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Abstract

In this paper we describe a variational framework for the tomographic reconstruction of an image from the
Maximum Likelihood estimates of its orthogonal moments. We show how these estimated moments and their
(correlated) error statistics can be computed directly, and in a linear fashion, from given noisy and possibly sparse
projection data. Moreover, thanks to the consistency properties of the Radon transform, this two step approach
(moment estimation followed by image reconstruction) can be viewed as a statistically optimal procedure.

The motivation for the approach presented herein stems from the idea that the moments of an image can
be estimated directly from projections and used to focus the information available in the given projection data.
This focusing of information in essence serves to control the degrees of freedom and regularize the reconstruction.
Classical approaches to tomographic reconstruction are based on the idea of reconstructing every pixel value in
the image directly; while in contrast, our approach uses a finite (usually relatively small) number of parameters
(estimated moments) to compute reconstructions of the underlying image.

Furthermore, by focusing on the central role played by the moments of projection data, we immediately
see the close connection between tomographic reconstruction of nonnegative-valued images and the problem of
nonparametric estimation of probability densities given estimates of their moments. Taking advantage of this
connection, we can then adapt methods and concepts used for the latter problexﬂ in order to solve the former.
In particular, our proposed variational algorithm is based on the minimization of a cost functional composed of
a term measuring the divergence between a given prior estimate of the image and the current estimate of the
image and a second quadratic term based on the error incurred in the estimation of the moments of the underlying
image from the noisy projection data. This solution has a statistical interpretation as the Maximum A-Posteriori
estimate of the image given a divergence-based prior. We show that an iterative refinement of this algorithm
leads to an efficient algorithm for the solution of the highly complex equality constrained divergence minimization
problem. We show that this iterative refinement results in superior reconstructions of images from very noisy data
as compared to the classical Filtered Back-Projection algorithm.
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1 Introduction

In this paper we discuss the tomographic reconstruction of a function f(z,y) from noisy measured values
of its projections via the maximum likelihood estimation of the orthogonal moments of f. In particular,
the fundamental result on which the algorithms in this paper rely is that the statistically optimal estimate
of an image based on noisy samples of its Radon transform can be obtained in two distinct steps: the
first step being the ML (or MAP) estimation of the moments of the underlying image from the noisy
data, and a second step focusing on the reconstruction of the image from its estimated moments. In
this way, we demonstrate and take advantage of the natural utility of moments in solving tomographic
reconstruction problems.

The first step in this two-tier algorithm is a simple linear estimation problem (allowing us also to
determine error statistics with relative ease) while the second is a highly ill-posed inverse problem. In
particular, by adapting this approach, we have transformed the problém of inverting the Radon transform
into one of reconstructing a function from estimates of its moments. While the problem of reconstructing
a function from a finite number of estimated moments is known to be highly ill-posed [34], by making
contact with the field of statistics, and in particular the problem of nonparametric probability density
estimation from estimated moments, we can take advantage of the many concepts that have been devised
to deal with this ill-posedness in other contexts. Specifically, by using this connection, we adapt ideas
from nonparametric probability density estimation resulting in efficient algorithms for reconstructing
an image using a divergence-based variational criterion. This criterion allows us to use prior knowledge
(obtained, for example using standard tomographic methods) to regularize the problem and also defaults
to a maximum entropj solution if no prior information is available.

We show that there are several advantages to our two-step approach. One is that the use of moments



provides an explicit mechanism for controlling the degrees of freedom in the reconstructions, an issue
of considerable importance in problems with very noisy or sparse projection data. Another is the
computational savings inherent to our approach. A third is that by using these formulations we can
introduce prior information, in terms of prior estimates of reconstructions, or geometric information, in
a very simple way with only minimal increase in computation. Finally, these features yield an overall
efficient and versatile set of algorithms that yield reconstructions of excellent quality When' compared to
other available algorithms operating on data limited in quality and quantity.

The reconstruction of images from their moments has not been a central topic in image processing
theory since the use of moments in this setting has primarily focused on their eztraction from images
(for use as distinguishing features) rather than on their use in reconstruction [22]. Furthermore, there
has only beén a little work in this area within the tomography community (28, 24, 16, 23, 8, 3]. On the
other hand, the moment problem has been the subject of much work in the mathematics community for
many years [1, 29]. However, while variants of variational/regularization methods developed here have
been studied elsewhere in the literature [35, 34, 13, 21, 2], they have not been developed or investigated
in the parficula.r context of tomography of interest here. We also propose ﬁovel and efficient numerical
techniques for solving this variational problem and study some of their properties and extensions. These
algorithms may be of independent interest, although what we focus on here, for the most part, is the
value of this approach for tomographic reconstruction from noisy and sparse data.

In Section 2 we present an optimal (Maximum Likelihood) algorithm for the estimation of the mo-
ments of an image from noisy measurements of its projections. In Section 3 we describe how the
underlying image may be reconstructed from these estimated moments via regularization. Section 4
contains the explicit solution to this variational problem and here we also discuss those properties of this

solution that make it attractive. In Section 5 we discuss an iterative refinement of the divergence-based



regularization approach and demonstrate how this refinement leads to efficient solution of a highly com-
plex equality-constrained divergence minimization problem. Section 6 contains our numerical simulation
results including illustration of how prior information -in this case that provided by the standard filtered
back-projection (FBP ) solution- can be incorporated into our approach. Finally, in Section 7, we state

our conclusions.

