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Abstract

Usual set theory is formulated in terms of closure
conditions. A typical example is the power set axiom, which
asserts closure under the operation of power set.

In Chapter I we consider set theory based on clesure
conditions applied only to definable sets. We formalize this
set theory and call it ZF*#. Our principal result of Chapter I
is that, provably in first-order arithmetic, 2ZF 1is consistent
if ZF* 1is. Our proof of this theorem uses a Skolem hull
construction and a syntactic transformation.

In‘Chapter II, we consider three theorlies of hyperarith-

metic analysis, Ai-CA, Zi-AC, and zi-nc. These are called

theories of hyperarithmetic analysis primarily because the

hyperarithmetic sets form a minimum w-model for each of them.

We first show that zi-nc is a conservative extension of A%-CA

for purely ﬂ% sentences. The proof is by means of an inner
model construction. Careful attention has to be paid to limit
the axioms we use to prove relevant sentences about hyperarith-
metic sets. We then show that there are theorems of z%-nc
which are not theorems of Zi-AC. This is done by first

finding a suitable sentence S and considering the auxiliary



theories Z1-AC + S and 31-DC + S. We then obtain our inde-
pendence result via Gddel's Theorem, by showing that

1
1

Zi—AC is a conservative extension, for purely ﬂ%

of T, a natural subsystem of predicative analysis. The proof

Con(z3-AC + S) is provable in 37-DC + S. Last, we show that

sentences,

uses an inner model construction on certain auxiliary theories.

Thus, a model for each finite subsystem of zi-ac is obtained

as an inner model of a model of an extension, by the negation
of an instance of induction, of a corresponding finite sub-
system of T. Thus non-standard models are implicit in the
construction.

Chapter III is concerned with hierarchies (based on the
Jump operator) on recursive linear orderings. Let X be the
set of recursive linear orderings which have no hyperarithmetic
descending chains. Joseph Harrison showed that there are ele-
ments of X, which are not well-orderings, on which there are
hierarchies. We first show that under certain weak conditions
on a recursive linear ordering, that if there is a hierarchy
on it, then it must be in X. Finally, we establish the exist-
ence of a recursive linear ordering which is in X, yet on
which there are no hierarchies. The proofs of these assertions
use certain Lemmas which are proved in the following indirect
way: one assumes the Lemma is false, and then forms a theory
consisting of the negation of the Lemma together with certain
true sentences; then one shows that the resulting theory
proves 1ts own consistency.
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INTRODUCTION

Set theory is usually formulated in terms of closure con-
ditions. A typical example is the power set axiom, which
asserts closure under the operation of power set. In Chapter I,
we éonsider set theory based on closure conditions applied only
to definable sets. We formalize this set theory and call it
ZF*, and we give a consistency proof of ZF relative to ZF*,

A direct method presents itself for obtaining this rela-
tive consistency result} namely, to use a constructible set
construction, and prove within ZF* the relativized to the
constructible sets of each instance of ZF.' This is, of
course, in analogy with the method of proof for the consistency
of ZF + AxC relative to ZF. However, an examination of the
basic principles needed for such a constructible set construct-
ion to go through reveals the need for the least counterexample
Principle for ordinals to be provable in ZF*, By the least
counterexample principle for ordinals, we mean the schema
(3a)Pa —> (Jua)Pa, where P is any formula. It does not
appear that this schema is derivable in 7ZF¥*, even if P 1is
restricted to have only one free variable, a. Of course, in
ZF, the schema is derivable by means of a closure condition
applied to all sets as follows: assume (3a)Pa, and fix such
an o. Then form {B|Bea & PB}, and use Foundation to obtain
(va)Pa. This illustrates the basic difference between ZF and
ZF*, in that the closure condition, 3{g|Bea & PB}, 1is
necessarily provable in ZF* only when a is given & definition.
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Such a direct attack seems hopeless. An outline of our
proof can be found in Section % of Chapter I.

Towards the end of Chapter I, we show how to add elements
"on top of" a model of ZF, to obtain nonstandard models of
ZF*, By this means, we obtain results concerning independence
from ZF*,

In Chapter II, we consider three theories of hyperarith-
metic analysis. These are A%-CA, E%—Ac, and zi-nc. Here
CA refers to comprehension axiom; AC, to axiom of choice; DC

to dependent choice. The hyperarithmetic sets form a minimum

w-model for each of these theories. We first prove that

Zi-DC is a conservative extension of Ai-CA for purely n%
sentences. The proof is by means of an inner model construct-
1

ion. We show that given a model of Al-CA, if we then take

the submodel of all sets hyperarithmetic in a fixed set, this

submodel satisfies zi-nc. Careful attention has to be paid

to the way in which the notion of relative hyper arithmeticity
is formalized. The formulation in terms of hierarchies seems
to be the correct one here (not A%). The usual proof that the
sets hyperarithmetic in a fixed set always form an w-model

of zi—nc is too erude for our purposes. It uses the
comparability of all recursive well-orderings, which is a
principle too strong to be provable in A%-CA. However, if we

know, in Ai-CA, that given orderings have hierarchies (based

on the jump operator) on them, we can then conclude, in A%-CA,
their comparability. Thus, the key point of our proof of the

conservative extension result is the Judicious use of
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hierarchles on orderings.
Our inner model construction can, in the standard way, be

transformed into a finitary consistency proof of zi-DC rela-

tive to Ay-CA.

The second result of Chapter II is the independence of
5;-DC from Z1-AC. It would seem to be the case that a Cohen
type argument would be not only useful here, but perhaps neces-
sary. We found that quite the contrary is true. Our proof
does not use a Cohen type argument, and Cohen type arguments
do not seem to be helpful here, since it seems difficult to
find Cohen type models (starting with the standard model, the
hyperarithmetic sets, of Zi-AC) which do not have the
following property: any arithmetical predicate (in x) satis-
fied to have a solution in the new model has a solution hyper-
arithmetic (in x) in the new model. This property can be seen,
from our Theorem 1 of Chapter II, to imply that the new model
satisfies Z1-DC.

Instead, we use Gddel's theorem. We choose a sentence S

and consider the auxiliary theories zi-Ac + S and z}-nc + 8.
We show that Zi-DC + S proves the consistency of z%—AC + S.
So if zi—nc +8 = Zi-AC + S, then zi-nc + S is inconsistent.

But S 1s chosen to be a true sentence; so zi-DC ¥ Zi-AC.

Notice that the assumption Con(S1-DC + S) 1s needed for
the independence. We do not know if there is a finitary inde-

pendence proof (i.e., a finitary proof of consistency of

zi-AC + ~F relative to Z%-AC, for some F that is provable

1
in =y DC).
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The key property of Zi-DC is that for any ﬂ% sentence,

B, one can construct, in zi—nc + B, an W-model for B. The

key property of the sentence S 1s that the theory zi-Ac + S

is equivalent, in Zi-DC, to an extension of induction by a

ﬂ% sentence. S 1intuitively says that for all sets x, every
recursive well-ordering in x has a hierarchy starting from x.

More information may be obtalned than independence. We

see that $-DC + S proves Con(S]-AC + S); hence z1-DC
proves S —> COn(E%-AC + S), which is a purely z% sentence.

Furthermore, an examination of our proof yields that zi-Ac

together with only a finite number of instances of no parameter

1
1
zi-nc + S proves 31 an w-model for Zi-Ac + S. From all this

Z]-DC  1is needed to prove S —> Con(Zy-AC + S). Finally,

we can conclude that there 1s a purely z% sentence which is

provable in 'zi—Ac together with a finite number of instances

of no parameter zi-nc, but which is not an w-consequence of

Zi-AC. (An instance of no parameter z}-nc is the same as

z%-nc, except the hypothesis, (f)(3g)a(f,g), must have A

arithmetical with no free variables other than f and g.)

The last result in Chapter II is concerned with the
relation between Ei-Ac and a certain natural subsystem of
predicative analysis, T. T represents the first € levels
of predicative analysis. We show that Zi—Ac is a conservative
extension of T for purely H% sentences. This result,
together with the known characterization of the provable
ordinals of T, gives the provable ordinals of zi-AC. Fur-

thermore, our proof of conservative extension uses an inner
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model construction, which can be transformed into a finitary
proof of consistency of Zi-AC relative to T. Now T is

known to have a predicative consistency proof; and so, then,
must Zi—AC.

The relative consistency result 1s somewhat surprising,
since the minimum ®W-model of zi—Ac is so much larger than
the minimum w-model of T. With this in mind, it is not
surprising that nonstandard models (i.e,, non-w-models) must
be essential in our proof. In the proof, we obtain a model of
each finite subsystem of zi-Ac as an inner model of a model
of an extension, by the negation of an instance of induction,
of a corresponding finite subsystem of T.

In Chapter III, we consider which elements of W* have
hierarchies. We generalize W* +to include recursive linear
orderings whose field is not necessarily w., We also genera-
lize hierarchies, so that at successor we merely have a set in
which the jump of the set at the predecessor is recursive; at
limits, we have a set in which the effective union of the
previous sets is recursive. Harrison proved that 3 neW*-W on
which there are hierarchies, in the less general sense W¥*, W
and hierarchies. He left open whether every neW* has a
hierarchy. We answer it in the negative for our general notion
of hierarchy and the less general notion of W¥,

We also show, under weak conditions, that if n has a

hierarchy, then newW*,

The proofs use certain Lemmas which are proved in the
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following highly indirect way: we assume the Lemma is false,
and form a theory by adding true sentences to the negation of

the Lemma; we then show that the resulting theory proves its

own consistency.



15

CHAPTER I

1. General Situation. Suppose we are given a comprehension

axiom (xl)...(xn)(3y)Rxl...xny. We are interested here in

forming the derived schema consisting of the axioms

[(Ble)(axxz)...(31xn)(lel &...& F x )] —>

(3xl)(3x2)...(3xn)(le1 & FoX, &...& F x_ & (3y)Rx1...xny),

where the F, are formulae with only the free variable x

i i°

We are purposely vague about the general situation (what
is a comprehension axiom?), since we have only looked at this
derived schema when the original axiom is drawn from a natural
set of axioms, such as 2ZF, or analysis, or other naturally
occurring systems.

More specifically, we will look at the schema of schema
formed by taking the union of all the schema defined above
corresponding to each of the comprehension axioms of ZF. We
will not perturb the other (non-comprehension) axioms of ZF,
except in minor ways. We call this derived theory ZF*. (We
inessentially modify the Replacement schema in ZF for
convenience, so that each instance is appropriately placed in
the form (xl)...(xn)(By)ny, so that we may pass to the
derived schema in the manner above.) The axioms of ZF and
ZF¥ are spelled out in detail, in an elegant form, in the
next section.

We are interested in the relation between ZF and ZFf#*
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as axiomatic theories. Our main result is that
FENT ConZF* ——> ConZF. It is obvious that ZF* 1is a sub-

system of ZF.

2. Remarks on Terminology and Notation. The only (standard)

symbols that can occur in a formula of ZF (or ZF*) are the
2 2-ary relation symbols "=", "e"; the 2 quantifiers (3x) and
(x); the propositional connectives; and variables Xy ¥y

Zys Ugs V4o etc. Everything else is nonstandard; when
nonstandard symbols occur in a formula, they are meant to be
expanded out in such a way that the mere occurrence of a
non-standard symbol implies existence of the corresponding

set. For example, x = Uy 1is an abbreviation for

(Fz)[ (w)(wez = (Fu)(weu & uez)) & x = z]. Also, say, @ € x
would be (3y)[(z)(zty) & yex]. |

. Axioms. For ZF, we have

Axioms for predicate calculus with equality.

Extensionality. (xO = xl) = (x2)(x2 € Xy = X, € xl).
Infinity. (Ix,)(F e x5 & (x))(x; e x5 —> x, U {x;Ve Xg))-

W N = O W

. Power set. (xo)(3x1)(x2)(x2exl = (x3)(x3ex2 —> xjexo)).

4, Sum set. (xo)(3x1)(x2)(x2exl = (3x3)(x3exo & X2€X3)).

5. Replacement schema. ILet Axy be a formula with the free
variables x and y and possibly more free variables XyseesXpge
Then
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(%) (2 ) ()0 Eyy Ny, ) (v, € vy = () (Byay, & (vy)
(AY3Y4 —> ¥y = Yz) & Y3 € v))]

is an instance. (The domain is y and the axiom asserts the
range of the partial function, A'y3y2 = Ay3y2 & (z)

(Ay3z —> z = y2), on the domain y, exists.)

6. Foundation. (x4)(xy # # —> (3xl)(xlexo & (xa)(xzexl —>
x£%5)))

It is clear that by the usual process of making partial
functions into total functions axiom schema 5 1s the same as
the usual formulation in the present context.

Now let Ax be a formula of 1 free variable. Then the
formula (dy)(x)(x € y = Ax) 1is abbreviated as Cp-

For ZF* we have
0. Same as ZF.

1. | Same as ZF.

2. Infinity. (3x0)(¢ € Xo & (x7)(x; € x5 —> xllJ {xl} € X5)
& (y)(y e Xq = Fin(y)). Pin(y) will be defined later.
Intuitively it means y 1is a finite ordinal.

3. Power set. The instances are C, —> (3xo)(x1)

(x1 € Xy = (xg)(x2 € Xy —> Ax2)), A with 1 free variable.
4. Sum set. The instances are C, —> (3xo)(xl)(xlexo =
(3x,)(x; € x, & Ax,)), A with 1 free variable.

5. Replacement schema. The instances are C, —> (3xo)(x1)
(x] € x5 = (3x2)(Ax2 & Bx, X, & (xB)(szx3 —> X5 = X4))), for
A with 1 free variable, B with exactly 2 free variables.

6. Same as ZF.
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Remarks: Our formulation of Power set in ZF* 1is seen

to be equivalent to the derived schema of Power set in ZF

(as given in General Situation) by noticing 1) that if
(31y)Fy, then Cys where A is (Iy) (Fy & xey) and 2) that

if C Ay). These latter are obtained

m

p» then  (3tx)(y)(yex
by axiom 1 of ZF¥*, Extensionality. The same remark applies
to Sum Set.

