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Abstract

In this paper we will study dynamical systems over Noetherian rings. We
will follow the behavioural approach. We first study two particular cases: au-
tonomous systems and controllable systems. In the first case we will be able to
connect autonomous systems with finitely generated systems. Moreover we will
propose several different concepfs of controllability and analyze how they are
connected each other. Finally we will define the concept of state space module.
In this way we will say that the system is realizable if its state module is finitely

_ generated. The last part of the paper is devoted to the analysis of the properties
that ensure the realizability of the system.

1 Introduction

The strict relationship between system theory and coding theory is something known
from the early 70’s. Actually it is easy to see that an encoder for a convolutional
code can be seen as a linear system over a finite field and so much of the knowledge
on the properties of linear systems could be used in the development of convolutional
codes (6].

Since codes over finite fields can be sometimes too restrictive, some researchers
tried to develop a system theory over groups and rings [2, 13, 12] which produced
a number of very interesting results. They showed that many properties of linear
systems over a field hold true also for systems over groups or over rings.

In the last years the behavioural approach to dynamical systems has been the
object of much investigation. Actually, this approach constitutes an alternative
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framework for modelling phenomena that seems to be more effective when there ex-
ists an unclear distinction between causes and effects (see {15]). Also optimal control
techniques and modelling procedures have been proposed based on this approach.

Very recently it has been also realized that the behaviourai approach to system
theory is a very useful framework where one can develop a more general theory of
convolutional codes (see [7]). Therefore it seems quite interesting to extend this
approach, originally introduced for systems over general fields and in particular over
the real field, to more general structures, such as groups or rings. In {11, 7] it is
shown that many properties of linear systems over fields hold true even for over
noncommutative groups. The most important result in this sense is the fact that
even in this generality it is possible to define a canonical state space group. It is
shown moreover how the state group can be connected with the trellis diagrams of
the convolutional code.

It is clear that the same can be done for systems over a generic ring and that
in this case the state space is a module. The condition that the state space module
is finitely generated is a reasonable requirement. This is similar to the concept of
realizability of a input/output map in the classical input/output approach as defined
in [2, 13, 12].

In this paper we study linear systems over Noetherian rings in the behavioural
approach focusing our attention on the state realizability problem. We first analyze
the properties of two particular kinds of systems: the autonomous systems and the
controllable systems. The main result about autonomous systems is provided by
the theorem showing that there exists a strict relationship between an autonomous
system over a Noetherian domain and a corresponding linear system over the field
of fractions. This seems to give a first extension to the behavioural approach of
the classical Rouchaleau-Kalman-Wyman theorem [2, 13, 12]. Moreover we propose
different concepts of controllability and give the relations existing between them. We
show then that, as for systems over fields, there exists a nice image representation
for controllable systems. We define moreover the concept of controllable subsystem.
Finally, in the last part of the paper, we study the realizability of a linear system

over a Noetherian ring, i.e. when the canonical state space is finitely generated
module.

2 Basic definitions

In this section we will first recall some basic concepts of behavioural theory of
dynamical systems as it has been introduced by Willems in [15] and then we will
introduce some more specific ideas for systems over rings according this approach.
Before we give some notation that will be used in the sequel. In this paper
we will consider only commutative Noetherian rings. For the elementary results of
commutative algebra we will need in this paper awe will refer to [1]. Given a ring



R, we say that z € R is a zero-divisor in R, if there exists ¥ # 0 in R such that
zy = 0. If R is a domain, then no nonzero element of R is zero-divisor. With the
symbol R(z,z~!] we will denote the ring of all Laurent polynomials with coefficients
in R, i.e. the ring of polynomials for which we allow positive and negative powers of
the indeterminate z. More formaily the ring R[z,2z7}] can be considered the ring of
fraction of R[z] with respect to the multiplicatively closed set S = {z* : i € N} (see
chapter 3 of {1]). It follows from Hilbert basis theorem and from prop. 7.3 in [1]
that R[z,z~!] is Noetherian, if R is. Every nonzero p € R[z, z~!] can be represented

as
L .
D= Z piZ’,
i=l
where p; € R and p;, pr, are nonzero. In this case, we denote by deg p the nonnegative
integer L — . If both the nonzero coefficients p;, pr, are not zero-divisors in R, then
p is called normal. -

A dynamical system is defined as a triple ¥ = (T, W, B), where T is the time
set, ¥ is the signal alphabetl, i.e. the space where the signals take their values and
finally B is a subset of the set W7T of all the signals and it describes the dynamics
of the system simply specifying what are the signals that are allowed. In this paper
we will consider a partieular kind of dynamical systems, i.e. linear shift-invariant
systems over rings.

More precisely we will require that

e The time set T is the set of integers Z. Dynamical systems whose time set is
Z are called discrete.

o The signal alphabet W is a finite generated module over a Noetherian ring R.

e On the set of all signals WZ can be introduced a module structure over the
ring R[z,z™}] of the Laurent polynomials over R as follows:

Both the sum of two signals in W2 and the product of an element of R and a
signal in WZ are done pointwise while for every w € WZ we define z"w € W%
as

(z"w)(t) == w(t + h)

and then we define the product of a Laurent polynomial in R[z,z7!] and a
signal in W2 by extending by linearity the previous definitions. More precisely
if p =YL, piz* is a polynomial in R[z,z~ ! and w € WZ, then

L
(pw)(t) = Y- paw(t + ).

1=l

We will require that the behaviour is a R[z, z™!] submodule of WZ.



In case that R is a field, we obtain the linear shift-invariant systems as they have
been introduced by Willems.

An important property of linear shift-invariant systems that is useful to consider
is the completness.

Definition 1 Let & = (Z, W, B) be any dynamical system. Then

1. ¥ is complete if
weB & wy€By forall finite I CZ.
2. ¥ is L-complete with L € N if

weB & wy€Bjyr forallteZ.

3. T is strongly complete if ¥ is L-complete for some L € N.

It is clear that a complete linear shift-invariant system is fixed by the countable
family of finitely generated R-submodules Bjj_nn € W't for n = 0,1,2, ... while
if ¥ is a L-complete linear shift-invariant system, then it is fixed by the finitely
generated R-submodule By ;; € WLt

As shown in (15], for linear shift-invariant systems over fields completeness and
strongly completeness are equivalent. This assertion can be generalized for systems
over rings whose signal alphabet W is a module satisfying the descending chain
condition. Examples of such modules are given by the finite modules. The proof of
this equivalence is essentially similar to the one given in [14] for systems over fields.

Proposition 1 Let ¥ = (Z, W, B) be a linear shift-invariant complete system over a

ring R. If the module W satisfies the descending chain condition, then ¥ is strongly
complete.

Proof Consider the modules
My = {w(n) Tw € B, Wijo,n—1] = 0}.