2 Estimating Moments from Projections

Let f(z,y) € L?(D) denote a square-integrable function with support inside the unit disk, D, in the

plane, and further denote by g(¢,0) = Rf, the Radon transform of f defined as follows:

s(t,6)= | fD f(2,9)8(t - w - [2,5]T) da dy, (1)

where w = [cos(6), sin(#)] and é(-) denotes the Dirac delta function. See Figure 1.
The function g(t,0) € L2([-1,1] x [0,2x]) [10] is defined for each pair (¢,6) as the integral of f over
aline at angle 6 4 7 with the z-axis and at radial distance t away from the origin. An elementary result
[10], which follows from the definition of the Radon transform, states that if F(t) is any \square integrable

function on [—1,1], then the following relation holds true:

[ a0 = [ [ f(e,)F(o- (2,57 )dady. &
By considering F(t) = e~*, the celebrated Projection Slice Theorem [11] is obtained. What we wish to
consider is the case where F(t) is taken to range over a set of orthonormal basis functions over [—1,1].
In particular, we will consider the case when F(t) = Pg(t), where Pg(t) is the k-th order normalized
Legendre polynomial over [—1, 1] defined by

k
. [2k4+1 1 gk X
Pi(z) =) Baz’ = (z? - 1)k (3)
= 2 2kkldzk

In this basis, Equation (2) relates the moments of the function f linearly to those of its Radon transform




g as we describe next.
Let G(*)(9) denote the k-th order Legendre moment of g(¢,6) for each fixed 6. That is,
G®)(6) = / 11 9(4,8) Pu(t)dt. (4)
Also, denote by Ay, the orthogonal moments of f defined as
Ao = [ [ 12, 0)Po@)Pofy)dedy %)
By appealing to (2), it is easily shown that the k** orthogonal moment G(¥)(8) of ¢(t,6) is a linear
combination of the orthogonal moments A,q of f(z,y) of order ! p + ¢ < k, which is a direct con-
sequence of the consistency conditions for Radon transforms discussed in [10, 24]. Defining Gy (8) =

[GO)(9), -+, GI)O)T, AF) =[Ag.0, Ak=1,1,*+» Aok|T and Ly = [)\(O)T, ceey /\(N)T]T, we can write

Gn(0) = An(0)LN (6)
where Ax(8) is lower block-triangular. When considering the complete (infinite) set of moments of f

and g, we can write
G(6) = AB)C ()
where G(6) and £ contain all the moments of g and f respectively, and A(8) is a lower triangular
linear operator. Note that since the infinite set of moments £ and G(0) provide complete orthogonal
decompositions of f(z,y) and of g(¢,8), (7) provides us with a factorization of the Radon transform.
Specifically, let 4 denote the operator taking £ to the family of functions, G(*)(8), of 8 according to (7),
and define the moment operators f = £ and Mg = G (where M maps the function g(¢,0) to the family
of functions G(¥)(8)). Then, since g = Rf and since M and Q are unitary, we see that
R=M*'AQ (8)

In [18], we have used this decomposition of the Radon transform to derive new interpretations of classical

In fact, for k even, G(")(O) is a linear combination of Apq forp+qg==%&, k— 2, ---, 2, 0, while for k odd, it is a linear
combination of Apq forp+g==%, k-2, --+, 3, 1.




reconstruction algorithms such as Filtered Back-Projection (FBP).

Suppose now that we are given noisy measurements of g at m distinct angles 6;, 65, -+ -, 6,, in [0, 7)

as

y(t, 9:1') =g(t, e.i) + e(t, 0.7')7 (9)
where e(t,0;) are independent white noise processes in ¢ with intensity %, and where we assume that
for each 6;, y(t,0;) is available for all? —1 < ¢t < 1. If for each 6; we represent our data in terms of its

orthogonal moments, we have

Y®)(9;) = G*)(8;) + e®)(9;), Ek=0,1,.-- (10)
where Y(¥)(9;) and e(*)(8;) denote the L? inner-products of y(t,8;) and e(t,6;) with the k** order
Legendre polynomial Py (t). Due to the orthonormality of the family {Px(t), k¥ > 0 } and the assumption
of white noise, the error terms 3 e(*)(6;) ~ N(0,5?) are independent across both k and j. Thus if we let

Y (6;) denote the set of all Y(")(Oj) for k=0, 1,;---, and use analogous notation for e(6;), we see that

thanks to (7),

Y(0;) = AB)L +e(8), §=1,2,m (11)
Since the full set of moments £ provides a complete characterization of f(z,y), we can see that a sufficient
statistic for the estimation of f(z,y) is the Maximum Likelihood (ML) estimate of £ given the data in
(11). However, given the fact that we only have a finite number of viewing angles, it is not surprising

that (11) does not provide an invertible relation between the data Y (6;) and the full set of moments L.

In fact, we have the following

Proposition 1 Given line integral projections of f(z,y) at m different angles 6; in [0,7), one can

uniquely determine the first m moment vectors A9, 0 < j < m of f(z,y). This can be done using

2Clearly, in practice, as in our numerical experiments, y(¢,8) will be sampled in t as well as in 6
3N(0,0%) denotes a zero-mean Gaussian random variable with variance o2



only the first m orthogonal moments G(’ﬂ(e]-), 0 < k < m of the projections. Furthermore, moments of

f(z,y) of higher order cannot be uniquely determined from m projections.

