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Abstract

In this thesis, we study the Ehrhart polynomials of different polytopes. In the 1960’s
Eugéne Ehrhart discovered that for any rational d-polytope P, the number of lattice
points, i(P,m), in the mth dilated polytope mP is always a quasi-polynomial of
degree d in m, whose period divides the least common multiple of the denominators
of the coordinates of the vertices of P. In particular, if P is an integral polytope,
i(P,m) is a polynomial. Thus, we call i(P,m) the Ehrhart (quasi-)polynomial of P.

In the first part of my thesis, motivated by a conjecture given by De Loera, which
gives a simple formula of the Ehrhart polynomial of an integral cyclic polytope, we
define a more general family of polytopes, lattice-face polytopes, and show that these
polytopes have the same simple form of Ehrhart polynomials. we also give a conjecture
which connects our theorem to a well-known fact that the constant term of the Ehrhart
polynomial of an integral polytope is 1. In the second part (joint work with Brian
Osserman), we use Mochizuki’s work in algebraic geometry to obtain identities for
the number of lattice points in different polytopes. We also prove that Mochizuki’s
objects are counted by polynomials in the characteristic of the base field.

Thesis Supervisor: Richard P. Stanley
Title: Levinson Professor of Applied Mathematics
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Chapter I

Introduction

I.1 Outline of the thesis

In the 1960’s Eugéne Ehrhart [9] discovered that for any rational d-polytope P, the
number of lattice points, i(P, m), in the mth dilated polytope mP is always a quasi-
polynomial of degree d in m. In particular, i(P,m) is a polynomial when P is an
integral polytope. Therefore, we call i(P,m) the Ehrhart (quasi-)polynomial of P.
Much work on the theory of Ehrhart polynomials has been done since then. In this
thesis, we try two approaches to study the Ehrhart (quasi-)polynomials.

Chapter II is based on the two papers [18, 17]. Motivated by a conjecture given by
De Loera [4, Conjecture 1.5] on the Ehrhart polynomial of an integral cyclic polytope,
we look for integral polytopes with the same simple form of Ehrhart polynomials. We
generalize the family of integral cyclic polytopes to a new family of polytopes, lattice-
face polytopes, and show that they have the same form of Ehrhart polynomials. The
method we use is to first reduce the problem to the simplex case, and then develop
a way of decomposing a d-dimensional simplex into d! signed sets. By summing the
number of lattice points in these sets (with signs) and using a property of Bernoulli
polynomials, we are able to show that the Ehrhart polynomial of a lattice-face poly-
tope has the desired form.

Chapter III is joint work with Brian Osserman [19]. Mochizuki’s work on torally

indigenous bundles [23] yields combinatorial identities by degenerating to different
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curves of the same genus. We rephrase these identities in combinatorial language
and strengthen them, giving relations between Ehrhart quasi-polynomials of different
polytopes. We then apply the theory of Ehrhart quasi-polynomials to conclude that
the number of dormant torally indigenous bundles on a general curve of a given type
is expressed as a polynomial in the characteristic of the base field. In particular, we
conclude the same for the number vector bundles of rank two and trivial determi-
nant whose Frobenius-pullbacks are maximally unstable, as well as self-maps of the
projective line with prescribed ramification.

In the next two sections of this chapter, we will give the basic terminology we

need for polytopes, and discuss the theory of Ehrhart polynomials in more details.

I.2 Basic definitions related to polytopes
Throughout this thesis, the notation for polytopes mostly follows [32].

Definition I.2.1 (V-representation). A convez polytope P in the d-dimensional Euclid-
ean space R? is the convex hull of finitely many points V = {v1,vs,...,v,} C R% In

other words,
P=conv(V)={\vi+Xve+---+ vy, : allA\; >0, and A\i+ A2+ -+ A =1}

We often omit, convex and just say polytope. There is an alternative definition of

polytopes in terms of halfspaces.

Definition 1.2.2 (H-representation). A convex polytope P C R is a bounded inter-

section of halfspaces:
P={xeR¢: Ax < z},

for some A € R™*4 z ¢ R™.

The proof [32, Theorem 1.1] of the equivalence between this two definitions is

nontrivial. We will not include it here.
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The set of all affine combinations of points in some set S C R is called the affine
hull of S, and denoted aff(S) :

aff(S) = {Mv1 + Ave + -+ + At © V1, 02,...,0, €S, all ; ER, and Y N =1}.
i=1
The dimension of a polytope is the dimension of its affine hull. A d-polytope is a
polytope of dimension d in some R® (e > d).

Definition 1.2.3 (Definition 2.1 [32]). Let P C R? be a convex polytope. A linear
inequality cx < ¢ is valid for P if it is satisfied for all points x € P. A face of P is

any set of the form

F=Pn{xeR?: cx= g},

where cx < ¢ is a valid inequality for P. The dimension of a face is the dimension of
its affine hull: dim(F) := dim(aff(F)).
The faces of dimension 0, 1, dim(P) — 2, and dim(P) — 1 are called vertices, edges,

ridges, and facets, respectively.

It’s easy to see that the convex hull of all of the vertices of a convex polytope P
is P itself.

Definition 1.2.4. Let P C R be a convex polytope. The boundary of P, denoted
by AP, is the union of all of the facets of P. The interior of P, denoted as I(P), is
P\ QP.

A d-dimensional lattice Z% = {x = (z1,...,7q) | Vx; € Z} is the collection of all
points with integer coordinates in R%. Any point in a lattice is called a lattice point.

Now we are ready to define two important functions of polytopes.

Definition 1.2.5. For any polytope P C R? and some positive integer m € N, the
mth dilated polytope of P is mP = {mx : x € P}. We denote by

i(m, P) = [mP NZ%,

11



and
W(P,m) = |I(mP)NZ4,

the number of lattice points in mP, and the number of lattice points in the interior

of mP, respectively.

A rational polytope is a convex polytope, the coordinates of whose vertices are
all rational and an integral polytope is a convex polytope, the coordinates of whose

vertices are all integers. In next section, we will discuss Ehrhart’s work on i(P, m)

~

and i(P,m) when P is a rational polytope, or an integral polytope.

1.3 Theory of Ehrhart (quasi-)polynomials
We first look at some examples of i(P,m) for different polytopes P.

Example 1.3.1 (Example of integral polytopes). (i) When d = 1, P is an interval
[a, b], where a,b € Z. Then i(P,m) = (b— a)m + 1.

(ii) When d = 2, P is an integral polygon. Recall that Pick’s theorem states that
for any integral polygon P’

area(P') = |[I(P) N 27| + 510(P) N Z4) 1.
Thus,

i(P,m) = area(mP)+%|8(mP)ﬂZd[+1

1
= area(P)m? + §|3(P) NZ%m + 1

(iii) For any d, let P be the convex hull of the set {(z1,z2,...,24) € R% : x; =

0 or 1}, i.e. P is the unit cube in R%. Then it is obvious that

i(P,m) = (m+ 1)%

12



In the above three examples, we can see that i(P,m) are all polynomials in m.

Next, we look at an example of a rational polytope.

Example 1.3.2 (An example of a rational polytope). When P = [3, 3],

(

%m-l—l, ifm=0 mod6

Im—¢, ifm=1 mod6
7
i(Pm)y={

Im+%, ifm=3 mod6

m+%, ifm=2 mod6

Im+3, ifm=4 mod6

L s+ 5 ifm=5 mod6

In this example, i(P, m) are polynomials depending on (m mod 6). We call this

kind of function quasi-polynomial.

Definition 1.3.3. A function f : N —» C (or f : Z — C) is a quasi-polynomial if

there exists an integer N > 0 and polynomials fo, f1,..., fy—1 such that
f(n) = fi(n), if n=4¢ mod N.

The integer N (which is not unique) will be called a guasi-period of f.

The observation we have in examples 1.3.1, 1.3.2 is not a coincidence. In 1962,

Eugene Ehrhart gave his famous theorem on (P, m) in [9].

Theorem 1.3.4. Given P a rational d-polytope, i(P, m) is always e quasi-polynomial
of degree n in m, whose period divides the least common multiple of the denominators
of the coordinates of the vertices of P.

In particular, if P is an integral polytope, i(P,m) is a polynomial.

Therefore, we call (P, m) the Ehrhart (quasi-)polynomial of P.
Moreover, Ehrhart discovered there is a beautiful reciprocity relation between
i(P,m) and ?(P, m) and proved it for several special cases [10]. Ian Macdonald found

a general proof in 1971 [21].
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Theorem 1.3.5 (Ehrhart-Macdonald reciprocity). Let P be a rational d-polytope.

Then
i(P,—m) = (=1)%(P,m).

There has been much study on the Ehrhart quasi-polynomials via different ap-
proaches. One of them is to determine the coefficients of the Ehrhart polynomial
i(P,m), when P is an integral polytope. In fact, the coefficients of the Ehrhart poly-
nomial play an essential role in combinatorics, discrete geometry and geometry of
numbers (cf., e.g., [2, 6, 11, 12, 14, 16, 29]). However, although it has been well
known for a long time that the leading, second and last coefficients of ¢(P,m) are the
normalized volume of P, one half of the normalized volume of the boundary of P,
and 1, there is no known explicit method of describing all the coefficients of Ehrhart
polynomials of general integral d-polytopes, when d > 3.

Another approach people tried is to compute the generating function of the Ehrhart
quasi-polynomial of a rational polytope. Barvinok [3] proved that the generating
function can be efficiently computed for fixed dimension. Base on his method, De
Loera et al. developed an algorithm to calculate the coefficients of the Ehrhart quasi-
polynomials (cf. [20]).

Some recent work has also been done on the roots of the Ehrhart polynomials
[4, 13] and the quasi-period of the Ehrhart quasi-polynomials {22, 31].

Despite the work mentioned above, basic questions on Ehrhart polynomials remain
poorly understood. Questions like whether there are general geometric descriptions
of coefficients of Ehrhart polynomials and when two polytopes have the same Ehrhart

polynomials are still mysteries.
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Chapter 11

Ehrhart polynomials of lattice-face

polytopes

II.1 Introduction

As we mentioned in the last section, the leading, second and last coefficients of the
Ehrhart polynomial of an integral polytope have a geometric interpretation. However,
no interpretation of this kind is known for the other coeflicients for general polytopes,
except for certain special classes of polytopes (e.g. [5, 7, 8, 15, 24, 25, 28]). The
purpose of this chapter is to produce a new class of integral polytopes, lattice-face
polytopes, all coefficients of whose Ehrhart polynomials have geometric meaning.

The results of this chapter are based on the two papers [18, 17]. Instead of
presenting results separately, we will combine them together to avoid repetitions of
definitions and construction. The motivation for study of this topic is a conjecture
given by De Loera in [4, Conjecture 1.5]. It states that given P a d-dimensional
integral cyclic polytope, we have

d
i(P,m) = Vol(mP) + i(x(P),m) = » _ Voly(x**(P))mk, (11.1.1)
k=0 .

where 7% is the map which ignores the last k coordinates of a point and Vol (P) is

the volume of P in k-dimensional Euclidean space R*. In other words, the coefficient
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of m* in the Ehrhart polynomial i(P,m) is the volume of 7" *(P).

We examine cyclic polytopes and find special properties which we suspect is the
important criteria that make the Ehrhart polynomial of a cyclic polytope have such
a simple form. Therefore, we define a more general family of integral polytopes,
lattice-face polytopes, and our goal becomes to prove that the Ehrhart polynomial
of a lattice-face polytope has the form of (II.1.1). We use a standard triangulation
decomposition of polytopes, and careful counting of lattice points to reduce problem

to the simplex case.

We then develop a way of decomposing any d-dimensional simplex in general posi-
tion into d! signed sets, each of which corresponds to a permutation in the symmetric
group &4. When applying this decomposition to cyclic polytopes (which recovers the
decomposition we built in [18]), the sign of each of these d! signed sets has the same
sign as the corresponding permutation. By summing the number of lattice points in
these sets (with signs), we show (Theorem I1.3.2) that the Ehrhart polynomial of a
cyclic polytope is in the form of (II.1.1).

However, when we apply the decomposition to an arbitrary lattice-face polytope,
the sign of each signed set is not necessarily the same as the corresponding permu-
tation. Thus, the situation is more complicated than the case for cyclic polytopes.
We show that the number of lattice points is given by a formula (I1.7.13) involving
Bernoulli polynomials and signs of permutations, and then we analyze this formula
further ((I1.8.2), whose proof is relegated to Appendix A) to derive Theorem I1.3.10,
relating the lattice points to the volume. Theorem 11.3.10, together with some simple

observations in section I1.3 and I1.4, implies Theorem 11.3.8.

In the last section, we give several examples to illustrate the methods we describe
in the proofs. We also give a conjecture which connects the main theorem to the well-
known fact that the constant term of the Ehrhart polynomial of an integral polytope

is 1.

16



II.2 Preliminaries

We first recall some definitions we defined in Chapter I and give some more notation.

All polytopes we will consider are full-dimensional, so for any convex polytope P,
we use d to denote both the dimension of the ambient space R? and the dimension of
P. Recall that we call a d-dimensional polytope a d-polytope. Also, we use P and
I(P) to denote the boundary and the interior of P, respectively.

A d-simplez is a polytope given as the convex hull of d 4+ 1 affinely independent
points in R¢.

For any set S, we use conv(S) to denote the convex hull of all of points in S.

The projection 7 : R? — R9"! is the map that forgets the last coordinate. For
any set S C R? and any point y € R%1, let p(y,S) = 7~ '(y) N S be the intersection
of S with the inverse image of y under 7. Let p(y,S) and n(y,S) be the point in
p(y, S) with the largest and smallest last coordinate, respectively. If p(y, S) is the
empty set, i.e., y & 7(S), then let p(y, S) and n(y, S) be empty sets as well. Clearly,
if S is a d-polytope, p(y,S) and n(y,S) are on the boundary of S. Also, we let
p*(y,8) = p(y, S) \ n(y, S), and for any T C R*1, p¥(T, S) = Uyerp*(y, S).

Definition II.2.1. Define PB(P) = U, ¢,(p) P(y, P) to be the positive boundary of P;
N B(P) = Uyer(p)n(y, P) to be the negative boundary of P and Q(P) = P\NB(P) =
pt(m(P), P) = Uyer(p)p* (y, P) to be the nonnegative part of P.

Definition II.2.2. For any facet F of P, if F' has an interior point in the positive
boundary of P, then we call F' a positive facet of P and define the sign of F as
+1 : sign(F) = +1. Similarly, we can define the negative facets of P with associated
sign —1. For the facets that are neither positive nor negative, we call them neutral

facets and define the sign as 0.

It’s easy to see that ' C PB(P) if F is a positive facet and F C NB(P) if F is
a negative facet.
We write P = Uf=1 P if P= UL] P; and for any i # j, P,N P; is contained in

their boundaries. If Fy, F3, . .., F; are all the positive facets of P and Fy,,,..., F} are
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all the negative facets of P, then

£ k
w(P)=| |n(F)= || =(F.
i=1 i=£+1

Because the usual set union and set minus operation do not count the number
of occurrences of an element, which is important in our paper, from now on we will
consider any polytopes or sets as multisets which allow negative multiplicities. In
other words, we consider any element of a multiset as a pair (x,m), where m is the
multiplicity of element x. Then for any multisets M;, Mz and any integers m,n and

i, we define the following operators:
a) Scalar product: iM; =i - My = {(x,im) | (x,m) € M}
b) Addition: M; & M, = {(x,m + n) | (x,m) € My, (x,n) € M}
c) Subtraction: M; © Mo = M; @ ((—1) - Ma).
It’s clear that the following holds:

Lemma I1.2.3. For any polytope P C RS, VR, ..., R, CR* Vi, ..., ix €Z:

k k
p* (69 i3 Ry, P) = D' (B, P).
j=1 j=1

Definition I1.2.4. We say a set S has weight w, if each of its elements has multiplicity
either 0 or w. And S is a signed set if it has weight 1 or —1.

Let P be a convex polytope. For any y an interior point of 7(P), since 7 is a
continuous open map, the inverse image of y contains an interior point of P. Thus
7w~1(y) intersects the boundary of P exactly twice. For any y a boundary point of
7(P), again because 7 is an open map, we have that p(y, P) C 0P, so p(y,P) =
7~ (y) NP is either one point or a line segment. We are only interested in polytopes

P where p(y, P) always has only one point for a boundary point y.
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Lemma I1.2.5. If a polytope P satisfies:
lo(y, P)| = 1,Vy € 0n(P), (11.2.6)

then P has the following properties:
(i) For anyy € I(x(P)), 7' (y) N3P = {p(y, P),n(y, P)}.
(i) Foranyy € dn(P), 7~ (y)NOP = p(y, P) = p(y, P) = n(y, P), so p*(y, P) = 0.

(iii) Let R be a region containing I(nw(P)). Then

Q(P) = p*(R, P) =P r*(y, P).

