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1 Introduction

Principal series representations play an important and well-developed role in repre-
sentation theory of reductive algebraic groups. Perhaps much of this importance,
certainly much of this development, stems from the relationship between these rep-
resentations and representations of simpler, better understood classes of groups. The
underlying spaces for principal series representations depend only on the restrictions
of these representations to compact groups, and the structures of these representations
as modules for reductive groups depend on the structures of modules for parabolic
subgroups of these reductive groups. In the absence of theory necessary to speak
freely of general representations of reductive groups, those categories of representa-
tions to which the current state of theory does apply rise somewhat in prominence.
Those categories rise both for lack of any more inventive mathematics and, justifiably,
in the hope studying such categories will lead to more inventive mathematics.

In order better to understand the decomposition of principal series representations
into irreducible components, we turn to the study of branching laws. Specifically,
for any real reductive group, we consider branching from K, the maximal compact
subgroup of that group, to M, the intersection of a chosen maximal torus with K.
Frobenius reciprocity relates branching to the decomposition of principal series. We
may gain significant information further narrowing our project to the consideration
of branching from the identity component K, of K to the intersection of M with K.
Our results deal only with branching from K, to M N K, for the split real reductive
groups of classical type.

Kostant’s multiplicity formula solves the problem of branching from real compact
connected reductive groups to connected closed subgroups, so this formula seems a
natural point of departure for our project. Two problems arise. In general groups
M and M N K. tend toward disconnectedness of a nature severe enough to make
very difficult or even impossible the task of massaging the situation into compliance

with the conditions Kostant’s fomula requires. On the other hand, the classical



groups lend themselves to induction, and, making up somewhat for the subgroup’s
stubborn disconnectedness, M is finite and abelian for the classical groups. We take,
for example, branching from SO(n,R) to M where M is the intersection of some
maximal torus for SL(n,R) with SO(n,R). Kostant’s formula solves branching from
SO(n,R) to SO(n—2,R) x SO(2,R), and for ¢ equal to n —2 and 2, we could hope to
understand branching from SO(%, R) to M(SO(7)) inductively where M (SO(z)) is the
intersection of some maximal torus for SL(z,R) with SO(i,R). Use of this process
would put us in good stead to solve branching from SO(n,R) to M. The restriction
map from the set of representations for SO(n,R) to the set of representations for
M(SO(n — 2)) x M(SO(2)) factors through the set of representations for M. We
would have only to investigate this factorization. The second problem with utilizing
Kostant’s formula now presents itself. The combinatorics behind Kostant’s formula,
involving as it does Weyl groups and partition functions, can become complicated
quite quickly. Kostant’s formula provides a sure solution to a very nonspecific class of
problems. The fomula need not take advantage of simplifying assumptions pertaining
to any specific subclass of these problems. Although Kostant’s formula serves as a
foundation for cited results critical to our approach, we eschew the known territory

involving direct use of the formula, favoring instead a different tack.

In section 2, we give an overview of the structure theory for split real reductive
algebraic groups and we provide definitions central to the discussion of our project.
We recall a result from the study of algebraic groups affirming the uniqueness up to
isomorphism of any split reductive algebraic group with a particular root datum. Up
to isomorphism, then, there exists only one real split reductive group of each classi-
cal type. We then discuss briefly the principal series representations and Frobenius

reciprocity, clearing the way for our focus on branching from K, to M N K,.

We determine the real split reductive group of type A, in section 3. Applying



the structure theory from section 2, we determine K and M. We go on to clas-
sify the irreducible representations of M, associating the isomorphism class of each
representation to some subset of {1,...,n}. Finally, we state and prove a lemma
equating the multiplicities in any irreducible representation for K of any two irre-
ducible representations for M corresponding to subsets of {1,...,n} having the same

cardinality.

Section 4 contains a thorough description of the group K = SO(n,R) for the real
split reductive group of type A,. We study the Lie algebra for K, establishing notation
and conventions such as a choice for a Cartan subalgebra and a choice for a set of
positive roots. We establish a correspondence between the irreducible representations
for any real reductive Lie group and the analytically integral forms on the Cartan
subalgebra related to highest weight representations for the Lie algebra. Determining
explicitly the set of analytically integral forms for K, we then state Murnaghan’s
theorem describing the branching law from SO(n,R) to SO(n —1,R). Making use of
Murnaghan’s result, we establish an inductive algorithm to solve branching from K

to M.

The algorithm from section 4 is fairly simple, moreso probably than the algorithm
a direct application of Kostant’s theorem might have produced. On the other hand,
even this relatively simple recursion appears computationally costly when applied to
branching from K to M for the real split reductive group of type A, when n is large.
We search for a computationally simpler algorithm, one more intimately related to
the structure of representations for X = SO(n,R), hoping the methods we encounter
might have applications to more general cases. We look in section 5 at the relation-
ship between semistandard Young tableaux and representations for K. Semistandard
Young tableaux serve as a sort of common language for the expression of results con-

cerning representations, especially for matrix groups. These tableaux appear in the



study of combinatorics and algebraic geometry, so representation-theoretic results
making use of semistandard Young tableaux stand to benefit from and to benefit
theory related to these two fields. We define a subset of the set of semistandard
Young tableaux, referring to this subset as the set of admissible semistandard Young
tableaux. We categorize admissible semistandard Young tableaux according to depth
and to the length of each row, and we subdivide the set of admissible Young tableaux
into types corresponding to the highest weights of K representations. Finally, we
develop a process for altering, or decorating, these admissible Young tableaux in
such a way that the number of decorated admissible semistandard Young tableaux
of type corresponding to some highest weight for K equates to the dimension of the

representation for K of that highest weight.

The correspondence between admissible semistandard Young tableaux and rep-
resentations for K = SO(n,R) from section 5 identifies each decorated admissible
semistandard Young tableaux of type corresponding to some highest weight for K
with a line in the representation of that highest weight. In section 6, we study how
the action of M for the real split reductive group of type A, on this representation
affects this set of lines. We use calculations within the universal enveloping algebra
for K and the tenets of highest weight theory to study this action. The lines corre-
sponding to decorated admissible semistandard Young tableaux do not, in general,
span one-dimensional representations for M, but they do span one-dimensional rep-
resentations for a large subgroup of M. The remainder of M acts on these lines in
such a way as to make possible the identification of a basis for the highest weight rep-
resentation comprising vectors each of which spans a one-dimensional representation
for all of M. By studying the action of M on these vectors, we determine to which
isomorphism class belongs the irreducible representation for M spanned by any one

of these vectors. Moreover, using the connection between these vectors and the lines
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corresponding to decorated admissible tableaux, we establish a bijection between the
decorated admissible tableaux and the isomorphism classes of irreducible represen-
tations for M such that this bijection determines the multiplicity of any irreducible

representation for M within the highest weight representation for K.

In section 7, we show how to extend our solution for branching from K to M
for the real split reductive group of type A, to solutions for branching from K, to
M N K, for the real split reductive groups of type B, and D,. We do not mention the
group of type C,, as branching from K to M for this group has a solution in terms

of classical theory.

This paper concerns results only about branching for split classical groups, but the
methods used in this paper suggest possible approaches to the pursuit of branching
theorems is other cases. For instance, an understanding of the branching law from
SP(n,R) to SP(n — 1,R) in terms of semistandard Young tableaux could help to
determine a branching law from K to M for the covering groups of type B, and
D,,. The linear real covering group of type A, coincides with the real split group, so
this paper does comment indirectly on branching for the covering groups of classical
type. Calculations within universal enveloping algebras such as those we use to study
the action of M on vectors in highest weight representations of K for the split real
reductive group of type A, could help to solve branching from K to M for a broad
array of cases. Specifically, the split groups of exceptional type might benefit from
careful analysis in terms of universal enveloping algebras and the tenets of highest

weight theory.
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2 Some Structure Theory for Split Real Reductive
Algebraic Groups

The results of this paper focus entirely on the classical groups, but the motivation be-
hind these results stems from somewhat more general theory. We deal first with affine
algebraic groups as a context for introducing the notion of a split group. By restricting
our attention in the following sections to split groups, we will allow for the explo-
ration of representation theoretic results through the use of root data. Subsequent
to our discussion of affine algebraic groups, we develop notation for the discussion
of real reductive Lie groups. We show how well-worn theory applying to semisimple
Lie groups extends to the reductive case and reduces certain questions concerning
principal series representations for real reductive Lie groups to questions concerning
branching laws for compact groups.

Letting k£ be any field, we start with the definition of an affine algebraic k-group.

Definition 2.1 An affine algebraic k-group is a functor G' from the category of k-
algebras to the category of groups such that there exists a finitely generated k algebra
k[G'] with the property G'(R) = Homy_44(k[G’], R) for any k-algebra R.

We call k[G'] the coordinate ring for G'.

We may take k[G'] = k[X;...X,]/Z(G') where Z(G') is some radical ideal in
k[X:...X,] and n is some natural number. In this case, the group G’(k[G’]) has the
structure of a variety, and we can identify G’ with G’(k[G’]) in order to bridge the
gap between the definition for an affine algebraic group given above with the perhaps
more familiar definition given in such texts as [2].

We will consider reductive algebraic groups in the entirety of the sequel.

Definition 2.2 An algebraic group is reductive if it has a trivial unipotent radical.
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We now turn to the notion of a split algebraic group. A split torus for G’ is
an algebraic subgroup isomorphic to a direct product of copies of G,, where G,, is
the usual multiplicative algebraic group defined over k. Considering G’ as an affine
variety, we may extend scalars for G’ to an algebraically closed field as follows. If
k is the algebraic closure of k, then we define G;} to be the affine algebraic k-group
with coordinate ring k ® k[G']. Since any k-algebra is a k algebra via the inclusion
k— l~c, we see

G}(R) = Homy_yq(k @ K[G'), R)

is well-defined for any k-algebra R. (In fact, as outlined on [7] p.15, we can extend
scalars in this manner to any separable extension of k.) Using this extension of
scalars, we can define a torus for G’ to be an algebraic subgroup T of G’ such that
the extension Tj is a split torus for G;. By (7] 11.31, an algebraic group is reductive
if and only any connected normal abelian subgroup is also a torus. Thus, G’ is a
reductive group if and only if G} is a reductive group. A mazimal torus for G’ is a

torus 7" such that Tf is properly contained in no torus for Gj.

Definition 2.3 A reductive algebraic group is split if it contains a split mazimal

torus.

We restrict our attention to split reductive algebraic groups primarily because the
study of representations over such groups reduces to the study of root data. The

following definition is [7] 17.1.

Definition 2.4 A root datum is a quadruple ¥ = (A, AV, X, XV) where X and XV
are free Z-modules of finite rank in duality via a pairing (,): X x XV — Z, A and
AV are in bijection via a map sending o in A to oV in AV and (A x AV) is a finite

subset of X x XV. In addition, the following properties must hold.

1. We have (a,a) = 2.
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2. If so: X — X is the homomorphism given by
sa(z) =1 — (z,a")

for z in X and a in A, we have so(A) = A.
3. The group of automorphisms of X generated by {s, | & € A} is finite.

To each split, reductive, affine algebraic group G’ together with a choice T of a split
torus for G', we associate a root datum ¥(G’,T). We define ¥(G', T') through these

four identifications:

A=A(g,T),
AY = {coroots for A},
X = Hom(T, G,,), and
XY = Hom(G,,, T),

where g’ is the Lie algebra for G’ and A(g’, T') are the roots of g’ with respect to T'. [7]
17.20 shows the root datum ¥(G’,T') actually determines (G’, T) up to isomorphism.

If A = k[X] is any affine k-algebra, we follow [8] 1.3.7 to define a k-structure on
X as a k-subalgebra Ay of A of finite type over k such that the map

kQr A, — A

given by multiplication of the left and right coordinates is an isomorphism. If G’ is
any affine algebraic k- group with coordinate ring k[X], and if k[X] is a k-structure for
k[X], we define the affine algebraic k-group G}, of k-rational points for our k-structure
to be the affine algebraic k group with coordinate ring k[X]. In the sequel, we

consider the groups of real points for complex matrix groups, meaning the subgroups
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of matrices with entries in R. Such subgroups are, in fact, R-groups of R-rational
points for complex affinge algebraic C-groups defined with respect to an obvious R
structure.

If G is a reductive affine algebraic k-group, we wish to comment on the unipotent

radical of G;. From the definition given above, we know there exists an injective map
¢: k[G'] — k @ k[GL),

thus, we get a surjective homomorphism

®: (G — G

By [8] 12.4.3, we know the kernel of ® contains no non-trivial, closed, normal sub-
groups of (G%);z. As a result, if (G}) has a non-toral, normal, abelian subgroup N,
the image of N under ® is also a non-toral, normal, abelian subgroup. Hence, if G is
reductive, G, is also reductive.

We now confine our focus from general affine algebraic groups to real affine alge-
braic groups and encounter the Lie structure serving as a basic framework for this
paper. Suppose G’ is a connected, complex, reductive affine algebraic group. Then
the group éfR of R-rational points for G’ is a real, reductive affine algebraic group.

This group has additional structure. The following definition comes from [5] p.446.

Definition 2.5 A real reductive Lie group is a J-tuple (G, K, 68, B) consisting of a
real Lie group,G, a compact subgroup K of G, a Lie algebra involution for the Lie
algebra go of G, and an Ad(G)-invariant, 6- invariant, bilinear form B on go such

that

(i) go is a reductive Lie algebra,
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(i1) the decomposition of go into +1 and —1 eigenspaces under 6 is go = ¥, @ po,
where ¥, is the Lie algebra for K,

(#ii) €y and po are orthonormal under B, and B is positive definite on po and negative

definite on &,

(v) multiplication, as a map from K x exp pg into G, is a diffeomorphism onto, and

(v) every automorphism Ad(g) of g = (go)C is given by some x in Int g.

According to [6] p. 245, the group Gy is a real, reductive Lie group. Henceforth, we
shall refer to G% as G.
For k in K and X in pg, we can define ©: G — G as

O(kexp X) = kexp(—X).

By [5] 7.21, we know © is an automorphism of G with differential §. We refer to ©
as the global Cartan involution for G. From Definition 2.5, iv, we conclude K is the
subgroup G® of G fixed by ©. Again by Definition 2.5, iv, K is a maximal compact
subgroup of G.

From Definition 2.5, i, we know go = Z; @ [go, §o) where Z; denotes the center
of go and [go, go] is the derived subalgebra of go. In particular, [go, go] is semisimple.
We consider the complexified Lie algebra g = go ®g C. If V is the underlying space

for some representation 7 of g, then, for any « in g*, we let V,, be
{ve V| for every X € g there exists an n € N with ((7(X)v — a(X)-1)" = 0}.

If V, # 0, we call a a weight, and we refer to V,, as the generalized weight space of

weight ae. We define a subalgebra hgy of gg to be a Cartan subalgebra if the complex-
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ification b of ho is precisely the generalized weight space of weight 0 for the adjoint
action ady h of h on g. Using the theory of semisimple Lie algebras defined over alge-
braically closed fields, we can form a set of roots A([g, g}, hN[g, g]). We extend these
roots to all of § by defining a(H) = 0 for any « in A([g, g],hN[g, 8]) and any H in Z,.

