT(%: = ¥i0) = 0up(T7/?). (2.D.1)
where 4; is the solution to f}”(’mé) =0, i.e. the first stage estimator for the fixed effects.

Proof. We show that
\/T('?z - "%0) = Ou,p(l); (2D2)

and then the result follows by Lemma 15.
Note that

8’)’,‘ (5)

07 VT(0 — 6,), (2.D.3)

VT (% = Fi0) =

where 8 lies between 6 and 6. Following an analogous argument as in the proof of Theorem 3, we have

VTﬁer)=—@?j”A&QT@-ﬂ@+ow(¢T@—o@)=owuy (2.D.4)

=0.(1) =0up(1)

Lemma 23 Suppose that, for each i, {z;,t =1,2,...} is a sequence of i.i.d. random variables. We
assume that {z;,t =1,2,...} are independent across i. Let h;i(zit;0,05), 7 = 1,2 be two functions
such that (i) hj(2it;0, ;) is five times continuously differentiable in (0,c;) € Y; (i) Y is compact;
(iii) there exists a function M(zy) such that |hj(zi;0, )| < M(2i) and ’%M‘ < M(zy)
for 0 < dy +dz < 5, with E[M(zit)"s] < co. Let f(z4;0, ;) denote hy(zi;6, a;) —}zg(zit;ﬂ,ai). Let

Fi(zit; 0, o) denote
O%+d2 f(24:0, ;)

905 0% , (2.D.5)
Fy(6, ;) denote
1 X
T D Filzu; 0, 4), (2D.6)
t=1
and Fi(0, o;) denote
E [ﬁi(e, ai)] , (2.D.7)
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for some 0 < dy +dy < 5. Let o] be defined as
o} = argsup va(ﬁ*, a), (2.D.8)
[23

such that of — a0 = oup(T*) and 8* — g = 0,(T**), with 0 > a = min(aq, ag).
Assume also that n = o(T"), with s > r. Then, for any 0 between 0* and 0o, T between o and oy,

and n > 0, we have

P{éﬁ%ﬂ@ﬁﬁ—ﬂWmmﬂ>qu=oﬂ% (2.0.9)

and
Pr [max vT
1<i<n

Fi(0, @) - Fi(_ﬁi)l > anri} =o(1). (2.D.10)

Proof. Same as for Lemma 11, replacing H; for F;, and M(z;;) for M (zi;)?.

Lemma 24 Assume that Conditions 1, 2, 3, 4 and 5 hold. Let Qi(é, &;) denote the estimator of the

weighting functions
T

1 ~ = .
T Zg(zu;O, a@)g(zis;0,8) i=1,.,n, (2.D.11)
t=1

where (', &) are the first stage GMM estimators. Let Qa;9425(0, &) denote its derivatives

ah+a2()(0, &;)

Fraph (2.D.12)
for 0 < dj + ds < 3 Then, we have
\/T(Qadlodz (6, &) — Qs gz i) = o4 (TF). (2.D.13)
Proof. Note that
|93 6, 0) g3 0,5) = E [g(zt; 0, 5)9zue: 6,5 ||
<m? max lgk(zit;éy &)ai(zit;0,8:;) - E [gk(ziﬁéa &) gi(zit; 0, &i)l” (2.D.14)
1<k i<m

Then, by Theorem 3 and Lemma 22, we can use Lemma 23 for f = gxg1— E [grg] witha = o (T%(l"r/s)) .
A similar argument applies for the derivatives, since they are sums of products of elements that satisfy

the assumptions of the Lemma 23. =

Lemma 25 Assume that Conditions 1, 2, 8, 4 and 5 hold. We then have

T 1 - 1 ar 1 ar 1
Q:(0,&) = U+ ﬁw?ﬁ + TQ}/‘S{M + WQKM + W@%i + WQKKQi + ﬁR%i, (2.D.15)
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where

o = C, if n=0(T?*) for some a € R; (2.D.16)
o(T*) for any e >0, otherwise,
1
o) = 5 ; 9(zit; 0, @) g(zit; 0, @), (2.D.17)
Q0,05) = E [Q,.(e, ai)] (2.D.18)
3% = VT (Q — Qi) + Qa6 = 0, (T7/2), (2.D.19)
P
’ ~ -~ 7 ’ 1 ~ ! 2
Qo = %O er + VT, — %) o1+ Y 0,iQ% ¢ + 5000 (3 e1)
J=1
= 04,p(T"*), (2.D.20)
P
Qo = D Q%5 &5 = Oup(1), (2.D.21)
i=1
P
Q%i = Qangli/ €1+ ﬁ(ﬂai - Qa,-)Qﬁ'/ e+ Z \/T (er’i - eri) Q}}‘B/ €j
J=1
1 “w! 2 ~w' w’ 1 ~ W 2
+ EQ‘JC\H (d’; 61) + Qaaid)i elQ]i e1 + aﬁ (Qaai - Qaa.-) (% 51)
3 w’ Tw’ 1 W’ 8 3r/2s
+ Zng eangjil/}i e + gQaaai (1,[11 61) = Oup(T ), (2D22)
=1
p A ’ p 4 -~ ’
Qi = DoVT (i =0, ) 01 s + 30 el e1 = 0y (T77%), (2.D.23)
Jj=1 j=1
R¥: = 0up(T¥/%) = 0,y(VT). (2.D.24)
Proof. By a standard Taylor expansion around (6, a;0), we have
A - A oL 1.
Qi(0,8:) = Qi+ Qo (6 — auo) + Zﬂoj(ej —Bo;) + §Qaai(di ~ aip)?
=1
P a _ 1P P B ; 3
+ Qao;i(0,a;)(0; — 00,5)(&; — aio) + 5 Z Z Qo,0,:(0,7:)(0; — 60,5)(Ox — bo,x)
j=1 j=1k=1
1 - 1A — =
+ gQaaa.- (G,Ei)(&i - Olio)s -+ E Zﬂaagji(a,ai)(ej - Oo,j)(&i - (J{l'o)2, (2.D.25)

Jj=1

where (8, @;) lies between (0, &) and (6o, ao;). The expressions for %%, QW., Q¥,;, Q%,., and QY.

can be obtained using the expansions for % in Lemma 42 and for ¢ in Corollary 3, after some algebra.

The rest of the properties for these terms follow by the properties of their components and Lemmas 12,
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58, 59, 60, and 61. For the remainder term, we have

P p
R = QaRY er + VT(Qa, — Q) RY o1+ 00, BY e+ 3 VT (o~ 00,0) RE'e;
j=1 Jj=1
1 ~ 7 7 ! ’ 7 -
+ aﬂaai I:leV elei, e1 + Q}Y elR}/‘; e; + RQM: elﬁ(ai — Oti[))]
1 A -~ ! 4 1 -
+ 'Q'ﬁ(ﬂaai - Qaai) [lbzw €1 R}/‘i/ e + Rﬁ' el\/—'l-"(a,- - aio)]
p
+ D Qooyi [B erRYy e + R eaT (91 ~00,)]
=1
p -~ — o~
+ VT (anji(o,ai) - anji) T (9;' - 9o,j) VT (& — i)
=1
1 PP A B B B
b LSS P 0w (G- 0) 7 (- )
j=1k=1
1 ~yyst 2 ’ ~xrt ’ - ’ _ 2
+ Eﬂaaa‘ [(1/),“’ el) RY‘; e+ 1/),W elR}"{ elﬁ(ai — ap0) + Rﬂ/ erVT [\/T (& — Otio)] ]

+ éﬁ (chaai 0,a) - Qaaa.;) [\/T (G — Otw)]3 + %; Qaa@_ji(§7 @)(0; — 8o,5) [\/T(&i - Ozio)]z
= Oup(T?/%) = 0,p(VT). (2.D.26)

The uniform rate of convergence then follows by Lemmas 12, 15, 40, 41 and 24, and Condition 3.

Lemma 26 Assume that Conditions 1, 2, 3, 4 and 5 hold. Let £;(;;0) denote the first stage GMM score
of the fized effects, that is
L3 0) = & (5;6) + I (73 0), (2.D.27)

where v; = (o, A})'. Let T,-('y,-; 0) denote %%‘f—oz. Define ;o as the solution to i;(vi;600) = 0.

Then, for any ¥;, between %;0 and 7o, we have

\/Tiz (vio) = Oup (Tz_re) s (2.D.28)
ﬁ(ﬁio) -T; = oup(l). (2.D.29)

Proof. The results follow by inspection of the score and its derivative (see Appendix 2.M), Corollary
4, Lemma 11 applied to 6* = 6y and o = a0, Lemma 11 applied to 8* = 6y and o] = &, and Lemmas
12 and 13. =

Lemma 27 Suppose that Conditions 1, 2, 8, 4, and 5 hold. We then have

VT (%i0 — o) = Oup (TT/Z“') . (2.D.30)
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Proof. By a first order Taylor Expansion of the FOC for 9,0, we have
0 = £:(%i0) = #:(%i0) + 12 (Bu0) = 5 (i0) + Ti(Fs) (Fio — Yio), (2.D.31)

where 7; is between 40 and ;0. Next

VTG0 = m0) = —(T) VThi(w0) — (1) (T:(%:) = T:) VT (io = )
N N et N
=0, (D)=0up(T7/25)  =0u(1) :o.:,(l)
= Oup(Tr/zs) + Oup (\/—7:(’)’:0 - 'Yio)) ) (2.D.32)
by Conditions 3 and 4, and Lemma 26. Therefore
(1 + 0up(1)) VT (Fi0 — 7i0) = 0up(T™?*) = VT (B0 — vio) = 0up(T7/%). (2.D.33)

Lemma 28 Assume that Conditions 1, 2, 3, 4 and 5 hold. Let £;(;;0) denote the second stage GMM
score for the fized effects, that is

£(7i;0) = 9 (133 0) + £ (% 0), (2.D.34)

where v; = (a;, \;)'. Let §;(0,%:(9)) denote the second stage GMM plug-in score for the common param-
eter, that is
5:(6,%(0)) = —Go:(6, &:(6)) \i(6), (2.D.35)

where %;(0) is such that £;(%;(6);0) = 0. Let T; 4(vi;0) denote M}—’Q for some 1 < d < 4. Let N;(vs;6)
denote M. Let Mid(G %:) denote L'L,l for some 1 <d S 4. Let .SA’,-(G,'%) denote w"ag,iiﬂ. Let

(0,{%:}7.,) be the GMM second stage estimators.

Then, for any 6 between 6 and 0o, and 7, between ¥; and v;0, we have

T340,7,) ~ Tea = 04 (1), (2.D.36)
Mig(8,7;) — Mia = oup(1), ‘ (2.D.37)
Ni(0,7,) - Ni = oup(1), (2.D.38)
5i0,7) - Si = owp(1). (2.D.39)

Proof. The results follow by inspection of the scores and their derivatives (see Appendices 2.M and
2.N), Theorem 3, Theorem 4, Lemma 11 applied to §* = 6 and al = &; with a =0, and Lemmas 12 and
13. m
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Lemma 29 Assume that Conditions 1, 2, 8 and 4 hold. Let t;(v;;8) denote the second stage GMM score
for the fized effects, that is
£i(7i;0) = (% 0) + £R (733 0), (2.D.40)

where y; = (a;, A)'. Let 3;(8,%(0)) denote the second stage GMM plug-in score for the common param-
eter, that is
3:(0,%(0)) = —Gai(8, &:(6))' i (6), (2.D.41)

where 7;(8) s such that £;(%(6);0) = 0. Let T; 4(vi;6) denote Qf%%-;—o—)-, for some 1 < d < 4. Let Ni(v;;6)
denote %—ﬂ. Let Mi_d(ﬂ,’y,') denote %%”/—Q , for some 1 < d < 4. Let 5'1-(0,'%) denote %3(—;1?6—). Let
Y0 denote 4;(0p).

Then, for any 7, between ¥;o and ~v;o, we have

VTHF) = ouwp (T5), (2.D.42)
VT (j:‘z,d(ﬁz) - Ti,d) = Oup (Tﬁ) > (2.D.43)
ﬁ (Mi,d(’_y.i) - Mz’,d) = Oup (T%) 3 (2D44)

Proof. The results follow by inspection of the scores and their derivatives (see Appendices 2.M and
2.N), Lemma 27, Lemma 11 applied to 6* = 6y and af = &; with a = T%(l“r/s), and Lemmas 12 and

13. m

2.D.2 Proof of Theorem 6

Proof. From a Taylor Expansion of the FOC for 6, we have

ds,(8)

0 = 5,(6) = s(60) + T (6 - 6y), (2.D.45)
where 6 lies between § and fo.
Part I: Asymptotic limit of %2. Note that
dsn(g) _ 1 i dSi(a, "}"1(5))
- = = ; 7 , (2.D.46)
dsi(0,%:(0)) 8s:(6,%(0)) , 9s:(6,%(0)) 8%:(F)
20 = ETT + 25 o (2.D.47)
From Lemma 28 and Appendix 2.N, we have
Js; 5, A,’ p
2iCO) — 14 oup1) = 0up(), 204
Os; -0_, Ai 5
—-——’(a;( ). T; + 0up(1).- (2.D.49)
3
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Then, differentiation of the FOC of 4;, £;(%:(0);8) = 0, with respect to 6 and ¥; gives

9%:(6)

T:(%:(6); 9) 7

+ N;(5:(0);6) = 0, (2.D.50)
By repeated application of Lemma 28, we can write

3&;,@) = —(Ty) 7" Ni + 0up(1). (2.D.51)

Finally, replacing the expressions for the components in (2.D.47) and using the formulae for the derivatives

from Appendix 2.M, we have

dsn(0,%(6 1&
S (da:Y( )) = an + Op(]-) = ;; Z Gle,;PaiGOi + OP(]-) = JS + Op(l), (2D52)
i=1

Part II: Asymptotic Expansion for § — 6. For the case n = O(T), from (2.D.53) and Lemma

54 we have
0 = VnTs,(6o)+ ds"(,g) VnT(6 — 6p). (2.D.54)
—_—— de
OP(I) O(l)

Therefore, vnT (6 — 6y) = Op(1). Then the result follows by using again (2.D.53) and Lemma 54.
Similarly for the case T' = o(n), from (2.D.53) and Lemma 54 we have

ds,(0)
do’
o)

T(6 — 6o). (2.D.55)

0 = Tsn(00)+
(i

o(1)
Therefore, (6 — fo) = O(1). Then the result also follows by (2.D.53) and Lemma 54. w

Corollary 5 Under Conditions 1, 2, 8, 4 and 5, we have

A ar 1
T(0 ~ 6o) = Q1o + Tenyz¥e + 7 ftee, (2.D.56)
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where

. C, if n=0(T*) for some a € R;
T p—a
o(T¢) for any € >0, otherwise,
a1l
Qw = —(Js) l'ﬁ Zlei = Oup(l)y
=1

1/)9 - _(Js)—l'\/iﬁ ;"f;si=oup(1)a
R29 = Oup(\/T).

Proof. The result follows by using the expansion of T5,(6p) in the proof of Lemma 54. =

(2.D.57)

(2.D.58)

(2.D.59)

(2.D.60)

2.E Asymptotic Distribution of the bias-corrected Second Stage

GMM Estimator

2.E.1 Some Lemmas

Lemma 30 Assume that Conditions 1, 2, 3, 4, and 5 hold. We then have

\/—f(:)’z - Yi0) = Oup(Tr/2s)~

where ¥; is the solution to t}(*mé) =0, i.e. the second stage estimator of the fized effects.

Proof. We show that
\/T(:Yt - :Yio) = Oup(l)a

and then the result follows by Lemma 27.
Note that

VT (Hi — Fi0) = 8';0(?) VT(6 - 6o),

(2.E.1)

(2.E.2)

(2.E.3)

where @ lies between 6 and 6. Following an analogous argument as in the proof of Theorem 6, we have

‘/T(’A}’t — Hi0) = “(Ti)_l Niﬁ(é — 00) + oup (\/T(é - 00)) = OUP(T—I/Q) = 0yp(1).
N —A e —

=04(1) =0,,(T~1/2)

(2.E.4)

Lemma 31 Assume that Conditions 1, 2, 8, 4 and 5 hold. Let i;(~y;;60) denote the second stage GMM
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score for the fized effects, that is
£:(7i;0) = 6 (755 0) + £ (7:; 6), (2.E.5)

where v; = (o, \;)'. Let §;(0,7:(6)) denote the second stage GMM plug-in score for the common param-

eter, that is
3i(0,%:(0)) = —Gai (0, &:(6))' X:(6), (2.E.6)

where 4;(6) is such that £;(%;(6);0) = 0. Let Ti,d(%’; ) denote %;—e—), for some 1 < d < 4. Let Ni(i;6)
denote W Let .Mi,d(é’,%) denote Q%%ﬂ , for some 1 <d < 4. Let 5'5(6, 4;) denote _3_3%%,_0)‘ Let
(6, {%}7,) be the second stage GMM estimators.

