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Abstract
There is growing scientific agreement that at least some cosmic gamma-ray bursts
(GRBs) coincide with the deaths of rapidly rotating massive stars - dubbed "hyper-
novae." In 1987, a supernova (SN 1987A) was detected in the Large Magellanic Cloud
- its progenitor was a blue, rapidly rotating supergiant that was probably a member
of a binary system that underwent merger prior to the supernova event [1]. Was SN
1987A a (possibly failed) hypernova? Although no accompanying GRB was detected,
there is evidence [2] that one may have occurred but was beamed in a direction away
from the earth. If so, are massive binary systems the progenitors of hypernovae and,
in turn, of GRBs?

In this thesis, we use a phenomenological model to determine 0, the opening angle
of the beams of GRBs. Our basic underlying assumption is that objects like SN 1987A
are hypernovae, i.e., that they produce certain GRBs. We calculate 0 by deriving two
expressions for the probability that a given GRB is detected, one based on the solid
geometry implied by the beaming model and the other based on the number of GRBs
observed over time. These expressions give the probability as a function of a few key
physical variables. By obtaining realistic estimates of the physical variables, equating
the two expressions, and performing a Monte-Carlo simulation, we obtain an estimate
of the most probable value of 0.

We find that 0 = 6.203° i 1.620°. Because this result is well in agreement with
values inferred from the observed properties of GRBs [3]; and with values calculated
based on the structured jet model of GRBs [4], we conclude that our underlying as-
sumption - that SN 1987A was a hypernova - is at the very least plausible.

Thesis Supervisor: Paul C. Joss
Title: Professor
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Chapter 1

Introduction

In this thesis, we use a phenomenological model to determine 0, the opening angle of

gamma-ray bursts (GRBs). Our basic underlying assumption is that SN 1987A is a

hypernova, i.e., that it produced a GRB. We infer the unknown frequency of hyper-

novae from the apparent frequency of this particular supernova type. To calculate

0, we derive two expressions for the probability that a given GRB is detected, one

based on the solid geometry implied by the beaming model and the other based on

the number of GRBs observed over time. Equating these expressions, and perform-

ing a Monte-Carlo simulation, we obtain an estimate of the most probable value of 0.

Because our estimate is consistent with values inferred from the observed properties

of GRBs [3]; and with values calculated based on the structured jet model of GRBs

[4]; we conclude that our underlying assumption - that SN 1987A was a hypernova -

is at the very least plausible.

1.1 Detecting Gamma-Ray Bursts and Hypernovae

In the 1960s, the U.S. Air Force launched a series of satellites inspired by a recently

signed nuclear test ban treaty. These satellites - named "Vela" - were part of a clas-

sified research and development program whose goal was to develop the technology

to monitor nuclear tests from space and give the U.S. a means of verifying the con-
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ditions of the treaty. At the end of the decade, during the height of the Cold War,

while looking back over old data from the Vela 4 satellite, Ray Klebesadel and Roy

Olsen, both of the Los Alamos National Laboratory, discovered a mysterious event

that had been recorded a few years earlier. It appeared to be a short burst of gamma

rays, lasting approximately 6 seconds. At the time, the technology was insufficient

to determine where the burst occurred. As a result, because of Cold War suspicions

about its possible terrestrial origin, the Vela findings remained classified until 1973. [5]

In 1991, NASA launched the Burst and Transient Source Experiment (BATSE)

aboard the Compton Gamma-Ray Observatory. Its primary goal was to study the

(poorly understood) phenomenon of GRBs by detecting and recording them as they

happened. Similar projects were launched elsewhere, including the Italian-Dutch

BeppoSAX satellite.

By 1992, it had become clear that the duration of GRBs is bi-modal: 75 % are

"long," with a mean of - 20 s.; while the remainder are much shorter, with a mean

of only - 0.2 s. [6, 7]. Given the clear distinction between the two types, it appeared

that there were two separate causes at work, i.e., two types of progenitors. (In this

thesis, we focus on the physics of long-duration GRBs only.)