It is clear that M; 2 Mo D Ms D --- and so there exists N € N such that
My = Mpyy1 = Mpygo = ---. We want to show that £ is N-complete. To this
pourpose it is enough to show that if w4 n) € Bjgeqn) for all t =0,1,...,n, then
we have that wjjon4n] € Bjjo,n+-n)- We show this by induction on n. For n = 0 this is
true. Suppose that the assertion is true for n—1 and suppose that wyt,.4 N € Bjjt,t+N)
forallt =0,1,...,n. Then, by induction, we have that wjjo nyn-1] € Bjjo,nt+-n-1) 20d
so there exists wy € B such that wyjo n4 N—1] = Wjjo,n4-~—1)- On the other hand, since
Wiin,n+N] € Bjjn,nn), then there exists we € B such that wyjnni N = Wi nen). Let
w' := we —w; € B. Then w{[n,n-{-—N—-l] = 0. Since My = Mp4n, then there exists

4



W € B such that @y n4n-1) =0 and W(n+ N) = w'(n+ N). Let w’ :=wy +w € B.
Then wﬁO,m-N—l] = Wy|[ontN-1] = Wipon4N-1] a0d W' (n+ N) = wi(n+ N) +w(n+
N)Y=wi(n+ N)+uw'(n+N)=wi(n+ N)+wz2(n+ N) —wi(n+ N) = wa(n + N).
We can argue that wijg ,, v} = Wjjo,n+n) a0d SO Wi ntN] € Byjo,n Ny
_ ]
Completeness and strongly completeness are not equivalent in general even for
systems over the principal ideal domain Z, as shown in [4].

3 Finitely generated and autonomous systems

In this section we want to study the properties of a particular class of linear shift-
invariant systems, i.e. the linear shift-invariant system whose behaviour is a finitely
generated R-submodule of WZ. First we show that this kind of systems admit a
very nice representation that is a state space representation.

Suppose that £ = (Z, W, B) is a finitely generated linear shift-invariant system
andlet {wi,...,wn} be a family of generators of the finitely generated R-module B.
Then for every generator w; we have that zw; € B and so there exist a;1,...,ain € R
such that

- Wi = QW1 + ¢ -+ + QinWn.

Consequently, if we define the matrix A € R™™ as A := {a;;}7;-;, then we have
that

zlwr o wpl={w - wa] A

Note that A must be invertible and so det A is a unit in R.
Let w be any signal in B. Then

- w=aWi+- -+ anWn={w1 -+ wWn|zo,
where 2o := [, ...,an]T € R™. f‘or all t € Z we have that
w(t) =(Ew)0) = (wi -+ wa] A%0)(0) = [w1(0) -+ wa(0)] A'zo
= CAlxy,
where we denote C := [w1(0) -+ wn(0)] € W!*™, Therefore we have shown that

¥ = (Z,W, B) is a finitely generated linear shift-invariant system if and only if for
some n € N there exist an invertible A € R®™*™ and C € W*" such that

B={weW? : 3z, € R*, w(t)=CAlxg, Vt €Z}. (1)

In other words, all finitely generated linear shift-invariant systems admit a repre-
sentation of the following kind:

{ z(t+1)

w(t)

i

Ax(t)
Cz(t) ’

i



where z € (R™)Z.
The concept of autonomous system plays a central role in the description of finite

dimensional systems over fields. This concept have been introduced in [15} in the
general behavioural framework. We will give also a symmetric version of it.

Definition 2 Let & = (Z, W, B) be a linear shift-invariant system over R. Then

1. ¥ is autonomous if
WE B, W0y =0 = w=0.
2. ¥ is symmetrically autonomous if

w € B, W|(—00.0] = 0 = w=0

and
w € B, Wo4e0) =0 = w=0.

We have distinguished two different concepts of autonomous systems since they
are not equivalent in general. The following proposition shows that if R is Noetherian
and the system strongly complete, then the two concepts coincides. Moreover it
clarifies the relation between finitely generated systems and autonomous systems.

Proposition 2 Let R be a Noetherian ring and ¥ = (Z,W,B) be a linear shift-
invariant system. Then the following facts are equivalent:

1. ¥ is finitely generated.
2. ¥ is symmetrically autonomous and strongly complete.

3. ¥ is autonomous and strongly complete.

Proof (1=>3) Since X is finitely generated, it admits the representation (1). We
want to show now that ¥ is n — 1-complete. Let p € R|z,z7}] be the characteristic
polynomial of the matrix A. Then p = pg + p1z + - - - + pn2™, with po, pn invertible
elements in R and by Caley-Hamilton theorem it is easy to see that

B:={weW?%:pw=0}2B.

It is clear that £ = (Z, W, B) is n-complete. Suppose that Wi ¢1n) € Bjjt,¢4n) for all

t € Z. Then wj,t4n) € Bjjt,t4n) for all t € Z and so w € B. Since wjjp,n) € Bjjon),

there exists w' € B such that w| = W) Let 6 := w’ —w. Then ¢ € B and
: hat Wyo p) : Vo= o

8)jo,n) = 0. It is easy to verify that, since po, p are invertible, this implies that § =0

and so w = w’ € B Suppose that w € B and that w)j(_e o = 0. Then w € B and




so pw = 0. Then it is easy to see that this implies that w must be zero and so
3 =(z,W, B) is autonomous.
(3=2) Let

= {w”_L'O] € Wit . Wik, 4+00) = 0, w e B}.

Since for all k € N we have M C M1, then there exists T € N such that M =
M1 = Mr4p = ---. Suppose now that there exists w € B such that w1, 4o0) = 0.
If we show that thls 1mphes that w(T - 1) 0, then we are done. In these hypotheses
we have that wj_Lo € Mr. Let w' := z7'w. Then wj_, o € Mr41 = My
and so there exists w” € B such that wji_; o = wj_p ¢ and Wi o) = 0. Let

§ :=w" —w € B. Since 8j-r,0) = 0, then by L-completeness we have that 5 Wi
such that 6!(_09 o) = 0 and 8|_, 1) = 8{-L,+o0) is in B and since ¥ is autonomous,
then 6 = 0. We can argue that 61—L,+o0) = 0 and that w(T—1) = w(T) = w’(T) = 0.
(2=1) Suppose that ¥ is symmetrically autonomous and L-complete. Consider the
R-homomorphism

d E — WL P W o Wo,L-1)-

It i§ easy to see that this homomorphism is injective. Actually, suppose that w € B
and that wyp,r—1; = 0. Then, by L-completness, we have that there exists @ € B
such that W)(_eo,z—1) = 0 and W||1 40) = W[L,400)- We argue that w = 0 and so
W|(L,+00) = 0. Consequently we have that w = 0. Now, since ® is injective, we have
that B is isomorphic to a submodule of W’ and so it is Noetherian (by prop. 6.7 in
(1]).

n

We will show now another use%ul characterization ensuring that a linear shift-
invariant system ¥ = (Z, W, B) is finitely generated. This is connected with the
ideal

) Ann(B) := {p € Rlz,z"'] : pw=0, Y w e B},
of Rlz,27Y].