YER

(iv) If P = |5, P;, where the P.’s all satisfy (I1.2.6), then Q(P) = @®F_, Q(P).

(v) The set of facets of P are partitioned into the set of positive facets and the set

of negative facets, i.e., there is no neutral facets.
(vi) © gives a bijection between PB(P) N NB(P) and dn(P).

The proof of this lemma is straightforward, so we won’t include it here.
The main purpose of this chapter is to discuss the number of lattice points in a

polytope. Therefore, for simplicity, for any set S € R?, we denote by
L(S)=Snz?

the set of lattice points in S. It’s not hard to see that £ commutes with some of the

operations we defined earlier, e.g. p, p*, Q.

II.3 Cyclic polytopes vs. lattice-face polytopes

In this section, we will introduce the definitions of cyclic polytopes and lattice-face

polytopes, and also describe the main theorems of this chapter.
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Definition I1.3.1. The moment curve in R? is defined by
va: R Rt uy(t) = (4,82,...,19).

Let T = {t1,...,tn}< be a linearly ordered set. Then the cyclic polytope C4(T) =
Ci(tq,. .., ty) is the convex hull conv{vy(t1), v4(t2), - - - ,va(tn)} of n > d distinct points

vi(t;),1 < i < n, on the moment curve.

The first important theorem in this chapter is the one conjectured in [4, Conjecture

1.5]:

Theorem I1.3.2. For any integral cyclic polytope Cq(T), (i.e., when T is an integral
linearly ordered set)

i(Cq(T), m) = Vol(mCy(T)) + i(Cy-1(T), m).

Hence,

d d
i(Ca(T),m) =Y Valg(mCi(T)) = > _ Vol (Ci(T))m,
k=0 k=0

where Vol (mCy(T)) is the volume of mCy(T) in k-dimensional space, and we let

VOlo(mCO(T)) = 1.

Noting that Ci(T) = n%%(Cy(T)), this theorem is equivalent to saying that the
Ehrhart polynomial of an integral cyclic polytope is in the form of (II.1.1).

In [4, Lemma 5.1], the authors showed that the inverse image under 7 of a lattice
point y € L(Cy-1(T)) is a line that intersects the boundary of C4(T’) at integral
points, and by using this lemma, they proved Theorem I1.3.2 when d < 2. In fact,
their proof of the lemma says more than what was stated. We restate their lemma

and include one additional fact:

Lemma I1.3.3. Let T = {t1,t2,...,tn}< be an integral linearly ordered set. When
d =1, Cy(T) is just an integral 1-polytope.

For d > 2, let V be the vertex set of C4(T). For any d-subset U of V, let Hy be
the affine space spanned by U. Then

20



a) w(conv(U)) is an integral cyclic polytope, and

b) m(L(Hy)) = Z% . In other words, after dropping the last coordinate of the
lattice of Hy, we get the (d — 1)-dimensional lattice.

Proof. When d =1, C; = [t1,1,] is an integral interval.
a) is clearly true and b) follows the proof of [4, Lemma 5.1]. O

We suspect that a) and especially b), are the essential properties to make the
Ehrhart polynomial of an integral cyclic polytope have such a simple form. Therefore,

we define the following new family of polytopes.

Definition I1.3.4. We define lattice-face polytopes recursively. We call a one dimen-
sional polytope a lattice-face polytope if it is integral.

For d > 2, we call a d-dimensional polytope P with vertex set V a lattice-face
polytope if for any d-subset U C V,

a) m(conv(U)) is a lattice-face polytope, and
b) 7w(L(Hy)) = Z*!, where Hy is the affine space spanned by U.

By Lemma I1.3.3, any integral cyclic polytope is a lattice-face polytope. Hence,
we consider the family of lattice-face polytopes as a generalization of the family of
cyclic polytopes.

To understand the definition, let’s look at examples of 2-polytopes.

Example I1.3.5. Let P, be the polytope with vertices v; = (0,0),v; = (2,0) and
vs = (2,1). Clearly, for any 2-subset U, condition a) is always satisfied. When U =
{v1,v2}, Hy is {(z,0) | z € R}. So n(L(Hy)) = Z, i.e., b) holds. When U = {v;,v3},
Hy is {(z,y) | z = 2y}. Then L(Hy) = {(2y,y) | y € Z} = 7(L(Hy)) = 2Z # Z.
When U = {v;,v3}, Hy is {(2,y) |y € R }. Then n(L(Hy)) = {2} # Z. Therefore,
P, is not a lattice-face polytope.

Let P, be the polytope with vertices (0,0),(1,1) and (2,0). One can check that
P, is a lattice-face polytope.
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The following lemma gives some properties of a lattice-face polytope.
Lemma I1.3.6. Let P be a lattice-face d-polytope with vertex set V, then we have:
(i) w(P) is a lattice-face (d — 1)-polytope.
(i) mP is a lattice-face d-polytope, for any positive integer m.
(iii) 7 induces a bijection between L(NB(P)) (or L(PB(P))) and L(n(P)).
() w(L(P)) = L(n(P)).

(v) Any d-subset U of V' forms a (d — 1)-simplex. Thus w(conv(U)) is a (d — 1)-

simplex.

(vi) Let H be the affine space spanned by some d-subset of V. Then for any lattice
point y € Z%1, we have that p(y, H) is a lattice point.

(vii) P is an integral polytope.

Proof. (i), (ii), (v) and (vi) can be checked directly from the conditions a) and b) of
the definition. (iii) and (iv) both follow from (vi). We prove (vii) by induction on d.

Any 1-dimensional lattice-face polytope is integral by definition.

For d > 2, suppose any (d—1) dimensional lattice-face polytope is an integral poly-
tope. Let P be a d dimensional lattice-face polytope with vertex set V. For any vertex
vo € V, let U be a subset of V that contains vg. Let U = {vg,v1,...,v4-1}. We know
that P’ = w(conv(U)) is a lattice-face (d—1)-simplex with vertices {m(v), . .., m(vg-1)}
Thus, by the induction hypothesis, P’ is an integral polytope. In particular, 7(vp) is

a lattice point. Therefore, vop = p(n(vo), Hy) is a lattice point. O

Remark 11.3.7. One sees that condition b) in the definition of lattice-face polytopes

is equivalent to (vi).

It turns out that our guess regarding the importance of the properties of Lemma
11.3.3 is correct. The Ehrhart polynomial of a lattice-face polytope is indeed in the
form of (II.1.1). This is the main theorem of this chapter.
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Theorem I1.3.8. Let P be a lattice-face d-polytope, then

i(P,m) = Vol(mP) + i(n(P),m) = i Vol (4= (P))mk. (11.3.9)
k=0
Although Theorem I1.3.2 follows from Theorem I1.3.8, we will prove Theorem
I1.3.2 first in Section I1.6, since the proof for Theorem I1.3.2 is simpler and more
elegant. However, we will continue making definitions for both cases before applying
them to cyclic polytopes separately.
By Lemma I1.3.6/(iii), we have that

«(P,m) = |L(Q(mP))| + i(m(P),m).

Therefore, by Lemma I1.3.6/(i),(ii), to prove Theorem I1.3.8, it is sufficient to prove

the following theorem:

Theorem 11.3.10. For any P a lattice-face polytope,
|L(S2(P))| = Vol(P).

Note that when P is an integral cyclic polytope, although Lemma I1.3.6/(i), (ii),
(iii) are all satisfied, mP is not a cyclic polytope. Thus, Theorem I1.3.2 is equivalent

to the following:

Theorem 11.3.11. For any integral cyclic polytope Cy(T), and any positive integer
m,

L(Q(mCy(T))) = [Vol(mCy(T))|-

Remark 11.3.12. We have an alternative definition of lattice-face polytopes, which is
equivalent to Definition I1.3.4. Indeed, a d-polytope on a vertex set V is a lattice-face
polytope if and only if for all k with 0 < k <d -1,

for any (k + 1)-subset U C V, n9-*(L(Hy)) = ZF, (11.3.13)
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where Hy is the affine space spanned by U. In other words, after dropping the last

d — k coordinates of the lattice of Hy, we get the k-dimensional lattice.

II.4 A signed decomposition of the nonnegative
part of a simplex in general position

The volume of a polytope is not very hard to characterize. So our main problem is
to find a way to describe the number of lattice points in the nonnegative part of a

lattice-face polytope. We are going to do this via a signed decomposition.

I1.4.1 Polytopes in general position

For the decomposition, we will work with a more general type of polytope (which

contains the family of lattice-face polytopes).

Definition I1.4.1. We say that a d-polytope P with vertex set V is in general position
if for any k£ : 0 < k < d — 1, and any (k + 1)-subset U C V, 7% *(conv(U)) is a k-

simplex, where conv(U) is the convex hull of all of points in U.

By the alternative definition of lattice polytopes in Remark I1.3.12, it’s easy to see
that a lattice-face polytope is a polytope in general position. Therefore, the following
discussion can be applied to lattice-face polytopes.

The following lemma states some properties of a polytope in general position. The

proof is omitted.

Lemma 11.4.2. Given a d-polytope P in general position with vertex set V, then
(i) P satisfies (11.2.6).
(1) w(P) is a (d — 1)-polytope in general position.

(i) For any nonempty subset U of V, let @ = conv(U). If U is has dimension
k(0 < k < d), then m%(Q) is a k-polytope in general position. In particular,
for any facet F of P, n(F) is a (d — 1)-polytope in general position.
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(iv) For any triangulation of P = |_|:.°=1 P; without introducing new vertices, Q(P) =

5 QUP). Thus, LOAUP)) = DL, LIAUP)).

(v) If F\,Fs,...,F; are all the positive facets of P and Fyyy,...,Fy are all the
negative facets of P, then Qm(P)) = @i, U (F)) = By, Un(F)).

(vi) For any hyperplane H determined by one facet of P and any y € R¥1, p(y, H)

s one point.

(vii) For any k : 0 < k < d—1, any (k + 1)-subset U of V, any y1,...,y € R,
there exists a unique point w € RY, such that the first k coordinates of w are

Y1, .- -, Yk and w is affinely dependent with the points in U.

Remark 11.4.3. By (iv), the problem of counting number of lattice points in a polytope
in general position is reduced to that of counting lattice points in a simplex in general
position. In particular, together with the fact that Vol(l__|'f=1 P) = Zle Vol(P,), to
prove Theorem I11.3.10 and Theorem I1.3.11, it is sufficient to prove the case when P

is a lattice-face simplex and an integral cyclic polytope, respectively.

Therefore, we will only construct our decomposition in the case of simplices in
general position. However, before the construction, we need one more proposition

about the nonnegative part of a polytope in general position.

Proposition 11.4.4. Let P be a d-polytope in general position with facets Fy, F, . .. F}.
Let H be the hyperplane determined by Fy. Fori:1<i <k, let F/ =n"Y(n(F))NH
and Q; = conv(F; U F]). Then

k-1
Q(P) = —sign(Fy) 69 sign(F) o™ (QUr(F)), Qs). (I1.4.5)

=1

Proof. We are going to just prove the case when F} is a negative facet; for the
other case we can prove it analogously. Suppose Fy, F, ..., F; are positive facets and

Fpt1, ..., Fy are negative facets.
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A special case of Lemma I11.2.5/(iii) is when R = Q(«(P)), so we have

QP) = p*(Qn(P)),P)= € »r*y,P).
yeUn(P))

Now for any points ¢ and b, we use (a,b] to denote the half-open line seg-
ment between a and b. Then, p*(y, P) = (n(y, P),p(y, P)] = (p(y, H),p(y, P)] ©
(o(y, H),n(y, P)]. Therefore,

QP)= O ((oly, H),p(y, P))© (p(y, H),n(y, P)))

yeAn(P))
=( &P (p(y,H),p(y,P)])GB( a5 (—1)-(p(y,H),n(y,P)]>-
yen(P)) Y€ (P))

By Lemma 11.4.2/(v), we have Q(n(P)) = ®f=1 Q(n(F;)). Therefore,

£

P G H),pw,P)] = P P (o H)py,P)

yeQUx(P)) =1 yeQ(n(F3))

J4
=@ P wF) sy F)

=1 yeU(n(F;))

£
= Dot (F)), Q)
i=1
Similarly, we will have

k
D 1oy, H),n(y, P)] = D (~1)p* (U (F;)), Qs)-

yeQU(n(P)) i=f+1

Note that p*(Q(mw(F)), Qk) is the empty set. Thus, putting everything together,
we get (I1.4.5). O

Now, we can use this proposition to inductively construct a decomposition of the

nonnegative part Q(P) of a d-simplex P in general position into d! signed sets.
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Decomposition of Q(P):
e If d =1, we do nothing: Q(P) = Q(P).

e If d > 2, then by applying Proposition 11.4.4 to P and letting & = d+ 1, we

have

d
Q(P) = —sign(Fy1) EP sign(F) ot (Qr (F)), Qi) (I11.4.6)

=1

However, by Lemma 11.4.2/(iii), each 7(F;) is a (d — 1)-simplex in general po-
sition. By the induction hypothesis, Q(x(F;)) = @(d Mg, j» where S; ;’s are

signed sets.

(d-1)! (d-1)!

(Q("T( @ S,]’Qz @ P SzJan

Since each p*(S;;, Q;) is a signed set, we have decomposed (P) into d! signed

sets.

Now we know that we can decompose Q(P) into d! signed sets. But we still need
to figure out what these sets are and which signs they have. In the next subsection,
we are going to discuss the sign of a facet of a d-simplex, which is going to help us

determine the signs in our decomposition.

I1.4.2 The sign of a facet of a d-simplex

From now on, we will always use the following setup for a d-simplex unless otherwise

stated:
Suppose P is a d-simplex in general position with vertex set V = {v,ve,...,v441},
where the coordinates of v; are x; = (1, %i2,- - -, Tid)-

For any i, we denote by F; the facet determined by vertices in V'\ {v;} and H; the
hyperplane determined by F;.
For any ¢ € G5 and k : 1 < k < d, we define matrices Xy (o,k) and Yy (0,k) to

be the matrices
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/1 ZTo(1),1 To(1),2 - xa(l),k\

1 Zo@)1 Zo@@)2 " Zo(2)k
Xv(o,k)=| : P ,
1 Zok)1 Zok)2 “° To(k)k
\ | Zar11 Tarrz 0 Tarik / (B (E+T)
I Zo)1 Zo)2 *°° To(l)k-1
1 z To crr Tp(2) ke
Yoo,k = | a(‘2),1 (.2),2 (2?,k 1
1 Zok)y1 Zok)z °° To(k)k-1 ik

We also define zy (o, k) to be

zv(0, k) = det(Xy (0, k))/ det(Yv (o, k),

where det(M) is the determinant of a matrix M.

We often omit the subscript V' for Xy (o,k), Yy (0,k) and 2y (o, k) if there is no
confusion.

Now we can determine the sign of a facet F; of P by looking at the determinants

of these matrices, denoting by sign(z) the usual definition of sign of a real number z.
Lemma I1.4.7. We have

(i) Vi:1<i<d and Vo € &4 with o(d) =1,

sign(F;) = sign(det(X (o,d))/ det(X (o, d — 1))). (I1.4.8)

(1) When i =d+1 and for Vo € Gy,

sign(Fyy1) = — sign(det(X (o, d))/ det(Y (o,d))) = —sign(z(o,d)). (I1.4.9)

Proof. For any i : 1 < i < d+ 1, let v/ = p(w(w), H;), i.e. v is the unique point of
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the hyperplane spanned by F; which has the same coordinates as v; except for the
last one. Suppose the coordinates of v; are (%1, ..., Ti,d-1,%; 4)- Then F; is a positive

facet if and only if x; 4 < x} 4. Therefore,

sign(F;) = —sign(zia — 2} 4)-

Vi: 1< i<dand Vo € Gy with o(d) = 4, because v, is in the hyperplane
determined by F;, we have that

/ ( 1 z,0)1 ° Zo()d-1 To(1)d \ \
det 1 To(d-1),1 " ZTg(d-1),d-1 To(d-1),d = 0.
1 Zoaa 0 Tod-1  Toa)a
K k 1 zgp1n 0 Tapr,d1 Td+1,d ) )
Therefore,
det(X (0, d)) = (—1)%*1 (3,4 — o) det(X (o,d — 1)).
Thus,

sign(det(X (o, d))/ det(X (o,d — 1))) = — sign(;,¢ — 2; 4) = sign(F,).

We can similarly prove the formula for i = d + 1. O

I1.4.3 Decomposition formulas

The following theorem describes the signed sets in our decomposition.

Theorem 11.4.10. Let P be a d-simplex in general position with vertex set V =
{v1,v2,...,va41}, where the coordinates of v; are x; = (%1, %iz2,...,%id). For any
o € Gg,and k : 0 < k < d-1, let v, be the point with first k coordinates the
same as vg41 and affinely dependent with v,1),Vs(2), - - - Vo(k), Vok+1)- (By Lemma

I1.4.2/(vii), we know that there exists one and only one such point.) We also let
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Ugd = Ud+1. Then

Q(P) = € sign(a, P)S,, (I1.4.11)
o€y
where J
sign(o, P) = sign(det(X (o, d))) sign (H z(a, z)) , (11.4.12)
i=1
and

S, = {s € R? | 7%7¥(s) € Q¢ *(conv({vep,...,vp}))V1 < k< d}  (I1.4.13)

s o set of weight 1, i.e. a regular set.