What this result, which is proved in Appendix A, says is the following. Let Y (6;) denote the vector of
the Legendre moments of y(t,8;) of order k¥ = 0,1,---, N so that Yn(8;) = Ax(8;)Ln + en(6;) (where
en(0;) is defined analogously). Collecting all of the Yx(6;) into a large column vector
Y = [Yw(6:)7, Yv(82)", -+, Yov(6m)T]" (12)
we have
Yn =ANLN +en (13)
where Ay and ey ~ N(0,0%I) are defined in a corresponding fashion. Then from Proposition 1, we
have that Ay hé.s full column rank, so that a unique ML estimate of L exists, if and only if N < m—1,
and this estimate is given by
Iy = (AFAN)" A% Yy (14)
with the corresponding error covariance matrix given by Qn = o2 (A%A N) - Moreover, thanks to the
lower triangular relationship inherited from (6), we also have that the ML estimate of Ly in (14), based
on the Legendre moments of the data of order < N, is identical to the ML estimate of Ly based on the
complete data, i.e. on all the Legendre moments as in (12).

Note further that for N > m, Ay will not have full column rank, implying that only some linear
combination of the Ap, for p + ¢ > m have well-defined ML estimates. In principle, of course, optimal
processing requires that all of these ML estimates be calculated. However, obvidusly in practice only
a finite number of moments can be calculated. Furthermore, as one might expect, the estimates of the
higher order moments are increasingly uncertain for a fixed amount of data. In fact, useful information is

only provided for moments of order considerably less than m. As an example, Figure 2 displays plots of



the trace of the covariance matrices of the estimated orthogonal moment vectors* A(*) up to order k£ = 10,
versus k and for different SNR values. For the curves in this plot, m = 60 equally-spaced projections
in [0,7) were considered. Consequently, for practical purposes there is no significant information loss
in using (14) for a value of NV < m as a sufficient statistic in place of the ML estimate of all moments.
Thus, in the remainder of this paper we consider the problem of reconstructing f(z,y) given noisy
measurements, £y, of Lx with error covariance Q. Finally, note that because of the lower triangular
structure of Ax(6;), @n is not block diagonal, i.e. the estimated moments of f(z,y) of different order
have correlated erroi‘s. ‘The algorithm described in the sequel takes this into account in a statistically

optimal fashion.

3 The Inverse Problem and Its Regularization

In this section we propose a variational approach for the reconstruction of an image from noisy estimates
of (a finite number of) its moments which regularizes the moment problem and at the same time takes
into account the explicit structure of the corrupting noise. Our approach is founded on the principle of
Minimum I-Divergence (MID) [6, 32, 33]. The principle states that, of all the functions that satisfy a
given set of moment constraints, one should pick the one f with the least I-Divergence D(f, fo), relative

to a given prior estimate fy of f where this is defined as

o(10) = | [ (#(eru) 1ot L2 4 folevs) - S(2,0) o . (15)
The basic idea dates back to Kullback [14] and was later generalized by Csizar [6] and includes the

principle of Mazimum Eniropy [12] as a special case when fy is assumed to be a constant function.

Entropy and more recently I-Divergence have a rich history of applications in pattern classification [31],

“Note that for a given k, the covariance matrix of A(*) is simply the (k + 1)**, (k + 1) x (k + 1), diagonal block of the
covariance matrix @~ of Ly




spectral analysis [30], image processing [36, 9] and recently tomography [28, 26, 7, 20, 3, 4]. In most of
these applications, the general problem has often been posed as the following type of equality constrained

optimization problem:

mfinD(f, fo) subject to // f(z,y) ¢i(z,y)de dy =5, ; (16)

In particular, in the context of tomography, the weight functions ¢; ;(z,y) have been chosen as
appropriate delta functions so that the constraints §;; are the noisy measured values of the Radon
transform g(t;, 8;) [28, 26, 7, 20]. That is to say, the constraints have the form

// f(z,y)6(t: — w; - [z,y]7) de dy = 5; (17)
where w; is the unit direction vector making an angle 8; with the z-axis. In fact, most of the tomography
literature on the subject has been concerned with a very special case of Mazimum Entropyreconstruction.
Other variants of these algorithms allow for the equality constraints to be inequality constraints so that
some notion of uncertainty in the measured values of 3; ; can be taken into account [13].

Four important features distinguish our approach from other available algorithms mentioned above.
The first concerns the incorporation of a prior estimate fy. In particular, in most (but not all) other work
using divergence-like criteria as in (16), the focus has been on maximum entropy methods corresponding
to the trivial choice fo = 1. Not only do we allow for the possibility of an arbitrary (but positive) fj,
but we also demonstrate the use of particular methods for choosing fy that can enhance performance
considerably by allowing for the incorporation of prior geometric and image information. The second is
that we use the estimated Legendre moments instead of the actual measured values of the projections.
This is to say that, in our case, the basis functions are ¢; ;(z,y) = P;(z)P;(y), where P;(-) denotes the
ith order normalized Legendre polynomial over the interval [—1,1]. Third, we do not use the estimated

moments to form hard equality or inequality constraints but rather use these estimates, along with



their computed covariance structure, to form a comp‘osite cost function that consists of the I-Divergence
term plus a quadratic form in terms of the estimated moments. Finally, and perhaps most importantly,
in addition to using the estimated moments, we also directly incorporate their estimated covariances,
thus ensuring that these data are used in a statistically optimal way. That is, as we discussed in the
preceding sectioh, by using moments, we are able to focus the information in the raw projection data, via
a simple linear processing step, identifying a much more compact set of statistically significant quantities
capturing essentially all information of use in reconstruction.