Proposition 3 Let R be a Noetherian ring and ¥ = (Z,W, B) be a linear shift-

invariant system. Then ¥ is finitely generated if and only if Ann(B) contains a
normal polynomial.

Proof Suppose first that ¥ is finitely generated. Then it admits the representation
(1). Let p = X7, piz* be the characteristic polynomial of A. Then by the Caley-
Hamilton theorem (see [10]) we have that p(A) = 0 and so it is easy to see that
p € Ann(B). Since p is a characteristic polynomial of a matrix, then p, = 1.
Moreover, since A is invertible, then it is easy to see that also p, = det A is invertible.
Hence p is a normal polynomial.

Suppose conversely that p € Ann(B) and that p is normal, i.e.

p=pd +pa 4 dprazEt 4 pr2t,




where both p;, p; are not zero-divisors in R. Then it can be seen that B := {w €

WZ . pw = 0} is a finitely generated R-module containing B. Actually, consider
the map

®:B - Wk w Wi, L)

It is easy to see that it is an R homomorphism and that this homomorphism is

injective. Suppose that ®(w) = 0. Then, since w € B, then it satisfies the difference
equation

pw(t+) +ppwE+Ii+ D)+ +prqw(t+ L-1)+prw(t+L) =0, VteZ.

If we apply this equation for t = 0 and we exploit the fact that w(l) = w(l +1) =
.- = w(L ~ 1) = 0 and that p;, p; are not zero-divisors in R, then we argue that
w(L) = 0. We can repeat the same kind of argument, and using induction we see
that w(t) = 0 for all ¢t > [. In the same way we can prove that w(t) = 0 for all t <
and so w = 0. By prop. 6.3 of {1] we have that B and so also B are Noetherian and

so are finitely generated over R.
|

If R is a domain, the equivalent characterization of the previous proposition
become more simple as shown in the following proposition whose proof is a direct
consequence of the previous proposition.

Proposition 4 Let R be a Noetherian domain and ¥ = (Z, W, B) be a linear shift-
invariant system. Then L is finitely generated if and only if Ann(B) # {0}.

Let R be a domain and F its field of fractions. Suppose moreover that W := RY,

for some g € N. If ¥ = (Z, R, B) is a linear shift-invariant system, define the system
Y. = (Z, F9, Be) as follows:

B.={aw e (F)Z : acF, we B},

and let X, = (Z, F9, B.) be the system such that B, = CP(B,) is the completion
of Be, i.e. CP(B,) is the smallest complete behaviour containing B.. More explicitly
if ¥ = (Z,W, B) is a linear shift-invariant system we define

CP(B.) = {w € WZ: wy; € By, for all finite I C Z}.

We will call . and Z. field extension and complete field extension of ¥ respectively.
It is clear that £. and . are linear shift-invariant systems on the field F and that
Y is also complete and can be studied using all the techniques that are available
for these kind of dynamical systems (see [15]). Therefore it is useful to connect
properties of the system ¥ with the properties its field extensions. For finitely
generated dynamical systems this is provided by the following theorem, that seems

to have some connections with the classical Rouchaleau-Kalman-Wyman theorem
(see [13)).



Theorem 1 Let R be a Noetherian domain, £ = (Z, R?, B) be linear shift-invariant
system, L. = (Z, F9, B.) be its field extension and e = (Z, F9, Be) be its complete
field extension. Then the following facts are equivalent:

1. ¥ is finitely generated.
2. Y. is finitely generated.
3. Tce is finitely generated.
If one of the previous equivalent conditions holds, then L. = L.

Proof (1 = 2) If B is generated as an R module by w;,...,w,, then also B, is
generated by wy,...,w, as an F-vector space.

(2 = 3) By proposition 2, since B, is finitely generated, then it is strongly complete
and so B, = CP(B.) = B,

(3 = 1) If Bee is finitely generated, then, by the previous proposition, Ann(Bee) =
{pe Flz,z7 : pw = 0, V0 € B} # {0}. Let $ be a nonzero element of Ann(B).
TherT there exists a € R such that p = ap € R[z,z7'] and so p € Ann(B). By
proposition 4 we argue that ¥ is finitely generated. |

If we suppose that the linear shift-invariant system £ = (Z, R9, B) is L-complete,
then there exists a efficient way for checking if ¥ is finitely generated when the ring
R is a domain, using the previous theorem. First note that in general if ¥ is L-
complete, then £ is L+ 1-complete. Actually, since X is complete, then, as shown
by Willems, it is strongly complete and so l-complete for some [ € N. If | < L 41,
then X is also L + 1-complete. Suppose that [ > L +1 and consider a trajectory
in (F9)Z such that Wit,t+L) € Beelit,t+L) = Bejjt,e+1) for all t € Z. Then for all ¢ there
_exists r¢ € R such that reyg ¢y 1) € Byjt,e4r)- Let ¢ := rereqr -+ 7epg—. Then by L
completeness of X it can be seen that Tetl)(t,e41) € Byt,e44 and SO Wyjg ¢4 € Beejit,t+1)-
By the [-completeness we have that @ € Bee.

Now, since ¥ and ¥ are L + l-complete, then they are completely described
by the finite generated submodule M := Bjg 4y of R(Z*27 and the subspace

V= Bgjo,L+1) of F (L+2)9 respectively. It is easy to see that
V={am:ae€ F, meM}.

Therefore a basis of V is easily computable from a set of generators of M and

from this basis we can obtain a kernel representation of Z., i.e. we can compute a
polynomial matrix N € F[z,z~1]9%9 such that

Bee = ker N := {w € (F?)% : Nw = 0}.

Since (see [15]) Z¢. is finitely generated if and only if N is full column rank, then in
this way we have a test also for X. Actually, by theorem 1, T is ﬁmtely generated if
and only if N is a full column rank polynomial matrix.
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4 Controllable systems

Another class of systems with interesting properties are the controllable systems.
The notion of controllability that we will consider is not connected with a state
space realization, but is a property of the system itself. This property has been first
introduced by Willems in [15]. Other notions of controllability have been introduced
also in {7, 11} and they are not always equivalent. In this section we will list various
definitions of controllability and we will show how they are connected each other.
Moreover we will see some interesting properties of controllable systems and we will
introduce the notion of controllable subsystem.

