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Abstract
This thesis is devoted to the study of conformal invariance and its breaking in non-
relativistic field theories. It is a well known feature of relativistic field theory that
theories which are conformally invariant at the classical level can acquire a conformal
anomaly upon cluantization and renormalization. The anomaly appears through the
introduction of an arbitrary, but dimensionful, renormalization scale. One does not
usually associate the concepts of renormalization and anomaly with nonrelativistic
quantum mechanics, but there are a few examples where these concepts are useful.
''he most well known case is the two-dimensional 3-function potential. In two dimen-
sions the S-function scales like the kinetic term of the Hamiltonian, and therefore the
problem is classically conformally invariant. Another example of classical conformal
invariance is the famous Aharonov-Bohm (AB) problem. In that case each partial
wave sees a 1/r 2 potential.

We use the second quantized formulation of these problems, namely the nonrela-
tivistic field theories, to compute Green's functions and derive the conformal anomaly.
In the case of the AB problem we also solve an old puzzle, namely how to reproduce
the result of Aharonov and Bohm in perturbation theory. The thesis is organized
in the following manner. Chapter 1 is an introduction to nonrelativistic field the-
ory, nonrelativistic conformal invariance, contact interactions and the AB problem.
In Chapter 2 we discuss nonrelativistic scalar field theory, and how its quantization
produces the anomaly. Chapter 3 is devoted to the AB problem, and the resolution
of the perturbation puzzle. In Chapter 4 we generalize the discussion of Chapter 3
to particles carrying nonabelian charges. The structure of the nonabelian theory is
much richer, and deserves a separate discussion. We also comment on the issues of
forward scattering and single-valuedness of wavefunctions, which are important for
Chapter 3 as well.

Thesis Supervisor: Roman Jackiw
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Chapter 1

Introduction

I Nonrelativistic Field Theory

The usual description of a nonrelativistic quantum mechanical particle is by a Hilbert

space and a Hamiltonian operator on it. The Hamiltonian tells us how the states

of the Hilbert space evolve in time. Many particle systems are described by tensor

products of the Hilbert space, and a many particle Hamiltonian on the product space.

An alternative description is the so called second quantized formalism. The two

ingredients are again a space of states and a Hamiltonian operator. The space of

states is the Fock space, and operators on it are combinations of particle creation and

particle annihilation operators. One can recast this formalism as a nonrelativistic field

action, resulting in a nonrelativistic field theory (NRFT). The states of the Fock space

correspond to the multi-particle wavefunctions of the first quantized description.

The two descriptions are equivalent, but the field theory approach is more concise

:in treating systems of more than two particles. In addition it allows us to use several

methods developed in the context of relativistic field theory (RFT), such as Feynman

diagrams, renormalization and renormalization group.

The connection to relativistic field theories goes deeper than just the methodology.

NRFT's can be regarded as low energy effective theories of relativistic theories. This

situation is analogous to QED, which is a low energy effective theory of a more

complete, but as yet undetermined theory. What this means is that there exists an
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energy scale beyond which QED ceases to be a good description of the world and we

need a better theory. The existence of such an energy scale afflicts the theory with

ultraviolet divergences that arise when loop momenta are pushed beyond this scale.

The energy scale beyond which NRFT's are not expected to be a good description of

the physics is known exactly, and is given by the mass of the particles. One can see

this by considering the relativistic on-shell condition:

E2 = p2 + m2

In the limit pJ < m, this becomes

P2 84E = 1 +- I _ -'- ...

Keeping only the lowest order term we recover the nonrelativistic on-shell condition:

p2E-m =2
2m

For p > m the nonrelativistic approximation breaks down, and we would expect

UV divergences to arise in the NRFT. Information about physics at energies greater

than m is not contained in the NRFT, just like information about energies greater

than AQED is not contained in QED. The crucial difference is that for QED we still

do not know what lies beyond AQED, but for NRFT we do.

One need not necessarily view NRFT as a low energy effective theory. It can

indeed be defined without prior knowledge of an underlying RFT (just like QED),

by imposing restrictions arising from symmetry considerations. First, we demand a

NRFT to be Galilean invariant. This includes invariance under spatial and temporal

translations, spatial rotations and Galilean boosts. Second, we also demand that

the number of particles be a conserved quantity, as it is in nonrelativistic quantum

[nechanics. This is achieved by a global U(1) symmetry. Other symmetries, such as

gauge invariance and conformal invariance, may be imposed as well to restrict the

theory. This leads us to the following definition for NRFT,

8



Definition 1 Any action that respects Galilean invariance and particle number con-

servation defines a nonrelativistic field theory.

The NRFT then stands on its own, and there is no reference to a pre-set energy

scale to regularize loop integrals. The approach advocated for dealing with the UV

divergences is to absorb them into a redefinition of the parameters of the theory. In

the resultant renormalized theory the loop momenta can be integrated to infinity,

giving a finite answer. This approach has been quite successful in relativistic field

theories like QED, and is therefore pursued in this work in the context of NRFT.

1.1 Scalar NRFT

As a simple example of a NRFT, we consider the scalar field with the action

S = Jddrdt [t (iOt + 2 ) - V(p)

where p(r) Ot(r)O(r), and

V(p) = A_ J ddri ... ddrnVn+i(r, rl,... , rn): p(r)p(rl)... p(r~) . (1.1.2)
n=:O

The linear term in V(p) is an interaction of the particles with an external source,

such as an electric or chemical potential. We will assume no such sources exist, so

Vl(r) = 0. In addition, we restrict the interactions to be two-body only, so Vn = 0

for n > 3, and

V2(r, r') = V2(r - r') (.

We also assume that V2 (r - r') is symmetric. The action simplifies to

S = Jddrdt [t (iat + 2 -I ddr'V2(r - r') p(r)p(r) ] . (1.I.4)

The most important feature of the above action is that the kinetic term has a first

order time derivative and a second order space derivative, whereas in relativistic field

theories both are second order. This is enough to ensure that contains only an anni-
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hilation part, and that particles always propagate forward in time. By construction,

this theory contains no antiparticles. We note also that unlike in relativistic theories,

the mass m is not the coefficient of the linear term in the potential , but enters as a

passive parameter in the kinetic term. Consequently, it can be transformed away by

an appropriate redefinition of time and the potential:

t O tim

V2 mV 2 ,

which keeps the action invariant. The mass dimension of t then becomes -2, dou-

ble that of x. Alternatively, one could keep the mass in the action and define a

nonrelativistic scale dimension such that:

[m] = 0, [t] = -2 , [x] = -1, [] = 1, [S]= 0.

With this prescription we see that [V2] = 0.

Quantization of this theory follows from the canonical commutation relations

[(x,t),(y,t)] = 0

[St(xt), Ot(y, t)] = 0 (1.I.6)

[O(x,t), t(y,t)] = 6(x- y)

and the Fourier decomposition of the free fields

+(x,t) = (d ((k)e-(k-kx)

Ot(x, t) = J(2) at (k)e(wkt-k.x)

Consequently,

[a(k), at(k')] = (27r)dSd(k - k')

where a(k) annihilates a momentum k state and at(k') creates a momentum k' state.

10



The Hamiltonian is given by

H = d r 2 V2 + I d'r'V 2 (r - r') p(r) p(r') :] o (1a.7)

and the number operator by

N = ddrtd ( 1..8)

It follows from (1.1.6) that [H, N] = 0, implying that N is a constant of the motion,

as expected. H and N are simultaneously diagonalized to build the state space of the

theory:

HIE,N) = EIE,N)
(1.1.9)

NIE,N) = NiE,N).

The vacuum state 10) is defined by

0(r, t)10) = 0 , (1.I.10)

which implies, since the interaction is normal ordered, that

HI0) = NI0) = 0 . (.1.I.11)

c(t acting on 10) produces an excited state, as does acting on (01. Following a similar

analysis in [27], we define the N body wavefunction as

UE(rl,...,rN) = (q(rl) ... q(rN)E, N), (1.I.12)

since N field operators are necessary to connect IE, N) to (0I. As a consequence of

the commutativity of the field operators, the wavefunction is totally symmetric, and

therefore bosonic.

Using the Heisenberg equation of motion for the field operator

iaOt(r,t) = [q>(r,t),H]

11



+ 2 ddr'V2 (r - r'): (r)p(r') : ,

we can derive the N particle Schr6dinger equation by considering the commutator

matrix element:

it·uE(rl,. , ,rN) = ( [(rl) ... q(rN),H] IE, N) = EuE(rl,... , rN) (1.I.14)

For example, in the one body case we have

uE(r)

EUE(r)

= (l(r)lE, 1)
(1.I.15)

= (Ol[q(r), H]E, 1)

Only the Laplacian in (1.1.13) contributes to the right hand side of the second equality,

since (Olt = 0,
1
2V 2UE(r)= EuE(r).2m

(1.I.16)

Hence the one body problem is free. In the two body case we have

Ui; (ri, r2 ) = (o0l(rl)q(r 2)lE,2) (1.1.17)

Eui;;(rl, r 2) = ( [0(rl)(r2), H] E, 2)

[-2 (V2 + V2)+ 2V2(rl- r2)] E(rl, r2) -

Since we do not allow higher order interactions in the field theory, the generalization

to the N body Schrbdinger equation is straightforward:

2m i=. V+2ZV 2(ri-
i<j

rj)) E(r 1 ,... ,rN) . (1.1.19)

1.2 NRFT as a Low Energy Effective Theory

,As previously stated, NRFT's can be regarded as low energy effective theories of fully

relativistic field theories in the limit IpI < m. Consider a relativistic complex scalar

12
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field theory in (d + 1)-dimensions with the following action

fdd+11. d-1
2S d ~xS t+)_ (1.1.20)

/f 2 n=2 2n

The sum in the interaction terms has been truncated at n = d+l1 to ensure renormal-d-1

izability. The nonrelativistic limit is gotten by letting m - oc, but first we reexpress

the action in terms of new field variables as in [27]:

(Q = H ~ [e-imto + 6imtt] (1.1.21)

t = , [e imtot + e-imt]

where ¢ and t are the particle annihilation and creation parts respectively, and 5

and It are the antiparticle annihilation and creation parts.

Terms that oscillate with frequency oc m will not contribute to the action in the

limit, and terms 0(1/m 3 ) are dropped. The resulting effective action is given by

S: ddrdt |t iOt + 72m + ¢ t 't + 2m ) 16m2 (p2+4p-+i): ,
(1.I.22)

where p is the density of particles and is the density of antiparticles. In this action,

the number of particles and the number of antiparticles are separately conserved, so

we may work in the zero antiparticle sector by setting 0 = 0. The effective action

then becomes

S ddrdt t iOt 162 ( ·tq)2: (1.1.23)

which is the same as (1.1.4) with V2 (r- r') = u2 (2)(r- r'). To get the more general

NRFT with nonlocal interactions one must start either from a nonlocal relativistic

field theory or from a theory containing more than just a scalar field. For example

scalar QED will give (1.1.4) with a Coulomb potential in the nonrelativistic limit.
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II Conformal Symmetry

As we will be mainly concerned with conformally invariant NRFT's, it is fitting to

discuss how such an invariance arises in the nonrelativistic context [28]. As previ-

ously discussed, NRFT's describe the second quantization of nonrelativistic particle

mechanics. Particle mechanics in turn has the structure of a relativistic field theory

in one dimension (time), with the spatial coordinate serving as the field. It is well

known that relativistic field theory can possess conformal symmetry in any dimen-

sion. Therefore we expect that nonrelativistic particle mechanics as well as NRFT

can possess conformal symmetry as well.