By 1995, over 500 GRBs had been detected by BATSE and their angular positions

in the sky recorded - but the distances to the sources remained unknown. A plot of all

detected GRB sites showed that they were randomly and uniformly distributed across

the entire sky, with no significant concentration towards the galactic center or plane

(Figure 1-1) - thus suggesting that they were at cosmological distances, rather than

of galactic origin. If this were the case, then GRBs - detected as powerful sources

notwithstanding their substantial cosmological redshift - posed a problem: how to

explain what would be the most luminous and energetic sources of electromagnetic

radiation known in the universe (releasing 1051-1054 ergs per burst!).
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Figure 1-1: The distribution of 535 detected GRBs as of 1995 from the second BATSE
catalog [8]. The apparent random and isotropic distribution suggests that GRBs are of
cosmological, rather than galactic, origin.

An early attempt to explain these large bursts of energy was based on the merger

of neutron stars. It was known that binary neutron stars (NS-NS) sometimes merge

because of the emission of gravitational radiation from their binary orbits. Further-

more, these mergers often radiate large amounts of energy in the form of gamma-rays,

and thus could account for both the observed energetics and the random distribution

of GRBs. So were NS-NS mergers really the source of GRBs?

When an NS-NS system is formed, the two supernova explosions in the progeni-

tor binaries propel the stars at high recoil velocities (a momentum "kick") so that,

given a long enough merger timescale, the merging neutron stars have the potential

to travel far from their host galaxies [9]. If a GRB occurs when the neutron stars

merge, outside their home galaxies, then it should leave no optical trace.

In 1997, the discovery of an optical counterpart ("afterglow") to GRB 970228

raised serious doubts about the NS-NS theory, and made it possible for the first

time to identify a host galaxy and thereby determine the redshift associated with a

GRB. Calculations based on that GRB and subsequent ones have by now confirmed
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that GRBs do indeed occur at cosmological distances (z -1). Further analysis re-

vealed that GRBs occur not outside their host galaxies (as the NS-NS theory would

have it), but within the dense and dusty active star-forming regions of a host galaxy

[10, 11, 12, 13, 14, 15, 16].

In 1998, an alternative explanation for the genesis of GRBs was suggested by

Paczysnki [12]. He proposed that GRBs often accompany a hypernova explosion and

the resulting creation of a microquasar. (For our purposes, a "hypernova" is a mas-

sive supernova with a rapidly rotating core and extremely large amount of explosion

energy (> 1052 ergs); and a microquasar is simply a "small" quasar.) According to the

"collapsar model" of hypernovae [17, 12], which we adopt, a GRB could be created in

the following way: an initially massive, rapidly rotating star undergoes core-collapse;

this leads to the formation of a rapidly rotating (Kerr) black hole surrounded by a

massive orbiting torus; energy is then extracted from the black hole (perhaps by ac-

cretion of matter from the torus into the hole) and is emitted as jets pointed along the

axis of rotation. As Voss and Tauris explain, hypernovae "are expected to be found

close to their place of birth as a result of the short lifetime [...] of their progenitors"

[9]. That is to say, if hypernovae produce these GRBs, one would expect to find

such GRBs occurring in active star-forming regions (spiral arms) of galaxies, where

hypernovae are expected to be found.

In 1998, BATSE detected GRB 980425. In a partial confirmation of Paczynski's

prediction, the BeppoSAX satellite imaged the part of the sky where GRB 980425

occurred and discovered the arm of a spiral galaxy containing a very bright star that

had not been visible 20 years previously - it was a supernova! Dubbed SN 1998bw,

this supernova had a light curve in the radio spectrum that was striking: it indicated

that the shock wave from the blast was moving at close to the speed of light - a

speed not typical of ordinary supernovae. GRB 980425 was the first event that gave

compelling circumstantial evidence of an association between GRBs and extremely

powerful supernovae. It showed an unusually high peak luminosity (compared to
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other Type Ic supernovae) [18] and ejected material at 1052 ergs, i.e., more than 10

times the energy level of other supernovae [19]. Given the off-the-scale power of this

supernova, the term "hypernova" was used to describe it. (NB: SN 1998bw was un-

usual [18], and therefore may not provide a reliable basis for understanding all GRBs.

