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ABSTRACT

Theoretical predictions of specific strength and specific stiffness of
nanocomposites make them attractive replacements for alloys and fiber reinforced
composites in future generations of numerous structures. The reliable and safe utilization
of nanocomposites will require their periodic characterization with nondestructive
evaluation. When subjected to ultrasonic waves, nanocomposites often exhibit
attenuation that is an order of magnitude higher than that of carbon fiber reinforced
polymeric composites. Thus, an accurate model of ultrasonic wave propagation in
nanocomposites as well as several other modern composites must include attenuation.

Lattice modeling is a heuristic approach that consists of the discretization of
solids into regularly spaced particles interconnected via nearest-neighbor interactions.
For example, the mass-spring-lattice model (MSLM), a lattice model for the simulation
and visualization of elastic wave propagation, has been used in favor of other finite-
difference and finite-element methods due to its straightforward implementation of
boundary conditions and relatively inexpensive explicit numerical integration.

Its utility notwithstanding, MSLM discretization produces documented, yet
previously unresolved and uncharacterized, numerical errors. In addressing errors
associated with numerical anisotropy and surface wave propagation, two main points are
revealed. (1) For isotropic materials having a Poisson’s ratio less than 0.4, 20 grid spaces
per shear wavelength are required to ensure phase speed errors of less than 1%. (2) For
precise implementation of MSLM traction boundaries, correction terms are formulated.

Further, the MSLM is not capable of modeling ultrasonic wave propagation in
nanocomposites and many thick composites, polymers, and nanocrystalline metals, in
part, because of the associated losses due to attenuation. The mass-spring-dashpot lattice
model (MSDLM) is therefore formulated to simulate and visualize wave phenomena in
attenuating, viscoelastic media. Via the dispersion relations for a standard linear solid,
the MSDLM spring and dashpot constants are set to match the corresponding wave
propagation phase speeds and attenuation. The convergence, stability, and accuracy
criteria for the MSDLM are presented for one and two-dimensional models. Additional
verification is provided through numerical examples and comparisons with known
solutions.

The homogenization of the elastic and viscoelastic mechanical properties of the
nanocomposite constituents is implied in the use of the MSDLM. Assuming the
characteristic wavelength is much larger than the characteristic length scale of the
interrogated nanocomposite phases, interaction of ultrasonic waves with nanometer
constituents is captured by the inherent, frequency-dependent attenuation.



To illustrate a practical application of lattice modeling, mass-spring-dashpot
lattice models for the ultrasonic nondestructive evaluation of an attenuating
nanocomposite containing subsurface cracks are developed. Full-field wave propagation
simulations of these models as well as the corresponding model of a pristine
nanocomposite are conducted, and their relative surface displacements are presented.
These relative surface displacements of the cracked and pristine models reveal guidelines
for the identification of subsurface cracks in nanocomposites and other attenuating
materials.
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Chapter 1: Thesis Introduction

1-1 INTRODUCTION

Modern composites consist of a matrix (generally polymer, metal, or ceramic) and
reinforcement (generally fibers, platelets, or spheroids) that are combined to produce
materials having mechanical properties tailored for specific applications. Substandard
fabrication procedures, environmental exposure, and handling or service deterioration can
affect their mechanical properties without effect on their visual appearance.

Because composite components are subjected to increasingly demanding
structural requirements, their periodic characterization by various nondestructive
evaluation (NDE) techniques is an important aspect of ensuring their reliable
performance. In ultrasonic NDE, prescribed time-dependent waves are propagated
through the interrogated structure. Due to reflections, scattering, and absorption of these
waves, output surface tractions and/or displacements can be detected, and ideally related
to deterioration or inherent characteristics of the component.

Theoretical predications for the specific strength and specific stiffness of
nanocomposites make this novel class of materials attractive replacements for alloys and
modern fiber reinforced composites in a variety of future structures. When subjected to
ultrasonic waves, nanocomposites often exhibit attenuation that is an order of magnitude
higher than that of modern carbon fiber reinforced composites. Thus, an accurate model
of ultrasonic wave propagation in nanocomposites must include attenuation.

Numerical methods can provide a powerful tool for simulating ultrasonic waves.
The mass-spring lattice model (MSLM), for instance, has been used for modeling,
simulating and visualizing elastic wave phenomena by discretizing a material into an
assemblage of particles interconnected with springs [1-1 through 1-4]. However, there
are unresolved and uncharacterized errors associated with MSLM discretization [1-5,
1-6].

Furthermore, the MSLM is not capable of modeling ultrasonics in
nanocomposites, largely, because of the associated losses due to attenuation [1-7,1-8].

The objectives of this thesis are summarized in the following four steps.

1. The investigation of the numerical convergence of phase speed and the

consistency of traction boundaries in the MSLM.

13
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2. The development of a computational model for simulating broadband ultrasonic
wave propagation in highly attenuating media.