This extended set of roots, A(g, h), allows for a decomposition of g into root spaces

9=b0 )  ga (1)
a€A(g,h)
where go = {X € g | ad(H)X = a(H)X}. If by is any Cartan subalgebra for g,
there exists an element of ¢ of Int(gy) such that ¢(ho) is a f-stable Cartan subalgebra.
([5] p-457)
The Cartan subgroup corresponding to a Cartan subalgebra by of go is Centg(ho),
the centralizer in G of by via the adjoint action. We choose by to be -stable, so the

Cartan subgroup H of b is ©-stable. ([5] p.487)

Theorem 2.6 If G is the group of R-rational points of a connected, affine algebraic
C-group, let H be a subgroup. The following are equivalent.

(i) The subgroup H is a Cartan subgroup.

(it) The subgroup H is a mazimal torus.

Proof omitted |
We choose H, a O-stable Cartan subgroup of G. There exists natural action
Adc(H) on g realized as an extension of Ad¢(h)(X ® z) = Ad(h)(X) ® z for hin H
and (X ® z) a simple tensor in g. Since H centralizes ho, and since the root system
A(g,h) depends only on the action of h, we deduce Adc(H) preserves each weight

space go. Since each weight space has dimension one over C, the adjoint action of H
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on any given weight space must correspond to a homomorphism from H to C. As a

result, to each a in A(g,h) we may assign a character

a: H— C*.

(We note A(go, H) = A(g,h).) We next define ©a for any a in A(g,h) to be the

character for H given by

for every h in H.

Lemma 2.7 The character O« is among the characters in A(g, ). In other words,

© permutes the set A(g,h).

Proof For any X in g,, we know

Ad(h)(X) = a(h)X, and
Ad(6h)(6X) = a(h)6X.

Letting A’ in H be such that h = ©(h'), we have

Ad(R)(6X) = a(OR)HX, so
Ad(R')(X) = ©a(h')(6X).

Since £ stabilizes o, we know 6 maps g, to some other root space gg. We may
conclude § = Oa. [ |

Supposing G is split, we choose a ©-stable, split Cartan subgroup H for G. In
this case, H is a product of copies of R*, and b is a product of copies of the additive

group R. With H thus chosen, the root space decomposition from Equation 1 for g
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over C restricts to a root space decomposition

9o=00 O Z (8a)o
aei(g,h)
over R. For each root « in A(g, h), we see the corresponding character for H takes

the form

a: H—R* c C*.

Theorem 2.8 If G is a split real reductive Lie group with global Cartan involution
© and H is a split © stable Cartan subgroup for G, then any root a in A(g,h) has
the property Oa = —a.

Proof By Lemma 2.7, it suffices to show ad(Y)(6X) = —a(Y)(X) for any X in g,
and any Y in . Considering the case H = R*, we notice ©(h) = h~! for each h
in H. Indeed, with © thus defined, © is a Cartan involution for the real reductive
group (H, Ky, 0y, By): here Ky = {1, -1}, and By is ordinary multiplication. We
see ho Nty = 0 where

ho =hoNE ® ho Np(H)o

is a decomposition of the Lie algebra hy for H taking the form of the decomposition
in Definition 2.5, ii. Indeed, ho N & is the Lie algebra for a finite group. Hence, 0y is
multiplication by —1. We notice ho = Zg,(ho). By [5] 7.25, 6 is the restriction of 0
to Zg(ho). For any X in g, and any Y in b, we have

[Y,0X] = 6[8Y, X] = 6(—a(Y)X)
= —a(Y)(6X).

Since H is a product of copies of R*, the result follows. |
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We define ag to be by N po. Additionally, we assign a notion of positivity to the
root system A(g, h), and we define ny to be @+(ga)0.
acA

Theorem 2.9 (Iwasawa Decomposition) The Lie algebra go has a decomposition
into the direct sum t,@ao®ng. We let A and N be the analytic subgroups of G with Lie
algebras ag and ng respectively. Then the map K x AxN — G giwen by (k,a,n) — kan
is a diffeomorphism. The groups A and N are simply connected.

Proof [5]6.43 proves the first remark when go is semisimple. If we replace [5]6.40(c)
with Theorem 2.8, the arguments translate directly to the split real reductive case.
The second statement amounts to [5]7.31. We need only note the first statement
implies our definition for ny matches the one used in [5]7.31 precisely. M Since A is

simply connected, exponentiation
exp: ag — A

is a diffeomorphism. For any a in A, we refer to the preimage of a as loga.

Remark 2.10 [5/7.81 proves Theorem 2.9 for the more general real reductive case.
This proof relies on the notion of restricted roots, and that notion proves unnecessary

to our discourse.

We define the closed subgroup M of K to be Zk(ag). Being closed in K, the
subgroup M is compact, and, since AN is closed in G, the Borel subgroup M AN is
closed in G. (Setting B = M AN, we refer to MAN as the Langlands decomposition
for B with respect to 8. We refer to M as the Langlands subgroup of K.) By Theorem
2.9, we know G = KMAN. For any real reductive Lie group L, we denote by L the
set of representations for L. Since M is compact abelian, any representation 6 in M

is a character

6: M — C*.
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As exponentiation gives a diffeomorphism between A and ag, any representation v in
A differentiates to a representation v/ for ag. The Lie algebra ag is a maximal abelian
subalgebra for pg, so any representation v in A is one dimensional and corresponds

to a character

v: A — R*.

We denote by p the half-sum of positive roots

1
5204.

A(g,h)t

From [4] chapter 7, section 1, we develop a notion of induced representations. [4]
handles induced representations for semisimple groups, and we extend the notion to
real reductive groups consisting of the real points for semisimple complex groups. To
each pair (8,v), if V2 is the underlying space for the irreducible representation ¢ in

M and v is in A, we associate an induced representation for G
Indf,n(6®V ®1)
defined as follows. If
W: = {F: G — Vicontinuous | F(zman) = e~ *P8a5(m)~1 F(z)},
we provide W with the L? norm over K:
1712 = [ 1RGP
K

The underlying space for Ind$, . (0 ® v/ ® 1) is the completion W of W under the

L? norm, so W is dense in W. We may define an action of G on W via continuous
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extension of the action

9F(z) = F(¢7'x)

on W. We refer to
{Ind§ ,y(0® 1V ®1) |6 € M,ve A}

as the principal series representations for G. (In the expression Ind$, 4 (0®1/ ®1), 1
refers to the trivial representation of N.) Clearly, for any F in W, the restriction F|x
completely determines F. Also, since G = KM AN, the representations Ind$, , (6 ®
V' ® 1) correspond one-to-one with the representations Ind$; 45 (6 ® v/ ® 1)|k. This
observation allows us to study principal series representations using theory concerning
representations of compact groups . For the real split reductive group of type A,, the
maximal compact subgroup K is connected. For types B,, and D,, the subgroup K is
not connected. According to [5] 7.33, M meets every component of K. We denote the
identity component of K by K. and we consider the closed subgroup M N K, of K,.
Since M meets every component of K, we can write any element of K as k.m for some
ke in K, and some m in M. As such, the restriction F'|g, completely determines F' for
any F in W. Furthermore, G = K, M AN, so the representations Ind$, ,n (6 ® / ®1)
correspond one-to-one with the representations Ind$, , 4 (6 @1/ ®1)|k,. Our attentions

restrict further to the study of representations over compact connected groups.

The theory of representations over compact groups allows for its own notion of
induced representations. We use the description provided in [1] chapter 3, section 6.
If M N K, in K, is any closed subgroup of the compact connected group K., and if
§ is a representation for M N K, with underlying space V?, we define IndﬁenKe(é) as

follows. We set

W. =

{F: K, — V®continuous | F(km) = §(m)™'F(k) for k € K, and m € M N K.},
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and we endow W with an action of K, via
kF(z) = F(k™'z) for k € K,.

Evidently,
Ind§4,v(6 @V ® 1)k, = IndﬁenKe((S).

Theorem 2.11 (Frobenius Reciprocity) Ifé is an M N K, module and p is a K,

module, there is a canonical isomorphism
HomKe (l’l" Indﬁeﬂ}(e 6) = HomMnKe (ulMﬂKe ) 6)

Proof [1] 6.2 proves this theorem for general compact groups K, with closed subgroups
MNK,. B If we consider an irreducible K, module i and an irreducible
M N K, module §, then 2.11 tells us the multiplicity of x in Ind%, k. 0 is exactly the
multiplicity of ¢ in u|pnk,-

With this structure theory in mind, studying the branching law over M N K, for
irreducible representations of K, becomes a meaningful project. Any information
shedding light on this branching law sheds light on the decomposing restrictions of
principal series representations for real reductive groups into irreducible representa-

tions.

3 The Split Real Group of Type A,

Eventually, we will comment on principal series representations for every split real
classical group through studying these representations for the split real group of type

A,. As usual, we define GL(n,R) to be the set of n by n matrices with nonzero
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determinant and with entries in R while we define the group SL(n,R) to be

SL(n,R) ={g € M(n,R) | detg = 1}.

As the differential of the determinant morphism det: GL(n,R) — GL(n,R) is trace,
we see SL(n,R) has Lie algebra sl(n, R) where

sl(n,R) ={X € M(n,R) | tr X = 0}.

The algebra sl(n, R) has as a spanning set

{XijYij Hij|i<j<n} (2)

where the entries for the basis vectors in the ith and jth rows and columns take the

form

Xij=4(0 1Y, Yi;=4i[0 0\, and H;;= i1 0,
i\o o i\1 0 i\o -1

and all other entries take the value 0.

We know sl(n,R) is semisimple, hence this algebra has a nondegenerate Killing
form

B(X,Y) = tr(ad X adY).

Considering the involution 6 on si(n,R) given by taking the negative transpose of
each element, we wish to see this involution is a Cartan involution for B. We know

B is symmetric because tr(zy) = tr(yz) for any endomorphisms = and y of a finite-
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dimensional vector space. Certainly, 6 respects multiplication, as
9[X, Y] = -'[X, Y] = -[', 'X] = [-'X, - 'Y] = [0X, 6Y].

For any automorphism ¢ of an arbitrary semisimple, finite-dimensional Lie algebra g

over C or R, we note
[$X,Y] = $[X,¢7'Y] = $(ad X)¢~'Y

for any X and Y in g ([5] 1.118) As a result, the arbitrary automorphism ¢ holds the

Killing form B, for g invariant:

By(¢X, ¢Y) = tr(ad(¢X) ad(¢Y))
= tr(¢p(ad X )¢ p(ad Y)p ™)
= tr(ad X ad Y)
= By(X,Y).

([5] 1.119) If we define the inner product (,): sl{(n,R) — R given by (X,Y) =
tr(X 'Y"), we notice
(adY)X, Z) = (X, (ad('Y))Z).

Indeed, the equations

'Y, Z) = - '[Z,'Y] = —[Y, Z] and
tr(X, —[Y t2]) = tr(~[X, Y], 1Z) = tz([Y, X], ' Z)

hold, so we conclude

tr([Y, X, t2) = tr(X, [V, Z]).
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As a result, we see

ad('Y) = Y(adY).
Clearly, sl(n,R) has a decomposition
5[(71,, R) =t D po
where £, is the +1 and pg is the —1 eigenspace for 6. In fact, if X is in sl(n,R), we

can write X as a sum of unique elements from €, and py in the following manner:

1 1
X = —é(X —'X) + §(X + 'X).

Now the form (,) on sl(n, R) has the property

(X, X) = —B(X,0X) = B(X, 'X)
= tr((ad X)(ad *X)) = tr((ad X)(*ad X)) > 0.

([5] p-355) Since (,) is positive definite, B is positive definite on py and negative
definite on ¥&. By [5] 6.31, the analytic subgroup K of SL(n,R) having & as its Lie
algebra is compact, and the mapping K x pg — SL(n,R) given by (k, X) — kexp X
is a diffecomorphism. As SL(n,R) is semisimple and connected, Ad(SL(n,R)) =
Int(go) C Int(g). We have shown (SL(n,R), K, 6, B) satisfies Definition 2.5.

From our definition for 8, we know
bo={X €gl(n,R) | X + X =0, and tr X = 0}.

Hence, €, = so(n, R). The analytic subgroup of SL(n,R) having &, as its Lie algebra
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is

K =80(n,R)={g€ GL(n,R) | g'g =1, and det g = 1}.

The group K is connected, so K = K,. We examine the maximal abelian subalgebra
ho for sl(n,R) spanned by the elements {H;; | 1 < ¢ < j < n}. Clearly, ho =
sl(n,R) N D(n,R) where D(n,R) denotes the diagonal matrices in gi(n,R). The
diagonal entries in the elements of hy have only one restriction, namely, the sum of
these entries must equal 0. The Cartan subgroup H of SL(n,R) having by as its Lie
algebra has the defining property

H={geDnR)| [] s:=1}
1<i<n
where g; is the i* diagonal entry of g. The group H is an n — 1- dimensional split
torus for SL(n,R). Moreover, © stabilizes H where O, the global Cartan involution
for SL(n,R) must act as ©g = (*g)~! by our definition for §. The group M = HNK
is the group of self-inverse diagonal matrices with determinant 1. Thus, M has the

description

M= {g € D(n,]R) | 9ii = x1, and H Gii = 1}.

1<i<n

Being a finite (hence compact) group, M has an easily manageable set of irre-
ducible representations M. Since M is abelian, any (complex) irreducible representa-
tion V has dimension 1. We suppose the representation V' has character xyv: M — C.
Now xv(m) = tr(l,,) where l,, is the endomorphism of V' given by the action of m in
M. Every element of M is self inverse, so xy(m) = x1 for any m in M. In particular,
xv(m) is a real number for any m in M, so any real irreducible representation for
M has dimension 1. There exist only finitely many such characters for M, hence, up

to isomorphism, there exist only finitely many irreducible representations. For any
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subset S of {1,2,...,n}, we define an irreducible character xs for M by
xs(g) = ng',z‘-

Lemma 3.1 Every homomorphism x: M — +£1 s isomorphic to xs for some subset

S of {1,2,...,n}.

Proof For n = 1, the statement is obvious. We proceed by induction. For any j
with 1 < j < n, we define m’ to be the element of M with —1 in the j** and
J + 1°* diagonal entries and 1 in all other diagonal entries. Then {m’ | 1 < j < n}
generate M. (Clearly the set of all elements of M with exactly two entries equal to
—1 generates all of M. If m* is such an element of M with i* and j** diagonal
entries equal to —1 where ¢ < j, we see m*/ = m'-mi*.. . .m/7L) If M(n—1)is
the subgroup of M with n,n'* entries equal to 1, then, by induction, there exists a

subset S of {1,2,...,n — 1} such that x|pn-1) = xs. If x(m"™') = —1, then let

S’ ifn—-1€9,

S’Un otherwise.

If x(m"™!) =1, then let

S'Un ifn-1€8,

S’ otherwise.

The character xg agrees with x on a generating set for M, so the two homomophisms
must agree on all of M. |
In fact, we can describe completely M. We use the notation [i/5] for i and j in Z

to denote the integer closest to ¢/j with absolute value less than or equal to i/;7. To



28
indicate the cardinality of a set S, we write |S|. We define the set F,, as follows:

F.: ={Sc{1,2,...;n}||S| < [n—1/2]}
u{Sc{L2...,n}||S]=n/2, andl € S}.