Then, for any 8 between 6 and 0o, and 5, between %; and v, we have

vT (Tl-,d(@ ¥:) - Tz’,d) = oup (TT/%) , (2.E.7)
vT (Mi,d(ﬁ, ¥i) — Mi,d) = oy (T’/zs) (2.E.8)
VT (Ni(é, 7,) — Ni) = o4 (TT/QS) , (2.E.9)
VT (§,~(§,m) - S,-) = oup (T"/%) . (2.E.10)

Proof. The results follow by inspection of the scores and their derivatives (see Appendices 2.M and
2.N), Theorem 6, Lemma 30, Lemma 11 applied to §* = 6 and o = &; witha = T%(l‘r/s), and Lemmas
12and 13. =

Lemma 32 Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. Let Qi(é, @;) denote the estimator of the

weighting functions
T
1 _ — .
T Zl g(zit; e»a-l)g(zlty efa’i), 1= 17 ey 12, (2E11)
t=
where (5’,67;)’ lies between (8',6;) and (6}, cio)’. Let Qyagaz;(6,3;) denote its derivatives

a4+, (6, @;)

Sty (2.E.12)
for 0 < dy +dy < 3. Then, we have
ﬁ (Qadl 992 ,-(5, al) - Qa‘il 9d2 i) = Oup (TzL’) . (2E13)
Proof. Note that
|9(zit; 0, %) g(zit; 0, %) — E [g(zie; 0, @i)g (203 0, )] |
<m? max |ge(zit; 0, %) g (23 0, @) — E [gi(zit; 0, @) g1 (21 0, @:)'] | (2.E.14)

1<k<Li<m
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Then we can use Lemma 23 for f = gxg1 — E [gkg]] with a =0 (T%(l“r/ 3)). A similar argument applies

for the derivatives, since they are sums of products of elements that satisfy the assumption of the Lemma

23. m

Lemma 33 Assume that Conditions 1, 2, 8, 4, 5, and 6 hold. Let

o @@) = (Go 03) % 0,3) 7 Ga, B3)) (2.E.15)
Ho, (0,@) = S (6, az)CAv'a ("é,a,-)'fzi @) ", (2.E.16)
P @) = %03 -%@@) Ca 6,%) Ha, @, a), (2.E.17)
S 0m) = (Go(0.3) WG @3) (2B.18)
1Y @@) = S¥@.@)Ca, @) W, (2.E.19)
be estimators of
S = (Ga, 9 'Ga )'1, (2.E.20)
W= (G W) (2.E.21)
Hy = ZgG, W, (2.E.22)
Hyo = %a,G, 07", (2.E.23)
Po = 971~ 07'GoHa,, (2.E.24)

where (5,,61')’ lies between (é’, &;) and (64, o). Let F 0, 922:(0,@;) and Fa, goy;, with F € {E, H, PV, HW}
denote their derivatives for 0 < dy + do < 3. Then, we have

VT (S, 0.3) — Ta) = oup (T7*), (2.E.25)
VT (Hoy (B,0) — Ha) = oup (T7%), (2.E.26)
VT (Boy (B) = Pai) = o0up (T7*)), (2.E.27)
VT (8% 0a1) =Y ) = 0w (T7%), (2.E.28)
VT (H ) = oup (Tr/zs), (2.E.29)
VT (Fadl gazi (0, ai) — Foa 042,.) = Oup (T’/ 23) (2.E.30)

Proof. The results follow by Lemmas 12, 13, 19, 31 and 32. =

Lemma 34 Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. Let

jsi (57 az) = éo‘ (_0-! al), pﬂli (57 al) é9, (ay al) ’ (2-E-31)
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be an estimator of
Jsi = Gy, Pa,Go,, (2.E.32)

where (—H_I,Ei)’ lies between (6, ;) and (65, cvio)’. Let Jynaygaz;(8,@;) and J,p; gay; denote their deriva-

tives for 0 < dy + ds < 3. Then, we have

VT (.fsm @.a) - Jm‘.) = o (T'/ZS) , (2.E.33)

\/T (jsadl 0924 (57 ai) - Jsadledzz‘) = Oup (Tr/2s) . (2E34)
Proof. The results follow by Lemmas 12, 31 and 33. m

Lemma 35 Assume that Conditions 1, 2, 8, 5, and 4 hold. Let

(gy ai), pai (—éa _a—l) éaai (aa al) 2011' (aa al)

T

Z [Gai(zu;ﬁ, @) Ho, (0,@) g(zi1; 0, ai)]
t=1

T — A o— —

> [Ga,»(zz't;&ai)'Pa,- (0, @) g(zit;ﬁ,ai)]

t=1

T
1 _ A _
+ T [Gei (200, @) P, (8,3:) g(zit;ﬁ,ai)] : (2.E.35)
t=1
be an estimator of
1
By = EGZ% Po,Gao; Ba; — Gloi Po,E [Gai(zit)Ha.'y(zit)]
— Gy HG E|Ga,(2it) Pa,9(2it)] — G, Pa, Elg(2it)9(2it) Pa,9(2it)]
— G P, (HY — Ha,) + E[Go,(2it) Pay9(2it)] » (2.E.36)

where (5',@)’ lies between (6',64) and (8}, cuo) . Let B,a19425(0,3;) and B,y ges; denote their deriva-

tives for 0 < dy + dy < 3. Then, we have

VT (Bmi @) - Bm,.) = oup (T’/Zs) : (2.E.37)

VT (Bmdwm (6,5:) = Byoor gm) = o4 (T'/ 28) : (2.E.38)

Proof. The results follow by Lemmas 12, 31 and 33. m
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Lemma 36 Assume that Conditions 1, 2, 8, 4, 5, and 6 hold. We then have

A A 1 - 1 a 1
Jsi(0, &) = Jsi + ﬁ"/’Jsz‘ + TQlJSi + T(?ql)/leszi + Tazs fladsis (2.E.39)
where
&Jai = \/T (jsi - Jsz) + Jag'@[;z{el = Oup (TT/28> s (2.E.40)
. - P 1 _
Quisi = Jsai Qlliel + ﬁ(']sai - JSO(.' )'(/)1{61 + Z Jsein,wej + E'Jsaai (1/):51) = Oyup (TT/S) )
j=1
(2.E.41)
p
Qirisi = ZJseji",bgej = Oup(l)a (2.E.42)
Rojei = Oup (T3’/ 23) = Oup (\/T) . (2.E.43)
Also
G (8) = 13 duBa0) = g+
sn ( ) = ; Z -]si( aai) = an + TQL]S T3/2 les, (2E44)
i=1
where
1S o =0 ‘
Qus = — > [er.]si + WQlusi] =0(1), (2.E.45)
=1

aTl

Rle = %;&Jsi \/— Z (Qlez E [Ql.]sz]) + =7 TT/2 Z (er.lsz —-FE [erJsz])
+ %% > Rassi = op(1). (2.E.46)

Proof. By a standard Taylor expansion around (6o, c0), we have

P
s s s . A 1.
Joi(B, &) = Jei+ Joai(6i — 0uo) + Y Jeo, (0, 8:)(85 — 00,5) + 5 foaa, (8,05)(&i — aio)?
j=1
1 P
+ 5 Z aQJz(e az) 0 - ])(az - 0510) (2E47)

where (8,a;) lies between (8, &;) and (Ao, a0:). The expressions for Y%, QIV,;, and QY,,; can be
obtained using the expansions for 4;p in Lemma 49 and for 6 in Corollary 5, after some algebra. The rest

of the properties for these terms follow by the properties of their components and Lemmas 12, 58, 59,
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60, and 61. For the remainder term, we have

w —
R2Jsi - Jsllz

N =

+
,Mv

]
-

J

oo [J;,.W "erRY ey + RW el VT (&; —

W o1 4 VT (s — Joa) BRI 1 +ZJ59 RY'e; +Z\/_( i (8,5) = Joyi) (85— 6o,5)

Jaa,i@.@)T (05— 003) VT (6 - o) -

The uniform rate of convergence then follows by Lemmas 12, 15, 40, 41 and 34. =

Lemma 37 Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have

where
d)B st =

QiBsi =

erBsi =

Rypsi =

Also

where

QlBs =

RlBs =

1 - 1 a 1
Byi(0,&:) = B + \/T"//Bsi + 7 Q1Bsi + WQ”B“ + a7z Rabsis

VT (Bsz - Bsi) + Ba,—‘/;z{el = Oyp (TT/ZS) ’

Ozi())] + 5\/T(Jsaai (6,@) — Jaa:) [ﬁ (& — aio)]z

(2.E.48)

(2.E.49)

(2.E.50)

14
. - 1 -
Bsainuel + \/T(Bsai — Bsq, )"/J;ffl + ZBsoiniaej + EBaa; (wfel) = Oup (Tr/s) s

j=1
P
ZBstilbéej = Oup(l)a
j=1
Oup (T3r/2s> = Oyp (\/—f) .
. R LA 1 1
Bsn (9) = —7’; Zl Bsi(ay O‘i) = Bgn + TQIBS + leBs»
i=

n
% ZE [erBsz‘ + 'j-,(Ta_q';WerBsi] = 0(1)7

aTl

1 n
- Z 11L'Jsz + —— Z (QlBsz - [QlBszD + = Tri2 p

T; Z Rapsi = 0p(1)
i=1

i=1

(2.E.51)

(2.E.52)

(2.E.53)

(2.E.54)

(2.E.55)

Z (erBm E [Ql'rBsz])

(2.E.56)

Proof. Analogous to the proof of Lemma 36 replacing J, by B,, and Lemma 34 by Lemma 35. =

Lemma 38 Suppose that éj =&+ anT"Jin + barRyi, for j = 1,2, anr = 0(1), byr = o(anr), and 621
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(2.E.57)

and &2; are non singular. Then, we have
éz_iléli =661 + anr [55111711 - filffzzi{{iléu] + bar R;.

Proof. Note that
A . -1 .
£ €1 = (fzi + anTt; + bnTR2i) (§1i + anTt1i + bnTRu)
= &' (Eu + anrthri + bnTRli) + [(ﬁzi + anrtho; + bnTR2i> - 52_1-1] (51i + anrri + bnTRli)
(2.E.58)
We can rewrite A as
. -1 -
A = (Ezi + anT2; + bnTRZi) [fzi - (521' + anT2i + bnTR2i)] &
7 oo 7 ! -1
= —QnT (521' + anTV2; + bnTRZi) Yoilq; = bar (fzi + anrihe; + bnTR2i) Ry;&5;
=B
(2.E.59)
(2.E.60)

Similarly, we can write B
17 -1 7 s “1if 51
B = &; Y28 —anT (€2i + anTv2; + bnTR2i) (11121' + anTRzi) &5 V2:éy;

Finally, replacing back in (2.E.58) we get the result with

(521‘ + anT¥ai + bnTR2i) B {Ru + [(1/721' + anTR2i) 5 hai — R2i] §{,-11;1i} . (2.E.61)
(2.E.62)

R =
1
7372 Ris.

Lemma 39 Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have
(2.E.63)

]
A s Aa_1A A - 1 -
Bn(o) = sn(e)_lBsn(e) = —anlBsn - T'anl [QlBs - QleJSnlBsm]
n A A n __
\/;Bn(é)) =— /TJS,}BS" + 0p(1).

Also
Proof. The results follow from Lemmas 36, 37 and 38 m
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2.E.2 Proof of Theorem 7

Proof. Case I: C = BC. First, note that for any ¢ such that 0 — 6o = O,(T 1), by a first order Taylor

expansion
Jn (0) = Jen + Op (T71). (2.E.64)
Next, by Theorem 6 and Lemma 56
N -1, —1a — n ~1a
VAT (0=00) = —Jon (0) " $n(80) = —J518a(60) + Op(T™1)O, ( ?) = —J;180(60) + 0p(1).
(2.E.65)

Finally, by Lemmas 38 and 56

VnT (6BC) —6y) = VnT (6-6, —\/nT—l-Bn 8) = —J5 80 (00) + 1/ =T Ben + 0p(1)
I4
T T
1 & - n n
p— ‘l — . — p— —_—
Jon l:\/ﬁ;:l w31+‘\/TBsn \/TBsn

Case II: C = SBC. First, note that since the correction of the score is of order O,(T~!), we have that

§(SBO) _ gy = O(T1). Then, by a Taylor expansion of the FOC

+o0p(1) -5 N(0, J71). (2.E.66)

. 1. h — A
0 = 3, (9(5}30)) _ TBS" (9(530)) =5,(00) + Jen (9) (g(SBC’) — 6p) — %Bsn + op(T‘2),
(2.E.67)

where 8 lies between §(5BY) and 6p. Then by Lemma 56

VT (é<SBC> - 90) = —Ja. ()7 {\/_n_T—én(eo) - \/ngn] +0,(1)
N [% ;w +\/2Bon = [2Bn

+0,(1) = N(0, J7Y).

(2.E.68)

Case II: C = IBC. A similar argument applies to the estimating equation (2.5.6), since fisin a
O(T~!) neighborhood of 6. m

2.F Stochastic Expansion for 7,y = #%;(6,)

Lemma 40 Suppose that Conditions 1, 2, 3, and 4 hold. We then have

- ~ 1
VT (Fi0 = o) = )" + —=RYY, (2.F.1)

vT
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where

o= Zw = “UVTEY (vi0) = 0up(T7/%9),

R})‘z‘, Oup(T / )= Oup(ﬁ)-

Also n
1
'\/—EZ%W: p(1).
i=1

(2.F.2)

(2.F.3)

(2.F.4)

Proof. The statements about z[;,W follow by Lemmas 14 and 58. From the proof of Lemma 15, we

have

Rﬂ-/ = _(T;W)—l ﬁ(ﬂw(ii) - Tiwl ﬁﬁio - 7@'02 = Oup(Tr/s) = Oup(ﬁ)»

=0u(1) =ou(;'/2’) =0, (T7/29)
by Lemmas 12, 17 and 15, and Conditions 3 and 4. =

Lemma 41 Suppose that Conditions 1, 2, 8, and 4 hold. We then have

\/T(’?IO - ’Yio) = 'QZz \/—le + RQz )
where
» 1 M1
Moo= @) AT 45 Z ST DY | = 0up(T77*),
R = VRO T = ol
RY = OUP(T3T/28) = Oup(ﬁ)~
Also,

S @Y -EQE]) = o),
L@ -EQY) = o
i=1

Proof. By a second order Taylor expansion of the FOC for 7,9, we have

m+1

0= £ (3i0) = £ (vio) + Ti(Fi0) (G0 — i0) + 3 D~ Fios — 7i0,5) T3 (F5) (o — io),

=1

(2.F.5)

(2.F.6)

(2.F.7)

(2.F.8)
(2.F.9)

(2.F.10)

(2.F.11)

(2.F.12)

where 7, is between ;o and «;o. The expression for QY can be obtained in a similar fashion as in Lemma

A4 in Newey and Smith (2004). The rest of the properties for Q¥ follow by Lemmas 12, 17, 40 and 59.
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For the remainder term, we have

m+1

I
Rg‘; - (Tzw) AYVR Z [ lz,] (710 - 710) + 1/)1,3 4,3 n/]

m+1

+ - (T’iW)_-l 2 Z \/_ 710.7 'YZO,J)\/_( (72) - z‘j;/)\/f(;?zcl - 'YiO)

Oup(Tsr/zs) = Oup(\/_)' (2.F.13)

i

The uniform rate of convergence follows by Lemmas 12, 17, 15 and 40, and Conditions 3 and 4. =

Lemma 42 Suppose that Conditions 1, 2, 3, and 4 hold. We then have

VT (Fio = vi0) = ¥} +TQ1, + sz e /st,, (2.F.14)
where
1 -~ 1m+ -
A = -7 A5 3 [T QY + QYT B + B B |
B m+1m+1
+ =@ —Z S BEBRTIAY | = 0y (T12), (2.F.15)
Jj=1 k=1
BY, = \/T(TW—TW)—oup(Tr/zs) (2.F.16)
RY = oup(T?/*) = 0yp(VT). (2.F.17)
Also,

/%%ZQ%‘{ = op(1), (2.F.18)
t=1

1 1
_E :_RW = 1). 2.F.19
n p /—T 31 OP( ) ( )

Proof. By a third order Taylor expansion of the FOC for 7,9, we have

m+1

. o 1A —
0=1"(%0) = & +T (%0)(Fio — yio) + > > Gio — 50,51 (Fio — io)
Jj=1
1 m+1m+1
3 Z Z (Fio5 = ¥i0,5) o,k — Yiok) Ty ok (F:) (Fio — Yio)s (2.F.20)

where ¥; lies between ;0 and v;o. The expression for Q¥ can be obtained in a similar fashion as in
Lemma A4 in Newey and Smith (2004). The rest of the properties for QY follow by Lemmas 12, 17, 40,
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41 and 60. For the remainder term, we have

- 1 m-+1
RY = — (@) AVRY + 5 3[R TY VT (o — o) + BT B
=
1 -1 m+1
b= @75 3 [QULTIRY + R B VT G = ) + LBl R
. J=
» '1 m+1m+1
+ — (1) g [RIU\/_(%O k = ¥i0.k) o VT (Fio — Yio) + B0 RY kT e VT (3o — 7"0)]
| ° =1 k=1
1 -1 m+1m+1
+ - (Tzw) 5 zv,‘; i,k ’L,JkR
i j=1 k=1
. _1 m+1m+1 N
+ — (1) E Z VT (%i0,5 = ¥i0.)VT (Fiox — ’Yio,k)\/T(Ti‘,)JVk(%) ,Jk)\/—(’ho ~ %i0)
Jj=1 =
= o, (Tgr/s) =0 p(\/—) (2F.21)

The uniform rate of convergence then follows by Lemmas 12, 17, 15, 40 and 41, and Conditions 3 and 4.

Lemma 43 Suppose that Conditions 1, 2, 3, and 4 hold. We then have

1 d w
—_ Sy 4 N, VYY), (2.F.22)
» [ HYQHY' HYQ,PV
vWoo= dim =) ot e TR e (2.F.23)
n—eon =\ PWOHW PVQ,PY
li@v‘.’ £, BY = lim lE[Q /] = lim 1pw (2.F.24)
n 4 1 ¥ noo m 14 oo M ’
w — w,I w,G w,18
BY = BW4+BYC 4+ B, (2.F.25)
gt _ [ B\ _ [ HE[Gauz) HY g(2)] = $HE Gaa Ha Gl (2F.26)
i B! PY E [Go, (2:) HY 9(2it)] = 3PV Goa, HY HY
BW:G —SVE [Go,(2i) PY gz
pre = [ Bl ) o EaE el st 2ran)
B,; HY'E [Ga,(2it) PY 9(2it)]
WS _ BY:1S _ oV Gl PYUHY + 320 5T Gl e HY QU PY
b Bz‘\}[:’ls _EHE: G;aengngl HW’ Z] 1G6ae ejHy, Sk Po‘f]
(2.F.28)
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where

= (GLW'Ca) ",
= WG, W,
= W '-W/'G.,HY.

Proof. The results follow by Lemmas 40 and 41, noting that

()™
i
E [l vl

B[4y

i ivennig

| = HY
HY pw |’

HY
- Pu; g(zit),

HY QHY'  HYQ,PY
PYQHY'  PYQ,PW

E [Ga, (2it) P 9(2ut)]
E [Ga, (2i) HY 9(2it)]
( G;a-PgQiHr./, .
- ’ ' V;/’ V;/’ =1
Gua.‘ Hai QiHai
\ G:xaiej—lefQiPK,j,

if j > 1.