Hence,
L(QUP)) = €D sign(a, P)L(S,).

€Sy
Proof. We prove it by induction on d.
When d = 1, the only permutation ¢ € &, is the identity permutation 1. One
can check that sign(1, P) =1 and S; = Q(conv(vy,v2)). Thus (11.4.11) holds.
Assuming (11.4.11) holds for d = dy > 1, we consider for d = dy + 1. For any
i:1 <11 <d n(F)is a (d — 1)-simplex in general position with vertex set W =
m(v;), j<i,
{wy,...,ws}, where w; = Therefore, by the induction hypothesis,
7"-('Uj+1)3 Jjz i.

r(F))= €D sign(s,n(F))S., (11.4.14)
c€Sy-_1
where i
sign(s, 7(F;)) = sign(det(Xw(s,d — 1)) [ [ sign(ew (s, 1)),
i=1

S!={s e R*! | 7% 17F(s) € Q(n? 1 *(conv({wyp, - .., wex})))V1 < k < d — 1}

1, j=d,

For any ¢ € Gy4_1, if we let 0 € &4 with o(j) = 4 s(4), <(§) < i, then this

(s +1, <() =4,
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gives a bijection between ¢ € G4_;1 and ¢ € &4 with o(d) = i. In particular, for any
j:1<j<d—1, wyy) = 7(vy(;)). Hence,
d-1
sign(s, m(F;)) = sign(det(X (0, d — 1))) [ [ sign(2(c, 1)).

i=1

Note that weg—1 = wg = 7(v441) = 7(Vg,d-1), SO

St = {s e R | 79717k (s) € Q(r?*(conv({vsp, - - -, Ve k})))V1 < k < d — 1}.

One can check that Fj = 7~ (7 (F;)NHg41 = conv({v1, .. ., Vic1, Vig1, - - - Vdy Vod—1})
and Q; = conv(F; U F}) = conv(V U {vs4-1} \ {v;})- Hence,

p* (S, Qi) = {s € R? | 1%7%(s) € Q" *(conv({vep, - - -, vk N)IV1 < k < d}.

By letting S, = p*(S;, Qi) and sign(o, P) = — sign(Fy+1) sign(F;) sign(s, 7(F;))

and using Lemma I1.4.7, we get

— sign(Fa) sign(F)p* (n(F),Q:) = €D  sign(o, P)S,.

c€Gy,0(d)=1i

Thus, together with (I1.4.6), summing over all 5: 1 < ¢ < d gives (I1.4.11). O

Corollary I1.4.15. If P is a d-simplex in general position, then

ILQ(P)| = ) sign(o, P)|L(S,)|- (11.4.16)

€Sy

Therefore, if we can calculate the number of lattice points in S,’s, then we can
calculate the number of lattice points in the nonnegative part of a d-simplex in general
position. Although it’s not so easy to find |£(S,)|’s for an arbitrary polytope, we can

do it for any lattice-face d-simplex.
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II.5 Lattice enumeration in S,

In this section, we will count the number of lattice points in S,’s when P is a lattice-
face d-simplex.

We say a map from R? — R? is lattice preserving if it is invertible and it maps
lattice points to lattice points. Clearly, given a lattice preserving map f, for any set
S € R? we have that |L(S)| = [L(f(S))]-

Let P be a lattice face d-simplex with vertex set V = {v,...,v441}, where we use
the same setup as before for d-simplices.

Given any o € Gy, recall that S, is defined as in (I1.4.13). To count the number of
lattice points in S,, we want to find a lattice preserving affine transformation which
simplifies the form of S,,.

Before trying to find such a transformation, we will define more notation.

Forany 0 € 64, k:1 <k <dand x = (21,2s,...,24) € RY, we define matrix

X (0,k; %) as

/ 1 Zo0)1 To)z 0 To()k \
1 Zo2)1 Zo2)2 0 To(2)k
X(o,k;x) =] : : : .. : y
1 Tomy1 Tok)2 °° To(k)k
\ 1z Tz Tk ) (k+1)x (k+1)

and for j : 0 < j < k, let m(o, k;j) be the minor of the matrix X (0, k; x) obtained
by omitting the last row and the (j + 1)th column. Then

k
det (X (o, k; x)) = (—1)F (m(d, k;0) + Z(—l)jm(a,k;j)xj> . (IL.5.1)

j=1

Note that m(o, k; k) = det(Y (0, k)). Therefore,

det(X (o, k; x)) m(o,k;0) < o,k 7)
det(Y (0, k)) = (= 1)kdet( Y (o, k)) +;§ 1)k+]m i+ xe. (IL5.2)
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We will construct our transformation based on (I1.5.2). Before that, we give the

following lemma which discusses the coefficients in the right hand side of (11.5.2).

Lemma II1.5.3. Suppose P is a lattice-face d-simplex. For any o € &y, for any
k:1<k<d, and for any j : 0 < j <k — 1, we have that

m(o, k; )
det(Y (0, k) < 2

Proof. By the definition of lattice-face polytope and Lemma 11.3.6/(i), one can see
that m9*(conv(vs(1), - - - , Vo(ky, Va+1)) = conv(m8*(vy(p)), - . ., T4 *(vo(x)), T4 *(va41))

is a lattice-face k-polytope. Choose U = {m4*(v,(y)), ..., 7% *(v,x))}, then 7(L(Hy)) =
ZF1, where Hy is the affine space spanned by U. However,

Hy = {x=(z1,...,7) € R¥ | det(X(0,k;x)) = 0}.
Therefore, we must have that
det(X(0,k;x)) =0, z1,...,Zk1 €Z=>x) € Z.

Let 2; = -+ - = xx_; = 0, then det(X (o, k;x)) = 0 implies that

m(o, k; 0)

(—l)km m(0, k3 0) = (—1)k+1xk € Z.

=0 e k) T

Forany j:1<j<k-—1,let z; = z,35, + 05 for 1 < i < k— 1, where §;; is the
Kronecker delta function. Then, det(X (o, k; z)) = 0 implies that

_ . m(a, k;0) it ; m(a,k;1)
0= Ve T e

m(o, k; j)

st O g R

i=1
. m(a,k;j)
= wk—%u»”(‘l)kﬂd_e't_(lf—(ak_))’

where the second equality follows from the fact that (z,(j),1,---,Zs()k) is in Hy.
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Thus,
m(o, k; j)

der(V o,k ~ Ve = 2oy €2

Given this lemma, we have the following proposition.

Proposition I1.5.4. There ezist a lattice-preserving affine transformation T, which

maps « = (T1,Zs,...,T3) € R? to

det(X (o, 1;x)) det(X(o,2;x)) det(X (o, d; x))

(Caet( (o, 1) * det(¥(0,2) * " det(¥(o,d))

PTOOf. Let Qe = (_deT((;;(I;'?l)))’ de:‘g’,(zz;r?;))" --1(_1)‘1%) and Ma‘ = (ma,j,k)dxda
where

f

1, if =k,

Mg jk = 0, lfj > k’,
i m(o,k;j Lo
k(-1)k+ad—et-(imlk)L), if § < k.

We define T, : R¢ - R¢ by mapping x to a, +xM,. By (I1.5.2),

det(X (o, 1;x)) det(X(o,2;x)) det(X (o, d; x))
det(Y(o,1)) * det(Y(o,2)) '~ det(Y(o,d)) )

g +xM, = (
Also, because all of the entries in M, and «, are integers and the determinant of M,
is 1, T, is lattice preserving. O

Corollary I1.5.5. Give P a lattice-face polytope with vertez set V = {vy,vs, ..., V4s1},

we have that
(i) Vi:1<i<d, the last d+ 1 — i coordinates of T,(vs)) are all zero.
(ii) T,(vgy1) = (2(0,1),2(0,2),...,2(c,d)).

(iii) Recall that fork :0 <k < d—1, v, is the unique point with first k coordinates

the same as vg4+1 and affinely dependent with Vo(1),Vs(2), - - - » Us(k)» Vol(k+1)- LhEN
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the first k coordinates of T,(v,x) are the same as Ty(v441) and the rest of the

coordinates are zero. In other words, T, (ve k) = (2(0,1),...,2(0,k),0,...,0).

Proof. (i) This follows from that fact that det(X (o, k; Xe())) =0if 1 <i<k<d.

(ii) This follows from the fact that X (o, k; X441) = X (0, k) and z(0, k) = det(X (o, k))
/ det(Y (o, k)).

(iii) Because for any x € RY, the kth coordinate of T, (x) only depends on the
first k coordinates of x, T, (v,,;) has the same first k coordinates as T, (vgy1). T, is an
affine transformation. So 75 (v,,x) is affinely dependent with T, (vs(1)), To (Vs(2)), - - -
Ts(Vo(k))s To(Vo(e+1)), the last d — k coordinates of which are all zero. Therefore the

last d — k coordinates of T, (v,) are all zero as well. O

Recalling that v, 4 = v441, We are able to describe T,(S,) now.

Proposition I1.5.6. Let S, = Ts(Ss). Then

z(o, k)

—_ .. S < <
s = (51,50,..,80) € 5, & V1 Sk < d, 3 € Qeonv(0, =07

Sk—l)), (1157)

where by convention we let z(0,0) =1 and so = 1.

Proof. Ty is an affine transformation whose corresponding matrix M, is upper trian-

gular. So T, commutes with §2, 7 and conv. Therefore,
S, = {s e R | 7%*(s) € Q% *(conv({Byr, - - . , Do })))V1 < k < d},

where v,; = T,(v,;) = (2(0,1),...,2(0,%),0,...,0), for 0 < i < d.

(I1.5.7) follows. O

Because T, is a lattice preserving map, |£(S,)| = |£(§,,)|. Hence, our problem
becomes to find the number of lattice points in §,. However, :5':, is much nicer than

Ss. Actually, we can give a formula to calculate all of the sets having the same shape

as S,.
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Lemma I1.5.8. Given real nonzero numbers by = 1,by,bs,...,bg, let a, = by /bx-1

and ar = bi/|bk+1|,Vk : 1 <k < d. Let S be the set defined by the following:
s = (51, 82,...,84) € S & V1 <k < d, sk € Qconv(0, asx-1)),

where sg 1s set to 1. Then

ic®I= >, e 3 1L (I15.9)

s1€L(Q(conv(0,a}))) s2€L(conv(0,a%s1))) 54€L(conv(0,a384_1)))

In particular, if bg > 0, then

Ta1] Tazs1] lagsa—1]

£®I=d" > >0, (1L.5.10)

81=1 s3=1 8q=1

where for any real number z, |z| is the largest integer no greater than x and T is
defined as
_ z, ifx >0,
r=
—z—1, ifx<0.
Note that [z] € Z>, and if any of the sums in (I1.5.10) have upper bound equal

to 0, we consider the sum to be 0.

Proof. (I1.5.9) is straightforward. (I1.5.10) follows from the facts that for any real

numbers z,

@m0,z = - BTS2l e 20,

{zeZ| - |z] <2<0}, ifz<0,

the sign of s; is the same as the sign of b;, and, because by > 0, all the s;’s are

non-zero. O

We want to give a formula for the number of lattice points in §, in the form of

(I1.5.10). We first need the condition “bg > 0”7, which in our case is that “z(c,d) > 0”.
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However, for any d-simplex P in general position, we can always find a way to order
its vertices into V' = {v1,v2,...,v441}, so that the corresponding det(X (1,d)) and
det(Y'(1,d)) are positive, where 1 stands for the identity permutation in &,;. Note
z(o,d) is independent of ¢. So it is positive.

Moreover, for lattice-polytopes, we have another good property of the z(c,k)’s

which allows us to remove the | | operation in (I1.5.10).

Lemma I1.5.11. If P is a lattice-polytope d-simplex, then
2(0,k)/z(0,k — 1) € Z,

where by convention z(o,0) is set to 1.

Proof. Let P' = T,(P) with vertex set V' = {v},...,v},,}, where v] = T,(v;) with
coordinates x; = (] ;,- - -, Zj4). Because T, is an upper triangular lattice preserving
map, P’ is a lattice-face d-simplex as well. Similar to the proof of Lemma I1.5.3,
SR y)s - TR g), 7R () s a lattice-face k-polytope. We choose
U= {wd‘k(v(',(l)), . ,ﬂd‘k(v;(k_l)),wd‘k(v(’lﬂ)}, then w(L(Hy)) = ZF~!. Note that

by Corollary I1.5.5/(i),(ii), we have that

conv(m

a) the last 2 coordinates of wd‘k(v;(j)) are both zero, forany j: 1 < j<k-—1.

b) 74 *(v}y,) = (2(0,1),..., 2(0,k — 1), 2(0, k).

. . z(o,k—1) z(o,k)
Hence, (zi,...,zx) € Hy if and only if det = 0, where
Tp—1 Tk

we set g = 1.
We have that for any (z1,...,2x) € Hy, if #1,...,2k—1 € Z, then x; € Z. Thus,
by setting zx_; = 1, we get 2(0,k)/z(0,k — 1) = x3 € Z. O

Therefore, by Lemma 11.5.8 and Lemma I1.5.11, we have the following result.

Proposition I1.5.12. Let P be a lattice-face d-simplex with vertex set V, where the
order of vertices makes both det(X(1,d)) and det(Y (1,d)) positive. Define

2(0, k)

—_— 1<k <d.
(o k- SRS

a(o, k) =
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Then

a(o,1) a(0,2)31 a(o,d)sqg_1

LSH=D > - > 1 (IL5.13)

s1=1 s3=1 sa=1

Although now we have a formula to describe the number of lattice points in S,,
those bars on the top of a(o,%)’s make our calculation hard. However, when P is a
dilation of an integral cyclic polytope, (I11.5.13) becomes a formula without bars. In
the next section, we will discuss this case and complete the proof for Theorem I1.3.11

and thus Theorem I1.3.2.

II.6 The case when P is a dilation of an integral

simplex cyclic polytope

Given positive integer m, let T = {t1,t2,...,t44+1}< be an integral linearly ordered
set and P = mCy(T') be the simplex polytope with vertex set V = {vy,va,...,v441},

where the coordinates of v; are x; = (mt;, mt2, . .. ,mtgl).

One can calculate that for any 0 € Sy and 1 <k < d:

k

det(X(U’k)) = mk H (ta(j)_ta(i))H(td+l“‘ta(i))a
1<i<j<k i=1
det(Y(0,k)) = m*' J[ (tot) —tow),

1<i<j<k
k

Z(Ua k) = m]:[(td-l-l - to(i))'

=1

I1.6.1 Decomposition formula for Q(P)

We first want to restate the terms sign(co, P) and S, in the decomposition formula in

Theorem 11.4.10. Because t; < t3 < -+ < tg41, both det(X(1,d)) and det(Y (1,d))
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are positive. Also, all the z(o, k)’s are positive. Thus,

i=1

d
sign(o, P) = sign(det(X(o,d)))sign (H 2(o, z))
= sign(o) sign(X (o, 1))
= sign(o).

However, S, is still not easy to describe. Recall §,, = T,(S,), so we have S, =

T-1(S,). We will use T, and S, to describe S,.

o

Recall T, : R% — R¢ is defined in Proposition I1.5.4 by mapping x to a, + xM,,
where a, and M, are both involved with entries d%‘(%, for 1 <k<d0<j<

k — 1. Fortunately, there is a well-known result [30, Theorem 7.15.1] which simplifies

m(o,k;j

—-(—lLdet(y( =iy in terms of symmetric functions. Namely,

m(o, k;j) er—j(to) : 1 <1< ki#j), 1<7<k-1,

TICCT I e i=o,

where ej_; is the elementary symmetric function (see [30, (7.2)] for the definition).
By the proof of Proposition 11.5.6, we have
5, = {s e R? | 7%*(s) € Qx*(conv({By, - - -, Do }))), V1 < k < d},

where

60',1' = (Z(G: 1)7 s ,z(a,i),O, v )0)

i
= (m(td+l - ta(l))1 s 1mH(td+l - ta(j)): 0,... )0)7
j=1

for0<i<d.

Let R, = conv{7,;}%, be the convex polytope with vertices {7}, We know

that S, C R,. However, we can say even more than that.
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Lemma 11.6.1.
S, = Q(R,).

Proof. Foranys € S, when k = d, the condition 74=*(s) € Q(n%*(conv({D,, .. .,Dsx})))
just says s € Q(R,). Thus, S, c UR,).

Because t441 > t;, for any 1 < 4 < d, the coordinates of the ¥,;’s are all nonnega-
tive.