The mechanism that produced its gamma-rays may have been something quite dif-

ferent from the hypernova/microquasar mechanism that may be responsible for the

majority of long-duration GRBs.)

More recent GRB observations have provided additional and stronger evidence of

the link between hypernovae (i.e., some core-collapse supernovae) and GRBs. For

example, nearby GRB 030329 (z = 0.17) had one of the brightest afterglows, making

possible extensive observations of its spectrum. About a week after the GRB event,

the observed spectrum changed suddenly to resemble that of SN1998bw, thus pro-

viding the first direct, spectroscopic confirmation that a subset of classical GRBs is

caused by hypernovae [20].

1.2 Was Supernova 1987A a Hypernova?

The empirical evidence suggests a strong connection among supernovae, hypernovae,

and GRBs. Our calculation of GRB opening angle 0 (Chapter 2) depends on our

inferring the unknown frequency of hypernovae from the apparent frequency of a par-

ticular supernova type. More precisely, we assume that SN 1987A was a hypernova

that produced a GRB - and that the number of "SN 1987A"-type systems is a mea-

sure of the number of hypernova candidates. We summarize below the evidence in

support of this assumption.

1) Core-collapse is by definition a prerequisite for the evolution of a hypernova

[12]. From the nature of its neutrino emission [21, 22], we know that the progenitor

of SN 1987A experienced core-collapse.
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2) Rotation of the progenitor is the other prerequisite for a hypernova [12]. There

are two reasons to believe that the progenitor of SN 1987A was rapidly rotating. First,

the progenitor (SK -69 202) appears to have been the product of a binary merger [1].

By conservation of angular momentum, such mergers of two stars results in a rapidly

spinning blue supergiant. Secondly, after the supernova explosion, the surrounding

ejecta take an aspherical, yet axially symmetric form (Figure 1.2), which is to be

expected if the progenitor of SN 1987A flattened out because it was rapidly rotating.

3) Signs of a jet imply a GRB. In 1987, a "mystery spot" was found in images

of SN 1987A [23]. A recent re-analysis of the data [24] finds a second such "mystery

spot" on the opposite side of SN 1987A. The line connecting these two spots is nearly

parallel to the axis of rotation of the progenitor star, which suggests that the spots

delineate an ultra-relativistic jet receding obliquely from us (the observer). If this

jet had approached us along our line of sight, it might have resembled a bright GRB

with an opening angle of a few degrees.

1.3 What could the opening angle of a GRB tell

us about hypernovae and progenitors?

We assume that SN 1987A was a hypernova that gave rise to a GRB. Based on

that assumption, we calculate a value for 0, the jet opening angle of a GRB. If our

calculation and our other assumptions are valid, and if the value of 0 we obtain agrees

with generally accepted values, then we can conclude that our original assumption -

i.e., that SN 1987A was a hypernova- is at least plausible.

What can the opening angle tell us about GRB progenitors? In the collapsar

progenitor model, it appears that jet structure should vary with angle from the axis

[25]. As others have observed [4, 26], this "structured jet model" could explain certain
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Figure 1-2: The aspherical, yet axisymmetric distribution of ejecta around SN 1987A
implies a rapidly rotating progenitor star. Photo taken by the Hubble Space Telescope,
courtesy of the Space Telescope and Science Institute (STScI)

properties of GRBs. Using this model, Perna et al. [4] have calculated the expected

distribution of GRB opening angles: they predict that the modal GRB opening an-

gle should be 6.88°. We calculate the opening angle independently, based on a

phenomenological model; if our calculated value does not agree with that of Perna et

al., this could raise questions about the relationship between the collapsar progenitor

model and the structured jet model. (It should be noted that Nakar et al. argue that

the structured jet model is of only limited usefulness.[27].)
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Chapter 2

A phenomenological model to

determine jet opening angle of

GRBs

If we had a causal model of GRBs, we could derive the value of 0. But because there

is not yet a complete theoretical model, we calculate 0 here using a phenomenological

approach: we derive two expressions for Pdeect, the probability that a given GRB jet

is detected, and by equating these expressions we calculate 0.