Theorem 3.2 The irreducible characters

{XSISEFn}'

represent each of the isomorphism classes of representations in M.

Proof By Lemma 3.1, we know every irreducible character for M is xs for some subset

Sof {1,2,...,n}. We know M C SL(n,R), so, for each m in M and each choice for

S, we have
Hmj = H m;
jes i€eSC
where S¢ is the complement of S in {1,2,...,n}. As such, we conclude xs = xsc

for any subset S. Taking complements, we find any irreducible character x for M is
X s for some subset S in the set F;,. It remains to see xg # x5 if S # S’ and each of
S and S’ are elements of the set F,,. Clearly, there exists an integer j with 1 < j <n
such that j is neither an element of S nor an element of S’. Also, the symmetric
difference S © S’ of S and S’ must contain an integer ¢ with 1 < i < n. Swapping
the roles of S and S’ if necessary, we suppose i is an element of S but not an element
of §’. Using notation from the previous lemma, we consider the element m™? of M.
The equations xs(m*/) = —1 and xg(m*) = 1 both hold, so xs # xs [ |

In much of the sequel, we will examine irreducible representations of SO(n,R),
attempting to decompose such representations into sums of irreducible representations

xs for M. (Here, we see representations of SO(n,R) as representations of M via
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inclusion: M — SO(n,R).) The following result will prove useful. If p is any
permutation on n elements, we define the n X n permutation matriz g, corresponding
to p as the result of permuting the rows of the identity matrix via p. If p is an even
permutation, the permutation matrix corresponding to p has determinant 1 whereas

the permutation matrix corresponding to an odd permutation has determinant —1.

Theorem 3.3 If S and S’ are two elements of the set F,, having the same cardinality,
then the multiplicity of xs in 0|ar is equal to the multiplicity of xs in 6|y for any
irreducible representation ¢ of SO(n,R).

Proof We consider S © S’. Choosing some bijection ¢ between S N (S © 5') and
S'N(S6S’), we define the permutation ¢; of the set {1,2,...,n} to be the transposition

of 7 and ¢(z). The permutation p given by

p= H t;

ieSN(5es’)

maps S to S’.

First we suppose p is an even permutation, so g, is an element of SO(n,R). if V¥
is the underlying space for a copy of xs in d|xr, we wish to see g, 1S is a copy of
xs'. We choose some v in V5. By the definition of gp, conjugation of any element m
of M by g, permutes the diagonal entries of m via the permutation p. We know g v

generates a copy of yg» for some element S* of F;,. The equations

(gpmg, v = (gm)(g, 'v)
= gp(xs+(m))(g, 'v)
= (xs-(m))gp(g, 'v)

= (xs-(m))v
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certainly hold. For any m in M, if xg(m) = €, then (gymg,')v = ev because the
permutation p maps S to S’. We conclude $* = S".
Furthermore, if V;%,..., V5 are the underlying spaces for linearly independent

r
copies of xg in 6|ps, then 9y ws ..., 9, VS are underlying spaces for linearly inde-
pendent copies of xs. We get an injective map A from the set of copies of xg in §|p
to the set of copies of xs/ §|s. Reversing the roles of S and S’ in the arguments above
yields an injective map in the reverse direction, so A is a bijection.

We now suppose p is an odd permutaton. Then g, is not an element of SO(n,R),

but

9p = . 9p

1

is an element of SO(n,R). It is easy to see conjugation of any element m in M by
gp permutes the diagonal entries of m via the premutation p, so we may apply the

arguments above replacing g, with g,. |

4 An Inductive Method to Determine Branching
From SO(n,R) to M

Using highest weight theory and a thorough understanding of the branching law from
so(n,C) to so(n — 1,C), it is possible to determine theoretically the branching law
for SO(n,R) over M.

To begin this section, we establish some conventions regarding the root system
for so(n,C). These conventions come verbatim from [5] chapter II, section 1. For

n = 2k + 1, we choose a maximal abelian subalgebra b to be the algebra of matrices
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H such that

—ih, 0

0 thy
—iho 0
H= | NG

\ 0)

For n = 2k, we choose f to be the algebra of matrices H such that

([0 i )

—ihy 0

0 ihg
\ —ihy 0 /

In both cases, h; takes an arbitrary value in C for each j such that 1 < j < k. Taking

either maximal torus H described above, we make the following definitions:

ho: ={Hebh|hjeRforl <j <k}, and

e;: = the element of H* such that e;(H) = h; for1 < j < k.
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Furthermore, for n = 2k + 1, we define
A ={xe;xej|1<i<j<k}U{te|1<I<k},
whereas for n = 2k, we define
A ={te;+ej|1<i<j<k}

We let o in h* be e; te; for ¢ and j such that 1 < ¢ < j <k, and we define each
entry of E, to be 0 except for the entries with indices among the i** and j** pairs of
indicies. (Those entries in either of the 2i — 1%*2i" 25 — 1** or 25" columns and in
either of the 2i — 1% 2% 25 — 1**, or 25 rows.) The remaining sixteen entries take

values according to the following equation:

i J
Ex=4if 0 X, (5)
J\—-'X, O
where
1 2 1 —
Xei—ej = ) Xei+e]~ = )
-1 1 -1 —1
1 — 1
X—ei+ej = , and X—Ci'—ej =
1 1 1 —1

If n = 2k + 1, we also consider « = +e; for [ such that 1 < [ < k. With « as
described, we let each entry of E, equal 0 with the exception of the two entries in
the nt" row and the 21 — 1% or 2[** column and the two entries in the nt* column and

the 21 — 1% or 2I*" row. These four entries take values as described by the following



33

equations:

20-1 21 2k+1
20-1 (0 0 1
21 0 0 i
2k+1\ -1 ? 0

1

20-1 21 2k+1
20-1( 0 0 1
- 21 0 0 ?
2k+1\ -1 - 0

For each choice of  in A, the matrix E, spans a space of weight « for the adjoint

action of h on so(n,C). In particular, each « in A is a root. Moreover,
50(”7 (C) = bh @aea CE,,

so A describes the full set of roots for n = 2k + 1 and for n = 2k. In accordance with
the theory of abstract root systems, we choose sets of positive roots within the sets

of roots. For n = 2k + 1, we define
At ={eite;|1<i<j<k}uU{e]|l<I<Ek}, (7)
and for n = 2k, we define
At ={eite |1<i<j<k}) (8)

We briefly discuss integral forms for a compact connected Lie group G with max-
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imal torus H. Writing ho C go for the Lie algebras of H C G, we refer to the
complexifications of these lie algebras as h C g. We write A to denote the root
system A(g,h), and we refer to one particular choice of positive roots as At. For
complex Cartan subalgebra h of a reductive Lie algebra g, we suppose g has root
system A with respect to h, and we select a set A* of positive roots. If the compact
connected Lie group G has go as its Lie algebra, and if the complexification of gq is
g, we formulate the subsequent definitions. An element A of h* in the subspace of h*
spanned by A is dominant if (A, @) > 0 for each « in A*. Here, the pairing (,) takes

its definition from the identity

for any o and 8 in A where (, ) is the given positive definite symmetric bilinear
form on the space spanned by A. The form X is algebraically integral if (\, @) is an
integer for each o in A. If there exists a multiplicative character €, of H such that
Ex(exp X) = X for each X in b, the form X is analytically integral. According to
[5] 4.58, a form is analytically integral if and only if whenever exp(X) = 1 for some
X in b, we have A\(X) = 27ia for some a in Z. Any analytically integral form is, in

particular, algebraically integral by [5] 4.59.

The following points come from [5] p.254. Being compact, G is a reductive group,
and we get a root decomposition for g of the form given by Equation 1. Now Ad(H)
acts by orthogonal transformations on go with respect to the symmetric bilinear form
B in Definition 2.5. Extending B to a Hermitian inner product on g, and extending
Ad(H) complex linearly to g, we see Ad H is a commuting family of unitary oper-
ators, hence simultaneously diagonalizable. Since Ad: H — Aut(ho) has differential
ad: ho — End(hg), we see the weight space decomposition for g agrees with the diag-

onalization of Ad H. Thus, each root space for § is also a root space for H, and for
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each root a, we get a multiplicative character &, of H such that
Ad(X)(Y) = & (exp X) (V) = e2X(Y)

for each X in hg and each Y in g,.

Algebraically integral, dominant forms in h* are in one-to-one correspondence with
irreducible, finite dimensional representations of g, where we associate to any alge-
braically integral form A the unique irreducible representation of highest weight .
([3] section 21) If we start with a finite-dimensional irreducible representation ® for
GG, we get a finite-dimensional irreducible representation ¢ for go by differentiating ®.
We can extend ¢ to g complex linearly. The result is a finite-dimensional irreducible
representation of a reductive complex Lie algebra corresponding to some dominant
algebraically integral form XA in h*. Since this representation comes from a representa-
tion ® of G, we know the weight A is actually analytically integral. On the other hand,
if we start with any finite-dimensional irreducible representation for g corresponding
to an algebraically integral form, we can restrict to a representation for go. As long
as this algebraically integral form is analytically integral for G, [5] 5.110 proves there
exists a finite-dimensional, irreducible representation ® of G with differential ¢, .
These processes establish a one-to-one correspondence between analytically integral

dominant forms in h and finite-dimensional irreducible representations for G.

Returning to the language we have established to describe SO(n,R), we wish to

identify all possible analytically integral forms in . The matrix



36

exponentiates to
Y = cos(ih)  sin(zh)
—sin(ih) cos(ih)
so expY = 1 if and only if h = 27il for some [ in Z. We see X in b exponentiates
to 1 if and only if for each j such that 1 < 57 < k, we have h; = 273l for some [ in Z
where the complex numbers hy, ..., hy define X as described in Equations 3 and 4.
Choosing some arbitrary form aje; + - - - + agex in h* where a; is complex for each j
with 1 < 5 <k, we see
AMX) = arhy + - - - aghg.

If X in b exponentiates to 1, we see A(X) = 273l for some ! in Z if and only if a; is
in Z for each j with 1 < 57 < k. Hence, the set of analytically integral weights for
SO(n,R) is

{are; + -+ arer | a; € Zfor 1 <i < k}.

Determining which of these analytically integral forms satisfies the definition of
dominance proves easier still. We need only test whether a form ) satisfies (A, a) > 0
for each o in A¥, hence it suffices to test whether (), a) > 0 for each o in A™ using
the positive definite, symmetric form (, ). Referring to Equations 7 and 8, we see an

analytically integral form A = aye; + - - - + ayey is dominant if

> ap >0 forn =2k + 1, or if 9)

I\

a)

ay > - > ag-q > |agl for n = 2k. (10)
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We realize the embedding ¢,_1: SO(n — 1,R) — SO(n,R) via the mapping

When no confusion will result, we drop the subscript and write ¢ for ¢,_; For any
irreducible representation ® of SO(n,R), we can ask for an understanding of the
decomposition of ®|so(mr into irreducible representations for SO(n — 1,R). This

branching law has a relatively simple and complete description.

Theorem 4.1 (Murnaghan) For n = 2k + 1, the irreducible, finite-dimensional rep-
resentation of SO(n, R) with highest weight a;e;+- - -+axex decomposes under restric-
tion to SO(n—1,R) into a sum of of representations with highest weight cye;+- - -+crex
such that

ap>cp>ag>cp > > ag_y > cp1 > ag > ek, (11)

each such representation having multiplicity one in the decomposition.
For n = 2k, the representation with highest weight ajey + - - - + axer, decomposes

into a sum of representations with hightest weight cieq + - - - + cx_1€x_1 such that

a3 >¢1>2a2>C > > Apey 2 Cpy > |ak), (12)

each such representation having multiplicity one in the decomposition.

Proof A proof based on Kostant’s multiplicity formula exists in [5] pp.581-584. W
We now consider the irreducible character x,, s of M(SO(n)), the Langlands sub-
group of SO(n,R), corresponding to the subset S of {1,2,...,n}. By our choice for
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the embedding ¢: SO(n — 1,R) — SO(n,R), we see
Xn,S|M(SO(n—1)) = Xn—1,5\{n}- (13)

If F' is any reductive algebraic group and E is any closed subgroup of F', we refer
to the multiplicity of an irreducible representation x of E in the restriction of an
irreducible representation p of F' to the subgroup F by m(k,u). We consider the
closed subgroup ¢«(SO(n — 1,R)) € SO(n,R). For any analytically integral dominant
form A corresponding to an irreducible representation uy of SO(n,R), we define Ay
to be the set of analytically integral dominant forms < such that m(u,,us) # 0
where p., is the irreducible representation of SO(n — 1, R) corresponding to the form
~. Theorem 4.1 describes A, entirely for any analytically integral dominant form A,

and, for any v in Ay, we know m(py, uy) = 1.

If u(n), is the irreducible representation for SO(n,R) with highest weight A, the
ruminations in section 2 motivate our attempting to ascertain the value m(xn s, px)
for each character x,s of M(SO(n)). To finish this section, we give an inductive
process to ascertain these very multiplicities. The base case for such an inductive
process arising from the case n = 1 is trivial since the group SO(1,R) is trivial. For

any algebraic group G, we refer to the category of representations for G as Rep(G).

Lemma 4.2 The equation

> Mo, ) = (X 50 3) + M(X (50gnp)» H2) (14)
YEAN

holds for any subset S of {1,2,...,n—1}.
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Proof If each map in the diagram

Rep SO(n,R) —— RepSO(n—1,R)

l l

Rep M(SO(n)) —— Rep M(SO(n — 1))

represents restriction, then the diagram commutes by the definition of the restriction

morphism. As such, we may calculate m(Xn_l, &, ) either to be

> g pA) - M(X_y g0 Hiy) *
YEAy
or to be
Z m(Xn,S7 lj/)\) * m(Xn—l’éH Xn,S)' *k

Xn,s with SC{1,2,...,n}

Yet m(p, pA) = 1 for each 7 in Ay, so the quantity * is

Z m(Xn—l,S” fhy)-

YEA)
By Equation 13, we know

X, 8| M(SO(~1)) = Xn-1,5 = X, (du{n}) [M(SO(m-1))-

Using Equation 13 together with Theorem 3.2, we conclude X, ¢ and x,, (Su{n}) Br€
the only characters of M(SO(n)) up to isomorphism with restriction to M(SO(n—1)
equal to Xn_15- Hence m(Xn_l’g,Xn,s) is nonzero if and only if xpns = X, g or

Xn.S = Xn,(Su{n})> in which case, m(xn_ls, Xn.s) = 1. The quantity *x* is
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For the following lemma, we suppose k = n/2 and A = aje; + - - - + agey is the

highest weight for some irreducible representation ® of SO(n, R).

Lemma 4.3 Ifn is even and if m(xs, ®) is nonzero, then |S| has the same parity as

a;+ -+ a.

Proof Since n is even, the scalar matrix m_, with all diagonal entries equal to —1 is an
element of M(SO(n)). Moreover, m_, is a central element. We choose some highest
weight vector v in V'® for the representation ®. Then v generates ® in the sense that
any vector for the representation ® takes the form c(gv) for some scalar ¢ and some
element g in SO(n,R). We consider the action of m_; on v. The dominant weight A
is an analytic integral form, so there exists a character £, of the maximal torus H in
SO(n, R) such that £, (exp X) = eMX) for any X in hy. We define M_; in b by letting
h; = for each 1 < j < k. Then exp(M_,) = m_,. We see A(M_;) = a1 + - - - + ax.