2.G Stochastic Expansion for 35! (6, i)

Lemma 44 Suppose that Conditions 1, 2, 8, and 4 hold. We then have

A - 1 - 1 1 1
51" (B0, 7i0) = Wit s FQUG + 5 Qe+ 7 Rae
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(2.F.30)
(2.F.31)

(2.F.32)

(2.F.33)

(2.F.34)

(2.F.35)

(2.F.36)

(2.G.1)



where

Vol = MY =0y, (T?), (2.G.2)
m+1
Qi = MV +C P+ ZwWMWwI = 0up(T77*), (2.G.3)
Y = ﬁ(M,W—Mi"“)ﬂup(TT“S), (2.G.4)
B 1 Mt -
Q¥ = MYQE+CFQY +3 Y [BMIYQY + QW MY GY + I DYV |
7=1
m+1m+1 B
+ = Z > OEINMY Y = 0, (T37/%), : (2.G.5)
=1 k=1
DY = VT — M3) = 0up(TT/), (2.G.6)
Ry = oup(T*/®) = 0,p(VT). (2.G.7)
Also,
1 K-
%Zwﬂ’ = 0,(1), (2.G.8)
1=1
1 n
;Z(lez E[QKJ) = Op(l)v (2.G.9)
=1
1 n
7 (@-ERE]) = o), (2.G.10)
=1
n 1< w
Tr—l;ZQ%i = OP(1)7 (Z'G'll)
Z\/——R&gz = o,(1). (2.G.12)

Proof. By a third order Taylor expansion of ! (6, 4:0), we have

m+1
5% (00,%0) = 3Y (00, 7%i0) + Mi(Fi0) (Fio — vio) + 3 Z(’Yio,j = %i0,5) Mi,; (Fio — Yio)
j=1
1 m+1m+1 ~ ~ N 3
T % Y > Giog = i0.5) Fiok = iok) M5 (7:) Fio — ¥io)» (2.G.13)
j=1 k=1

where 7; is between 7,0 and ;0. Noting that 3} (6o, vi0) = 0 and using the expansion for %, in Lemma
42, we can obtain the expressions for Y%, QY. and QY., after some algebra. The rest of the properties

for these terms follow by the properties of 11} , QY. and QY, and Lemmas 58, 59 and 60. For the
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remainder term, we have

m+1
RY. = MYRY
j=1
1m+
P

3
Il
b

+
[= T
M

j=1 k=1
117 1m+1
v A ey
Jj=1 k=1
1m 1m-+1
t % VT (Fio,j = %i0,5)VT (Fio,k — Yio,e) VT (M,
=1 k=1

Then, the results for RY.

3s1

12, 17 and 59, and Conditions 3 and 4. m

Q¥ ;MY RY, + RY ; DYV/T (Gho = vio) + 915 DI RY |

]k(vz) -

Lemma 45 Suppose that Conditions 1, 2, 8, and 4 hold. We then have

1
CWR% +5 Z [RZz JM \/_(')’10 — 7io) + wWMWRzz ]

1 & d w
_'ngy — N, V,"),
v
w _ ’ w w
Vo= nl;n;o;ZG PYQ;PY G,
1 - w 14
- / BY = lim =Y E[QY] = lim =
n;Ql' — nl_)l'gon; Q1] méonZBs“
WB w,C w,v
BY = By +BJ“+B)
BY? = -Gy BY =-Gj, (BK[:’I +BYC 4 Bn&xs) ’
BY° = E[Go(z) P g(zur)],
1 ,
BYY =GPl 33 e iR,

where

(G W Ga)) ™

EZXG;“ Wit

W - WG HY.
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+
Z R VT Giioe = 0. ) MV T (io = i0) + 5 R M5V T (o — 70) |

Mi‘gk)ﬁ(%o — Yio)-

(2.G.14)

follow by the properties of the components in the expansion of 7;y, Lemmas

(2.G.15)

(2.G.16)

(2.G.17)

(2.G.18)
(2.G.19)
(2.G.20)

(2.G.21)

(2.G.22)
(2.G.23)
(2.G.24)



Proof. The results follow by Lemmas 44 and 43, noting that

wWao.gw’ Wo.pW
el = ap | Hafe Ha®Fo ) yw
PY,HY'  PY¥Q,PV '
E[CFIY] = E[Goi(zu)'P;‘fg(zm],
PWQ HW f ) = 1‘
[wWMW,wW] 9; " a; i 7 3
—Gaoiej 1 HYQPY i > 1.

Lemma 46 Suppose that Conditions 1, 2, 8, and 4 hold. We then have

3% (60) -2 BY, otherwise;

{ VnT3W (6) <4, N (VPBY, V), ifn=pT;
where
1 n
87 (60) = - > 5 (60, 7o),
i=1

and BY and VWV are defined in Lemma 45.

Proof. Case I: n = O(T) From Lemma 44, we have

\/ﬁgfsz (6()) = ‘}; Zl wm \/—1;1: Zl lez \/; Z Q2sz \/_ Z R3sz

"OP(I) —Op(l) _Op(l)
Z W [nl Z w
- v — = Q1. 1).
\/7—1 pa 11bs'z + Tn p 1st + OP( )

Then, the result follows by Lemma 45.

Case II: T = o(n) Similarly to the previous case, we have from Lemma 44

T§nw (00) \/T Z wsz 1.91 \/_'V Tr— Tr—1 E Q2sz

—Op(l)

(2.G.25)

(2.G.26)

(2.G.27)

(2.G.28)

(2.G.29)

(2.G.30)

1 11
Tn 2 7
VT n<= VT j

—Op(l) _O,,(l) —Op(l)

= = ZQm +0p(1).

Then, the result follows by Lemma 45. =
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2.H Stochastic Expansion for 9;y = 4;(6p)

Lemma 47 Suppose that Conditions 1, 2, 8, 4, 5, and 6 hold. We then have

~ 1
\/TA'— i0) = ¥; + —=R;, 2.H.1
(Fio = Yio) = ¥ Jrh ( )
where
~ 1 T -1
o= e = ()T VTR (o) = 0 (1772, (2H2)
Ry = oy (VT). (2.H.3)
Also
1 n
7 D i = 0p(1) (2.H.4)
=1
Proof. The statements about 1; follow by Lemmas 26 and 58. From the proof of Lemma 27, we
have
-1 A0 R -1 “R/— N
Ry = —(T?)" YT(IP(F,) - T?) YT (Gio — 7o) = (T7) ™ VT(TFF:) - TF) VT (30 = i0)
| — ~- - ~ 7 N — = ~ ~
=0.(1) =0, (T/2%) =0, (T/22) =0.(1) =0, (T7/2?) =0, (T"/2)
= 0up(I"*) = 0,p(VT), (2.15)

by Lemmas 12, 29 and 27, and Conditions 3 and 4. =

Lemma 48 Suppose that Conditions 1, 2, 3, 5, and 4 hold. We then have

VT (%0 — ¥i0) = i + %Qu + ‘;‘;R%, (2.H.6)
where
m+1
Qulia) = —(17)7 [A?J),- 33 v,Z,-,jT{;-&iJ — (1) diaglo, B 1¥: = oup (T7/* (2.H.T)
j=1
AP = VTP - T = o, (T7*) (2H3)
Ry = oup (TBT/ 23) = Oup (\/’T ) : (2.H.9)
Also,
1 n
~ ; @i~ E[Qu]) = op(D), (2.H.10)
1 n
7 ; (@u-EQu]) = 0p(1). (2.H.11)

139



Proof. By a second order Taylor expansion of the FOC for 4;9, we have

m+1

0= ('YZO) = tAﬂ(’YzO) + T (710 - 'YzO) + = Z (710,3 Yi0,5 )T (’Yi)(':/i() - 'YiO)a (2-H~12)

where 7; is between ;0 and ;0. The expression for Q;; can be obtained in a similar fashion as in Lemma
A4 in Newey-Smith (2003). The rest of the properties for Q1; follow by Lemmas 29,47 and 59. For the

remainder term, we have

| jiiasy
—(T9) ! ARy + = Z [Rh,, \/_(%0 — Yi0) + i ; T} th]
=1

Ry;

I m+1

+ ()7 —Zx/‘ Hiog — Y0, )VTELF:) — TRV (o — vio)

+ - (7}9)— [dwg[O RO VT (io — vio) + diagl0, vg, ]Rh] . (2.H.13)
The uniform rate of convergence then follows by Lemmas 12, 27, 29 and 47, and Conditions 3 and 4. =

Lemma 49 Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have

. ~ 1 1
\/T(‘Yio — Yio) = Vi + -\7—T—Q1i + TQ% T(r+l)/2 ————=CQor; + T3/2 R, (2.H.14)
where
ar = C, if n=0(T?*) for some a € R; (2.H.15)
o(T*) for any € > 0, otherwise,
1 [ B 1 m+1 -
Qi = -— (Tzn) A?Qli + = Z I:wz,] le + Qlt,] 'd)z + d’z,] 1]'¢z]
Jj=1
-1 1 mt1mdl -
+ - (Tzn) 6 Z Z i, Vi k1 Jk’wz
+ = (@) [dmg[ B 1Qui + diaglo, QU 1] = oup (T772*), (2.H.16)
By = VI(If~ 1) = 04 (T7%) (2.H.17)
Qori = — (Tin)—l diaglo, Qﬁni]fz'z’ = Oyp (Tr/zs) , (2.H.18)
R3i = Oup (T2r/s) = Oup (\/;1—;) . (2H19)
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Also,

,/T, anQzl = 0,(1), (2.H.20)

i=1

1
\/g;z Zl Qori

0,(1). (2.H.21)

Proof. By a third order Taylor expansion of the FOC for %9, we have

0 = £(

) . g o
F0) = £ (i) + Ti(%0 — vio) + 3 > (iog — vio.5 ) T35 (Bio — vio)
i=1
1 m+1m+1 .
g DD Giog = ¥ios) ok — Yiok) T (i) (Bio — Yio)s (2.H.22)
=1 k=1

where %; is between 9;0 and ;0. The expressions for QY and QY, can be obtained in a similar fashion as

in Lemma A4 in Newey and Smith (2004). The rest of the properties for QY and Q¥ follow by Lemmas
29, 47, 48 and 60. For the remainder term, we have

[ m+1
-1 1 ~
Ry = —(T) t3 Z [Rzm T'(%io — vio) + ¢i,jﬂ%32z’]
» [ m1
+ - (Tln) '2‘ [Qh,g th + Rlz,]B \/—('710 - 720) + %,;B Rlz}
Jj=1
1 _1 m+1m+1 B
+ — (1) 6 > [Rli,j VT (Fio.k — Yi0.4) TS5 VT (Fio ~ ¥io) + Wi j Ras sk Tis VT (3o — 'YiO)]
j=1 k=1
1 —1 m+1m+1 ~ -
+ (T |5 20 D PigvisTeRy
|7 =1 k=
1 nl m+1m+1
+ = (@) {5 2 X VTG = 0 ) VT Giok — 10 VT (T (T) = T VT (io — vio)
=1 k=1
-1 .
+ - (717,0) [dw,g[ ¢ssz]sz + diag[0, QIQ |R1; + diagl0, RZQ ]\/—(%0 - 710)} (2.H.23)

The uniform rate of convergence then follows by Lemmas 12, 29, 27, 47 and 48, and Conditions 3 and 4.
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Lemma 50 Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have

1 n
/n Zdh‘t 4, N(,V), (2.H.24)
i=1
I~ Za O
Vo= lim =Y "™ , (2.H.25)
n—oo N i1 0 Pai
1 n 1 n 1 n
P o P
- ;Qu £» B, = lim ~ gE[Qh] = lim = ;B%, (2.H.26)
By, = Bl +B$+B)+BY, (2.H.27)

Bl — Bé; - ‘“%HaiGaaizai + Ho, E [Go, (2it) Ha, 9(2it)] (2.H.28)
" B/I\, —%PaiGaaiZQi + PC!:'E [Gai (zit)Haig(zit)]
BG — ( Bg. — _EaiE [Gai(zit)lpaig(zit)] (2 H 29)
k B, H{, E (Ga, (2:1)' Pa,9(z2)]
B — B\ _ [ Ha:Elg(2it)g(2it) Pa;9(zit)] (2.H.30)
vi T Q - / ’ -
By Po;Blg(2it)9(2it) Po,; 9(2:t)]
BY = o l= B (Hay = Ha) : (2.H.31)
B}\Y P, Qa, (HZV - Hy,)
where
Ta = (GL97'Ga) ", (2.H.32)
Hy, = $4,GL077, (2.H.33)
Py, = Q7' —Q7'GaH,,. (2.H.34)
Proof. The results follow by Lemmas 47 and 48, noting that
- —Ya, Ha,
™" = - S I (2.H.35)
Hi, Py,
H,.
Vg = - ( « ) 9(zit), (2.H.36)
Py,
Y0 O
EWuy] = ' , (2.H.37)
[ t zt] ( 0 Pa.. )
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E[ I u}] _ [ ElGa(ait) Payg(zit)] (2.H.38)
v B (Gau(50) Hass(z)] ) |
( 0 P
E [1/;1,JT|1S?JJ'Z] = G;alz a; CETE (2H39)
L 0, if 5 > 1.
o 0
5 [dioglo, 5W1:] — . 2.H.40
[ iag] 1/)9,]111] E[9(2i1)9(2it) Pay 9(2it)] + Qo (HY, — Ha,) ) ( |

Lemma 51 Suppose that Conditions 1, 2, 8, 4, 5 and 6 hold. We then have

. ~ 1 1 a 1 a 1
VT(§io — vio) = i+ —\/——fQu + 7 Q2i + T(’f;)/? Qori + 73 @si + T('f;)/? Wsri + 7z Rai,
(2.H.41)
where
c, if n=0(T® € R;
o = if n (T*) for some a (2.H.42)
o(T¢) for any e > 0, otherwise,
1 [ 1 m+1 _ o .
Qs = — (T8 |APQa + Z [ 15T Qi + Qui TS Qui + Qi s T + ¥ B, Qus + Qli,szs‘?jd’i]
J =1
-1 -1 milmtl -
+ - (Tzn) "é Z Z [d)z,ng k1L Jth + wz ng'z kT’]k'l/)z + Qi ]¢z k ]sz + wz sz k (?sz]
ij=1 k=1
1 [ 1 m+1m+1m+1
+ = (07 |5 iyl T
Jj=1 k=1 I=1
-1, - . . - ”
+ = (1) [dzag[O, ¥y, 1Qa: + diagl0, QY5 Q1 + diaglo, Q%i]iﬁi] = Oyp (T2 /8) , (2.H.43)
ES?Jk = ‘/—( i Jk) = Oup (TT/QS) (2.H.44)
Qsri = - (Tig)_ [diag[(), Q}’Zﬂi]Qu + diagl0, QX‘IQ,.]%] = Oyp (TT/S) , (2.H.45)
R = o4 (T71%) = 04 (VT). (2.H.46)
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Also,

\/T?_liz% = Op(1), (2.H.47)
i=1

1 n
,/—};}_ljczm = 0y(1), (2.H.48)
,/iliim = op(1). (2.H.49)
Trnizlﬁ ) 'p H.

Proof. By a fourth order Taylor expansion of the FOC for 7;p, we have

m+1

0= fz‘ (;yi(]) = ('720) + T (710 - '710) + = L Z Yio N ’Yzo,J)T’J (’)’10 '710)
j=1

1 m+1m+1 ’ X

t 5 Z (Bi0,5 — vio,5) (Fio,e — Yiok) Tk (Fio — Yio)
j=1 k=1

1 m+1m+1m+1 ) ) ) . o

+ 24 < L s ('YiO,j - 'ViO,j)(’YiO,k - 'YiO,k)('YiO,l - ’YiO,l)Ti,jkl('Yi)(')'iO - %io),
]= = =

(2.H.50)

where 7, is between ;9 and ;0. The expressions for Q3; and Qs; can be obtained in a similar fashion
as in Lemma A4 in Newey and Smith (2004), with an additional iteration of the procedure. The rest of

the properties for Q3; and Q3,; follow by Lemmas 29, 47, 48, 49, 60 and 61. For the remainder term, we

have
» I : fias
R4i - _ (T‘IQ) A? R3i + 5 [R3z,J \/—(7z0 71.0) + "bz,] R'?“]
L J=1
1 -l m+1
+ _ (CZ';Q) 5 [Qll,JT R21 + Q21,JT Rl’]
L J=
-1 -1 o 7’
+ — (1) F [RQt,JB VT (%0 = o) + ¥, B Ras + Qi B R“]
Jj=1
. ’-1 m+1m+1
+ - (1) 5 [Rgm VT ik — ¥io ) T VT (o — ¥io) + Wi 3 Rei k Ty VT (Fio 7’0)]
j=1 k=1
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+

.'.