II.1 Relativistic Conformal Field Theory

A conformal transformation in (D + 1)-dimensional RFT is any transformation of the

space-time coordinates

fx = -f(x), (1.II.1)

that leaves the metric of the space-time invariant up to an overall factor

5 fg,V = (x)g,u . (1.II.2)

I[f we take g, = , (Minkowski metric), this implies that f(x) must satisfy the

conformal Killing equation:

afp + f = + f+ l af , (1.II.3)

and is therefore called a conformal Killing vector (CKV). For D > 1, eq. (1.11.3)

has (D + 2)(D) + 3) solutions, and the conformal transformations form the group

14



S0(2, D + 1). The solutions consist of:

- a"

= axe

-= 2c xx" - cx 2

D + 1 space-time translations

D(D + 1) space-time rotations

1 scale transformation

D + 1 special conformal transformations

(1.II.4)

The finite transformations on the space-time coordinates are then given by

XI -- X + a m

- A" x' ,A A'Ai g , = gc

X __ eax z

X -- (X - CX 2 ) (- 2c X + C22)-1

(1.11.5)

respectively. The finite special conformal transformation can be understood as a

translation in inverse coordinates.

For D = 1 the conformal Killing equation has an infinite number of solutions,

corresponding to arbitrary transformations of x± = (x 0 i x1 ),+ ),-

6fx± = -f± (X± . (1.11.6)

These form the well known Virasoro group.

Under conformal transformations relativistic fields can be taken to transform as

sf ( f aI(D + l f + E ,
D +1 2 j _

(1.II.7)

where 3P is the spin matrix, and A is the scale dimension of

the action for • is invariant under conformal transformations

(. The kinetic term in

provided

A - D`- for bosons2
(1.II.8)

for fermions

15
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][n addition, a bosonic contact interaction of the form

alsz e a rn at (1.II.9)

also leads to a conformally invariant action.

Conformal invariance of a relativistic field theory guarantees existence of an energy-

momentum tensor T" which is conserved, symmetric and traceless,

OT" = 0

Tgv = T (1.II.10)

r/yuTI = 0.

The last relation can be reexpressed as a relation between the energy density S = T°

and the trace of the spatial stress tensor T i'

D

S = Tii (1.II.11)
i=l

The Noether currents associated with conformal transformations (1.II.4) are given by

a projection of the energy-momentum tensor* on the conformal Killing vector,

jf = Tyfl . (1.II.12)

This current is conserved as a consequence of conformal invariance due to eq. (1.II.10).

The conserved charges are given by

C f dDx (s °- ifi) , ( I.13a)

where Pi = TOi is the momentum density.

*Frequently, the energy-momentum tensor obtained by Noether's theorem must be improved to
b:)e traceless [12].

16



II.2 Conformally Invariant Particle Mechanics

The kinetic term in the action for nonrelativistic point particles in d-dimensional

space is given by

S = 2/ dt d . (1.11.14)2m dt

This has the structure of a 0+1-dimensional relativistic field theory, where the position

of the particle r(t) is the field. The d spatial dimensions form an internal space in the

field theory, and r(t) transforms as a vector in this space. Conformal transformations

are simply reparameterizations of t, as there is no metric. The conformal Killing

equation (1.11.3) becomes trivial at D = 0, but one can still show that (1.11.4) and

(1.1.5) are invariances of (1.11.14) as long as

1fr = fr-- -fr
2

when

6ft = -f(t)

and

f(t) = a, at, at2 . (1.II.15)

This is simply (1.II.7) with D = 0 and = --. The three transformations in

(1.II.15) form the group SO(2, 1). The conserved charges are given by

1 .

Cf = Hf -(r p + p r)f + r2f, (1.II.16)4 4

where p is the canonical momentum, which is equal to mr. This can be viewed as the

one time, zero space analog of (1.11.13). For the transformations (1.11.15), equation

(1.11.16) gives

1 2H = -mr2
2

1
D = tH- (r -p. +r) (1.11.17)

4
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K = -t2H 2tD + r2
2

for the constants of motion. These satisfy the S0(2, 1) algebra:

[D,H] = -iH

[D,K] = iK (1.11.18)

[H,K] = 2iD.

From equation (1.11.9) for D = 0, we see that the r-2 potential gives rise to a

conformally invariant action,

S= 2 dt [,i r2 ] , (1.II.19)

since the two terms scale in the same way. Consequently A is a dimensionless constant,

and there are no dimensionful parameters in the action, other than the mass. The

Schr6dinger equation for this system can be written as

(V2+ A) =2 = , (1.II.20)

where k2 _ 2mE. The absence of dimensionful parameters is the hallmark of con-

formal symmetry. It forces the spectrum of the problem, i.e. the allowed values of

k, to be continuous, as there is no parameter with dimension of energy to define

quantized eigenvalues. In addition, the scattering phase shifts, which in general are

dimensionless quantities that depend on the energy, must be energy independent,

since no dimensionful parameter is available to form dimensionless ratios. Finally, in

the attractive case, there cannot be a bound state of finite nonzero energy, and in this

case it is indeed infinite. To summarize, an arbitrary conformally invariant theory

possesses the following features:

1. Energy is not quantized.

2. Scattering is energy independent.

18



3. Bound state energies are zero or infinite.

In specific spatial dimensions d, other interactions in addition to r- 2 are also

conformally invariant. At d = 2, the 6-function potential scales as r -2 , and thus

appears to be conformally invariant:

S - '1I/dt[I. 2- A(2)(r)]S = 2m Jdt [lr 6(2)(r . (1.II.21)

Classically, this action is indeed conformally invariant. The S-function potential pro-

duces no scattering in the plane, and is thus referred to as trivial. As before, A is

a dimensionless parameter. Quantization of this theory deserves special care, and is

left for the next section.

II.3 Nonrelativistic String Mechanics

The Polyakov action of a classical string [22] is a direct generalization of (1.II.14)

S = I d2~ haa OxaOO, (1.11.22)

where is time and 1 is a parameter along the string. h is a metric on the

two dimensional world sheet of the string, which is parameterized by (0, 1). This

action has the structure of a 1 + 1-dimensional relativistic field theory. As already

mentioned, this field theory possesses an infinite number of conformal symmetries

which are arbitrary reparameterizations of (i = 0 ii .

11.4 Conformal Invariance in NRFT

]By second quantizing nonrelativistic particle mechanics we are led to a NRFT, with

symmetries that encode the SO(2, 1) conformal symmetries of the particle. These are

now realized in an action on the field variables , which are functions of t and r. By

definition, any NRFT is Galilean invariant. This includes time translation, which is

one of the conformal transformations, generated by the Hamiltonian H. The other

19



two generators of S0(2, 1) are the dilatation D and special conformal transformation

K .

From now on we will concentrate only on local NRFT in 2 + 1 dimensions. For the

scalar field, other than the free theory, the only conformally invariant local theory in

2 + 1 dimensions is given by:

(1.11.23)

which corresponds to bosons interacting via 6-function potentials. In this NRFT the

S0(2, 1) conformal transformations on the coordinates and fields are given by:

t' = t+a

r' r (1.11.24)

0'(t', r') = 0(t, r)

for time translation,

t' = at

(1.11.25)r'

0(t, r')

-- /ar
= v(t, r)

Ifor time dilatation, and

1

t'
r =

1(t', r') 

1
- + at

1-- r
1 + at

-imar
2

(1 + at)e 2(1+at) q(t, r)

for special conformal time transformation. The action is invariant, and the conserved

20
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generators are given by

H = d2 r [2I IV1 2 + VO (t)2 :]

D = tH- d2rr. -
2 1/

K = -t2H 2tD + jd2rr2t.

The components of the energy-momentum tensor are given by

i -- TOo

pi Ti
P TiO

TzJ

= 1 V12 +o : p2 :

= -Im (tai5)

= 2 (atta, i + ai tat )

(aitajq + aj•tai _ +ijakVtakq) + 1 (ijV2 _ ai ) + siiS .
(1.II.28)

Translation invariance then guarantees the continuity equations :

a9ip + ajTij
(1.II.29)

= O.

.Rotation invariance implies symmetry of the stress tensor,

Ti = T i . (1.II.30)

]Note that T i 5- T i°, since the theory is not Lorentz invariant.

invariance implies
2

2£ = T i ,
i=1

Finally, conformal

(1.II.31)

which is the nonrelativistic analog of (1.II.11). The quantization of this theory, and

its effect on the conformal symmetry are the subjects of Chapter 2.

Our second example of a conformally invariant NRFT is an extension of (1.II.23)

to a U(1) gauge invariant theory, that includes a Chern-Simons term for the gauge

21
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field

S = Jd2rdt [-seAOaA. + t (iDt+ ) - (+t) 2, :4 (1.11.32)

where

Dt = t + ieAo (1.11.33)

D = V- ieA. (1.11.34)

The Chern-Simons term is topological, and is therefore invariant under all coordinate

transformations. In particular it is Galilean invariant, and can be included in a NRFT.

This model is extensively studied in [27, 29], and is the subject of Chapter 3.

:III Contact Interactions

The concepts of regularization, renormalization and dimensional transmutation are

generally associated with relativistic quantum field theory, but occasionally they are

useful for studying nonrelativistic quantum mechanics. The best known example is the

5-function (Dirac delta) potential. Particles interacting via this zero-range potential

provide a simple framework in which the above concepts can be explained using only

the most basic tools of quantum mechanics. The one dimensional problem is an

exception, in that it is quite elementary [13]. The three dimensional problem was

studied by Zel'dovich [49] and by Berezin and Fadeev [8]. We are mainly interested

in the two dimensional case, due to its conformal invariance. This case was first

studied by Thorn [45], who used the two dimensional S-function potential as a simple

model displaying dimensional transmutation. Quantization of this model breaks the

conformal invariance through the introduction of an arbitrary scale, which is necessary

for regularization. This effect is usually seen in quantum field theory as the anomaly

phenomenon, but it had not been previously identified in quantum mechanics.
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The Schr6dinger equation for the two dimensional problem is given by

(1.111.1)2m [-V2 + Ao6(2)(r)] /(r)= E(r),

where A0 is a dimensionless parameter. Since the potential has zero range only s-waves

will feel it. For s-waves the problem reduces to

r2 (r) r ) + k2r2400(r) = 0 , r>0, (1.111.2)

where k2 = 2mE. The general solution is given in terms of Bessel functions,

Oo(r) = AJo(kr) + BYo(kr) ,r>O. (1.111.3)

Using the small-argument behavior of the Neumann and Bessel functions,

2 f[ z
I- - I Yo(z) + ] + O(z2)

Jo(z) 1 + O(z2 ),

and the identity V2 in r = 27r(2)(r), one obtains that the positive energy Schrodinger

equation reduces for all r to

6(2)(r) [4B - A0 (A + BYo(kr))] = O . (1.111.4)

For A,0 7 0 there are no nontrivial solutions. Equation (1.111.4) implies A = B = 0,

so there are no s-wave solutions [21].