Formally, we define the I-Divergence Regularization (IDR) cost functional as

Tioa(f, fo) = 1D(f, fo) + 3 (En(f) — En)TSn(Lx(f) ~ E), (18)
where v € (0, 00) is the regularization parameter, and Zy = Q' is the inverse of the error covariance
matrix for the estimate £ ~- To derive a probabilistic interpretation of the IDR cost functional, consider
the MAP estimate of f based on noisy measurement of its moments up to order V. Assuming that P(f)
is some prior probability density function on the space of functions f, the MAP cost to be minimized is

given by

Tmap(f) = ~10g P(Enlf) - 1og P(£) = 5(Ln(f) = EnY En(Ln(f) - En) ~ logeP(f)  (19)

where c¢ is a normalizing constant depending only on N and ¥. Comparing (19) to Jrpr(f), we conclude

that if
P(f) = - exp(~7D(f, fo), (20)

then Jipr(f, fo) = Jmap(f). For positive-valued functions f and f, (as in images), the functional
D(f, fo) is in fact known as a directed distance® [13]. From this point of view, the probability density
function given by (20) is quite analogous to the standard Gaussian density, the difference being that in

the Gaussian case, the exponent is basically the L? norm of the difference f — fo.

5Note that D(:,-) is not a true metric since D(f, fo) # D(fo, f).
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4 Solution of the Variational Problem and Its Properties

To make the presentation simpler, we define the vectors ¢x(z,y) for £ = 0,1,---, N as

$(2,y) = [Pr(2)Po(y), Pe-1(2)Pi(y), -+, Po(2)Pu(®)]”, (21)
where Py (:) is the k%" order normalized Legendre polynomial over the interval [-1,1]. Also define

T

n(2,9) = [#5(2:9), 6 (2,9), -+, $h(2,9)] (22)
With this notation, the cost functional J;pg(f) can be written as
Tr(fif0) = ([ [ e n)En(e,vdedy - En)En( [ [ (2 9)En(a,v)dody - L)
+ 1D(f, o) | (23)

The cost functional Jrpgr(f) has a unique minimum due to its convex nature [14, 13]. Furthermore, a
straightforward variational calculation analogous to ones in other I-divergence minimization problems
(13, 32] (adapted here to deal with the explicit use of estimated moments and the uncertainties in them
rather than hard equality or inequality constraints) yields the following implicit specification of f

H(z:9) = fole,v) exp( =8 (=, 9)En(Ln(f) - L)) (24)
The above is now a nonlinear functional equation in f which must be solved (Note that f appears on the
right-hand side in the form of the moment functional £Lx(f)). The prior estimate fy enters the solution
multiplicatively. We shall have more to say later about the choice of this prior.

Due to the form of the solution (24), we may convert (24) into a nonlinear algebraic equation in

terms of the coefficient vector Cy defined as follows

Cn = —TIEN(CN(f) — Ly). (25)

Substituting the expression for Ly (f) using (24) we obtain an equation in terms of Cy as follows.

Cny = -Tl-ZNH(C;N) ’ (26)

11




#(Cn) = ([ [ folz:9) exp(3F (2, 9)Cm)En (2, y)dedy - Ly) (27)

What we now have is a set of nonlinear, algebraic equations which may be solved by any one of many
techniques such as Newton’s method or the conjugate-gradient method [5] to yield the unique solution
fipr(z,y) = fo(z,y) exp(¥% (2, y)Cn). (28)

Despite the seemingly complex nature of the cost functional Jrpg, the computation of the coefficient
vector Cy involves solving a set of nonlinear algebraic equations. This makes the IDR approach a com-
putationally attractive one. Also, note that if fo is a positive function of z and y, then the reconstruction

f'}D R is necessarily a positive function as well. This is clearly desirable since we are dealing with images.

5 Iterative Regularization (It-IDR)

In this section we present an iterative refinement of the IDR algorithm that is based on redefining
the prior. In this formulation, an initial prior is chosen, and using this prior, a solution to the IDR
minimization problem is computed. This solution is then used as the prior for a new IDR cost functional
and the minimization is carried out again. Formally, beginning with f, = fo, we can iteratively define

fits = argmin Ju(, fi)- (29)
where the cost function Jj is as in (18) with f, replaced by _ﬂ and 7 replaced by 7.

By appealing to (28) the solution at each k may be written as

Fir1(2,9) = Fu(z, y) exp(@F (2, y)CFHY) (30)
where
~ -1 - ~
eyt = %EN(ﬂN(ka) ~ L) (31)

In terms of 5%°), we may rewrite this as

12



k+1
~ -1 ~(3 ~
C’%c“) = %—ZN (//(; fo(z,y)@N(:n,y)exp(Q%(m,y)Z Cg))d.’cdy - EN) (32)