Essentially the same idea yields that the union of the
derived schema of the instances of Replacement in ZF 1is equi-

valent, in the present context, to the schema

(C, &...C

1 An

B(xg,xl,{xlAlx},{xlAzx},...,{xlAnx}) & (x3)(B(x2,x3,{xlAlx},...
{xlAnx}) _—> X5 = Xl)))):

A & cA) _ (3xo)(xlexo = (3x2)(Ax2 &

where B has n + 2 free variables, A and the Ai have 1

free variable. We want to show this schema is contained (in
the present context) in Replacement in ZF*¥. But the above is
easily seen to follow from that instance of 5 of ZF¥, setting

A as A, Bxy as (C, &...%5C, ) —> B(xz,xl,{xlA1x3,

A
1 n
{XIAEX},...,{XIADX}). (That the above schema contains Replace-

ment in ZF* 1is obvious.) NOTE: "In the present context"

means "using the other axioms of ZF*."

4, Outline of Proof of Main Theorem. The main theorem is

FENT

developing in ZF* an adequate definition of ordinals, which

Con7ZF%¥ ——> ConZF. The first step in proving this is
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turns out to be a much more delicate matter than for ZF, due
to the lack of certain key instances of Replacement in ZF¥*,

By an adequate definition of ordinals in ZF¥, we mean a
definition of ordinals such that provably in ZF¥*, members of
ordinals are ordinals, and (for a natural definition in ZF#*
of w) w is an ordinal, and ordinals are comparable by e,
and the e-relation on the ordinals is transitive, and antisym-
metric, and antireflexive, and every ordinal has a (natural)
successor, except possibly the greatest ordinal. (It even
turns out that in ZF* we can prove there is no greatest
ordinal for our definition of ordinal given later.) The
definition is made and Lemma 1 establishes the above properties
for it in the next section; we even obtain more: that,
provably in ZF¥*, the new definition of ordinal coincides with
the usual definition given in ZF, on definable sets. (This
is made precise in Lemma 1, f).)

Next we develop an adequate definition of 1L within ZF*,
Among the properties of the predicate x € L. needed, we must
have, provable in ZF¥*, every member of an xXx e L 1is € L,

w ¢ L, the new definition of x € L coincides with the usual
definition of constructibility for definable x, and a
definable well-ordering of L.

With this machinery, an apparently straightforward
"proof" of our main result comes to mind. Namely, Jjust to
prove the relativized to L of each instance of ZF 1in ZF*
by taking least counterexamples of various things in ZF*, as

G8del established the relativization of the axioms of ZF to
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L within ZF. But a moment's reflection will reveal that one
can hardly expect that ZF* will prove any general least
counterexample principles; i.e., one may well be able to prove
in ZF* that (3x)(xel & Px), yet not be able to prove
(Fux)(xelL & Px) in ZF*, where p 1s defined in terms of
the definable well-ordering of L. 1In fact, we do not even
see how to prove each instance of the relativized of ZF* to
L, within ZF¥*!

In order to get our main result, we form an auxiliary
system ZF*' { ZF*, whose definition depends on a certain
crucial transformation on sentences, T. This subsystem has
the property that each instance of ZF¥' semi-relativized
(semi-relativization is a certain modification of relativi-
zation) to L, 1is provable in ZF¥, We form another
auxiliary theory ZF' which is related to ZF*' about as
ZF + V=1L 1is to ZF*, It turns out that 2ZF' D) ZF. Tt
also turns out that in the theory obtained by semi-relativizing
each comprehension axiom of ZF¥*' and retaining the other
axioms, one can give a Skolem hull argument for each finite
subsystem of ZF' that proves the existence of a (suitably
definable) model of this finite subsystem, and hence its
consistency.

Putting all this together we get a finitary proof that (n)

FZF*Con(ZFn). So FppConzF* —> ConZF.
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5. Development of Ordinals. We define Ordx = Trans(x) &

e-Conn(x) & (x 1is semi-closed under succession) & there are

no 3-chains in x, i.e., Ord(x) = (y)(z)((vex & zey) —> zex)
& (y)(z)((yex & zex) —> yez v zey vy = z)) & (y)(yex —> (Iz)
[(w)(wez = (wey v w=y)) & (zex v z=x)1) & (y)(z)(w)(~[yez &

zew & (wey v w=y)]l). We define Ord'(x) = Ordx & (y)((Ordy &
yC x) —> (yex v y=x)). 0rd"(x) = Ord'(x) & (y)(0Ord'y —>
(xCyvyCx)). ord" will be our notion of ordinal in ZF*.
It is obvious that (x)(y)(0rd"x & Ord"y —> (xey v yex v y=x)).
For Ord(x), we define y 1is successor of x 1if and only if
y = x U {x}.

Lemma 1: The following are Theorems of ZF¥, where Ax has 1
free variable:

a) If Ordx & yex, then Ordy.

b) If Ord'x and yex then Ord'y.

c) For x with Ord(x), and x not a successor, lJx

i
bl

For Ord(x), x a successor, x = y U {y}, we have Ux = y.
d) If Ord"(x) and yex then Ord"(y).
e) If y

{x|ax}, ord'(y), then oOrd"(y).

f) If y = {x|Ax}, ord(y), then oOrd"(y).

g) Ord"(w). (Explained below.)

h) If y = {x|Ax}, and Ax —> Ord"(x), then oOrd"(ly).
Proof: a) Claim Trans(y). Let =zey, wez. Then by

Trans(x), we have wex and yex. By e-Conn(x), wey v yew

Vv y=w. We can't have yew v y=w because we would have a

3-chain. So wey. To see e-Conn(y), let =zey, wey. Then

zex and WweX, and SO ZzZeWw V Wez V w=z by e-Conn(x).
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Towards showing y semi-closed, let 2zey. Hence zex, and
zU {z}ex or zU {2z} = x. By e-Conn(x), we have
zU {zley or zU {2z} =y or yezU {z}. But if
yez U {2z}, then yez v y=z. The first yields the 3-chain
zey, yez, z=x; the second yields yey, which yields the
3-chain yey, yey, yey. So yéz U {2},

Now suppose aceb, bec, (cea v c=a), a,b,c,ey. Then a,b,cex,
and we have a 3-chain in x.
b) By a), we have Ord(y). Towards showing Ord!'(y), let
z_ y, Ord(z). By Trans(x), zC x. Hence zex v z=x. But
z#x, for if z=x, then xC y, and hence yey. So zex. By
g-Conn(x), zey Vv z=y Vv yez. But yéz, since if yez, then
yey.
c) Let ord(x), x with (y)(yU {y} # x). By Trans(x),
every member of a member of x 1is a member of x. So UxC x,
if Ux exists. Now let yex. By semi-closure of X,
yU {y} ex. But yey U {y}, and so x =Ux, since also every
member of x 1is a member of a member of x. If x=2zU {2z},
then again Ux{ x, if Ux exists. But z#'x, since x has
no 3-chains. So ng_ z, 1if it exists. But every member of
Zz 1is a member of x, since if wez, then w 1is a member of
a member of x. So lUx exists and is z.
d) By c), Ord'(y). Let Ord'(z). Then xC zvz{ x. If
xC z, then yC z. If zC x, then zex v z=x. If z=x,
then yC x. If zex, then yez v zey v z=y. Hence xC y v

r
y\_-: Z.
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e) Let Ord'(y), y = {x|Ax}. Then either

1) All elements of y are Ord". Then let =z be any
Ord'. For every Xey we have xg__ zZ VvV Z C___ x. Either all
members of y are C_ z or some member of y D z. Suppose
the first holds. Then if y 1is not a successor, by c) we
have Uy =y, and so yC z. If y=ul!{u}, then ul z.
Since Ord'(z), we have uez v u=z. If u=z, then zC x.
If uez, then yf.; Z.

Suppose the second holds, i.e., some xey contains =z.
Then clearly zC y. So y is ord".

2) Some element of y is not Ord". We have Jjust
proved that any Ord' such that every member is Ord" is
Ord". The (unique) e-least element of y which is not Ord"
is definable, and has every member an Ord". (There is a least
by suitable use of Replacement schema of ZF¥, and Foundation.)
Just apply 1) to obtain a contradiction.

f) We merely have to show all definable Ords are Ord'. As in
e) we go down to a definable Ordinal all of whose members are

Ord". Let y be such an ordinal, y = {x|Bx}. Let zC y,

Ordz. We wish to show =zey Vv z=y. Suppose z¢y & yéz. Then
3 wey with wé¢z. But since Ord"w, we have wlzvzCw.

~
If z-w then 2z=w v zew and so

zey. So wl z, wéz. Now
either wlU {w)ey v wU (w}) = y.

If wl!l (W} =y then since

—
z _ Z=

= Y, W, and so zey. So wl {wley. Now then oOrg"
(wlU {w)).

Hence wlU (w}C zvzCwU (w).

; r—
out, so z_ wl! {w}, and since

The first is

Ord'(w l! {w}) we have

z=wl (W} v zew U {(w), either one implying zey.



24

g) We now explain Axiom 3. Fin(x) = Ordx & (Jy)(x=y U {y})
and (2)(zex —> (3w)(z=w U {w})). x 1is a successor Ord =

ordx & (Jy) (y=x U {x}). We let @ be the x, in Ax. 2 of

0
pA 2

Now clearly w 1is definable, and so we merely have to
show Ord(w).

1) Trans(w). Let new. Let Xxen. Then Xx is a
successor Ord or @. Since n 1is transitive, x 1is a
successor Ord or @ and every member of x 1is a successor
Ord or @, and so x is a finite Ord (i.e., Fin(x)), and
SO Xew,

2) e-Conn(w). Suppose 3 new such that for some mew,
ném & m¢n & n#m. Take any e-least such n and call it k.
There 1s an e-least by Replacement in ZF¥* and Foundation.
Now k # @, since @em v @g=m, for any mew, by Foundation
and Trans(m). Hence k 1is a successor Ord, and k=1 U {1},
and by Trans(w), lew. We must have, for some mew, kém &
mék & kyfm & (lem v mel v m=1). But if m=1 then mek. If
mel, then mek. If lem then 1U {1} =mv 1U {1'em, i.e.,
k=m v kem. Contradiction, by the lack of 3-chains in Ords,
and the comparability of 1 and m.

3) Semi-closure under succession. This is insured
directly from Axiom 2 of ZF¥*,

4) No 3-chains. Suppose nem, mer, ren v r=n, where
n,m,rew. By Trans(r), we have ner. By Trans(r) again, we
have rer, if ren. If r=n, we also have rer. These

contradict Ord(r).
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h) We have only to show Ord(ly).
1) Trans@y). If zdly, then zew for some Ord"(w),
wey; hence any uez has uew, wey. So udly.
2) e-Conn(Uy). If z,wely, then zez'ey,wew'ey,z',w'
both Ord". So zCT w' or wC z'. Without loss of generality,
assume z'<; w!'. Then 2zew', wew'. Hence 2zew V Wez V W=z,

3) Semi-closure. Let zelly. Then =zewey, Ord"(w).

145
O

zU {z}ew or Z)Mzlew. 1In the first case, z U {zle Uy.
In the second suppose

A) some uey has wCl u, but ws#u. Hence weu, and
so z U {z} = we Uy.

B) ©Every uey has either w=u or ul w. Then clearly
Uy =w=2zU {z}.

A) and B) are exhaustive.

4) No 3-chains. Suppose aeb, bec, (cea v c=a), where
a,b,c eUy. Then a,b,c are Ord", and aec. If cea, then

cec. If c=a, aec, then cec. Contradicts Ord(c).

6. Development of _L. We wish to define a class of sets, L,

which has a definable well-ordering, and provably so in ZF¥,
L, of course, will not be an object. We are interested in
the predicate xelL.

We let n,m,r,p,q be special variables for elements of w,
We let o,B,Y¥,... be special variables for sets x with
Ord"x. We write a+l for a l! {al. We let X\ be a special

variable for limit (non-successor and non-null) Ord"'s.
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We say x=M(a) = (3f)(Domf = o+l & £(F) = F & () (Nea+l
*—>‘Jlf(x) =f(\)) & (B)(Bea+l —> £ (B+1l) = Fodo(f(B)) &
x=f?§)), where Fodo(y) = [x|(3xo)(3n)(x={z|zey & <y,ey> =
n(z){x,1} & FinSeq(xo,y))}, where <y,sy> E n(z)[xol means
the structure <y,ey> satisfies the formula with Gd8del
number n at the sequence of elements of the domain vy, (z,xo),
which is the sequence starting with 2z, followed by the
sequence Xg.

Remark on formalization: We formalize the satisfaction relation
in ZF* the same way we do in ZF. Also see 2. Remarks on

Terminology and Notation.

Lemma 2: For each Ax with 1 free variable, and for each
Czyl... n? and Bzw with only free variables shown, the
following is provable in ZF*: If y ={x|Ax) and if Bzw is
a well-ordering of y U {y}, and y,,...,y, ey, then

{z|zey & <y,ep> k ﬁ(z)[yl,...,yn]} = {z|zey & Czyl...yn],
where n is the G8del number of C. Thus Fodo(x) means the
set of all sets first-order definable over x, for definable
sets Xx.

Proof: Suppose Czy, 1s (3w)(wez & wgy;). We note that
both {z|zey & Czy,}.. and {z|zey & y,e> E ﬁ(z)[yl]] exist
by Replacement on the definable y. We want to show Czyl =
<v.e> F nlz,y;], for zey. The proof in the case of ZF
is routine. What complicates it in the case of ZF* 1is that
certain sets definable in terms of the members of y may not
provably exist in ZF*, and also that the theory of Gddel

numbering may not be formalizable in ZF¥*, The latter is not
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the case, since ® 1s definable, and hence by Replacement and
Foundation, induction on ® provably holds in ZF*, and also
we mé& define + and x, and prove the relevant properties.
What comprehension axioms are needed to establish our equi-
valence? Apparently, what's involved is Jjust that the theory
of finitely hereditary sequences of elements of y and natural
numbers provably in ZF* have the intended interpretation.

For instance, we must verify provability in ZF¥, for sentences
like "for every Y1:¥psY3€Y s n,mev, there exists the sequence
<{yl,n},{{n,m}},{y2,Y3,{n}}>." Such sentences can clearly be
proved by sultable instances of Replacement in ZF* for
definable sets yl,yz,yB, and n,m. One assumes in ZF¥* that
such a sentence in false, and goes to definable counterexamples
¥1s¥5,¥s and n,m via the definable well-ordering of y U {y1,
Bzw.