Nontrivial solutions to (1.111.4) would only be possible if A0 were attractive and

behaved as
1

In r/ro '
(1.111.5)

as r -- 0, to cancel the singularity of the Neumann function. This suggests that

the attractive -function potential should somehow be regularized. The repulsive -

-function potential is in any case trivial. Several approaches have been suggested in
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the literature to "cure" the attractive contact interaction. We review three of them.

III.1 Circular Well Regularization

In the first approach we substitute the 3-function potential by a circular well potential

[21],

VR(r) = R2(R- r), (1.11.6)

where E is the step function and R is the regulator. In the limit R 0 we recover

the 6-function. Requiring that the wavefunction be regular at the origin, the solution

of the s-wave problem for positive energy is given by

)T J for < R (1.r < .7)

AJo(kr) + BYo(kr) for r > R

where oa = r >-2. Comparing the large r behavior of (1.111.7) with the asymp-

totic behavior of scattering wavefunctions in two dimensions

1+(r) ei k r + f(k, O)ei(kr+r/4 ), (1.III.8)

and using the standard partial wave decomposition of the scattering amplitude,

1 00

iv2--k _=-

we obtain the s-wave phase shift,

tan So(k) - (.III.O)

By imposing continuity of the wavefunction (1.111.7) and its first derivative at r = R,

one can determine the phase shift. As R --+ 0 this phase shift vanishes, unless the

leading term in the asymptotic expansion for the coupling constant A0 as R - 0 is
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,diven by So0(R) = R0 '(1.III.11)
where 7 is Euler's constant. This is precisely the attractive, logarithmically vanishing

(contact interaction we wanted. In the spirit of quantum field theory Ao(R) is termed

the bare coupling constant. The introduction of the arbitrary scale Ro is needed here

simply for dimensional reasons. With this regularization we get

f(k, )= 7) (ln- - tan8 0(k)= (n ) (1.12)
kk) / 2 2 2 2

The above scattering amplitude possesses a pole on the positive imaginary k-axis.

This implies the existence of a single bound state. In fact, the Schr6dinger equation

can be solved for negative energy (E = -k ), to give

o(r) = <R (1.11.13)
Ko(kr) r > R

where = / -k 2 . The modified Bessel function K0 diverges as r --+ 0, but is

still normalizable. As in the case of the scattering problem, only when the coupling

constant behaves as (1.III.11) there exists a nontrivial binding energy, given by

4
EB = R2. (1.III.14)

This of course coincides with the position of the pole in (1.111.12).

The magnitudes in (1.111.12) and (1.111.14) are independent of the regulator R

and are therefore called renormalized. They do however depend on an arbitrary

length scale Ro0, in spite of the fact that Ao is dimensionless. This is an example of

dimensional transmutation. The classical conformal invariance of the problem has

been broken quantum-mechanically, producing an anomaly. The value of Ro should

reflect the underlying physics. It could be fixed, for example, by an experiment

measuring the bound state energy. The physical magnitudes in (1.111.12) would then
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be given strictly ill terms of EB. Alternatively, one can fix o at some value of k called

the renormalization scale ,

tan 6o(t) -, (1.III.15)
4

where A is a renormalized coupling constant. /t is arbitrary, but A should be fixed by

the strength of the physical interaction, e.g. by a scattering experiment. The relation

between the bare and renormalized coupling constants is

A () Ao0(R)

=1(l 21 (n2+)(1.III.16)

In the UV limit both A(ua) and A0o(R) vanish, thus the theory is asymptotically free.

In terms of the renormalized coupling constant the scattering amplitude and phase

shift become

1 [A 1, tan10(k) 1 1 In

2 ir A 27r 4 4 A 2 7r]

(1.III.17)

[II1.2 Self-Adjoint Extension

The second approach for dealing with contact interactions is to substitute the 6-

function potential with an appropriate boundary condition at the origin [3, 42, 30].

This boundary condition must ensure that the Hamiltonian is self-adjoint, i.e. that

it is hermitian and that its domain of definition coincides with that of its adjoint.

Consider the, free Schr6dinger Hamiltonian

Ho = V2 ,

con the space R 2 {-- 0}. The Hamiltonian must be self-adjoint in order to define

unitary time evolution. The condition of self-adjointness of Ho is expressed as

lim [rq5*(r)d -(r) d(r) ] =
r-O dr dr
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for any +(r), +(r) in the Hilbert space. The above is clearly satisfied for wavefunctions

that are finite at the origin. But Ho remains self-adjoint even when the finiteness re-

quirement is somewhat relaxed, provided the wavefunctions remain square integrable.

The most general boundary condition is given by [30]

lim () im [(r) In r lim )] (1.III.20)
r-0 In r r-o r- o 0 In r'

where Ro is an arbitrary scale parameterizing the self-adjoint extension. This defines

a one-parameter family of extended Hamiltonians HoR °. The conventional free Hamil-

tonian with regular wavefunctions is regained when Ro - 0. Only the s-wave sector

admits singular wavefunctions obeying (1.III.20). For positive energy we have

Oo(r) = Jo(kr) - tan SoYo(kr) , (1.111.21)

where the phase shift is the same as in the previous section, eq. (1.III.12). For

negative energy., we admit the singular modified Bessel function Ko

2o(r = iE K 0( -2 r) (1.111.22)

where EB is the same as in eq. (1.11.14).

111.3 Momentum Space Regularization

The final approach is to solve the original problem with the 6-function potential in

momentum space [30]. This approach most closely resembles quantum field theoretical

treatment of regularization. In terms of momentum space wavefunctions,

q(p) = dre iP r(r), (1.111.23)

eq. (:1.III.1) becomes

(p2 - k2)(p) = -AoO(O). (1.III.24)
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The scattering solution is given by

+(p) = (27r)2 (2)(p - k)- Aoi (1.III.25)p2- -2 (.15
Transforming back to coordinate space gives

+(r) = eik.r - Ao(O)HO1)(kr) (1.111.26)

which in the limit r --4 oo has the scattering form (1.111.8) with f(k, 0) = -2 ()

The scattering amplitude is evidently proportional to Ao0 (O), which can in turn be

determined self consistently,

A0 (O)= [A + I(-k 2 -i6) (1.111.27)

where I is the integral

(z)- d 2 p 1

1(Z) =(27r) 2 p2 + z

The integral diverges in the ultraviolet. We regulate it by truncating the integral at

p[ = A. For large A we then have

1 A 2

I(z)= In-
4wr z

and

00(0) = [ 1 In A + (1.III.28)

As A is removed to infinity, A0o(O) and the scattering amplitude vanish, provided A0

is finite. We thus arrive once again at the result that the bare S-function interaction in

two dimensions is trivial. But as before, we can take A0 to be dependent on the cutoff

A in such a way as to give a finite scattering amplitude, depending on a renormalized

coupling constant A,

1k [A-2 I i 4 
f(k,O) -1 1 n- + (1.II1.29)
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where the bare and renormalized coupling constants are related by

1 1 1 A
( ) =(A)+ -in - (1.111.30)(/) -,(A) +2r i-

Eqs. (1.111.29), (1.III.30) are in complete agreement with the results of the circular

well regularization (1.111.17), (1.111.16), if we identify A = Re- n . The s-wave phase

shift obtained from the partial wave expansion (1.111.9) is

tan0() = ) 2 , (1.II11.31)

in agreement with (1.III.17). The solution of the bound state problem follows similar

lines, and the result agrees with the previous approaches.

.IV Aharonov-Bohm Scattering Problem

'We close our introduction with another well known example of conformally invariant

particle mechanics, the interaction of a charged particle with an infinitely long and

infinitesimally thin solenoid carrying a magnetic flux. In their landmark paper of 1959

[1], Aharonov and Bohm showed that the charged particle experiences a deflection

even though it always moves in a region of vanishing electric and magnetic fields t

This is due to the presence of A, the gauge field, rather than E or B in the Schr6dinger

equation. The gauge field is nonvanishing outside the solenoid, and is given by a pure

gauge (albeit singular). Aharonov and Bohm further argued that the presence of such

a flux-carrying solenoid in a two-slit experiment would shift the interference pattern

relative to the experiment without the solenoid. This has come to be known as the

Aharonov-Bohm (AB) effect, and has been verified experimentally [40]. Aharonov

and Bohm explained the effect in terms of a phase difference around a closed loop

tThis was actually first predicted by Ehrenberg and Siday [16].
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that encircles the solenoid, which is given by

AO =e A dr.

The central point to the AB effect is that charged particles scatter from idealized

solenoids. This effect is equivalent to particles scattering from point magnetic vortices

in two dimensions, and will therefore be treated as such. The Schr6dinger equation

for this problem is

- [V - ieA]2 0(r) = E+(r), (1.IV.1)2m

where the gauge field is given by

) B (i 3 r3

27 r2

= ad . (L.IV.2)
27r

'The magnetic field is then given by

B = V x A = B(g(2)(r),

and is confined to a point. As suggested by the second equality in (1.IV.2), A is a

pure gauge everywhere except at the origin, where 0 is ill-defined. The gauge field

can therefore be removed from eq. (1.IV.1) by defining

(r) = eiB°/2,o(r) , (1.IV.3)

wNhich implies that 0o is a multivalued function if I)B/2 7r is not an integer, but satisfies

a "free" Schrodinger equation

1

2 V24)o(r) = E4o(r) , 0( = 27r) = e-iB4o(O = 0) (1.IV.4)

The two problems represented in (1.IV.1) and (1.IV.4) are equivalent, but expressed

in different gauges.. Eq. (1.IV.1) is known as the magnetic gauge, and eq. (1.IV.4) is
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known as the anyon gauge. The multivalued wavefunction b0 can be considered as a

two-anyon wavefunction in the relative coordinate.

IV.1 Exact Solution

Eq. (1.IV.1) can be rewritten as

O-r2 rOr r2 - i +k20

where = -eB and k2 = 2mE. An exact solution to (1.IV.5) was found by

Aharonov and Bohm [1]. In the large r limit the wavefunction has the following

"scattering" form:

1
+(r)- eikr+ic(-Tr) _ fAB(k, )ei(kr7r/4) (

where the "scattering amplitude" for oal < 1 is

i eFiO/ 2

fAB(k, 0) = - sin0/2 (1.IVa7)
V2wrrk sin 0/2

]'or sgn(ac) = ±1. The differential scattering cross section is therefore

da sin2 rc 1

dO 2irk sin2 0/2

Notice that the incident wave is not the standard incoming plane wave, but is mod-

ulated by a nontrivial phase. The question of whether or not this is an appropriate

incident wave for a scattering solution has been a point of confusion in the literature

[23]. It will be addressed in Chapter 4.

IV.2 Partial Wave Analysis

A conventional phase-shift analysis of the scattering problem [43, 23], begins with

the standard decomposition of the wavefunction into an incident plane wave and a
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scattered wave,

+-(r) + eik 'r 4 I f(k, )ei(kr+/4)
V/-r-

where the incident wave is coming from the left.

partial waves on the other hand is

The exact solution expanded in

oo

(r) = Z ameimJm+cl (kr)
-oo

From the asymptotic form of the Bessel function we find

oc

~(r) -- 0 
--oo

imO 2 )/2 ( Im + l 4)ame cos kr .
7cr ~2 4

(1.IV.10)

(1.IV.11)

Using the well known expansion of a plane wave in terms of Bessel functions, (1.IV.9)

can be rewritten as

+(r) -E imeim
- 0

(_2 1/2

7wkr)

where f(k, 0) =: z fm eim °

(1.IV.12) yields

f(k,O ) 

cos (kr m I fme ikr
2 4 m J (1.IV. 12)

Comparison of the eikr coefficients in (1.IV.11) and

1 ES1 (em - 1) eimo , (1.IV.13):2k
which expresses the scattering amplitude in terms of the phase shifts.

shifts are in turn given by

m = 2 + a + 2 ml
2 2

71'7r
2

Ia
2

if m>0
if m<0.