+

+

+

+

X

+

+

-
(™
-
-
-
- (@™
-

-~

1 - .
g [¢i,j¢i,kT1,J’kR2i + i Qi T} JkRu]
L =1 k=1
'1 m4+1m+1 )
g > [Qli,jwi,kT,,iju + Qui i Rus kT VT (Frio — ’YiO)]
|7 i=1 k=1
—1 milm+l ~ )
g Z [¢i,j¢i,kE1]kR1i + ¥ Rui w B VT (Bio — ‘Yio)]
i =1 k=1
-1 m+1m+1 B
6 > [Rli,j VT R0k — Yio k) B VT (Fi0 — ’Yio)]
A =1 k=1
-1 mlmtlm+l o
21 > [%,jwi,kwiﬂ}%kﬂu + i 5%k Rui g T VT (o — 'YiO)]
| %% 521 k=1 k=1
i | milmilmil
BV > [dﬁ,jRu,k\/T(%o,l = %i0.0) T VT (o — ’Yio)]
| “% 5= k=1 k=1
[ 1 m+1m+1m+1
31 [Rli,j VT Fiok = Yiow)VT (Fiog — Yio,) T 5 VT (Fio — ’Yio)}
| 7% 5= k=t k=1
[ 1 m+1m+1m+1 -
1 VT (30,5 = %i0,5)VT Fiok — ¥io k) VT (Fio = o) VI (T (7s) — Te)

VT (30 - ¥io)
= (1) ™" [diagl0, I3 Ra: + diagl0, Q) Rai + diagl0, QY% IR + diagl0, R, VT (o — 7i0)]

1

T (r-1)/2 (

Tin)—l [diag[0, Q17,1 R2i + diag[0, Q4 ¢, | Rui] - (2.H.51)

The uniform rate of convergence then follows by Lemmas 12, 27, 29, 47, 48 and 49, and Conditions 3 and

4. The result for the average follows by the observation that the sample mean is dominated in probability

by the maximum. m

2.1 Stochastic Expansion for §;(6y, i)

Lemma 52 Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have

. . 1 - 1 1 a 1
5i(fo, ¥i0) = ”—T¢si + 7@ + T3z Wasi + a:F:;TéQ?rsi + 72 Fasis (211)
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where

ar

'&si

lei

kSl

QZsi

Also,

{ C, if n=0(T%) for some a € R;

o(T¢) for any € > 0, otherwise,

MPG = o0y (7%,

m+1

~Q .7 1 7 7 r/s
MOQui+ O+ 5 S T My = oup (T7V°))
Jj=1

V(M = M2 = 0y (Tr/%) ,

m+1

- 1 - e e -
MEQqo; + CQus + 3 z [wi‘jMig,szli + Quig ML + Tﬁi,ijji/Ji]
Jj=1

m+1m+1

z '@Zi,j'll:i,kMﬁjkd;i = 0up (T3r/2s) ,

+

%H

=1 k=1

|

VI(M; ~ M%) = o4 (T7)
M Qari,
oup(\/_f).

1 -
\/_ﬁzwsi = Op(l);
=1

%Z (lei -E [lei]) = Op(l),
i=1

It

"\'/1—7‘.; Z (lei -E [lei]) Op(l)’

1 n
- ;ZQ%:‘ = 0Op(1),

=1
J2is e 0,(1)
= 2rsi = P )
Tni=1

1™

EZRgsi = Op(\/T).

i=1
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(21.2)

(2.1.3)
(2.1.4)

(2.15)

(2.1.6)

(2.L7)
(2.18)
(2.1.9)

(2.1.10)

(2.1.11)

(21.12)

(2.1.13)

(2.1.14)

(2.1.15)



Proof. By a third order Taylor expansion of §;(6o, ¥i0), we have

m+1

8:(00,%0) = $i(60,vi0) + M{*(Fio — vio) + 3 > Giog — vio.)) M} (Fio = io)
Jj=1
1R .
+ g Z > (Riog = vi0.5) Fiok — Yio k) M (7:) (Fio — vio) (2.1.16)
J=1 k=1

where 7, is between %;0 and 7,9. Noting that 3;(fo, vi0) = 0 and using the expansion for ;0 in Lemma
49, we can obtain the expressions for &si, Q1si, and Q2s;, after some algebra. The rest of the properties
for these terms follow by the properties of zZi, @1, and Qg;, and Lemmas 12, 58, 59 and 60. For the

remainder term, we have

m+l
Rssi = MRy + CRy + R2z,y f‘ﬁ(’%o — i0) + ¥i ;ML Ro;
j J

m+1
+ 3 Z |:Q12,_’1M Rlz + Rlz ]D \/——(710 - 710) + d"z,]D Rh]

m+1 m+1

+ 5 z Z [Rlz J\/_('YzO k= Yio,k) M, Jk\/_('%O Yio) + wz,_lez M Y]]c\/_(")/'LO - 710)]
=1 k=1
m+1 m+1

+ = Z Z 11%,]"/’1 k ]th

]=1 k=1

m+1m+1

+ —Z Z\/_(’)’zo,g %0,5)VT B0k = ¥i0k) VT (M (7:) = MEIVT (30 — io)- (21.17)

|

Then, the results for Rs,; follow by the properties of the components in the expansion of 4;9, Lemmas
12, 27, 29, 47, 48, 49, and Conditions 3 and 4. =

Lemma 53 Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have

1« d

7 ;'f/)sn - N(0,J,), (2.1.18)
J = lim =~ ZG' P..Gy, (2.1.19)
: i Qi = lim — Z E(Q1si] = Jim Z Bisi, (2.1.20)

g noeen
By = BE+BS+ B;j, (2.1.21)
BE = -G} B\ =-Gj, (Bl +BS +BY +BY), (2.1.22)
B = E[Go,(2it) Pa,g(zit)], (2.1.23)
By = 0 (2.1.24)
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where

Proof. The results follow by Lemmas 47
E [sis¥si]
E |CP]

E [&ng?ﬂZz]

(G, 01

[o7 it 1

(G:li Wi—l Gai) - ’

Gai)_l H]
1

Wy -1
La.Ga W,

e
Q7 - Q7 'Go, Ha,.

L0

[o 7 )

, 48, 50 and 52, noting that

M

7

[

S, 0
0 Py

) Mg‘z”

E|[Ge,(2it) Pai9(zit)}

|

0,
0,

ifj=1;
if 7> 1.

Lemma 54 Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. We then have

{ VnT3,(60) % N (VBBs, Js), if n=pT;

T5;(60) <~ Bs,
where

§n (00)

and By and Js are defined in Lemma 53.

otherwise;

1 n
- >~ 5i(60, %io)»
=1

Proof. Case I: n = O(T) From Lemma 52, we have

R 1 - [n'1 G 1 [n 1
VnT3é,(60) = Tn > i+ Th D Qe+ T\ 7115 > [Q2ei + a7Qarsi]
i=1 i=1 i=1

=0,(1)

=0,(1)

=05(1)

(2.1.25)
(2.1.26)
(2.1.27)
(21.28)
(2.1.29)

(2.1.30)
(2.1.31)

(21.32)

(2.1.33)

(2.1.34)

1 m1 &1 1 - m1 &
+ ﬁ T;;\_/—?Rﬁlsi—'ﬁ;wsi-{- T;;lei‘*’op(l)- | (2.1.35)

=0p(1)

Then, the result follows by Lemma 53.
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Case II: T = o(n) Similarly to the previous case, we have from Lemma 52

X B ar 1 - 1 <& ar [ n 1< _
T3n(00) = VT =1 vn 2 Vsi + > ;lez + TN T=1n, ;stz
A _ ~ . s A -~ _
=op(1) =0,(1) =0,(1)

=0p(1) =0p(1)

1 n
=" Quai + 0p(1).
n =1

Then, the result follows by Lemma 53. m

Lemma 55 Suppose that Conditions 1, 2, 3, 4, 5 and 6 hold. We then have

1

5;(60, %i0) = ﬁzﬁsl
where

C, if n=0(T?*) for some a € R;
o(T*) for any € > 0, otherwise,

m+1

Qasi = MPQsi+ClQa + Z [%,JM, 2Qai + Qui i M5 Qui + QaijM.

3
A

¥s ,]ngQli + Qli,jD{ljw-i]

+
N =
[
1l

—

3
3

+

+
(=2l
N

j=1 k=1
lm 1m+1 1 m-+1m+1m+1
+ 6 [wz]'d)zk ]sz] 51
J=1 k=1 j=1 k=1 I=1
= O, (TZT/S)’
Elk = VT(M - Mfy) = Oup (TT/ZS),

m+1

Q3rsi = M Q3’I‘Z +C Q2m 2 Z [1/)1,] i?jQ?ri +Q2ri,jMi{2j1Z'ij|’

RV, = ou,,(Ti*r/%):ou,,(ﬁ).
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(2.1.36)

1 ar 1 ar 1
+ 7 Queit 7573 Qasi+ gy g Qorsi + 73 Qs + gy Qorsi + g Rasiy (2.137)

(2.1.38)

(2.1.39)

(2.1.40)
(2.1.41)

(21.42)



Also,

1 n
T%;EZQSSZ- = Op(1), (2.1.43)

i=1
\/g%ZQSTSi = Op(1)7 (2144)

i=1
%ZRzisi = o0,(VT). (2.1.45)

i=1

Proof. By a fourth order Taylor expansion of §;(6g, 9i0), we have

m+1
8i(60,%0) = 3i(00,%i0) + M{*(Fio — i) + 5 > (io,g = vi0,5) M (%o — ¥io)
=t
1 m+1m+1
+ 5 Z (Fio,5 — Yio.3) (Fiok — Yio,k) M (Fio — vio)
=1 k=
1 m+1m+1m+1
t 5 > (o, = ¥i0.5)(Fiok — ¥io,k) (Fiod — ¥io,t) M5 (:) (Fio — ¥io),
=1 k=1 k=1
(2.1.46)

where ¥, is between 4,0 and 7,0. Noting that 3;(6o, vi0) = 0 and using the expansion for 4,9 in Lemma
51, we can obtain the expressions for 1/331~, Q1si, Q2si, Q2rsiy Q3si, and Qs,s;, after some algebra. The
rest of the properties for these terms follow by the properties of their components and Lemmas 12, 58,

59 and 60. For the remainder term, we have

N 1 ™l
Risi = MRy +C{Rai+ 3 [RamM 2VT (3o — vio) + Wi i M RSi]
=1
1R 1
+ 3 [le,gM iRa; + Qai M Ry + T/ QZri,jMi{)lei]
Jj=1
1R N
+ 3 Z [Rzz,]D, ]\/_(‘Yzo — Yio) + i, D Rai + Qli,jD:'?lei]
j=1
1 m+1m-1 B
t 5 > [RZi,j\/T(’Yio,k — 0k ) M VT (Bio = Yio) + Wi j Rai o ME VT (B0 — %o)]
j=1 k=1
1 m+1m+1 o
t 5 Z [¢i,j¢i,kMis?ij2i + Q1 Ri e M; Jk\/—(’Yzo — Yio) + %i,; Qi M; ,,kRu]
=1 k=1
1 m+1m+1 _
t 5 [Qli,j"/)i,k L Ry + Ui % B Ras + iy R o By L VT (30 — %o)]
j=1 k=1
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3
t
3
A

.?1“‘
g

[Ru,jﬁ(’%o,k — Yok ) Bl VT (330 — ‘Yio)]

<
I

kol
il

-

3
t b
3
A
3
t

[Ru,j VT (0,6 = Yio k) VT (Fio,g ~ %i0,0) M VT (30 — %'o)]

+
N
™

3

<
I
1
[ Ll

+
N
™
™
MM I

3 »
B

[Tﬁz] Ry k VT (Fi0, — Yi0.) ML VT (3i0 — ’Yio)]

3
Il
- et
3 >
3
Il
—

{"/;i,j"l’;i,k&i,lMif,zjklRli + P13 Vi ke Rui ) MEL 1 VT (B0 — 'YiO)]

+
2|~

i\
]

Jj=1 k=1
1 m+1m+1 m+1
t 5 [ﬁ(%o,]‘ = %i0,5)VT Gio ke — Yio k) VT (Fios — Yoo )VT (M (7;) ~ Mir,ljk)]
j=1 k=1 I=1
X \/;1—1(’%0 - %Yi0)- (2.1.47)

Then, the results for Ry,; follow by the properties of the components in the expansion of ¥;9, Lemmas
12, 27, 29, 47, 48, 49 and 59, and Conditions 3 and 4. m

Lemma 56 Suppose that Conditions 1, 2, 3, 5, and 4 hold. We then have

v 1 - n
'I'LTSn(ao) = % ;wsz + \/;Bsn + Op(l). (2148)
where
. 1, .
5n(00) = I~ Zsi(ﬁo,%‘o), (2.1.49)
=1
1 n
B = = Z}E [Q1ai] (2.1.50)

Proof. We have from Lemma 55

It

VnT3,(00)

1 - g 1 1 &
vn ;wﬂ + \/;; ;E[lei] + TTIn ; [Q1si — E [Qusi]]
=op(1)

1 a1 1 [n 1¢ 1 a1
+ NS TT:TE;QZ“-I-T F;;erl-”—m———_r TT_—TE;QS'“

N—

=0p(1) =op(1) =0p(1)

1 [n1d 1 a1 1
+ _-T3/2 —TT_IE;Q&'Q'*‘W F;;Tf‘R‘ISi

~ /

=0p(1) =0,(1)

= =3 bt RS Bl + o). (2151)
=1 i=1
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Then, the result follows by Lemma 53. =

2.J V - Statistics

2.J.1 Properties of Normalized V-Statistics

Definition 1 (HN) Consider a statistic of the form

T T T
1
Wiy = TU/2;kl(zit);kg(zit)---;kv(zit). (2.J.1)

We will call the average

)
= > wiy (2.J.2)
i=1

of such Wl(? the normalized V-statistic of order v. We will focus on the normalized V-statistic up to

order 4.

Condition 7 (i) E[k; (zi)] =0, j =1,...,v; (it) |k; (zit)] < CM (2;¢) such that sup; E [M (zu)SJ < 00,

where C denotes a generic constant; (i) n = o(T") with r < 3.

Lemma 57 Suppose that Conditions 1 and 7 hold. Then for any {r;,j = 1,...,J < 4} such that 0 <
T S 2

Elk1(zit)" k2(2i6)™] < oo, (2.J.3)
E [y (zit) ™ ka(2it) 2 ka(2:)™] < oo, (2.3.4)
E [kl (Zit)rl kz(z'it)m kg(Zit)T3k4(Zit)r4] < o0 (2,]5)

Proof. For the first statement, note that by Holder’s Inequality and Condition 7

1 2
E [k1(zit)”k2(zit)r2] < E [kl(zit)zgﬂ Tj] Zi=17ji E [kz(zit)zgﬂ Tj] =17
< CXimiTE [M(zit)ELm] < CE [M(z)*] < . (2.3.6)

The second statement follows similarly by repeated application of Holder’s Inequality and Condition 7

ro

e [P A raTi i poL I

E[kl (Zit)rl kg(zit)“kg(zit)”] < E [k'l(z,-t)zfﬂ 1‘,-] Ti=17j E [k2(zit) 21‘2+r:1; 2 kS(Zit) 3T2+r3 ] v
< E [kl(zit)zi;l rj] Yic1Ti B [kz(zit)z:?:l Tj] Ti=17j E [ks(zit)zj*:l r:] Eie17i
< CE3amiEp [M(z,-t)ZLl ] < CE [M(2)%] < 0. (2.3.7)

152



The third statement can be proven with an additional iteration of the previous argument. In particular,

we have
E [k (zie) " k2 (2ie) 2 k3(2ie) *ka(2:)™] < CE [M (214)°] < o0. (2.J.8)
n

Lemma 58 (HN) Suppose that Condition 7 holds. We then have
LI E)
—=Y W2 =0,(1). (2.J.9)
\/H =1
Proof. By Chebyshev’s inequality, for any n > 0 we have

[ = |

w)

1 T
i=1 t=
T
A[E (% - (zzt>)y ]
<
< 7
1 n 2
_ E:TZi:J Zt:l [kl (zit) ]
= =
C?sup, E [M (z,-t)z]
< 3 (2.3.10)
n
It therefore follows that T Z T = Op (1), from which we obtain the desired conclusion. s
Lemma 59 Suppose that Conditions 1 and 7 hold. We then have
1 (2) _»p w®
ng 4T nLn;onZ [ ] ( )a (2J11)
and .
1 2 2
7 > (Wi(,fr) -F [Wi(,72]> =0, (1). (2.J.12)

i=1

153



Proof. Note that for v = 2 Condition 1 implies

E[Wi{?] = Bk (zi2) k2 (zi2)] = O(1), (2.3.13)
viw®] = E[(W(?)Z] —E[W,{"’T)]z

1 T T
.._E Z kl (Zit)Q Z k2 (Z,'t)zJ
t=1 t=1

o(r?)

+ Q%E Zk] (Z,t ZZkZ Zzt k?(zzs)

t=1 s>t

- —

o(1)
+ 2%5E ZZkl Zzt)k'l (Zzs ZkZ (Zzt)

9

o t—l s>t 4
o)
+ 4B ZZ’“I (222) b (zw)ZZkg (zi0) k2 (z10) | +O(1)
o Li=1 s>t t=1 s>t
o(r?)
= O(1). (2.J.14)

where the rates of convergence of the sums are computed by counting the number of terms with non-zero
expectation. Note also that all the expectations are finite by Lemma 57. Then, the results follow by
WLLN and CLT. = '

Lemma 60 Suppose that Conditions 1 and 7 hold. Then, for v = 3,4, we have

,/TT 1nZ Wi = 0,(1). (2.3.15)

Proof. For v = 3 Condition 1 implies

E[WR] = T7V2E [k (2u) ke (20) ks ()] = OT ), (2.3.16)
B|(w3)'] - e[’

1 E T 2 e 2 L 2
T3 Zkl (2it) Zkz (2it) Zlk?» (zit)
t=1 t=1 t=

o(T3)

Il

v [W(?]

i
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[ T
1
+ 2558 > ki (za)” ZZkz (2it) k2 (z,s)Zkg, (zu
o Lt=1 =1 s>t B
o(T?)
L [Z T 7
+ 2T3E Z (zit) Z (zt) ZZ"B zit) k3 (2is)
N Li=1 t=1 t=1 s>t 4
O(T2)
1
+ 2E szl (zit) k1 (2is) Zkz (2it) st (zzt)
N Lt=1 s>t
O(T7)
1 T T ]
+ 475E Zkl (ﬂzt) kl (zzs)ZZkZ zzt) LZ "zs)sz (th)
N Li=1 s>t t=1 s>t 4
O(T3)
1 rr T ]
+ A E D ki (zu) b (zzs)}:kz (2ir)? Zst (zit) k3 (2is)
Lt=1 s>t t=1 s>t 4
o(T3)
1
+ 4ﬁE Zkl (Z,,t) ZZkZ (Zzt) k? zls)zzk3 (zlt)k3 (zis)
o t=1 s>t t=1 s>t
O(T3)
1
+ Sﬁ‘E szl (zzt) kl (Zzs ZZkZ (Zzt)k2 (Zzs)zzkli (z1t)k3 (Zzs)
Lt=1 s>t t=1 s>t t=1 s>t
o(T?)
+ o) =0(1), (2.3.17)

where the rates of convergence of the sums are computed by counting the number of terms with non-zero

expectation. Note also that all the expectations are finite by Lemma 57. Therefore by Condition 7 (iii)

A== e
{\/Tr-ln}: ‘3’] e 0(1) = O(T' ), (2.3.19)

Then, the results follows by Chebyshev LLN.