Lemma 3: Each instance of the following is provable in ZF*:

a) [o = {x|Ax]} & (B=a v Bea) & (Ix)(x=M(B))] —> 3if satis-
fying the conditions given in the definition of x=M(B).

b) o ={x]ax} —> (3i1xy)(xy=M(a)). Also Bea = {x|Ax} —>
(31xy) (x,=M(B)).

Proof: Assume a = {x|Ax} & (3Ix)(x=M(a)). Suppose we
have 2 functions f,g satisfying conclusion, and f # g. We
take, using Replacement and Foundation in ZF¥ in the usual
way, P to be the g-least element of a + 1 with the property
that 3f and g, f#g satisfying definition of x=M(a), with
f(B) # g(B). Then P 1is definable. Suppose Lim(B). Then
use Replacement on B to get the {y|(3y)(yeP & for all f
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satisfying definition of x=M(a), f(y) = y)}. We can apply
sum set in ZF* to get a union, !, In any f satisfying
the definition of x=M(a), clearly f(B) =U. But this is
contrary to hypothesis, f(B) # g(B).

Now suppose B = &+1. By hypothesis, f(6) is fixed
when f varies over the functions satisfying the definition
of x=M(a). Clearly f(86+1) = Fodo(f(8)) for any f satis-
fying the definition of x=M(a), and so f(8+1) is also
independent of f, again contradicting the definition of B.

Clearly B # d.

So no such B exists.

Now suppose for some Bea, part a) false. Take least
such B, and apply above, since least such B8 1is definable.
This concludes part a).
b) Now suppose (3!x0)(xO=M(6)) for all Pea, but not for
B =a., We may assume this without loss of generality, by taking
least counterexamples. We conclude the proof of Lemma 3 by
obtaining a contradiction. Suppose Lim(a). Using Replacement
in ZF¥ on a we can get the set of all M(B)'s, Bea. (We
write M(B) for that x, with x,=M(B) if it is unique.)
Thus we may take the union by sum set in ZF*¥ and call this U,
Now it is not hard to see, under our hypothesis that using
replacement there is an f consisting of only <B,M(B)>'s,
Bea, and <a,>, and that this is the required f in the
definition of U=M(a). So (on)(xo=M(a)). Uniqueness comes
from a). Suppose a = wl., It is easy to see that v 1is
definable and by our hypotheses, f(vy) 1is definable. It is
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obvious that elements of Fodo(f(y)) are elements of P(f(vy))
and that P(f(y)) exists by power set in 2ZF*, Furthermore,
Fodo(f(vy)) exists since it can be gotten by replacement on
P(f(y)). Proceed as above to get an appropriate f to give

Fodo(f(y)) = M(a). Uniqueness follows from a). The case

a =@ 1is trivial.

We want to insure in ZF¥* there being a definable well-
ordering of L (among other things). This insurance is easily
obtained by a natural definition of L in 2ZF, but not in ZF¥,
We have no choice but to complicate the definition of €L by
adding on conditions.

We define xelL, approximately as (3a)(3y)(y=M(a) & xey).

But this is not good enough for our purposes, We define 5
extra conditions on this a and y:

1) (B)(z)([z=M(B) & xez)] —> (BPea v B=a)), and
(z)(z=M(a) —> z=y). Whenever x and a have such a y, we
say 0O(x) = a.

2) For all PBea, there is a unique corresponding y=M(B),
and if B,y < a, then M(B) L M(y).

3) The M(B)'s, Bea, and M(a) are transitive sets.

4) For every =zeM(a), we have (3B)(0(z) = B) and
0(z) < a. Also if z,w ¢ M(a), then [(zeM(O(w)) —> 0(z)<0(w)].

5) Now, there is a usual definable mapping F in full
set theory (identity this with the 2-ary relation F(x) = y)
mapping the constructible sets 1-1 into ordinals. Of course,
ZF* may well not be able to prove (x)(3dy)(F(x) = y). Cond-
ition 5) will be that (the 2-ary relation) F is a 1-1
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function when restricted to domain M(a), and

(x)(xeM(a) —> Ord"(F(x))). (This is the F which, in full
set theory, assigns (G8del numbers in the form of ordinals)

to each constructible set a sequence of ordinals, the first
being the rank of the set in the constructible hierarchy, a+l;
the rest of the sequence codes in, via F on the sets in M(a),
how the constructible set in question is first-order defined
over M(a).)

We define xeL = (Ja)(Jy)(y=M(a) & xey & a and y
satisfy conditions 1)-5) above ).

We define x < y = xeL & yeL & F(x)eF(y), for F as in 5).
Lemma 4: The following are provable in ZF*: if xelL then
(v)(yeM(0(x)) —> yeL). Also (y)(yex —> yeL), if xeL.

Proof: Let yeM(0(x)). By 4) in the definition of xeL,
we have y, M(O(y)), O(y) satisfy 1), 2), and 3) in the defi-
nition of yeL, since O(y) < 0(x). Towards verifying %) in
the definition of yeL; let zeM(O(y)). Then zeM(0(x)). Then
(3a)(0(z) = a). 0(z) € 0(x), for suppose not. Then we get a
contradiction via condition 2) in the definition of xelL. The
rest of condition %) follows for y becaﬁse of condition 4)
being satisfied for y, and that M(0(y)) C M(0(x)).

y satisfies 5) (i.e., y, together with O0(y), M(0(y))
since x does, and M(0(y)) C M(0(x)).

To show (y)(yex —> yeL), notice by Trans(M(0(x)) we
have (assuming yex) that yeM(0(x)), and so by the first

part of Lemma 4, yeL.
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Lemma 5: For each Ax, 1 free variable, B = {xle} —_>
(x)(xeM(B) —> xeL), 1is provable in ZF*., (Note that M(B)
exists unambiguously by Lemma 3.) Also weL.

Proof of Lemma 5: Form f{a|aeB & M(a) does not satisfy
conclusion}. Take e-least member, and call it +y. Case 1. ¥
is a limit. Now v is definable in ZF*, Let xeM(vy). Then
xeM(a), for some aey, and hence by the definition of v,
xelL. Case 2. v =58+ 1. Let xeM(8+1). There is a definable
well ordering on M(5), <, and we may use this to definably
well-order, in ZF*, the finite sequences of elements of M(5)
in the natural way, proving in ZF¥* that it is a well-ordering.
With this well-ordering.of M(6+1), we take a least, in M(&+1),
x such that there is no a, M(a) satisfying condition 1,
assuming there is an x. This least x 1is definable in ZF¥,
and so we consequently can form {a|aet+l & xeM(a)? and take
the e-least member, thereby obtaining a contradiction.

So every xeM(5+1) possesses a (unique) O(x).

Conditions 2)-4) are treated similarly, taking definable
counterexamples and using definable well-orderings. The proof
of 5), after taking least counterexamples, is much like our
indication of construction of a definable well-ordering of
M(6+1) on the basis of one for M(56), above.

To show welL, it suffices to prove weM(w+l). The proof
is like the proof of this fact in ZF.

Lemma 6: FZF*(x)(x=ws(x=w)'), where A' is A relativized

to the predicate eL.
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Proof: Left to the reader.

7. The System ZF*!', We define a transformation mapping

formula in prenex form in the standard notation (described in

2. Remarks on Terminology and Notation) into formulae which

contain the '<' symbol. If B 1is in prenex form define B-
to be the usual prenex form for ~B. Take T to be the
identity on formulae with no quantifiers, and take T((3xi)Bxi)
to be (Bxi)(T(Bxi) & (xj)(xd <x —> T(B-xj))).T((xi)Bxi)

is (xi)(T(Bxi) v (BxJ)(xJ <x & T(B-xj))). It is easily
proved by induction that T(B-) and ~T(B) are equivalent
for any prenex B. Recall that the interpretation of x'j < Xy
is

el & x.¢eL & F(xJ)eF(xi).

x'j 5
We form ZF*' as follows: Extensionality & Foundation &
Infinity & Power Set & Sum Set & Modified Replacement. The
latter is the only difference between ZF¥' and ZF¥. The
other axioms are the same. Replacement in ZF¥*' 1is as
follows: Any instance of Replacement in ZF* 1is an instance
in 2F*' provided that the Axy be of the form T(Bxy) &
(z)(z < y —> T(Bxz)). Bxy having only 2 free variables. It
is obvious that ZF#*! C_ ZF¥*,

Lemma 7: Extensionality & Foundation & Infinity are theorems
of ZF* when relativized to L.

Proof: For (Infinity)' take x., to be w, For

o
(Extensionality)' and (Foundation)! just note from Lemma % that

(xeL & yex) —> yeL.
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Lemma 8: The Power set and Sum set axioms (of ZF*) are
theorems of ZF* when relativized to L.

Proof: In power set, we have x = {y|Ay}. The relativized
to L will be equivalent to x = {y|yeL & (Ay)'} & xeL. Now
observe that the relation (zC w)' is equivalent to zT w &
zel & wel. So we have to verify that if xeL & x = {y|yelL &
(Ay)'}, then there is a set x,el with X, the set of all
subsets z of x such that zelL. Now the hypothesis tells us
that x 1is definable, and so x has a definable power set,
|P(x). We use replacement on |P(x) to get the set of all
O(y)'s with yelL and ye|P(x). This is a definable set of
Ord", and so it has a union, U. U 1is definable, and so,
all yC x with yeL have yeM(l)), because if Pea, then
M(B) C m(a). The required set Xy, Of all subsets y of x
with yeL is in M(M41l), by Lemma 2; hence Xy€L, by Lemma 5.

The relativized of Sum Set is checked similarly.

Lemma 9: If (Iy)(y < z & Ayx;...x ), and 0(z), O(x;),...,0(x)
all e = {x|Bx}, then 3 O(y), with y < z & Ayx,...X .
(That is, if A any formula with the free variables shown, B

any formula with 1 free variable, the above is provable in ZF¥),

Proof: One just assumes there are counterexamples
ZyXyseeesX € M(a) to this lemma, and then go to definable
counterexamples. But we obtain a contradiction, since there is
provably a MO(y) for these supposed definable counterexamples.
Lemma 10: The semi-relativized of each of Replacement in ZF¥*!

is a theorem of ZF*,
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Proof: We take a particular instance of Replacement in
ZF*!', e.g., that one whose Axy is T((3z)(w)Czwxy) &
(uW)(u < y —>1((3z)(w)Czwxu)), where C 1is quantifier-free.
We let D be a definable domain, DeL. We wish to show in
ZF* that there is a set SeL of all yeL such that for some
xeL with xeD, y 1is the unique y with (Axy)'. This is
easily seen to be equivalent to finding a set SeL of all

yeL such that for some xeD,

1) xeL & yelL & (3z)L[(w)L(Czwxy v (3w')L(w' < w & ~Czw'xy))
& (') (z' <z —> (Bw)L(~0z'wxy & (w')p(w' <w —> Cz'w'xy)) &
(u)L{u <y -—>(z)L[(3w)L(~Czwxu & (w')L(w' <w—> Czw'xu)) v
(3z')L(z' <z& (w)(Cz'wxu v (3w')L(w' <w& ~Cz'wixu))ll},

Convenient Notation: If X and Y are expressions occurring
in 1), then let [X,Y] be the subformula of 1) beginning with
X and ending with Y.

Let U = union of the O(y)'s such that 1) holds for some
xeD. We proceed to place definable bounds on the quantifiers
above in such a way that the new formula is equivalent to 1)
for xeD, yeM(UU). (Note that for each xeD_“there is at most 1
y satisfying 1).)

Let fl(<x,y>) be undefined if 1 is false: be 0(z)
for zel. with [(w)L,Cz'w'xy] otherwise. Define Ul = union
of the range of f, on D X MU).

Let f,(<x,y,z>) be undefined if [(w)L,~Czw'xy]; be
O(w) for welL with ~[Czwxy, ~Czw'xyl, otherwise. Define
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U, = union of the range of f, on D x MQU) x MaJl).

Let f3(<x,y,z,w>) be undefined if (w')L(w' <w—>
Czw'xy); otherwise be _,0(w') for w' with w' < w &
~Czw'xy. (See Lemma 9.) Define LB = union of the range of
f; on D X MU) x MOJl) X MGJE).

Let f)(<x,y,z>) be undefined if [(z')L,cZ'w'xy]; be
u0(z') with ~[z' < z, Cz'w'xy]l, otherwise. Define Uy =
union of the range of f, on D x M(!) x Mﬂjl).

Let f5(<x,y,z,z'>) be undefined if ~[(3W)L,Cz'w'xy];
be O(w) for welL with [~Cz'wxy,Cz'w'xy] otherwise. DefineU5 =
union of the range of f5 on D xMQU) x MdJl) X M0J4)-

Let fg(<x,y,z,2',w>) be undefined if [(w')L,Cz'w'xy];
otherwise be HO(W') with W' < w & ~Cz'w'xy. Define lJ6 =
union of the range of fg on D x MU) x MOJl) x M{U,) x MGJS).

Let f7(<x,y>) be undefined if [(u)L,~Cz'w'xu]; other-
wise be uO(u) with ~[u <y, ~Cz'w'xu]. Define lJ7 = union
7 on D x MU).

Let fg(<x,y,u>) be undefined if [(z)L,~CZ'w'xu];

of the range of f

otherwise be 0(z) for zelL with ~[(3w)L,~Cz'w'xu]. Define
U8 = union of the range of fg on D x MU) x MGJ7).

Let f9(<x,y,u,z>) be undefined if ~[(3W)L,Czw'xu];
otherwise be O(w) with welL and [~Czwxu, Czw'xul. Define
U9 = union of the range of fg on D X MQU) x M0J7) X MGJ8).

Let f10(<x,y,u,z,w>) be undefined if [(w')L,Czw'xu];
otherwise be uO(w') with w!' < w & ~Czw'xu. Define lJlo =

union of the range of f,, on D x MU) x M0J7) X MGJB) X MOJQ).
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Let f,,(<x,y,u,z>) be undefined if ~L(3z1), ,nCztwixul;

)L
otherwise be wO(z!') with [z' < z,~Cz'w'xul. Define Uy =
union of the range of f;; on D X MU) x MGJ7) X MGJB).

Let f12(<x,y,u,z,z'>) be undefined if ~[(w)L,~Cz'w'xu];
otherwise be O(w) for weL with ~[Cz'wxu,~Cz'w'xul. Define

U,, = union of the range of f,, on D X MQU) x MGJ7) X MOJB)

12
x MU;4).