Suppose a GRB with jet opening angle 0 occurs at the center of a sphere of radius

r. And suppose there is an observer somewhere on the surface of that sphere. For

small :

7r )2r2 02

Pdeted- -2
47rr 2 16

(2.1)

Notice that Pdetet is independent of r, i.e., independent of the distance from the ob-

server.
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Another way to calculate Pdetect is, by definition, to find the fraction of all GRBs

that are in fact detected. GRBs seem to occur only in galaxies with active star-

forming regions [12], i.e., only in spiral and irregular (S-Im) galaxies. Because we

have a fair amount of information about the Milky Way, we take it to be our typical

GRB-candidate galaxy.

Using empirical data [28] we estimate n, the number of massive stars per year in

the Milky Way that turn into Type II supernovae. We assume that some fraction, f,

of Type II supernovae culminate in GRBs [1, 12]. The product fn gives us the number

of GRB occurrences per year in a GRB-candidate galaxy.

Using the Schechter luminosity function [29], we estimate p, the number density

of GRB-candidate galaxies (i.e., "Milky-Way-equivalent" galaxies) out to a redshift

of z = 1. (Estimates of number density produced by the Schechter luminosity func-

tion can be thought of as spatially homogeneous because the function applies only to

small redshift. We apply our estimate of p out to z = 1 because that is where most

GRBs have been detected to date [30]; but in doing so we are pushing the limits of

the luminosity function.) Then, if we know V, the volume of space enclosed within

z = 1, the product p V gives us the number of GRB-candidate galaxies within z = 1.

Finally, if fn is the the number of GRBs we expect per year in a GRB-candidate

galaxy, and pV is the number of GRB-candidate galaxies within z = 1, then the

product fnp V gives us the total number of GRB events per year within z = 1.

Now suppose s is the number of these GRBs detected per year (we assume that

none of these occur outside z = 1). Then the probability that a given GRB jet is

detected is given by:
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Pdetect = (2.2)
f npV

Equating expressions 2.1 and 2.2, we can solve for 0:

0 = f (2.3)
f/1pV

For s, the BATSE catalogs of recorded GRBs suggest a value of 365 bursts per

year (about one per day). As for f, n, p and V, the following sections in this chapter

describe how these variables are calculated and/or estimated, and what further as-

sumptions we make in determining their values.

2.1 Calculating the GRB rate per typical galaxy

In this section, we calculate the number of GRB occurrences per year in a GRB-

candidate galaxy (using the Milky Way as a typical case). Of the several types of

supernovae, only Type II are stars massive enough to undergo core-collapse. Of these,

we argue that only a fraction - the "SN II (blue)" sub-type (e.g., SN 1987A) - pro-

duce GRBs. Therefore, our first step is to determine n, the number of massive stars

per year in the Milky Way that turn into Type II supernovae. Given that number,

the second step is to calculate the ratio f, the proportion of those stars that are of

the "SN II (blue)" sub-type. Given f and n, the product fn is the number of GRB

occurrences per year in a typical GRB-candidate galaxy.

Cappellaro [28] collates the results of five independent supernova searches discov-
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ering 137 supernovae across 9346 galaxies. Based on these data, Izzard et al. [31]

estimate n to be (14.9 ± 6) x 10 - 3 per year.