=1
Therefore, at each iteration, as before, an IDR solution is computed by solving an algebraic set of

equations for 6’1(#“). There are several appealing features about this iterative approach. The first
is that it allows us to control how strictly the estimated moment information is enforced in the final
solution, both through the sizes of the regularization parameter 7, (which, as we discuss, may vary with

iteration) and through the number of iterations performed. Secondly, as shown in Appendix B, if (29)

is carried to convergence, fi converges to the solution of the following equality constrained problem

m}inD(f, fo), subject to Ly(f) = E(IS) (33)

where E(IG) denotes the projection, defined with respect to the inner product < l3,l; >5,= IF Znly, of
Ly onto the range of the operator Qy. Here Qy denotes the operator mapping a square-integrable
function f € L?(D), with support in the unit disk, to its Legendre moments up to order N. Note
that if £y happens to be in the range Ra(Qy) of the operator Qy, the constraint simply becomes
Ln(f) = L. If the estimated moments are not consistent, i.e. Ly ¢ Ra(Qy), the proposed iterative
algorithm implicitly computes and enforces the projection of Ly onto the set of consistent moments as
hard constraints. Hence, iterative regularization provides a method of converting the soft-constrained
solutions ]’} DR to hard-constrained solutions. The fact that this is done automatically and implicitly is
particularly appealing since no explicit description of the set Ra(Qy) is known to exist [29].

The idea of using iterative methods to solve divergence-based minimization problems has been consid-

ered in other contexts [6, 33, 3, 27]. Distinct features of our approach are the applications to tomography®

8The problem of (emission) tomographic reconstruction is considered in [3], but with a different setup in which the
effects of measurement noise are captured via a divergence term, in contrast to our use of it as a direct means of capturing
prior information. In addition, no use is made of moment information in [3].
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using estimated moments and the explicit use of the error covariance matrix for these estimates in form-
ing the penalty function to be minimized. Furthermore, to our knowledge, the specific nature of our
iteration (using the finite-dimensional coefficients 5%‘) ) is also new. In addition, by explicitly taking
into account noise, we have a rational mechanism for stopping the iteration based on the fidelity of the
moment estimates.

Several results on convergence of iterative algorithms can be found in [6, 33, 3]. In Appendix C we
provide a convergence result for our specific context which in particular provides us with guidance on
how the regularization parameter v should be chosen at each iteration. Moreover, note that, assuming
that 44 is chosen to ensure convergence, then our result states that even if our estimated moments are
inconsistent (i.e. they fall outside Ra(Qy)), our iterative algorithm produces an estimate with consistent

moments satisfying the equality constraints in (33).

6 Numerical Examples

In this section we study the performance of the proposed IDR and It-IDR algorithms by applying these
techniques in the tomographic reconstruction of two distinct phantoms. In the experiments to follow,
we assume that samples of the projections g(t,6) of these phantoms are given from m distinct directions
in the interval [0,7) and that in each direction 6;, n samples of g(t,ej) are given and that these are

corrupted by Gaussian white noise. We denote the data as follows:

y(ti, 05) = g(t:,0;) + e(t:,6;) (34)
where e(t;,0;) is a Gaussian white noise sequence with variance 2. To quantify the level of noise in

relative terms, we define the following Signal-to-Noise Ratio per sample.

> 25 9%(t:,05)/(m x n))
2

(35)

a

SNR (dB) = 101log, (
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In addition, to quantify the quality of the reconstructions, we define the percent Mean-Squared-Error (%
MSE) as follows:

% MSE = £/ (f’}}zfgi ‘fi’;dy x 100%

(36)

Example I: The first phantom to be reconstructed is a 64 by 64 grayscale image shown in the upper
left corner of Figure 3. Projections were generated from 64 equally-spaced angles in [0, 7) and 64 equally
spaced samples were collected in each projection. The projection data were then corrupted by Gaussian
white noise so as to produce an overall SNR of 4.35 dB per sample. In the lower left side of Figure 3,
the Filtered Back-Projection (FBP) reconstruction is shown where a Butterworth filter of order 3 with
cutoff frequency of 0.25 (normalized) was used. This choice of filter and cutoff frequency was arrived at
to produce the best FBP reconstruction possible, at least from a visual standpoint.

One of the significant features that we wish to demonstrate is that the algorithms we have developed
here can éignjﬁcantly enhance noise rejection and feature delineation given an initial estimate fo of the
underlying image. One obvious choice for that initial estimate is the FBP reconstruction, or rather a
slight modification of the FBP solution. In particular, FBP is not guaranteed to produce a positive-
valued reconstruction; hence, in order to use the FBP reconstruction as an initial estimate, we add a
number to each pixel value in the FBP image in order to maintain positivity. Furthermore, to speed up
the convergence of the It-IDR algorithm, we scaled the result so as to produce an initial estimate with
integral equal to the estimated zeroth order moment.

Using estimated moments up to order 8, the result of the It-IDR algorithm after only 3 iterations
is shown in the lower right-hand side of Figure 3, while the final It-IDR solution (reached after only 10
iterations) is shown in the upper right-hand side of the same Figure. A drastic visual improvement in

the reconstruction quality is seen, both in terms of reduced noise and enhanced feature delineation. In
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fact, in terms of the %‘ MSE, the improvement is equally striking. The %MSE for the (unnormalized)
FBP is roughly 70% while after only 3 iterations of the It-IDR this number is reduced to 38.1% and
the final It-IDR reconstruction incurs only 11.1% error. Similar experiments were performed at various
SNR’s to demonstrate the robustness of and MSE reduction provided by the It-IDR solution to noise.
A plot of % MSE versus SNR for the FBP and It-IDR solutions is shown in Figure 4.