The evaluation of the sum in (1.IV.13) is somewhat nontrivial and therefore left out.

The result is

z
f(k,90) 2-

[e-isgn(cY)e/2 ra

sin 0/2 sin 7 - 4r sin2 t2
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The phase

(1.IV.14)

6(0)] (1.IV.15)
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This differs from the "scattering amplitude" of the exact solution (1.IV.7) by the -

function in the forward direction. Recall that the incident waves were also of different

form. Indeed, the discrepancy in the amplitude is accounted for by the discrepancy

in the incident wave, due to the large r relation

eikrcos (27r)1/2 ikr(1.V.16)
- iT eik5(0) (IIV.16)

The S-function in the forward direction is actually crucial for maintaining unitarity

[43].

IV.3 Perturbative Solution

Following the resounding success of the original exact solution [1] and the partial

wave solution [3], several attempts were made to reproduce the solution to lowest

order in cy using the Born expansion [18]. All of these attempts failed to reproduce

even the lowest order result, and they further produced divergences at the next order.

The Born approximation is carried out in the standard scattering analysis. To

lowest order the amplitude is given by

f(k,0) = - o cos0/2 . (1.IV.17)
v/2rk sin 0/2

This approximation misses the s-wave contribution in (1.IV.15) given by asgn(a)

alj. In hindsight, we shouldn't expect to reproduce this term in a series expansion in

powers of ac, since it is not analytic at a = 0. In addition, to second order in ca we

get divergences due to integrals of the form

Jdr J( r)

Aharonov et. al. [2] explained the failure of the Born expansion for this problem

by considering a scattering process with a finite radius R solenoid. They solved the

problem exactly, and showed that the terms in the Taylor expansion of the exact

solution grow logarithmically as R is reduced. This means that more and more terms
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need to be kept, as R --+ 0 to ensure convergence.
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Chapter 2

Scale Anomaly in Nonrelativistic

Scalar Field Theory

Abstract
This chapter is based on [9]. We construct a non-relativistic scalar field theory with
quartic self-interaction in 2+1 dimensions as an infinite mass limit of a relativistic
theory, and calculate the 2-particle scattering amplitude and 2-particle bound state
energy. We show that the results are the same as for quantum mechanics of two scalar
particles interacting via a 6-function potential. Renormalization of the theory reveals
an anomalous breaking of scale symmetry. The renormalization group structure is
presented and the anomaly is expressed in terms of the trace of the energy momentum
tensor.
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I Introduction

Two and three dimensional S-function potentials have been studied as models

for applying renornmalization theory to non-relativistic (NR) quantum mechanics [7,

26, 30, 38, 21] . The bare -function potentials do not give an interaction between

particles. This has been used to argue that A4 theory, at least in the non-relativistic

limit, is trivial. However, a renormalization procedure produces a point interaction

with a non-zero scattering amplitude and a single bound state. More recently, interest

in planar point interactions has arisen in the context of anyons. A system of particles

interacting with a Chern-Simons gauge field, and interacting among themselves via -

function potentials has been shown to obey fractional statistics. In addition, classical

soliton solutions have been constructed for this system [27, 29].

For two particles in two dimensions interacting via a -function potential of

strength ao, the quantum mechanical scattering amplitude to second order in the

Born approximation contains a UV divergent integral. Upon regularization, it be-

comes

T(p, ao, A) = o [ 4 n + (2.1)

where p is the relative momentum and A is the momentum cutoff. T diverges in the

limit A - o, unless a redefinition of the coupling constant is made

ao = a-1 n A (2.1.2)
47r /~

where a is independent of the cutoff, and /i is an arbitrary scale. The amplitude is

then reexpressed as

T(p, a, ) = a [1- am (ln" + i)+ O( )] (2.1.3)

The perturbation expansion can now be summed to all orders to give

T(p, a,/) = a[1 + 4 (InL + )] (2.I.4)
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In addition a bound state is found, with energy

2 87r
EB = 2---em (2.I.5)2m

The scattering amplitude can be rewritten

T(P, EB) = [ 2n E2 ]' (2.1.6)

which shows that it depends on only one dimensionful parameter (other than the

mass), EB, and not on a and /l separately. The branch of the logarithm is chosen

real for negative real p2. From (2.1.2) we see that a finite bound state energy requires

ao to be negative., implying that the attractive point interaction leads to nontrivial

physics, whereas the repulsive one does not.

This non-trivial point interaction can also be viewed as a self-adjoint extension of

a free Hamiltonian on a space with one point removed [3]. The self adjoint extension

parameter then has the interpretation of the renormalized coupling constant ca.

The -function potential in quantum mechanics is the formal NR limit of the

relativistic A4 theory [14]. In 2+1 dimensions, the relativistic 4 interaction is

super-renormalizable. The loop corrections to the scattering amplitude are finite,

and therefore no coupling constant renormalization is necessary. In the NR limit, the

amplitude becomes

A(p) = 4m2ao [1- (n + ()] (2.I.7)

in the center of mass (COM) frame. The relativistic coupling constant has been

written as 4m2c 0 . Since m > p in the NR limit, the logarithmic divergence of the

quantum mechanical amplitude (2.1.1) is also apparent in (2.1.7), so apart from the

prefactor 4m2 the two amplitudes are the same. The prefactor is compensated for

by kinematic factors, which are different for relativistic and NR physics, so that the

resulting cross sections are the same.

We shall study the 2+1 dimensional point interaction from a NR field-theoretic
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(2nd quantized) approach. In part 2 we derive the NR Lagrangian density, calculate

the 2-particle scattering amplitude, renormalize the theory and find the bound state

energy. In part 3 the issues of scale invariance in the NR theory and its anomalous

breaking are discussed through renormalization group techniques.

II Non Relativistic Field Theory

The Lagrangian density of the real relativistic scalar field theory can be written

as

2 2 04X 2 , (2.11.1)

where m is the physical mass and Sm2 is the mass counterterm, determined in an

expansion in powers of Ao. We shall discuss the mass counterterm in the context of

the NR field theory, where we will show that it actually vanishes.

Before taking the limit m -- oc, we must rewrite (2.II1.1) in terms of NR fields, so

we substitute

X = (e-imtj + eimti*) . (2.11.2)
X 2m

Terms in 1 which oscillate with frequency oc m won't contribute to f d3xL in the NR

limit, so we drop them. The resulting Lagrangian density is given by

£:&(i + 2m 4Ad i)*(i&±t 7 V )qs- _a (¢ $)2 , (2.I1.3)

where co -= A;. The mass counterterm has been dropped. For convenience we

eliminate the mass from the action by the following transformation

C mL

t t/m. (2.II.4)

X X

The mass dimension of time is now -2. The action is unchanged, and the Lagrangian
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density becomes

= * +1 V(*Q)2 , (2.I.5)

where vo -- ma0o. The free fields can be written as Fourier integrals

(Xft)= = d2k ,(k)e-i(wkt-k.x)q$(xt) = f (2 r)2 ak-e

+(x, t) = f (d )2 *(k)ei( kt- k ) '

where Wk = k2

Quantization. The theory is quantized by promoting the fields to operators (* -- t),

and imposing the following commutation relations

[¢(x, t), (y, t)]= [t(x, t), (y t)] (2.11.7)

[q(x, t), qt(y, t)] = 1(x - y)

When we posit the existence of a vacuum state 10), such that a(k)10)=O, the

particle picture follows. a(k) annihilates a particle of momentum k, and at(k) creates

one. Therefore, q' destroys particles and t creates particles. As a consequence of

the U(1) symmetry of (2.11.5) the number of particles is conserved, as it should be

in NR quantum mechanics. (We could equally as well have started with a complex

relativistic field theory instead of a real one, and taken its NR limit. The resulting

NR theory would contain antiparticles, and would possess a U(1) x U(1) symmetry,

implying separate conservation of particle number and antiparticle number. We could

then choose to work in the zero antiparticle sector by convention, and the same

Lagrangian density would result.)

The free NR, propagator is given by

~D(x, t) = 2 )3 l k2 i -i(wt-k-x)D(x,t) = / d2kdw 1(2)3 w. - lk2 + ie
0(t) e xp

-(t (iexp 2 ) . (2.11.8)

The interaction is handled through the usual Dyson perturbation expansion of

the scattering matrix. There is an ambiguity in the ordering of the fields in the

interaction, but the physics is independent of the choice of ordering. We choose to
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normal order the interaction, so it has the form tqtqq. This is what allows us to

drop the mass counterterm.

The only nontrivial Green's functions in this theory are the (2n)-point functions

given by

G(2n)(x1, n, Y1, , Yn) = (OIT(l . .(xyl)... (Xn)t(Y1) t(yn)O), (2.II.9)

where xi (xi, ti). We will be interested in the 1-Particle Irreducible (1PI) parts of

these Green's functions in momentum space, defined in the same way as in relativistic

field theories.

Exact Propagator. The bare 1PI 2-point function is given by

F (p,) = - (p,) p )-n (p,w), (2.II.10)

where, diagrammatically,

-iE(p,w)= + - +...

and

-in(p, w) - +

E(p,w) vanishes to all orders due to normal ordering of the interaction. It is

easiest to show that II(p, w) also vanishes by noticing that the lowest order diagram,

in coordinate space, contains the factor O(y °- z°)O(z0 - y). This is seen by the

opposing arrows in one of the loops. This feature persists to all orders, hence H(p, w)

vanishes exactly. (Note that the second and higher order diagrams in E(p, w) vanish

for this reason as well.) The renormalization condition

(2) (p, L) = a,_ 1 2(2.II.11)
2

is then satisfied if Sm2 = 0, so that neither mass renormalization nor field renormal-

ization are required. The absence of field renormalization allows us to drop the B

and R subscripts from now on.
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The resulting Lagrangian density

£ = qt (za + O V2)q -_ o qtqtqq (2.11.12)

contains no dimensionful parameters, so the theory is classically scale invariant. The

relativistic theory (2.11.1) is not scale invariant, but its limit as m - oc is. The

quantum theory, however, requires further examination.

The NR scattering amplitude. The bare 1PI 4-point function is given diagrammati-

cally by

-ir)= X + X + v + 
'The third and fourth terms vanish because they contain opposing arrows on their

loops. Due to the form of the NR propagator (2.11.8), the direction of the arrows

corresponds to increasing time (in coordinate space), so these diagrams represent

unphysical contributions. In a relativistic theory, these diagrams would correspond

to pair creation and annihilation, and would have a non-vanishing contribution. The

vanishing of such diagrams in the NR theory can also be seen as a consequence of

analyticity properties in momentum space.