Definition 3 Let £ = (Z,W, B) be a linear shift-invariant system over a ring R.
Then

1. T is zero-controllable if for all w € B, there ezist k € N and w' € B such that
Wi(=c0.0) = Wi(=0001s Y[k, +o0) = O

2. ¥ is symmetrically controllable if for all w € B, there exist h,k € N and
w,w"” € B such that

{ Wi(—00,0] = Wi(=000)> Wik, +o0) = 0
n
w{,(-oo,-h] =0, w|[0,+oo) = W|[0,+00)

3. ¥ is strongly zero-controllable if there exists k € N such that for all w € B,
there ezists w' € B such that

(=00} = (=000 Wo0) = O-
4. & is controllable if for all wy,we € B, there exists k € N and w € B such that
W|(=00,0] = Wi|(~00.0]> W[k, +o0) = (Z_kw2)|[k,+oo)~

5. ¥ is strongly controllable if there exists k € N such that for all w,,ws € B,
there erists w € B such that

Wi(—o0,0] = Wil(=00.0]s W|[k,400) = (z-kwi’)ﬂk&oo)'
It can be seen that strong zero-controllability and strong controllability are equiv-
alent and so they will not be distinguished. Moreover strong controllability im-

plies controllability that implies symmetric controllability that finally implies zero-
controllability. This is summarized in the following scheme.
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Strong zero-controllability

o
Strong controllability
Jlo
- controllability

ﬂ(iii)

Symmetric controllability
Jew

Zero-controllability

We now give the proofs of the above mentioned implications:

(1) Itistrivial to show that strong controllability implies strong zero-controllability.
Suppose conversely that the linear shift-invariant system ¥ = (Z,W,B) is
strongly zero-controllable and let wy,w, € B. If % = wy — z7*w, € B, then

" there exists w’ € B such that

wf(_oo’Ol = 151(—00,0]) wll[k,+oo) = 0.

Consequently, if w := w’ 4+ z~*w, € B, then we have that

W|(=00,0] = Wi|(=00,0]s W[k, 400) = (Z_kwi’)l[k,+oo)'
(ii) Trivial.
(iii) Suppose that X is controllable and let w € B. If in the definition of controlla-

" bility we take w; := w and ws := 0, then we have that there exist k € N and
w’ € B such that

—k —
W(=c0,0] = Wil(=00.0] = W(=00.0}s Wik 4o0) = (27 W2)|(k,400) = O-

On the other hand, if in the definition of controllability we take w; := 0 and
ws := w, then we have that there exist £ € N and w € B such that

Wi, +00) = 0, Wifko0) = (25W1) |k 100) = (27F0) |k 100

and so by the shift-invariance we have that w” := z*% € B and

wfz—oo,—k] =0, wﬁo,+oo) = W)[0,+00)*

(iv) Trivial

11



Note that both controllabilities are the original definitions given by Willems in
[15], while strong zero-controllability and zero-controllability have been introduced
by Forney and Trott in (7]. The symmetric version of zero-controllability, that could
be called zero-reachability, can be introduced and connected with the other notions
of controllabilities in a obvious way. In the following proposition we show that
if R is Noetherian, then zero-controllability, symmetric controllability and strong
controllability coincide. If moreover the system is strongly complete, then all the
controllabilities are equivalent.

Proposition 5 Let ¥ = (Z, W, B) be a linear shift-invariant system over a ring R.
Then

1. If R is Noetherian, then ¥ is symmetric controliable if and only if ¥ is strongly
controllable.

2. If R is Noetherian and T is strongly complete, the all the notions of control-
lability of ¥ are equivalent.

Proof Suppose that ¥ is symmetric controllable. Let B is the set of trajectories
in B with finite support. Note that B is a Noetherian module over R[z,z7!] (see
problem 10 pag. 85 in [1]). Let wy,...,wn a set of generators for B and suppose that
their supports are included in [N, N|. Take now a w € B. We want to show that
there exists w’ € B such that wI’(_ 00.0] = W|(—c0,0] and w{pN' +o0) = 0. By symmetric
controllability it is easy to see that there exists W € B and wy, we € B such that
Wi(~c0,0] = 0, Way[0,+00) = 0 and w = w + w1 + w2. Then

n n n n
W= Zzaijziwj = E Z aijzi’LUj + Z Z a,'jziwj + Z Z a,-jziwj,
j=1

j=1lil/leN j=li<-N j=1i>N

where a;; € R. If we let

j=1}i|<N
n
wy=wi+ Y Y ayztw; € B
Jj=1i>N
and
n .
wy = wy + Z z aijz'w; € B,
j=li<—N
then we have that wiy _, o =0, Wyg 400y = 0 and w = W' +w} +wj. Define finally
w' = % +wh = w —w}. Then it is easy to verify that w{(_w'o} = W|(—c0,0] and

w{[?N,-i—co) = 0.

12




In order to prove the second assertion it is sufficient to show that if X is zero-
controllable, then it is strongly controllable. Suppose that ¥ is zero-controllable and
let foralln e N

My = {’w”_L’QI w € B, W|[n,+o00) = 0}

Then we have that M; C My C M3 C --- and so, since R is Noetherian, there
exists N € N such that My = My = Mpy42 = ---. Take now any w € B. Then,
since T is zero-controllable then wy_r o € M, for some n and so wj_ro € Mn.
Therefore any trajectory in B can be controlled to zero in at most N steps and so,
by L-completeness, X is strongly controllable. |

In the following example we show that for systems that are not strongly complete,
controllability does not imply strong controllability.

Example Let R = Z and ¥ = (Z, R, B), where
B:={pw:pe€ Rlz,z7']}

and where w is any irrational trajectory in RZ (i.e. a trajectory such that pw has
infinite support, for every polynomial p € R|z,z7!]) such that w400y = 0. It is
clear that ¥ is a linear shift-invariant zero-controllable system. However it is not
difficult to verify that it is not symmetrically controllable, since the only trajectories
in B with finite support is the zero trajectory.

Suppose now that R is a domain and W = R? for some g € N. It is easy to see
that all the controllability properties of ¥ are inherited by both its field extension
system X, and by its complete field extension system X.. The converse is not true
even if R is Noetherian domain as shown by the following example. Therefore a
version of theorem 1 for the controllability properties does not hold true.

Example Let R = Z and ¥ = (Z,Z, B), where
B:= {wez%: 2wt +1)—3w(t) is a multiple of 5} = {w € ZZ : (2z — 3)w € (5)%},

where (5) is the ideal in Z of the integers that are multiple of 5 and (5)Z is the set
of sequences whose elements are in (5). It is clear that X is a linear shift-invariant
strongly complete system over the ring Z. It is not difficult to verify that

9tw(0) + 5u(t)
4tw(0) + 5v(t).

fl

I

weB & 3Jvezl: {:ﬁgg

Consequently ¥ is not zero-contrbllable, while it is easy to see that B. = {w € Q% :
dn € Z, nw € B} and B. = Q% and so both of them are strongly controllable.
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5 Image representation for controllable systems

As shown in [15] for linear shift-invariant complete and controllable systems over
fields there exists a useful representation that is called image representation. Ac-
cording this representation, we have that the behaviour coincides with the image of
a suitable linear operator that is called shift operator. We will see now that this
kind of representation holds true also for systems over Noetherian rings.