For any 1 < k < d, if we let P, = 7%*(conv({Ty,0,Vp.1,- - -, Vs })), then 7(P;) =
conv(m4 1 ({0, 0,051 - -, Ugk-1}))- Together with the fact that the last coordinate

of mk(T, 1) is m %, (tas1 — to(i)) > 0, we have
QP) = PN {(z1,...,2x) € RF | zx > 0}.

For any s = (s1,...,54) € Q(R,), s can be written as 3%, \0,, where Y%  \; =
1 and all \; > 0. Note that R, = Py, so sq > 0. However, since 9(0,d) is the only
vertex whose last coordinate is positive, Ay > 0. Because all of the coordinates of
¥(0,d) are positive, the s;’s are all positive. Thus the last coordinate of 74*(s) is

positive. So
74k (s) € Q(P) = Q(r**(conv({Ty0, . . ., Trr}))), V1 < k < d.

Therefore, s € §, and Q(R,) C §,,. O
We now have everything to restate the decomposition formula.

Theorem 11.6.2. Let T = {t1,t2,...,ta+1}< be an integral linearly ordered set and
m be a positive integer. Let P = mCy(T). Then,

Q(P) = @ sign(o)T, (AR,)), (11.6.3)

eSSy

where R, = Conv({ﬁd,'i = (m(td+1 - ta(l))’ s amHj'=1(td+l - ta(j)))oa RS 0)};1:0),
and T,(x) = o, + XM, with o, = (—misa), Mle)lo2),- - -5 (-=1)%m Hf=1t,(¢)) and

M, = (Mmy,jk)dxd, with
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1, fji=k

Mgk = 4 0, if j >k,

(—1)¥eg_ltoqy : 1SS kyi#g), if 5 <k

\

I1.6.2 The number of lattice points in (P)

For our dilated cyclic polytope P, the hypothesis of Proposition 11.5.12 is satisfied, so
we can either use (IL5.13) or calculate the number of lattice points in S, = Q(R,)
directly. We will take the former approach. Since Vk :1 <k < d,

tir1 — to(k), if2<k<d,
a(o, k) = _2ok) _ k)

lZ(O',k— l)l m(td+1“'ta(k)), ifk=1

is a positive integer, we can remove the bars in (I1.5.13):

a(o,1) a(0,2)s1 a(o,d)sq—1

£(So) = L) = IL@RNI= Y Y - > 1 (11.6.4)

81=1 s2=1 8q=1

Therefore, we can write the number of lattice points in Q(P) = Q(mCy(T)) using the

following formula.

Corollary I1.6.5.

M(tar1—ts(1)) (bar1—te(2))$1 (tat1—to(d))8d—1

ILQmCy(T)))] = ) sign(o) > > o ) 1. (1166)

€6y s1=1 s7=1 8q=1

Because of (11.6.4) and (I1.6.6), it’s natural for us to define

a1 a281 adsSd—1
falor,as,. . ia) =D N - D0, (1L6.7)
31=1s2=1 8q=1

and

Hum,d(a1, 0, .- -,02) = Y _ sign(0) fa(masq), Goz) - - - Go(a)),

O'GSn
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for any positive integers a;, az,. . ., aq.

Thus, (I1.6.6) can be rewritten as

ILQUMCHT)))| = Hma(tirs — toy,tast — to@, - »tas1 — to@)- (11.6.8)

We want to analyze f; and H,, 4 so that we can simplify the right hand side of
(I1.6.8). However, f; is closely related to power sums, so we will first discuss some
properties of power sums and use them to give lemmas on fj.

Given any z a positive integer, we define

z z ik ifk>1,
Pk(:v) = Z ik = =1
=0 z+1, if k=0.
It’s well known that for £ > 1,
Pi(z) is a polynomial in z of degree k + 1, (11.6.9)
the constant term of Py(z) is 0, i.e., z is a factor of Py(x), (I1.6.10)
the leading coefficient of Py(x) is 53 (11.6.11)

Therefore, we can extend the domain of Pi(z) from Zsy to R and thus we call

Pi(z) the kth power sum polynomial.

Extension of the sum operation

Given h = h(s) = Zkzo his* a polynomial in s, the upper bound u of a sum ) ,_; h
should be a positive integer in the usual definition. We extend this definition to allow

u (as well as the h's) to be in any polynomial ring over R using the formula

> h=hou+ Y hiPi(u). (11.6.12)
s=1

k>1
One can check that this extension agrees with the case when u is a positive integer.
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Since f; is defined by (I11.6.7), which recursively uses the sum operation, we can
use (I1.6.12) to extend the domain of f; from (Z0)? to Z¢ or even RY. Hence the

domain of H,, 4 is extended to R? as well.

d1d2

Lemma 11.6.13. The only highest degree term of f; is d,ala ..aq. This is

also true when we consider f; as a polynomial just in the variable a,.

Proof. We will prove it by induction on d.
When d =1, fi(a;) = Y. 2_, 1= Py(a;) — 1 = a;. Thus the lemma holds.

Assume the lemma is true for d(> 1), and note that

s1=1

fd+1(a,1, as,. .. ,ad+1) = Z fd(agsl,a,g, ‘e ,ad+1).
s1=1

By assumption, Sagad™" ... ags15¢ is the only highest degree term of fu(azs1, s, . - - , Gay1)
when we consider it as polynomial both in y = azs;, a3, .. .,aq4; and in y. This implies
that +ada™"'...ag415¢ is the only highest degree term of fi(azs1,@s,. . . ,a441) when
we consider it both in ay, a3, ..., ag441 and in s;. Then our lemma immediately follows

from the fact that the highest degree term of 3 ! = Py(a1) is Fyadt. O

81= 1 +1

Lemma I1.6.14. fi(a1,...,aq) is a polynomial in a; of degree d, having a factor of

]'[:.’L1 a;. In particular, fq can be written as
f (a’l) ) a'd) Z fd k\Q2, . ad)allc, (11615)

where fir(as,...,aq) is a polynomial in ay, ..., aq with a factor of Hf=2 a;.
Proof. This can be proved by induction on d, using (I1.6.9) and (IL.6.10). O
Proposition I1.6.16.

Hm,d(al,a2;---)ad) dl Haz H (az—a])

i=1 1<i<j<d

Proof. By Lemma 11.6.14, Hm,d(a1, . . ., aq) has a factor of [[2, a;.
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For 1 < i < j £d, it’s easy to check that H,, 4 changes sign when we switch a;

and aj, i.e.,
Hmal- -5 ai5...,05,...) = ~Hpal...,a5,...,8;,...).

Therefore, Hy, 4(a1, - - ., aqg) must be a multiple of

d
Hai H (a'i _a'j)?

i=1 1<i<j<d

which has degree 3d(d + 1).

So now it’s enough to show that Hma(a,...,aq) is of degree 3d(d + 1) and the

d1d2

. . md .
coefficient of aal ..aq in Hpy4(ay,...,aq) is Zr, which follows from Lemma

11.6.13. O

Proof of Theorem I1.8.11. By remark I1.4.3, it is enough to prove the case that Cy(T)

is a simplex. But

Mmtg1—te(1)) Fa+1—to(2))81 (ta+1—ta(a))9d—1

IL@mMCy(T))| = D sign(o) y o 3

€S, s1=1 s2=1 8q=1

= Hmd(td+l — to(1), b1 — ta(2)s - - - » tat1 — to(d))

- detd“ 5 I t-)

1<i<j<d

m9

= -(-i-'— H (ti — tj) = VOl(mCd(T))

T 1<iki<d+1

As we argued earlier, the proof of Theorem I1.3.11 completes the proof of Theorem

I1.3.2.
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I1.7 Back to lattice-face polytopes

In the previous section, we applied the decomposition to a dilation of integral cyclic
polytopes and proved the theorem on the Ehrhart polynomial of an integral cyclic
polytope. One reason why we were able to carry out the proof was that the a(o,k)’s
were all positive and thus the formula (I1.5.13) for the number of lattice points in S,
became a simple formula without bars on the top of a(o, k). However, this is not true
for general lattice-face polytopes. We have to find some other way to remove the bars

in (I15.13).

Recall we have defined f; as

ay azsi adSd—1

falar,az,...,a0) =) ) 0 Y1, (11.7.1)
s1=132=1 sg=1
for any positive integers ai, as, . .., aq, and then we extend the domain from (Zq)?

to Re.
We define another function g, in terms of f;, with which we will rewrite (I1.5.13).

Fixing by = 1, we define

gd(bla b2; e 1bd) = fd(bl/b07b2/bl, ceay bd/bd_]), (1172)

for any (by, b, ...,bd) € (Zso)? such that b; is a multiple of bi—1(V1 < i< d). As we
extend the domain of fj, the domain of g4 can be extended to (R \ {0})%.

In last section, we discussed how the properties of f; follow from those of power
sum polynomials Py(z). In this section, we will discuss the relationship between
Bernoulli polynomials and power sums, and then use a property of Bernoulli poly-
nomials to rewrite (I1.5.13) in terms of g4. Please refer to [6, Section 2.4] for other

examples discussing Bernoulli polynomials and their relation to integral polytopes.

The kth Bernoulli polynomial, By (x), is defined as [1, p. 264]

e & t*
ot — 1 = kZ:%Bk(.’II)y
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The Bernoulli polynomials satisfy [1, Theorem 12.19]
Bi(1 — ) = (=1)¥By(z),Vk > 0, (I1.7.3)
as well as the relation [1, Theorem 12.14]
Bi(z + 1) — Bi(z) = kzF~!,Vk > 1. (I1.7.4)
We call By = B(0) a Bernoulli number. It satisfies [1, Theorem 12.16] that
By (0) = 0, for any odd number k > 3. (I1.7.5)

By (I1.7.4), it is easy to see that for & > 0,

Biyi(z + 1) — Bry

Bile) = k+1
Lemma I1.7.6. For any k > 1,

Pi(z) = (-1)"'Py(—z - 1). (IL7.7)
Proof. Tt follows from (I1.7.3) and (I1.7.5). O

Lemma I1.7.8. Given (ay,as,...,aq) € R,

—ai1—1 —a281 azs2 agsd—1
fd(ahaZa"-)a’d) E E E E 1.
s1=1 83=1 s3=1 8q=1
Proof.
agsd—1 —a1-1
Z Z Z : E l=-— E : fd—l(_a231;a3:"')ad)'
1=1 =1 g3=1 8q=1 81=1

By (11.6.15) and (I1.7.7), we have

-1
fa-r(—a281,03,...,a0) = Y fa1x(as, .., 8a)(—a281)",
k=1
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and

—a;-1
Y st=Pi-a—1) = (-1)**'PAar) = (- 1)’““23
81=1 s1=1
Therefore,
—a1—1-—a231 a3sz agsd—1 a; d-1
DD IDMED IR ED D) P EFICRILHICLY,
s1=1 s2=1 s3=1 sq=1 81 k=1

Z fa-1(a281, 83, .., a3) = fa(ar, @, .. ., ag).
S1

Proposition I1.7.9. Given by = 1, by, by,...,b5 € (R\ {0}) with bg > 0, let a =
bk/lbk—l|, then

a1l a381 agsq—1
9d(b1,b2,...,bg) = fd(bl,: yen = sign (Hb) Z Z Z 1, (11.7.10)

s1=1 s3=1 sa=1

where we always treat s; as positive when determining the meaning of @;115;- That is,
for aiy1 > 0, we set G115; = a;+18i, and for aiy1 < 0, we set @118 = —a;i+18 — 1.

Note that this agrees with the original definition when the a;’s are all positive integers.

Proof. We prove the proposition by induction on d. When d = 1, it’s trivial.

Assume (I1.7.10) holds for d = dy > 1. s is positive. Thus, by the induction

hypothesis,
e, B ) = i, B B (T10) 3550
b1 o] Ty “’lbl"b’ " bac

It’s clear that (IL.7.10) holds when b; > 0. In the case that b, < 0, (I.7.10) follows

from the above equation and Lemma II.7.8. O

Proposition I1.7.11. Let P be a lattice-face d-simplex with vertex set V, where the
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order of vertices makes both det(X (1,d)) and det(Y (1,d)) positive. Then

d
|£(S;)| = sign (H Z(Gﬂ')) 94(2(0,1),2(0,2), ..., 2(s,d)). (IL7.12)
i=1
Therefore,
ILQ(P))| = ) sign(0)ga(2(0,1), 2(0,2), .. ., z(0, d)). (I1.7.13)
ceSy

Proof. We can get (11.7.12) by comparing (11.5.13) and (I1.7.10). And (I1.7.13) follows
from (I1.4.16), (11.4.12), (11.7.12) and the fact that det(X (o, d)) = sign(c) det(X (1, d)).
O

I1.8 Proof of the Main Theorems

We now have all the ingredients but one to prove our main theorems: Theorem I1.3.8
and Theorem 11.3.10. The missing one is stated as the following proposition; it is
proved in Appendix A, because the proof is self-contained and different from the rest

of the chapter.

Proposition I1.8.1. Let V = {v,vs,...,v441} be the vertex set of a d-simplex in
general position, where the coordinates of v; are x; = (%;1,Zi2,-..,%id). Recall that

X(o,k), Y(o,k) and z(o,k) are defined in §11.4.2 and g, is defined in (11.7.2). Then

3 sien(@)au(z(,1),2(0:2), ., (o, d)) = pdeb(X (L)), (182)

0€Gy

where 1 is the identity in &g.
Given this proposition, we can prove the theorems.

Proof of Theorem I1.8.8 and Theorem I1.8.10. As we mentioned in Remark 11.4.3, to
prove Theorem 11.3.10, it is sufficient to prove the case when P is a lattice-face

simplex.
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When P is a lattice-face d-simplex, we still assume that the order of the vertices
of P makes both det(X(1,d)) and det(Y (1,d)) positive. Thus, (I1.7.13), (I11.8.2) and
the fact that the volume of P is | det(X (1,d))| imply Theorem II.3.10, and Theorem
I1.3.8 follows. O

Recall that we use I(P) to denote the interior of a d-polytope P. We denote by
3(P,m) = |I(mP) N Z% the number of lattice points in the interior of mP.

Corollary I1.8.3. For any lattice-face d-polytope P, we have that
R d
i(P,m) = Vol(mP) —i(w(P),m) = Z(—l)d‘kVolk(w(d"k)(P))mk. (11.8.4)
k=0

Thus,
i(P,—m) = (=1)%(P,m). (11.8.5)

Proof. Since P satisfies (I1.2.6), by Lemma I1.2.5/(vi) and Lemma I1.3.6/(vi), 7 in-
duces a bijection between L(PB(P)NNB(P)) and L(0n(P)). Together with Lemma
I1.3.6/(ii), (iii), this implies

~ A~

i(P,m) = i(P,m) — i(r(P),m) — i(x(P), m).

Therefore, (I1.8.4) and (11.8.5) follow from Theorem I1.3.8. g

Note that (I1.8.5) recovers the Ehrhart-Macdonald reciprocity law (Theorem 1.3.5).

I1.9 Examples and Further discussion

I1.9.1 Examples of lattice-face polytopes

In this subsection, we use a fixed family of lattice-face polytopes to illustrate our
results. Let d = 3, and for any positive integer k, let P, be the polytope with the
vertex set V = {v; = (0,0,0),v; = (4,0,0),v3 = (3,6,0),v4 = (2,2,10k)}. One can
check that Py is a lattice-face polytope.
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Example I1.9.1 (Example of Theorem I1.3.8). The volume of Py is 40k, and
i(Pg,m) = 40km® + 12m? 4+ 4m + 1.
7w (Py) = conv{(0, 0), (4,0), (3,6)}, where
i(m(B),m) = 12m* + 4m + 1.
So

i(Pk,m) = 40km® + i(m (P), m),

which agrees with Theorem II.3.8.

Example I1.9.2 (Example of Formula (I1.4.5)). F; = conv(v;,v,v3) is a negative
facet. The hyperplane determined by Fy is H = {(x1,2,z3) | z3 = 0}. Thus, v} =
7Y w(ve)) N H = (2,2,0).

F3 = conv(vy,v2,v4) is a positive facet. w(F3) = conv((0,0), (4,0), (2,2)). Q(n(F3)) =
7 (F3) \ conv((0,0), (4,0)). F§ = n~}(n(F3)) N H = conv(vy,vs,v})- So

Q3 = conv(F3 U F3) = conv(v;, vg, vy, vy),

p*(QUm(F3)),Qs) = Qs \ Fi.

F, = conv(wvs, vs, vy) is a positive facet. w(F2) = conv((0,0), (3,6),(2,2)). Qn(F3)) =
7(F3)\(conv((0,0), (2,2))Uconv((2,2), (3,6))). F3 = 7~ (x(F2))NH = conv(vy, vs,v})-
So

Q2 = conv(Fy U Fy) = conv(vy, 3, v4, Vy),

ot (QUm(FL)), Qz2) = Q2 \ (Fy U conv(vy, v4, v}) U conv(vs, vy, v})).