The 4-point function can now be expanded in loops

-ir4= X + > + > )(X ++
because only insertions of the -loop s-diagram give non-vanishing diagrams. Apart

from an energy and momentum conserving 6-function, the 4-point function to one

loop order is given by

(4)( , A =-ivo+ n( + -4( +
8 (pi + p2)2 -4(w + 2 )

(2.11.13)

where A is an ultraviolet cutoff.
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We redefine the coupling constant:

V = v + +

= v2I n A + O(v33)
(2.11.14)

This allows us to rewrite the 4-point function in a cutoff independent form

-irv),(piwi, v, ) = -iv + In[ (P( + P2)2 -4( 1 + 2 ) (2.11.15)

The renormalized scattering amplitude is gotten by taking the momenta on shell and

going into the COM frame.

- (In"
4r p

+ ) + O(V2)] (2.11.16)

This agrees with (2.1.3), with m = 1. Due to the vanishing of the t and u type

diagrams, the exact 1PI 4-point function can be expanded in powers of the one loop

term. The series is summed to give

-i F4)(pi, i, V, ) =-iv [l + 8ln((

The exact scattering amplitude is then

A(p,v, ) = [ I1

4yu2

P2) 2 - 4(w1 +

7r)]-1

which agrees with (2.1.4). Relation (2.11.14) can now be made exact

v = (1
V nA -1
4-In- 
4 t 

The bound state energy is given by the position of the pole in (2.11.18)

1 2 87r
EB = - e v,

2

which agrees with (2.1.5) with m = 1. Like eq. (2.1.6), eqs. (2.II.17)-(2.II.19) can
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(2.II.20)

+ I 
47 

A(p, v, y = V 



also be rewritten in terms of only the bound state energy. In particular the amplitude

is given by

A(p, EB) = 87r n 2B] , (2.11.21)

where the branch of the logarithm is chosen as in (2.1.6). This shows that the only

physical parameter is EB, and it defines the scale of the physics. The scale dependence

in (2.II.21) contradicts the apparent scale invariance of the theory, and is a sure sign

of a scale anomaly. In other words, the classical theory possesses a scale symmetry,

but quantization and renormalization, which involve an introduction of an arbitrary

scale, necessarily break this symmetry.

ITII RGE and the Scale Anomaly

NR scale invariance. Scale transformations in the NR theory take the form

X eax
(2.11I.1)

t - e2at

Under an infinitesimal scale transformation, the fields change by

5 = [1 + x V + 2ta] . (2.111.2)

The charge density p and current density J associated with this transformation satisfy

the relation
2

atp + V J = 2T00- Ti, (2.111.3)
i=l

where T is the energy and momentum tensor [27, 29, 32].

The Lagrangian density of the NR 2+1-dimensional theory contains no dimen-

sional parameters, so it transforms infinitesimally by

L = (4 + x. V + 2tat)L = V (xL) + 20t(tL) . (2.111.4)

Therefore the action remains invariant, and the dilatation charge and current satisfy
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the continuity equation 9tp + V · J = O. In terms of the energy momentum tensor,

we get*
2

Ti = 2To0 0 .
i=1

(2.111.5)

So the spatial trace of the energy momentum tensor minus twice its time-time com-

ponent (the Hamiltonian density), is a measure of scale invariance breaking in the

NR field theory [32].

Ward identity. The Ward identity related to N-R scale invariance is derived by con-

sidering the following vacuum expectation values

G()(y,xi,. . . ,x,) = (OITp(y)q(xi) ... . t(x))lO)

(
j (y, x 1,. . . ,Xn) = (O TJi(y)q(Xl)) . Ot(xn)10)

G(-n)(y, ,... , x) = (OT(2Too(y) - Tii(y))O(xi) ... ;t(xn)1O)

(2.111.6)

(2.111.7)

(2.111.8)

where n is an even integer. Differentiating (2.111.6) with respect to yo and (2.I1.7)

with respect to y and comparing the sum with (2.11.8), we obtain a relation between

Gj) and the n-point function, given in momentum space by

[1-4(-)-pi a2i-a ]G(n)'(piWi) =-iG(n)(O, i, i)n-4(n-1)-pi. __ -I[%: '9pi 2 azJ ) -

(2.111.9)

where i = 1,... , n. Performing a scale transformation on the momenta and energies

gives

[ -3n + 4] G(')(e-pi,e- 2 w2 ) =-iG(n)(O, e-pi, e-2wi) .
19a z Z T z]

(2.111.10)

Scale invariance implies that (2.11.5) holds, so the right hand side of (2.111.8) vanishes.

For 1PI functions equation (2.111.10) becomes

[ - n)] F(n)(e-pi, e-2w,) = -irn)(0, e-pi, e-2cwi) · )rl'i~"~ 2il) Z z (~ e Z T I; (2.11.11)

*In relativistic field theories the equivalent statement is T = 0.
AI
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and in a scale invariant theory

a + (4- n) (n)(e -p,e 2awI) = 0. (2.III.12)

For the 4-point 1P'I function this becomes simply

0 r(4) (ep, e-2w) = . (2.III.13)

We see that scale invariance of the classical action implies a scaling relation for the

1PI functions, and in particular it implies that the 4-point function is scale invariant.

'To see whether scale invariance still holds in the quantum theory however, we must

examine the renormalization group equation.

Renormalization Group Equation (RGE). Equation (2.11.19) gave us the relation be-

tween the bare and renormalized couplings. The 3 function obtained from this relation

is given by
Ov v2

/3(v) = ju = 47. (2.III.14)

Like equation (2.11.19) this equation is exact. The RGE for 1PI functions is

[a + (v) +F()]r(p, , i,v, ) = 0. (2.111.15)

The anomalous dimension term is absent from this equation because, as was argued

in part 2, field renormalization is absent from the NR theory. Consequently, the

Green's functions retain their canonical dimensions, and the solution to (2.111.13) has

the form

F( (p i, v, vt) = Q4- (v'(v, ln )) , (2.111.16)

where Q is the appropriate dynamical variable, e.g.

Q2 = 2 _ for n = 2- -w for n=2
2=rl T(p1 + P2) - W 2 or - 4 (2.111.17)

Q2 = l(pl + p2)2 _ W1 - 2 for n = 4
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and v' is the running coupling constant given by

v'(v,ln) = v( + In . (2.111.18)

For n = 4, the 1PI function (2.1I.17) does indeed have the form dictated by (2.III.16)-

(2.111.18), with 9(v') = v'. Rescaling the momenta and energies in (2.III.16), and then

differentiating with respect to a and [t gives the identity

+ a--4 + n)r(n)(e -p,, e-2wv, /) =0 (2.III.19)Oa P = .

Inserting this into (2.III.15) gives

(a + 3(v),) +4- n)F(n)(e-pi, e-2wv, u) = 0. (2.111.20)

Finally, for the 4-point function we get

+/3(v) r F(4)(e-pi, e-2awiv, ) = 0. (2.11.21)

Comparing this with equation (2.111.13), we see that scale invariance is broken by the

f3(v) term. Going back to (2.111.11), we can express the violation of scale invariance in

the quantum theory as a statement on the 1PI 4-point function with the 2Too - E Tii

insertion

irn)(,e-pi ¢-2% ,, v/) = ~(V)a(n)(e -cp e-2 (2.III.22)
aV

or equivalently as an operator equation reflecting an anomalous trace of the energy

and momentum tensor
2 V 2

E T = 2Too + v-ttd (2.111.23)
i=1
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IV Conclusion

The 2+1 dimensional NR field theory with quartic self-interaction is exactly solv-

able, at least up to the 2-particle scattering amplitude and bound state. The theory

is classically scale invariant, but acquires an anomaly upon quantization of the fields

and renormalization of the scattering amplitude. The expression for the anomaly is

exact, in contrast with relativistic scale anomalies, which can only be expressed to

finite order in perturbation theory.

When the NR scalar theory is coupled to a Chern-Simons gauge field it is suggested

that the degree of divergence of the theory is reduced, and renormalization is no longer

required [37].

It is yet to be determined whether the field theoretic approach to NR quantum me-

chanics will yield useful results for more than two particles. I leave these calculations

and the inclusion of Chern-Simons gauge field interactions for future work.
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Chapter 3

Perturbative Analysis of

Aharonov-Bohm Scattering

Abstract
This chapter is based on [10]. We perform a perturbative analysis of the Aharonov-
I3ohm problem to one loop in a field-theoretic formulation, and show that contact
interactions are necessary for renormalizability. In general, the classical scale invari-
ance of this problem is broken quantum mechanically. There exists however a critical
point for which this anomaly disappears.
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I Introduction

The Aharonov-Bohm (AB) effect, which is essentially the scattering of charged

particles by a flux tube [1], has been one of the most studied problems of planar

physics in the last thirty years [43]. Much of the recent interest in the subject is a

consequence of the discovery that flux-charge composites acquire fractional statistics

(becoming anyons) through the AB effect [48]. Such composites can be obtained by

,coupling ordinary particles (bosons or fermions) to a gauge field, whose dynamics are

governed not by the Maxwell action but by the Chern-Simons (CS) action [24, 4].

Thus, scattering of a charged particle from a flux tube, scattering of two anyons, and

scattering of two particles coupled to a CS gauge field are all the same problem.

In their original work, Aharonov and Bohm found an exact expression for the

scattering amplitude, which has been since rederived in different ways [43, 23, 31].

Nevertheless, several attempts to obtain the result perturbatively have failed [18].

As recognized by Corinaldesi and Rafeli, the Born approximation misses the s-wave

contribution to the scattering amplitude in first order, while the second term in the

Born series is infinite. The failure of perturbation theory for the AB problem was

explained by Aharonov et al. and Nagel [2]. They considered a finite size flux tube,

and showed that the terms in the expansion of the exact solution grow logarithmically

as the size of the flux tube is reduced, requiring an infinite number of terms in the

limit of zero size.

Not surprisingly, similar problems with the perturbative calculation have appeared

more recently i the context of anyon physics in the so-called bosonic end [11, 39,

44]. In this case the quantities of interest are the eigenenergies and thermodynamic

properties of a system of anyons. Sense is made of the perturbation theory by either

redefining the unperturbed wavefunction [11] , or by solving a different but equivalent

problem with a transformed wavefunction and a transformed Hamiltonian [39, 44].

In the latter method the transformed Hamiltonian is actually not Hermitian, and it is

interesting to note that if this is corrected by adding to it its conjugate, a -function

potential arises [44]. Though these methods reproduce to lowest order the correct
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result for two anyons, the manipulations necessary for this appear arbitrary.

The aim of our paper is to clarify the perturbative analysis of the AB problem, and

to show that a correct treatment must include contact interactions. We shall do this in

the framework of quantum field theory by using the second quantized formulation of

the AB effect for bosons, developed in [25]. We shall see that the contact interaction,

first considered in [27], is necessary to ensure the renormalizability of the theory.

In part I we shall write down the Lagrangian density for this theory, review how it

reduces to the AB problem, and show that it is formally scale invariant. In part

II we shall perform a standard perturbative analysis to one loop, and show that in

general renormalization is necessary, and results in the breaking of scale invariance, as

occurs in a theory with only contact interaction [9]. However, for a certain strength

of the contact interaction, whether attractive or repulsive, the theory has a critical

point [37], and scale invariance is regained. In the repulsive case, this value of the

strength also reproduces the AB result. In the concluding remarks we comment on

how our analysis changes if we solve the constraints for the gauge field before doing

perturbation theory, and how it changes for fermions.