Let V and W be two finitely generated modules over R and let Hom(V, W) be
the set of all the R-homomorphisms from V to W. In the usual way we can define
the set Hom(V, W)[z, z7!] of all polynomials with coefficients in Hom(V, W). This
is not a ring but only an R|z, z~!}-module. Given an M € Hom(V, W)|z,z7}]

L
M= z A/I,'Zi,

i=l

where M; € Hom(V, W), we can associate an R[z, z~!]-homomorphism ¥y from V%
to WZ in the following way:
If v € VZ, then for all t € Z we define

L
War(v)(t) := Z Miv(t + 7).

i=l

The homomorphisms defined in this way are called shift operators.

The family of shift operators can be characterized in terms of continuity w.r.
to a suitable topology defined on the signal spaces. More precisely consider the
discrete topology on V and W and the product topology on the signal spaces VZ
and WZ. Such a topology is called pointwise convergence topology since a sequence
{wn}, € WZ converges to w € W2 if and only if the sequence {wn(t)}2; C W
converges to w(t) € W in the discrete topology for all t € Z and so if and only if
wp(t) is eventually equal to w(t) for all t € Z.

It is not difficult to prove that closed subsets of W% corresponds to complete
behaviours. Note moreover that W% with this topology satisfies the first axiom of
countability (see [8, pag. 92]) and therefore (see [3, pag. 218]) a subset B of W2 is
closed if and only if the fact that {w,}3, C B converges to w € WZ implies that
w € B. Moreover a map ¢ : VZ — WZ is continuous if and only if for every sequence
{wn}%.; C VZ converging to w we have that {®(wn,)}32, C WZ converges to &(w).
Now we can give the characterization of the shift operators in terms of continuity
w.r. to the pointwise topology.

Proposition 6 Let ® be an operator from VZ to WZ and consider in VZ and W%

the pointwise convergence topology. Then ® is a continuous R[z, z~!]-homomorphism
from VZ to W2 if and only if ® is a shift operator.
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Proof Suppose that @ is continuous. Consider for all v € V the signal 6, € VZ
such that 6,(0) = v and 6,(t) = 0 for all t # 0. Since the sequence {z"8,}5,
converges to zero, then, by continuity, the sequence {2"®(8,)}n%; converges to zero.
Analogously, since the sequence {z7"6,}52.; converges to zero, then the sequence
{z7"®(6,)}5%,; converges to zero. We can argue that ®(6,) has finite support. Since
® is an R-homomorphism, then for all i € Z there exists M; € Hom(V, W) such
that ®(6,)(i) = M;v for all v € V. Consider the polynomial M := ¥ M;z* in
Hom(V, W)z, z~1].

We want to show that ® coincides with the shift operator ¥ and consequently
we have to show that for all v € (R')Z we have that ®(v) = ¥ps(v). If v has finite

support, then this is true. For any v € (R")Z consider the sequence {v,}3%, defined
as follows:

- Unj[-n,;n] = Y|[-n,n}; Un|(—o0,—n) = 0 and Un|(n,+o0) = 0.

It is clear that {v,} convergesto v and so, by continuity of ®, {®(v,)} converges to
®(v). On the other hand, since v, has finite support, then ®(v,) = ¥(v,) and so,
for every t € Z, there exists' N € N such that for all n > N we have Ups(v,)(¢) =
®(v)(t). It is clear that, if n is big enough, then Was(vn)(t) = ¥ar(v)(t).
Conversely it is easy to see that ¥y, where M € Hom(V, W)|z, 2}, is a continuous
R|z, z7!] homomorphism from VZ to WZ. Suppose that the sequence {v,}32; C
(RHZ converges to v. Actually, we have that

L
Upr(vn () = E Mivn(t + 1)

i=l

and so, since there exists N € N such that for all n > N we have v,(t +1) =
v(tF1i), Vi=11+1,...,L, then for all n > N we have

L L
Upr(vn)(t) = 3 Miva(t +1) = 3 Mav(t + 1) = Upr(0)(t).

i=l i=l

Consequently the sequence {¥as(vr)}32; C (RY)Z converges to ¥as(v) and we have
the continuity of ¥ys. ]

As shown by Willems, complete controllable linear shift-invariant systems over
fields admit an image representation. More precisely, it can be shown that the be-
haviour of a controllable system coincides with the image of a suitable shift operator.
From the coding theory point of view, the shift operator can be seen as the encoder,
i.e. the algorithm that maps the signal in the corresponding coword. An analo-

gous result holds true for systems over Noetherian rings as shown in the following
theorem.
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Theorem 2 Let R be a Noetherian ring and let T = (Z, W, B) be a linear shift-
invariant complete system. Then L is strongly controllable if and only if B = im ¥

for some shift operator War from VZ to W2, where V is a suitable finitely generated
R-module.

Proof It is trivial to prove that if B = im ¥4, then ¥ is strongly controllable.
Suppose conversely that ¥ is strongly controllable. Then there exists £ € N such
that for all w € B, there exists w’ € B such that

wll(—oo,O] = Wi(~00,0)» wi[k,-}-oo) =0.

Let
B[O.k) = {'UJ €B: ’LU(t) =0,Vt & [O,k)}

Since R is Noetherian, then By is finitely generated. Let uy,...,u be a family of
generators. Fix V := R' and let ey, ..., e; be the canonical basis in R’. Let moreover
M; be the unique homomorphism in Hom(R', W) such that for all i = 1,...,] we
have M;(e;) = ui(—t) and define

0
Z Mth

t=—k+1

as an element in Hom(R!, W)(z,z~1]. We want to show that B = im ¥y.
Let w € im ¥p. Then w = ¥ps(v) for some v € (RYZ. Let v, € (RY)Z be defined

as follows:
w(t) if [t <h
vn(t) = { otherwise.

It is clear that, since the support of M is included in (—k,0], then we have that
wp, := Wps(vp) coincides with w in the interval [—h + k, h|. Since wy, € B and since
% is complete, then we have w € B.