A second issue concerns the order of moments incorporated into the procedure, i.e. the value of N.
As we have discussed, the quality of higher-order moment estimates decreases rapidly and thus we would
expect diminishing returns from the inclusion of additional moments. This is illustrated in Figure 5
which shows the MSE versus the order of the highest order moment used in the reconstructions. Figure
6 shows the It-IDR reconstructions obtained using moments up to order 2, 5, 8, and 11, respectively at
SNR=4.35 dB. Note that increasing the order of moments from 8 to 11 reduced the percent MSE by
only rbughly 1 percent, and additional experiments showed even less imi)rovement if even higher-order
moments are included. These small gains, however, are only achieved at a significant computational
cost. Indeed, note that the number of moments of order k is £ + 1 and thus the dimension of Ly and
thus Cy increases considerably as N increases (e.g. from dimension 45 fér N =8to 78 for N = 11)
increasing the complexity in solving the nonlinear equation (26).

To show how the reconstructions change as a function of the choice of prior fy, we next show the IDR
and It-IDR reconstructions when two different priors are used. In Figure 7, we show the reconstructions
when a uniform prior is used. As we have pointed out previously, this corresponds to a maximum entropy-
type criterion. In particular, in this case the It-IDR solution to (33) is precisely the classical Maximum
Entropy solution. Estimated moments up to order 8 were used in the reconstructions. As can be seen,
the It-IDR reconstruction produces a rough estimate of the underlying image with smooth or “flattened”

edge regions. This is essentially due to the fact that the Maximum Entropy prior seeks the “flattest”
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reconstruction that matches the data best. Figure 8 shows the IDR and It-IDR reconstructions when the
minimum Burg Entropy solution is used as the prior and using estimated moments up to order 8. This
prior is given by the solution of: fo = argminy 7o [ [, f —log(f)dzdy + (Ln — Ln (F))TEN(LN — LN (f)).
As is apparent, in contrast to the maximum (Shannon) entropy solution in Figure 7, the Burg entropy
solution is known to give “peaked” or “spikey” results [13]. It is interesting to contrast the It-IDR
solutions in the upper right-hand corners of Figures 3, 7, and 8 corresponding to our three different
choices of fy. First of all, since the uniform and Burg entropy priors (in the lower left corners of Figures
7 and 8) do not have high frequency noise, the It-IDR reconstructions in these cases also do not exhibit
such noise. This in contrast to the FBP prior (in the lower left of Figure 3). On the other hand, because
it is far less constrained than the other two priors, the FBP not only exhibits noise, but also far more
accurate delineation of the features in the image. As a result, the It-IDR reconstruction using the FBP
prior has far less distortion in the reconstruction of these figures. On a MSE basis for this example, the
It-IDR solution for the Burg prior is slightly superior to that using FBP. However, which of these choices

is preferable depends, of course, on the application.

Example II: The second phantom to be reconstructed is a 64 by 64 grayscale image shown in the
upper left corner of Figure 9, chosen to illustrate the capability of the FBP-initialized algorithm to
delineate features of differing size and contrast. Projections were generated from 64 equally-spaced
angles in [0,7) and 64 equally spaced samples were collected in each projection. The projection data
were then corrupted by Gaussian white noise so as to produce an overall SNR of 4.35 dB per sample.
In the lower left side, the Filtered Back-Projection (FBP) reconstruction is shown where a Butterworth
filter of order 2 with cutoff frequency of 0.3 (normalized) was used. After proper normalization, the

FBP reconstruction was then used as the initial prior f, in the It-IDR reconstruction algorithm. Using
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estimated moments up to order 10, the result of the It-IDR algorithm after only 1 iterations (i.e. the
IDR solution) is shown in the lower right-hand side of Figure 9, while the final It-IDR solution (reached
after only 11 iterations) is shown in the upper right-hand side of the same Figure. The drastic visual
improvement in the reconstruction quality is again seen.

The It-IDR algorithm performs well even when a much smaller number of projections is available. As
shown in Figure 10, the MSE in the reconstruction using 32 equally-spaced views in [0, 7) at SNR=4.35

dB is still significantly better than the corresponding MSE value for the normalized FBP reconstruction.

7 Conclusions

In this paper we have shown how the tomographic reconstruction problem can naturally be decomposed
into a two-step process whereby we first compute maximum likelihood estimates of the orthogonal mo-
ments of the underlying image directly from the projections, and then use these estimated moments to
obtain a reconstruction of of the image. In particular, by making a connection to the field of nonpara-
metric probability density estimation, we took advantage of the I-Divergenpe criterion and its desirable
properties to produce regularized reconstructions of images from from noisy projection data which far
exceed, in quality, those reconstructions produced by classical tomographic reconstruction techniques.
We demonstrated how our proposed algorithm provides an explicit mechanism for controlling the
degrees of freedom in the reconstructions and hence resulting in better results. Also, in contrast to
other divergence- (or entropy-) based algorithms which use the directly measured projection data to
form constraints, the use of moments results in a more efficient algorithm since typically, the number
of moments needed (and used) is far less than the total number of projection measurements (in our

examples this resulted in a reduction in dimensionality by a factor of roughly 90). Moreover, in our
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approach we calculate the error variances in estimating the moments and then make explicit use of this
information in our reconstruction ‘algorithm. Furthermore, and perhaps most importantly, we showed
how our formulations allow for the explicit incorporation of prior information, in terms of prior estimates
of reconstructions, in a very simple way and with minimal increase in computation. In particular, it
is worth noting that other geometric information, beyond that used in our examples, can be directly
incorporated. For instance, assume that after performing some geometric preprocessing on the data,
such as extraction of support information [25, 15], c;r a preliminary parameterized reconstruction such
as polygonal reconstructions [19], an estimate is obtained of the region of the plane where the object of
interest is may lie (i.e. the spatial support of the object). Then, according to this information, the prior fo
can be chosen as essentially an indicator function over this estimated region. Due to the multiplicative
nature of the solution ]?IDR , the prior fy in effect nulls out the part of the reconstruction that the
geometric preprocessor eliminated as not being part of the spatial support of the object. This feature
of the IDR (and hence It-IDR) algorithm is uniquely well suited to situations where it is important to
concentrate the reconstruction on a particular region of interest.