F = conv(vq, v3, vy) is a positive facet. w(F;) = conv((4,0), (3,6), (2,2)). Q(x(F1)) =
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n(F1) \ conv((4,0),(2,2)). F{ = 7~ (x(F1)) N H = conv(vz,v3,v}). So

Q1 = conv(F; U F}) = conv(vy, vs, v, v}),

p+(Q(7r(Fl))a Ql) = Ql \ (F{ U COHV(’Uz,’U4,’Ui))-

Therefore,

3
Q(Pe) = P\ Fu = —sign(Fy) @ sign(F)p* (Ur (Fy)), Qs),

=1

which agrees with Proposition 11.4.4.

Example I1.9.3 (Example of decomposition). In this example, we decompose P
into 3! sets, where 5 of them have positive signs and one has negative sign, which is
different from the cases for cyclic polytopes, where half of the sets have positive signs
and the other half have negative signs.

Recall that v, 3 = v4 = (2,2, 10k), for any o € G3.

When o = 123 € B3, vi232 = vj = (2,2,0), vizs1 = (2,0,0) and viezp = v1 =
(0,0,0). Then

Sz = OOIIV({’Ulza,i}ogiga) \COHV({'U123,12}OS1252);

with sign(123, P) = +1.
When ¢ = 213 € 63, V2132 = ’Uz,l = (2,2,0), V213,1 = (2,0, 0) and V2130 = U =
(4,0,0). Then

Sa13 = COHV({”213,¢}05¢§3) \ (COHV({’Uzla,i}ogigz) U COHV({’Uzls,i}lgz'sa)):

with sign(213, P) = +1.
One can check that

S123 ® Sa1z = pt (U (F3)), Qs).

When o =231 63, V2312 = 'Uz,l = (2,2,0), Vas1,1 = (2, 12,0) and V231,0 = Vg =
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(4,0,0). Then
Sa31 = conv({'v%l,i}09‘53)\(001“/({'0231,1:}OSisz)UCOHV({UZIﬂ,i}i=0,2,3U00nV({'U23l,i}15i$3));

with sign(231, Pg) = +1.
When o = 321 € Gs, U321,2 = ’Ui = (2,2,0), V321,1 = (2, 12,0) and VU321,0 = V3 =
(3,6,0). Then

S3a1 = COHV({'U321,i}Og'i53)\(conv({v32l,i}OSiS2)U00nV({'U32I,i}i=0,2,3UCOHV({'U321,i}151:53)),

with sign(321, Py) = —1.
One can check that

Sa31 © Saz1 = pt (QUm(FY)), Q1)-
Similarly, we have that
Si32 ® Sa12 = pT (Un(F)), Qo).

Therefore, Q(P;) = D, e, sign(a, Pk)S,, which coincides with Theorem I1.4.10.

I1.9.2 Further discussion

Recall that Remark 11.3.12 gives an alternative definition for lattice-face polytopes.
Note that in this definition, when k = 0, satisfying (I1.3.13) is equivalent to saying
that P is an integral polytope, which implies that the last coefficient of the Ehrhart

polynomial of P is 1. Therefore, one may ask

Question I1.9.4. If P is a polytope that satisfies (I1.3.13) for all k € K, where K is a
fixed subset of {0, 1,...,d—1}, can we say something about the Ehrhart polynomials
of P?

A special set K can be chosen as the set of consecutive integers from 0 to d',
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where d' is an integer no greater than d — 1. Based on some examples in this case, the

Ehrhart polynomials seems to follow a certain pattern, so we conjecture the following:

Conjecture I1.9.5. Given d < d— 1, if P is a d-polytope with verter set V such
that for any k : 0 < k < d', (11.8.18) is satisfied, then for 0 < k < d', the coefficient

of m¥ in i(P,m) is the same as in i(x%~% (P),m). In other words,
d .
i(P,m) = i(x%%(P), m) + Z am'.
i=d'+1

When d' = 0, the condition on P is simply that it is integral. And whend’ =d—1,
we are in the case that P is a lattice-face polytope. Therefore, for these two cases,

this conjecture is true.
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Chapter 111

Mochizuki’s Indigenous Bundles

and Ehrhart Polynomaials

This chapter is joint work with Brian Osserman [19].

I1I.1 Introduction

In this chapter, we bring together work of Mochizuki in algebraic geometry and the
theory of Ehrhart quasi-polynomials in combinatorics, obtaining results in both fields.
There is already a combinatorial result implicit in [23]; we strengthen it and state it
explicitly in terms of familiar combinatorial objects: namely, we obtain in Theorem
I11.2.4 below an infinite family of polytopes with Ehrhart quasi-polynomials agreeing
at all odd values. As we said in Chapter I, Ehrhart quasi-polynomials are not in
general well-understood. For instance, criteria for two polytopes to have the same
Ehrhart quasi-polynomial have not been well studied. Thus, one might hope that a
family of non-trivial identities such as these could help to shed light on the situation.

Additionally, we use the theory Ehrhart quasi-polynomials to conclude in Theorem
I11.2.1 below that the number of dormant torally indigenous bundles of Mochizuki’s
theory (see the following section for references and discussion, including relationships
to certain rational functions and Frobenius-destabilized vector bundles) may be ex-

pressed as a polynomial in the characteristic of the base field. Both these phenomena
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are observed (but not pursued) in [23, p. 46] in a slightly different case, so this work
may be considered a more complete exploration of these phenomena in the case of

dormant torally indigenous bundles.

In fact, the ideas of this chapter make no use of the precise definition of dormant
torally indigenous bundles, but rather of formal properties which one might expect
to find in a number of other settings in the geometry of algebraic curves. The basic
idea of Mochizuki’s work is that he counts the dormant torally indigenous bundles on
general curves of a given type (g,7) (that is, having genus g and r marked points) by
degenerating to totally degenerate curves (Definition I11.3.9); such curves are deter-
mined entirely by the combinatorial data of their dual graphs (Definition 111.3.10). He
shows that the number of dormant torally indigenous bundles on a totally degenerate
curve can be described combinatorially, essentially as the number of lattice points in-
side a polytope whose dimensions depend on the characteristic of the base field, and
he also shows that the number of dormant torally indigenous bundles on a general
curve of type (g,7) is equal to the number on any totally degenerate curve of the same
type. In particular, the number agrees for any two totally degenerate curves, which
is how we obtain our combinatorial formulas. In addition, the relationship to lattice
points of polytopes allows the application of the theory of Ehrhart quasi-polynomial
to conclude that these numbers are given by polynomials in the characteristic of the

base field.

We remark that for any situation where enumerative invariants are associated to
curves in such a way that the invariant for a general curve can be computed at totally
degenerate curves, one can expect the computations at totally degenerate curves to be
of a combinatorial nature, and then one can hope to obtain non-trivial combinatorial
identities by comparing these formulas at different totally degenerate curves, as is done
here. Thus, the easiest generalizations of our combinatorial results are likely to arise
not from attempting to generalize dormant torally indigenous bundles (although that
possibility is discussed briefly at the end of the final section below), but from finding
examples of completely unrelated algebro-geometric objects which are associated to

curves and satisfy the same formal properties with respect to degeneration.
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IT11.2 Statements

We first state our theorem in algebraic geometry. Dormant torally indigenous bundles
are algebro-geometric objects associated to curves with marked points, and their
precise definition, which is rather technical and given in [23, Def. 1.1.2, p. 89, Def.
[.4.1, p. 113, Def. 1I.1.1, p. 127], is not relevant to this chapter. However, for the
purposes of motivating our Theorem I11.2.1, we remark on two important cases in
which dormant torally indigenous bundles correspond to more concrete and widely-
studied objects. In the case of a smooth curve of genus g > 2 with no marked points,
dormant torally indigenous bundles are equivalent up to a factor of 2% to semistable
vector bundles of rank 2 with trivial determinant whose pullbacks under the relative
Frobenius morphism are maximally unstable — specifically, contain a line-bundle of
degree g — 1. In the case that C is smooth with ¢ = 0 and r general marked points,
dormant torally indigenous bundles are equivalent up to a factor of 2! to rational
functions on P! ramified to order less than p at the marked points, and unramified
elsewhere, up to linear fractional transformation. For both these assertions, see [26].
Theorem I11.2.1 is new and no easier to prove in both these special cases, and we state
the general case partly because it is the most natural level of generality given the
arguments, and partly because the phenomenon of invariants in algebraic geometry
being expressible by polynomials in the characteristic of the base field is ubiquitous
and poorly understood, and rather than simply providing two apparently unrelated
examples of this phenomenon, it seems preferable to have a single example which
simultaneously generalizes the special cases.

We now state our first theorem, denoting by F' the relative Frobenius morphism:

Theorem II1.2.1. Fiz g,r > 0 with 29 — 2+ r > 0. Then there exists a polynomial
for(n) € Q[n] such that if k is an algebraically closed field of characteristic p > 2, and
C a general smooth curve over k of genus g with r general marked points, then the
number of dormant torally indigenous bundles on C is given by f,.(p). Furthermore,
for(n) has degree 3g—3+2r, is even or odd as determined by its degree, and is always

strictly positive for n > 2.
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In particular, if r = 0 we have that the number of semistable vector bundles & of
rank two and trivial determinant on C such that F*& contains a line bundle of degree
g—1 is given by 229 f,0(p). If g = 0 we have that the number of maps f : C = P! — P!
ramified to order less than p at the marked points and unramified elsewhere, counted

modulo automorphism of the image, is given by 2" fo . (p).
The combinatorial result will require some preliminary definitions. We have:

Definition II1.2.2. Let V, E be sets, and suppose that we are given ¢ a map from
Eto VU((%)). We then call G = (V,E, ¢) a quasi-graph. The standard notions of
edges, vertices, and edges being adjacent to vertices generalize immediately to quasi-
graphs. The set of edges E is naturally subdivided into free edges, which are ¢p=(V'),
and fived edges, given by ¢~ ((%)).

Thus, a quasi-graph may be thought of simply as a graph where some edges — the
free edges — are allowed to be attached to only a single vertex. A quasi-graph which
consists of only fixed edges is simply a standard graph. Quasi-graphs arise naturally
as the dual objects to nodal curves with marked points, where the marked points
correspond to free edges of the dual quasi-graph; see Definition I11.3.10. The usual
notions of connectedness, regularity, loops, and simplicity for graphs immediately
make sense in the context of quasi-graphs as well. When there is no ambiguity, we
will denote by V and E the vertex and edge sets of a quasi-graph G.

We next associate a polytope to certain special quasi-graphs, denoting by A(v)

the set of edges adjacent to a vertex v:

Definition II1.2.3. Let G be a quasi-graph which is regular of degree 3. The convex
polytope P associated to G is defined to be the space of real-valued weight functions
w : E — R on the edge set of G satisfying the following inequalities:

(i) for each e € E, w(e) > 0;
(ii) for each v € V, 32 c gy wle) < 1;
(iii) for each v € V and e € A(v), w(e) < X e awyiey W(€)-
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Note that condition (iii) is just the triangle inequality for the edges adjacent to
any given vertex. Note also that (i) and (ii) bound all the w(e) between 0 and 1, so
in particular ¢ is in fact a polytope.

With these definitions, we can now state the combinatorial result:

Theorem III.2.4. Let G,G’ be any two quasi-graphs, connected, regular of degree
three, and having the same number of vertices and edges. Then the Ehrhart quasi-

polynomials for Pg and P agree at all odd values.

When presented with cross-disciplinary results such as these, one naturally won-
ders whether they can be obtained more directly by further exploration of the situa-
tion. In algebraic geometry, it is a general phenomenon that answers to enumerative
questions are given as polynomials in the characteristic, but as often as not, as in the
case here, the only way to show this is to compute the answer and show a posterior:

that it is a polynomial. We are thus motivated to ask:

Question II1.2.5. Can one show a priori by methods of algebraic geometry that the
number of dormant indigenous bundles must be given by a polynomial in p? Can

such an argument be given covering a wider range of enumerative problems?
Correspondingly, we wonder:

Question III.2.6. Can one demonstrate directly a combinatorial relationship be-
tween the polytopes % for G as in Theorem I11.2.4 which implies agreement of their
Ehrhart quasi-polynomials?

We discuss additional, more concrete combinatorial questions in the final section.

I11.3 Proofs

We start by associating a second polytope to any quasi-graph which is regular of
degree 3, which is affinely isomorphic to £, but imbedded in a larger-dimensional

space:
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Definition II1.3.1. Let G be a quasi-graph which is regular of degree 3. We describe
a second polytope & associated to G, defined to be the space of real-valued weight
functions w : EUV — R on the edges and vertices of G satisfying the following

inequalities:
(i) for each e € E, w(e) > 0;
(i) for each v € V, 3 o a(y) w(e) = 2w(v);
(iii) for each v € V and e € A(v), w(e) < w(v);
(iv) foreach v € V, w(v) < 1.

Indeed, one checks that points of £ correspond to points of 2%¢, by leaving
the w(e) unchanged and setting w(v) as determined by (iii) above. The w(v) act as
‘dummy variables’ to insure that lattice points of n 2, are merely lattice points of
2n2; with w(e)’s having even sum at any v.

We also specify:

Definition ITII.3.2. Let G be a quasi-graph. A sub-quasi-graph H of G is a quasi-
graph obtained by restricting the adjacency function ¢ for G to subsets of the vertex

and edge sets on which ¢ remains well-defined.
In particular, a sub-quasi-graph may not change a fixed edge to a free edge.

Lemma I11.3.3. Let G be a quasi-graph which is connected and regular of degree 3.
Then the odd values of the Ehrhart quasi-polynomials for Pg and Py differ by an
integer multiple determined by G.

Proof. Let ey,...,e4 be the edges of G, and vy, ..., v, be the vertices. Then the nth
value of the Ehrhart quasi-polynomial of ¢ (respectively, P¢) is by definition the
number of possible integer values for the w(e;) (respectively, the w(e;) and w(v;))
lying inside the (closed) polytope nZq (respectively, n?;), which is obtained by
replacing the 1 in the definition of £ (respectively, P¢) by n. We claim that for n

odd, both of these are equivalent (up to constant integer multiple) to:
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#{O, - Ay dhy ey dy) EZT™ VL0 < N <n+2; Vid <n+2;
Vi,j such that e; € A(v;), N < dj;  V5,2d;+1= Y A} (IIL3.4)

isei€A(v5)

First, note that the conditions A; < n+ 2 are superfluous. If we set A\; = w(e;) +1
for each ¢ and d; = w(v;) + 1 for each j, we recover the description of the nth
value of the Ehrhart quasi-polynomial of ;. Next, it is easily checked that if
we set A\; = 2w(e;) + 1 (at which point the d; are all uniquely determined) as the
w(e;) range over all possibilities for the nth value of the Ehrhart quasi-polynomial of
P, we recover all possible assignments of the );, d; for which A; are all odd. The
key observation is that for n odd, the number of possibilities with all A; odd is -NI—G
times the total number of possibilities, where Ng is the number of (not necessarily
spanning) sub-quasi-graphs of G which are regular of degree 2. Indeed, if one starts
with an arbitrary assignment of );,d;, the edges e; for which \; are even gives such
a sub-quasi-graph, and if all \; which are even are replaced by n + 2 — \; (and the
d; adjusted accordingly), one can check that all conditions are preserved, and one
obtains an assignment with all A; odd. This sets up a natural, visibly invertible
correspondence between arbitrary assignments of A; and d; satisfying the required
inequalities, and pairs of assignments with all ; odd together with an arbitrary sub-

quasi-graph of G which is regular of degree 2. This completes the proof of the claim,

and the lemma. O

We now proceed to describe the vertices of the polytopes we have constructed.

We start with:

Lemma II1.3.5. Let G be a regular quasi-graph of degree 3. Then any vertex of Pg
whose coordinates are all non-zero has coordinates equal to § or 3. More precisely, for
any vertex of Pq, the weights associated to the three edges adjacent to any vertex of
G are {1,1,1}. Moreover, given such a vertex w of Pg, let H be the sub-quasi-graph

of G with edge set E(H) = {e | w(e) = 3}. Then H consists of cycles of odd length.
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Proof. Denote by E; and E; the sets of fixed and free edges of G respectively. Then
one has 3(#V) = 2(#E) + #E;. A vertex of P must satisfy all of the inequalities
listed in Definition II1.2.3; moreover, by replacing the inequalities with equalities, one
obtains a collection of linear constraints, and among these, the vertex must satisfy
some #FE independent constraints. By hypothesis, none of these constraints are of
the form w(e) = 0, so they are chosen from the 4(#V’) constraints of the form w(e) +
w(e')+w(e"”) =1 or w(e) = w(e') +w(e"”) where e, €, e” are the three edges (possibly
with multiplicity) adjacent to some vertex of G. We note that for any given vertex of
G, we cannot have two constraints of the second form, since that would force one of
the weights to be 0. Therefore, each vertex of G can supply at most two constraints,
and in the case of two, one of the two is necessarily w(e)+w(e')+w(e”) = 1. Moreover,
since we need #FE = #F; +# F, constraints, we must have at least %(#Ez) + %(#El)
vertices of G with two constraints; denote these vertices by V2. For any given such
vertex in V2, we may write the two constraints as w(e) + w(e') + w(e”) = 1 and
w(e) = w(e’) +w(e”), which yields w(e) = 3. Let E? denote the set of edges e forced

to have weight % in this manner.