Let f13(<x,y,u,z,z',w>) be undefined if ~[(3w'), ,~Cz'w'xul;

)p.»
otherwise be uHO(w') with w' < w & ~Cz'w'xu. Define lJ13 =
union of the range of fy; on D X MU) x MGJ7) X M0J8) X
MUy ) x MUpp).

Note that by suitable instances of Replacement in ZF%¥,
all of the above are provably well-defined. Note that each
l
ti
that for xeD, yeM(U), it is the case that Axy 1is equivalent

is definable, so that each MaJi)i; L. It is easily seen

to the predicate Bxy obtained by placing the bounds MOJi),
1 <i < 13 on the appropriate quantifiers in 1).

Now each instance of the following is provable in ZF*:
If a = {x|Ax}, and a a limit, then for x and yeM(a),
x <y 1iff x <y holds when the quantifiers in the definition
are relativized to M(a), A of 1 free variable. The proof in
ZF* of the schema is like the proof in ZF. Use the definable
well-ordering of M(a).

Now let V = maxﬂJ}Ji,O(D)). Then relativizing the
quantifiers occurring in the expansions of the "<"tg that
occur in Bxy, to M(V+w), we get the same predicate as Bxy,

for xeD. Hence we have shown our S we wanted to show
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originally €L, is first-order definable over M(V+w), and

hence eM(V+w+l), V + w + 1 definable.

8. The System ZF'!'. Making use of the transformation T

defined in the previous section, we form ZF' as follows:
first, Extensionality & Foundation & Infinity & Power Set and
Sum Set axioms of ZF. In addition, we have (x)(xeL) & (x)
(Ordx —> ord"(x)) & (x)(3y)(z)(yex & (zex —> z { y)).
Replacement in ZF' will be the following: Let Bxyyl...yn
be a formula in prenex form with only the free variables shown.
Then (yq)...(v,) (x0) (Gx ) (%) (xpexq = (Ix5) (xzex, &
T(Bx3x2yl...yn) & (x))(x) < Xy —> ~T(Bx3x4yl...yn)))), is an
instance,.
Lemma 11: ZF' D ZF.

Proof: PFirst, we wish to show in ZF' each instance of
T(A) = A. This is trivial for A with no quantifiers.

Suppose T(A) = A 1is provable in ZF' for all A in
prenex form with n quantifiers., We then wish to show that
T(A) = A 1is provable with A having n + 1 quantifiers in
prenex form. Then we will have shown T(A) = A provable for
any A in prenex form in ZF'.

Let B be in prenex form with n + 1 quantifiers.
Suppose B is (3xi)(Axi). Then T(B) is (3xi)(T(Axi) &
Since

(xj)(mxj <x; v T(A-x))). Now H T(Axi) = Ax

yA
is equivalent to ~T(Axd) we have |

i.

T (A-x T(A-xj) = ~AX

3) ZF! J°
We have to check that (3xi)(Axi) s (3xi)(Axi & (xj)(mxJ <%y v

waj)) is provable in ZF!',
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Define Cxy to be y = x & T(Ay). This is, of course,
equivalent with T(Ay & y=x), a transformation on a wff of
n quantifiers. Now (xo)(3x1)_(x2)(xzex1 = (3x)(xex, & Cxx, &
(xu)(xu < x, —> ~T(Ay & y=x))))), is (equivalent to) an axiom
of ZF'. But F, . T(Ax, & X, = x

3) Ax, & Xy = Xz

FZF,(XO)(Bxl)(xz)(XQexl = Ax, & x2€xo). Now assume (Bxi)Axi.

So

Choose any such x,. Take O(xi), and set x, = M(O(xi)),

and use the above theorem of ZF!' to get the set of all elements
of M(o(xi)) having the property A. (M(O(xi)) is defined and
has required properties since (x)(xeL) is an axiom of ZF!',

and xeL 1is formalized as in ZF*, previously.) Hence by

one of the axioms of ZF', there is a <-least member.

Hence we have shown by induction the equivalence between T(A)
and A, in ZF'. This has the effect of provably in ZF!
eliminating the T's in the axioms of ZF', and so ZF' ) ZF.

9. The Skolem Argument. We wish to show (n)FZF*Con(ZF'n),
where ZFA is the first n axiomé of ZF' in some natural
enumeration of them. If we succeed in showing this, then
suppose ~Con(ZF). Then ~Con(ZF'). Then (3p) ~ Con(ZF!).
But then (3n)FENTCon(ZF;1). Since ENT is formalizable in

ZF*%, (3n) FZF*Con(ZFa). Hence (3n)(F Con(ZF!) &

ZF*
FZF* ~Con(ZFﬁ)), and so ~Con(ZF*). Hence ConZF* —> ConZF.
We give, without loss of generality, a Skolem closure
argument within ZF* to give, provably in ZF*, a set which
is a model for 1) Extensionality in 2ZF, 2) Foundation in ZF,

3) Infinity in ZF, 4) Power Set in ZF, 5) Sum Set in ZF,
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6) (x)(xeL), 7) (x)(0rdx —> 0ord"x), 8) (x)(3y)(z)(yex &
z4<y)), 9) Let D(xyT) be the formula obtained from taking
1) in 7. The System ZF*'!' and replacing the 4-place quantifier-

free predicate C, with some 5-place quantifier-free predicate
E(zwxyT). (D)(T)(3S)(y)(ves = (3x)(xeD & D(x,y,T)).

The construction, in ZF¥, of the model of these 9
sentences will be much like a Skolem construction in which the
initial model is @. At each stage n, we throw in some sets
XxelL, and we take the union as n ranges over W,

We simultaneously define a, and Sn‘ We are interested

in U 8.
new

S, = M(an). Sq = M(g) = &. ay = .

Consider, for each xeS , the <-least yex with (z)
(zey —> zéx).

Consider, for each xeS_ , P (x) = set of all yC x with
yeL.

Consider, for each x,yeSn, with x<1 y, the <-least
element of x not in y.

Consider, for each xeS , UL(x) = set of all yeL such
that (Jz)(zex & yez).

Consider, for each TeSn, the unique SeL satisfying the
semi-relativized of 9) to L. (Call this 9)").

We continue "considering" through 9)", closing S,» in
effect, under the "Skolem functions" for 9)", in such a way

that, as in 7. The System ZF¥, we have that the Skolem func-

tions produce values definable in terms of the arguments.
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We take o ., = (union of the 0(z)'s for the z's

considered above) + w, Take S = M(a

n+l n+l)'

We can then use appropriate instances of Replacement in
ZF*¥ in combination with the definable well-ordering <, to
show that if the Sn and a, are not well-defined for each
n, then there are definable counterexamples to our construction
in the following sense: for some specifically definable sets,
the sets corresponding to them that we considered above do not
exist. But this is impossible by Lemmas 7, 8, 9, and 10. So
our construction is well-defined in ZF¥,

Now our model U' S 1s an M(a), a definable, a a
limit. In particula?fwit is transitive. It also contains w,
Due to the absoluteness of the definition of L and of the
definition of ®w in M(a)'s, o a limit, it is easily seen
in ZF¥*, putting all this together, that the sentences 1)-9)
are true when the quantifiers range over M(a). Furthermore,
since M(a) is definable, the definition of satisfaction and
the induction on a are easily developable in ZF¥, in order
to prove, in ZF*, that Con( 1)-9) ).

From the remarks at the beginning of this section, we
immediately have

Theorem 1: FENTConZF*-———> ConZF.

10. ZF, Parameterless ZF, and ZF*, This section is devoted

partially to further consideration of the system ZF* of
Chapter 1, and partially to some other subsystems of ZF.

We define a sentence of set theory to be arithmetical if
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it is the relativized of some sentence of set theory to w,.

Corollary l: ZF 1is a conservative extension of ZF*

for arithmetical sentences.

Proof: Let A be arithmetical, and FZFA. We can show
Con(ZF* + ~A) —> Con(ZF + ~A) by modifying the proof of
Theorem 1 slightly; Jjust redefine the systems ZF¥*'!', ZF' as
ZF%! 4+ ~A, ZF' 4+ ~A, respectively. Due to Lemma 6, all of
our Lemmas carry over. Now since ~Con(ZF + ~A), we have
~Con(ZF* + ~A), and so FZF*A’

Our next Theorem concerns sentences of the form
(x)(31y)Axy, A arbitrary, with only 2 free variables, that
are provable in ZF*¥, Now in ZF there are many such sentences
which define, provably, in ZF, a Skolem function which moves
everything and which is 1-1. An example is (x)(3y)(y = |P(x)).
Another is (x)(3y)(y = {x}). Not so in ZF*. Thus,

Theorem 2: Let Axy be any formula with only free
variables shown, and let C = (x)(3iy)(Axy & y # x) & (x)(y)(2)
((Axy & Axz) —> y = z). Then C 1is not provable in ZF#*,

Proof: We let C be a sentence of the above form, and
we construct a model for ZF¥* + ~C, glven an arbitrary model
for ZF, M = <X,R>, where R 1is a 2-ary relation on X,

X # @. (All models are assumed to be equality models. Note
that ZF* 1is a first-order theory with equality.)

We define ® as follows: The domain is to be XU Qq,
where Q 1s the rationals. The 2-ary relation, Sxy, 1is
defined as Rxy if x,yeX; x <y 1if x,yeQ; false, if XxeQ,

yeX; true if xeX, yeq.
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We claim ® satisfies ZF* +nC.

First, we show that the elements of Q@ 1in 03 are
indistinguishable in the sense that if Axl...xnyl...ym holds
in @3 for xieQ, yjeX, then so does Azl...znyl...ym for
z4€Q 1f the two sequences of rationals, Xqs ¥y have the
same order relations in Q, (i.e., there is a 1-1 order
preserving map). To see this, it suffices to show that, given
such a pair of similar sequences of rationals, there is an
automorphism of @3 which keeps the elements of X fixed,
and which maps, in an order-preserving way, the sequence Xy
onto zy - And such an automorphism is easily given by any map
which fixes the elements of X and maps the rationals 1-1 onto

itself, which maps the x into the yj.

i

Now suppose (B E (x)(3ty)(Axy). Then by indistinguish-
ability, it is clear that for xeQ, we have B | Axy for
some yeX, for otherwise we would have Axy for x,yeQ, and
hence Axz for 2z =y + 1. But now I claim that QB satisfies
A(x+1,y), since yeX, by indistinguishability, assuming xeQ.
So QB does not satisfy C.

Clearly Q} satisfies axiom O of ZF*,

To verify 1 of ZF*, suppose (B E (xe)(xzeio = xzexl),

for x X in the domain, Then either x and x,. X, or

27 71 1 0
Xy, Xy € Q. In the first case, we can conclude that

0\ E (x2)(x2exO = xeexl), and so since Ol,h 7F, we have
Xy = X;. In the second case, we have 1/'2(xO + xl) < x5 iff

]L/2(xo + xl) < x;. But then x, =x

0 1°
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To verify 2 of ZF*, set Xg =W of 01 . It is easy to
see that (B EF & €x,, since Z in @ is same as @ in (] .
Also, x U {x} remains unchanged for xeX, when we pass
from (1 to B . Also, the members in (1l of X, are the
same as the members of x, in ® . Also, the subsets in (0
of X5s OT any of its members, are identical with the corres-
ponding elements in (B . Putting this together, we see that
axiom 2 of ZF* is satisfied in (l "in the same way" as it
1s in B .

To see that 3 of ZF¥* is satlisfied by (B s Suppose B
satisfies CA‘
€X, by indistingulishability. We let this element be x. What

Then the unique element defined in C A must be

we are looking for is a power set of x in the model B . we
claim that y = P(x) in the model (L does the trick. We
nave to show that (B satisfies y = P(x). But this is
obvious, since the only members of y in @ are the members
of vy in () , and the only subsets of x in (B are the
subsets of x 1in (Il .

Axiom 4 of ZF* is checked similarly.

To see that axiom 6. of ZF* 1is satisfied in (8 s let

xeXU Q. If =xeX, take x, in foundation as an R-least

6]
member of x in Ol . If xeq, take e R tobe @ in (L (or

B). obviously B & & e x.
Axiom 5 of ZF* 1is the most complicated. The set that

¢, defines in (B is again e X. Call it D. Then we are

A
interested in the range in (B of the partial function in @ s
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Bx,X; & (x3)(Bx2x3 —> x3=xl), on the domain D. Now every

X, with S(xQ,D) has x,eX, and so, by indistinguishability,
if S(xz,D), and Bx,X; & (xj)(BxQXB —_> x3=xl), then x, eX.
Now suppose there is a formula Cx2x1 such that, for xgeX,
x,eX, Cx,X; holds in (L 1ff Cxyx, holds in B . Then by
Replacement in the model 0\ , We would have (this instance of)
Replacement in B , and we would be done. It remains to show
that for each formula Axl...xn, with the free variables shown,
there is a formula Bxl...xn which holds in (Ll irff Axl...xn
holds in G%, when xieX.

It suffices to prove by induction that for any formula

Ax,...x , and for any partial function f from {1]1<isn}
into Q, there is a formula Bxil...xik, {il,...,ik} =

{4/1 <1 <n&4i ¢ Dom(f)}, such that for any sequence X;...X
(X 1iff iébom(f), X, = £f(1) if 1ieDom(f), we have
B +axj...x, 1ff (L EBx, ...x, .

l k
«ooXp quantifier-free, take B to

with x

To see this for Axl
be the formula obtained from A by 1) replacing all instances

of Xy €Xys i¢Dom(f), JeDom(f), by X; = Xy, 2) replacing all
instances of Xy €Xy, OF Xy=Xy, OF Xy=X,, ieDom(f), JéDom(f),
by xJ#xJ, 3) replacing all instances of X; €4, OF X=X,
i,jeDom(f), by (Iv)(v=v) if f£(i) < £(3), ~(3v)(v=v) 1if not;
or (Iv)(v=v) if f(i) = £(j), ~(3v)(v=v) if not, respectively.

Put Axl...x

n in prenex form, and suppose our claim is

true for all formulae with less quantifiers.
We may assume that Ax;...x  1s (xO)Cxoxl...xn,

since the existential case follows from this case by taking
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negations. Let f be a partial function from {1|1 < 1 < n)
into Q. Now 2 finite partial functions g,h from w —> Q
are said to be of the same type if 1) they have the same
domain D, 2) g(x) < g(y) iff h(x) < h(y).