Hence, according to the discussion preceeding this proof,
m_1v = (Ex(m_1))v = (=1)l@t oy,
If we let € = (—1)(@1++%) we see

m_1(c(gv)) = c(g(m-1v)) = €(c(gv))

for any scalar ¢ and any element g in SO(n,R). Hence, viewing ®(m_;) as an element
of GL(V?), we interpret ®(m_;) as the diagonal matrix with each diagonal entry
equal to e. By Theorem 3.2, each irreducible subrepresentation of ®|,, has character
Xs for some subset S of {1,2,...,k}. Choosing S such that xg is the character for

some such subrepresentation with underlying space V¥ C V%, we denote the trace of
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®(m,) restricted to VS by trg(m_;). Then

xs(m-1) = trg(m-_;) = ¢

As xg(m_;) is exactly (—1)I5!, we see |S| has the same parity as a; +---+a,. W

We have broached all the information necessary to prove the existence of an in-

ductive method for the branching law from SO(n,R) to M.

Proposition 4.4 For any n in N and any analytically integral dominant form A
corresponding to an irreducible representation py for SO(n,R), Equation 14 allows
us to determine m(xn,s, ) for any subset S of {1,2,...,n} provided we already
know m(x,,_, g, ) for any subset S of{1,2,...,n—1} and any analytically integral

dominant form 7y corresponding to an irreducible representation ., for SO(n —1,R).

Proof By Theorem 3.2, it suffices to show Equation 14 determines m(xns, 1z) for

each S in F,,, where we recall

F,: ={Sc{L2,....n}]||S] <[n-1/2]}
u{sc{12...,n}]||S]|=n/2, and1 € S}.

Furthermore, by Theorem 3.3, we need only determine m(x, g, #x) when S = S; for
Si = {1,2,...,4} and for ¢ such that 0 < ¢ < [n/2]. Using Theorem 4.1, we may
determine completely the set A,, so, by our inductive hypothesis, we may assume we

know the value of the left-hand side of Equation 14 for any subset S of {1,2,...,n—-1}.

We split the proof into two cases. First, we suppose n = 2k. We write A\ =
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aiey + - - - + ageg. For any ¢ such that 1 < < k, Lemma 4.3 allows us to see

m(X'n,Si..uu')\) = O, and

M Xn,(Si-10{n})> BA) = Z M(Xn—1,5:_1» )
YEAN

if the parity of i — 1 does not match the parity of a; + - - - + ax. If the parity of 1 — 1

matches the parity of a; + - - - ay,

M(XnSi1s ) = O M(Xn-1,5,_y» thy), and
YEAN

m(Xn,(SiqU{n})a px) = 0.

Using Theorem 3.3 again, we see

M Xn,(Si—10{n})s Br) = M(Xn,s;, 12)-

Hence, we can determine m(xn,s;, 1) for any i such that 0 <i < k.

Now, we suppose n = 2k + 1. Theorem 3.2 tells us

Xn,Sxu{n} = Xn,(SxU{n})°>

and (S U {n})? has cardinality k, as does Sy. By Theorem 3.3, we surmise

m(Xn,sk, NA) = m(Xn,(SkU{n}n ﬂ,\)-

As a result
ZyeAA M(Xn—1,5, s Hy)
2

= m(Xn,Ska MA)-

We induct on the quantity k —4. For k —i = 0, we have determined m(xns;, #»). For
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7 such that 0 <17 < k, Equation 14 tells us

Z M(Xn—1,5: Hy) = M(Xn,5:5 Ba) + M Xn,(Si0{n}) 12)- *
YEAN

Turning once again to Theorem 3.3, we see

m(Xn,(SiU{n})a /*l’/\) = m(Xn,Si+1 ) ,LL,\),

and our inductive hypothesis allows us to assume we have determined the value

M(Xn,S:01s #r). As such, Equation * allows us to determine m(xn,s,, t2)- |

Practically speaking, this inductive understanding of the branching law from
SO(n,R) to M makes actually calculating multiplicities a daunting task. Relying on
this algorithm means computing multiplicities for the branching law from SO(j, R)
to M for each j such that 1 < j < n. We would like to establish a more manageable
algorithm for computing these multiplicities. Tableaux will serve as a tool to help us

meet that objective.

e —

5 Young Tableaux and SO(n,R)

Supposing (3 is some subset of Z2, we will refer to a tableau with shape 5 as a map
2: B — Z. Young tableaux have visual representations gotten by considering Z as
a lattice in the plane R? and dividing the plane into unit boxes. To each (i,j) in
the subset [3, we associate the unit box in R? having (i, 7) in the lower right-hand

corner. We then fill the unit box corresponding to each point (i,7) in 8 with the
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integer §2(4, j). For instance, if

B={(-1)eZ|1<i<4}
U{(i,—-2)€Z*|1<i<3}

u{@G,-3)eZ*|1<i<1},

we may define a tableau with shape 3 by allowing the following diagram to illustrate

the value of Q(i, 7) for any point (¢, 7) in £:

1111213
21313 (15)
3

We assign to each n-tuple of natural numbers, a = (ay, ..., a,), a subset (3, of 72

by letting (3, be the set of pairs (i, —j) with 1 < 7 < n and with 0 < i < a;. To

simplify notation, we will say a tableau with shape (3, has shape a.

A partition in n parts of a natural number m is an n-tuple of natural numbers

(a1, ...a,) such that

a1+ag+---+a,=m,anda; > ay > -+ > a,.

(We allow 0 to be a natural number.) We refer to a; for 1 <i < n as a part of a. If a
tableau has shape a for some partition a, we refer to the tableau as a Young tableau.
A Young tableau €2 is semistandard if 1 < Q(i, j) < g for some natural number ¢, and
if Q(i, 7) < Q,j—1) for each (4, §) in B, with (i, j—1) in B, while Q(, 5) < Q(i+1, )
for each (7, j) in B, with (i+1, 7) in 3,. We refer to ¢ as the bound for §2. Justified by
this definition, we say a semistandard Young tableau increases weakly along its rows

and increases strictly down its columns. If a tableau {2 has shape a for some partition
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a with n parts, we say the 7 row of Q has length a;. We refer to m, the number of
nonzero parts of a and, hence, the number of rows in 2, as the depth of Q. Tableau
15 is semistandard. The following two tableau are not semistandard. The tableau on
the left-hand side does not increase weakly along its first row, and the tableau on the

right-hand side does not increase strictly along its second and third columns:

112({3(2 112133
203 ) 2123
3 3]

Furthermore, the length of the second row for the tableau on the left-hand side is 2
whereas the length of the second row for the tableau on the right-hand side is 3. Each
tableau has depth 3.

As a point of reference, we illustrate the use of Young-diagramatic methods in

studying irreducible, finite-dimensional representations of U(n) where

U(n)={g9€ GL(n,C) |g-g" =1}

This compact (hence reductive) group has as its Lie algebra

up(n) = {X € gl(n,C) | X + X* = 0}.

The complexification,

u(n) = up(n) @ iug(n),

is simply gl(n,C). In order to study finite-dimensional representations of U(n), the
commentary in section 4 allows for us to restrict our attention to analytically integral

dominant weights for U(n) with respect to the root system for gl(n, C) formed after
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choosing some Cartan subalgebra. For a Cartan subalgebra b, we choose
h={X €gl(n,C) | X is diagonal}.

We define e; in h* for each i such that 1 <7 < n by

Furthermore, we define the set
A ={ei—e;|i#7], 1§i§n,,and1§j§n}.

If we choose E;; to be the matrix in gl(n,C) with 1 in the 3, 4% entry and 0 in all
other entries, we see E;; spans a space in gl(n, C) with weight e; — e; for the adjoint

action adgf. Furthermore,

g=bhoPCE,,
i#]

so A is the set of roots for g with respect to our choice § of Cartan subalgebra. We

choose a notion of positivity for our root system by setting
At: ={e;—¢j|1<i<j<n}

With these definitions in place, calculations similar to those in section 4 show the

analytically integral dominant weights for U(n) are exactly

{ate; + - -+ anen | (a1,-..,a,) €EZ", and a; > ay > -+ > an}. (16)
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We realize the embedding t,—1: U(n — 1) < U(n) via the mapping

When no confusion will result, we drop the subscript and write ¢ for ¢,,_;

Theorem 5.1 (Weyl) The irreducible, finite-dimensional representation for U(n)
with highest weight aye1+- - -+apey, for (ay,. .., a,) in Z" decomposes under restriction
to U(n — 1) into a sum of representations with highest weight ciey + -+ + ¢p_1€n_1
such that

ay Z a1 Z Gz Z T Z an—1 Z Cn—1 2 Qn, (17)
each such representation having multiplicity one in the decomposition.

Proof A proof exists in [5] pp. 577-580. |

The structure of semistandard Young tableaux relates directly to valuable infor-
mation regarding the irreducible, finite-dimensional representations of U(n). To begin
to realize this relationship, we reproduce the following well-known result. We let a be

a partition with n parts (as, . . . a,) for the natural number a;+- - -+a, (so (a1, ..., a,)

is in N™.

Theorem 5.2 The number of semistandard Young tableauz with shape a and bound
n 18 the dimension of the irreducible representation of U(n) with highest weight aieq+

cotanen.

Proof We prove this result by induction, the case n = 1 being trivial. If , is

a semistandard Young tableau having shape a, then we define the Young tableau
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7(Q2,) to be the tableau given by removing every occurence of the number n in the
visual representation of Q,. If Q,(, 7) = n, then, since semistandard Young tableaux
increase strictly down their columns, we know (i, j — 1) is not an element of 3,. Also,
we know Q,(i, —n) = n if (i, —n) is an element of 3,. Hence, 7(2,) has depth at
most n — 1, and, for each j such that 1 < j < n — 1, we see the j®* row of 7(€,)
has length ¢; for some ¢; such that a; > ¢; > a;4,. Since (), increases weakly along
its rows and strictly down its columns, 7(€,) increases weakly along its rows and
strictly along its columns as well. We have shown the mapping 2, — 7(£2,) gives a
well-defined map 7 from the set of semistandard Young tableaux having shape a to

the set of semistandard Young tableaux having shape ¢ for some partition
c¢=(c1,...,cp—1) such that a; > ¢; > ap > -+ > ap_1 > Cy1 > Qp. *

We now denote 7(€2,) by €. The map = is clearly injective: if 2, and €2, both map
to €. then Q.(7,7) = Q,(4,7) if Qu(?,7) < n and (3,5) is an element of 3,. This
equation shows €,(i,7) = (¢, 7) for each (3,7) in B, since both Q, and €2, have
the same shape a and map to the same tableau under 7. Any semistandard Young
tableau €0, with shape ¢ for some partition ¢ satisfying Equation * has a completion
to a semistandard Young tableau 2, of shape a by allowing Q,(%, j) = n for each (3, j)

such that =1 >j> —(n—1)and c_; <i<a_jor j=—nand 0 <% < ay,. Then
() = Qe = Q,

and we have shown 7 is surjective.

By our inductive hypothesis, the number of semistandard Young tableaux having
shape c is the dimension of the irreducible representation for U(n — 1) with highest

weight cie; + -+ + ch_1€p—1. Since the map 7 is bijective, we know the number of
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semistandard Young tableaux having shape a is the sum of the dimensions of the
representations for U(n — 1) with highest weight cie; + -+ - + ¢,_1€,_1 such that the
n-tuple of coefficients ¢ = (1, . .., c,) satisfies Equation *. Finally, by Theorem 5.1,
we see the sum of the dimensions of the representations for U(n — 1) with highest
weight cie;+- - -+c¢,—1€,—1 such that the n-tuple of coefficients ¢ = (cy, . . ., ¢,) satisfies
Equation # is exactly the dimension of the representation for U(n) with highest weight
aie; +---+anep. B

The proof of Theorem 5.2 establishes a correlation between the irreducible, finite-
dimensional representations of U(n) and semistandard Young tableaux. The semis-
tandard Young tableaux make plain the relationship between the dimensions of ir-
reducible representations of U(n) and the dimensions of irreducible representations
of U(n — 1). We wish to find an analagous picture for irreducible, finite-dimensional
representations of SO(n,R), a structure encoding information about these represen-
tations in such a way as to tie this information to corresponding facts about repre-

sentations of SO(n — 1, R).

Definition 5.3 A semistandard Young tableau Q) is admissible for SO(n,R) if the

following conditions hold:

(i) Q is a semistandard Young tableau having shape a for some partition a =

(a1,...,a,), and
(i1) Qi, —j) > 2§ for each j such that 1 < j < n and each i such that 1 <i < a;.

We consider two semistandard Young tableaux:

212131314
212131314

5|56
55|16 , and

6167
6|67

7
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The tableau on the left-hand side is admissible with shape (5,3,3,0,0,0,0). The
tableau on the right-hand side is admissible for no shape as its 4t row contains a
number smaller than 8. In fact, it is easy to see an admissible semistandard Young

tableau must have a shape a = (a1, ..., a,) such that a; = 0 for all j > [n/2].

If a is a partition (ai,...,a,) such that a; = 0 for j > [n/2], we refer to the set

of admissible semistandard Young tableaux having shape a as ¥,. We define
Uy: = (Vo X {e1,..,€pnygy | e =F1for1 <i<[n/2]})/ ~

where

(Qay (61) s ,e[n/2])) ~ (Q;a (6,13 Tt 6I[‘n/2]))

if and only if 2, = €2, and ¢; = €/ for each j such that 1 < j < [n/2] and Q4(1, —j) =
2j. In other words, ¥, is the set of admissible semistandard Young tableau having
shape a decorated with a choice of parity €; for each row j with 1 < j < [n/2] such
that every occurence of the number 25 on row j has parity €;. Henceforth, we identify
the pair (Qq, (€1, . - ., €n/2))) With its equivalence class in ¥, when context allows for
no confusion. We refer to elements of the set ¥, as decorated admissible semistandard
Young tableaux. If Qq = (€0, (€1, -, €ny2)) is an element of ¥,, we refer to €, as

the admissible semistandard Young tableau associated to €.

If we let Q be the admissible semistandard Young tableau
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then € is associated to four decorated tableaux, namely

2121334 —2|1-213(3|4
51516 ; 515 |6 ,
6167 —6|—6(7
—21-213(|3|4 212 13[3|4
515 1|6 , and 515 |6
6 | 6 |7 —6|—-617

The pair (£2, (1, —1,1)) is equivalent to the pair (£, (1,1,1)).

We select an irreducible, finite-dimensional representation p, for SO(n,R) with
highest weight A = aje; + - - - ajn/21€n/2), and we let a be the partition (|ail, ... |an|)
such that a; = 0 for each j such that j > [n/2]. We define a map 7, following
exactly the steps used to define the map 7 from Theorem 5.2 such that 7,(£2,) is a
semistandard Young tableau for any €, in ¥,. In fact, 7,(2,) is admissible. This
tableau has Property ii from Definition 5.3 because (2, has Property ii. Since a; =0

for each j > [n/2], the proof of Theorem 5.2 shows 7,(§2,) has shape ¢ = (c1, ... cn-1)

where
@y > €1 > 03 >+ > Cpjg—1 = Qfn/2) = Cln/2); and (18)
¢; =0 for each j > [n —1/2]. (19)
Equation 19 comes from the equality [n — 1/2] = [n/2] if n is odd and, if n is even,

from the fact Q,(¢, —7) = 27 if j = n/2 and 1 < i < a;. Whenever possible, we drop

the subscript and write 7 for m,.
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We make the following definition: for even n,

Uy = {(Q (€1, €n21)) € Ya | €pnatlamsal = apnsa }

and for odd n, we have the equality Uy = ¥,. We will refer to the set ¥, as the set

of decorated admissible tableaux of type .