Now, by the hypothesis that all weights are non-zero, for any given vertex of G we
cannot have two edges with weight 7, so every vertex in V (and in particular in V2) is
adjacent to a unique edge of E2. The next observation is that conversely, every edge
e € E? is adjacent to a unique vertex of V2. Indeed, if both vertices adjacent to e
were in V2, the two constraints at each would both necessarily force e to have weight
%, which would imply that they were linearly dependent. We claim that in fact every
vertex of G is adjacent to an edge in E?; that is, E? gives a perfect matching of G. We
subdivide V2 into V2! and V??, according to whether the corresponding edge of E?
is free or fixed, respectively. We therefore want to show that #V21 +2(#V?22) > #V.
But 2(#V?") + 2(#V?22) = 2(#V?) > 2(#E,) + 3(#E1), and by definition #V? <
#E1, so subtracting we find that #V?! + 2(#V?%2) > 2(#E,) + ;(#E1) = #V, as
claimed. Finally, we can conclude that #V?2! +2(#V?2) = #V, and it follows that we

must have had #V?! = #E;, and no vertices of G without any associated constraints.

The next step is to show that given our description so far, if one assigns ;41: to all
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edges not in E?) then this assignment satisfies every constraint which is permissible

based on the hypotheses that all weights are non-zero and that the weights of E?

1
3

are predetermined as 5. Indeed, let v be any vertex of G, and e, €, ¢e” its adjacent
edges. Suppose without loss of generality that e € E2. Then under the assignment
w(e’) = w(e”) = }, both constraints w(e) +w(e’)+w(e”) = 1 and w(e) = w(e')+w(e”)
will be satisfied. All that remains is to note that with w(e) = 1, no valid assignment
of w(e') and w(e"”) can achieve w(e') = w(e) + w(e") or w(e") = w(e) + w(e'), since
with all three weights positive, their sum would have to be greater than 1. Thus,
our assignment satisfies any possible choice of constraints associated to the vertices
of G not in V2, and we conclude that our chosen vertex of Z¢ has coordinates of the
desired form.

We prove the last assertion by contradiction. Suppose the statement is false for
a given vertex w of g, and H is the corresponding sub-quasi-graph. Since each
vertex of G must have assignments (1,1, 1) to the three edges attached to it, H is
a regular quasi-sub-graph of G of degree 2. Thus, H consists of cycles or paths. By

assumption, H either has a cycle of even length or a path. In either case, we can

replace the weight on the path or the even length cycle with alternating values of %, %.
Then the new assignment still satisfies every constraint satisfied by the old values.
Therefore, this contradicts the fact that in order to be a vertex, w must be uniquely

determined by those constraints. So H must only consists of odd cycles. O
We can now conclude:

Proposition II1.3.6. Let G be a regular quasi-graph of degree 3. Then any vertez of
P has each of its coordinates equal to 0, i or %, with the only possible weights asso-
ciated to the edges adjacent to a given vertez of G being {0,0,0},{0,1,3},{0,7, 1},

and {1, 7, 3}. Any vertex of P has each of its coordinates equal to 0, 5 or 1.

Proof. We begin with the assertion for g, working by induction on the number
of coordinates of a given vertex which are equal to 0. The base case is that all
coordinates are non-zero, which we handled in the previous lemma. Now, suppose we

have an edge e of G whose weight is zero for our chosen vertex of &g. Suppose € is a
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fixed edge, and let v;,v2 be the two adjacent vertices; note that it suffices to consider
the case that v; and v, are distinct, since if e is a loop, the triangle inequalities in
the definition of & will force the other edge adjacent to v; = v, to have weight
0 as well, and we could instead choose this edge to be e. Next, note that if e;, €}
and ez, €}, are the adjacent edges other than e at vy, va respectively, then the triangle
inequalities at v; and v, force w(e;) = w(e}) and w(e2) = w(e,). We define a new
graph G’ obtained by removing e, v;, and v,, and replacing each pair e;, €] and ey, €}
by single edges €} and €} in the obvious way: that is, if e;, €] are each adjacent to
vertices other than v; or g, replace them with an edge adjacent to those two vertices;
if only one is adjacent to a vertex other than v, or v,, replace them by a single free

edge; if neither is adjacent to a vertex other than v, or v, remove them entirely.

Now, we claim that we obtain a vertex of Z¢ by assigning weights to the edges
of G’ which are the same as G where the graphs are the same, and which assign the
common weight of e;, €] to the new edges e/ for i = 1,2. It suffices to show that we can
provide constraints from the definition of ¢ to replace any constraints that were
lost when v, and v, were removed. The constraints coming from triangle inequalities
at v; are easily replaced: they can either require w(e;) = w(e}), or w(e;) = w(e;) = 0.
The first condition is superfluous, while the second can be replaced by the constraint
w(e) = 0. So we need only show that we can effectively replace the condition that
the sum of the weights at a v; be equal to 1, which gives w(e;) = w(e}) = 3, so is
equivalent to requiring w(e)) = 1. Choose v3 to be a vertex adjacent to ef; without
loss of generality, suppose this was the vertex adjacent to e; in G. Since we had
w(e;) = 3 in G, the inequality requiring the sum of the three weights at v3 to be at
most 1, together with the triangle inequality for w(e;), implies that in fact both of
these inequalities are sharp, giving corresponding constraints satisfied in G, so we can

I

then require them also in G’ in order to force the weight of e} to be %, as desired.

By the induction hypothesis, we can assume that the vertex of &g we have
constructed has weights only equal to 0, } or %, with the weights of the asserted form
for edges adjacent to a particular vertex. One checks easily that our description of

weights of the edges adjacent to a given vertex is preserved by the construction, as
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long as we verify that if in constructing G’ we removed an edge of G other than e, its
weight must also have been one of 0, 7, % Such a removal only occurred if both e; and
e; were both adjacent only to v;,v, for 4 = 1 or 2. There are only two possibilities:
either e; = €/ is a loop, or e; and €] are both adjacent to both v, and v,, in which
case these three edges and two vertices are necessarily all of G. In the first case, one
checks that in order for the weight of the loop to be uniquely determined, given that
w(e) = 0, its weight is necessarily either 0 or . In the second case, one can check the
assertion of the Proposition directly for G (see also Example I11.4.1). Finally, note
that although we carried out this process in the case that e was fixed, the argument
works equally well (and is in fact simpler) in the case that e is free. This completes
the induction argument for 2.

We may now conclude the desired statement for & for finding vertices of our
polytopes, we work over R, and in this setting, as mentioned above, the introduction
of the w(v) coordinates are irrelevant, and if we ignore these coordinates, the polytope
P, is the same as 2. In particular, with the possible exception of the w(v), all
coordinates of vertices of & are equal to 0, 1 or 1. But the same follows for w(v)
from our sharp description of the possible weights associated to edges adjacent to a

vertex of G in the case of a vertex of 9. O

This gives us our key result:

Corollary I11.3.7. The odd values of the Ehrhart quasi-polynomial of 2(;, and hence
P, are given by a single polynomial, of degree equal to #E.

Proof. We note that the dimension of ¢ (and hence 97;) is equal to #E: indeed, it
is easily verified that the (#FE)-cube with all weights between é and % lies inside Pg.
The assertion for &, is then immediate from Proposition II1.3.6 and the existence

theorem for Ehrhart-quasi-polynomials. The assertion for ¢ then follows by Lemma,
I11.3.3. O

In Proposition I11.3.6, we state that the coordinates of any vertex of 25 can be

0, % or 3. Because the appearance of 1 allows the quasi-period to be 4, we wonder in
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which cases i does not appear in the coordinates. The following lemma answers this

question.

Lemma II1.3.8. Let G be a connected regular quasi-graph of degree 3, associated to
o curve of type (g9,7). If g =0, Pg has no vertices with quarter-integer coordinates.

If g > 0, we have following two cases.

(z) If r > 0 or G has a “bridge” edge e (i.e., removing e makes G disconnected),

then P has a verter with quarter-integer coordinates.

(it) If r =0 and G does not have a “bridge”, when g = 2,3, or 4, there is only one
graph G such that P¢ does not have vertices with quarter-integer coordinates;
when g > 5 (or equivalently #V > 8), P¢ always has a vertex with quarter-

integer coordinates.

Proof. By Lemma II1.3.5 and the construction in Proposition II1.3.6, it is clear that
vertices with quarter-integer coordinates appear only if there are cycles in G, which is
equivalent to g > 0. Thus, when g = 0, ¢ does not have vertices with quarter-integer
coordinates.

Now we assume g > 0.

We prove (i) by induction on the number of vertices in G. The base case is when
#V =1 : the only graph G that satisfies the conditions is the one with a single vertex
attached to a free edge and a loop. One can check that P has a vertex (1, 1). We
now assume #V > 2, and (i) holds for any G’ with #V(G") < #V.

If G has a bridge e, we can cut e into two free edges, and obtain two graphs G,
and G,. If both of g(G,) and g(G,) are positive, let w; and wy be vertices in Zg,
and Pg, with quarter-integer coordinates, respectively. If one of w;(e) and wy(e) is
0, without loss of generality we may assume w;(e) = 0. Then if we assign weights w
to the edges of G by w(e) = wi(e) for e in G; and w(e) = 0 for e in G2, we obtain
a vertex in &g with quarter-integer coordinates. If neither of w;(e) and ws(e) is 0,
then w;(e) = w(e) = 3. Combining w; and w. gives the desired vertex in Pg. If

one of g(G1) and g(G-) is 0, without loss of generality we may assume g(G;) > 0 and
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g(Gz) = 0. Let w; be a vertex in #g, with quarter-integer coordinates. We know
wi(e) = 0 or 3. Since g(G2) = 0, we have that G, is a tree. One can check that P,
has a vertex ws such that wq(e) = w;(e). Once again, combining w; and w, gives the
desired vertex in .

If G does not have a bridge and r > 0, let e be a free edge adjacent to a vertex
v, and let e; and ey be the other two edges connecting to v. There exists a cycle C
(without repeated edges) in G starting from e; and ending at e;. &g has a vertex
with w(e) = 1, with w(e’) = 1 for all ¢’ in C, and with w(e’) = 0 for all remaining
edges €. This completes the proof for (i).

For (ii), suppose 7 = 0 and G does not have a bridge. When g = 2, there are
only two graphs associated to this type (see example I111.4.1). Only G;, the one with
two vertices connected by three edges, does not have vertices with quarter-integer
coordinates in P,. When g = 3, suppose G is a graph such that none of the vertices
of Z¢ have quarter-integer coordinates. Then each vertex of &g must have an edge
e with weight 0. Suppose e is attached to vertices v; and v,. We do the same thing as
in Proposition II1.3.6. We define a new graph G’ obtained by removing e, v; and v,
and merging the other two edges connecting to v; and vs. Since e is not a bridge, G’
is still connected. Because w(e) = 0, the weights of the two other edges adjacent to
vy or vy are the same. Therefore, we have a natural way to give a weight assignment
to the edges of G’ and clearly it gives a vertex of 2. Thus, we conclude that G’
has to be G;. One checks that the only G which can be changed to G; in this way
is the graph with four vertices, each of which connects to the other three vertices.
When g = 4, by a similar argument, we find that the only graph G not having
vertices with quarter-integer coordinates in %g is the one with V = {v;,vs,..., v}
and E = {vvi+1(1 <4 < 5),v6v1,vjvj43(1 < j < 3)}. Finally, similar arguments help
us to confirm that when g = 5, all of the graphs have a vertex with quarter-integer

coordinate in Hg, and the case that g > 5 follows. O
Recall the following;:

Definition II1.3.9. A nodal curve C is a curve obtained from a (not necessarily
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connected) smooth curve by gluing together pairs of points transversely, creating
nodes at these points. The smooth curve from which C is obtained is unique, and
called the normalization of C, and will be denoted €. When considering curves with
marked points, we set the marked points of C' to be the points lying above marked
points or nodes of C. Finally, a totally degenerate curve is a nodal curve such that C

consists of disjoint copies of P! with three marked points each.

Because any three points on P! are equivalent up to automorphism, a totally
degenerate curve is determined by combinatorial data, and specifically by the dual

quasi-graph:

Definition II1.3.10. Let C be a nodal curve with marked points. Then the dual
quasi-graph associated to C is defined to be the quasi-graph whose vertices are the
components of C, whose fixed edges correspond to nodes of C and are adjacent to the
components intersecting at a given node, and whose free edges correspond to marked

points of C, and are adjacent to the component on which the marked point lies.

One checks directly that a C such that C is a disjoint union of P'’s is totally
degenerate if and only if its dual quasi-graph is regular of degree 3, and that conversely
given a quasi-graph which is regular of degree 3, there is a unique totally degenerate
curve having the chosen dual quasi-graph. Finally, one checks that the type (g,7) of
the curve is related to the number of vertices and edges of the dual quasi-graph by
the formulas #V =29 — 2+ r,#E =39 — 3+ 2r.

The theorem we will use which is implicit in Mochizuki’s work may be stated as:

Theorem II1.3.11. (Mochizuki) Fiz g,7 > 0 with 2g — 2+ 7 > 0, and p an odd
prime. Then the number of dormant torally indigenous bundles on a general curve of
type (g,7) over an algebraically closed field of characteristic p is given as the (p—2)nd
value of the Ehrhart quasi-polynomial of Pq, where G is any connected regular quasi-
graph of degree 3 satisfying #V =29 — 2+ r,#E = 3g — 3 + 2r; in particular, these
values depend only on #V and #E.

Proof. The first relevant statement is that the number of dormant torally indigenous

bundles on a general curve of type (g,r) over an algebraically closed field may be
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computed at any totally degenerate curve of type (g,7). This follows immediately
from the assertions of [23, Thm 2.8, p. 153] in the n = 0 case that the stack of
dormant torally indigenous bundles is finite and flat over M,, and is étale over
points corresponding to totally degenerate curves. Next, one needs to know that a
dormant torally indigenous bundle on a totally degenerate curve C is equivalent to
dormant torally indigenous bundles on each component of €' having radii which agree
at any two points which are glued together; this is immediate from [23, $ 1.4.4, p.
118] when one takes into account that the dormancy condition is simply a condition
of vanishing p-curvature, and will not be affected by gluing.

The final ingredient is the description of dormant torally indigenous bundles on
P! with three marked points, given as the n = 0 case of [23, Thm. IV.2.3, p. 211].
If we are given ); as in this last theorem (these always exist, since the radii are only
defined up to £1, so we could choose all the \; to be odd), we have to check that the
existence of a finite separable morphism from P! to itself ramified to orders \; at 0, 1,
oo and unramified elsewhere is equivalent to the conditions that the degree d, which
by the Riemann-Hurwitz formula is determined by 2d + 1 = )_ \;, must also satisfy
d <pand d > ) for all <. This is shown in [27], but could also be deduced directly
from [23, (2), p. 232]. Given all of this, one can verify directly that the dormant
torally indigenous bundles on a totally degenerate curve C' are nearly counted by
setting n = p — 2 in Equation II1.3.4 as applied to the dual quasi-graph G of C. The
only discrepancy is a factor of the Ng of the proof of Lemma II1.3.3, since radii are
only defined up to +1 and therefore assignments of A; which differ by 1 mod p give
the same dormant torally indigenous bundle. Since we saw in the proof of Lemma
I11.3.3 that 'I\';E times the value of Equation I11.3.4 computed the odd values of the
Ehrhart quasi-polynomial of &g, we thus conclude the desired result. O

We can now easily give the proofs of our main theorems:

Proof of Theorem I11.2.1. We note that given any specified (g, r) with 29 —2+47r > 0,
we can find a connected regular quasi-graph of degree 3 having the number of vertices

and edges required by Theorem I11.3.11. This is equivalent to the standard algebraic
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Increment r, fixing g Increment g, fixing r

geometry statement that there exist totally degenerate curves of any hyperbolic type,
but one can easily verify it directly. Indeed, the figure demonstrates how to increase
either g or by 1 while keeping the other fixed, and given this it suffices to check
the base cases of (g,7) = (0,3),(1,1),(2,0), which is easily accomplished. Putting
together Corollary II1.3.7 with Theorem II1.3.11 then gives the existence and degree
of the desired polynomial. The positivity follows from the fact that for any n > 0,
P contains the lattice point with all weights equal to 0. Lastly, to see that the
polynomial is always odd or even, we note that simply by translating all coordinates
by 1 one sees that the number of lattice points in the interior of n9?¢ is equal to the
number in the the closed polytope (n — 4) 2g. Applying the reciprocity theorem for
Ehrhart polynomials then easily gives the desired result. O

Proof of Ti_zeorem I11.2.4. This is almost the same as Theorem III1.3.11, except that
it asserts agreement of the nth value of the Ehrhart quasi-polynomial for all odd n
rather than those for which n + 2 is a prime. The stronger statement then follows
from Corollary I11.3.7, although in fact for this application one need not consider #;
at all: it is enough to use the existence of Ehrhart quasi-polynomials once one knows
that the Ehrhart quasi-polynomial of % has quasi-period 4, since Mochizuki’s values
then give infinitely many values for n congruent to either 1 or 3 mod 4. Thus, to
prove Theorem I11.2.4 it suffices to know the statement of Proposition I11.3.6 for Z¢
only. O

Remark 111.3.12. Translating from self-maps of P! to indigenous bundles and back in

order to obtain the statement for g = 0 of Theorem II1.2.1 may seem superfluous,
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and indeed one could argue directly using the results of [27] that the number of such
maps is counted by the Ehrhart polynomial of &;. However, there is something to

be said for concluding the statement as a special case of a more general result.