Consider the set of partial functions on {1]0 < i < n}
which are identical to f on {1|1<g i< n}. There are only
a finite # of types represented in this set. Pick a repre-
sentative from each type, and call this set {fl’fa"“’fk}’
f,=1f. Let Di’ 1<1i<k, be the formula given by the
inductive hypothesis for Cxoxl...xn for fi; i.e., each Di
has exactly the free variables x, for ¢ Dom(fi),
0< £<n, and for any Xge.oX, With x,eX for z&nom(fi),
xy = £, (4) for LieDom(f;), we have B CxXy ..., 1iff
() Dixpl"‘ 0 ? {pl...pq} ={rlo<r<n&rt Dom(fi)}.

q
Then we take B to be (xO)Dl & ///\\\ D,. By
2 <1<k

indistinguishability, it 1s easily seen that B and A
satisfies the conclusion of our claim for the function f.
This concludes the proof of Theorem 2.

We now define some new subsystems of ZF,. ZF® is to be
the same as ZF except for the Replacement schema, ZFn,
instead, only allows the Axy in the Replacement schema at most
to have n + 2 free variables; x and y and possibly n
other ones. It is easy to see that ZF* is a subsystem of

0

ZF~, We also have

Corollary 2: ZF* ZFO.

Proof: Consider the model of ZF¥ constructed in the
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proof of Theorem 2. Consider the sentence A = (x)(3dy)(Fex
—> (Péy & (z2)(z#F —> (zex <> zey)))). A 1is obviously
provable in ZFO. But our model of ZF* does not satisfy A.

We believe strongly that ZFC ¥ ZF, and in fact in the
stronger conjecture that 770 # ZFn+l, for all n. Although
" the details of a proof of z¥° # ZF have not yet been carried
out, we can give the definition of a very promising model of
7F° + (Ix)(y) (3z) (~(zey <—> z=x)).

We let M(a) be the minimal model of ZF. We let S be
any Cohen generic set of natural numbers over M(a). We let
Ms(a) be the corresponding Cohen model for ZF + V # L.

We let Fg be the set of all sets of natural numbers
which are finitely different from S (i.e., whose symmetric
difference from S 1is finite).

Recall that R(p+l) = |P(R(B)), R(\) = e\i XR(B).

Consider the sets xeMS(a) such that for any formula
Ayzx,, we have, in M (a),{z|(3y)(yex & A(x,y,Fg))} # {x}. we
let X be the set of all such x. We let Y be the set of all
xeX such that any finite combination of union and power set on
x in M°(a) gives a set in X.

For each B, let R'(B) be the uniqué'rank in the cumu-
lative hierarchy up to B in the model M°(a).

Define, for each B, a function fB whose domain is
R'(B) N Y, and by the equations fﬁ+1(x) = {ylyeY & (z)(zex &
fB(z) =y)}, £y, = B‘g xfﬁ.
We define xeZ as [((3B)(B<a & x ¢ Range(fB)) & xeY].



We conjecture that <Z,e> 1s the desired model.

We feel that a detailed analysis of the relations between
the theories ZFn, hopefully by finding natural sentences to
distinguish each 7ZF  from ZFn+l, would involve non-trivial
applications of the notion of forcing. In particular, careful
attention seems to be required as to the model-theoretic
properties of models of theories obtained by forcing; e.g.,
the definability or indistinguishability of various elements

of the models constructed.
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CHAPTER II

1. Definitions of Systems. We will have for our language,

number variables, n,m,p,q,r; set variables, x,y,z,w,u,V,...;
the relation nex between numbers and sets; and the constant
number "O" which can hold only between variables of the same
type.

We introduce function variables in éhe usual way by
defining them in terms of sets of natural numbers in the usual
way. We will have full number theory at our disposal, since
all systems considered here will have the unrestricted induct-
ion axiom schema (called I) [A0 & (n)(An —> An')] — (n)An,
where A 1is any formula with possibly free variables of both
kinds, and can have both number and set quantification.

Also, all systems considered here will have the axiom of
extensionality (that any two sets with the same members are
equal), and we will tacitly assume that the system we will call
I includes this axiom. Thus I will be the unrestricted
axiom schema of induction plus the axiom of extensionality.

In addition, all systems considered will have the recurs-

ively enumerable comprehension axiom schema (called ReCA),

(xl)' .o (xl)(e)(3y)(n)(ney = (BK)TZ"(e:n:k:xl: oo "xl))'

The predicates T} are understood to be written out in
the usual way with bounded quantifiers. (Or, we may have
instead introduced them as primitive, and defined them by

adding axioms of primitive recursion.) The predicates T,
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above are what Kleene would call T , Where fi is

the characteristic function for the set, x,. See Kleene (3],
P. 291.

Before we get into the mathematics of the systems we will
be considering, we will state, informally, some propositions
concerning what can be done in the system I + ReCA.

Propogsition 1: We can, in I + ReCA, Justify all uses of

coding normally found in the development of hierarchy theory.
Thus, we may Jjustify the use of such symbols as .<x,y> and
(x), (respectively {20l . 3™l ox & mey), and {mlpg+lex},
where p_  is the nth §rime).

We define the relation between functions and sets alluded
to above, as f(n) =m 4iff <n,m> € f, where <n,m> =
2n+1 . jm+1.

Proposition 2: In ReCA + I, we may provably perform

"collapse of like quantifiers". 1In other words, the usual way
of collapsing 2 successive universal set quantifiers (or function
quantifiers) into one can be completely justified on the basis
of ReCA + I.

Def. 1: A predicate A(n,xl,...,x§) of n 1is saild to be

essentially 'ﬂi

if it is in prenex form followed by a matrix
T(E,n,m,xl,...,xp,fl,...,fz,nl,...,nk), where there are no set
quantifiers in A, and the fi occur as universal function
quantifiers, in any order, mixed together with possibly number
quantifiers (n;) and (3nJ) and (3m). (No existential

1

function quantifiers in A.) An essentially z; formula is

Just the prenex form of the negation of an essentially Hi
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formula.

Proposition 3: For every arithmetical predicate (with

parameters) there is a predicate (f)(3m)T(e,n,m,x;,...,X,,
nl,...,np) which is, provably in I + ReCA, equivalent.
There is also a predicate (3f)(m)~T(é,n,m,xl,...,xz,nl,...,np)
which is, provably in I + ReCA, equivalent.

Proposition 4: Define (x)(l) as the f-th jump of Xx.

y = (x)(z) = 3 a sequence (X5,.+.,X,) such that Xy = X and

X;.q = Jump of x,. (Thus, y = (x)(‘) is a predicate of 3

i+
variables, defined in the usual way.) Then in I + ReCA we
may prove (L§3ty)(u = (x)(z)).

This is proved by induction on £.

Consider

1) (x)(p)(e){(n){(£)(Fm)T,(e,n,m,f,x) = (3g) (r)~T, (P,n,r,8,%)]
—> (3y)(n) (ney = (£)(3m)T, (e,n,m,£,x))}.
2) The schema, (x){(n)[Anx = Bnx] —> (Jy)(n)(ney = Anx)},

where A 1is essentially n%, B 1is essentially Z%.

3)  (x)(e)((n) (3f)(m)~1, 4 (e,0,m,n,5,x) —> (y)(n)(y), 1is a
function & (m)~T2,l(e,0,m¢n,Yn:x)))-

L) (x)((n)(3f)A(n,f,x) —> (3y)(n)((yn) is a function &

1
1.

5)  (x)(e) ((£)(3g) (m)~T5(e,0,m,f,8,x) —> (£)(3y)(n)(yy = £ &
(m)"‘TB(e:O:m: n:yn+1:x)))'
6) (x)((f)(Eg)A(f,g,x) —> (f)(BY)(n)(yo =f& A(yn’yn+l’x)))’

where A 1is essentially Zi having only the free variables

A(n, n,x))), where A 1is essentially =

f,8,x.

We call I + ReCA + 1), the pure Al

1-CA; I + ReCA + 2),
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essentially Ay-CA; I + ReCA + 3), pure 3.-AC; I + ReCA + 4),

1
essentially 37-AC; I + ReCA + 5), pure I1-DC; I + ReCA + 6),
1

essentially zl-Dc.
NOTE: "CA" 1is supposed to mean "comprehension axiom™; "AC",

axiom of choice; "DC", dependent choices.

Proposition 5: 1In pure zi—AC, for every essentially ni

predicate, there is a pure Hi predicate (f)(3n)T(e,m,n,...)

which is provably equivalent.

To see this, first use Broposition 2 to collapse adjacent
like quantifiers. Then use pure z%-AC to interchange a
number and function quantifier, and then use Proposition 2 and

then pure Ei-AC, etc.

1

Proposition 6: Pure Zi-AC 2 pure AT-CA.

The idea is that, in pure Ai-CA, one has that for each
m there 1s a solution to one of two Ug predicates, and one
uses pure Zi-AC to form a Skolem function. Then the required

set in pure Ai-CA is obtained, in pure z%-Ac, recursively

in the jump of the Skolem function.

1-
1

By Proposition 5, one has only to consider the case

Proposition 7: Pure Z7-AC = essentially E%-AC.

(n)(3t)(3g) (m)~*—> 3 sSkolem function. But we may collapse

the f and g quantifiers in the usual way, and apply pure

Z%-AC to get a Skolem function, which will have recursive in
it the Skolem function wanted in the implication above.

A similar argument shows

1

Proposition 8: Pure 57-AC D essentially Al-CA.
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Conjecture: We do not know whether pure Ai-CA =

essentially Ai—CA, or whether pure A%-CA = Zi‘AC’ or whether

z%-Ac = essentially Ai-CA, and we conjecture that none of the

three statements is correct.

Proposition 9: Pure zi—nc —> zi—Ac. (By Prop. 5, we

call essentially 3;-AC, and pure I -AC, just z1-Ac.)

Hence also

Proposition 10: Essentially z}-Dc = pure zi-nc.

Proposition 11: We can prove in ReCA + I the recursion

theorem (with parameters).

1l

2. Preliminary Lemmas. We will eventually show that zl-nc is
a conservative extension for purely ﬂ% sentences of pure Ai-CA.

We define, in I + ReCA, several notions.
Def. 1: P(n,m) is defined as the GJdel number (in the usual 1-1
onto G8del numbering of pairs qf natural numbers) of the pair
<n,m>.
Def., 2: @i is defined in the usual way as the nth partial re-
cursive function in x. Note that in I + ReCA we can prove
(n)(x)(3 oX). |
Def. 3: RLO®(n) is defined as "Range (ep::)g {0,11 & (m)
bneDom@pz)) & mﬁ‘defines a linear ordering," where m: defines a
linear ordering means that 1) On)Omﬁ(P(m,m)) = 0), 2) (p)(a)(r)
(e} (P(p,a)) = 1 & ©X(P(q,r)) = 1] —> o (P(p,7)) = 1)).
3) (p)(a) (@} (P(p,a)) = 1 —> o (P(a,p)) = 0. 4) (p)(a)P=qav
mz(P(p,q)) =1lv mi(P(q,p)) = 1). We define RLO(n) = RLOg(n).
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Def. 4: We define p < ,q = RLO™(n) & mﬁ(P(p,q)) =1, We
n
define p < ,q = RL0O*(n) & (o3 (P(p,q)) =1 v p = q). When
n

Xx = @, we use the subscript n instead of ng. (# denotes
the empty set.)

Def. 5: We define W (n) as RLO®(n) & (v)(Bn)(y=¢ v (mey &
(r)(rey —> m £ 1)),

n

Def. 6: Suc x(p,q) = RLOx(n) &q<,pé& (r)(r < P —> r£ x<:1).
n" n n n

suc ,(p) = (Ja)suc _(p,q). Lim _(p) = RLO*(n) & (q)(a < ,p &
n n n n

X
Sucnx(p))- Onx(p) RLO"(n) & (a)(p < nxq).

Def. 7: W _(z) = RLO(n™) & (p)(m)(Suc ,(m,p) —> ((z);)*) =
n n

(2)) & (P)(1im 4 (p) —> (x)p = {P(r,s)|s <P & re(z) }) &

(p)(0 4 (P) —> (x)p =y). Thus HY <(z) 1s the predicate of
n n

4 varisbles asserting that 2z 1is a hierarchy on the RLO, nx,

starting from y. It will be useful later on to include the
condition (k)(kez —> (3p)(ke(z )p)), in the definition above.

Def. 8: HY_(z) 1s the predicate of 5 variables asserting that
n
z 1is a hierarchy on the RILO, nx, up to but not including U4,

starting from y. Thus if p > .4, then (z)p = .
n

Def, 9: x <ny 1s defined as "X 1is recursive in y" 1in the
usual way. |
x x x x
Def. 10: |n”] < |m"| means RLO (n) & RLO" (m) & (3f)(f 1is a
proper imbedding of n* into m*, i.e., (p)(a){(p < x4 <>
n
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£(p) s.mxf(q)) & (Ep;xq & q € Range (f)] —> p € Range (f))}.
In*| = |m®| means that the range of the f above is w,
In*] < Ju®| = [0%| = [ | v [0F] < [m¥].

Def. 11: Hyp'(y) = (3n)(32)(RLOT(n) & (K (z)) & W (n) &

y £ pz).

Lemma 1: (x)(y)(z)([Wz(n) & sz(x) & sz(y)] —> y=x) 1is
n n

provable in I + ReCA. Also, [W?(n) & sz(x) & sz(y)] —>

p Tp

¥y = X 1is also provable.

Proof: Given n,x,y,z with W-(n), sz(y). Form
n

{pl(x)P#(y)p} in I + ReCA. By Wx(n), we have a <nx-least

element gq. Clearly we must not have O x(q). If 1lim x(q),
n n

then, since (s)(s < ,a —> (x)s = (y)s), we have (x)q =
n
(y)q. If Suc x(q,s), then since (x)S = (y)s, we have
n
Lemma 2: The following is provable in pure Ai~CA: if

wZ(n) & W(m) & (3x)(H§(x)), then exactly one of the following

three holds: a) there is a unique imbedding of the ordering

nZ onto a proper initial segment of the ordering mz, and
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there is no imbedding of the ording m® onto an initial seg-
ment of the ordering nZ.

b) there is a unique imbedding of the ordering n” onto the
whole ordering mz, and vice versa, and there are no imbeddings
onto proper initial segments in either direction.