Theorem 5.4 The dimension of the irreducible representation uy is |Vy|.

Proof Just as we relied on Theorem 5.1 for giving structure to our proof of Theorem
5.2, we now rely on Theorem 4.1. We proceed by induction, the case n = 1 being

trivial. Given an equivalence class

Q,\ = (Qaa (613 Tt E[n/2]))

in ¥, we define 7,(Q,) to be (wn(Qa), (€1, .. ,E[n_l/g])) . As with the map =,, we
drop the subscript from 7, and write simply 7 whenever doing so will not cause
confusion. According to the arguments immediately preceeding this theorem, #(Q,)
is an element of W, for some partition ¢ = (ci,...,c,—1) satisfying Equationl8 with
¢; = 0 for each j such that j > n/2 when n is even. When n is odd, 7(£2,) is an

element of WU, for some partition ¢ = (cy,...,c,_1) satisfying Equations 18 and 19.

In fact, 7(,) is an element of V., where v is the highest weight
cier+ -+ Cin—1/2€n-1/2)
for SO(n — 1,R) when n is even and where 7 is the highest weight

c1e1 + -+ Cn-1/2-1€n-1/2]-1 T 6[n—1/2](C[n—l/z]e[n—l/z])
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for SO(n — 1,R) when n is odd. From Theorem 4.1, we see each such integral form

7 has the property m(u,, px) = 1. Thus, we get a well-defined map
T \P,\ i U’yEA,\\—I}’V

where, as in section 4, A, is the set of analytically integral forms 7 for SO(n — 1, R)

such that m(u,, ux) # 0. Given two elements,

(Qaa (617 s aE[n/2])) and (Qlaa (ella SRR 6{71,/2]))

of Uy, we suppose 7 maps each element to the same element of U., for some integral
form 7. Then 7(Q,) = 7(€2,), and, since 7 is injective, 2, = Q. We know €p,/9 =
6l[n/2] = € where €|ap/z| = apnjy. Furthermore, for j such that 1 < j < [n/2], if
€; # €;, we may assume ,(1, —j) > 2j. Hence, 7 is injective. We let A, be the set

of partitions ¢ = (cy, .. ., ¢,—1) such that
@y 2C 202 " 2 Cpo1 2 Gy
From the proof of Theorem 5.2, we know
m: W, = {¥.|ce A}
is surjective. By Theorem 4.1, we know

{( Qe (e, s epry) [ € A} = {8y [y € AL}

Hence, 7 is surjective.

By our inductive hypothesis, we know |, | = Dim p., for each integral form v of
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SO(n — 1,R). By Theorem 4.1,

Dim py = Z Dim p,.

YEAN

Since 7 is a bijection, we derive the equation

(Tal= > 19,).

YEAN

The theorem follows readily. [ |

We make use of the map 7 from Theorem 5.4 throughout the remainder of the

paper.

6 Decorated Admissible Tableaux and Branching
Over M

In section 5, we established a connection between the irreducible representations
of SO(n,R) having finite dimension and the set of decorated admissible tableaux.
Namely, we showed the representation with highest weight A has dimension equal to
the cardinality of the set of decorated admissible tableaux of type A. In proving this
result, we saw each decorated admissible tableau of type A corresponds to a subspace
of the representation with highest weight A, itself an irreducible representation under
restriction to SO(n —1,R) via the embedding ¢: SO(n—1,R) — SO(n,R) defined in
section 4. Applied recursively to Theorem 4.1, this reasoning allows us to associate to
each decorated admissible tableau of type A a unique line within the representation

of SO(n,R), itself an irreducible representation under restriction to SO(2, R) via the
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embedding

tp—~1

SO(2,R) & SO(3,R) < --- & SO(n, R).

We may realize these lines somewhat more explicitly as follows. As in section 4, we
denote by uy the irreducible representation corresponding to A, and we denote by
m (i, ux) the multiplicity of the SO(n — 1, R)-representation 4., in the restriction of
px to SO(n — 1,R). In the interest of developing notation for this section, we select
a highest weight v,(\) for py. To each decorated admissible tableau Q of type A,
we apply the map 7, to arrive at a decorated admissible tableau of type ~v,_; for
some highest weight 7,_; of SO(n — 1,R) such that m(p,, ,,pxr) = 1. We select
a highest weight vector vy,_1(y,_1) for the irreducible SO(n — 1, R)-representation
foy,_y C pr. We repeat this process, applying 7,_1 to 7Q) and replacing A\ with v,_;
to arrive at a highest weight ~,_o for SO(n — 2,R) and to select a highest weight
vector v,_2(Yn-1,Yn—2) of highest weight 7,_5 for u,,_,. Recursively, we continue in
this manner until we have arrived at a highest weight ~, and selected a highest weight
vector vo(Yn-1,---,72) of highest weight s for ., _,. We denote vo(y,—1,...,72) by
v5(Q). The vector v,(Q) is unique only up to multiplication by a scalar. As in
section 4, we use the symbol A, to refer to the set of analytically integral forms ~ for

SO(n — 1,R) such that m(u., n) # 0. According to Theorem 4.1,
PAlsO(m—1,R) = Byt -
Theorem 5.4 proves v,(Q) # 1o(Q) if Q # Q' and

talsoer) = Dacw, Cra(2). (20)

In this section, we determine exactly how the decomposition in Equation 20 allows us

to find the multiplicities of irreducible representations for M in irreducible represen-
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tations for SO(n, R) without first having to determine the multiplicities of irreducible

representations for M in irreducible representations for SO(n — 1, R).

Ultimately, we want to provide a decomposition

palm = @1<i<pimu, Cr(2)

and to understand the action of M on v(i) for each i such that 1 <4 < Dim uy. We
cannot assume Cr,(Q) is a representation of M for every element €2 in ¥,. Nonethe-
less, we adopt as a provisional goal our understanding the manner in which M acts

on the vectors in set

L={n)| Qe

via the representation of M on p, obtained by restriction. In order to gain a first
foothold on a path toward this understanding, we delve into the details of the recursion

defining the vectors in L.

Supposing n = 2k + 1, we recall our notation from section 4, Equations 5 and
6, for the root vectors E, in so(n,C) where « takes values from among the positive

roots

At(so(n,C),b) ={e; tej,e |1 <i<j<k,and1<I<k}

chosen with respect to our designation h of a Cartan subalgebra for so(n,C). To
simplify notation, we refer to A*(so(n,C) as A¥, just as in section 4. We impose an
ordering on N, : = {E, | @ € A*} such that

E,

€k

< Eek—l < -0 < Ee1 < Ee,-:i:ej

for any ¢ and j such that 1 <4 < j < k. The set N, comprises an ordered basis for n.,

the Lie subalgebra of so(n, C) spanned by the set A, of positive root vectors. Next,
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we take the union B of a basis for § and the set of negative root vectors. We extend
N, to an ordered basis N, U B for so(n,C) by choosing an arbitrary ordering for B
and stipulating E, < b for any b in B and any « in A*. This ordering determines a
Poincaré-Birkhoff- Witt or PBW basis for the universal enveloping algebra iU(so(n, C)
of so(n, C). We let b be the Borel subalgebra with basis B. Now we specify a decorated

admissible tableau, Q of type A, and we define v,,_;(y,—1) as above. We write

A= \e; + -+ \eg, and

Yn—-1 = ('771—1)161 + -+ (’Yn—l)k:ekv

and we recall n = 2k + 1.

Lemma 6.1 For some k-tuple of natural numbers (ag, ax-1...,a1) and some scalar

d, We have
Eg:Eak‘l s Egll Vn—l(’)’n—l) = dl/n(A)

€k-1

for some scalar d and where (A; — (Vn-1);) = a; for each j such that 1 < j < k.

Proof Since v, () is a highest weight for py, we know E 1 Es - - - Eyvn_1(Yn-1) = cvn(A)
for some natural number p, some scalar C, and some E1, Es, ... E, such that E; is an
element of . for each 7 such that 1 < i < p. By the Poincaré-Birkhoff-Witt theorem

([3] p-92), we know U(so(n,C)) is a free n -module with basis

{1} U J{baba---bj | b e Bfor 1 <i<jandby <by <--- < by}
JEN
Jjz1

Hence, we can express £ Ey--- B, as

m

C(’i)Eil Eiz s Eip(i)

=1
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for some natural number m and an m-tuple of scalars (c(1),...,c(m)) where for
1 <i<mandl < j < p(¢) the expression E;; is an element of Ny and where
E;; < E;,,, if j < p(i). We have determined

m

C(i)EilEig e E‘L’p(i)yn—l(’)/n—l) = CUn(A). (21)

1=1

For any ¢ and 7 such that 1 <i < j < k, we know Ee,+e; is the image of a positive
root vector for so(n — 1,C) under the the differential of + mapping so(n — 1,C) to
s0(n,C), and vp_1(Yn-1) is a highest weight for the irreducible representation ., |
of so(n — 1,C). Hence, in the sum from Equation21, we may exclude all terms such

that E; , = Eete, for some i and j such that 1 < ¢ < j < k. According to our

p(%)
ordering for N, we may express the sum of the remaining terms as

m
. A5k 05, k—1 i
C(Z)Eek Ee;—l te 'Egl’]
i=1
where, for each ¢ such that 1 < ¢ < m, we know q;; is a natural number for each j

with 1 < j < k. Furthermore,
Eg):,kEng;I o 'Esli’lyn—l(')/n—l)

has weght v,_1 + a; kex + aik—1€x—1" -+ + a;1€1, SO We may remove from Equation21
any term such that v,_1 + a;x€x + @i x—1€x—1- -+ + a;1€1 is not \. We arrive at the

equation

C(i)(EgI:'k :311'?—k1—1 o E:;’lyn—l(lyn—-l)) = CVn()\)

for some ¢ such that 1 < ¢ < m and some nonzero scalar ¢(z). Letting d = ¢/c(i) and

defining a; ; = a; for each j with 1 < j < k gives the desired result. ]

We must venture one step further into the recursive process used to define the
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vectors in £. Considering again the terminology in Equation 5, and recalling n =

2k + 1 is odd, we enumerate the positive roots of so(n — 1, C):
A*(so(n—1,C),h) = {e; £e; | 1 <i<j <k}

We choose a somewhat less intuitive basis for the Lie subalgebra n, (so(n — 1)) of

so(n — 1,C) than the basis N, defining

Ni(so(n—1)): =  {Eeze, |1 <i<j <k}
u {E€i+ek + Eei—ek | << k}

U{Feiter, — Eei—e, | 1 <4<k}

We order N, (so(n — 1)) such that
Ee,-—{—ek - Eei—ek < Eej-}-ek + Eej—ek < Eelj:ep

for any 7,7,{, and p such that 1 <4,5,I,p < k and [ < p, while (E¢,1e, — Ee,—¢,) <
(Ee;_y+e, — Ee;_y—e,) for any ¢ with 1 < ¢ < k. Next, we define B to be the union
of a basis for h and the negative root vectors. We extend N, (so(n — 1)) to a basis
Ni(so(n — 1)) UB(so(n — 1)) for so(n — 1,C) and impose an ordering on this basis
such that v < b for any v in Ny (so(n — 1)) and any b in B(so(n — 1)). This ordering
determines a PBW basis for the universal enveloping algebra {U(so(n — 1, C)). We let
b(so(n — 1)) be the Borel subalgebra of so(n — 1, C).

Lemma 6.2 We have

(Ee’“*ﬁ'ek - Eek—l—ek)ak_l (Eek—2+8k - Eek—z—ek)ak_z T

o (E1e31+e,c - Eel—ek)all/n—2(7n-—1: ’7n—2) = an~1(7n—l)
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for some scalar d and where (v,-1); — (Ya—2);) = a; for each j such that 1 < j < k—1.
Proof The reasoning used to prove this lemma follows more or less precisely the
reasonning used to prove Lemma 6.1. Since v,_1(v,—1) is a highest weight for mu,, _,,

we know

E1E2 ce Ean—Z(’Yn—Qa ’Yn—l) = CVn—l('Yn—l)

for some natural number p, some scalar ¢, and some E}, Es, ... E, such that E; is an
element of NV, (so(n — 1)) for each i such that 1 < i < p. By the Poincaré-Birkhoff-
Witt theorem ([3] p.92), we know U(so(n — 1,C) is a free n,(so(n — 1))-module with
basis
{1} U J{biba---bj | b€ Bfor1 <i<jandb <by<---b}.
i

Hence, we can express F1Ey--- E, as

m

: i, i, @i, p(s
C(Z)Ei,llEZ; T E’i,p?i()) (22)
i=1

for some natural number m and an m-tuple of scalars (¢(1),...,¢(m)) where for
1 <i<mand1l < j < p(i) the expression E;; is an element of N, and where
E;; < E;j1 if j < p(i). Here, a;; is some natural number for each ¢ and j with
1<i<mand1<j<k-1 Foriandjwith1l <1< j <k, the positive root vector
Ee,+e; for so(n —1,C) is the image of a positive root vector for so(n — 3,C) under
the differential of ¢,_; o t,_2 mapping so(n — 3,C) to so(n — 1,C). Somewhat less
obviously, for ¢ such that 1 < ¢ < k, the vector E, ¢, + Fe,—e, in N} is the image of
a vector in the span of the positive root spaces for so(n — 2, C) under the differential
of ¢ mapping so(n — 2,C) to so(n — 1,C). In fact, we see E,, i, + Fe,_e, is the image
of 2F,,(so(n — 2) where E,,(so(n — 2) is the positive root vector for so(n — 2,C)

corresponding to the root e; as described in Equation6. Since v,_2(VYn-1,VYn—2) is a
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highest weight vector for so(n — 2,C), we know

Eei:i:ej Vn—2('7n—1a 771—2) = E'e,-+e;c + Eei—ekVn—Q(’Yn—l, 'Yn—2) ={

for ¢ and j such that 1 < i < j < k. As such, in the sum from Expression 22, we may

exclude any term such that E; > (Eeyt+e, — Eey—e, ). We have shown

C(i)(Eek_l-kek - Eek—l—ek)ai'k_l(Eek_g—{-ek _ E’ek—z—ek)ai'k—g .

m
=1

1

T (E'eri—e;c - Eel—ek)ai’lyn—Z(’Yn—l, "Yn-—Q) = an—l('Yn—l)-

For any ¢ such that 1 < ¢ < m, we see

(Eek—1+ek - Eek—l—ek.)ai'k_l (Eek—2+ek - Eek—z—ek)ai’k‘Q o

o (E€1+ek - Eel—ek)ai'an—Q(’)’n—la '7n—2)

is the sum of weight vectors, each one having weight

k-1

Yn—2 + Z a;ij(e:) + z(ex)

j=1
for some integer z. For only one k — 1-tuple (a}_;,a}_o,...,a}) does
k-1
Ynoz Y di(e;) + 2(ex) = Yn

j=1

for some integer 2. Hence, we may further exclude from the sum in Expression 22

any term such that a; ; # a; for each j such that 1 < j < k — 1. There exists exaclty
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one 7 with 1 <4 < m such that

c(i)(Eek—rl-ek - Eek—x—ek)ai'k_l (Eek—2+ek - Eek—z—ek)ai'k_z T

T (Eel+ek - Eel—ek)ai’l Vn—2(7n—1) '777,—2) = CVn—l('Yn—l)-

Setting a} = a; ; for each j with 1 < j < k — 1, and letting ¢/c(é) = d, we arrive at
the desired result. [ |