Let w € B. First we show that w = w, + wy, where wp,wy € B and wp(t) = 0
for all t > k and wy(t) = 0 for all t < 0. Actually, by strong controllability, there
exists wp € B such that wy|(—co,0] = W|(~c0,0]s Wp|jk,+00) = 0 and so, if we define
wy := w — wp We have that wy, wy satisfy the conditions we required. We want to
show now that wp,wys € im ¥ys. Consider the sequence wo,w;,ws,... such that
Wij(—c0,i) = O constructed recursively in the following way:

Let wo := wy. If we suppose we have found w; such that w;j_ 3 = 0, then, by
strong controllability, there exists 1; such that Wij(—ooi41] = Wij(—ooyi+1]r Willk+i+1,+00)

= 0. Define wiyy = w; — ;. It is clear that wij(—eciy1y = 0. Moreover
Z"+l’lf),' < B[O,Ic) and so

1.~
T = Zaiﬂ,j”j
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Consequently we have that

Ait1,1

i l
(ZH_I‘UAM)(t) = Zaiﬂ'juj(t) = Z a,‘+1,jM_tej = M_t
B =1 7=t Qi1

and so w; = Up(aj4+1) where aj4q € (RY)Z such that

Qit1,1
ift=1+1
aj+1(t) := .
i1,
otherwise

Therefore, if v; := Zj’:o aj41, then wy —w; = ¥pr(v;). We have that w; converges to
zero and so W pr(v;) converges to wy. It is clear that also the sequence v; converges to
a limit signal that we call vy, and, by continuity of ¥»s we have that wy = ¥ps(vy)
and-so wy € im ¥ps. In a similar way it can be shown that wy, € im ¥s and so also
w=wyf+wp €im ¥yy. |

The following corollary follows immediately from the previous theorem and from
proposition 5. -

Corollary 1 Let R be a Noetherian ring and let & = (Z, W, B) be a linear shift-
invariant strongly complete system. Then ¥ is zero-controllable if and only if B =

im Wps for some shift operator Uy; from VZ to WZ, where V is a suitable finitely
generated R-module.

If ¥ = (Z,W, B) is complete and strongly controllable, then B is the image of
a shift operator ¥ps from VZ to WZ. From the coding theory point of view, the
behaviour B is seen as the code and so the map ¥y can be seen as an encoder. It
is clear that if we want that ¥y represents really an encoder, this map should be
one to one. It is not true in general that the behaviour of complete and strongly
controllable system coincides with the image of an one to one map shift operator
. Actually, in this case the R[z,z~!] module B would be homomorphic to VZ
and this is not always possible. Some aditional requirements stronger than strong
controllability are necessary (see (9, 5]).

As shown in the proof of the previous theorem it is possible to choose V = R!
for some [ € N. In this case the shift operators can be described in a slightly more
concrete way. Actually, if we fix a set of generators wy,...,w, for W, then there
exists a canonical way to associate to a homomorphism in Hom(R!, W) a matrix
in R™9 and so Hom(R', W)(z,z7!] and R[z,2~!}"*? can be considered isomorphic
R[z,z7!]-modules. More concretely we can associate to a matrix M € Rlz, z71]9,
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an operator ¥y from (R')Z to WZ in the following way:
If M = [my;] and v = (vy,... ,v;)T € (RYZ, then for all t € Z we define

Upr(v)(t) := ur(8)Wy + -+ - + ug(t) Wy,

where u; are signals in RZ so defined u; := 25’:1 mijuj. Note that v; € R and that
m;;v; is well defined. In this way for every t € Z we have that

L
Y (v)(t) =D Myu(t +1). (2)

i=£
6 Controllable subsystems

Given a linear shift-invariant system ¥ = (Z,W,B), it is possible to define the
concept of zero-controllable subsystem . = (Z, W, B;) as the biggest linear shift-
invariant zero-controllable subsystem of ¥. More precisely £, = (Z,W, B,) is the
zero-controllable subsystem of ¥ if

1. B.C B.
2. .= (Z,W, B,.) is a linear shift-invariant zero-controllable system.

3. For any linear shift-invariant zero-controllable system ¥’ = (zZ, W, B’), such
that B’ C B, we have that B’ C B..

The existence of a system with these properties is provided by the observation that

if % = (Z, W, By), i € I, is a family of linear shift-invariant zero-controllable systems
such that B; C B, then (Z, W, B), where

B:= Z Bi,
€]
is a linear shift-invariant zero-controllable system.

In the same way we can define the symmetrically controllable subsystem X, =
(z,W, Bsc) of a linear shift-invariant system £ = (Z, W, B) and in the same way we
can prove its existence. Note first that if R is Noetherian, then the symmetrically
controllable subsystem is strongly controllable and so it is the biggest strongly con-
trollable subsystem of ¥, which does not exists in general. Note moreover that if &
is zero-controllable, then the zero-controllable subsystem X, coincides with X and if
¥ is symmetrically controllable, then the symmetrically controllable subsystem X,
coincides with X.

Given a linear shift-invariant system £ = (Z, W, B) we define now two interesting
subsystems that are connected with the controllable subsystems. First define the
linear shift-invariant subsystem X, = (Z, W, B,) as follows:

Bp = {'UJ € B: W[k, 400) = 0, 3k e Z}.
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Define moreover the subsystem ¥ = (Z, W, B) of £ as as the system with behaviour
= {1 € B : 1w has finite support}.

The relations between these subsystems and the controllable subsystems are very
interesting when X is strongly complete as shown in the following proposition. First,
we introduce the concept of L-completion. If B is any behaviour of a linear shift-
invariant system, then we define C Pr(B) as the smallest L-complete behaviour con-
taining B. More explicitly we have that

CPL(B) = {w € W% : wyzir) € Byeerr)}-

Proposition 7 Let ¥ = (Z,W, B) be a linear shifi-invariant L-complete system,
Y. = (Z,W, B,) its zero-controllable subsystem and .. = (Z, W, Bsc) its symmetri-
cally controllable subsystem. Then

1. B.=CPy(B,). -
2..B,. = CPr(B). -
Moreover, if R is Noetherian, then ¥. = Tgc.

Proof First if we show that CPr(B,) is zero-controllable, then we would argue
that B. 2 CPr(B,). Actually, if w € CPr(B,), then there exists w € B, such that
Wy-L,0] = Wi[-L,0/- Let w be a trajectory in WZ such that W)(—c0,0] = Wi(—co,0] aNd
W|[—L,+o00) = W||—L,+o0)- BY L-completeness of CPL(B,) we have that w € CPr(By).
Finally if we show that Byo,; € Byyjo,|, then we would argue that B. € CPr(B.) C
CPr(By). Actually, suppose that w € B.. Then there exists w' € B, such that
wi(_w L) = Wi~oo,L) @0d Wy ooy = 0. It is easy to see that w' € B, and that
Wio,zj = Wipo,L|-

The second part of the proof works in the same way as the previous one. First
if we show that CPr(B) is symmetrically controllable, then we would argue that
Bee 2 CPL(B). Actually, if w € CPL(B), then there exists w € B such that
w“_L,OI = W|(-L,0]- Let W be a trajectory in WZ such that Wy(—00,0] = Wi(-00,0] 2N
W|[~L,400) = W|[-L,+00)- BY L-completeness of CP(B) we have that w € CPr(B).
The symmetric can be shown similarly.