Supernova Type 8-11 M O 11-15 M O 15-20 M O Weighted Average

A. Assuming One Binary for Every Three Systems

SNII ..................... 88% (87%) 81% (80%) 76% (76%) 83% (83%)
SN II (stripped) .......... 0.5% (0.2%) 1.5% (0.5%) 0.9% (0.3%) 0.9% (0.3%)
SN II (blue) ............... 3.7% (3.4%) 2.0% (1.8%) 3.6% (1.6%) 3.2% (2.4%)

Accretion .............. 1.1% (0.4%) 0.7% (0.2%) 3.2% (1.0%) 1.4% (0.4%)
Merger ................ 2.6% (3.0%) 1.3% (1.6%) 0.4% (0.6%) 1.8% (2.0%)

SNIb ..................... 8.1% (9.4%) 16% (18%) 20% (22%) 13% (15%)

B. Assuming Two Binaries for Every Three Systems

SNII ..................... 73% (71%) 63% (60%) 55% (55%) 66% (64%)
SN II (stripped) .......... 1.2% (0.4%) 3.0% (1.1%) 1.7% (0.6%) 1.9% (0.6%)
SN II (blue) ............... 8.0% (7.6%) 3.9% (3.7%) 6.7% (3.0%) 6.4% (5.1%)

Accretion .............. 2.3% (0.8%) 1.3% (0.4%) 6.0% (2.0%) 2.8% (0.9%)
Merger ................ 5.7% (6.8%) 2.6% (3.3%) 0.7% (1.0%) 3.6% (4.2%)

SNIb ..................... 18% (21%) 31% (35%) 36% (42%) 26% (31%)

Table 2.1: Shown are the relative frequencies of various core-collapse supernova types in
systems with massive primaries, based on Monte Carlo simulations of different evolutionary
scenarios. The frequencies refer to the percentages of all stars (not systems) that experience
a particular type of supernova explosion. Adapted from Podsiadlowski et al. [1]

To estimate f, the proportion of Type II supernovae that are of the "SN II (blue)"

sub-type, we use simulation results (Table 2.1) obtained by Podsiadlowski et al. [1].

Based on those results (i.e., comparing the frequency of "SN II (blue)" to all SN II),

Table 2.2 shows values of the ratio f calculated for supernovae in the range of 15-20

M®, (we assume these supernovae are massive enough to produce GRBs), with two

binary frequencies (33% vs. 67%) and two initial mass-ratio distributions (Popov vs.

Abt-Levy).

Then, taking the product of f and n, we get (Table 2.3) a range of values for the

number of GRB occurrences per year in a typical GRB-candidate galaxy.
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Table 2.2: Values of f calculated for two binary frequencies and two initial mass-ratio
distributions

f 33% 67%

Popov 0.045 0.106
Abt-Levy 0.021 0.051

Table 2.3: Values of fn calculated for two binary frequencies and two initial mass-
ratio distributions

fn 33% 67%

Popov (0.398 - 0.935) x 10 - 3 (0.941 - 2.209) x 10
- 3

Abt-Levy (0.183 - 0.429) x 10 - 3 (0.456- 1.069) x 10 - 3

2.2 Determining the number density of "Milky-

Way-equivalent" galaxies in space

In this section, we determine p, the number density of "Milky-Way-equivalent" galax-

ies in space. To do so, we use the galaxy luminosity function, (L), which gives the

number density of galaxies as a function of luminosity. L(L)dL is the corresponding

luminosity density (i.e., the total luminosity per unit volume contributed by galaxies

with luminosities between L and L + dL). If we also know LMW, the luminosity of

the Milky Way, then the number density of Milky-Way-equivalent galaxies is given

by:

fo L~(L)dLP o L(L)dL (2.4)
LMW

To simplify integration, Schechter (1976) proposed the following approximation:
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1(L)dL = *(f)eL/L (2.5)
L, L,

In this expression, ,, L, and are empirical constants that vary with galaxy mor-

phology, ¢, is a normalization factor based on the overall number density of S-Im

galaxies, L, is a characteristic (or "modal") galaxy luminosity, and is the the slope

of the luminosity function at L << L. (i.e., the faint-end slope) - it is a measure of

how much mass is locked up in faint galaxies.