Since our proposed algorithms make explicit use of the covariance matrix of the estimated moments,
higher order moments, the estimates of which are more inaccurate, are weighed less than lower order ones.
Hence our proposed algorithms essentially make use of a finite and modestly small number of rﬁoments
to efficiently produce superior reconstructions. This feature, along with the the overall robustness
of the It-IDR algorithm to noise and the number of available views, make it particularly useful for
computationally efficient tomographic reconstruction for low signal-to-noise ratio scenarios and when

the number of available projections may be small.
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A Proof of Proposition 1

This result is most easily proved using the nonorthogonal geometric moments

H®)(9) = /1 g(t,0)tkdt (37)

Hpg = fD f(z,y)zPydzdy (38)
Define Hy(0) = [HO6), HO(S), -, HMO)T, s = [upo, pho1n - foulT> and My =
[u(o)T, p(l)T, py )T]T. Then there is a (lower-triangular) invertible relationship between the geometric
moments Hy(6) and the Legendre moments Gn(6), and an analogous one between My and L. Thus
what we need to show is that given Hy(0;) for j =1, 2,---, m, we can uniquely determine My if and
onlyif N <m - 1.
To begin, note that, thanks to (2), there is a block-diagonal relationship between the geometric
moments of ¢g(t,0) and f(z,y), namely
H®(9) = D¥(g)u® (39)
p®(g) = [7k,0 cos*(8), Yk, cos*1(6) sin(0), - -, Tk,k-1 cos(6) sin*~1(8), 1k Sink(g)] (40)
where 7;,; = Tfk%_:l_)? are the binomial coefficients. Because the k* order geometric moment of g(t,6) is
only a function of the vector of k** order geometric moments of f(z,y), we need only show that u(™) is
uniquely determined by H(Y) = [H(N)(9,), H®)(8,), ---, HN)(0,,)]T if and only if N < m — 1.
Note that (V) = Dyu(™), where the m x (N + 1) matrix Dy has rows DIN)(6;), D)(8,), - - -,
DWN)(8,,). Note first that for Dy to have full column rank (equal to N + 1), we obviously must have
N < m~—1. Thus we must only show that if N < m~—1, then the columns of Dy are linearly independent.
From (40) we find that this will be the case if and only if there is no set of a; (not all zero) such that

for @ =6;, ---, Op:
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Pw(6) = ao cos™(6) + a cos¥ 1 (8) sin(8) + - + aun_1 cos(6) sin¥ 1(6) + ansin¥(6) =0 (41)

To see that this cannot happen for any such py () for any N and m satisfying N < m—1, we proceed
by induction on both N and m. Specifically, note first that for N = 0, po(0) = ag, which is nonzero for
any nonzero choice of ap. That is, the result is verified for m = 1 and all N < m -1 (i.e. N =0) and
for any m > 1 and N = 0. Thus suppose by induction that the result is true for all N < m — 1 and for
all m < p—1 and also for all N < k — 1 for m = p; where k¥ < p— 1. What we need to show is that it is
also true for N = k, m = p. So take any nonzero px(6). Note first that if pi(7/2) = 0, then from (41)
(with N = k), we see that

-pk(vr/Z) = o sin®(7/2) = o, = 0. (42)
Therefore we have that
pr(0) = cos(8)(ao cos* () + - - - + ar—1 sin*(8)) = cos(8)pr_1(9) (43)
If one of the 6;, say 6, = 7 /2, then what we want is that p;_1(6;) can not vanish forallj =1,-.--,p—1;
but this is exactly verified by part of the induction hypothesis. If none of the 8; = 7 /2, then we need to
ensure that p,_1(0;) can not vanish for j = 1,---,p, which is also part of the induction hypothesis.

Finally, if pp(7/2) # 0, we can write p(0) as

pi(6) = cos*(6)qx(6) (44)

where
qr(0) = ap + ar tan(8) + - - - + a1 tank‘l(Oj + ay tan®(8). (45)
Letting v = tan(@) we observe that the right hand side of (45) is simply a polyndmia,l of order k in w.

By the Fundamental Theorem of Algebra [17], this polynomial has at most k real roots. Since tan(6)
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is one-to-one over the interval [0, 7), we have that pr(6;) can vanish for at most k of the p values of 6,

proving the result.