Finally if we show that B0, C B\{o, 1), then we would argue that Bsc C CPr(Bsc) ©
CPL(B). Actually, suppose that w € B,.. Then there exists w' € B such that
W(_oo,1] = W|(=oo0,L] DA Wy 4y 4oy = 0. Moreover there exists w” € By such that

wﬁo +o0) = Wi, too) @04 W(_o g = 0. It is easy to see that w” € B and that

wno LL Wio,L]-
e last part of the proof is the direct consequence of of proposition 5. |

A linear shift-invariant strongly complete system ¥ = (Z, F9, B) over a field F'
can be decomposed in the direct sum of a controllable subsystem and an autonomous
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subsystem. This kind of decomposition can not be directly extended to systems over
rings. In the following proposition shows what kind of extension can be done.

Proposition 8 Let R be a Noetherian ring and £ = (Z,W,B) be a linear shift-
invariant strongly complete system. Let moreover X. = (Z, W, B,) the zero-controllable
subsystem of L. Then the module B/B. is finitely generated over R.

Proof Suppose that X is L-complete. Note that in this case by the previous
proposition B. = CPy(B) = CPL(B,). By symmetry it is possible to show also that
B, = CPL(Bf), where By := {weB: W(—o0,k] = 0, 3k € Z}. If we take m € BHO,L];
then there exists w € B such that wg ; = m. If w’ € B is such that wf[o, [=m
then § := w — w’ € B.. Actually 8jjo,L; = 0 and so, by L-completeness the signal
61 such that 6y(—00,0] = 6|(~c0,0] a0d b1)(0,400) = 0 is in B. Since 6, € By and
09 := 6 — 6, € By, then 6,,6, € B, and so § € B.. Consider the projection map

®: Bjp,) — B/B:

defined as follows: if we take m € Bjj 1, then there exists w € B such that w1} =
m. Define ®(m) := w + B.. This is a good definition as seen above. It is easy to

see that the map @ is onto and so we have that B/B. is isomorphic to Bjj,r;/ ker ®
that is Noetherian.

The module B/B. can be seen in a way as the behaviour of the autonomous
subsystem of L. Actually, in the hypotheses of the previous proposition we can
define the linear shift-invariant system £, = (Z,W,B,) where W is the finitely
generated R-module B/B. and where

By:={Zw:tez, weB/B}.

Obviously we have that ¥, is a finitely generated and so an autonomous system. It

can be considered the autonomous subsystem even if it is not properly a subsystem
of X.

7 Finitely generated state space module and realizable
systems

In this section we will study the state space module of a linear shift-invariant system
over a Noetherian ring. The concept of state space have been introduced in the
behavioural approach by Willems in [15] in its most generality. For systems over
groups it is possible to define a canonical state space as a quotient group. We will
follow this approach.
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Definition 4 Let ¥ = (Z,W,B) be a linear shift-invariant system over a Ting R.
Then the state space module X of ¥ is the R-module defined as follows

& :=B/(B- + B4),

where B. is the subset of all the trajectories w in B supported in (—o0,0) and
analogously B, is the subset of all the trajectories w in B supported in [0, +00).

As shown by Willems in [15] we have that the system X, = (Z, W x X, B,), with
B, = {(w,z) € (W x X)%:w € B, z(t) := z'w + B_ + By, Vt € 7}

constitutes a minimal state space representation (or state realization) of ¥ in the
sense that, up to isomorphisms, it is the smallest system of that form such that
B = {w: (w,x) € B,} and satisfying the axiom of state. Willems showed moreover
that when X is complete, then X, is 2-compiete. In other words he showed that in
this case ¥, is completely determined by its evolution low, i.e.

(w,z) € Bs & (z(t),z(t +1),w(t)) e M, VYteZ

where

M

il

{(2(0), (1), w(0)) € X x X x W : (z,w) € By} =
= {(w+B-+ By, 27w+ B_ + By,w(0)) : w € B}.

In coding theory words, the evolution law fixed by the module M gives the trellis
diagram describing the code associated to the system ¥. Note that these consid-
erations are really useful in practice only if the state space module X is finitely
generated. In this case we say that the system X is realizable. Only when X is real-
izable, in the state space representation X, the signal alphabet W x X is a finitely
generated module and so is the module M. Consequently the evolution law can be
expressed in a constructive way. More precisely, if my,...,m; is a set of generators
of M, then the evolution law can be expressed in the following way:

(w,x) € B, if and only if the equation

(m(t))x(t + 1),1U(t)) =aymy+---+aqmy

admits solutions ay,...,a; € R for all t € Z.

In the following we will analyze some condition ensuring the realizability of a
linear shift-invariant system over a Noetherian ring. We start showing that strongly
complete and symmetrically controllable systems are realizable.

Proposition 9 Let R be a Noetherian ring and ¥ = (Z,W,B) be a linear shift-
invariant system. Then the following facts hold:

1. If ¥ is strongly complete system, then X is realizable.
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2. If © is a symmetrically controllable system, then ¥ is realizable.

Proof Let X be the state space module of £. Suppose that ¥ is L-complete.
Consider the the R-homomorphism

®: By — &

defined as follows: if we take m € B L}, then there exists w € B such that wyp,z; =
m. We show that, if w’ € B is such that wno L ="m then 6 := w —w' € B_ + B,.
Actually é)jo,; = 0 and so, by L- completeness the signal w such that wyj(~e0] =
0)(~c0,0] @0d Wyj(0,400) = 0 is in B. It is clear that wy € B- and w2 := 6 —w) € B,.
Therefore we can argue that if we define ®(m) := w + B_ + By, then this is a good
definition. It is easy to see that the map & is onto and so X = By ;/ ker ® that is
Noetherian.

Suppose now that ¥ is symmetrically controllable. Then it is easy to see that
B=B+B_+By,
where B is the set of trajectories in B with finite support. Consequently we have
that .
X=X
where X := B/ B_ + B, where B_ is the set of trajectories in B_ with finite support
and similarly By is the set of trajectories in B, with finite support. Note that B is

a Noetherian module over R[z,z~1]. Let wy,...,w, a set of generators for B and
suppose that their support are included in [—N, N]. We want to show that

{Zwj:i=-N,-N+1,...,-1,0,1,...,N=1,N; j=1,2,...,n}

constitutes a set of generators for X'. Take w € B. Then

n n n
w = ZZa‘-,-z"wj = Z Z aijziw,- + Z Z ai,-ziwj.
J=1

j=1I<N J=1li{>N
It is clear that the second summand is in B_ + By and so we have the thesis. W

Note that in the proof of the first part of the previous proposition we need
something weaker than the strongly completeness. Actually we need only that the
system has finite memory. A linear shift-invariant system ¥ = (Z, W, B) has finite
memory if there exists L € N such that if w € B and w1y = 0, then W such that
W(—oo,0] = 0 and Wp 4o00) = W(0,+00) i contained in B. It is not difficult to prove
that [15] a system is strongly complete if and only if it is complete and has finite
memory.