Lemmas 6.1 and 6.2 give us a description of the vectors in £ precise enough to
make calculating the action of M on these vectors a tractable problem for odd n.
When n is even, we will rely on Lemma 4.3. We will use these lemmas within an
inductive framework built to accomodate either parity for n. From section 3, we recall
our notation m/ for the element of M having j%* and j+ 1% diagonal elements equal to
—1 and all other diagonal elements equal to 1. According to the arguments in Lemma,
3.1, {m? | 1 < j < n — 1} generates M, so we focus on the action of elements from
this set in determining the action of M on each of the elements in £. If n = 2, we
understand completely the action of m! on v,(A\) = 1,(Q), and £ = {v,()\)}. By our
definition for 15(€)), we notice v5(Q) = cvy(72) for some scalar ¢ where 7 is the map
defined in Theorem 5.4 and 7{) is a decorated semistandard Young tableau admissible
for SO(n — 1,R). We may, of course, choose v5(7) such that v5(Q) = v,(7(2)). For
j such that 1 < 5 < n — 1, the element m/ of M = M(SO(n)) C SO(n,R) is the
image of an element mf;‘O(nq) in M(SO(n — 1)) C SO(n — 1,R) under the map .
The action of mg.o(n_l) on the vector v(7(2) in the representation g, ,|rm(so(m-1))
is exactly the action of m? on the vector 1,({2) in the representation uy|p whenever
1 < j < n-—1. Hence, in the context of any inductive proof, the burden will shift to

discovering the action of m™~! on each of the vectors in L.
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With an eye toward making use of Lemmas 6.1 and 6.2, we calculate

(B2, (23)
m"_l(Eg:_—ll - Egl)y, and (24)
mn_l((EEk—1+ek - Eek—l_ek)ak_l(Eek—2+ek - Eek-2-ek)ak—2 e (25)

e (E€1+ek - Eel—ek)al)’/

where v is any vector in a representation for SO(n,R). If F is any element of
so(n,C) and v is some vector in an SO(n, R)-representation, we know m"~!. (Ev) =
(Ad(m™ Y E)Ym™'v. We know Ad(m"™ !)E is conjugation of the matrix E by the
matrix m™~!. Conjugation of E,, by m,_; is —E_.,, and, for j such that 1 < j < k,
conjugation of E.; by mn1 s —E,,. For any j such that 1 < j < k — 1, conjugation
of Ee, te, by m™ 1 is Ee, ¢, and conjugation of E,, ., by m" 1 is FEe;te,- We see
Equation23 is

(=)™ B )m™ v, (26)

while Equation24 is
(-1t

€k—1

B )m™ . (27)
Also, Equation24 is

(—1)ak—l+ak“1+m+al ((Eek—l+ek - Eek—l“ek)ak_l (Eek—2+€k - Eek-—2‘ek>ak_2 T (28)

U (E€1+€k - Eel—ek)al)mn_.ly'

For the most part, describing the action of m"™~! reduces to performing computa-
tions in 50(3, C) and SO(3,R). In order to study representations of SO(3,R), we turn

to the simply connected covering group for SO(3,R) and study explicit descriptions
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of representations for that covering group. The Lie algebra sl(2, C) has basis

01 00 1 0
X: 7Y= 5 andZ: y
00 10 0 -1

and these basis elements obey the relations
Z,X]=2X,[Z,Y]=-2Y, and [X,Y] = Z.

We determine a map ¢: s[(2,C) — s0(3,, C) by defining ¢ on basis vectors for s(2, C)

as follows:

0 2 0
X—E,,Y——-FE ., andZ—H: =| -2 0 0
0 0 0

Clearly, E.,, E_.,, and H form a basis for so(3,C), and a quick calculation shows
[E.,,—E_.|] = H, [Y,E.]=2E.,, and[Y,~E_. ] = 2E.,,

so we see sl(2, C) is isomorphic to s0(3, C). Now SL(2,C) is simply connected, hence
a covering group for SO(3,C), and there exists a unique surjective homomorphism of

Lie groups I such that the diagram

s1(2,C) —2— s0(3,C)

exp J/ l exp

SL(2,C) —— SO(3,C)
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commutes. We construct I' explicitly. First, we choose a new basis

, 0 ¢ . 0 1 ) i 0
X = JY' = , and Z' = ,
1 0 -1 0 0 —2
for sl(2,C), and we let (,) be the symmetric inner product on s{(2,C) given by
(A, B) = tr(AB). With respect to this inner product, the basis X', Y’, and Z’ is
orthogonal, and each basis vector has length —2. The adjoint action of SL(2,C) on
s[(2, C) is orthogonal with respect to this inner product since conjugation leaves trace

invariant. We get a map
[": SL(2,C) — O(3,C) C Aut(sl(2,C),

determined completely by the adjoint action of SL(2,C) on the basis vectors X', Y”,

and Z’. Since SL(2,C) is connected, I'(SL(2, C)) is connected, and 1s1,2,c) — log,c),

so I"(SL(2,C)) c SO(3,C). In writing I'(g) as a matrix for any g in SL(2,C), we

need to order X', Y’ and Z’ in such a way as to ensure agreement between the Cartan

subalgebra h(sl(2)) for sI(2, C) spanned by Z’ and our choice for a Cartan subalgebra

b of s0(3,C). We notice

Ad(exp 2') 7' = Z', Ad(exp Z)) X' = (%e% (X' +iY") + (—;—e_%(X’ —4Y")), and
(29)
Ad(exp Z')Y' = (%e"Qi(Y' +:X") + (%em(Y' —iX")).
Hence, we determine the matrix form of I'(g) for any ¢ in SL(2,C) such that, if
Ad(9)(X) = a X' + b)Y + 1.2, Ad(g)(Y") = as X' + bY' + ¢22", and Ad(g)(Z") =
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CLgXI + bgyl + CgZ’, then
a; b
F/(g) = | a2 bz Co

az by c3

By Equations 29, I'" maps exp Z’ to the torus for SO(3,C) corresponding to our
choice for h. By calculating I on exp X’,expY”, and exp Z’, we see I is the surjec-
tive map I. The irreducible representations of SO(3,R) correspond exactly to the
dominant analytically integral forms of s0(3,C). Since SL(2,C) is simply connected,
any dominant weight for sl(2,C) is analytically integral for SL(2,C). Every irre-
ducible representation for SO(3,C) descends from a representation of SL(2,C) via
the map I'. (This fact follows from the arguments in [5] 5.110.) We denote by I,
the n by n diagonal matrix with each diagonal entry equal to 1. The kernel of I' is
{£1lsre0)}, so S(/)’(_B,\(C) is the subset of Sm) consisting of all representations
such that —I, acts as the identity. We take a description of Sm) from [1] p.

117. We define V, to be the space of homogeneous polynomials of degree a in two

variables, z; and z;. The space V, has basis
m\ .. s .
= (")a7410<i<a)

and SL(2,C) acts on any polynomial P(z;, z2) in V, by

b b c
‘1. P(z1, 23) = P(bz1 + dz3, cz1 + ezy) for € SL(2,C).
d e d e

Any irreducible representation for SL(2,C) is, in particular, a representation for

sl(2,C). We calculate the action of the basis X,Y, and Z for s(2,C) on V, as in [1]
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10.7 to find
Z.’I?j = ((l - 2j)£L‘j,X$j = (CL - _] + ].)LE]'..], and Y.’L‘j == —(] + 1)£L‘j+1. (30)

We see z( is a highest weight of weight a. Clearly, V, is isomorphic to the repre-
sentation of highest weight a/2e; for s0(3,C). For any j such that 0 < j < a, we

know

Hence, the representation V, descends to SO(3,C) if and only if a is even. The

0 1
element m? of M(SO(3,C)) has preimage {+ } under T" because
-1 0

0 1 0o 1\ , 0o 1\ ,
Ad( )X = X', Ad( )Y’ = —Y’, and Ad( V2 = -2,
10 -1 0 -1 0

Since SO(3,R), the group of real points in SO(3,C), is compact, we know S/O/(IR)

is exactly the set of restrictions of SO(3,C) to SO(3,R).
For the following two theorems, we choose A to be an analytically integral form

for SO(3,R), and by M we mean M(SO(3,R)). We fix some € in ¥, and we get

I/Q(Q) = VQ("/Q) in L.

Theorem 6.3 If v, = 0 and A = a(e;) for some natural number a, then
m*(v5(Q)) = (=1)*(12())-

Proof We work with the sl(2, C) representation V5, isomorphic to the representation

of 50(3, C) of highest weight a(e;). Choosing o = v3(A), we find 15(£2) is some scalar

multiple ¢ of the basis vector z, in Vs, with weight 0. Now m?zy = (—2p)%* = 22¢ =
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Z9q. Using the action of s[(2,C) on V4, given by Equations 30, we find

a

a a .
Ef xm =E%, 29 = ( E 1)Zq, SO

i=1

E* m?u3(\) = B, v5()) (31)

1 —e1

From Lemma 6.1 we know we can choose the scalar ¢ such that v3(A) = E2 15(€).
The following equation holds:
E2 mPu3(X) = E2mPE2 15()
= EZ (—1)*E?, m*1,(Q)(by Equation26)
= (—1)*E2 E°, m*v,(Q)

= B, E; 1,(Q)(by Equation31).

—e1

We want to show

E®, E%1v5(Q) = E2 E®, (). (**)

—e€1 —e1

Considering the expression
E€161 Eezel e Eezael V2(Q)7 (32)

where, for each ¢ such that 1 < i < 2a, we have ¢; = £1 and ¢; = 1 for exactly half
of the natural numbers 7 with 1 < ¢ < 2a, we attempt to find the highest value for j
such that ¢; = —1 and €;4; = 1. If no such j exists, Expression 32 is E2 E2, v5(f).

Otherwise, Expression 32 is

Eﬂel...E

€j+1€1

Ee]-el e E62a61 Vz(Q)

+Ee1el Tt [Eejel, EE]‘+161] e Eezaell/Z(Q)‘
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We induct on 2a — 1 — j to show the second term in Expression 33 is 0. If j = 2a — 1,
the second term in Expression 33 is 0 since 15(£2) has weight 0 and [E,, Ee,,e,] is
in the subspace of s[(2,C) spanned by Z. Otherwise, the second term in Expression

33 1s

Eelel e E€j+281 [Eejela E€j+1€1]EE Tt EEQael VQ(Q)

j+3€1 "

+E€181 ttr Eej_l [[Eejel y E€j+161]7 E€j+261] Eej+3el tee E€2a81 V2(Q)‘

The second term in Expression 33 has weight not equal to 0, so, since Expression 32
has weight 0, the second term in expressioin 33 must be 0. By inductive hypothesis,
the first term in Expression 33 is 0. Hence, the second term in Expression 33 is 0,
and we may freely interchange E., and E, in Expression 32 for any [ such that

1 <1 < 2a. Thus, Equation** holds.

i+1€1

To conclude, we combine Equations * and ** to see

(=1)*E% E*, m*15(Q) = E2 E*_ 15(Q),

—€1 —€1

so m2vy(Q) = (—1),(£), as desired. u
For the next theorem, we specify §2, the admissible semistandard Young tableau

associated to ) = (€2, €), where we use the term “associated” in the sense described

by section 5

Theorem 6.4 If A = a(e;) and v»2(2,€) has weight b(e;) with 1 < b < a, we may
choose v5(£2,€) and v5(82, —¢) such that m2vy(8, €) = 1o(82, —¢).

Proof As in Theorem 6.3, we choose v3(\) = o, identifying u, with the SL(2,R)

representation Va,. We know m?v3()\) = z,,. Also, by Lemma 6.1, we may choose
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5(8, €) such that v3()\) = E&%1,(Q, €). Hence, we may use Equation26 to see
(=1)*PE*PmPus(Q, €) = Tm.

This equation shows the weight of m?vy(Q,€) is —2b (working even still within the
representation Va,). There exists only one weight space of weight —2b in Va,, and
v5(£2, —e) must have weight —2b, so we can choose m?vy(Q, €) = v5(, —¢). |

Beyond the case n = 3, a complete understanding of the action of M on L proves
somewhat too complicated to pursue all at once. To continue, we narrow our focus to
a small portion of the larger project. For each € in ¥, we consider a subset Lo C £
defined as

La: ={n(Q) € L] Q is associated to Q}.

In addition, we consider a subset Mg C {m’ | 1 < j < n} defined as
Mq: ={m’ | j € Ca}, (33)

where j is an element of Co C {1,...,n—1} if and only if j is even and (1, —5/2) = j.
If |Cq| = I, then |Lq| = 2'. We fix some Q = (, (€1, . .., €ny2))-

Theorem 6.5 For each j in Cq, the element m? in Mg acts on vy (Q, (€1, -, €n/2)

according to the equation

msz (Q, (61, ceey 6[n/2]) =V (Q, (61, <oy €5/2-1, —€5/2,€5/2415 - - -, f[n/2]) .

for some choice of elements in the set Lq.

Proof For n = 2 the statement of the theorem is empty, and for n = 3 the statement
amounts to Theorem 6.4. We suppose Cq is nonempty, as, otherwise, the statement

of the theorem is empty. We prove the result for general n by induction. If j <n—1,
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our inductive hypothesis shows the preimage of m’ under ¢ acts on vo(7(Q2)) according

to the equation

mjl/2 (TT(Q), (ela R 76[71—1/2])

=V (W(Q)a (Ela CI ej/Z—Ia _ej/2a 6j/2-§-17 LRI 6[n—1/2]) .

Hence, m’ acts on 1,(2) as desired.