Combining equations 2.4 and 2.5, and then simplifying using the incomplete

Gamma function, F(x), we find:

q*L,,F(ce + 2, L ) (2.6)
P = L.(2.6)

LMW

where, by definition, F(a, x) -ta-le-tdt and LMW = 1.7 x 101 °LO. We choose a

lower integration limit, L0, that corresponds to a luminosity just below that of the

Small Magellanic Cloud. We argue that anything lower would represent a galaxy too

small to harbor active star forming regions.

Our final step is to solve for p using equation 2.6. From their survey of the nearby

optical galaxy sample, Marinoni et. al. [32] provide values of , 0,, and M, (Table

2.4) under three different velocity field models. To convert from M* to L, we use

Me = 4.7896 and the following equation:

L, = 10-0.4x(M-M) (2.7)
Lo
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THE PARAMETERS OF THE MORPHOLOGICAL TYPE-SPECIFIC LFs.

Model Sample Ngal a, --5log10h75 *(10-3h3,A/pc- 3) 2 /dof

E 344 -0.,17 + 0.22 -20.75 + 0.26 0.46 - 0.12 0.56

SO 596 -1.17 - 0.20 -20.44 0.26 0.81 0.20 0.37

E-S0 940 -0.97 0.14 -20.69 0.18 1.03 0.24 0.51

Multi-attractor (Mark III) Sa-Sb 1521 -0.62 ± 0.11 -20.51 ± 0.12 2.20 0.46 0.34

Sc-Sd 2240 -0.89 0.10 -20.39 0.11 3.12 0.59 0.44

Sm-Im 619 -2.41 + 0.28 -21.11 ± 0.72 0.07 ± 0.07 0.68

S-IIn 4380 -1.10 + 0.07 -20.63 ± 0.09 4.58 ± 0.73 0.63

E 345 -0.56 ± 0.22 -20.71 ± 0.26 0.45 ± 0.12 0.39

So0 605 -1.03 ± 0.21 -20.20 ± 0.24 1.03 ± 0.26 0.31

E-SO 950 -1.03 ± 0.14 -20.67 ± 0.19 1.06 ± 0.25 0.64

Cluster Dipole Model Sa-Sb 1563 -0.73 ± 0.11 -20.48 ± 0.12 2.24 ±i 0.47 0.49

Sc-Sd 2289 -0.97 0.09 -20.35 0.12 3.17 0.60 1.09

Sin-Irn 597 -2.45 0.32 -21.12 0.73 0.07 0.07 0.64

S-Im 4449 -1.17 0.08 -20.60 0.09 4.52 0.72 0.89

E 346 -0.55 ± 0.22 -20.73 ± 0.27 0.45 ± 0.11 0.77

So0 589 -1.08 0.21 -20.18 0.24 0.79 ± 0.20 0.27

13-S0 935 -1.12 0.13 -20.72 0.19 0.95 0.23 0.74

Hubble Flow in LG frame Sa-Sb 1539 -0.78 ± 0.11 -20.57 ± 0.13 2.10 ± 0.44 0.57

Sc-Sd 2249 -0.93 ± 0.09 -20.33 ± 0.11 3.21 ± 0.61 0.37

Sm-lm 620 -2.27 ± 0.32 -20.75 ± 0.69 0.15 ± 0.15 0.42

S-Im 4408 -1.17 0.07 -20.60 0.09 4.62 ± 0.70 0.45

Table 2.4: Measured parameters for the Schechter luminosity function according to mor-
phological type of galaxy. Each of these parameters was deduced using three different
velocity models to describe the expansion of the local universe: Multiattractor, Cluster
Dipole, and ordinary Hubble Flow. Adapted from Marinoni et al. [32]
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Using the values specified for S-Im galaxies in Table 2.4, we use equations 2.6 and

2.7 to solve for p. The results are shown in Table 2.5.