Similarly, for v = 4 Condition 1 implies

O( %) = o(1), (2.3.18)

I

E [Wi(,"‘lz] = T 'E[k (2i2) k2 (Zﬁ) k3 (zit) ka (2:)] = O(T™1), (2.3.20)

viwd] = B|(w®)’] -5 W]’
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T T T T
1
E Z kr (zit) > ke (zit)? > ks (zir)? >k (2it)’
t=1 =1 t=1

iy t=1 )
)
- Zkl (i) ka) sz (zi2)” 22’“4 (zie) ks (zzs)
ot
- Zkl (220)? Zkg (222)? ZZka (zit) ks (zls)zkni (o
) -
% Zkl (2i0)? ;s};kz (z4) k2 (2is st (zie)? Zk4 (Zu)
D)
%4_ szl (242) bt Zw)zkz (2it)? }:ks (zi1)” Zk4 o)
== om) J
~ Z Z et (2i0) K (2is) Z z ka (2ie) ko (246) Z ks (2i)” Z ks (zu)
= = o(T4) !
- zl Z Fa (zie) K (2:) Z k2 (212)” Zl Z s (2ie) ks (245) Z ks (z,t)
o
% szl (zi2) k1 (2:) Zkz (zi1)” Zka (zir)” ZZM (zit) ka (z,s)
Lt=1 s>t O(T4) t=1 s>t 4,
% Z by (zi2)? ; § ko (2) k2 (2is) ; g ks (2) k3 (2:s) Z ks (z,t)
om)
Y é:lk (s4)? ng (s o (zm>zk3 o szm (230 (z,s)
0(T4)
Z k1 (2i1)’ Z ka (zit) Z Z k3 (2it) k3 (2is) Z Z ka (2i2) kq (z,,,)
=t — i !
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T T
-+ ZZ Zzt k1 (zzs)zzk2 (Zzt)k2 zw ZZkS Z‘Lt) ks (zzs Zk4 (Zzt)}
t=1 s>t t=1 s>t t=1 s>t
o(T?)
1 rr 7T
+ 8 E DD k(=) by (zw)ZZkQ (2it) k2 ( zw)zks (2it)? ZZM (zit) ka (z,s)}
Li=1 s>t t=1 s>t t=1 s>t
O(T3)
1
+ 87E zzkl (zit) k1 (zw)zkg (2ir)° szs (zit) ks (zw)ZZm (zit) ka (zzs)J
N Lt=1 s>t t=1 s>t t=1 s>t I
O(T3)
1
+ 851—ZE Z ky (Zzt) Z Z k2 (‘fzt) ka (Zzs) ZZ k3 (Zzt) k3 (zzs) Z Z ky (zzt) k4 (Zw):,
N t=1 s>t t=1 s>t t=1 s>t
o(T3)
1 T T T T
+ 165E DD ki (z) ka (2i0) 33 ke (2ie) ke (z,s)ZZk;; (2i) k3 (zw)ZZk4 (2i2) ka (Z”)J
t=1 s>t t=1 s>t t=1 s>t t=1 s>t 3
o(T4)
+ O(T72%) =0(), (2.J.21)

where the rates of convergence of the sums are computed by counting the number of terms with non-zero

expectation. Note also that all the expectations are finite by Lemma 57. Therefore by Condition 7 (iii)

[/Tr lnz <4)] O/ 7o57) = (), (2..22)

i=1

[\/T” Z “”} = S -0() = 0T = O(T "), (2.0.23)

Then, the results follows by Chebyshev LLN. =

Il

2.J.2 Properties of Modified Normalized V-Statistics

Definition 2 Consider now the following modified version of the V-statistics

T n T T

= (v 1 1

W2 = mmammm 2k ) D[S ke () - Sk ()| - (2.9.24)
t=1 =1 Lt=1 t=1

We will call the average
13w (2.7.25)
n i=1 Y

of such Wi(}) the normalized V-statistic of order v. We will focus on the normalized V-statistic up to
order 3.
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Lemma 61 Suppose that Conditions 1 and 7 hold. We then have

\/— Z P =001 (2.3.26)

forv=2,3.
Proof. First, for v = 2 note that Condition 1 implies

BWR] = Z=Elks @k ()] = O/, (2..27)

fl

v [Wi{?]

()] - [
L B[Sk ? S ke (zn)]

t=1 i=1 t=1
o(n1?)
1 n
+ 2mE Zkl (Z'Lt) ;;sz”kz Zzt)kZ Zzs)

o(1)

+ 2B zzkl (zie) b (zzs)ZZkz (]

Lt=1 s>t i=1 t=1 )
o(1)
1 (r T n T T
+ 4ﬁ§E ZZ 1 (2it) ka (Zis)ZZZkg (zit) k2 (zis)j|
 Lt=1s>t i=1t=1 s>t
O("I'"z)
1 T T
+ Z’TTj;iE ;;kl (Zq.t) ]Z;tZkQ (Zzt)ZkQ (z],t)

0(1)

+ Z#E Z Zkl (zit) k1 (24s) Z Z ko (z:it) Z ko (z;, t)jl +0(1)

t 1 s>t j>i t=1

o(1)
= o), (2.3.28)
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v [11-(2) 7-(2 S i (2) 15, (2 77(2 17(2
W@ W] = s[WWR] - e[WR] £ [W3]

T T n T 2
= ;{;TZ'E Zkl (zit) Zkl (zj,¢) Z (Z ks (Zit)) }
t=1 t=1 i=1

t=1
o(1) ’
1 T T n
+ 2B D ki(zi) Y ka (z]t)ZZZkz(zn)kg(zw) +0(n™?)
t=1 t=1 j>t t=1 s>t
) O(T2)
= O(n™Y). (2.J.29)

where the rates of convergence of the sums are computed by counting the number of terms with non-zero
expectation. Note also that all the expectations are finite by Lemma 57. Then, for the average we have

the following

1o = _
E ,/TEEZW}?} = O(T™) =o(1), (2.J.30)
i=1
nlgg@| (2 W@ @ oy
v ﬁﬁ;W’vT} B TznZZV[Wi’] T2 2120[ Wiz Wi, ]“ O(T™) = o(1).
\___.\,__/ s
(2.1.31)

Then, the result follows by Chebyshev’s LLN.

For v = 3 Condition 1 implies

E[Wz(aT):l = V%;E[kl (zit) ka (2i2) k3 (2i)] = O(n~1T~1/2), (2.3.32)
viw@] = E[(W,{?)Q}_E[m@]z
T
= n2T3 Zkl (th) ZZkZ (zzt) Zkg zzt)
=1 i=1 t=1
O(nT3)
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2%]13E Zkl (th) ZZkZ (Zzt) Zst Zzt) k3 Zzs)
n i=1 t=1 t=1 s>t JJ
O(Tz)
-7 "
Z#E Z Zzt 2 ZZZ kz (Zu k2 Zzs) Zkg (zzt)
o Lt=1 i=1 t=1 s>t
O(TZ)
n
4;121—T3,E Zkl (z)” ZZZkz (zit) k2 (zw)zzks (zit) ks ( )]
N i=1 t=1 s>t =1 s>t J
O(T’)
1 T T
sz ZZkl (Zzt) k1 (st) Z Zkg (Zzt) Zk3 (Zzt) ]
 Li=1s>t =1 t=1
o(T?)
4%13 Z Z k1 (zit) k1 (2is) Z Z ko (2it)? Z Z ks (2it) k3 (2is)
" . Lt=1 s>t i=1 t=1 t=1 s>t J
O(TZ)
n
4;—;—2E Z Z ky (2it) k1 (zis) Z Z Z k2 (zit) k2 (2is) Z ks (Zzt)
 Lt=1 s>t i=1 t=1 s>t 1
O(Tﬂ)
1 T T n
8;—12—7,3-E ZZ 1 (Zzt kll Zzs) Zzzkz (Zzt) ka2 (Zzs ZZ k3 Z'Lt) ks (z,s):|
Lt=1 s>% i=1t=1 s>t t—1 s>t |
o(T?)
2#13 Z ka (zae)” ZZZ k2 (2ir) Z k3 (it) Zk2 (21.0) Z ks (2 t)}
i=1 j>i t=1
O(n>T%)
4-7:2-1-7;3-E Z Z kl (zn) kl (Zzs) Z Z Z kz (Zzt) Z k3 (Z,Lt) Z kz (Z] t) Z k3 (th)]
t 1 s>t i=1 j>i t=1
) O(n?T?) '
O(n™*T™) = 0(1), (2.3.33)
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cWwRwi = E[W“”’W?S’}—E[W“”]E[W{”]

n /T T 2
= Z ki (zit) Z ki (z2) ) ( k2 (Zzt)) (Z ks (zit))
t=1 t=1

i=1

vl

o(1)

T
+ 2T3 |:Z th Z kl (ZJJ) Z Z k2 (zzt) Z ks (Zzt) Z kz (Z] t) Z kg (z]’t)

j>i t=1

~

O(T2)
+ O~ T Y =0®2T™). (2.J.34)

where the rates of convergence of the sums are computed by counting the number of terms with non-zero
expectation. Note also that all the expectations are finite by Lemma 57. Then, for the average we have

the following

\/g Z 7 (3)}
\/—— Z W

li

O(n~ Y2173y = (1), (2.J.35)

i

IS v+ A 2Zc[w,<i;>,w< )| = o) = o).
=1

T2 n2
i=1 J>z
O(n) O(;‘r—l)
(2.3.36)
Then, the result follows by Chebyshev’s LLN.
n
2.K First Stage Score and Derivatives: Fixed Effects
2.K.1 Score
T .
Ga~ i;ey i ,Ai Ga- 97 1 "Ai
W (4:;6) = Z (20, ) U (2K.1)
t=1 \ 9(zit; 0, c4) + Wi, Gi(0, i) + Wik
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2.K.2 Derivatives with respect to the fixed effects

First Derivatives

3 AtV (730 Gaa (0, 0i)'Ni Go, (0,05
T (0 = —57— 6(7,’ ) __ o (6, 24) (0. ) (2.K.2)
Vi Ga, (0, o) W;
N 0 G
TV = BT (i) = - o (2K3)
Goi Wi
- -z gw
IW,LW 1 _ a’,' oy 2.K.4
(1) ( P ) KA
Second Derivatives
éaaai(gaai),/\i éaai(eyai), p .
2pw N\ Gt 0 » =1
N O°t; i;@ ao; \V, O
T3 (i) = —5—55* (g n. L (2.K.5)
Vi,5 O Goca:(0,a;)ej—1 0 .
- , if j > 1.
0 0
0 Gl.. .
g 0’ , ifi=1
T = E[Ti‘:‘;(%o;eo)]= Gjai 0 (2.K.6)
[
— [ el , ifj>1.
0 0
Third Derivatives
aaa 9 1 A G 0 1 !
eilfro) A Caca o) ) oy p
aaa.(e az) 0
a: (0, s 0
) Caaa O‘)ek ! , ifj=1,k>1;
3* %Y (%3 9) 0
Liw050) 0% kY5507, (9 )4 0
b tJ i Qo 7 -
Ca i) €j~1 , ifj>1L,k=1;
0
0 0
, ifj=1k=1.
{ 0 0
(2K.7)
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0 G’
[ boa | i1k
Gaaai 0
Glroo.tk—1 0
_ aca; €k—1 , ifj=l,k>1;
w AW 0 0
Lge = B [Tz’,jk(%o;eo)] = ! 0 (2.K.8)
R . ifi>1,k=1;
0 0

0
00
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Fourth Derivatives

Ti‘gkz (vi;0) =

T

2,

Y o= B [Ti‘,}?kl('Vw?eO)] = ﬁ

It (vi; 6)
0v: 10, 07i,; 07,

(

éaaaaa; (07 O‘i),)‘i éaaaai (01 ai)l

éaaaai (ov Oli)

éaaaai (9, ai)lel-l

éaaaa,— (97 ai),ek——l

0
0 )

N

Gaaaa; (9, ai)/ej—l

o o o O

o o o O
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fj=1k=11=1;

fi=1k=11>1;

fj=1k>11=1;

ifi=1k>11>1;

), fji>1k=11=1;

fj=1Lk=1101>1

ifj=1k=1,Vl

fj=1k=1,1=1;

fj=1k=11>1

fj=1k>11=1;

ifj=1,k>11>1;

fji>1,k=11=1;

ifj=1k=11>1

ifj=1k=1Vl

(2.K.9)

(2.K.10)



2.K.3 Derivatives with respect to the common parameter

First Derivatives

& MY (7i;6) é0-a~(9yai),/\i
w 3 — 1 2 - — i
N5 (0,v:) BT G, (0,x) (2.K.11)
NY = E[NW(a -]—_ 0
ij 1,7 0,%0) = G (2-K.12)
6;i

2.LL First Stage Score and Derivatives: Common Parameters

2.L.1 Score

T
87 (0,%(0) = —% > Golzit; 6,8:(0))' Xs(6) = —Goi(6, &:(6))'X:(6), (2.L.1)

t=1
2.L.2 Derivatives with respect to the fixed effects

First Derivatives

~W ~. - .
MY (6,%(0) = %37) = —( G, (0,a:(0))N:(6) Go,(0,a:(6)) ) (2.1.2)
M%7 = E [Miw(ao;’)’io)] = - ( 0 Gy, ) (2.L.3)

Second Derivatives

Tt { i E Gt (0, 6:(0))i(0) G, (6, 6:(0))’ ) ifj=1

a’?z,‘]a'?z, GAag‘. (0, &i(ﬁ))’ej_l éae,- (9, d,(@))’ ) ’ ifj>1.
(2.L4)
. -{t0 G, ), ifj=1,
Ml"‘]’ = E [MX?(GD,%O)] = ab: ) o (2.L.5)
_ G;Biej_l 0 ), if 7 > 1.
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Third Derivatives

J\l”k

Fourth Derivatives

Mi‘gkt(eﬁi(g)) =

w —
M =

%W (6,%) _
99:,10%,507; -

E [Mi‘gk(@o,%o)] =

Bt
R

éaﬂ
0

~(o Gaa,, ),

R

0%:.10%: k07:,;07,

(

|

B

(- (

-(¢

- -(e

E [Mi‘:‘a{kl(om ’Yio)] T é
- (o

- (o

Caaaats (0,8 (0)3i(0) Caaua,(0,:(0)) )

éaaaai (0, a; (0)),61—1
éaaaei (61 di(e))lek—l

0 0).

0 0 ),
0 0 ),

—( G:xoz&ek—l 0 )
Glas, €i-1 0)

00),

0),

o),

( Goson,(6.8:(6)ejr 0 ),

9

7

aaa@ 9 0‘1(0)) ’\ (6)
Gano, (6,58 ex1 0 ),
8,a:(6))'ej-1 O ),

0),

0 Glhoos, )

aaaeel 1 0)’

aaa0 €k-1

aaae. €j—-1

0);
),
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0

Gaas (6, 8:(0)) ) ifj=1k=1;
fji=1k>1
ifi>1,k=1;
ifj>1,k>1.

(2.L.6)
ifj=1k=1;

ifj=1,k>1;

(2.L.7)
ifj>1,k=1,;

ifj>1,k>1

)

)

Ll

7

ifj=1k=11=1;
ifj=1k=11>1;
ifj=1k>11l=1
ifj=1k>1,0>1;
ifj>1,k=1,0=1;
if;>1L,k=11>1,

ifj>1,k> 1,V

ifi>1L,k=11=1;
ifj>1L,k=11>1;
ifj>1,k>1,VL

(2.L.8)
ifji=1k=1,1=1;
ifj=1k=1,1>1;
ifji=1k>11=1;
fj=1k>11>1; (2L9)



2.L.3 Derivatives with respect to the common parameters

First Derivatives

sW(g ~, A -
S¥0,%(0) = W:—wa(&&iw))'/\i(@) (2.L.10)
J

St = E[5%(00,%0)] =0 (2.L.11)

2.M Second Stage Score and Derivatives: Fixed Effects

2.M.1 Score
T R
7 Ga, (zit; 0, i)' N Ga, (0, a3) A 0
ti(vi;0) = —%Z e (2 N )~ : =—1 _ «(0,04) - .
=1 \ 9(zit; 0, ) + (0, i) A 9:(0, ;) + QN (Q — %)\
= 8 (7:0) + (15 0) (2.M.1)

Note that the formulae for the derivatives of Appendix 2.K apply for t?, replacing W by Q. Hence, we

only need to derive the derivatives for {*.

2.M.2 Derivatives with respect to the fixed effects

First Derivatives

. AR (vi; 0) 0 0
T (vi;6) o 0 06,50 -0 (2.M.2)

Q
TF E [TiR('y,-O;()Q)] = - ( ?) E [Q'O_ Qz] ) (2.M.3)

Second and Higher Order Derivatives

Since TiR (7i; @) does not depend on 1;, the derivatives (and its expectation) of order greater than one are

Zero.

2.M.3 Derivatives with respect to the common parameters

First Derivatives

OtR (vi;0)

0. (2.M.4)
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2.N Second Stage Score and Derivatives: Common Parameters
2.N.1 Score
T
5(0,%(0)) = -% ZGG(Zit;ea 6:(8)) Xi(6) = ~Gi(0,6:(0)) Ni(0), (2.N.1)
t=1

Since this score does not depend explicitly on f)i(é, @;), the formulae for the derivatives in Appendix 2.L

carry through replacing ¥; by %:.
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Chapter 3

Quantile Regression under
Misspecification, with an Application

to the U.S. Wage Structure

(Joint with J. D. Angrist and V. Chernozhukov)
3.1 Introduction

The Quantile Regression (QR) estimator, introduced by Koenker and Bassett (1978), is an in-
creasingly important empirical tool, allowing researchers to fit parsimonious models to an entire
conditional distribution. Part of the appeal of quantile regression derives from a natural paral-
lel with conventional ordinary least squares (OLS) or mean regression. Just as OLS regression
coefficients offer convenient summary statistics for conditional expectation functions, quantile
regression coefficients can be used to make easily interpreted statements about conditional dis-
tributions. Moreover, unlike OLS coefficients, QR estimates capture changes in distribution
shape and spread, as well as changes in location.