¢) the interchanging of n with m in a).

Furthermore, denote x(l) for the result of applying £
iterations of the Jump operator to x, £ ¢ w. Then all the
above maps may be found Séx(!), for some £ depending on n
and nm,

Proof: In a), if there is an imbedding, f, of n> onto
a proper initial segment of mz, then it must be unique, since
if g is another, form, in I + ReCA, {k|f(k) # g(x)}, and
take an n-least member, p. Running through the 3 cases,

o] z(p), Suc z(p), and 1lim z(p) in a straightforward way,
n n n

Z and mz, we get a contradiction.

using the linearity of n
Same with c).
If there is an imbedding, g, of m onto an initial

segment of n, take g -, and note that gt

must disagree
with f somewhere. Then follow the procedure above,

If there is an imbedding of n onto the whole ordering m,
then there is one from m to n by taking inverse. (Note
that we can form inverses by ReCA.) And there are no proper
imbeddings, using least counterexample argument above.

So the main thing is the existence of these imbeddings.

We define a function f z(p) = greatest k such that
n
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(3q)(Suck -(Psq)), where Suc® 1s k iterations of Suc.
n
(This is well defined, since (p)(q)(r)([Suc ,(p,r) & Suc ,(p,q)]

n n
—> r = q)). There is always a greatest k, since otherwise

we would have an arithmetically defined chain through nz, and
finitely many iterations of ReCA (+ I) would realize this claim

as an object, and would contradiet WZ(n).

Fix n,m, with WZ(n), WZ(m), (Bx)(nznz(x)). Let £ ,(p) be
n

abbreviated f(p). We claim that, for each p, either there is
an imbedding of the ordering m onto an initial segment S of

the ordering n, so that keS —> k < zP» OT there is an
n

imbedding of {k|k < zp} of n, onto an initial segment of m,
and these 1mbeddings are to be found < T(x) (1O(f(p)+1))
(This is the result of applying 10(f(p)+1) iterations of the
jump operator to (x)p.)

We assume this is false,and, as usual, form {p|claim is
false}. We take an n-least member, q, If onz(q), then

clearly claim is true for q. If Suc z(q;r), then certainly
n

f(r) + 1 = £(q). So there exists a comparison mapping,

< T(x)r(lo(f(r)"'l)), between the segment of n up to r, and
m. It is then easy to see that there is a (unique) comparison
map between the segment of n up to q, and m, gé(x)élo(f(r)+l)).
The limit case is similarly easy; the uniqueness of these compar-
ison maps is used heavily, and that the property of being a
comparison map is low arithmetical, and that the function f

is low arithmetical.
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Lemma 3: The following is provable in I + ReCA: If
W(n) and Wm), and |nY] < ImY|, and (3x)(Hy&(x)), then
n

3z)(z < T(x)p(lo(f(f)+1)) & Hyy(z)), where p is the 1l.u.b.
m

in nY, of the range of the imbedding of m’ in nY, and f

is ¢
n
Proof: Similar to the proof of Lemma 2. One notes, e.g.,

v defined in the proof of Lemma 2.

that if Hyy has a solution, it must be unique.

np

Lemma 4: If |m®| < |n?|, and p is the l.u.b. in n®
of the image of the imbedding, and (3y)(#”,(y)), then
m

(3x) (%, (x) & ¥ < T(x)(m(f(?)“‘l)):), where f is f This

np n

is provable in I + ReCA.

z.

Proof: One can prove first, as in Lemma 2, that

(3x)(H%_(x)). Then, again like Lemma 2, starting with this x
z

"p

with sz(x), one can prove that y < T(x)(lo(f(p)+l)). (of

p

course, it is provable in ReCA + I that (3x)(H” (x) —>

Bp

(3tx) Hi;(X)).)

Def. 12: Reas (nx) = RLO*(n) & (p)(0 x(p) v Lim x(p) v (Jx)
n

n
(3q)[suc® L (p,a) & 1im _(q)]) & (3r)(0 ,(r)) & (P ){~(3q)(Suc
n n n

(a,p) —> (a)(a gljxp)J. (Reas(n) reads ™ 1is reasonable.")
Lemma 5:(z)(n)(x)(y)(m)([Reas(m®) & sz(x) & sz(y) &
n m

2 m)] — (3p)(x < T(y)p & there are infinitely many q > Zp)),
m

is provable in I + ReCA.
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Proof: Assume Reas(m?), sz(x), sz(y), ~WZ*(m). Then
n n
there 1s a set, w, which has no m”-least member. Tt is

then easy to see, using I + ReCA, that (3dg)(k)(g(k+l) < L&(K)).
n

z
We will show that (p)(x)((x), < T(y)g(k)).By Reas (m®), this
is sufficient.
For, we take, in I + RecA, {p|(3k)(~((x), < p(¥)g)))}-
We can do this, since the predicate we are taking the extension
of is arithmetical in x,y. And we take an n”-least such p,
call it q, by W2(n). We then obtain a contradiction.
1) o z(q). To get a contradiction for this case, it suffices
n

to show that (k)(zg,r(y)g(k)). Ir limmz(g(k)), then

clearly z < T(y)g(k)' If Om(g(k)), also easy. If

Suc z(g(k)), then by Reas(m”), we have Sucrz(g(k),s), some
m m

r,s with 1lim(s), and so z < T(y)s. So clearly (Y)g(k) -

(v){7), and s0 2 < p(¥)g i)

2) Suc z(q,r). Then (x)r < T(y)g(k)’ all k. But then
n

)M € g3y (co1)s 811 K >0, and hence (x), < p(¥)g(x)s

all k for the following general reason: if p < 792 then
m

(y)él) S_T(y)q. The case when limhz(q) is easy. When

Suc z(q), use Reas(m®) as in Case 1) above.
m

3) 1lim é(q). Let k be arbitrary. We know (2) (£ < 4
n n
— (x)l < T(y)g(k+lo))' Furthermore, the question of whether

a set is (x)l, is a question low arithmetical in £, due to

the uniqueness of Hierarchies on RLO's, and even hierarchies
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on initial segments of RLO's. Hence (x)q is low arithmetical
in (y)g(k+10)’ and hence (x)q will re recursive in

(y)é%gzlo). Hence, by reasonableness of m>, we have

1

1"
1 in x is

Lemma 6: "The predicate W-(n) is not X2
provable in I + ReCA.

Proof: We have, in ReCA + I, the Kleene normal form
for predicates Zi in X, and we use that to formalize the
Lemma., So assume A) (n)(W<(n) = (3f)(m)~T(e,n,m,f,x)). Now
there is an explicit recursive function g, for which we can
prove in ReCA + I, that B) (k)(n)l((f)(Em)Tr(k,n,m,f,x) =
W (g(k,n))]. Hence 3 & such that (n)[(f)(Em)T(n,0,m,f,x) =
(3t)(m)~T(e,n,f,x)], is provable in I + ReCA, since the
predicate (f)(3m)T'(m,0,m,f,x) of n is zi in x, by A)
and B), and Kleene's normal form Theorem is provable. Now

substitute e for n to get a contradiction.

3. Conservative Extension Result.

Theorem 1l: Given any model M of pure A%-CA + S, where
S 1is any purely z% sentence, there exists a model M' of
Zi-DC + S, where S8 is (3y)(g)(3n)r(e,0,n,y,z), for some e.

Proof: A model of pure Ai—CA + S consists of an inter-
pretation J of the natural numbers, and +,x,0,!', together
with a set of objects, X, and a binary relation R(J,x), JedJ,
xeX. We define a new model Hyp’ (M) = M!', as 1) having same
J,+,x,0,'; 2) having same R(j,x) but restricted to those
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JeJ, xeX with M) HypY (x). Now since M k S, choose y such
that M [k (g)(3n)T(8,0,n,y,g). Then clearly M' ¢ (g)(3n)T

(e,0,n,y,g). So M' [ S.

1
1

relativized of each axiom of zi-nc to the predicate H’ypy is

a theorem of pure A7-CA. (We define the relativized, T(A),
of a formula A, to the predicate HypY(x) by T(A v B) =

T(A) v T(B), T(A & B) = T(A) & T(B), T(~A) = ~T(A), T(3xA) =
(Ix)(T(a) & HypY (x)), T((x)A) = (x)(Byp” (x) —> T(a)), T(Q) =

Q, Q quantifier free, T(3nA) = (3n)r(a), T((n)a) = (n)(T(a))).

We claim M' [ 37-DC. It is sufficient to show that the

In other words, the universal closure, obtained by inserting
the universal quantifier (y), of the relativized of each
axiom of Z%-DC to Hypy is a Theorem of pure Ai~CA.

1) Induction. It is clear that the relativized of each
instance of induction to Hypy is again an instance of induct-
ion, and so is provable in pure Ai-CA.

2) ReCA. To prove the relativized of ReCA, it suffices
to prove, in pure Ai—CA, that (x)(Hyp® (x) — Hypy(x(l))).

To see this, let Hyy(z), wWi(n), x < pZ. SO x(1) g.Tz(l).
n

If n¥ has a greatest element, 1, set k = f y(i) + 2. If
n

not, set k = 2, Define a new ordering m™ by adding on the
first 10°k integers on top of n, and make,in the trivial
way, the ordering mY total, so tmat RLOY(m) and |n¥]| <

ImY|. Now clearly by Lemma 4, (3w)(Hyy(w)), and so clearly
m

P
(3w) (1 y(w)), by I + ReCA. But, also by Lemma 4, 2 (1)
m
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< gW. Hence Hypy(z(l)).

3) Suppose (f)(Hyr’ (f) —> (3g) (Hyp’ (g) & (m)~T5
(e,0,m,f,g,x))), where Hyp’(x). Let Hyp’(f). We consider
the predicate Pn = n 1is a member of a finite sequence
DgsNyseee,My, k > 0, such that I) (1)wy(n1). II) For any

sequence of sets xo,xl,...,xj,'J < k, such that (i)(Hy (xi)),
1

we have that 3 another sequence such that each z,<.x,,

23

and z, =f and (i< J)(m)~m3(e,0,m,z ITI) For any

141%)
sequence X.,X X J <k, with (L < @ _(x,)), it is
(o Lot IR Sk b4 ’ S ny 177/
i
not the case that (3z)(3p)lwY y(z) & p has infinitely
P3+1'p
many q > oy P& 320’21""’ZJ’ZJ+1’ zy < qXgs Zgq1 < g2
J+1
with (s < J)(m)T5(e,0,m,z ,2,,,,x)].

Also consider Qn = n 1is a member of a finite sequence
Dyseseshys K 20, Reas(ny), such that 3 sequence of sets

XysXqsesesX, With I) (i)Hy (x

IT) 3 a sequence z; such
nY
i

4

that each z, < X, and 2z, = f and (i)(m)~T3(e,O,m,zi,zi+l,x).
IIT) Let -1< J <k. It is not the case that (3Jz)(3p)

(2 < X, & HY (z) & p has infinitely many q >
T J+1 y yP
Dy+1’p P+l

< X with (8 < J)(m)

&3z ™1 2341 S q2>

~T3(e,0,m,zs,zs+l,x)3.

We first note that Pn 1s a T; predicate in f,x,y and

that Qn 1is a zi predicate in f,x,y.

We wish to show, in I + ReCA, that (n)(Pn = Qn).
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Suppose Pn. Assume that no,nl,...,nk have the
properties mentioned in the definition of Pn. We claim that

(i)(Bxi)Hyy(xi). For, if for some i, ~(3xi)Hyy(xi), then
| 1
take i to be least such (induction), and then by (i)Wy(ni)

we have that (a)(IW(a) & (32) (@ (2))] —> |a7| < Inf]),

q
and, in fact, q° 1is imbedded into n{ with 1l.u.b. £ having

2. Hence the z with HY_(z)
y y
ny q
must be < ,, some W with ;0 (w), where r has infin-
n V¥
i‘r
itely many points s > yr. We claim that this violates
n
i

condition III) of Pn when J = i-1. (We allow . j to be

infinitely many points p >

negative.) For just apply condition 2) of Pn, and that
(£)(3g) (m)~T relativized to Hyp’, and that HypY(f). In

condition IT) of Pn, use that (s)(s <i —> (3xi)Hyy(xi)),
ny
and use the Xy

So we want to show @Qn, and we may choose XgsXqseoesXy

with Hyy(xi). II) in Qn follows from 2) in the definition
|
of Pn. III) in Qn follows from III) in Pn plus the

observation that the predicates HT y) have unique solutions
n
J'p

<q in (xj)p.

So Pn —> Qn.

Suppose Qn. We first to show (1)wy(ni). Using Lemma 5,
and taking i 1least with ~Wy(ni), we contradict III) of Qn
in the same way as the argument above for Pn —> Qn. For,

one uses II) of Qn, and the relativization of (f)(3g)(m)~T.
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So (i)Wy(ni).

Now II) of Pn follows from II) of @Qn by uniqueness
of hierarchies on n; because of wy(ni).

III) of Pn follows from III) of Qn for the same reason.

Next, we show that we can eliminate the parameters f and
X in Pn and Qn, and have the same meaning and still be,
respectively, Hi and Zi. For, since HypY(x) and Hyp’ (f),

let e;, e, have Wy(el) and wy(ee) & (32)(Hyy(z) & x £ gz

2
€1
with G8del number k) & (3w)(Hyy(w) & £ < oW with G8del
e
2
number 1). Then take P'n to be (x)(f)(w)(z)([Hy&(z) &
e

1

H‘yy(w) & x < o with GOdel number k & T LW with Gddel
e

2

number 1) —> P(n,f,x)). Take Q'm to be (3x)(3f)(3w)(3z)

(Q(n,x,f) & Hyy(w) & x { pz with G3del number k & f < ™
1
with Gddel number £). Here, e;,e5,k, and ! are constants,

not variables.