It remains to prove the statement for j = n — 1, in which case n = 2k 4+ 1 is odd.
In this case, we consider the subgroup SO(n—3,R) x SO(3,R) of SO(n,R) where we
identify SO(n—3,R) with the upper left n—3 by n—3 block diagonal part of SO(n, R)
and SO(3,R) with the lower right 3 by 3 block diagonal part of SO(n,R). We focus
on the action of the subgroup SO(3,R) of SO(n — 3,R) x SO(3,R) on v,(\) where
we identify SO(3,R) with the image of SO(3,R) under the inclusion i: SO(3,R) —
SO(n — 3,R) x SO(3,R) given by the mapping g — (lsom-3r), 9)- We examine the
irreducible SO(3, R)-representation fi) generated by v,()\). By Lemma 6.1, v,(\) =
E* - EP'vu_1(Yn-1). The weight vector EX - Ef'wp_1(Ya-1) is a highest weight
vector for SO(2, R) where we identify SO(2, R) with the image of SO(2, R) under the
usual inclusion . Moreover, since Q(1,—j/2) = j, we know E.*7' -+ EP'vy_1(Yn—1)
has weight b(e;) not equal to 0. By Theorem 6.4, the element m?(SO(3)) of M(SO(3))
maps E,57' -+ - EP'vy_1(7a—1) to a highest weight vector for SO(2, R) of weight —b(ey).
Now, m?(SO(3)) maps under i to the element (1, m?(SO(3))) and (1, m*(SO(3)))
maps to m? under the natural inclusion of SO(n — 3,R) x SO(3,R) in SO(n,R). We
now consider the entirety of the SO(n,R) representation py. In this representation,
E* - EP vy 1(Yn-1) has weight by(e;) + - - - + by(ex) where by = b. According to
our understanding of the action of m?(SO(3)) on i1y, the element m? of M maps

E - EY'Wa_1(Yn-1) to a vector of weight by(ey) + -+ -+ br_1(ex—1) — be(ex). By our
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definition for 1,(Q), and by Lemmas 6.1 and 6.2, we know

Ak —1 a _ Ak —1 aj
Ek_1 ...El Vn—l(’Yn—l) — Ek—l ...El e

T (Eek—1+ek - Eek—l"‘ek)bk_l T (E61+€k - Eel“ek)bl UV?(Q)

for some U in the universal enveloping algebra of the image of (so(n — 2,C)), the
complexification of the Lie algebra for ¢,—1 0¢,_2(SO(n—2,R)), under the differential
of tp—1 0 tn—g. We know m’ acts as the identity on ¢,_; 0 1,_2(SO(n — 2,R)), so,

combining Equations 27 and 28, we see

m](E,fﬁ‘ll o EPun (1) = :I:E,‘:i‘ll o ER.

o (Eek_l—l—ek - Eek..l—ek)bk—l e (E€1+ek - Eel—ek)bl Umj_ly2(Q)

Considering the weight of m?(E *7' - - E{'vp_1(Yn—1), We know

mj_IVZ (Qa (617 s ,Gk)) = :':VQ (Q) (617 SRR _Ek)) :

Suppose G is a finite abelian group generated by g1, gs, ..., g Where g2 = 1 for
each ¢ such that 1 <4 < n. For any subset S of {1,...,n}, we define gs to be [[..¢ g:-

We consider V, a 2"-dimensional representation of G with basis

B: ={gsv|Sc{l,...,n}}

for some v in V.

Lemma 6.6 The representation V' decomposes into the sum ®scqi,.n}Vs where, if

vs is an element of Vg, we have g;vs = vs when i is an element of S and g;vs = —vg
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when n is an element of S€.

Proof The representation V is the regular representation of G, so the lemma is a
special case of the Peter-Weyl theorem. We produce a simple proof so as to keep this
section self-contained. We induct on n. If n = 1, we have {v, g;v} as a basis of V.
Then {v + giv,v — g1v} is also a basis of V. Moreover, g, (v + g1v) = g1v + v, and
91(v — g1v) = g1v — v. Hence, v + g;v generates the irreducible representation Vj,

and v — g,v generates the irreducible representation V;.

In general, V has {gsv | n & S} U{gsv | n ¢ S} as a basis. We consider the
basis B(n) U B(n)" where B(n): = {gsv + gs\(nyv | n € S} and B(n): = {gsv —
gs\inyv | n € S} If G is the subgroup of G generated by {91, -..gn_1}, then consider
the representations V' (n) and V(n)’ of G generated by 8(n) and 8(n) respectively.
For any subset Sy of {1,...,n} such that n is an element of S, we let Sy be the set

So\{n}. Then 95,(gnV+V) = gsyV+gso\(n}v- Similarly, ggo(gnl/—z/) = gSoV — gSo\{n}V-

Hence, both V(n) and V/(n)’ are 2"~ !-dimensional representations of G, and

B(n) = {gg(gnu—i—l/) |Sc{l,..n— 1}} , Whereas

B(n) = {gg(gnu —v)|Sc{l,...n— 1}}.
We may apply our inductive hypothesis to V(n) and V(n)’ to show

V(n) =@z C {1,...n -1}V (n)s, and
V(n) =@z C{l,...n—1}V(n);

where g;vg = vg when i is an element of S and g;vg = —vg when n is an element of

S¢ for any vz in V(n)sUV(n);. If welet Vs, = V(n)g, and Vg (n} = V(n)’s-v0 for any
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subset Sy of {1,...,n}, the decomposition
V = ®scq1,.n}Vs

has the desired property. [ ]

Remark 6.7 We suppose Cq C {1,...,n— 1} = {iy,...,4}, and we fiz a bijection
0: {1,...,2!} — & where & is the set of subsets of Cq. Applying Lemma 6.6 to Theorem
6.5, we can, for each 2 in ¥, find a basis {v(Q)1,...v(Q)xu} for the subspace of py
spanned by Lq with the following property. For each j and each p such that1 < j <1

and 1 < p < 2!, we have

V() ij € 6(p),

—v(Q), otherwise.

Fixing any 2 in ¥,, we must now consider the action of m’ on each vector v,(Q)
where € is associated to (2 and for each j such that j is an element of the complement

Cé of Cq in {1,...,n — 1}. We start with the even elements of C§.
Theorem 6.8 If j is an even element of C§, then
mIvy(Q) = €(15(Q))
where € = (—1)®T%+1/2 for Yj+1 = Yi-1 = arler) + - + a1/ (€g+1/2)-
Proof Tt suffices to consider the action of m?(SO(j + 1)) on the weight vector

Vo(Rjpa 0 jr3 0+ -0 Tn(£2))
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in the representation pu.,,,, for
lp—19lp—290---0 Lj+1(SO(j + ]., R)),

so we may as well assume j = n—1. We also write n = 2k+1. As in Theorem 6.5, we

identify SO(3,R) with the image of SO(3,R) under the map 7 followed by the natural

inclusion of SO(n —3,R) x SO(3,R) in SO(n,R). We study the irreducible SO(3,R)

representation iy generated by v,()\). By Lemma 6.1, v,(A) = Eg* - - - E{*Vp_1(Yn-1)-

The weight vector E,*7' -+ Ef'vy_1(7n—1) is a highest weight vector for SO(2,R)

where we identify SO(2,R) with the image of SO(2,R) under the usual inclusion ¢.
ak-1

Since j is an element of C§, we know E,*7'--- Ef'vp_1(y,—1) has weight equal to 0.

By Theorem 6.3,
mASOBNELT - ES vy (act) = (D)™ BT - Evaa(yacr). (39)

Now, m?(SO(3)) maps under i to the element (1,m?(SO(3))), and (1, m*(SO(3)))
maps to m? under the natural inclusion of SO(n — 3,R) x SO(3,R) in SO(n,R). We

consider the entirety of the SO(n,R) representation py. By our definition for v5(<2),

and by Lemmas 6.1 and 6.2, we know

Ak -1 ay _ Ak -1 al
Ek—l .. 'El Vn—l('Yn-—l) — Ek—l .. 'El v

e (Eek_1+€k - Eek..l—ek)bk_l o (E51+elc - Eel—ek)bl UV?(Q)

for some U in the universal enveloping algebra of the image of (so(n — 2,C)), the
complexification of the Lie algebra for ¢,,_1 0¢,,_2(SO(n —2,R)), under the differential

of tn_1 0 tn_o. We know m’ acts as the identity on ¢, 1 0 t,_2(SO(n — 2,R)), so,
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combining Equations 27 and 28, we see

mj(EZi-ll . Ei’vl Vn—l(’Yn—l) — (_1)ak—1+"'+al+bk—1+"'+b1E}‘:i—ll L Ein . (35)

... (Eek—1+ek - Eek—l_ek)bk—l - (E€1+ek - Eel—ek)bl Umj—ll/g(ﬂ).
Combining Equations 34 and 35, we see
mjl/z(Q) — (—1)“’°+"'+“1+b’°-1+"'+b1VQ(Q).

Clearly, A — yn_2 = b1 +ai(e1) + - - - + bp—1ax—1(ex—1) + ax(ex). [

By Theorem 6.8, m’ acts by a scalar on the space spanned by Lq for any even j
in C§. Combining this observation with remark 6.7, we see the vector v({2), for any
p with 1 < p < 2! spans a representation for Meyen, the subgroup of M generated by
{m7 | j is even}. We want to show, for each 2 in U, and each p such that 1 < p < 2,
the vector v(f2), spans a representation for all of M, and we want eventually to
describe this action completely. We will do so by showing m’ acts by a scalar on the
space spanned by Lq for any odd j such that 1 < j < n — 1. For even n, we do
already know the action of one element of M on any vector in u,. Namely, we know
the action of —I,, on any vector in v, (A) by the arguments in Lemma 4.3. The element
~I,, acts by 1 as determined by the weight of v,(A): if X = ai(e1) + -+ -+ an/2(en)2),

then —I,v = (—1)*"*%/29 for any vector v in uy. We define
€(N): = (1t

and we consider any two decorated admissible tableaux Q and € such that Q is

associated to both Q and .

Theorem 6.9 For any odd j with 1 < j < n—1, the element m? of M acts on v»()



7
by €(S2); where
€(); = e(vj+1)e(v5-1)-

Moreover, for each odd j with 1 < j <n — 1, the element m? acts on vo(Y) by €(Q);

as well.

Proof For any odd j such that 1 < j <n — 1, we may calculate the action of m’ on
v2(Q) by determining the action of m?(SO(j + 1)) on the weight vector
VUy(Tjp 0 Wjg3 0+ 0 (D))
in the representation p.,,,, for
tn-10tn-2 00111 (SO(j + 1,R)),
so we may as well assume 7 =n — 1. Now,
—In(tn—10 tnoa(=In_2)) = m/,

so the first statement follows.

As for the second statement, we compare <y;_;, defined with respect to Q, and
7;1, defined with respect to (Y. The weights 7vj—1 and 'y;-_l can differ only in the sign
of the coefficients for e;_1/2. According to the definitions for e(v;_;) and e(v;_;), we

have

e(vj-1) = e(Vi_1)-

The second statement follows. [ |

Remark 6.10 Theorem 6.9 provides a simple way to calculate the action of m? on

15(Q) for any odd j and any Q in Uy. If j = n — 1, then, for A\ — Yoo = ci(e1) +
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-+ 4 cnja(ens2), we have

m? (1y(Q) = (=1)+Cns2,

Lz’kewz’se, Zfl < ] <n-— 1, then, fOT‘ Yi+1 — Y5 = C1 (61) +--- +Cj+1/2(€j+1/2), we have
mi () = (~1)° e

We have shown

mlv = P eX,cv(@),,

Qely
and we have described entirely the action of {m’ | 1 < j < n — 1}, hence the action
of M, on each vector v(f2), with Q in ¥y and with p such that 1 < p < 2!. Using
this information, we now introduce a map &,: ¥ — F, where Equation3 defines the
set F,.

We define &, inductively as follows. For n = 2, we have Q — {2} if m'v(Q) =
1v(Q), and Q +— 0 otherwise. For general n, we may assume &,_; (7)) = S where S is
some element of S,,_;. For even n, if m"~'v(Q) = —v(Q), and if n— 1 is an element of
S, then we define &, such that Q) = S. If n—1is not an element of S, we define &n
such that &,(Q) = SU{n}. On the other hand, if m"1(Q) = v(Q), we define &, such
that £,(Q) = SU {n} when n — 1 is an element of S and such that &,(Q) = S when
n — 1 is not an element of 5. Now we suppose n is odd. We define S to be S U {n}
if SU{n} is an element of S,. Otherwise, we define S’ to be {1,...,n}\ SU{n}. If
n — 1 is an element of C, we define &, such that £,(Q) = S if m" () = —v(Q)
and n — 1 is an element of S or if m"~'w(Q) = v(Q) and n— 1 is not an element of .
We define &, such that &,(Q) = S’ if m""1v(Q) = —v(Q) and n — 1 is not an element
of S or if m" () = v(Q) and n — 1 is an element of 5. When n is odd and n — 1 is
an element of Cq, we make an arbitrary choice. If Q = (Q, (e, ...  €n /2])), we define

&, such that &,(Q2) = S’ if €j,/9 = —1 and n — 1 is not an element of S or if €/ =1
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and n — 1 is an element of 5. we define &, such that £.(Q) = S if €m/2 = —1 and

n — 1is an element of S or if €n/2) = 1 and n — 1 is not an element of S.

Proposition 6.11 The order of the preimage of S under the map &, is exactly

m(Xn,S7 MA)

Proof We recall the Definition 33 of Mq. For each €2 in ¥, and for each j in C§, we
have shown m/ acts uniformly on every vector in Lq. Hence, for any ¢ and ¢ such that
1 <1i< q< 2, the Mg-representation spanned by v(f); is isomorphic to the Mq-
representation spanned by v(Q2),. We write v(2, Mq) to denote this representation.
If O +— S, then we conclude X s|u,, is isomorphic to v(Q, Mg) from the definition of
&n. For any I-tuple (ep,, . .., €p,) indexed by the elements of Cq where, for each i such

that 1 <7 <[, we know ¢; = £1, the following equation holds:
{pe{l,....,2} | mv(Q), = ;u(Q), for each j € Co }| = 1.

We know
gn (Q, (61, Ce . 76[11/2])) = S

where v((2), spans the M-representation x,s and p with 1 < p < 2! is such that
mIv(Q)p = €;v(2), for each j in Cq. There exists only one [n/2)-tuple (¢, ..., €/2)

such that €2 is associated to the element

(Q, (€], - - ,e{n/z]))

and €; = € for each j in Cn. The statement of the proposition follows. |
The method given by proposition 6.11 to determine m(x, s, px) allows for com-
putation with much less overhead than the method given in section 4, especially for

large n. Although proposition 6.11 does call for induction in determining the action
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of M on a chosen decomposition for p, into irreducible representations for M, this
proposition then allows for the calculation of m(x, s, ) for any S in F, without

having to resort to induction.

We give a synopsis of the results in this section, focusing on the visual representa-
tion of decorated admissible semistandard Young tableaux. The set ¥y corresponds

to a basis

{1u(Q) | Q € T}

for the underlying space of the representation py. Using this correspondence, we see
each tableau in ¥ as a basis vector. The set Cq comprises all even natural numbers
2k < n — 1 such that the number 2k actually appears in row k of the admissible
semistandard Young tableau €. The cardinality of Cq is I, so [ < [n/2]. According to
Theorem 6.8, if 7 is an even natural number such that 1 < j < n — 1 and such that
the number j does not appear in the j/ 2" row of 2, then mJ acts on () by —19 where
q is the quantity of the numbers j+1 and j in Q. According to Theorem 6.9, if j is an
odd natural number such that 1 < j < n—1, then m? acts on Q by —17 where ¢ is the
quantity of the numbers +j + 1 and j in 2. On the other hand, by Theorem 6.5, if j
is an element of Cqo, then m’ maps Q to Qj where every occurrence of 5 in row j/2
of 2 is Fj in row j/2 of 2 and all other entries are equal. The set Lo comprises each
decorated tableau € such that taking the absolute values of every number in Q yields
Q. The order of Lq is 2!, one element for each choice of sign given to the numbers j
in row j/2 of §2 for every j in Cq. We define Mg to be the subgroup of M generated
by {m? | j € Cq}. The group My has 2! distinct irreducible representations, one for
each choice of the action for m? where j is an element of Cq. (The element m’ must
act by £1.) By the Peter-Weyl theorem, the subspace spanned by Lq has a basis

such that each of the 2' basis vectors spans a unique irreducible Mq-representation.
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Since

Unew, Lo

spans the underlying space for u), the Peter-Weyl theorem give a basis for this un-
derlying space such that each basis vector spans an irreducible representation for
M. Moreover, we understand completely the action of M on this basis because

{m? |1 <j <n-— 1} generates M.