An especially attractive feature of OLS regression estimates is their robustness and inter-
pretability under misspecification of the conditional expectation function (CEF). In addition
to consistently estimating a linear conditional expectation function, OLS estimates provide the
minimum mean square error linear approximation to a conditional expectation function of any
shape. The approximation properties of OLS have been emphasized by White (1980), Chamber-
lain (1984), Goldberger (1991), and Angrist and Krueger (1999). The fact that OLS provides a
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meaningful and well-understood summary statistic for conditional expectatiohs under almost all
circumstances undoubtedly contributes to the primacy of OLS regression as an empirical tool.
In view of the possibility of interpretation under misspecification, modern theoretical research
on regression inference also expressly allows for misspecification of the regression function when
deriving limiting distributions (White, 1980). '

While QR estimates are as easy to compute as OLS regression coefficients, an important dif-
ference between OLS and QR is that most of the theoretical and applied work on QR postulates
a correctly specified linear model for conditional quantiles. This raises the question of whether
and how QR estimates can be interpreted when the linear model for conditional quantiles is
misspecified (for example, QR estimates at different quantiles may imply conditional quantile
functions that cross). One interpretation for QR under misspecification is that it provides the
best linear predictor for a response variable under asymmetric loss. This interpretation is not
very satisfying, however, since prediction under asymmetric loss is typically not the object of
interest in empirical work.! Empirical research on quantile regression with discrete covariates
suggests that QR may have an approximation property similar to that of OLS, but the exact na-
ture of the linear approximation has remained an important unresolved question (Chamberlain,
1994, p. 181).

The first contribution of this paper is to show that QR is the best linear approximation to the
conditional quantile function using a weighted mean-squared error loss function, much as OLS
regression provides a minimum mean-squared loss fit to the conditional expectation function.
The implied QR weighting function can be used to understand which, if any, parts of the
distribution of regressors contribute disproportionately to a particular set of QR estimates. We
also show how this approximation property can be used to interpret multivariate QR coefficients
as partial regression coefficients and to develop an omitted variables bias formula for QR. A
second contribution is to present a distribution theory for the QR process that accounts for
possible misspecification of the conditional quantile function. We present the main inference
results only, with proofs available in a supplementary appendix. The approximation theorems
and inference results in the paper are illustrated with an analysis of wage data from recent U.S.
censuses.? The results show a sharp change in the quantile process of schooling coefficients
in the 2000 census, and an increase in conditional inequality in the upper half of the wage

distribution from 1990-2000.

! An exception is the forecasting literature; see, e.g., Giacomini and Komunjer (2003).
2Quantile regression has been widely used to model changes in the wage distribution; see, e.g., Buchinsky
(1994), Abadie (1997), Gosling, Machin, and Meghir (2000), Autor, Katz, and Kearney (2004).
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The paper is organized as follows. Section 2 introduces assumptions and notation and
presents the main approximation theorems. Section 3 presents inference theory for QR processes
under misspecification. Section 4 illustrates QR approximation properties with U.S. census data.

Section 5 concludes.

3.2 Interpreting QR Under Misspecification

3.2.1 Notation and Framework

Given a continuous response variable Y and a d x 1 regressor vector X, we are interested in the
conditional quantile function (CQF) of Y given X. The conditional quantile function is defined
as:

Q-(Y|X) :=inf {y : Fy(y|X) 2 7},

where Fy(y|X) is the distribution function for Y conditional on X, which is assumed to have
conditional density fy(y|X). The CQF is also known to be a solution to the following mini-

mization problem, assuming integrability:
Q-(Y|X) € arg f{% Efp-(Y —q(X))], (3.2.1)

where p;(u) = (7 — 1(v < 0))u and the minimum is over the set of measurable functions of
X. This is a potentially infinite-dimensional problem if covariates are continuous, and can be
high-dimensional even with discrete X. It may nevertheless be possible to capture important
features of the CQF using a linear model. This motivates linear quantile regression.

The linear quantile regression (QR), introduced by Koenker and Bassett (1978), solves the
following minimization problem in the population, assuming integrability and uniqueness of the

solution:

B(1) 1= arg 52}1’}@ E[p:(Y - X'B)] . (3.2.2)

If ¢(X) is in fact linear, the QR minimand will find it, just as if the conditional expectation
function is linear, OLS will find it. More generally, QR provides the best linear predictor for Y
under the asymmetric loss function, p,. As noted in the introduction, however, prediction under
asymmetric loss is rarely the object of empirical work. Rather, the conditional quantile function
is usually of intrinsic interest. For example, labor economists are often interested in comparisons

of conditional deciles as a measure of how the spread of a wage distribution changes conditional
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on covariates, as in Katz and Murphy (1992), Juhn, Murphy, and Pierce (1993), and Buchinsky
(1994). Thus, our first goal is to establish the nature of the approximation to conditional

quantiles that QR provides.

3.2.2 QR Approximation Properties

Our principal theoretical result is that the population QR vector minimizes a weighted sum
of squared specification errors. This is easiest to show using notation for a quantile-specific
specification error and for a quantile-specific residual. For any quantile index 7 € (0,1), we

define the QR specification error as:
Ar(X,B) = X'B - Q- (Y]|X).

Similarly, let €, be a quantile-specific residual, defined as the deviation of the response variable

from the conditional quantile of interest:
e =Y — Q. (Y|X),

with conditional density f, (¢|X) at ¢, = e. The following theorem shows that QR is a weighted

least squares approximation to the unknown CQF.

Theorem 1 (Approximation Property) Suppose that (i) the conditional density fy (y|X)
exists a.s., (it) E[Y], E{Q.(Y|X)], and E|| X|| are finite, and (iii) B(7) uniquely solves (3.2.2).
Then
= in E [w,(X,8) A%(X,0)],
B(r) = arg min [w-(X,B) - AL(X, B)]

where

Il

1
w, (X, B) /0 (1 =) fo, (A (X,B)X) du

1
/0 (1) fy (u- X"B+ (1 —u)- Qy(Y]X)IX) du > 0.

PRrRoOOF: We have that 3(7) = argmingega E[pr(er — A7(X,6))], or equivalently, since
E[p-(er)] does not depend on § and is finite by condition (ii),

B(r) = arg min {E [p, (e ~ A,(X, 8))) - E [pr ()} - (3.2.3)
BeR!
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By definition of p, and the law of iterated expectations, it follows further that
B(r) = arg min {ELAX, 8)] - E[B(X,8)]},
where

AX, 8) = E[(1{e: < A (X, 8)} — 7) Ar(X, B) | X],
B(X,5) = E[(1{er < A (X, 8)} — 1{er < 0}) &]X].

The conclusion of the theorem can then be obtained by showing that

1
A(X,B) = ( /0 fo (uA (X, ﬂ)lX)du) - AX(X, ), (3.2.4)

1
B(X,pB) = ( /0 ufe, (uA-(X, B)|X )du) -A(X, B), (3.2.5)

establishing that both components are density-weighted quadratic specification errors.

Consider A(X, ) first. Observe that

"A(Xa IB) = [FE-,—(AT(Xa ﬂ)'X) - FET (OlX)] AT(X7 ﬁ)
) (3.2.6)
- ( /0 Foo (A (X, B)|X) A (X, ﬂ)du) A(X,5),

where the first statement follows by the definition of conditional expectation and noting that
E[l{e; < 0}|X] = F,(0]X) = 7 and the second follows from the fundamental theorem of
calculus (for Lebesgue integrals). This verifies (3.2.4). Turning to B(X, ), suppose first that
A, (X, B) > 0. Then, setting u, = ¢,/A,(X, ), we have

B(X,0)=E [le; € [0,0,(X,8)]} - &
=E [l{u.r € 0,1} ur - AT(X,ﬂ)'X]

- ( /O it (u[X)du) A,(X, 6)

x|
(3.2.7)

= (/01 ufeT(uAT(X,ﬁ)lX)AT(Xﬁ)du) A (X, 8),

which verifies (3.2.5). A similar argument shows that (3.2.5) also holds if A, (X, 3) < 0. Finally,

if Ar(X,B) =0, then B(X,3) =0, so that (3.2.5) holds in this case too. Q.E.D
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Theorem 1 states that the population QR coefficient vector G(7) minimizes the expected
weighted mean squared approximation error, i.e., the square of the difference between the true
CQF and a linear approximation, with weighting function w, (X, 3).> The weights are given by
the average density of the response variable over a line from the point of approximation, X’3, to
the true conditional quantile, Q,(Y|X). Pre-multiplication by the term (1 — u) in the integral
results in more weight being applied at points on the line closer to the true CQF.

We refer to the function w,(X, ) as defining importance weights, since this function de-
termines the importance the QR minimand gives to points in the support of X for a given
distribution of X.# In addition to the importance weights, the probability distribution of X
also determines the ultimate weight given to different values of X in the least squares problem.

To see this, note that we can also write the QR minimand as
B(r) = arg min, [ A2(z,0) wi(x,9) dTl),
BER?

where II(z) is the distribution function of X with associated probability mass or density function

7(x). Thus, the overall weight varies in the distribution of X according to
wT(x’ :6) ’ W(I)

A natural question is what determines the shape of the importance weights. This can be
understood using the following approximation. When Y has a smooth conditional density, we

have for § in the neighborhood of 3(r):

wr(X,8) =1/2- fy (Q@-(Y|X)IX) + or(X), [0 (X)| £1/6-|A(X,B)]- f/(X). (3.2.8)

Here, o-(X) is a remainder term and the density fy (y|X) is assumed to have a first deriva-
tive in y bounded in absolute value by f'(X) a.s.> Hence in many cases the density weights
1/2 - fy (Q-(Y|X)|X) are the primary determinants of the importance weights, a point we il-
lustrate in Section 4Tt is also of interest to note that fy (Q-(Y|X)|X) is constant across X in

location models, and inversely proportional to the conditional standard deviation in location-

3Note that if we define B(7) via (3.2.3), then integrability of ¥ is not required in Theorem 1.
4This terminology should not to be confused with similar terminology from Bayesian statistics.

5The remainder term o-(X) = w-(X,8) — (1/2) - f,(0|X) is bounded as |o-(X)| = |f01(1 — u)(fe, (u -
Ar(X,B)X) = fe, (01X))dul < 1A(X,B)]- F/(X) - fo (L —w)-u-du=(1/6) - |A-(X, B)| - F'(X).
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scale models.®
QR has a second approximation property closely related to the first. This second property
is particularly well-suited to the development of a partial regression decomposition and the

derivation of an omitted variables bias formula for QR.

Theorem 2 (Iterative Approximation Property) Suppose that (i) the conditional density
fy(|X) ezists and is bounded a.s., (ii) E[Y], E[Q,(Y|X)?], and E||X|? are finite, and (iii)
B(7) uniquely solves (3.2.2). Then B(1) = B(7) uniquely solves the equation

B(r) = arg min & [@-(X,B(r)) - AZ(X, B)] (3.2.9)
where

(6B = 5 [ L (a8 BEIX) du

N = N

1
| X80 + (1= Q(¥IX)1X) du 0.

PRrROOF: We want show that
B(r) = arg min Elp, (Y — X'B)], (3.2.10)
BeRY

is equivalent to the fixed point 3(7) that uniquely solves

B(r) = arg min & [@-(X, B(r)) - AZ(X, B)] (3.2.11)

where the former and the latter objective functions are finite by conditions (i) and (ii).

By convexity of (3.2.11) in 3, any fixed point 3 = ((7) solves the first order condition:
F(B) = 2-E [w,(X,B) A(X,8) X]=0.

By convexity of (3.2.10) in f, the quantile regression vector 8 = (3(7) solves the first order
condition:

D(B) == E[D(X,8)] = 0,

A location-scale model is any model of the form Y = p(X) + o(X) - e, where e is independent of X. The
location model results from setting o(X) = o.
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where

DX, 6) = E[(1{er < Ar(X,5)} - 7) X|X].

An argument similar to that used to establish equation (3.2.6) yields

D(X, B) = (Fe, (A (X, B)IX) — F..(01X)) - X
1
- ( /O o (un(X, ﬂ)|X)du> AL(X,8) - X

=2 wT(X7ﬁ) . AT(Xyﬂ) 'Xv

where we also use the definition of @,(X;3). The functions F(3) and D(3) are therefore
identical. Since § = §(7) uniquely satisfies D(5) = 0, it also uniquely satisfies F(8) = 0. As a

result, 8 = B(7) = B(7) is the unique solution to both (3.2.10) and (3.2.11). Q.ED

Theorem 2 differs from Theorem 1 in that it characterizes the QR coefficient as a fixed
point to an iterated minimum distance approximation. Consequently, the importance weights
w(X,B(r)) in this approximation are defined using the QR vector 3(7) itself. The weighting
function w, (X, 8(7)) is also related to the conditional density of the dependent variable. In
particular, when the response variable has a smooth conditional density around the relevant

quantile, we have by a Taylor approximation
@7 (X, 8(7)) = 1/2 fy (Q(Y[X)|X) + 2-(X), le-(X)] <1/4-|A-(X,B(m))| - f'(X),

where §,(X) is a remainder term, and the density fy (y|X) is assumed to have a first derivative
in y bounded in absolute value by f/(X) a.s. When either A,(X,3(r)) or f/(X) is small, we

then have
57(X, B()) ~ wr (X, B(7)) % 3 f (@ (Y X)),

The approximate weighting function is therefore the same as derived using Theorem 1.

3.2.3 Partial Quantile Regression and Omitted Variable Bias

Partial quantile regression is defined with regard to a partition of the regressor vector X into
a variable, X7, and the remaining variables X5, along with the corresponding partition of QR

coefficients 8(7) into B1(7) and B2(7). We can now decompose Q- (Y| X) and X; using orthogonal
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projections onto X, weighted by w,(X) := w(X; (7)) defined in Theorem 2:

Q- (Y[X) = Xjm + ¢-(Y]X), where E[w;(X) - X2-¢-(Y|X)] =0,
X1 =Xé71'1+V1, where E[’u_).r(X)-Xz-Vl]ZO.

In this decomposition, ¢.(Y|X) and Vj are residuals created by a weighted linear projection
of Q+(Y|X) and X; on X, respectively, using w,(X) as the weight.” Standard least squares
algebra then gives

pi(r) = arg min & (@ (X) (¢ (Y]X) = Vif1)?]

and also $1(7) = argming, E [w-(X) (Q-(Y|X) — V161)?] . This shows that 3;(r) is a partial
quantile regression coefficient in the sense that it can be obtained from a weighted least squares
regression of @,(Y|X) on X;, once we have partialled out the effect of X,. Both the first-step
and second-step regressions are weighted by @w,(X).

We can similarly derive an omitted variables bias formula for QR. In particular, suppose we
are interested in a quantile regression with explanatory variables X = [X], X5}, but X3 is not
available, e.g., a measure of ability or family background in a wage equation. We run QR on
X only, obtaining the coefficient vector v1(7) = arg min,, E[p,(Y — X{v1)]. The long regression
coefficient vectors are given by (81(7)’, B2(7)")’ = argming, g, E[p-(Y — X{51 — X302)]. Then,

(1) = Bu(r) + (Bl (X) - X1 X1) 7' B[, (X) - X1 R, (X)),

where R, (X) = Q- (Y|X) = X} 61(7), @ (X) = fy fer(u- Ar(X,71(7))| X )du/2, Ar(X, 1) =
Xy — Q. (Y|X), and €, := Y — Q,(Y]|X).2 Here R,(X) is the part of the CQF not explained
by the linear function of X; in the long QR. If the CQF is linear, then R,(X) = X5082(7). The
proof of this result is similar to the previous arguments and therefore omitted.

As with OLS short and long calculations, the omitted variables formula in this case shows the
short QR coefficients to be equal to the corresponding long QR coefficients plus the coeflicients
in a weighted projection of omitted effects on included variables. While the parallel with OLS
seerns clear, there are two complications in the QR case. First, the effect of omitted variables
appears through the remainder term, R,(X). In practice, it seems reasonable to think of this

as being approximated by the omitted linear part, X502(7). Second, the regression of omitted

"Thus, g =F [0 (X)X2X3] " E [0, (X)X2Q-(Y]X)] and m; = E [0, (X) X2 X457 E [B-(X) X2 X1]-
8Note that the weights in this case depend on how the regressor vector is partitioned.
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variables on included variables is weighted by 1, (X), while for OLS it is unweighted.’

3.3 Sampling Properties of QR Under Misspecification

Parallelling the interest in robust inference methods for OLS, it is also of interest to know how
specification error affects inference for QR. In this case, inference under misspecification means
distribution theory for quantile regressions in large samples without imposing the restriction
that the CQF is linear. While not consistent for the true nonlinear CQF, quantile regression
consistently estimates the approximations to the CQF given in Theorems 1 and 2. We would
therefore like to quantify the sampling uncertainty in estimates of these approximations. This
question can be compactly and exhaustively addressed by obtaining the large sample distribution
of the sample quantile regression process, which is defined by taking all or many sample quantile
regressions.

As in Koenker and Xiao (2001), the entire QR process is of interest here because we would
like to either test global hypotheses about (approximations to) conditional distributions or make
comparisons across different quantiles. Therefore our interest is in the QR process, and is not
confined to a specific quantile. The second motivation for studying the process comes from the
fact that formal statistical comparisons across quantiles, often of interest in empirical work,
require the construction of simultaneous (joint) confidence regions. Process methods provide a
natural and simple way of constructing these regions.