Table 2.5: Local number density of S-Im galaxies

Model Density(Mpc- 3)

Multiattractor
Cluster Dipole
Hubble Flow

[0.0034, 0.0050]
[0.0035, 0.0050]
[0.0036, 0.0051]

Based on Table 2.5, we estimate p as follows:

p = [0.0034,0.0051] Mpc - 3 (2.8)

2.3 Calculating volumes of space

Given the number density of GRB-candidate galaxies in the universe, and given that

we want to calculate the number of such galaxies with redshift z < 1, we need to know

the volume enclosed within z = 1. Our goal in this section is to calculate this volume.

When calculating distances and volumes in a relativistic universe where space is

non-Euclidean, everyday ideas about geometry do not apply. Instead, the govern-

ing geometric relation in cosmology is the Robertson-Walker metric. Curvature in

this metric depends partly on the cosmological energy density parameter, Q. In the

equations below, I adopt the parameterization of Q developed by Hogg [33], in which

there are terms for mass (QM), dark energy (A), and "curvature of space" (k). For
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different values of curvature, the metric yields different cosmological models. Because

we don't yet know which is the "true world model," Hogg recommends using three

alternatives in all calculations - "to cover all of the bases" - which is what we do in

Table 2.6, which specifies the three models and corresponding values of Q that we use.

Table 2.6: Energy density values in selected cosmological models [33]

Model QM QA Qk

Einstein-de Sitter 1 0 0
Low Density 0.05 0 0.95
High Lambda 0.2 0.8 0

In order to calculate volumes, one must first consider the notion of distance. Hub-

ble's constant, H0, is the proportionality constant that relates velocity and distance

in an expanding universe. The Hubble Distance, DH, a (time-varying) characteristic

of the universe, is given (at t = 0, i.e., in the current epoch) by

C
DH H= (2.9)

Ho

Equation 2.10 defines the quantity DC as the distance between two objects mov-

ing with the Hubble-fiow (i.e., two objects in the frame that is co-moving with the

expansion of the universe):

D DHj dz (2.10)
D -= DH V/QM(1 + Z)3 + Qk(1 + )2 + QA2.10)
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If in addition to Hubble-fiow effects the distance between our two objects is also

affected by local curvature of space, then the so-called "transverse co-moving dis-

tance," DM, is given by:

I

DH_41

DM = DC

DH vital

sinh

sin

E Q D]

Eok DC 1

H

for L > 

for Q = 

for Qk < 0

With these measures of distance in hand, we can now discuss volume. Suppose

we have a volume where the number density of our objects of interest is p. As this

volume expands in Hubble Flow, we define Vc, the co-moving volume, as the volume

measure in which p remains constant. The total co-moving volume from the present

to redshift z is given by:

D I ) D D 1 arcsinhT k Dm1
k -H H '~Knk H ]

4ir3
Vc= 43 D34= - AM

4JrO~~D OMi -21 H) ,r_ arcsinl O D2Q [DH k { k~ DH/

for Qk >

for Q k < 
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(2.12)

Our last step is to calculate the comoving volume, V, at z = 1, for each of our

models. Given equations 2.9 - 2.11 and the cosmological density values in Table 2.6,

the only numerical value we need in order to calculate V (equation 2.12) is the Hub-

ble constant, Ho. Even though its precise value is still debated, it is widely agreed

that 67 kmc3 < Ho < 77 k . This is the range of values we use in our calculations.tht6s--pS <C H0<7 s Mpc-w

For each world model, we calculate a range of numbers representing the volume of

space predicted by it. Assuming pace Hogg [33] that the true world model lies some-

where in between the three we have chosen, we can take the union of each of our three

volume ranges to obtain a final volume range that best estimates the volume of space

enclosed within a redshift of 1. The results of these calculations are given in Table 2.7.