3. The presentation of visual simulations of the propagation, scattering and
reflection of waves in nanocomposite materials and structures, having both
reflecting and absorbing boundaries.

4. The generation of parametric input-output ultrasonic wave spectra due to the

presence of overt flaws in nanocomposites and attenuating materials.

1-2 THESIS ORGANIZATION

The thesis is organized into five chapters.

Chapter 1 describes the motivation, outlines the objectives, and describes the
organization of the thesis.

Chapter 2 begins by reviewing the historical evolution of the MSLM and
describes numerical errors associated with MSLM discretization. It explores the
numerical phase speed error for plane waves and offers discretization guidelines on the
required number of grid spaces per wavelength. Futhermore, correction terms to
precisely implement traction-boundary conditions are formulated and verified.

Chapter 3 formulates the mass-spring-dashpot lattice model (MSDLM) for the
simulation and visualization wave phenomena in attenuating viscoelastic media. The
exact dispersion relations of a standard linear solid model are presented and rigorous
convergence analyses on the corresponding discretization is investigated. Several
numerical examples are presented as verification.

In Chapter 4, the MSDLM is applied to the modeling of ultrasonic NDE of an
attenuating nanocomposite containing subsurface cracks. The full-field displacement
field of scattering in the vicinity of horizontal and vertical cracks in an attenuating
nanocomposite half-space is explored. Relative surface displacements of the cracked and
pristine models reveal guidelines for the identification of subsurface cracks.

Chapter 5 outlines the contributions of the thesis.

14
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CHAPTER 2.
NUMERICAL ACCURACY OF
MASS-SPRING-LATTICE MODEL

ABSTRACT: The mass-spring-lattice model (MSLM), a numerical model for the
simulation of elastic wave propagation, discretizes an elastic solid into an assemblage of
particles interconnected with extensional and rotational springs. The MSLM has been
used in favor of other finite-element and finite-difference based methods because of its
straight-forward application of boundary conditions and relatively inexpensive explicit
numerical integration. However, various MSLM numerical errors have not been fully
investigated. A convergence analysis reveals that, for isotropic materials having
Poisson’s ratio less than 0.4, 20 MSLM grid spaces per shear wavelength are required to
ensure phase speed errors of less than 1%. As Poisson’s ratio approaches the
incompressible limit, the computational expense increases dramatically. Additionally,
correction terms necessary for the precise implementation of MSLM traction boundaries
are formulated and verified through a numerical example.

CONTENTS:
2-1 | 15 o Te 11 To1 510 + DR 19
2-2  MSLM Phase Speed EITor..........ociuiiiiiiiii i 20
2 B ©74)115 1411101 « DU TP 20
2-2.2 MSLM DisCretization. .......oouviririeeeiiite e eaaiee e iaeieeeainneann 21
2-3  MSLM Traction Boundary Conditions............ccooeveiiiiiniiiinieninnnnnn.n. 29
2-3.1 One-Dimensional MSLM... ..., 29
2-3.2 Two-Dimensional MSLM. ......ccoiiriiiiiiiii e, 30
2-3.3 Numerical Example..........c.ooiiiiiiiii 35
2-3.4 Interface of Dissimilar Materials...............cocoiiiiiiiiiinn. 37
2-4  CONCIUSIONS. ...ttt ettt et et e e et eaaans 41
2A  Force and Constitutive Expressions for Traction Boundary Conditions..... 42
2B Lamb’s Problem......cccoviiiiiiii i e e 43

2C Force and Constitutive Expressions for Interface of Dissimilar Materials... 48

17



Lattice Modeling of Ultrasonic Nondestructive Evaluation of Attenuating Materials

P relating to longitudinal waves

S relating to shear waves
std.dev.

relating to standard deviation

18

NOMENCLATURE
Symbols
A unit area u,v  displacement
C Courant number U,V  Fourier transform of displacement
¢ phase speed
D unit depth At numerical time step
F  force & phase speed error
G amplification matrix ¥ Gaussian offset
g extensional spring constant 7 rotational spring constant
A numerical grid spacing 6 angle with respect to horizontal
i imaginary number x wavelength
,J indicial notation for grid position A,u Lamé constants
k wavenumber v Poisson’s ratio
N number of grid spaces per 7z ratio of circle’s circumference to
wavelength diameter
P relating to longitudinal waves P density
O peak force per unit depth o, stress tensor
R applied force & eigenvalue of amplification matrix
S relating to shear waves @ circular frequency
Subscripts
center relating to center
min relating to minimum



Chapter 2: Numerical Accuracy of Mass-Spring Lattice Model

2-1 INTRODUCTION

Numerical methods can provide powerful tools for simulating ultrasonic waves. The
mass-spring lattice model (MSLM), for instance, has been used for modeling, simulating
and visualizing elastic wave phenomena by discretizing a material into an assemblage of
particles interconnected with springs. This idea can be traced to Cauchy and Poisson in
the 1840s though their models were incomplete [2-1]. The MSLM reemerged in the
1970s, and later extended in the 1980s, through the wave propagation work of Harumi [2-
2 through 2-9], in Williams’s NDE investigations during the 1980s [2-10], in Ayyadurai’s
computation and visualization studies in the late 1980s [2-11,2-12], in Yim’s
formulations for transversely isotropic and dissimilar materials during the 1990s [2-13,2-
14], and in Sohn’s modeling of the scanning laser source technique in the early 2000s [2-
15, 2-16]. A closely related spring model, the local interaction simulation approach
(LISA), was developed in the 1990s by Delsanto [2-17, 2-18, 2-19] in order to exploit
parallel computing.