B How It-IDR Solves (33)

In this appendix, we show that if the It-IDR converges, it indeed solves (33). We first consider the case
when Ly € Ra(Qy). It is well known [14, 32, 6] that the unique solution to (33) has the form?
f(z,9) = fo(z,y) exp(25 (2, y)Kn), (46)
where the vector of constants K is chosen such that
Ln(f)=Ln (47)
In fact, if a function of the form (46) exists and satisfies the constraints given by (47), then it is necessarily

the unique solution of (33). Hence, to show that ﬁt_ 1DR solves (33), it suffices to show that it has the

form given by (46) and moments given by (47). From (30) we see that

k+1l
ferr = foexp(8%(z,v) Y. CP), (48)
=1

Recall that we have assumed that the It-IDR algorithm converges to a finite limit point (namely 0).
Now through (32), this implies that the sum 3 %] 5](,}) also converges as k£ — co. Hence, as £ — o0, in
the limit, the It-IDR solution has the same form as (46), with Ky = 32, C. At the fixed point of

(30), the solution }'}t_ IDR satisfies

fre-1pR(2,9) = fre-1DR(2,y) exp(8% (2, ) OK)), (49)
which, since the elements of the vector ®x(z,y) are linearly independent, implies that 6'§,,°°) = 0. This,

in turn, through (31), implies that

L(fr-1pR) = L. (50)

"Note that the existence of the solution is guaranteed by the assumption that Ly € Ra(Qn)
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Therefore, f1;—1pr(z,y) is the unique solution of (33) in the case Ly € Ra(2y).
If Ly is not in the range of Qy, we simply write Ly in terms of its orthogonal decomposition with
respect to the inner product < -,- >3z,
Ln =L + 2§ (51)
where f(ﬁ) € Ra(n) and E(z\}) is orthogonal to Ra(2x). Then we may write
fier = argminyeD(f, o) + 1w (£) = ERQ 1 + LW 1B (52)
Now clearly, Lx(fi) € Ra(Qy) at every iteration k. Hence, the estimates fj, do not depend on the
inconsistent part of the estimated moments ﬁg), and we may drop the last term on the right hand side

of (52) without changing the solution of the optimization problem (52). This implies that the It-IDR

algorithm converges to the solution of (33).

C A Convergence Result for It-IDR

We find a sufficient condition for the local asymptotic convergence of the It-IDR algorithm by first
assuming that ﬁ and 7y_1 are given for some k£ > 1. To solve for ﬁc+1, we compute 6}#*1) by finding

the solution of (26). Solving (26) iteratively we have
CiIG+1) = S B 0) (5)
Linearizing H (C%‘H)( 7)) about Cny = 0 we have
ORI+ 1) » —En(Lu(f) - DCHI(0) + Ln) (54)
where Dy = [ [o fk(z, ¥)®n(z,y) 2% (2, y) dz dy. Hence, for the iteration (53) to be locally asymptoti-

cally stable about Cy = 0, it suffices that the eigenvalues of ;;1:2 ~N D have magnitude strictly less than

one. i.e.
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Condition 1: l)\ (:yl—-ENDk) <1’ (55)
k

If Condition 1 is satisfied, then from (54) we have a linear approximation to C’I(Jfﬂ) given by

CEY ~ (ml + EwDi)'En(Ey - Ln(fe) (56)
From the definition of CJ(&) from (31), we have that 7k_1(7’,($°) = EN(Ln — Ln(fi)), which after substi-

tution in (56) yields

CEHY = yeoa (I + SwDy) 1 CY) = TuCP (57)
A sufficient condition for the asymptotic convergence of (57) is that for all ¥ > 1, some ¢ > 0, and some

0<axl,

k
Condition 2: || [] T;l|2 < ca* (58)

Jj=1
Therefore, by carefully choosing 9. to satisfy conditions 1 and 2 simultaneously at each iteration, the

overall It-IDR algorithm can be made locally asymptotically convergent.
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Figure 1: The Radon transform
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Figure 3: Counter-clockwise from upper left:
Phantom, fo based on FBP (% MSE=69.1), It-
IDR solution after 3 iter. (% MSE=38.1), It-IDR
solution after 10 iter. (% MSE=11.1). Data: 64
proj. w/ 64 samples per proj. SNR = 4.35 dB;
moments up to order 8 used.
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Figure 4: MSE versus SNR (dB) in reconstruct-
ing the phantom of Figure 3: Moments up to
order 8 used.
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Figure 5: MSE versus number of moments used

in It-IDR reconstruction of the phantom of Fig-

ure 3 with SNR=4.35 dB

Figure 6: Counter-clockwise from upper left: re-
constructions using moments up to order 2, 5, 8,
and 11. Data: 64 projections w/64 samples per
projection at SNR= 4.35 dB. Initial guess was
based on FBP in every case.
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Figure T: Counter-clockwise from upper
left: Phantom, uniform initial estimate (%
MSE=65.7), IDR solution (% MSE=55.9), It-
IDR solution (% MSE=15.8). Data: 64 projec-
tions w/ 64 samples per projection at SNR= 4.35
dB; moments up to order 8 were used.




Figure 8:

Counter-clockwise from upper left:

Phantom, Initialization computed using Burg
entropy (% MSE=39.8), IDR solution (%
MSE=31), It-IDR solution (% MSE=10.3).

Data: 64 projections, 64 samples per projection

with SNR=4.35 dB; moments up to order 8 used.
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Figure 9: Counter-clockwise from top left: Phan-
tom, Initial Estimate from FBP, IDR reconstruc-
tion, Final It-IDR reconstruction (64 views, 64

samples per view, SNR =4.3 dB, moments up to
order 10 used)
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Figure 10: MSE versus number of views for “ad-
justed” FBP prior, IDR solution and It-IDR so-
lution, SNR=4.3 dB, moments up to order 10
used