This information allows for us to find m(xa,s, ) for any S in F,,. We express
this information in terms of an algorithm for associating each Q in Uy with some
subset S in F}, such that the number of decorated tableaux associated to S is exactly
m(xn.s, #tx). The algorithm used to associate each ) with some subset S is our map
&n, and Proposition 6.11 proves our map &, does in fact map exactly m(xn s, i )-
many decorated tableaux to the subset S. To more cleanly express the definition of

the map &,, we introduce a map
*:{1,...,n—1} x ¥ — £1.

We define #(7,2) = € where m/(Q) = ¢(Q) for j in C§. For j in Cq, we define
%(7,€)) = € where ¢ = ~19 for q equal to the quantity of the numbers j + 1 and
+j in Q if each occurrence of the number +;j in row j/2 of ) is positive and where
e = —(—19) if each occurrence of the number +j in row j/2 of Q is negative. In
terms of tableaux, the map &, acts recursively as follows. If n = 2, then ¥, contains
only one element, a tableau having one row such that each entry is equal to 2 or such
that each entry is equal to —2. In this case, £&(Q) = {1} if the number of entries
is odd, while &(Q2) = 0 if the number of entries is even. For n > 2, we suppose
€n-1(7(Q)) = S for some element S of F,_;. If x(n — 1,) = —1 and S contains
{n — 1}, then we define S’ to be S. If *(n — 1,§0) = —1 and S does not contain
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{n — 1}, then we define S’ to be SU {n}. Ifx(n — 1,Q) = 1 and S contains {n — 1},
then we define S’ to be SU {n}. If *(n —1,€) = 1 and S does not contain {n -1},
then we define S’ to be S. Either ' is an element of F, or the complement of S’ in

{1,...,n} is an element of F,,. If we define S to be the element of F,, equal either to

S’ or the complement of S’ in {1,...,n}, then &,(Q2) = S.

7 Application to Split Real Reductive Groups of
Type B, and D,

We have given a neat description of the branching law from K to M for SL(n,R),
the split real group of type A,. As far as possible, we would like to use that result to
determine similarly complete descriptions of the branching laws from K, to M N K,
for the split real groups of type B, and D,,. We start by identifying these groups.

We consider the group
SO(n,n) = {g € SL(2n,R) | *91ng = Inn}

where I, , is the 2n by 2n diagonal matrix with j** diagonal entry equal to 1 for j
such that 1 < j < n and j** diagonal entry equal to —1 for j such that n+1 < j < 2n.
Differentiating the defining relations for SO(n,n), we see SO(n,n) has Lie algebra

so(n,n) = {X €sl(2n,R) | *XI,, + I,,X = 0}.

Any two quadratic forms over C are equivalent. In particular, I, is equivalent to
I, via the transormation gI,,g where g is the diagonal 2n by 2n matrix with j*
diagonal entry equal to 1 for j such that 1 < i < n and j* diagonal entry equal to i

for j such that n + 1 < j < 2n. We see the complexification of so(n,n) is so(2n, C),
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hence SO(n,n) is a real group of type D,. We identify a split torus for SO(n,n) by
changing coordinates. We use as a change of basis matrix (1/1/2)b where b is the 2n
by 2n matrix with upper left n by n block diagonal submatrix equal to I,, with n
by n submatrix formed by each entry (i,j) where i > n+ 1 and j < n equal to I,
with n by n submatrix formed by each entry (i,5) where ¢ < n and j > n + 1 equal
to —1I,,, and with lower right n by n block diagonal submatrix equal to I,. As usual,

we define

O(p) = {9 € M(n,R) | ‘gg=1}.
The change of basis matrix (1/v/2)b is an element of O(2n). Using the new set of
coordinates defined by (1/4/2)b, we may write

SO(n,n) = {g € SL(2n,R) | '9Jprng = Jnn}

where J,, ,, is the 2n by 2n matrix with n by n submatrix formed by each entry (3, j)
where ¢ > n+ 1 and j < n equal to I,, with n by n submatrix formed by each entry
(1,7) where i < n and j > n + 1 equal to I,, and with all other entries equal to 0.

Written thus, SO(n,n) has a subgroup H consisting of all matrices

(t, \

tr?

\ ')
where t; is an element of the group of units R* in R for each ¢ with 1 < i < n.

Clearly H is an n-dimensional split torus for SO(n,n). This torus is maximal since
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each Cartan subalgebra of so(2n,C) is n-dimensional. For the remainder of our
discussion concerning SO(n, n), we revert to our original set of coordinates. According
to [5] 1.144, SO(n,n) has maximal compact subgroup K = S(O(n) x O(n)) where
S(O(n) x O(n)) is the subgroup of matrices in O(n) x O(n) having determinant equal
to 1. (Here we see O(n) x O(n) as the group of block diagonal matrices with the
upper left n by n block diagonal equal to an element of O(n) and with the lower right
n by n block diagonal equal to an element of O(n).) We know M = K N H consists

(61 \

of all matrices

€n

€1

\ )

where, for each i such that 1 < ¢ < n, the number ¢; is +1.

If we consider any pair (k;,k2) such that k; and k, are elements of O(n), then
(k1, ko) is an element of K if and only if det k; = det ko = € where € = +1. We see K

has two connected components:

{(k1,k2) € O(n) x O(n) | detky = det ky =1}, and (36)
{(k1,k2) € O(n) x O(n) | detk; = det ko = —1}.

Component 36 is the identity component K, of K. Clearly, K, is SO(n,R)xSO(n,R).
The closed subgroup M N K, of K, is simply the image of M(SO(n)) under the
diagonal map 0: SO(n,R) — SO(n,R) x SO(n,R) where M(SO(n)) is the Langlands
subgroup for SO(n). We know M N K, is a subgroup of M(SO(n)) x M(SO(n)). The
map 0 isomorphically identifies M(SO(n)) with M N K., and Theorem 3.2 describes
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e —

the set M(SO(n)) as {xns | S € Fn} where F, takes its definition from Equation3.
We can determine a branching law from K, to M N K, using proposition 6.11 so long
as we can determine a branching law from M (SO(n)) x M(SO(n)) to M N K,. For
any subset S of {1,...,n} we refer to the complement of S in {1,...,n} by S¢. We
choose an irreducible representation xn s ® xn.s» of M(SO(n)) x M(SO(n)) and an

irreducible representation x, s of M N K,.

Theorem 7.1 We have m(Xn.s,Xn.s' ® Xn,s7) = 1 if and only if S = S'© 5" or
S = (SI ) S”)C. OtheTWise, m(Xn7S’ Xn,S/ X Xn,S“) =0.

Proof Each irreducible representation for M (SO(n))x M (SO(n)) has dimension equal
to 1, 50 (Xn.s ® Xn.s" )| Mk, is itself irreducible. We need only find the subset S in F,
such that xn.s = (Xn,s' ® Xn,s7)|Mnk.. With m? defined as in Lemma 3.1, we consider
the action of (m?,m’) on some vector (v',v"”) in (xns ® Xn,s7) for each j such that
1 < 7 < n. We have

(mj’ mj)('v,a U”) = (mj ('Ul)a m’ (U”))a

so (m?,m?)(v',v") = —1(v,v") if

{j,i+1}uS ={j,j+1}or {5, +1}US =0 and

{i+13us" ={jtor {ij+13US" ={j+1}.
Also, (m?,m?)(v',v") = =1(v,v") if

{7,7+13US ={j}or{j,j+1}US ={j+1} and

{(,i+13US" ={j+j+1}or{j,j+1}US"=0.

Otherwise, (m?, m?)(v’,v”) = (v/,v"). From this description of the action of M N K,

on (Xn.s' ® Xn.s7), We Know Xns = (Xn.s' ® Xn,s7)|mnk, if and only if S =5 65" or
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S=(56es"e |
We now choose an irreducible representation x, s for M N K, and an irreducible

representation py ® pyw.

Proposition 7.2 The branching law from K, to M N K, for the split real reductive
group of type D,, determines m(Xn.s, px @ ) to be

Z [m(Xn,S’, /J'A’)m(Xn,S”a MA”))
Sl,Suan
Slesllzs
+M(Xn,57, Brr )M Xn, s, trrr)]

Y [m(xns Htambdar )X, 5% Hitambdar))
S'.8"eF,
(SIGSH)E:S

+M(Xn,57, iambda’ )T Xn,S", ambdar )]

Proof This result follows directly from proposition 6.11 and Theorem 7.1. ||
A branching law for the split real reductive group of type B, develops along very

similar lines. We focus on the group
SO(n+1,n)={g€ SL(2n+1,R) | thn+1,ng = In+1,n}

where I,,;1, is the 2n + 1 by 2n + 1 diagonal matrix with i* diagonal entry equal to
1 for 4 such that 1 < i < n+ 1 and with ** diagonal entry equal to —1 for 3 such
that n + 2 < 4 < 2n + 1. Differentiating the defining relations for SO(n + 1,n), we
see SO(n + 1,n) has Lie algebra

so(n+1,n) ={X €sl(2n+ L,R) | *XI,y1n + Lht1nX = 0}.

Any two quadratic forms over C are equivalent. In particular, I, ,; is equivalent to
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Iont1 via the transormation ‘gl, ,g where g is the diagonal 2n + 1 by 2n + 1 matrix
with j™* diagonal entry equal to 1 for j such that 1 < i < n+1 and with j** diagonal
entry equal to 7 for j such that n +2 < j < 2n 4+ 1. We see the complexification
of so(n + 1,n) is s0(2n + 1,C), hence SO(n + 1,n) is a real group of type B,. We
identify a split torus for SO(n + 1,n) by changing coordinates. We use as a change
of basis matrix b where the lower right 2n by 2n block diagonal submatrix of b is
(1/v/2)b, where the 1% diagonal entry of b is 1, and where all other entries of b are
equal to 0. The change of basis matrix b is an element of O(2n + 1). Using the new

set of coordinates defined by b, we may write
SO(n,n+1)={g€ SL(2n,R) | ‘9J1.nng = J1nn}

where J) . is the 2n + 1 by 2n + 1 matrix with lower right 2n by 2n block diagonal
submatrix equal to J,, », with 1% diagonal entry equal to 1, and with all other entries

equal to 0. Written thus, SO(n + 1,7n) has a subgroup H consisting of all matrices

The group SO(n,n + 1) has a subgroup H consisting of all matrices

(1 )

\ ')
where ¢; is an element of the group of units R* in R for each i with 1 < i < n.

Clearly H is an n-dimensional split torus for SO(n + 1,n). This torus is maximal
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since each Cartan subalgebra of s0(2n + 1, C) is n-dimensional. For the remainder of

our discussion concerning SO(n + 1,7n), we revert to our original set of coordinates.

According to [5] 1.144, SO(n + 1, n) has maximal compact subgroup

K = S(0(n+1) x O(n))

where S(O(n + 1) x O(n)) is the subgroup of matrices in O(n + 1) x O(n) having

determinant equal to 1. (Here we see O(n+ 1) x O(n) as the group of block diagonal

matrices with the upper left n + 1 by n + 1 block diagonal equal to an element of

O(n+1) and with the lower right n by n block diagonal equal to an element of O(n).)

We know M = K N H consists of all matrices

(1

\

where, for each ¢ such that 1 <4 < n, the number ¢; is £1.

€1

€1

en)

If we consider any pair (ki, k) such that k; is an element of O(n + 1) and k; is

an element of O(n), then (ky, ko) is an element of K if and only if det k; = det k; = €

where ¢ = £1. We see K has two connected components:

{(ky, k3) € O(n+1) x O(n) | detky = det k; = 1}, and
{(k’l,kg) € O(n—i— ].) X O(TL) | det k)l = det kz = -—1}

(37)
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Component 37 is the identity component K, of K. Clearly, K, is SO(n + 1,R) x
SO(n,R). The closed subgroup M N K, of K, is simply the image of M(SO(n))
under the diagonal map §: SO(n,R) — SO(n,R) x SO(n,R) followed by the map
/: SO(2n,R) — SO(2n + 1,R) where M(SO(n)) is the Langlands subgroup for
SO(n) and where ¢/ is the embedding

We know M N K, is a subgroup of M(SO(n)) x M(SO(n)) ¢ M(SO(n + 1)) x
M(SO(n)). The map ¢ isomorphically identifies M(SO(n)) with M N K., and Theo-
rem 3.2 describes the set M @—0\(71)) as {xns | S € F,} where F, takes its definition
from Equation 3.

We can determine a branching law from K, to M N K, using proposition 6.11, so
long as we can determine a branching law from M (SO(n+1))x M(SO(n)) to MNK,.
We choose an irreducible representation Xy 57 ® xn,s of M(SO(n+ 1)) x M(SO(n))
and an irreducible representation x, s of M N K,. For any subset S” of {1,...,n+1}

we denote by S” the subset S\ {n +1}.

Theorem 7.3 We have m(Xn.s, Xns" ® Xns) = 1 if and only if S = S'© 5" or
S = (S, ) va)c. Othe’f"lUiS@, m(xn,s, Xn,S" X Xn,S’) = (.

Proof Branching from M(SO(n + 1)) x M(SO(n)) to M(SO(n)) x M(SO(n)), we
find

m(Xn,g” ® Xn,S"s Xn+1,8" ® Xn,S’) =1

where we realize M (SO(n)) x M(SO(n)) as a subgroup of M(SO(n+1))x M(SO(n))
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via the embedding ' and where X,11.957 ® Xxn s is any irreducible representation of
M(SO(n+1)) x M(SO(n)). Since any irreducible representation of M(SO(n+ 1)) x
M(SO(n)) has dimension equal to 1, any irreducible representation of M(SO(n)) x
M(SO(n)) not isomorphic to X, v ® Xn,s» has multiplicity in Xn41,57 ® Xn,s equal
to 0. Combining this result with the branching law from M(SO(n)) x M(SO(n)) to
M N K, given in Theorem 7.1, the statement of this theorem follows. |
We choose an irreducible representation py» ® py of SO(n+1,R) x SO(n,R) and an

irreducible representation x, s of M N K,

Proposition 7.4 The branching law from K, to M N K, for the split real reductive
group of type B, determines m(Xns, pxr ® px) to be

Z [m(xn’s;, MA’)m(Xn+1,S”7#,\”))
S'eF,,S8"€Fn+1
S'GS’”:S
FMXn gy X )M (X1, )]

E [(M(Xn,s75 o )M(Xnt1,57, )
S'.S"EF,
(S'©S8")e=8

+m (X, gy B3 )M Xnt1,5, )]

Proof This result follows directly from proposition 6.11 and Theorem 7.3. |

For the split classical groups, then, we have determined to extensive detail the
branching law from K, to M N K. with respect to these classical groups. We have
done so in a manner making the multiplicities of irreducible representations for MNK,
in irreducible representations for K, fairly easy to calculate. All the benefits these

branching laws yield for the study of principal series representations attatch.
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