In fact, an induction argument similar to that carried out for Proposition III.3.6
can be used to show that the number Ng of Lemma I11.3.3 also depends only on the

number of vertices and edges of G:

Lemma I11.3.13. Let G be a quasi-graph which is connected and regular of degree 3.
Ng, the number sub-quasi-graphs of G which are regular of degree 2, is 29 forr = 0

and 29%71 for r > 0.

Proof. For any sub-quasi-graph H of G of degree 2, we can consider its vertex set
V(H) to be the vertex set V of G. Thus, we only care about its edge set E(H). Let Ag
be the set of all of sub-quasi-graphs of G of degree 2 with a product operation defined
by setting H - H' to be the graph whose edge set is {e | e € E(H) or e € E(H"), but
e & E(H)N E(H")}. One can check that this product operation is well-defined, i.e.,
H-H € Ag, for any H, H' € Ag, and is commutative. Therefore, Ag is an abelian
group with identity given by the empty graph I with vertex set V. For any H € Ag,
H - H = I. Hence, the order Ng of Ag is 2%, where s is the size of a minimal set
of generators of Ag. Another observation we have for H € Ag is that H consists of
loops and path, where every loop consists of fixed edges, and every path starts with
a free edge, ends with another free edge, and has fixed edges in between.

We prove the lemma by induction on the number of edges #E of G. The base
cases are (#V,#E) = (1,3),(1,2),(2,3), (equivalently, (g,7) = (0,3),(1,1),(2,0),)
which are easy to check. Now, suppose #E > 4 and the lemma holds for all the
graphs whose edge set size is less than #FE. Denote by E; and E; the sets of free and
fixed edges of G respectively. Recall that #V = 2g — 2+ r and #E = 3g — 3 + 2r.
Hence, g = 2#V — #E + 1 and r = 2#FE — 3#V. Also, it’s easy to calculate that
#E,=r.

If r=#E, > 0, let e be a free edge connecting to a vertex v; then the other two

edges e, ez connected to v cannot be both free edges since #E > 4. We construct a
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new graph G’ by removing e and v and merging e; and e, into one edge. One can
check that G’ is a connected regular quasi-graph of degree 3 with #E(G') = #FE — 2
and #V(G') = #V — 1. Thus, g(G’) = g and 7(G') = r — 1. By the induction
hypothesis, Ng is 29 for » = 1 and 29772 for r > 2. However, when r = 1, there is
no H € A¢ containing e as an edge. Hence, there is a bijection between Ag and Agr.
Thus, Ng = Ng = 29 = 2977~1. When 7 > 2, let €’ be another free edge in G. Let H
be a path from e to € (without using same edges more than once). Then H € Ag.
One can see that H together with a minimal set of generators of Ags gives a minimal
set of generators for Ag. Therefore, Ng = 2Ng = 29171,

If r = #F, = 0, G is a graph without free edges. Because #FE > 4, there exist
two vertices v; and v2, such that there is one and only one edge e connecting them. If
e is a “bridge”, i.e., by removing e, G becomes disconnected, then we cut e into two
free edges and disconnect G into two graphs G, and Gs. Clearly r(G;) = r(G;3) = 1.
One can calculate that g(G;) + g(Gz) = g¢. Since, e is a bridge, there are no loops
containing e. Thus, AH € Ag such that e € E(H ). Therefore N¢ = Ng, - Ng, = 29.
If e is not a bridge, let H be a loop containing e (without repeating edges). Then
H € Ag. We obtain G’ be removing e, v; and v, and merging the two other edges
connecting to v;, for ¢ = 1,2. Using the similar argument as for the case r > 2, we

can get that Ng = 2N = 29. O

It then follows that one also obtains identities for the odd values of the Ehrhart

quasi-polynomials of £7.

Corollary II1.3.14. Let G,G’ be any two quasi-graphs, connected, reqular of degree
three, and having the same number of vertices and edges. Then the odd values of the
Ehrhart quasi-polynomials for P, and P, agree to a single polynomial, of degree

4E.

We have chosen to phrase our main result in terms of &g partly for the sake
of simplicity, and partly because it seems like the more natural object, in that its
Ehrhart quasi-polynomial computes the number of dormant torally indigenous bun-

dles directly, and it is imbedded in a space of its own dimension.
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0A T A

The case (g,7) = (2,0)

I11.4 Further Remarks and Questions

In this section, we discuss some explicit examples and possible directions of further
investigation, with a particular focus towards the combinatorial side. We begin by
describing the simplest example of our results, seeing that the combinatorial identities

obtaining in Theorem I11.2.4 do in fact appear to be non-trivial.

Example III1.4.1. Consider the case of (g,7) = (2,0), or equivalently graphs with
three edges and two vertices. One checks that we get only two graphs: the G; and
G of the figure. The corresponding polytopes g, and P, are, respectively: a
regular tetrahedron with vertices at (0,0,0), (3,1,0), (0,1,3) and (3,0,3); and a
square pyramid with vertices (0,0,0), (,0,0), (0,3,0), (3,1,0) and (3,1,1). One
finds that in fact not only the odd values, but the entire Ehrhart quasi-polynomials
of P, and Pg, agree, and are given by 3:(n® + 6n? + 20n + 24) for even n and
2 (n®+6n%+ 11n+6) for odd n. The number of dormant torally indigenous bundles
in this case is thus given by o (p® — p).

While we have not explicitly presented ¢ for different G in further cases, one
can compute that in the case of (g,r) = (3,0), there are five different graphs, for
which the corresponding 2 have 8, 10 or 14 vertices depending on G. Thus, in this
situation there are at least three polytopes which are not combinatorially equivalent
for which we obtain relations. It seems reasonable to expect that the number of
non-trivial identities obtained will grow with (g,7).

In computing further examples, there are two phenomena which stand out. The
first is that in all examples computed so far, for any two G, G’ as in Theorem 111.2.4

we find that not only the odd values of the Ehrhart quasi-polynomial agree, but the
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even values agree as well. This holds for examples with (g,7) up to (4,0), as well
(0,6) and (1,2). The data for (5,0) is also consistent with this conclusion, although
computation of the entire Ehrhart polynomial for even a single graph in this case

appears unfeasible. We therefore conjecture:

Conjecture I11.4.2. In Theorem II1.2.4, the restriction to odd values of the Ehrhart

quasi-polynomials is unnecessary.

We also remark that the same seems to hold for £ in the few examples we have
computed thus far. This is interesting in its own right, as there is no obvious relation
between the even values of the Ehrhart quasi-polynomials of £ and 27,

We also make some observations on the period of the Ehrhart quasi-polynomial
of Pg. First, in certain cases with » > 0 (for instance, when (g,7) = (1,1), (1,2), or
(3,1)) one can compute that the Ehrhart quasi-polynomial in fact has quasi-period 4.
This is as expected based on the fact that for any graph G of the corresponding type,
some vertices of Pz have quarter-integer coordinates, but it is interesting in that
it means that Theorem II1.2.4 is producing potentially infinitely many examples of
rational polytopes for which the Ehrhart quasi-polynomial has different quasi-periods
when restricting attention to even or odd values. In contract, we have observed that
when 7 = 0 the Ehrhart quasi-polynomials of 2¢ and P always appear to have
quasi-period 2 and 1 respectively, rather than the a priori expected quasi-periods of
4 and 2. This would follow from the above conjecture for g < 4, since in this case
by Lemma, II1.3.8, there is always a G with all vertices of ¢ lying on half-integers
(and correspondingly, all vertices of &, lying on integers). However, Lemma II1.3.8
also says that for g = 5 and above every £¢ must have some vertices with quarter-
integer coordinates. Yet, the data we have for g = 5 is consistent with the Ehrhart
quasi-polynomial of &g having quasi-period 2. Thus, we seem to have a separate

pattern not explained by our previous conjecture, and we ask:

Question II1.4.3. Is it true that for » = 0, the quasi-period of the Ehrhart quasi-
polynomial of %, is always 2?7 Are there other cases where the quasi-period is

smaller than expected based on the denominators of the vertices of £ as G ranges
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over all quasi-graphs corresponding to (g,7)? Is the quasi-period of the Ehrhart
quasi-polynomial for £, always half the quasi-period for £g?

Finally, we would like to add that Mochizuki had already remarked on the exis-
tence of apparently non-trivial combinatorial identities implicit in his work (see [23, p.
238-239]), but in a more general setting than we have treated here. Additional fam-
ilies of combinatorial identities are obtainable by considering more general nilpotent
torally indigenous bundles than the dormant ones we have examined. For instance,
Mochizuki treats a few cases of these identities for g = 0,1 in the situation of ordi-
nary torally indigenous bundles; see [23, p. 24] and [23, Cor. V.1.3, p. 237]. He also
develops the basic combinatorial algorithms necessary to describe the intermediate
cases, called spiked torally indigenous bundles; see [23, Def. 11.3.1, p. 160], [23, Thm.
V.1.1, p. 236], as well as the diagram [23, p. 270]. Translating these identities into
combinatorial language is likely to be more complicated than for the dormant case,

but may yield correspondingly more interesting identities.
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Appendix A

Proof of Proposition 1I1.8.1

The purpose of this appendix is to prove Proposition 11.8.1 by showing both sides of
(I1.8.1) are equal to

d
?d}f Z sign(o) Hz(o,j).

€Sy
We always assume that V = {vy,vs,...,0441} is the vertex set of a d-simplex in
general position, where the coordinates of v; are x; = (2;1,Zi 2, - . ., Ziq4). We first give

some new notation and definitions.

Forallk:1<k<d, let X = (5')\]9,1, - ;ﬁk,d) = (-'Ek,l — Zd41,1y- -1 Lhd — -'L'd+1,d) =

Xk — Xg41. Define

To)1 To)2 “°° To()k
Ro(o.k) = ZEO'(.2),1 @(’2),2 53\0(.2),k |

To(k)1 Zo(k)2 " ° Zok)k

1 Zoy1 0 Zoqr) k-1
?V(G', k) = 1 EU\a(.z),l fEa(Z?,k—l ,

1 Zogyr -+ Togk)k-1
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and

2y (0, k) = det(Xy (o, k))/ det(Yy (o, k).

Then
Zv(o,k) = (—1)’°zv(a, k). (A.0.1)

Again, when there is no confusion, we omit the subscript V from Xv (0,k), Y (0,k)
and 2y (o, k).

We define certain subsets of the symmetric group &4, which we will use in our
later proofs. We denote by & the set of permutations on some set T and use one-line

notation for all permutations.

Definition A.0.2. a) Let (A,T', A) be a partition of [d] with the sizes of A and T’
to be £ and i, respectively. For any A € G, v € Sr and § € G4, we denote
by (6,7, A) the permutation (A(1),...,A(£),¥(1),...,7(2),0(1),...,8(d—£—1)).

" For fixed A and 8, we denote by & 24,6 the set of all of the permutations in the
form of (A,7,d).

b) In particular, when A is the empty set, i.e., (A, T') is a partition of [d], we simply
write & Ad,s 88 é,\,d which is the set of all of permutations in the form of (A, «),

for some fixed \ € S,.

c¢) We analogously define &5 in the case that A is the empty set, i.e., (I',A) is a
partition of [d].

A.1 Right side of (11.8.1)

Because Z(o,j) = (—1)z(0,j) and det(i(l,d)) = (—1)4det(X(1,d)) to prove that
the right side of (II.8.1) is equal to iEaeed sign(o) H;le(a,j) is equivalent to
showing that

d(d—
2

d
3" sign(o) [] 2(0,5) = (DT det(X (1, d)). (A.1.1)
j=1

€Sy

The following lemma gives a stronger statement. It involves Sq4. For any o =
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(7,0) € G445, and V1 < j <, det()?(a,j)) and det(Y (s, )) do not depend on 6. So
we simply write them as det()? (v,4)) and det(?('y, 7))-

Lemma A.1.2. Forany 1 <1 <d, let (T, A) be a partition of [d] with the size of T
equal to i. For any 6 € Ga and y € Gr, we have that

Y sign(0) [[ 200, 5) = (=1)*F " sign((7, 6)) det(X (7,5)). (A.1.3)

UEéd’J J=1
In particular, (A.1.1) holds.

Proof. We prove (A.1.3) by induction on i. The base case is i = 1 : there is only one
o in Sy and sign(o) = sign((7,6)). Together with the fact that det(?(fy, 1)) =1,
(A.1.3) holds.

Now assuming that (A.1.3) holds when ¢ = 4 > 1, we consider i = iy + 1.
Forany m : 1 < m < 4, let T™ = T'\ {y(m)} and A™ = AU {y(m)}. Then
(0™ A™) is a partition of [d], where the size of T™ is 4 — 1 = 4. Let 4™ =
(v(1),...,y(m—=1),y(m+1),...,7()) and 6™ = (y(m),é(1),...,8(d—1)). We know
that sign((y(™, 6(™)) = (—1)"*™ sign((, 4)). Then by the induction hypothesis,

S sm@) 500 = )42 bgn(,5) det(R (i~ 1)

UEGd’J(m) J=1

(=1) “TE=2H4m gien ((y, 8)) det(X (7™, i — 1))

However, (& 5m))1<m; gives a partition for Gy 5, and for any ¢ € &4, 7(0,4) is an

invariant. In particular, 2(s,4) = 2((v, 8), 1) = det(X (v, 1))/ det(Y' (7, )). Therefore,

> sign(a>H2<a,j)—Zz<<%6> I s1gn(a)Hz(a 7)

UEéd’J Jj=1 m=1 ce& 4,67 J=1

(_1) gi—uzgi—zl-l,-i—l sign((fy, 5))2((% 5)’ 2) Z(_l)m-i-l det(f(’y(m),i _ 1))

m=1

= (=1)"5" sign((7,8))3((7, ), 4) det (¥ (7, 1))
= (-1)"7" sign((y, 6)) det(X (7, 1)).
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Therefore, (A.1.3) holds. If we set ¢ = d, then A =0, and I = [d]. Letting y =1
be the identity in &4, we obtain (A.1.1). O

A.2 Left side of (II1.8.1)

The proof that

d

Z sign(o)gq(z(0,1),...,2(0,d)) = o Z sign(o) Hz(a,j) (A.2.1)
0€By d! 0e6y j=1

is relatively harder than what we did in the previous section. We need to use the

following lemma.

Lemma A.2.2. For any 0 < £+ k < d — 2, given p(y1,...,ys) a function on £
variables, let q(o) = p(z(0,1),...,2(0,£)),Yo € &,. Then

d :
3 sign(a)g(o) (Iz](f?ff))ﬁl — 0. (A.2.3)

€Sy

Given this lemma, we are able to prove the following proposition which implies

(A.2.1) when we set £ = 0.

Proposition A.2.4. Define so = 1,2(0,0) = 1. For any £ : 0 < £ < d, we have that

Z Sigl'l(O')gd(Z(O', 1)7 s )Z(U) d)) (A25)
eSSy
z(o,1)
e s T, 2(0, )
_ _ i=t+1”\5J) 4,
= (d E)' Z sign(o) Z Z ————(z(a,ﬁ))d*@ sy 5
c€Gy s1=1 sp=1

Proof. We proceed by descending induction on £.
When £ = d, (A.2.5) holds by the definition of g4.
When £ =d — 1, it’s easy to check that (A.2.5) holds.
Assuming (A.2.5) holds for £ = £y +1 < d— 1, we consider £ =¥, < d — 2. By the
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induction hypothesis,

>~ sign(0)ga(z(c, 1), ..., 2(0, d))
ceSy
z(o,1) z(o,8+1)

e 0 e Hc'l—uz (0,7)

T A== Z sign(o) Z Z (z(0,€ +1))d-¢-1 S

UEGd 8]— S£+1—1

2(0,1)

(7,0) 50 z(ae 1)315 1 Hd

i=t+22(0,7) (o,0+1
= 1)' Z sign(o) Z . Z (z(a,ﬁe:- 1))d_e_1Pd_g_1(Z—z—(o_,—[)——)-Se).