II Field-Theoretical Formulation of the AB Ef-

fect

We begin by considering a system of nonrelativistic bosons in 2 + 1 dimensions

minimally coupled to a CS gauge field. The Lagrangian density then reads:

= atA x A- AOB + * Dt + -V[ * (3.11.1)

where the covariant derivatives are

Dt = Ot + ieAo

D = V-ieA. (3.11.2)
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This model, with the potential term V[O, )*] set to zero, was first considered by Ha-

gen [25] as an example of a Galilean invariant gauge theory. The Lagrangian density

(3.11.1) also coincides with the one proposed by other authors [19] as an effective

theory for the Fractional Quantum Hall Effect. We shall consider the potential cor-

responding to the 6-function, or contact, interaction:

V[q O **] = ¢¢(3.11.3)
4

(To study the thermodynamic properties of the system one also includes a quadratic

term, whose coefficient is the chemical potential. Since we are only interested in

scattering processes in the vacuum, we drop this term.)

It, was shown in reference [25] that this model, with vo = 0, is a field-theoretical

formulation of the AB problem. To see this, first notice that using the Gauss Law

V x A =, (3.II.4)

the gauge fields can be expressed in terms of the matter fields (in the Coulomb gauge)

as:

A(r,t) V x Jd2 r'G(r -r') (r', t)q(r', t) (3.II.5)

where G(r) is the Green's function of the two dimensional Laplacian

G(r) = 2 ln r . (3.II.6)
2wr

After imposing canonical commutation relations

[O(r, t), *(r', t)] -= (r - r'), (3.II.7)

and identifying the Hamiltonian as

H =J d2r [2 (Dq)*. (DO) + V[, *] (3.II.8)
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one can show that the wave function for the two particle sector satisfies the following

Schr6dinger equation

E4(ri, r2) = --- - (vi - -- i x G(ri - r )
2m

v0
+ -- (rl- r 2) (rl, r 2 )2(3.I

(3.11I. 9)

For o = 0 this becomes in the center of mass (c.m.) frame

r-r 2 (1+( ) + k] T(r) = O.rdr r r

4(r) = eilOT~(r)

(3.II.10)

where

(3.II.11)

and

(3.II1.12)

which is exactly the equation studied by Aharonov and Bohm. The scattering ampli-

tude defined by the asymptotic form of the wave function

i (r) 0 eikrcos + f(k, 0) ei(kr+r/4)0() c + v (3.II.13)

can be calculated exactly, and for cel < 1 is given by

f (k,) =-i(2k)-/2 sin ra [cot 2 - i sgn ()] , 0#0. (3.11.14)

For identical particles one must add to this the amplitude with the final states ex-

changed (and divide by X to maintain normalization), which is gotten by letting

0 - 0 - r in (3.II.14), resulting in the amplitude

ftot(k, 0) = -i (rk)-l/2 sin Tra [cot 0 - i sgn (a)] , 0 ~ 0O, Tr. (3.11.15)

The dependence of the amplitude on k is only through the kinematical factor, which

is a sign of scale invariance. This can be seen from the fact that the parameter 
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is dimensionless. Note also that the inclusion of the 6-function potential would not

modify this property because mvo is also dimensionless.

Scale invariance of the system can also be seen in the field theory. As shown by

Jackiw and Pi [27], under a dilation

6t = 2t r = r , (3.II.16)

the following infinitesimal transformation of the fields

6 = -[1+r D+2tDt]q

6A = [r x B+2tE]

6Ao = r E, (3.11.17)

where E = -VAo - tA and B _ V x A, leaves the action invariant.

Similarly, under a special conformal transformation

6t = -t2 r = -tr, (3.II.18)

the following infinitesimal transformation

6A

6A

= -[t- mr2 +tr.D t2Dt q

-[tr x B + t2E]

6Ao = -tr E, (3.II.19)

also eaves the action invariant.

One can prove that the generators of the above two transformations together

with the Hamiltonian form a group SO(2,1). Of course invariance of the action

does not always guarantee an invariant result, because symmetries can be broken

quantum mechanically by anomalies. This is indeed what happens if we set e = 0 in

(3.1I.1), and consider the bosons interacting only among themselves via the 6-function

potential. The classical scale invariance of the 6-function interaction is broken by
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quantum effects [9, 30]. Moreover, we shall show in the next section that this is also

the case when one considers (3.11.1) without the contact interaction, and to obtain a

scale invariant result requires a fine tuning between e and vo.

III Perturbation Theory

Let us begin by reviewing the problems with the perturbative treatment of the AB

effect. If one applies the Born approximation to the equation studied by Aharonov

and Bohm, (3.11.10), instead of obtaining

ftot (k, O) =-it ( ) [cot 0 -i sgn (a)] + O(a 3 ), 0 0, w , (3.III.1)

one obtains the incorrect result [18]

(7) 1/2ftot(k, 0) =-ia () cot 0 + O((a2) , 0 # , , (3.III.2)

in which the non-analytic part is missing. In addition, the next order approximation,

(9(a2 ), diverges.

Corinaldesi and Rafeli [18] noticed that the problem can be traced to the s-wave

contribution to the scattering amplitude, which is missing in (3.111.2). As can be

seen in (3.11.10), for the s-wave (I = 0) the perturbation is of order a2, and when

one looks at the integral equation satisfied by the solution one encounters logarithmic

divergences. This is due to the singular nature of the potential and the nonvanishing

behavior of the unperturbed s-waves at the origin.

As we shall see, these inconsistencies are resolved by the introduction of the contact

interaction, which has been ignored in all the perturbative treatments up until now.

In Aharonov and Bohm's exact treatment such a contact term could be ignored since

they imposed the boundary condition

''(0) =0 (3.111.3)
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for the exact wavefunction. Such a boundary condition can not however be imposed

on the unperturbed wavefunction in a perturbative treatment.

We analyze the perturbative problem from a field-theoretical point of view, since it

is a more familiar setting for dealing with divergences, renormalization and scale sym-

mnetry breaking. The quantity we wish to study is the four point function associated

with the scattering of two identical particles in the c.m. frame.

The nonrelativistic bosonic propagator is given in momentum space by

1

D(ko, k) ko- k2 + is ' (3.11.4)

Note that the denominator is linear in the energy, resulting in propagation which is

only forward in time.

As the gauge field is completely constrained by the equations of motion (3.11.4),

there are no real gauge particles. Nevertheless, it can still be treated dynamically in

internal lines. The following Galilean invariant gauge fixing term

1
£GF= -(V. A)2 , (3.11i.5)

is added to the Lagrangian density. The gauge propagator is then given by

(k 2
Doo(ko, k) =

k 4

Dio(ko, k) = i-k2 + k4

Doi(ko, k) = -iijk 3 +Kk2 k4

Dij(ko, k) = ~kikj (3.III.6)

If we now specialize to the Landau gauge fixing condition 0 = 0, the only nonvanishing

components of the propagator are

Dio(ko, k) =-Doi(ko, k)= k(3.111.7)
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Note that since there is no k0o dependence, the coordinate space propagator is instan-

taneous in time, which is another sign that the associated particle is only virtual.

if --

p pIP0 up

a b c

Figure 1. Interaction Vertices

d

As shown in fig.1, there are three vertices coming from the covariant derivatives

F0

ri = ( + i)
.=--ie 2

Fj -S ,m (3.III.8)

and one from the contact interaction

rvo = V-ivO (3.111.9)

The relevant graphs for the tree level scattering amplitude are depicted in fig.2.

a b

Figure 2. Tree Level Scattering Amplitude

The amplitude of the one-gauge-particle-exchange graph is given by

() (p, 0) - -- sin 0 1
m 1 -cos 0
2ie2- --- cot 0 ,m/

1 + 
+ os 0

(3.III.10)

where p is the magnitude of the relative momentum and is the scattering angle. The

second term in the first equality in (3.111.10) corresponds to the crossed graph, where
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the final particle states are exchanged. The remaining graph is just the contribution

of the contact interaction. The full amplitude to tree level is then

2ie2

A( 0 )(p, 0) - -- cot 0 - v . (3.111.11)
M/K

The graphs contributing to the one-loop scattering amplitude are shown in fig.3.

All other possible one-loop graphs vanish. As happens in many field theories, we

a b c

Figure 3. One Loop Scattering Amplitude

expect an infinite contribution that should be regularized. Taking into account that

the scale dimensions (under the scale transformation (3.11.16)) of ko and k2 are equal,

naive power counting shows that all the graphs are potentially divergent. The box

diagram, fig.3(a), although naively logarithmically divergent, is finite. Its contribution

in the c.m. frame reads, after performing the ko integration (by deforming the contour

in the complex k0o plane),

A(f) (P, ) /e4 d2k [ 4(k x p)(k x p') +
box MOn P -nzK2J(27r) 2 (k + p)2(k p')2(k2-p 2 ) 

(3.111.12)

where p is the relative incident momentum in the c.m. and p' is the relative scattered

momentum. The integrand is now rewritten as

k2 p2 - + 12 p k2 + +p2 4k2p .p - (k2 +p2)2 +~~k2 _ p-(k p)2 (k p)2 (k p)2(k + p,)2 -
(3.111.13)

and the angular integration is performed using Cauchy's Theorem, leaving
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4 C2 [ 1 / (k2 + p2!2 _ p2! 4l)() i) - /d(k) -1 + (k p ) O- 7]box -1 + -F( 0 - T

(3.III.14)

The k2 integral is elementary. Thus we arrive at

¢4
A(1) (p,O ) 2e [In 12 sin + i7r] . (3.111.15)

The triangle diagram, fig.3(b), gives the following integral

(4 d2k k -p + p') 
A((p, p') ==- 2 I(2)2 [k2(k-p + p)2 + P - * (3.111.16)

This integral is logarithmically divergent. To regularize it, we impose an ultra-violet

cutoff A to obtain
4 A 2

A(')i 2 I . (3.111.17)
27 m--- i2p 2 sin0

This divergence is nothing more than the divergent contribution of the s-wave that

o 2
we mentioned before. In fact, this diagram corresponds to the r2 term in (3.II.10),

whereas the 21' term corresponds to the single gauge particle exchange diagram,

fig.2(a). The presence of this divergence in the four-point function shows that without

the contact term the theory is not renormalizable.

The contribution of the bubble diagram, fig.3(c), is known to be logarithmically

(livergent [9], and is given by

Av2 d2k 1
A((p, ) =-2 j (27r)2 p22 _ k2 + i

= [ ]2 i7r] (3.III.18)87myr ln 2

and the total one-loop scattering amplitude is given by

~A(1)fa\m [2 4e4 A2
A(') (p0) = p m2 2[n ) +iz7r (3.111.19)

Renormalization of this amplitude is carried out by redefining the coupling constant
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Vo = v+Sv

v - 2 - m2) + O(V3 , e6 ) , (3.111.20)

and the total renormalized amplitude is given by

A2pO,~) 4 ) ( / 42
= 2ie cot 0 -v + 2 in 2 + i r (3.111.21)

We could equally well use dimensional regularization to regulate the integrals in

(3.I.16) and (3.111.18). The renormalized amplitude computed by minimal subtrac-

tion is the same as above.