Now, Q'm is 2%. Also, (n)(a@'n —> WY (n)), since
Q'n = P'n. So define Rm= (3n)(@m & |m¥] < In¥]). So
clearly (m)(Rm —> W (x)), and R is Zi. So by Lemma 6,
(I3p) (W (p) & ~Rp). Fix such a p. So wW(p) & (n)(@n —>
InY| < |p¥]). We wish to form {<r,s>|Q's & |s| <|the segment
of p’ up to r|}. We can, using pure Ai-CA, since this is
also equivalent to {<r,s>|P's & ~(the segment of p’ up to
ri|<|s|)}, form this (these) set(s). Call this set S. Let

T = {r](3s)(<r,s> ¢ 8}. By W(p), let p, be the <,y—1east
P



64

upper bound of this set. Let q have W (q), with |q| =|the
segment of py up to and including po}. If there 1s no upper
bound for T, take q = p. In any case, clearly (n)(Q'n —
Y] < |a¥]). Also, clearly (£)(3n)(Q'n —> In¥| > |the seg-
ment of q up to £]). Hence, clearly (l)(3!z)(Hyy(z)).v
a3

We wish to show (3w)(HZ?(w)). The only hard case is when

qy has no greatest point. But we can form, in pure Ai-CA,

[<!,J>|(3z)(H?&(z) & jJez)}, since it, besides this zi

T
ition, has the Ty definition (<8, 3>1(2) (F () —> Jez)},
Ty
and we may, arithmetically in this set, get a w with Hyy(w).
q

Finally, we claim that the sequence (not necessarily

defin-

unique ) needed to verify the relativized zi-nc to Hyp’, can

be defined arithmetically in w with Hyy(w), and hence would
a

have what we wanted all along, namely satisfying Hypy. To see
this, it suffices to show that any finite sequence Ngseeeshy
satisfying the conditions in the definition of Pn can be
extended to NysNgsecesy s satisfying Pn, and also that
there are sequences satisfying the definition of Pn to begin
with. To see the latter, let f <,z with Hiy(z), Ww(e).
Take {k|f 5§(z)k}, end let k be a l.u.b. Take s with
|8Y] = |the segment of e¥ up to k with an appropriate
finite number of points added on top so as to make, by the
Lemmas, (3w)(Hyy(w) & z < T")" If there is no l.u.b., take

s = e, Take :0 = 8, Then the sequence <n0> satisfies the
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the definition of Pn. The same trick allows one to see how to
extend a sequence NNy seeeshy satisfying Pn to an
no,nl,...,nk,nk+l satisfying Pn, for one uses the fact that
(£)(3g) (m)~T relativizes, and use that <NgsNyse..,n> satis-
fies (the definition of) @n.

y, Independence Result. We wish to show here that zi-nc is

independent of zi-ac. It suffices to show that zi-Ac o zi-nc.

We do this by showing that, for a suitably chosen sentence S

with Con(S + 5]-DC), we can prove in S + Z1-DC that

Con(S + Z1-AC). For then, if 31-DC = S1-AC, then S + =

proves Con(S + zi-nc), and hence by G8del's theorem,

S 4+ Zi-DC would be inconsistent.

1

1-DC

Iemma 1: If S 1s any sentence 1n'prenex form starting
with universal number and set quantifiers from left, followed
by existential number and set quantifiers, followed by a matrix
containing only number quantifiers, then Pr(zi-Dc +8," a
(ecoding into natural numbers) w-model satisfying S").

Proof: Collapse all the universal number quantifiers in
the left part of S, and collapse all the existential number
quantifiers on the right part of S (before the matrix) so
that S becomes S' = (n)(x)(3m)(3y)A(n,x,m,y). Then push
(3m) 1into the matrix, to get (n)(x)(3y)B(n,x,y).

Now in set theory, given two w-models L and 8 , we
can talk of QB being a closure of dL under the sentence
(z)(3w)c(z,w), 1.e., (L C B and (z)(z € Dom() —> (Iw)
(w e Dom(@) & c(z,w))).
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Instead of talking of real w-models, talk of codings of
them into a set of natural numbers in a natural (arithmetical)
way. Then we can prove in Z%-DC 4+ S that for any n and for
any finite w-model, 3 a finite closure of this w-model under
the n sentences (x)(3y)B(k,x,y), k < n. This depends
heavily on that (n)(x)(3y)B(n,x,y) 1is provable in zi-nc + S.

Now, consider the arithmetical predicate D(z,w) = "z 1is
a (coding of) pair (k,x), w 1is a (coding of) pair (k+1,y)
where y is a (coding of) finite w-model which is a closure of
the (coding of) finite w-model x .under the k sentences
(x)(3y)B(p,x,y), p < k+1." Now applying Z%-DC to this predi-
cate D, we obtain a sequence of dependent choices in which
the desired w-model of S can be obtained recursively.

Now suppose we found a true sentence S in the form for

Lemma 1, such that I + S proves zi-Ac. Then we would be

done, since I + S would be provably consistent in Zi-DC + S
(remember all w-models provably satisfy I) and Zi-DC + S 1is
consistent, since S 1is true. |

By well-known techniques, ReCA 1s finitely axiomatizable,
sinée we need only consider the case of two parameters. We
take S to be the conjunction of this finite axiomatization
with the sentence (x)(n)(W*(n) —> (3y)(Hxx(y))). Then S 1is
clearly of the proper form. ?

We define (W*)*(n) = RLO®(n) & (y)(Hyp*(y) —> 3 an
n*-least element of y, provided y # #).

We know that S + I D ReCA + I, so we can use Lemmas of

the previous chapter about provability in ReCA + I.



67

Lemma 2: The following is provable in S + I: for every
n with wWe(n), there 1s a coding of a function f:w —> P(w)
such that whenever (W*)*(m) & ~W“(m), we have f(m) is an
imbedding of n* onto an initial segment of mr.

Proof: We can prove, like Lemma 2 of the previous section,

in I + ReCA, that if (w*)*(n) & (3z)(F",(z)), then the
n

conclusion of the Lemma is true. But S guarantees that

(32)(Hxx(z)) just on the basis of W<(n).
n

Now suppose (n)(3f)(m)~r(e,0,m,f,n,x). The predicate of
P, (3z)Hxx(z)) & ReasX(p) 1is Z%, and so, since every p
P
with W (p) satisfies it, 3 k such that (3z)(H,(z)) &
k

Reasx(k) & ~W (k). Then by Lemma 5, (z)(H:x(z)'—~> ~Hypx(z)).
Clearly we have (n)(3f)(3z)[H;x(z) & (m)~T(e,0,m,f,n,x)].

Collapsing the quantifiers in the usual way, and putting the
result in Kleene Normal Form, we end up with (n)(3h)(m)
~T(q,0,h,n,x). Furthermore, any Skolem function for this
sentence would have, recursive in it, a Skolem function for
(n)(3f) (m)~r(e,0,m,f,n,x). So it remains to show, in S + I,
that (n)(3h)(m)~T(q,0,m,h,n,x) has a Skolem function.
Now,there is a standard recursive function F such that
(n) (RLO*(F(n)) & any set for which there is no F(n)*-least
element, has recursive in it a solution h to (m)~T(q,0,m,h,n,x)
& any solution h has recursive in it a set for which there

is no F(n)*-least element). So (n)((W*)X(F(n)) & ~W (F(n))).
1—
1
a coding of a function from ® into P(w) such that f(n) is

Now consider the S -predicate Pk = RLOX(k) & (3f)(n)(f
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an imbedding of k™ into F(n)*). By Lemma 2 of this section,
this 3] predicate holds of all k with W (k), and so holds
for some r with ~W-(r), by Lemma 6. Then we have a function
f such that for each n, f£(n) is an imbedding of r* into
F(n)*. Let X be any non-empty set for which there is no
r*-least member. Then recursively in X, f, we can find a
coding g of a function w —> P(w), such that, for each n,
g(n) 1is a non-empty set for which there is no F(n)*-least
element. Hence, by the special property of the recursive
function F, we may obtain the desired Skolem function for
(n)(3h)(m)~T(q,0,m,h,n,x) recursively in g.

Thus we have verified that I + S proves Ei-AC, and we
immediately have

Theorem 2: zi-nc is independent of zi-Ac.

5. Relation Between Predicative and Hyperarithmetic Analysis.

zi-Ac (or Ai-CA or zi-Dc) are considered reasonable

formulations of so-called hyperarithmetic analysis, in view of
the fact that they are natural systems whose minimum w-model
consists of exactly the hyperarithmetic sets of natural numbers.

In this section we compare E%-AC with a system T which
represents the formalization of a small part of predicative
analysis (see Feferman, [1]).

The system T 1is I + ReCA + the infinite list of axioms
(y)(3x)(H% (x)), where n varies, and k is fixed, and Xk
n

is the G8del number of & natural well-ordering of type € e
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(Thus the infinite 1ist of sentences is obtained by changing n).
We will show that zi-AC is a conservative extension of
T with respect to all purely ﬂ% sentences.
(ReCA 1is formalized as one sentence, in the standard way,
i.e., using only 2 parameters xo,xl.)
It is easily seen by well-known techniques that the proof
of conservative extension can be made finitary. So we obtain a
finitary proof of Con(zi-AC) relative to Con(T). Finitary
generally means here, in PRA (primitive recursive arithmetic).
A widely used index of complexity of an axiomatic theory
is how large is the least upper bound of 1ts provable ordinals.
In the present context, an ordinal a 1is said to be a provable
ordinal of a given fixed theory, if there is an n with RLO(n)
and n has order type a and the theory proves W(n). In

view of the conservative extension for H% that we will prove,

it is clear that the provable ordinals of Zi-AC are exactly
the provable ordinals of T.

It follows from work of Feferman [1] and Tait [5] that the
least upper bound on the provable ordinals of T 1s the ordinal
represented by the so-th critical function at 0. (See Feferman
(1], pp. 14-16). Furthermore, it also follows from their work
that in PRA + rule of primitive recursive induction on the
natural RLO corresponding to the eo-th critical function at O,
a consistency proof may be given for T. So, by our results,
such a consistency proof may be given for Zi-AC.

By an instance of induction on ﬁn we mean a statement of
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the form f{A(q) & (p)([p ¢ gn& m)(< - p —> Am)] —> Ap)}
—> (p)(p < g n —> Ap), where q has Oz(q), and A is any
formula (in the language of Analysis, described at the begin-
ning of this chapter), with possibly free variables, and A 1is
in prenex form.

By the complexity of a formula in prenex form, we will
mean here the total number of quantifiers occurring. Let
Comp(A) be the complexity of A.

For each integer m, there is a natural predicate T_(n)
m

on Gddel numbers of formulae of complexity £ n, such that
T_(n) says that the formula with Gddel number n is true.
Tze formalization of these truth predicates involve placing
formulae in & weak Kleene normal form (i.e., no attention is
paid to the form of the quantifiers, but only that the matrix
be the T-predicate of the appropriate variables).

By the reflection principle, for a theory S, (of this
language) of complexity < m, we mean the single sentence

(n)(In G8del number of a sentence of complexity < m &
Pr(s,n)] —> T_(n)). We call this Rm(s).

We need sgme facts from proof theory which follow from
work of Tait (see [5]), Feferman (see [1], p. 23) and Kreisel
(see [4]).

Fact 1: 3 primitive recursive functions F, G, and H such
that the following are provable in PRA:

1) PFor each m,n > 0, F(m,n) gives the G8del number of

an instance of induction on iG(n) applied to a formula of

complexity < H(m), with no parameters.
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2) For each m,n we have that Rm(In) is provable in
the theory I + the formula represented by F(m,n). I, 1s
defined as the subsystem of I consisting of induction
applied only to formulae of complexity < n.

Let J, be the sentence "for every purely =1 predicate
Pn (possibly with parameters), (32£)(q)((q < El —> Pq) &

(L=pv(E< P& (r)(r>_ £ —>~Pr))))." We let T' =T+
k k :

the infinite 1list Jf'

In the theory T, the axioms (y)(3x)uY (x), as n
kn
varies, have bounded complexity. Choose ¢! such that the

conjunction of any sentence (y)(3x)(H¥ (x)) with ReCA and
n

any purely zé sentence and any Jb, has complexity < c!,
some fixed constant c¢'. We are interested in Fact 1, when
m=c'., We let ¢ = H(c'). We define new theories Tg =1, +

(y)(3x)H¥ (x) + ReCA + J_. Applying Fact 1 for m = c!,
k= P
p

we get
Fact 2: 3 primitive recursive functions F and G such that
the following are provable in PRA:

1) For each n > 0, F(n) gives the G4del number of an
instance of induction on EG(n) applied to a formula with no
parameters of complexity < c.

2) For each n > 0, we have that Rc'(In) is provable
in the theory I+ the formula represented by F(n).

Now, since Comp(A) = Comp(~A), we see that Rc,(In)
formally implies Con(Tﬁ + B) within Tﬁ + B, where p 1is any
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integer, and B 1s any purely z% sentence. So hence the
formula represented by F(n) must not be provable in Tg + B
if Tg + B 1is consistent, by G8del!'s Theorem. This is so, no

matter what n and p are.

Let T!' = (\,/1$;>. Thus
new
Pew
Fact 3: 3 primitive recursive functions F, G, such that, in
PRA, under the assumption Con(T' + B), B some fixed z%
sentence, we can derive, for some constant c,
(n)(p)Con(TY + B + ~(the sentence "F(n)")) & (n)(F(n) rep-

resents an instance of induction on EG ) applied to a

n
formula with no parsmeters of complexit; £ ¢c).

Lemma 1: From Con(T!' + B) we can conclude, by finitary
means, that Con(Z1-AC + B).

Proof: It suffices to show (n)Con(zi-Ac with only
induction I + B).

For each n, we get a model for "B + z}-ac with only In"

by applying the inner model technique to the theory

3
TG(n+c ) + B + ~(the sentence "F(n+c3)").
n+c
Now F(n+c3) represents a certain instance of induction
on k 3., and let this induction be applied to Qs, no
G(n+c”)

parameters. Now B says (3f)(f satisfies some specific ﬂ%

property); we fix such an f. Then we wish to show the relat-

1l

ivized of each instance of "B + Z3~AC with only induction In"



73

to the predicate, = (3s)(3y)(K (¥) & x L gy & (r)(r < _
k
3,8
—> Qr)), is provable in TG(n;C ) + B + ~(the sentence
n+c
"F(n+c3)"). This would give a consistency proof of "B + z%-AC

>
with only I." relative to Con(r®(P*c”)
n n+c3

+ B + ~(the sentence

"F(n+c3)"). This in turn is immediately generalizable to a
consistency proof of Zi-AC + B relative to Con(T' + B).
Actually, it suffices to consider the case when n > 5.
This lower bound will be convenient later.
So, certainly all instances of I provably relative to R
since the predicate R has small complexity compared to c3,

and I 5 is available in TG(n;C ).
n+c n+c

Certainly, B provably relativizes, since the numbers, and
hence all the arithmetical relations, remain unchanged by taking
this inner model, by flat.