€Sy

Recall that Pj_,_1(x) is the power sum polynomial. Note that d — ¢ -1 > 1. By
(11.6.9), (I1.6.10) and (I1.6.11), we can assume

d—{-1

d£+Zcmx

Py_e- 1(33)

where ¢, € R.

ForVm:1 <m <d—/¥¢—1, defining o = 1, let

~—1-8() _e_sl 1

potan 0= 3 3 (%)

s1=1 8e=1

Then p,, is a function on £ variables. Let

(Im(U) = pm(Z(O', 1)’ s ,Z(O', E))

Then

O»—-

r4
z

H —042%(0,7) [ 2(a,€+1)
2 sign(o Z= ' ; o L+ )Er ( 2(0,0) Sf)

€Sy

Hd—£+2 Z(Ua .7)
= > sign(o)gm(o) e
= (2(0, £ + 1))361

. H?:e IZ(O',j)
= z sign(o)gm (o) (z(a,£—+i— Tyydtm =0.

eSSy
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The last equality is by (A.2.3). Therefore,

Y sign(0)ga(2(a,1), - -, 2(0, d))

€Sy
2(o,1 8 (a—l s .
_ Z Slgn U) ﬁgo ' ziazzj £—1 H]—Ll.zz g J) 1 (Z(O’,€+ 1)
1)' g€S&y s1=1 sp=1 ( (0’,@ + 1))‘1-2_1 d—1¢ Z(O’,ae)
2z(o,1)
2(,0) 30 o7 1)34— Hd )
j=£f+1 Z(U;J) d—t
= si g . g .
(d—- E 24;‘1 gn(o) SIZ_:I ; (2(c, )4t °t

Now we have everything we need to prove Proposition II.8.1.

Proof of Proposition I1.8.1

The proposition follows from (A.2.1), (A.1.1) and the facts that z(0, j) = (—=1)7z(0, j)
and det(X(1,d)) = (—1)4det(X (1,d)).

A.3 Proof of Lemma A.2.2

It remains to prove Lemma A.2.2, which is most complicated part of this section. We
will break the proof into several steps. The first lemma we need involves symmetric
polynomials.

A symmetric polynomial on d variables v, ..., y4 is a polynomial that is unchanged

by any permutation of its variables.

Lemma A.3.1. For any k > 0, there exist symmetric polynomials d¥(y1, vz, - - -, ¥i)
on variables y1,ya,...,% for any i : 1 < i < k + 2 and symmetric polynomials

(p;?(yl,yz,...,yj) on variables y1, Yo, -..,y; forany j :2 < j < k+2, so that

oh=1, #k=1, =0, (A.3.2)
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k
Oy w) = ik, =1, (A.3.3)
i=0
Vi<i<k+1, S, - )Y = oEa (Y)Y (A3.4)

= —@F (Y, Yir) W1 Yisr-

Proof. Proof by induction on k.

When k=0, ¢ =1,¢3 = 0,93 =1 = $ys — ©Jy2 = —dIy170.
Assume that (A.3.2),(A.3.3) and (A.3.4) hold for k = ky > 0. We check the case
k=ko+1.

We set

¢

1, if i =1,

¢§(y17""y’i)= J (Pf_l(yly---’y'i)’ if2<i<k+1,

LO’ ifi=k+2

Note that ¢f,, = = ok +1 = 1 by the induction hypothesis. Thus, (A.3.2) holds.

Now all of the ¢¥’s are given. In order to satisfy (A.3.4), for V1 < i< k+1, we

set

(pf+l (yh R )y‘i+l) = ¢f(y1) s >yi)yf-|-}-ll_1 + ¢z+l(y1: R >y'i+1)y1 C Y (A35)

Hence, it is left to show that <p§+1’s are symmetric polynomials and satisfy (A.3.3).

When ¢ = 1, ok(y1,52) = #¥@1)yk + 5y, )y = v + 5 'y, )y = 95 +
(Ez_—:o ylyz ) h = 21_0 yiyg— .

When 2 < i < k, because the right hand side of (A.3.5) is symmetric in y1, 32, - . . , ¥,

it’s enough to show that it is symmetric in 3, and y;,,. However,

S, m) = &y, w)
= f_—f(yl,---,y@—l)yk“' ¢f'1(y1,---,yi)y1"'yz'—l-
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Because ¢F is symmetric, we can switch and y;. So
S, ou) = S ey U T O YR Y

Similarly,

S, Yir) = O ey Y)Y B (- Y)Y Y

Therefore,

(pi'c-i-l(yl, o Vi)

= ¢ (Y2 - T TA AR VAR oy, Y)Yz Y T+

O (Yo, i) T Sl Yis1) s Y

is symmetric in y; and yiq1-

When i =k + 1, ¢f (11, -, Yig1) = O+ Byt Y1 = L. O

Lemma A.3.6. Forany0<k<d-2,1<i<k+2, let (T,A) be a partition of [d]
with the size of T' equal to i. For any 6 € Sa and v € &r, we have that

= 2a, (41 k(. T ~
> sign (o) R0 850 o, ) L B101) 4ot (7 (1, ).

o€y (Z(o, 1))+ H;=1(mv(j),l)k+2 !

(A.3.7)

Proof. We prove (A.3.7) by induction on 1.

When i = 1, there is only one o in G4 and sign(a) = sign((,9)). Together with
the facts that ¢* = 1, 2(0,1) = Zo),1 = Zy1)1 and det(Y (v,1)) = 1, we conclude
(A.3.7).

Assuming that (A.3.7) holds when ¢ = i5 > 1, consider ¢ = i + 1.

For any m : 1 < m < i, les I™ = T'\ {y(m)} and AM = AU {y(m)}.
Then (I, A(™) is a partition of [d], where the size of I™ is i — 1 = io. Let
A = (y(1),...,v(m — 1),y (m +1),...,7(5)) and ™ = (y(m),6(1),...,d(d ~ 7).
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Then by the induction hypothesis, we have that

G’GGd’&(m)

(1) sign(q, g S Frn)
Hj:l(3%("0(]'),1)k+3_z

det(Y (7™, i — 1)).

However, (& sm) )1<m<: gives a partition for &45. Therefore,

Z sign(o )l(_I(a Alz(;jkjl Z Z sign( O')H 1200,7). Z(o,i—1).

))k+1 (
aeéd,g "esd 50

But for any o € éd,é(m), Z(o,i — 1) is an invariant. In particular, z(o,¢ — 1) =

2((y"™, 60, i — 1) = det()/(:(fy(m),i — l))/det(?(fy(m),z' —1)). Hence,

1))k+1
el (0,1))
¢ i§i~l!_l . (m) (m) ¢«{F_1(Ay(m)(l) 1y > 'y(m)(z 1) 1) (m)
= Y (=177 'sign((4!™,6)) s det(X (™, i - 1)).
m=1 H (xv(m)(y) 1)

Note that (Z(m),1 )+~ zH 1@y = HJ (&), 1)FeY and sign((y™), 6M)) =

(—1)"*™sign((v, 6)). Therefore,

ign{o w = i—l 144 Sign((’y, 5))
a%’asgn( )(A( , 1))k (—1)"> TG

where

i

A = D D" @m@n - By, @oomy,) T det(X (i - 1))

m=1
¢ (T T, )T yetd-i 2 cee T()d
i—1\Ly(1(1),15 - - 5 Ly (i-1),1/ (D)1 ¥(1),1 ¥(1),i—1
k -~ o~ ~ k+3—i = ~
_ g || @0 o) @e)TT Ba e See
¢¢—1($«,<i)(1),1, e :x'y(i)(i—l),l)(x’y(i),l) Hom Tyl " Ta(i)i-1
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By (A.3.4), if we subtract the second column times O (T (1)1, - - - » By(i),1) from the

first column, then

_¢f(£7(1):17 s >§‘Y(i),l)§‘y(l),l T 5?7(1'),1 -f/U\'y(l),l ce 5’5\1(1),1‘_1
A = —det ~ @y B@)Em  B@a Ta@1 T Ty
‘¢i‘c(5’3\7(1),1’ e By )T(1)1 Ty Ty Ti)ie1

= @)1 Ty 1) TA@)1 By det (Y (,2))-

Therefore,
H;—_ll?(mj) 1) BE@y1)1s - - - Tyt 1) >
sien(o)—=t——=(-1)"2 ~si ,0)) L L det(Y (7, 1))
3 sl e = (0 0 e T ¥ (,9)

a

Corollary A.3.8. Forany0<{¢+k<d-2,i=k+2 let (A, T, A) be a partition
of [d] with the sizes of A and ' equal to £ and 1, respectively. For any 6 € Ga and

any A € Gx, we have that

TS 20,9)
Z sign(o) Glo. L+ 1) =0, (A.3.9)
(76(‘15)‘74,5
and
TS 2(0,4)
Z sign(o) Glo L+ D) =0. (A.3.10)
Uéé)\,dya

Proof. Proof by induction on £.

When £ = 0, (A.3.9) follows from Lemma A.3.6 and the fact that @ 1o = 0. Thus,
(A.3.10) holds by (A.0.1).

We assume for £ = £, > 0, (A.3.9) and (A.3.10) holds. We check the case £ = £o+1.
Because (A.3.9) and (A.3.10) are equivalent by (A.0.1), it’s enough to show (A.3.9).

Without loss of generality, we assume that d € A and A(1) =d. For1 < ¢ < d—1,
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define

(Tp,g+1 — fd,qﬂ)/(fp,l —T41), f1<p<d-1,

Yog = R R

Zp.g+1/Zp,1, if p=d.

Let W be the vertex set {wy,ws, ..., wq—1}, where the coordinates of wy, are (yp,1, yp,2,
. Ypd—1)- For any o € Gy s, let ¢ = (6(2),0(3),...,0(d)). Because A(1) =d, s €

Ga_1. Clearly, (A \ {d},T,A) is a partition for [d — 1] and s € Sy 4_1,, where
N = (AN2),...,A(£)). Therefore, for j > 2,

det(X (, 5))

( ( ffa(z),l 50\0(2),2 53}(2),;'
= (=1)"det R
ZTo(G),1 La()2 " To(3),j
\ B B o By
/ / To2)1 — Td1 Zo)2 —Zd2 "' To(@),j — Tdj
= (=1)"'det R R R R R
Zo(i),1 — Td1 Tg(),2 —Td2 “°° To(j)j — Td,j
\\ T Tap = Ta,;
1y 0 Ys(r)g-1
7 . . . .
- (—I)J_lfd,l H(ﬁ,(p),l — fc\d,l) det
p=2 L yeg-na - Ys(i-1),5-1
I yg12 - Yd—1,j-1

J
= (=124 [[@ot1 — Ba) det(Xw (s, 5 — 1)).

p=2

Similarly,

det(Y(0,5)) = [ @ooy1 — Fan) det (Y (s, 5 — 1)).

p=2
Hence,

2(0, ) = det(X (0, 4))/ det(Y (0, 5)) = (= 1) Zgz2w (s, 5 — 1)
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Note that sign(o) = (—1)%!sign(s). Hence, by the induction hypothesis,

4+k+1 ~ .
H_j:fil 2(07.7)

D sien(o) (Z(o, £+ 1))k

O'Eé)\,d,ls
{+k+1 i .
= Z (_1)d—1 Sign(c)njzf-l—l(_l)') IZW(§,] - 1) =0
o w5, Q)
A,d—1,6

a

Proof of Lemma A.2.2. Consider any partition (A, T', A) of [d], where the size of A is
fand thesizeof 'isi =k+2. f we fix A € &, and § € &4, then Vo € é,\,d,(;, z(0,7)
is an invariant when 1 < 7 </Zor £+ ¢ < j < d. Therefore, by (A.3.10),

. H?:é IZ(O',j) _
> sign(o)a(o) v =

Uéé)"d,5

But all of the & Ad,s's give a partition for &4. Thus, (A.2.3) holds.

88



Bibliography

[1] T. M. Apostol. Introduction to Analytic Number Theory. Springer, 1976.

[2] A. Barvinok. Lattice points, polyhedra, and complexity. Park City Math Institute
Lecture Notes (Summer 2004). to appear.

[3] A. Barvinok. A polynomial time algorithm for counting integral points in poly-
hedra when the dimension is fixed. Math. Oper. Res., 19:769-779, 1994.

[4] M. Beck, J. De Loera, M. Develin, J. Pfeifle, and R. P. Stanley. Coefficients and
roots of Ehrhart polynomials. Contemp. Math., 374:15-36, 2005.

[5] M. Beck and D. Pixton. The Ehrhart polynomial of the Birkhoff polytope.
Discrete Comput. Geom., 30:623-637, 2003.

[6] M. Beck and S. Robins. = Computing the continuous discretely: Integer-
point enumeration in polyhedra.  Springer, (to appear).  Preprint at

http://math.sfsu.edu/beck/papers/ced.html.

[7] U. Betke and P. Gritzmann. An application of valuation theory to two problems

of discrete geometry. Discrete Math., 58:81-85, 1986.

[8] R. Diaz and S. Robins. The Ehrhart polynomial of a lattice polytope. Ann. of
Math., 145:503-518, 1997.

[9] E. Ehrhart. Sur les polyédres rationnels homothétiques & n dimensions. C. R.

Acad. Sci. Paris, Sér A, 254:616-618, 1962.

89



[10] E. Ehrhart. Sur la loi de réciprocité des polydres rationnels. C. R. Acad. Sci.
Paris, Sér A, 266:695-697, 1968.

[11] P. Gritzmann and J. M. Wills. Lattice points. Handbook of convex geometry (P.
M. Gruber and J. M. Wills, eds.), vol. B, North-Holland, Amsterdam, 1993.

[12] P. M. Gruber and C. G. Lekkerkerker. Geometry of numbers. second ed., vol.
37, North-Holland Publishing Co., Amsterdam, 1993.

[13] M. Henk, A. Schiirmann, and J. M. Wills. Ehrhart polynomial and successive
minima. arXiv:math.MG/0507528.

[14] T. Hibi. Algebraic combinatorics on conver polytopes. Carslaw Publications,

Glebe, Australia, 1992.

(15] T. Hibi. Dual polytopes of rational convex polytopes. Combinatorica, 12:237-
240, 1992.

[16] J. C. Lagarias. Point lattices. Handbook of Combinatorics (R.L. Craham, M.
Grotschel, and L. Lovész, eds.), vol. A, North-Holland, Amsterdam, 1995.

[17] F. Liu. Ehrhart polynomials of lattice-face polytopes. To appear in the Trans-
actions of the AMS. arXiv:math.CO/0512616.

[18] F. Liu. Ehrhart polynomials of cyclic polytopes. Journal of Combinatorial The-
ory Ser. A, 111:111-127, 2005.

[19] F. Liu and B. Osserman. Mochizuki’s indigenous bundles and Ehrhart polyno-
mials. J. Algebr. Comb., 23:125-136, 2006.

[20] J. De Loera, D. Haws, R. Hemmecke, and P. Huggins. A user’s
guide for latte v1.1, software package latte. 2004. available at
http://www.math.ucdavis.edu/~latte.

[21] I. G. Macdonald. Polynomials associated with finite cell-complexes. J. London
Math. Soc. (2), 4:181-192, 1971.

90



[22] T. B. McAllister and K. M. Woods. The minimum period of the Ehrhart quasi-
polynomial of a rational polytope. J. Combin. Theory Ser. A, 109(2):345-352,
2005. arXiv:math.CO/0310255.

[23] S. Mochizuki. Foundations of p-adic Teichmiiller Theory. American Mathemat-
ical Society, 1999.

[24] L. J. Mordell. Lattice points in tetrahedron and generalized Dedekind sums. J.
Indian Math. Soc. (N.S.), 15:41-46, 1951.

[25] M. Mustata and S. Payne. Ehrhart polynomials and stringy Betti numbers.
arXiv:math.AG/0505054.

[26] B. Osserman. Mochizuki’s crys-stable bundles: A lexicon and applications. To
appear in the Publication of RIMS. arXiv:math.AG/0410323.

[27] B. Osserman. Rational functions with given ramification in characteristic p. To

appear in Compositio Mathematica. arXiv:math.AG/0407445.

[28] J. E. Pommersheim. Toric varieties, lattice points and Dedekind sums. Math.

Ann., 295:1-24, 1993.

[29] R. P. Stanley. Enumerative combinatorics, vol. 1. Cambridge Studies in Ad-
vanced Mathematics, vol. 49, Cambridge University Press, Cambridge, 1997.

[30] R. P. Stanley. Enumerative combinatorics, vol. 2. Cambridge Studies in Ad-
vanced Mathematics, vol. 62, Cambridge University Press, Cambridge, 1999.

[31] K. M. Woods. Computing the period of an Ehrhart quasi-polynomial. 2005.
arXiv:math.CO/0411207.

[32] G. M. Ziegler. Lectures on Polytopes. Springer-Verlag, New York, revised edition,
1998.

91