This amplitude is not scale invariant, as can be seen by the presence of the arbi-

trary mass scale i. A related result was obtained previously by Manuel and Tarrach

using a first quantized approach to studying contact interactions of anyons [38].

We see however that at the critical point

2e 2

v= l (3.111.22)

the scale dependent term vanishes, restoring scale invariance to the solution. The

scattering amplitude at the critical point is given by

47rc
A(p, 0) = -i-[cot 0 T i sgn (a)] (3.III.23)m

where a was defined in (3.11.12). Choosing the upper sign, corresponding to a repulsive

contact interaction, and multiplying by the appropriate kinematical factor, reproduces

the AB result (3.III.1). A contact interaction of such strength has also been considered

by Ezawa and Iwazaki [17].

We have also carried out this calculation in a general -gauge, with the gauge

propagator given in (3.11.6). The tree level scattering amplitude depicted in fig.2

is independent of , and the one loop scattering amplitude contains two additional
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diagrams such that the sum of the three in fig.3 and these two is independent of .

This can most easily be seen by cutting open one of the internal gauge lines and

noticing that the contribution of the resulting tree diagrams to the on-shell current-

current correlation is transverse.

IV Concluding Remarks

In this final section we would like to address two additional points. Namely, how

the analysis of the previous section changes if one treats the gauge field not as a

dynamical variable, but as a function of the scalar field given by (3.11.5), and why in

the fermion case scale invariance is automatic.

Substituting equation (3.11.5) into our Lagrangian (3.II.1) results in a field theory

of scalars with local and non-local interactions. It is not difficult to see that the term

L1 = -- A * *Vd
2m

_ 2

- i2 d2r' [V x G(r - r')] * (r', t) 5(r', t) O*(r, t) V (r, t) ,(3.IV.1)

plays the role of the single gauge particle exchange diagram. The divergent contribu-

l;ion of the triangle diagram appears in this scheme from the term

¢2

112 = - A2q*, (3.IV.2)
2m

when one contracts a scalar field from one of the gauge fields with a conjugate scalar

field from the other.

The fermionic case can be analyzed along similar lines as the bosonic case, except

that the result is automatically scale invariant. The fermionic Lagrangian density is

given by [34]

L = tA x A - AoB + aJs (iDt + pm) As + 2 msBxe (3.IV.3)

where s = +1 is the spin projection. This can be derived as the nonrelativistic limit

60



of the Dirac Lagrangian density for two-component spinors by eliminating one of the

components. Note the absence of a boson-like contact term (3.11.3), and the presence

of a non-minimal interaction term

e
Lp = -sBO+*Ob. (3.IV.4)

2m

The presence of this new vertex gives rise to a new single-gauge-particle-exchange

diagram, which plays the role of the contact interaction diagram. Unlike in the bosonic

theory, the contribution of this diagram is fixed by the strength of the Pauli interaction

(3.IV.4), which corresponds to the critical point (3.111.22). Scale invariance is then

automatic.

Note also that, in the attractive case, this value of v renders the equations of

Inotion self dual [27]. It is also the value for which the system admits an N = 2

supersymmetric extension [34].

To summarize, we have shown that the Lagrangian (3.11.1) corresponds to a theory

that in general breaks scale invariance quantum mechanically, and corresponds to a

field theoretical formulation of the AB effect only when a special relation between the

coupling constants is satisfied, for which scale invariance is preserved.

The existence of this critical point has been confirmed by using differential regu-

larization as well [20]. There the regularization has been carried out to three loops.

The finite critical model has been used to calculate thermodynamic properties of

a gas of Anyons, without having to make arbitrary redefinitions of wave functions or

resorting to non-Hermitian Hamiltonians [46].
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Chapter 4

Perturbative Analysis of

Nonabelian Aharonov-Bohm

Scattering

Abstract
This chapter is based on [5]. We perform a perturbative analysis of the nonabelian
Aharonov-Bohm problem to one loop in a field theoretic framework, and show the ne-
cessity of contact interactions for renormalizability of perturbation theory. Moreover
at critical values of the contact interaction strength the theory is finite and preserves
classical conformal invariance.
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I Introduction

The nonabelian generalization of the Aharonov-Bohm (AB) effect [1] is essentially

the scattering of particles carrying nonabelian charge by a tube carrying a nonabelian

magnetic flux. The two body case has recently been solved exactly [47, 36, 35], by

choosing a convenient basis in which the problem reduces to the abelian AB effect.

Recent interest in the abelian AB effect is due to the fact that anyons (particles

which acquire fractional statistics through the AB effect) are useful for understanding

the Fractional Quantum Hall Effect [41], and may play a role in High T, Superconduc-

t;ors [33]. The exact solution to the AB scattering problem has been known for over

thirty years, yet it had until recently [10] resisted a perturbative treatment. Earlier

attempts at a perturbative solution failed by missing the s-wave contribution in first

order, and producing a divergence in second order [18]. The failure was explained in

Ref. [2] by showing that the series expansion of the exact solution is ill defined for

a zero diameter flux tube. In Ref. [10] a field theoretic model for the AB effect was

presented. It is based on Hagen's model [25], but also includes contact interactions. It

was shown in that paper that, for a critical value of the contact interaction strength,

perturbation theory is well defined and gives the correct conformally invariant scat-

tering amplitude to one loop. It was also shown that the model possesses a conformal

anomaly away from the critical point. Subsequently, Freedman et. al. showed that

conformal invariance is preserved at this critical point to three loops [20].

The nonabelian generalization of this field theoretic model was first studied at

the classical level in Ref. [15]. Quantization and the derivation of the two body

Schr6dinger equation for the nonabelian AB problem was carried out in [6]. So far,

a perturbative treatment has not been attempted, but it is obvious that it will suffer

the same difficulties as in the abelian problem.

The aim of our paper is to perform a perturbative analysis of the nonabelian AB

problem in a field theoretic framework. The field theory we use is a slight general-

ization of the one studied in Ref. [15]. We shall show that the contact interaction

is necessary for renormalizability of the theory, and for a correct treatment of the
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AB problem. In section II we introduce the field theory and review the resulting

two body Schrodinger equation and its solution. In section III we compute the two

particle scattering amplitude to one loop and show that in general renormalization

is necessary resulting in a conformal anomaly. We shall also show that this theory

possesses critical points at which the anomaly vanishes and conformal invariance is re-

gained. At a particular critical point, namely the completely repulsive critical contact

interaction, the perturbative scattering amplitude agrees with the exact one. Section

IV is devoted to concluding remarks.

II Field Theoretical Formulation

Nonrelativistic bosonic particles carrying nonabelian charges are described by the

Lagrange density,

1 = -KeC'Otr(AnA + A2gAA) + iqtDtq - (D9 )t. Dq
3 2m

_ n/ IC 10-t I 4m nmm nm(4.II.1)

where is a complex bosonic field transforming in an irreducible representation of the

gauge group G, generated by the matrices Ta with a = 1 ... dim G, and A, _ ATa.

The matrices satisfy the Lie algebra

[Ta, Tb] = b T (4.II.2)

and are normalized by

tr (TaTb) hab (4.II.3)
2

where hab is a nonsingular group metric. This metric can be used to raise and lower

group indices. The covariant derivatives are given by

Dt = t + gAo (4.1.4)

D = V -gA. (4.II.5)
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The contact interaction term describes a delta function interaction between the par-

t;icles. Since the particles are bosons we can assume

Cnl'mnm = Cmln'mn (4.11.6)

and from the reality of the Lagrange density, the matrix C should be Hermitian,

C* = Cnlmnm = Cnm.Im' (4.II.7)

To make the notation concise we shall drop the matter indices, and regard four indexed

objects as components of matrices in the basis In, m) , for example,

Cnlmlnm

Ta b

C2
nlmlnm

- (', m' Cn, m)

- (n, m'lTa TbIn, m)

(4.II.8)- (n1,1 ' C I 1')(1, lCIn, m) .
1,1'

The last definition in (4.11.8) agrees with the usual matrix multiplication. An addi-

tional restriction on the form of C comes from gauge invariance of the action,

[Ta 1 + 1 Ta,C] = O. (4.II.9)

]3y Schur's lemma, T 2 TaTa oc 1, so

[T2 o 1,C] = 0 [ T2,C] = 0 .

Using the identity

2 2

[T OTa, C]=O .
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(4.II.10)

we get

(4.1I.11)

(4.II.12)

I
-(To 1

2



To get the most general gauge invariant form of C, let us use a basis that simul-

taneously diagonalizes Ta 0 Ta, all the other Casimir operators B constructed from

Ta 0 1 + 1 0 T,, and a maximal set of mutually commuting operators W chosen from

the set of Ta 1 1 Ta :

Ta Tal, /3, w) = a, /3, w). (4.11II.13)

Here /3 and w represent the eigenvalues of the operators B and W respectively. Note

that the matrix C is also a Casimir constructed from Ta 1 + 1 O Ta [cf. (4.1I.9), which

holds for all a]. Since we already use all the Casimir operators in the construction

of the basis, the Casimir C is diagonalized in this basis and its eigenvalues do not

depend on w:

CIa,/, w) = c(O,/)Ia, ,w) . (4.11.14)

Hence the most general gauge invariant form of C is given by

C E l , , )(a,/ )(,/,w . (4.11.15)
Co3w

Quantization of this theory in the two particle sector in Coulomb gauge yields the

following Schrdclinger equation [35, 6]

2; t) = 2 V+ G(r-r2)T T +[1 )+ 2 (rl, r2; t)

(4.II.16)

where G(r) = 2-V x n r, and in the n, m) basis, Ta 0 Tag/ and Ct are respectively

(Ta ( Ta,/))nm = (Ta)nn, (Ta)mm,/nmi

(C))nm = CnmnIm'n'm' . (4.II.17)
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The components of the wavefunction in the diagonal basis are given by

/cow = ZE /nm (n m, mlf, W) . (4.11.18)
n,m

In this basis the nonabelian problem is reduced to the abelian one. The time inde-

pendent Schrodinger equation in the center of mass frame is

_[ ( i(V G(r) + i (r) + (r) - E (r) = 0 ,(4.11.19)

where r - rl - r2, and v --. With the usual boundary condition ,,a(0) = 0

the contact term drops out, and the solution is [1, 43, 31]

f 00 dt ht , (4.II.20) 
Ooc3w(r, 0) = e (prcosv()) - sin ve-i([]+l)P dteC e t (4.11.20)

J-c~ 7r ¢-i0 e-t

where [] is the greatest integer part of v, {)} = - [v], and (r) = (r)- 2n

when 2n < 0 < 2r(n + 1). [The overall phase is fixed by the condition that in the

partial wave expansion, each ingoing partial wave has the same phase as the plane

wave. The vanishing boundary condition at the origin makes the delta function in

(4.II.19) irrelevant.] The expression is manifestly single valued. The function O(r) is

discontinuous along the positive x-axis, but the wavefunction is continuous.