The QR process B() is formally defined as

n

B(r) € arggn]ié‘li n~1 Zp.r(Yi — X!B), 7 €T := a closed subset of [¢,1 — €] for € > 0. (3.3.1)
€ ;

i=1
Koenker and Machado (1999) and Koenker and Xiao (2001) previously focused on QR process
inference in correctly specified models, while earlier treatments of specification error discussed
only pointwise inference for a single quantile coefficient (Hahn, 1997). As it turns out, the
empirical results in the next section show misspecification has a larger effect on process inference

than on pointwise inference. Our main theoretical result on inference is as follows:

Theorem 3 Suppose that (i) (Yi, X;,1 < n) are iid on the probability space (Q, F, P) for each

n, (ii) the conditional density fy(y|X = z) exists, and is bounded and uniformly continuous in

9The formula obtained above can be used to determine the bias from measurement error in regressors, by
setting the error to be the omitted variable. This suggests that classical measurement error is likely to generate
an attenuation bias in QR as well as OLS estimates. We thank Arthur Lewbel for pointing this out.
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y, uniformly in x over the support of X, (iit) J(r) := E|fy(X'B(7)|X) X X'] is positive definite
for all 7 € T, and (iv) E || X||**¢ < oo for some € > 0. Then, the quantile regression process
is uniformly consistent, sup cr 13(r) — B0 = op(1), and JO)Vn(B() — B(-)) converges in
distribution to a zero mean Gaussian process z(-), where 2(-) is defined by its covariance function

S(r, ) i= E [2(r)z(")'], with
S(rm)=E [(r-1{Y <X'B(n)}) (v - 1{Y < X'B("")}) XX']. (3.3.2)
If the model is correctly specified, i.e. Q. (Y|X) = X'8(7) a.s., then S(r,7') simplifies to
So(r,7') := [min(r, ') — 7] - B [X X']. (3.3.3)

Theorem 3 establishes joint asymptotic normality for the entire QR process.!® The proof
of this theorem appears in the supplementary appendix. Theorem 3 allows for misspecification
and imposes little structure on the underlying conditional quantile function (e.g., smoothness of
Q-(Y]X) in X, needed for a fully nonparametric approach, is not needed here). The result states
that the limiting distribution of the QR process (and of any single QR coeflicient) will in general
be affected by misspecification. The covariance function that describes the limiting distribution
is generally different from the covariance function that arises under correct specification.

Inference on the QR process is useful for testing basic hypotheses of the form:
R(7)'B(r)=r(r) for all T € 7. (3.3.4)

For example, we may be interested in whether a variable or a subset of variables j € {k +
1,...,d} enter the regression equations at all quantiles with zero coefficients, i.e. whether 8;(7) =
Oforall7€ T and j € {k+1,...,d}. This corresponds to R(7) = [O(d_k)xk I;_i) and () =
04—k Similarly, we may want to construct simultaneous (uniform) confidence intervals for linear

functions of parameters

R(T)'B(r) —r(r) forallTeT.

Theorem 3 has a direct consequence for these confidence intervals and hypothesis testing,
since it implies that (EX X')™13(7, 7’) # [min(r, 7/)—77']-I4. That is, the covariance function un-

der misspecification is not proportional to the covariance function of the standard d-dimensional

10A simple corollary is that any finite collection of ﬁ(ﬁ(rk) — B(m)), k = 1,2, ..., are asymptotically jointly
normal, with asymptotic covariance between the k-th and I-th subsets equal to J(7x) '%(7x,n)J(7:)~}. Hahn
(1997) previously derived this corollary for a single quantile.
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Brownian bridge arising in the correctly specified case. Hence, unlike in the correctly specified
case, the critical values for confidence regions and tests are not distribution-free and can not
be obtained from standard tabulations based on the Brownian bridge. However, the following
corollaries facilitate both testing and the construction of confidence intervals under misspecifi-

cation:

Corollary 1 Define V(1) := R(7)'J(7)™! (7, 7) J(r)7'R(7) and |z| := max; |z;|. Under the
conditions of Theorem 3, the Kolmogorov statistic
Kn := sup,cr WV (r) V2 /n(R(7) B(r) — r(1))| for testing (3.3.4) converges in distribution to
variable K := sup, ez |V (1) "V2R(1) J (1) 2(7)| with an absolutely continuous distribution. The
result is not affected by replacing J(1) and X(7,7) with estimates that are consistent uniformly

imteT.

Thus, Kolmogorov-type statistics have a well-behaved limit distribution.!? Unlike in the
correctly specified case, however, this distribution is non-standard. Nevertheless, critical values

and simultaneous confidence regions can be obtained as follows:

Corollary 2 For k(«) denoting the a-quantile of K and k(a) any consistent estimate of it, for
instance the estimate defined below, limp_.co P{v/n(R(T)B(1) = (1)) € In(7), for all T € T} =
a, where I () = [u(r) : [V(1)"Y2/n(R(x) B(r) - r(r) — u(r))] < &(@)]. If R(r)'B(r) — r(7) is
scalar, the simultaneous confidence interval is In(r) = [R(7) B(r) — r(7) £ &(a) - V(r)Y/?]. This

result is not affected by replacing V (1) with an estimate that is consistent uniformly in 7 € 7.

A consistent estimate of the critical value, #(a), can be obtained by subsampling. Let
j = 1,...,B index B randomly chosen subsamples of ((Y;, X;),7 < n) of size b, where b —
00, b/n — 0, B — o0 as n — oo. Compute the test statistic for each subsample as K; =
sup, ez |V (1)~ V2VBR(1)' (B\J(T) — B(7))|, where Bj (7) is the QR estimate using j-th subsample.
Then, set k(a) to be the a-quantile of { K3, ..., Kp}.

Finally, the inference procedure above requires estimators of X(r,7’) and J(7) that are

uniformly consistent in (7,7") € T x 7. These are given by:

S(rr) = a7t Z(T — 1{Y; < XiB(nN(r' - 1Yi < XiB(7)}) - XiX],

=1

J(r) = (2nha)™' D 1{|Y: = X{B(7)| < ha} - Xi X,

i=1

111n practice, by stochastic equicontinuity of QR process, in the definition of K,-statistics we can replace any
continuum of quantile indices 7 by a finite-grid 7k, , where the distance between adjacent grid points goes to
ZEero as m — 00.
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where 3(7,7') differs from its usual counterpart 3(7,7’) = [min(r,7’) — 77| - n~1 Yo XiX]
used in the correctly specified case; and J (1) is Powell’s (1986) estimator of the Jacobian, with
hn such that h, — 0 and h2n — oco. Koenker (1994) suggests h, = C - n~13 and provides
specific choices of C. The supplementary appendix shows that these estimates are consistent

uniformly in (7, 77).

3.4 Application to U.S. Wage Data

In this section we study the approximation properties of QR in widely used U.S. Census micro
data sets.!> The main purpose of this section is to show that linear QR indeed provides a useful
minimum distance approximation to the conditional distribution of wages, accurately capturing
changes in the wage distribution from 1980 to 2000. We also report new substantive empirical
findings arising from the juxtaposition of data from the 2000 census with earlier years. The
inference methods derived in the previous section facilitate this presentation. In our analysis,
Y is the real log weekly wage for U.S. born men aged 40-49, calculated as the log of reported
annual income from work divided by weeks worked in the previous year, and the regressor X
consists of a years-of-schooling variable and other basic controls.!?

The nature of the QR approximation property is illustrated in Figure 1. Panels A-C plot
a nonparametric estimate of the conditional quantile function, @.(Y|X), along with the linear
QR fit for the 0.10, 0.50, and 0.90 quantiles, where X includes only the schooling variable. Here
we take advantage of the discreteness of the schooling variable and the large census sample to
compare QR fits to the nonlinear CQFs computed at each point in the support of X. We focus
on the 1980 data for this figure because the 1980 Census has a true highest grade completed
variable, while for more recent years this must be imputed. It should be noted, however, that
the approximation results for the 1990 and 2000 censuses are similar.

Our theorems establish that QR implicitly provides a weighted minimum distance approx-

imation to the true nonlinear CQF'. It is therefore useful to compare the QR fit to an explicit

12The data were drawn from the 1% self-weighted 1980 and 1990 samples, and the 1% weighted 2000 sample,
all from the IPUMS website (Ruggles el al., 2003). The sample consists of US-born black and white men of age
40-49 with 5 or more years of education, with positive annual earnings and hours worked in the year preceding
the census. Individuals with imputed values for age, education, earnings or weeks worked were also excluded from
the sample. The resulting sample sizes were 65,023, 86,785, and 97,397 for 1980, 1990, and 2000.

13 Annual income is expressed in 1989 dollars using the Personal Consumption Expenditures Price Index. The
schooling variable for 1980 corresponds to the highest grade of school completed. The categorical schooling
variables in the 1990 and 2000 Census were converted to years of schooling using essentially the same coding
scheme as in Angrist and Krueger (1999). See Angrist, Chernozhukov, and Fernandez-Val (2004) for details.
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minimum distance (MD) fit similar to that discussed by Chamberlain (1994).14 The MD esti-

mator for QR is the sample analog of the vector 3(7) solving
3() = in E[(Q(Y|X)~X'B)?] = in E[A2(X,B)].
5(r) = arg min [(@-(Y|X) — X'B)?] = arg min [A%(X, 8)]

In other words, 3(7) is the slope of the linéar regression of @Q,(Y|X) on X, weighted only by the
probability mass function of X, m(z). In contrast to QR, this MD estimator relies on the ability
to estimate Q- (Y| X) in a nonparametric first step, which, as noted by Chamberlain (1994), may
be feasible only when X is low dimensional, the sample size is large, and sufficient smoothness
of Q-(Y|X) is assumed.

Figure 1 plots this MD fit with a dashed line. The QR and MD regression lines are close,
as predicted by our approximation theorems, but they are not identical because the additional
weighting by w, (X, 8) in the QR fit accentuates quality of the fit at values of X where Y is more
densely distributed near true quantiles. To further investigate the QR weighting function, panels
D-F in Figure 1 plot the overall QR weights, w, (X, 8(7)) - 7(X), against the regressor X. The
panels also show estimates of the importance weights from Theorem 1, w.(X, 8(7)), and their
density approximations, fy(Q-(Y]X)|X).'®> The importance weights and the actual density
weights are fairly close. The importance weights are stable across X and tend to accentuate the
middle of the distribution a bit more than other parts. The overall weighting function ends up
placing the highest weight on 12 years of schooling, implying that the linear QR fit should be
the best in the middle of the design.

Also of interest is the ability of QR to track changes in quantile-based measures of conditional
inequality. The column labeled CQ in panel A of Table 1 shows nonparametric estimates of the
average 90-10 quantile spread conditional on schooling, potential experience, and race. This
spread increased from 1.2 to about 1.35 from 1980 to 1990, and then to about 1.43 from 1990

to 2000. QR estimates match this almost perfectly, not surprisingly since an implication of our

14Gee Ferguson (1958) and Rothenberg (1971) for general discussions of MD. Buchinsky (1994) and Bassett,
Knight, and Tam (2002) present other applications of MD to quantile problems.
15The importance weights defined in Theorem 1 are estimated at 8 = §(7) as follows:

U
@.(X, B(7)) = 1/U) - 3 _I(1 = w/U) - fr((w/U) - X'B(r) + (1 = w/U) - Q-(Y|X)| X)), (3.4.1)
u=1
where U is set to 100; fy (y|X) is a kernel density estimate of fy(y|X), which employs a Gaussian kernel and
Silverman’s rule for bandwidth; Q- (Y|X) is a non-parametric estimate of Q- (Y|X), for each cell of the covariates

X;and X IB(T) is the QR estimate. Approximate weights are calculated similarly. Weights based on Theorem 2
are similar and therefore not shown.
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theorems is that QR should fit (weighted) average quantiles exactly. The fit is not as good,
however, when averages are calculated for specific schooling groups, as reported in panels B and
C of the table. These results highlight the fact that QR is only an approximation. Table 1
also documents two important substantive findings, apparent in both the CQ and QR estimates.
First, the table shows conditional inequality increasing in both the upper and lower halves of
the wage distribution from 1980 to 1990, but in the top half only from 1990 to 2000. Second,
the increase in conditional inequality since 1990 has been much larger for college graduates than
for high school graduates.

Figure 2 provides a useful complement to, and a partial explanation for, the patterns and
changes in Table 1. In particular, Panel A of the figure shows estimates of the schooling co-
efficient quantile process, along with robust simultaneous 95% confidence intervals. These
estimates are from quantile regressions of log-earnings on schooling, race and a quadratic func-
tion of experience, using data from the 1980, 1990 and 2000 censuses.!® The robust simultaneous
confidence intervals allow us to asses of the significance of changes in schooling coefficients across
quantiles and across years. The horizontal lines in the figure indicate the corresponding OLS
estimates.

The figure suggests the returns to schooling were low and essentially constant across quantiles
in 1980, a finding similar to Buchinsky’s (1994) using Current Population Surveys for this period.
On the other hand, the returns increased sharply and became much more heterogeneous in 1990
and especially in 2000, a result we also confirmed in Current Population Survey data. Since
the simultaneous confidence bands do not contain a horizontal line, we reject the hypothesis
of constant returns to schooling for 1990 and 2000. The fact that there are quantile segments
where the simultaneous bands do not overlap indicates statistically significant differences across
years at those segments. For instance, the 1990 band does not overlap with the 1980 band,
suggesting a marked and statistically significant change in the relationship between schooling
and the conditional wage distribution in this period.)” The apparent twist in the schooling
coefficient process explains why inequality increased for college graduates from 1990 to 2000.
In the 2000 census, higher education was associated with increased wage dispersion to a much

greater extent than in earlier years.

!SThe simultaneous bands were obtained by subsampling using 500 repetitions with subsample size b = 5n2/°

and a grid of quantiles 7,, = {.10, .11, ...,.90}.

"Due to independence of samples across Census years, the test that looks for overlapping in two 95% confidence
bands has a significance level of about 10%, namely 1 — .95%. Alternately, an a-level test can be based on a
simultaneous a-level confidence band for the difference in quantile coefficients across years, again constructed
using Theorem 3.
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Another view of the stylized facts laid out in Table 1 is given in Figure 2B. This figure plots
changes in the approximate conditional quantiles, based on a QR fit, with covariates evaluated at
their mean values for each year. The figure also shows simultaneous 95% confidence bands. This
figure provides a visual representation of the finding that between 1990 and 2000 conditional
wage inequality increased more in the upper half of the wage distribution than in the lower
half, while between 1980 and 1990 the increase in inequality occurred in both tails. Changes in
schooling coefficients across quantiles and years, sharper above the median than below, clearly
contributed to the fact that recent (conditional) inequality growth has been mostly confined to
the upper half of the wage distribution.

Finally, it is worth noting that the simultaneous bands differ from the corresponding point-
wise bands (the latter are not plotted). Moreover, the simultaneous bands allow multiple com-
parisons across quantiles without compromising confidence levels. Even more importantly in
our context, accounting for misspecification substantially affects the width of simultaneous con-
fidence intervals in this application. Uniform bands calculated assuming correct specification
can be constructed using the critical values for the Kolmogorov statistic K reported in Andrews
(1993). In this case, the resulting bands for the schooling coefficient quantile process are 26%,
23%, and 32% narrower than the robust intervals plotted in Figure 2A for 1980, 1990, and
2000.18

3.5 Summary and conclusions

We have shown how linear quantile regression provides a weighted least squares approximation
to an unknown and potentially nonlinear conditional quantile function, much as OLS provides
a least squares approximation to a nonlinear CEF. The QR approximation property leads to
partial quantile regression relationships and an omitted variables bias formula analogous to those
for OLS. While misspecification of the CQF functional form does not affect the usefulness of QR,
it does have implications for inference. We also present a misspecification-robust distribution
theory for the QR process. This provides a foundation for simultaneous confidence intervals and
a basis for global tests of hypotheses about distributions.

An illustration using US. census data shows the sense in which QR fits the CQF. The

18The simultaneous bands take the form of 3(7) + &(a) - robust std. error(3(r)). Using the procedure described
in Corollary 2, we obtain estimates for £(0.05) of 3.78, 3.70, and 3.99 for 1980, 1990, and 2000. The simultaneous
bands that impose correct specification take the form B(r) + ko(a) - std. error(,é('r)), where ko(@) is the a-
quantile of the supremum of (the absolute value of) a standardized tied-down Bessel process of order 1. For
example, k0(0.05) = (9.31)}/2 = 3.05 from Table I in Andrews (1993).
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empirical example also shows that QR accurately captures changes in the wage distribution from
1980 to 2000. An important substantive finding is the sharp twist in schooling coefficients across
quantiles in the 2000 census. We use simultaneous confidence bands robust to misspecification,
to show that this pattern is highly significant. A related finding is that most inequality growth
after 1990 has been in the upper part of the wage distribution.
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Appendix
3.A Proof of Theorems 3 and its Corollaries

The proof has two steps.!® The first step establishes uniform consistency of the sample QR process.
The second step establishes asymptotic Gaussianity of the sample QR process.?® For W = (Y, X),
let E,, [f(W)] denote n=! 3.7, f(W;) and G, [f(W)] denote n=/25""  (f(W;) — E[f(W,)]). If J is an
estimated function, G,[f(W)] denotes n=2/2 "7 (f(W;) — E W) —p

3.A.1 Uniform consistency of 3(.)

For each 7 in 7, 3(7) minimizes Qn(7,8) := Ey [p-(Y — X'B8) — p-(Y — X'B(7))]. Define Quo(T, 8) :=
Elp:(Y = X'B) — p-(Y — X'B(7))] . It is easy to show that E||X|| < co implies that Elp,(Y — X’'B) —
p-(Y — X'B(1))| < co. Therefore, Qoo(7,8) is finite, and by the stated assumptions, it is uniquely
minimized at 3(7) for each 7in 7.

We first show the uniform convergence, namely for any compact set B, Qn(7, 8) = Qoo (7, 8) + 0p- (1),
uniformly in (7,8) € 7 x B. This statement holds pointwise by the Khinchine law of large numbers.
The uniform convergence follows because |Qn(7',8') — Qun(7",8")| < Cin - |7 = 7| + Con - |8 — 8],
where Cip = 2-Ep||X||-supgep 18] = Op(1) and Czpn, = 2-E,|| X || = Op(1). Hence the empirical process
(1, B) — Qn(7, B) is stochastically equicontinuous, which implies the uniform convergence.