For similar reasons, clearly ReCA holds in this inner
model. The inner model is non-empty, since Qq, where O_(q),
since we assumed that induction on Q 1is false. *

To verify the last, and most important axiom of "B + Z%

-AC
with only In", first note that since n > 5, we have that,
in ReCA + I we can prove W(k) by well-known techniques.
Hence (£)(2 g_EG(n+c3)-——> (3!y)H§ (y)) is provable in

)/

3 .
TG(n;C ). From now on, whenever £ < _G(n+c3), we denote the
n+c k :

(B o ]

. Then also
2

unique y above by H

w
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L )

(2)(P)([2 <P & £< G(nte?) & p < _G(me”)] —> B < (of )
k k k kﬂ

G(n+c3). P

n+c

is provable in T
Now suppose that (p)(3g)A(p,g,x) holds relativized to
the predicate R, where we also have Rx. We wish to conclude,

G(n+c3)
n+c

in the theory T + B 4+ ~"F(n+c”)" that I Skolem

function for the above sentence, h, such that Rh.

So we have (p)(3g)(A(p,g,x) & Rg), A arithmetical., But
consider an integer s satisfying the properties in the defi-
nition of Rg. Since induction fails on k. 3) for Q, we

G(n+c
see that s < _ G(n+c3). It is straightforward to see, using

K
W(k) and ReCA, that 1) (p)(3is)(s < EG(n+c3) & (Jg < TH; )
S

£ with

(A(p,g,x)) & (t)(t <.s —> Hf does not have a g < oH_
k k k
t t

A(p,g,x)). It is also easy to see that the part of this sentence

to the right of (31s) can be written in a natural way in zi

form (since t < _s —> Hf < THf ). Hence consider the Zi
Kk k, k
S
predicate Ps which holds iff (3p)(stuff to the right of (3Jis)

holds of p and s). It is clear that (s)(Ps — [(s < _
k

G(n+03) & (r)(r € _s —> Qr)]). Applying the axiom J 3
K G(n+c”)

we get a l.u.b. in k, call it ko, on the s with Ps. Now
ky < _G(n+c3). Then clearly (r)(r < kg —> Qr). So if
k k

k

0= G(n+c3), then (r)(r < _G(n+c3) —> Qr), contradicting
k
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that induction fails on G(n+c3) with Q.
So kg < _G(n+c3). Hence, since (r)(r < ky —> Qr), we
k k

have (r)(r < Ky —> Qr). A similar argument shows that G(n+03)
i :

cannot be reached by a finite number of iterations of successor
from kg, in the ordering k. But by sentence 1), it is clear
that a Skolem function for our original sentence can be found

recursive in at most a few Jjumps of H‘Ek. Hence a Skolem

(o)
function can be found satisfying the predicate R.

In retrospect what we have shown is that for each suffi-

ciently large n, "Zi-Ac with only I + B" 1is consistent if

3
TG(n;c ) + B + ~(F(n+c3))" is . Consequently any ﬂ% sentence
n+c ‘

provable in Zi-AC muét also be provable in T'. We now
observe

Lemma 2: T' = T.‘

Proof: It suffices to show that each Jb is provable
in T. But this is clear, since it is well known that T (or

even just I + ReCA) proves induction for any formula on k_,
p

for each p.
Lemma 3: TC =7-AC.

Proof: We have to show that for each p, the sentence

(v)(3x)8Y (x) 1s provable in 2-AC. Let A(q) be the predi-
: |
P
cate (y)(3x)BY (x), and we apply induction to A on the
K
q
ordering k_. (Remember, the full schema of induction on k

P P
is provable in 1-AC). If Suc_(r,q), then clearly A(q) —>
K |
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A(r), by taking jumps, using ReCA. Suppose 1lim_(q) & (r)

(r < _.q —> A(r)). Then (r)(r < _q —> (Ix)& (x%). We can
k k k

r

form a Skolem function for this sentence, within zi-AC. When

we do, we can find, recursive in at most a few Jjumps of the

Skolem function, a z with HY (z). This is true of all vy,
k

q
and so we have A(q). Hence by induction on Ep, we have

(9)(qa € _.p —> A(q)). By a similar argument to the above, we
k
obtain (y)(3x)HY (x).

k
P
We have immediately

Theorem 3: zi-AC is a conservative extension of T for W%

sentences.
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CHAPTER III

In this chapter, we consider the question of Jjust which
recursive linear orderings can have certain structures placed
on them;.namely, hierarchies, It is convenient to consider
more general notions of recursive linear orderings and
hierarchies, than in Chapter II.

We say, in this chapter, RLO+(n) iff o, defines a
recursive linear ordering (as in Chapter II) whose field is
recursively enumerable. For any p € Field(n), we let n, be
the name for the subordering of n, whose field is all q with
Q< p. Thus n, 1tself is an RLOY. |

We define HI(x) as 1) (k)(kex —> (Im)(ke(x), & m e
Field(n)). 2) (q)(q € Field(n) — [(On(q) & g < T(x)q) v
(suc, (a,r) & ()1 < p(x))) v (Lim (a) & [P(r,8)]s < a &

r e (x)s} < T(x)q)]).

Note that in ReCA + I, we can define the satisfaction

relation for (codings of) w-models. We can do this, since we

can prove in ReCA + I that (x)(£)(3y)(y = x(z)). Given

He(x), we define the corresponding M, (a coding of an w-model)
as (a coding of) the sets < p in some (x)m, m ¢ Fleld(n). We
define Reas+(e) the same as in Chapter II, except replace
RLO(e) by RLO+(e). We define lim(e) as (p)(Jq)(p € Field(e)
—> p < ).

We define W'(e) and W¥'(e) the same as in Chapter II,
except replace RLO(e) by RLOY(e).



78

We say that Nw(e,X) iff RLOT(e) & e 1is not well-
founded with respect to X, 1i.e., 1) (3n)(neX & n e Field(e))
2) there is no e-least member of X.

Lemma 1l: Let x have Hé+(x), Reas+(e), lim(e). Then
for corresponding M, , we have M_ 3 wt(e). In fact this
Lemma is provable in I + ReCA.

Proof: We consider the theory T = I + ReCA + (3x)(3e)
(they satisfy hypotheses of the Lemma but not the conclusion).
We will show that T proves its own consistency.

In the theory T, fix such an x, € and M = correspond-
ing M,. We will show, in T, that this M [ T.

It is clear that M E I.

Also, since 1lim(e), we have M | ReCA.

It remains to show M k (3z)(3n)(H:(z) & Reast(n) &
lim(n) & corresponding M, k ~W%(n)).

Since M [k ~W¥(e), there is an r and an X with
H(X) &M =Wu(r) &< pX there is a set Y with NW(e,Y).
Fix such an r. Now choose s such that 1) Lime(s). (This
is taken to imply implicitly s e Field(e)). 2) NW(Y, es).

We can do this, using Reas(e). Consider (y)s' There is a

set z < T(y)S with H:S(z), and with (t)(t < oS > (z)t =
(Y)t)‘ We set n = e_. We claim that for these values, our
claim about satisfaction in M holds. For, since M k ~W(es)
& Reas'(e) & (ReCA + I), and M k Hr(X) & W(r), we see that
X, and hence Y, must be in the model Mz, and Mz certainly

EW(r). So M, E ~W*+(es). So certainly M | (M, F et
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(es)). Note that M, e¢ M, since 1lim(e).

This completes the proof that M fk T.

Hence T proves Con(T), since the Soundness Theorem
can be formalized and proved in ReCA + I.

So, by Gddel's Theorem, T is inconsistent. So the Lemma
has beén established. In fact, in view of the inconsistency, the
Lemma is provable in ReCA + I.

Theorem 1: If Reas+(e) and ~W*+(e) (of course, in view
of Rea§+(e), Ww* and W+ (e) are identical notions, since
RLO'(e)), then there is no x with H}(x).

Proof: If 1lim(e), then if there was such an x, then
corresponding M, by Lemma 1, has M,  wet(e). However,
since every hyperarithmetic set is in M (because ~N*(e)) we
must have M, l ~W*"(e), which is a contradiction.

If ~lim(e), then by Reas(e), there is an m with
lime(m) & there are only finitely many n > m. So ~w*+(em).
Then argue as above,

Let NTWO(n) be RLO+(n) & no tail of n 1is well-ordered,
i.e., (p)(p € Fleld(n) —> the subordering on {qlq Z'np} is
not well-founded).

Lemma 2: If Reas’(e) & H:(x) & corresponding M, [
NTWO(n), then M, I+ ReCA+ S, where S is the sentence
of Chapter II.

Proof: Let zeM. We wish to show Mz F ReCA + I +
(n) (W% (n) —> (3w)(Hi(w))). Clearly.lim(e), since M, k
NTWO(n). Hence M, E I + ReCA.
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Clearly (3Js)(s e Field(e) & z < p(x)g). Let
n € Field(e) such that the subordering of e defined on
{als < ga < .n} 1s satisfied not to be well-founded in the
model Mx‘ Then Mk satisfies that there is a hierarchy ¥y
(in the generalized sense of this chapter) on a non-well-founded
RLO+, k, the subordering of e defined above, such that (y)p
2 mz, where Ok(p). Then the obviar s generalization of Lemma
5 in Chapter II gives M, |k (n)(W?(n) —> (3w)(H;(w) &
w< Ty)), in view of M } I + ReCA + (3X) ~NW(k,X).

Lemma 3: The following is provable in I + ReCA + S: If
NTWO(n) & W¥"(n) & p e Field(n), then (3a)(q > P& NTWO (n,) ).

Proof: Choose r ¢ Field(n) with r > nP and the
subordering of n determined by {s|p £ s < ,r$ is not well-
founded. We can do this since ~W'(n).

Now consider the ﬂi predicate, Pt =t < n’ & the
subordering of n from t to r 1is well-founded. If P has
no solutions, we are done, for then NTWO(nr).

Harrison (see [2]) has shown that every ﬂ% predicate
which has a solution in Field(n), where w*+(n), has an
n-least solution. His proof uses only principles provable in
I + ReCA, excepting the comparability of recursive well-
orderings. In Chapter II, we showed this compsrability Lemma
is provable in I + ReCA + S, by Lemma 2 of Section 2.

So there is an n-least solution to the predicate Pt,

call it q, and we can prove this in I + ReCA + S. By the
way r was chosen, it is clear that q > nP* And by the way
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q 1is defined, it is clear that NTWO(q).

Lemma U4: Let Reas+(e), HZ(x), lim(e). Then correspond-
ing M,  ~NTWO(e).

Proof: Consider the theory T = I + ReCA + (Je)(3x) (they
satisfy hypotheses, but not conclusion). As in Lemma 1, we
wish to show that T proves its own consistency.

So, we argue in T, that if e} and x are chosen so
that they violate this Lemma, then let M = Mx; and we will
show, in T, that M E T.

Clearly, as in Lemma 1, MEI + ReCA.

It remains to show M k (3z)(3n)(H}(z) & Reas’(n) &
vlim(n) & corresponding M, k NTWO(n)).

By Lemma 2 of this chapter, M | S + I + ReCA. Hence
M = zi—Ac. Now for each p ¢ Field(e) with M | NTWO(e ),
we have M f (k)(k < jp —> (BX)NW(ep,x)). Hence M E (3v)
(k) (k < gp —> Ni(ep, (Y),)).

By Lemma 3 of this chapter, M |k (p)(p € Field(e) —> (3q)
(@>p& (FI)(x)(k < d —> NW(eq, (Y),))), since M kI +
ReCA + S + W¥T(e). So again, by M E zi-AC, we obtain a
Z eM with M [ (p)(p € Field(e) —> (Z)p is (Y,q) with
q> P& (k)( < a—>Ni(e,,(Y)))).

Fix such a Z, and let r have 1) r e Field(e),

2) z< T(x)r‘ Let s > _r with M = NTWO(s). Consider
(x)s. There is a natural y < T(x)S such that H; (y), and
(t)(t < o8 —> (y)t = (x)t). We set z =y, n= esf in our

claim about satisfaction in M.
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Clearly lim(es) & Rea.s"'(es). It remains to show corres-
ponding My b= NTWO(es).

We have M = NTWO(s), and Z ¢ My. So every set <7
is in My. Hence My = NTWO(es).

This completes the proof of the self-consistency proving
of T, and hence the inconsistency of T. Hence Lemma 4 must
be true.

Lemma 5: There is an e with W¥'(e) & Field(e) = {n|n
is even} such that 1) (3x)H;(x), 2) (y)(H:(y) —> () (x Sy
y(10) & mi(e,x))).

Proof: We define a total recursive function F on indices
of the partial recursive functions. We define G(n) to be the
G3del number of the RLO (fleld w) associated with the T
“sentence "~RLO(n) v (x)(~H:(x)).” So for every n, G(n) is
the Gddel number of some RIO. Let PF(n) be the RLOT  with
domain {n|n 1is even} defined by p < G(n)d 1ff 2P <prnj2a.

By the recursion theorem, there is an e with P = q’F(e)‘
Fix such an e. Then e is the GYdel number of an RLOT whose
field is {n|n 1is even). It is clear that (X)(NW(e,X) —> (3y)
E ) &y <o x9N e EE) — G mie,x) & X <
y(lo))). Hence W*'(e). For, if not, then ~W+(e), and
(3x) (NW(e,X) & Hyp(X)), contradicting the 1lst conjunct of the
above conjunction. We claim ~W(e). For, if not, then (3y)
(H:(y)), contradicting the 2nd conjunct of the above conjunction.
So by the lst conjunct, we have (3y)(H;(y)). So e has all
the properties stated in this Lemma.



83

Theorem 2: There are n with W*(n) (hence Field(n) =
w) such that (X)(NH;(X))o

Proof: Take e as in Lemma 5. Take n to be the nat-
ural RLO with 1) the ordering e 1is an initial segment, 2)
Field(n) = w, 3) the ordering n corresponds to e x w (i,e.,
w copies of e).

Now suppose H:(x). Then M,  NTWO(n) by Lemma 4.
But (Jy)(NW(e,y) & y e M,). Hence there is a z which can be
found recursively in such a y, with the property that no taill
of n 1is well-founded with respect to z. And 2z e Mx. But
this contradicts M, [ ~NTWO(n).