Table 2.7: Estimates of V under three cosmological models
Model Volume range (Mpc3 )

Einstein de-Sitter [4.9618 x 101°, 7.5321 x 101°0]
Low Density [8.7038 x 1010, 1.3213 x 101l ]

High Lambda [1.3791 x 101l , 2.0935 x 101l ]

We adopt the following range for our final estimate of V:

V = [4.9618 x 101, 2.0935 x 101l] Mpc3 (2.13)
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Chapter 3

Results, Conclusions & Future

Work

3.1 Estimating 0

In this section, we estimate 0, the opening angle of GRBs, given the results developed

in the previous chapter. Table 3.1 summarizes our estimates of the key parameters

fn,p and V:

Table 3.1: Final estimated values for key physical parameters

Parameter Estimated value range

f [0.021, 0.106]
n [8.9 x10-3, 20.9 x10 -3 ] yr -1

p [0.0034, 0.0051] Mpc - 3

V [4.9618 x 10 °'0 , 2.0935 x10 11] Mpc3

To estimate the opening angle 0, we perform a 1-dimensional Monte-Carlo simula-

tion. Using the ranges for f, n, p and V found in Table 3.1, we assume (for simplicity)

that each variable has a uniform distribution of values within its range. We then

choose at random a possible value for each of the variables and use equation 2.3 to
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calculate 0. We repeat this process 10,000 times and plot the resulting frequency

distribution of 0 as a histogram (Figure 3-1). From the distribution, we find a mean

value for 0 of 6.203° and a standard deviation of 1.620°. Thus, we conclude that

0 = 6.203° ± 1.620° .

Results of Monte Carlo simulation (N=10,000)
1z

10

a

0

4

2

n

] I I I I [ I I I

111 I1 I111I

.IJ .._ .J_ .. I
2 4 6 8 10 12 14 16 18 20 22

Theta (degrees)

Figure 3-1: The Monte-Carlo distribution of possible values of . We find that 0 =
6.203° ± 1.620°

3.2 Conclusions

Recently, Frail et al. [3] estimated opening angles, j, for a set of GRBs with known

redshifts (z 1), concluding that in most cases 3 < < 25° , with a significant

concentration at roughly 4° . Their estimate was based on observational data. Our

calculations do not exactly match their estimate, but are sufficiently close to suggest
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that our phenomenological model does provide a reasonable basis for future work.

Moreover, in another study (Section 1.3, [4]), Perna et al. estimated the modal

GRB opening angle at 6.88° . They based their calculation on the structured jet

model of GRBs, which they inferred from the collapsar progenitor model. Our cal-

culation of 0, based independently on a phenomenological approach, agrees well with

theirs.

Given that our calculated 0 compares well with these independent estimates, we

conclude that our underlying assumption - that SN 1987A was a hypernova (Section

1.2) - is at the very least plausible.

3.2.1 Future Work

With so many variables in play, the direction of future work should perhaps be con-

tingent on sensitivity analysis. Presumably, attention should first be given to the

variables with the largest effect on the final answer. Assumptions surrounding those

variables require the most scrutiny. So the first suggestion for future work would be

to do a careful sensitivity analysis. Meanwhile, we offer some other suggestions.

When calculating p (Section 2.2), we assumed that its value is independent of

redshift. If, however, galactic number density varies with redshift (as seems likely),

then equation 2.5 would require revision.

In calculating V (Section 2.3), in the absence of specific knowledge about the en-

ergy density parameter, we assumed that the correct value is some linear combination

of the three cosmological models we considered. This assumption is imprecise and it

may also be inaccurate.

Perhaps the assumption most in need of scrutiny is that we know how many GRBs
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occur per year. In our calculation of 0 (Chapter 2), we are already making allowances

for the fact that some GRBs occur but are not detected because they are beamed

away from us - whereas we have not taken into account those GRBs that occur at

such large redshifts (i.e., z > ) that we simply cannot detect them.
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