The first term in (4.II.20) is not appropriate as an incoming wave since the dis-

continuity gives a singular contribution to the particle flux along the positive x-axis.*

If we assume a plane wave form for the incident wave, and use the identityt

00

eiprcoso = E (_i)nein(o-r)j (pr)
-00

y.) eiPr(0 ) as r o , (4.II.21)

*This discontinuity of O(r) was not noticed in previous treatments of the AB problem, which led to
the incorrect conclusion that the phase-modulated plane wave was appropriate as an incoming wave in the
scattering solution[I, 23].

tContrary to the statement made by Hagen[23], the asymptotic relation (4.II.21) holds by virtue of the
fact that the scattering matrix for a free particle is given by S = 1.
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we can cast the solution in the large r limit as

?~bawr(T, ) eiPrcosG + 1 ei(pr+r/4)f (0) ,
VT

where

f(O) =-
V/2-7-r-

sin 7rv cot 0-i sin 17rvI - 47r sin2 2(0)
2 2

The delta function in the forward direction is crucial for unitarity of the scattering

matrix [43].

In the original basis, the c.o.m. scattering amplitude is given by

fnl n2 fn3 n4 ()

F(0)

- (n3, n4 F(0) nl, n2)
1

i 27wp
[sin(7rQ) cot -i sin [7rQI - 4r sin2 6(0)4.II1.24)2 2~~~~

92 92
- 2 T TT a - Ea I:, , w)o(C, I

cjw

2

a 3w
Ila,}. w)IaI (a,/, wl

94
fl2 = g' TaTb T aTb

47r2K2
4

4wr22 E c,,)ac 2(, 3,w
CYPW

The abelian result is regained if one sets T = -'- and g = -e.

Taking into account the exchange symmetry, the total scattering amplitude is

fnlt n2 n3n = (n3, n4 lF(O) nl, n2) + (n4 , n 3 (O + 7r) nl, n2) (4.11.26)

In contrast to the claim in Ref. [36], the amplitude is single-valued. Let us compare

with Ref. [35] where the scattering amplitude is obtained for SU(2). First of all, our

formula has a contribution of the delta function while theirs does not. At 0 0, their
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(4.11.23)

where

Q

(4.11.25)



.F(0) is related to F(O) in (4.11.24) by

(0) = eizaU(O) . (4.II.27)

Note that this matrix multiplication factor cannot be ignored when one considers

the scattering cross section, d jnln2n3n4, because of the effect of phase interference

between the diagonalized channels. Also, in Ref. [35], they did not exchange the

particle labels n3 and n4 in their exchange amplitude.

The amplitude (4.11.24) depends on the momentum p only through the kinemat-

ical factor, which reflects the conformal invariance of the system [31]. In fact, the

action gotten by integrating eq. (4.11.1) possesses an SO(2, 1) conformal symmetry,

generated by time dilation

t' = at

r' = ar

4+~'(r', t') = (r, t)

OxV

At(x') A= ,,A>(x), (4.II.28)

conformal time transformation

1 1

t' t
r' = rr

1 + at
imr 2

V'(r',t') = (1 + at)e-2(1+at) (r, t)

A,(x') = 9,,A, >(x), (4.II.29)

and the usual time translation. This symmetry is broken however in perturbation

theory by quantum corrections, producing an anomaly.
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[II Perturbation Theory

We analyze the nonabelian AB scattering problem perturbatively in a field theo-

retic approach. We add to the Lagrange density (4.11.1) a gauge fixing term

gf- =- tr (V A)2 , (4.111.1)

and a corresponding ghost term

Igh = Va (Vhab + gfabcAC V) b (4.111.2)

rThe Feynman rules are derived from the total Lagrange density. Fig. (1) depicts the

propagators of this theory, given in the limit J -- 0 by

D(p)

G(p)

Goi(p)

Goo(p)

po - 1 p2 + ie

p2

= -Gio(p) =

Gj (p) =0 .

(4.111.3)

(4.III.4)

(4.11.5)

(4.III.6)

p
n * m

D(p)6nm

P
a - - - -b

G(p)hab

P -
i, a 'vP VVfJ v, b

Gtv(p)hab

Figure 1. Propagators

Fig. (2) depicts the interaction vertices, given by

ra,O

ra'(p, q)

= -gTa

= 2mT(pi + q)
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ci
a- (q-bFabci(q)

a, C

b,v fJ f/\%c, X
abc, gvX

a,i " C b,j

Fab,ij

Figure 2. Interaction Vertices

rabc,i (q) = -gfabcqi

rabc,tuv = igKfabc dvA (4.111.10)

ra b,ij i g [ TTb + TbT a] j3

2mn

= -C.
2

(4.III.11)

(4.111.12)

Before computing the scattering amplitude we need to check that there are no

corrections, at least to one loop, to the gluon propagator. These would contribute

unwanted divergences to the scattering amplitude. We already know from the abelian

theory that there are no corrections to the boson propagator, and we don't really care

about the ghost propagator since it won't contribute to the one loop boson 4-point

function. Fig. (3) depicts the two contributions to the gluon self energy, which only

has space-space components.

2 facdfb d3k k(k - p) -(i j)
2 (27)3 k2(k - p)

=-g2fdfb d3k ki(k-p)J
cd (2wr)3 k2(k - p) 2

(4.111.13)

(4.111.14)
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P pq

Fai (p, q)

F

(4.111.9)

n-ab,ij
(1)

-ab,ij
(2)



I \

Jd f.

nab,ij iab,ij
(1) (2)

Figure 3. Self Energy

The total self energy is then

Ilab,ij = j1ab,ij + lab,ij
(1) (2)

g2 ad d 1 P d3k k(-p)i- i(k p-- fac fb __
2 (2r) 3 k 2(k- p) 2

= 0. (4.111.15)

We compute the scattering amplitude by applying the Feynman rules to calculate

the 4-point function in the c.o.m. frame and multiplying the result by -i. Fig. (4)

depicts the tree level contributions, resulting in the amplitude:

C = i2 0
A(°) 2 m-- cot - (4.III.16)

2 m 2i

where 0 is the scattering angle.

Figure 4. Tree Level Scattering

Fig. (5) depicts the one-loop contributions. Other than group matrix structure,

the new feature relative to the abelian theory is the tri-gluon diagram. At first glance

all the one loop contributions seem to be logarithmically divergent. The box diagram

is finite however. Performing the k0o integration yields

A(l) (P, p).= (4.111. 17)162Q2[ d2k (k x p)(k x p')
box m (27r)2 (k + p)2 (k + p) 2 (k2 - p2 _ (4..17)

where p is the incident momentum in the c.o.m. frame, and p' is the scattered
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momentum. Using the well known decomposition,

p
k:k -p +irS(k2 -p 2) ,=2 p2 _ i 27r(k _ p2k -p -a k - p

we can split the amplitude into a real part and an imaginary part. The real part is

given by

Re (A('(p 0))

(1)A bo
box

---

A(1)
tri-gluon

-27 Q2l
m

0
12 sin 

2
(4.111.19)

(1)

triangle

A(1)
bubble

Figure 5. One Loop Scattering

The computation of the imaginary part is somewhat subtle, but the result is

crucial. We expect a divergence in the forward direction on the grounds of unitarity.

Integrating over the angle and then taking the limit k2 - p2 gives

Im (A(') (p, )) =
2712

- Q2 [ - 2()] ,m (4.111.20)

reproducing the 6-function of (4.11.24). In the field theoretic approach one implicitly

assumes that the asymptotic states (incoming and outgoing) are free particles, i.e.

plane waves, so this result is consistent.

The triangle and tri-gluon contributions are given by

,ri~, ,arw (TaTb+TbTa) ® (TaTb) / (2.)2 2 ( q I1· itriaftgle- 4mK2 I (2w)2 k2(k - q)2
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94(
2 fabcTa (TbT C )

2mK2

d2k k2q2 _ (k. q)2

) (27r)2 q2k2 (k - q)2

where q = p - p'. Using

TaTb + TbTa = 2TaTb _ [Ta, Tb] = 2TaTb - fabTc

we split anle) in two parts, with different tensor structures,triangle

A4tri)anle,1 iC fabcT a ® (TbTc)

triangle,2 io (TaTb) 0 (TaTb)

By using Feynman reparameterization and Euclidean space dimensional regulariza-

tion we get

Atrangle,1 + tri-gluon = t r1,- g l u on( '

trangle,2 trzangle,2 -
M

[ +ln
[6

47r- 2 0
2in 2 sin -y

P2 2
+ ()]

(4.111.23)

, (4.111.24)

where the dimension of space is taken to be 2 - 2, ,u is an arbitrary scale, and 

is the Euler constant. (At this point we note that without the contact term in the

action the theory would not be renormalizable, since there is no parameter to absorb

the 1/c divergence.)

The contribution of the bubble diagram is

A')bbubble
1 2 d 2 k 1

4= MC (2 ) 2 2 p 2 -i

= 1 4 i' /y 2

= 167rC [+ In 2 + i- 0(6)]

and the total one loop scattering amplitude is given by

A(-) =- [C-162 2] [ - +In +ir +i-] i26(0) .
m2 2P2 

(4.111.25)

(4.III.26)
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This amplitude is renormalized by redefining the contact interaction matrix C

c(o{,11) = Cren(, 3) + 6c(a 3)

M) [ 4g4

Sc(C,f)- 8= -8 (!+ln 47r-7 c2en(3) m- 42 2]

C're = E a,, ,w)c,rn(a,,)(a,, wl , (4.III.27)

and the total renormalized amplitude is given by

Aren(P, 0,) = -2i K cot(2)+ mC4en -Q ()

16 (Ce m 2 Q2) (Iln p+iT) . (4.111.28)

A conformal anomaly appears through dependence on an arbitrary scale. There exist

however critical points at which the amplitude (4.111.28) is conformally invariant,

given by

16w -2

C2en -- 2 = 0. (4.111.29)

Inserting (4.11.15) into (4.111.29), the solution in the diagonal basis is given by

2g2

Cren =S- E )(a, ,w)l)a, , w)a, , ,wl (4.III.30)

where (a,o,) is either +1 or -1 and does not depend on w. We still have the

freedom to choose the sign in each irreducible block of Cr,n. One solution corresponds

to choosing (a, 03) = a/lcl which gives Cn = -22Ta T a = 4Q. Dunne et.I -mlina® mii e et.
al. have found self-dual solitons for this solution [15]. Another solution is gotten

by choosing (ca, 3) = +1, resulting in a purely repulsive contact interaction in the

diagonalized two body Schr6dinger equation. For the latter choice, the total scattering
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amplitude is simply

A(0) =- i [Q cot( )- ii _-Q27r26(0)] + 0(Q 3 ) , (4.111.31)

which agrees, up to a kinematical factor, with the exact result in (4.11.24) to (Q3 ).

Putting the matter indices back in gives

A(nin 2 -+ n3n 4, ) = (n3n4 IA(O)lnln2) + (n4n 3lA(O + 7r)nn 2) . (4.III.32)

for the total scattering amplitude.

IV Conclusion

The nonabelian AB scattering result is successfully obtained to one loop in field the-

oretic perturbation theory. We demonstrated that contact interactions are necessary

for a renormalizable perturbation theory, even though they do not contribute in the

exact treatment. The Schr6dinger equation (4.11.16) requires physical input in the

form of a boundary condition to obtain an exact solution. Such a boundary condition

cannot however be imposed in a perturbative treatment, but its physical content can

be included in the form of a contact interaction.

At critical values of the contact interaction, the theory is finite and conformally

invariant. For a purely repulsive critical contact interaction, the perturbative one

loop result agrees to second order with the exact solution with vanishing boundary

condition at the origin.
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