Next, we show uniform consistency. Consider a collection of closed balls Bps(8(7)) of radius M and
center S(7), and let By (7) = B(7) + ém(7) - v(7), where v(7) is a direction vector with unity norm
lv(r}]l = 1 and dpr(7) is a positive scalar such that dp(7) > M. Then uniformly in 7 € T, (M /ép (7)) -
(@ulr:But (7)) = Qu(r, BI)) S Qulr B4 (7)) = Qu(r.Br)) 2 Quslr, By () = Quo(r, B(r)) + 03 (1)
(;) em + 0p-(1), for some ey > 0; where (a) follows by convexity in 8, for 83,(7) the point of the
boundary of Bps(8(7)) on the line connecting Bps(7) and B(7); (b) follows by the uniform convergence
established above; and (c) follows since B(7) is the unique minimizer of Q. (5, 7) uniformly in 7 € 7, by
convexity and assumption (iii). Hence for any M > 0, the minimizer B('r) must be within M from 3(r)

uniformly for all 7 € 7, with probability approaching one.
3.A.2 Asymptotic Gaussianity of v/n(3(-) — ("))

First, by the computational properties of ,é(T), for all 7 € 7, cf. Theorem 3.3 in Koenker and Bassett
(1978), we have that ||Ep[e, (Y — X'8(7))X]|| < const - sup; <, | Xill/n, where ¢, (u) = 7 — 1{u < 0}.
Note that E||X;||>*¢ < co implies sup;c,, [ Xill = 0p- (n!/2), since P (sup,,, | X;|| > n'/?) < nP(|| Xl >

nl/?) < nE||X,||**¢/n*% = o(1). Hence uniformly in 7 € T,

VA, [ (Y = X'B())X] = 0p(1). (3.A.1)

19Basic concepts used in the proof, including weak convergence in the space of bounded functions, stochastic
equicontinuity, Donsker and Vapnik-Cervonenkis (VC) classes, are defined as in van der Vaart and Wellner (1996).
20T'he step does not rely on Pollard’s (1991) convexity argument, as it does not apply to the process case.
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Second, (7, 8) — G, [p, (Y — X'B) X] is stochastically equicontinuous over B x 7, where B is any

compact set, with respect to the Ly(P) pseudometric
P8, (7", B = max B [(or (Y = X'B) X; = rn (V = X'B") X,)°]
j

for j € 1,...,d indexing the components of X. Note that the functional class {p, (Y - X'8) X,7€ 7,8 €
B} is formed as (7 —F)X, where F = {1{Y < X'}, 8 € B} is a VC subgraph class and hence a bounded
Donsker class. Hence 7 — F is also bounded Donsker, and (7 — F)X is therefore Donsker with a square
integrable envelope 2 - max;ci, .q4|X|;, by Theorem 2.10.6 in Van der Vaart and Wellner (1996). The

stochastic equicontinuity then is a part of being Donsker.

Third, by stochastic equicontinuity of (7, 8) — Gy [¢- (Y — X’3) X] we have that
G [0, (Y = X'B)X] = G [r (Y = X'B)X] + 0o (1), in €(T), (3.A.2)

which follows from sup, ¢4 ||3(7) = B(7) || = 0p (1), and resulting convergence with respect to the pseudo-
metric  sup,e7 p[(T, B(7)), (1, B(1))]? = op(1). The latter is immediate from
sup,er p[(7,5(7)), (7, BT < Cs - super |6(7) = B(r)||Z9, where Cs = (f - (E||IX||?)/?) 7 -
(B|IX|1%*e) 7% < 0o and [ is the a.s. upper bound on fy (Y|X). (This follows by the Holder’s inequality

and Taylor expansion.)

Further, the following expansion is valid uniformly in 7 € 7
Elor(¥ = X'BX]|, | =[7(r) +0(1) (8(r) - 8()) - (3.A.3)

Indeed, by Taylor expansion E [ (Y — X'8)X]|s-sry = E [fy (X'b(T)X)XX') |oiry=pr i, (B(T) = B(T)),
where §*(7) is on the line connecting 3(7) and G(7) for each 7, and is different for each row of the
Jacobian matrix. Then, (3.A.3) follows by the uniform consistency of B(T), and the assumed uniform

continuity and boundedness of the mapping y — fy(y|z), uniformly in = over the support of X.
Fourth, since the left hand side (Ihs) of (3.A.1) = lhs of n'/2(3.A.3)+ lhs of (3.A.2), we have that

0p(1) = [J(-) + 0p(DI(B() = B()) + Gl (Y — X'B(-)) X]. (3.A4)

Therefore, using that mineig [J(7)] > A > 0 uniformly in 7 € T,

sup [[Galior (v = X'8r))X] + 0p(1)| 2 (VA +0,(1)) - sup VRl A(T) ~ B (3.4.5)

T€T

Fifth, the mapping 7 — £(7) is continuous by the implicit function theorem and stated assump-
tions. In fact, since () solves E[(r — 1{Y < X'B})X]| = 0, dB(r)/dr = J(r)"'E[X]. Hence 7 —
G, [or (Y — X’B(7)) X] is stochastically equicontinuous over 7 for the pseudo-metric given by p(7/, 7") :=
p((7', B(T), (", B(7"))). Stochastic equicontinuity of T —
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G, [p-(Y — X'B(7))X] and a multivariate CLT imply that
Gn [ (Y = X'B())X] = 2() in £(T), (3.46)

where z(+) is a Gaussian process with covariance function X(-,-) specified in the statement of Theorem 3.
Therefore, the lhs of (3.A.5) is Op(n~1/2), implying sup, 1 [|[vVR(B(T) = B(T))|| = Op-(1).
Finally, the latter fact and (3.A.4)-(3.A.6) imply that in £°°(7)

JOVRB() = B()) = =G [p.(Y — X'B())] + 0p= (1) = 2(-). (3.A.7)
Q.E.D.

3.A.3 Proof of Corollaries

Proof of Corollary 1. The result follows by the continuous mapping theorem in £%°(7). Absolute
continuity of K follows from Theorem 11.1 in Davydov, Lifshits, and Smorodina (1998). Q.E.D.

Proof of Corollary 2. The result follows by absolute continuity of K. The consistency of subsampling
estimator of &(c) follows from Theorem 2.2.1 and Corollary 2.4.1 in Politis, Romano and Wolf (1999),
for the case when V(7) are known. When V(7) is estimated consistently uniformly in 7 € 7, the result

follows by an argument similar to the proof of Theorem 2.5.1 in Politis et. al. (1999). Q.E.D.

3.A.4 Uniform Consistency of %(-,-) and J(-).

Here it is shown that under the conditions of Theorem 3 and the additional assumption that E||X||* < oo,
the estimates described in the main text are consistent uniformly in (r,7') € 7 x 7'.2
First, recall that J(7) = [1/(2hn)] - En[1{|Y; — X!B8(7)| < hn} - X:X}]. We will show that

J(7) = J(1) = 0p+(1) uniformly in 7 € 7. (3.A.8)

Note that 2h,J(7) = E,[fi(B(7), hs)], where fi(8,h) = 1{|V; — X8| < h} - X, X!. For any compact set B
and positive constant H, the functional class {f;(3, k), 8 € B, h € (0, H|} is a Donsker class with a square-
integrable envelope by Theorem 2.10.6 in Van der Vaart and Wellner (1996), since this is a product of a
VC subgraph class {1{|Y; — X8| < h}, B € B, h € (0, H]} and a square integrable random matrix X;X]
(recall E|| X;||* < oo by assumption). Therefore, (8, h) — G,, [fi(8, h)] converges to a Gaussian process in
(B x (0, H]), which implies that supgep o<nc s IEn [£i(8, h)] — E [fi(8, R)] | = Op-(n~1/2). Letting B
be any compact set that covers U,c70(7), this implies sup,c7 |En[f:(8(7), hn)] — E[f: (8, hn)”ﬂ:ﬁ(f) | =
O,~(n~1/2). Hence (3.A.8) follows by using 2h,J(7) = E,[fi(B(7), hn)], 1/(2hn) - E[fi(B, hn)”ﬂ:ﬁ(r) =

J(T) + 0p(1), and the assumption hZn — oo.

21Note that the result for J| (7) is not covered by Powell (1986) because his proof applies only pointwise in 7,
whereas we require a uniform result.
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Second, we can write f)(r, ') = ]En[gi(ﬁ'(r),,@(r’),n )X X][], where ¢;(8,8",7,7") = (r - {Y; <
XYW — {Y; < X!8"}) - X:X]. We will show that

$3(r,7") = £(7,7") = 0p+(1) uniformly in (r,7') € T x T. (3.A.9)

It is easy to verify that {g;(8,8",7,7"),(8,8",7',7") € B x Bx T x T} is Donsker and hence a
Glivenko-Cantelli class, for any compact set B, e.g., using Theorem 2.10.6 in Van der Vaart and Wellner
(1996). This implies that En [g;(8',8",7',7")X: X]] — E [g:(8',8",7',7")X;X]] = 0p-(1) uniformly in
(8,8",7",7") € (BxBxT xT). The latter and continuity of E [g;(8, 8", 7/, 7") X; X]] in (8, 8", 7', 7")

imply (3.A.9). Q.E.D.

197



Bibliography

[4)

5]

(6]

7]

8]

[l

(10]

(11]

(12]

[13]

(14]

Andrews, D. W. K. (1993): " Tests for Parameter Instability and Structural Change with Unknown Change
Point,” Econometrica 61, pp. 821856.

Abadie, A. (1997): “Changes in Spanish Labor Income Structure during the 1980’s: A Quantile Regression
Approach,” Investigaciones Economicas XXI(2), pp. 253-272.

Angrist, J., and A. Krueger (1999): “Empirical Strategies in Labor Economics,” in O. Ashenfelter and D.
Card (eds.), Handbook of Labor Economics, Volume 3. Amsterdam. Elsevier Science.

Autor, D., L.F. Katz, and M.S. Kearney (2004): “Trends in U.S. Wage Inequality: Re-Assessing the Revi-
sionists,” MIT Department of Economics, mimeo, August 2004.

Bassett, G.W., M.-Y. S. Tam, and K. Knight (2002): “Quantile Models and Estimators for Data Analysis,”
Melrika 55, pp. 17-26.

Buchinsky, M. (1994): “Changes in the US Wage Structure 1963-1987: Application of Quantile Regression,”
Econometrica 62, pp. 405-458.

Chamberlain, G. (1984): “Panel Data,” in Z. Griliches and M. Intriligator (eds.), Handbook of Econometrics,
Volume 2. North-Holland. Amsterdam.

Chamberlain, G. (1994): “Quantile Regression, Censoring, and the Structure of Wages,” in C. A. Sims (ed.),
Advances in Econometrics, Sizth World Congress, Volume 1. Cambridge University Press. Cambridge.
Chernozhukov, V. (2002): “Inference on the Quantile Regression Process, An Alternative,” Unpublished
Working Paper 02-12 (February), MIT (www.ssrn.com).

Doksum, K. (1974): “Empirical Probability Plots and Statistical Inference for Nonlinear Models in the
Two-Sample Case,” Annals of Statistics 2, pp. 267-277.

Davydov, Yu. A., M. A. Lifshits, and N. V. Smorodina (1998): Local Properties of Distributions of Stochas-
tic Functionals. Translated from the 1995 Russian original by V. E. Nazaikinskil and M. A. Shishkova.

Translations of Mathematical Monographs, 173. American Mathematical Society, Providence, RI.

Ferguson, T. S. (1958): “A Method of Generating Best Asymptotically Normal Estimates with Application
to the Estimation of Bacterial Densities,” The Annals of Mathematical Statistics 29(4), pp. 1046-1062.

Giacomini, R., and 1. Komunjer (2003): “Evaluation and Combination of Conditional Quantile Forecasts,”

Working Paper 571, Boston College and California Institute of Technology, 06/2003.

Goldberger, A. S. (1991): A Course in Econometrics. Harvard University Press. Cambridge, MA.

198



(15]

[16]

(17]

18]

[19]

[20]

[21]

22]

23]

[26]

[27]
28]

[29]
[30]

31]
(32]

33]

(34]

Gosling, A., S. Machin, and C. Meghir (2000): “The Changing Distribution of Male Wages in the U.K.,”
Review of Economic Studies 67, pp. 635-666.

Gutenbrunner, C., and J. Jureckova (1992): “Regression Quantile and Regression Rank Score Process in the
Linear Model and Derived Statistics,” Annals of Statistics 20, pp. 305-330.

Hahn, J. (1997): “Bayesian Bootstrap of the Quantile Regression Estimator: A Large Sample Study,”
International Economic Review 38(4), pp. 795-808.

Hansen, L.-P. , J. Heaton, and A. Yaron (1996): “Finite-Sample Properties of Some Alternative GMM
Estimators,” Journal of Business and Economic Statistics 14(3), pp. 262-280.

Juhn, C., K. Murphy, and B. Pierce (1993): “Wage Inequality and the Rise in Return to Skill,” Journal of
Political Economy 101, pp. 410-422.

Katz, L., and D. Autor (1999): “Changes in the Wage Structure and Earnings Inequality,” in O. Ashenfelter
and D. Card (eds.), Handbook of Labor Economics, Volume 3A. Elsevier Science. Amsterdam.

Katz, L., and K. Murphy (1992): “Changes in the Relative Wages, 1963-1987: Supply and Demand Factors,”
Quarterly Journal of Economics 107, pp. 35-78.

Kim T.H., and H. White (2002): “Estimation, Inference, and Specification Testing for Possibly Misspecified

>

Quantile Regressions,” in Advances in Econometrics, forthcoming.

Koenker, R. (1994): “Confidence Intervals for Regression Quantiles,” in M.P. and M. Huskova (eds.), Asymp-
totic Statistics: Proceeding of the 5th Prague Symposium on Asymptotic Statistics. Physica-Verlag.

Koenker, R., and G. Bassett (1978): “Regression Quantiles,” Econometrica 46, pp. 33-50.

Koenker, R., and J. A. Machado (1999): “Goodness of Fit and Related Inference Processes for Quantile
Regression,” Journal of the American Statistical Association 94(448), pp. 1296-1310.

Koenker, R., and Z. Xiao (2002): “Inference on the Quantile Regression Process,” Econometrica 70, no. 4,

pp. 1583-1612.
Lemieux, T. (2003): “Residual Wage Inequality: A Re-examination,” Mimeo. University of British Columbia.

Pollard, D. (1991) Asymptotics for least absolute deviation regression estimators. Econometric Theory 7, no.
2, 186-199.

Politis, D. N., J. P. Romano, and M. Wolf (1999): Subsampling. Springer-Verlag. New York.

Portnoy, S. (1991): “Asymptotic Behavior of Regression Quantiles in Nonstationary, Dependent Cases”
Journal of Multivariate Analysis 38, no. 1, pp. 100-113.

Powell, J. L. (1986): “Censored Regression Quantiles,” Journal of Econometrics 32, no. 1, pp. 143-155.

Powell, J. L. (1994): “Estimation of Semiparametric Models,” in R.F. Engle and D.L. McFadden (eds.),

Handbook of Econometrics, Volume IV. Amsterdam. Elsevier Science.

Rothenberg, T. J. (1973): “Comparing Efficient Estimation with A Priori Information,” Cowles Foundation
Monograph 23. Yale University.

Ruggles, S., and M. Sobek et al. (2003): Integrated Public Use Microdata Series: Version 3.0. Minneapolis:

Historical Census Project. University of Minesota.

199



[35] Van der Vaart, A. W., and J. A. Wellner (1996): Weak Convergence and Empirical Processes. With Appli-

cations to Statistics. Springer Series in Statistics. Springer-Verlag. New York.

[36] White, H. (1980): “Using Least Squares to Approximate Unknown Regression Functions,” International
Economic Review 21(1), pp. 149-170.

200



C.t=0.90

B.1=0.50

A.1=0.10

cQ

o]

sBujwes-6o

° -

T T T T

02 g9 09 g
sBuuses-601

T T T T

] 09 s 0's
sBujuies-607

20

15

10

20

15

10

20

15

10

201

Schooling

Schooling

Schooling

F.t=0.90

E. t1=0.50

D.1=0.10

w £ i
L=
< o9
Og
22:
x S5
CEa B
i
T T 1 T T
S0 0 €0 20 1’0 00
b
[
£55
D3 0
g22
x &5
GEQ B
My
T ) T ¥ ) )
S0 ¥'0 €0 20 (Y] 00
wbeom
0w 2 4 \, i
225§ /
o5 0 .
g=zs )
x S5
G E 8 I~
Sk
i
'''' ]
|
(\
\
\
T T T T T T
S0 v'0 €0 (A L0 00
WBIoM

20

15

10

20

15

10

20

15

10

Figure 3-1: CQF and Weighting schemes in 1980 Census (US-born white and black men aged
40-49). Panels A - C plot the Conditional Quantile Function, Linear Quantile Regression fit,
and Chamberlain’s Minimum Distance fit for log-earnings given years of schooling. Panels D - F
plot QR weighting function (histogram x importance weights), importance weights and density
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Figure 3-2: Schooling coeflicients and conditional quantiles of log-earnings in 1980, 1990, and
2000 censuses (US-born white and black mean aged 40-49). Panel A plots the quantile pro-
cess for the coeflicient of schooling in the QR of log-earnings on years of schooling, race, and a
quadratic function of experience; and robust simultaneous 95 % confidence bands. Panel B plots
simultaneous 95 % confidence bands for the QR approximation to the conditional quantile func-
tion given schooling, race, and a quadratic function of experience. Horizontal lines correspond
to OLS estimates of the schooling coefficients in Panel A. In Panel B, covariates are evaluated
at sample mean values for each year, and distributions are centered at median earnings for each

year (i.e., for each 7 and year, E[X]’(B(T) - 5(5)) is plotted).
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Table 1: Comparison of CQF and QR-based
Interquantile Spreads

Interquantile Spread

90-10 90-50 50-10
Census Obs. CQ QR CQ QR CQ QR

A. Overall
1980 65,023 120 1.19 0.51 0.52 0.68 0.67
1990 86,785 1.35 1.35 0.60 061 0.75 0.74
2000 97,397 143 145 067 0.70 0.76 0.75
B. High School Graduates
1980 25,020 1.09 1.17 044 050 065 0.67
1990 22,837 1.26 1.31 052 055 074 0.76
2000 25,963 1.29 132 0.59 0.60 070 0.72
C. College Graduates
1980 7,158 1.26 1.19 0.61 054 0.65 0.64
1990 15,5617 144 138 0.70 0.66 0.74 0.72

2000 19,388 1.55 1.57 0.75 0.80 0.80 0.78

Notes: US-born white and black men aged 40-49. Average
measures calculated using the distribution of the covariates
in each year. The covariates are schooling, race and a
quadratic function of experience. Sampling weights used
for 2000 Census.
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