The last result we present shows that there exists a strict relation between the

realizability and the autonomous subsystem, as it has been defined in the previous
section.
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Proposition 10 Let R be a Noetherian ring and £ = (Z, W, B) be a linear shift-
tnvariant system. Let moreover Y. = (Z,W, Bsc) be the symmetrically controllable
subsystem of ¥. Then X is realizable if and only if B/Bs. is finitely generated.

Proof (<) Let X be the state space module of £. From the previous proposition
we have that the state space module Xy := Bye/Bse N B, where By := B_ + By, is
Noetherian and so since B/B,. is Noetherian, we can argue that B/B,. N Bs. Con-
sequently we have that also X = B/B. is Noetherian.
(=) If X = B/Bs, where By := B_ + By, is Noetherian, then By + B,/By is
Noetherian, where By denotes the submodule {w € B : wy_wnx = 0, 3k € Z} and
Bp denotes the submodule {w € B : W)k +00) = 0, 3k € Z}. We can argue that both
the submodules B/B; N B+ and B,/B, N B+ are Noetherian.
Let wy,...,wn € By such that wjj(—s0) = 0 and w;(0),...,ws(0) is a set of gen-
erators for the R-module {w(0) € W : w € B, wy_x0 = 0}. Then it is clear
that o

By = B(w;) + -+ + B(wn) + By,
where B(w;) := {pw; : p € R{z,z!]}. Consider the following increasing sequence of
modules

(w;)+B nBigfwi,zwi)-i-B ﬂBig<wi,zw;,z2wi>+B NBLC -
f f f

where with (w;, zw;, . .., 2™w;) we mean the R-module generated by w;, zw;, ..., 2"w;.
Since B;/By N By is Noetherian, then there exists V € N such that

(wi, zwi, . .., 2NV " lwg) + By N By = (w;, 2w;, . .. eV wi) + BN By
and so there exist p; € R, such that

N-1
Nw; = pidw+wy +we,
=1

where w_ € B_ and wy € By. It is clear that w; := z~~w_ has finite support
and moreover w;(0) = w;(0). If we do the same with all w; we obtain a family
Wy, ..., Un € B with finite support satisfying

By = B(wy) + -+ - + B(wn) + Bs..

In a similar way we can show that there exists a family wy,...,wmn € B with finite
support satisfying

B, = B(w;) + - - + B(Wm) + B-.
We can argue that )
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where with B we mean the set of trajectories in B with finite support. Note that B
is a finitely generated module over R|z,z7!]. Let wy,...,wn be a set of generators

for B. It is not restrictive to suppose that their support are included in {—~N, N].
We want to show that

Bf + Bp = Bj_on2n) + By

where with B|_yn2n) We mean the set of trajectory in B with support in [~2N,2N].

Actually, if w € By + By, then we have that w = w + w- + w4, where W € B,
w- € B_ and wy € By. Then

n n n n
W= a;Zw;=)_ > ayrwi+y. Y, aZwi+ Y Y ayziw;.
i=1

j=1}i|<N j=1i<-N J=1i>N
If we let n

,.I — :

W=+ Z Z aij2'w; € Bi_an2n)

j=1[i|<N
n .
w_i=wo+ Y Y aiziws € B
j=lic<=-N

and

n
whoi=wy+ YD aiz'w; € By,
j=1i>N
then we have that w = @' 4+ wl + w/,.

We show finally that By + B, is the behaviour of a strongly controllable system.
Take w € By + B,. By the previous decomposition we can argue that w := 2*Nw =
W+ w- + w4 with @ € B_onan), W~ € B- and wy € By. Then it is easy to see
that w' = 272N (1) + wy) is such.that that Wi(_oo,0] = W(=00,0] 204 Wiy 400y = 0

Since By + B, is strongly controllable, we have that By C By + B, € Bs: and so
B/ B, is Noetherian. ]

From the proof of the previous proposition we can obtain the complete character-
ization of the zero-controllable systems with finitely generated state space module.
Actually we show that for realizable systems all the controllability concepts coincide.

Corollary 2 Let R be a Noetherian ring and ¥ = (Z,W,B) be a linear shift-

invariant realizable system. Then ¥ is zero-controllable if and only if ¥ is strongly
controllable.

Proof (<) It is the given by proposition 9.

(=) As we have seen in the proof of the previous proposition, if the state space
module X of ¥ is finitely generated, then B, + By is strongly controllable. Finally
it is easy to verify that, if ¥ is zero-controllable, then B, + By = B. |
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It could be reasonable to ask whether a result similar to the Rouchaleau-Kalman-
Wyman theorem (2, 13, 12| holds true also in the behavioural approach. It is easy
to see that if £ = (Z, R, B) is a linear shift-invariant system and X, = (Z, F9, B,)
is its field extension system, then ¥ realizable implies X, realizable. The converse is
not true in general as shown in the following example.

Example Let £ = (Z,Z, B), where B is the R(z, z~!] submodule of Z% generated be
the trajectories wy, wo such that

2 ift=0
w‘(t)“{ 0 ift#£0

and w; is any irrational trajectory (i.e. a trajectory such that pw has infinite support,
for every polynomial p € R[z,z7!]) with w(0) = | and ws)(_s0,0y = 0. For instance
weTan take the trajectory we defined below

. wia(t) = 1 ift=2FkeN
2%7= 1 0 othewise.

Consequently we have that if w € B has finite support, then w = qw; for some
q € R|z,z71]. We show hiow that the state space module X = B/(B- + By) of T is
not Noetherian. Consider the increasing sequence of modules

(wg) + B_ + By C (wa, zwa) + B_ + By C (wy, 2wy, 2%ws) + B + B4 C - --
This sequence is strictly increasing. Actually, suppose that

(we, 2w2, ..., 2N Vwo) + B_ + By = (wo, 2wy, . .., 2w, 2Vwo) + B + By
Then
N-1
N,y = Z Diz'we + wWo + Wy,
=1

where p; € R, w- € B- and w4+ € By. If we evaluate the the signals in the
previous equation in —N we obtain that 1 = (zNwq)(—N) = w_(—N). Taking into
account that w- has finite support, we have that w_(—V) is even and this gives a
contradiction. Therefore Z is not realizable.

On the other hand it is not difficult to verify that the field extension ¥, =
(Z,Q, Be) is realizable and that its state space module &, = {0}.
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