In addition to the straightforward implementation of boundary conditions such as
free surfaces and material interfaces, relatively inexpensive, explicit integration schemes
make the MSLM and LISA attractive alternatives to other finite-difference and finite-
element methods for simulating wave propagation.

However, there are computational errors involved in the MSLM discretization that
have not been thoroughly studied. For example, Yim and Sohn [2-13] investigated the
numerical phase speed error for waves traveling parallel to the MSLM grid, but the
numerical phase errors for a wave traveling at an arbitrary angle have not been
investigated.

Furthermore, it is known that the heuristic treatment of traction-free boundary
conditions in the MSLM leads to errors in wave phenomena such as the reflection of
body waves at free surfaces [2-20] and the propagation of surface waves [2-16]. To
precisely impose traction-free boundary conditions, Sohn and Krishnaswamy [2-16] used
a hybrid higher-order finite difference method [2-21] along the boundaries and MSLM
discretization in the interior; however, the stability characteristics of those systems

resulted in a less efficient numerical implementation compared to the standard MSLM.
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In order to address and characterize the MSLM accuracy, the remainder of this
chapter is divided into two main sections: (1) the convergence analysis of the MSLM
numerical phase speed error at oblique angles of incidence and (2) the investigation into

the precise imposition of traction boundaries.

2-2 MSLM PHASE SPEED ERROR
2-2.1 Continuum
The equations of motion for a plane strain isotropic elastic medium expressed in

Cartesian coordinates are

52 52 62 6
62 B v Pu O
p—ét__(ﬂ+2ﬂ)?3y_+(ﬂ+ﬂ)a > Mot (2-2)

where p is the density, u is displacement in the x direction, v is displacement in the
y direction, and A and u are the Lamé elastic constants.

Consider a plane wave oriented at angle 6 with respect to the horizontal that is

expressed as

u(x, y,t)= IU . exp[f (xk cosf + yksin@ — cokt)]dk (2-3)

v(x, y,t) = JVk exp[f (xk cos@ + yksind ~ a)kt)]dk 2-4)

-

where U, and ¥V, are the Fourier transforms of » and v, respectively, corresponding to

the wavenumber k, i =+/—1, and @, is the circular frequency corresponding to k.

Substituting eqns. (2-3) and (2-4) into eqgns. (2-1) and (2-2) for a generic value of &

yields the matrix equation
aexact bexact Uk - 0 (2_ 5)
CEXHCI dexact V’k 0

= —pa” +(A+2u)k’ cos’ @ + pk’ sin® 6 (2-6)

where

aexact

b

exact

= (A + p)k?sinBcos b 2-7)
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=(A+ u)k*sin@cos (2-8)

Cexact

d..., =—-pw’ +(A+2u)k*sin® 0+ uk® cos’ 6 (2-9)

exact
In order for solutions to eqn. (2-5) to exist, the determinant must vanish, or
ad —be = (- p*a* + k(A +2p1) |- p*a* +k*u)=0 (2-10)
Solving eqn. (2-10) leads to the dispersion relations for the two fundamental types of

wave propagation in an unbounded isotropic linear elastic solid as

w=cpk, (2-11)
P

0=cyk, (2-12)

where

¢, = A+2p (2-13)
\} p

co= |2 (2-14)
P

Here ¢ is the phase speed, subscript P refers to a longitundinal wave in which the
continuum particle displaces parallel to the direction of wave propagation, and subscript
Srefers to a shear wave in which the continuum particle displaces orthogonal to the
direction of wave propagation. (Refer to [2-22] or [2-23] for a detailed discussion of the
wave propagation in elastic solids.)
2-2.2 MSLM Dicretization

The MSLM discretization of eqns. (2-1) and (2-2), is shown in Fig. 2-1, yielding
the following equations written in component form for a particle at position (i, ) and
time ¢ [2-13]

t+At ? t—At
U, —2u, + =ﬂ+#

i,] i,/ t t t
o (u‘l.—2u, .+u._1.)
(At)z Pe i+, WANLIEN
+i(’ + +f +' 4! ) (2-15)
Y UpgjmT U T Uy U 0 U, ;
A + ﬂ t t ! t
+4—/’l2( Vet jt T Vic jo = Vi ja = Via, j+1)
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Yy
A

»le

Fig. 2-1—Mass-spring-lattice model at interior plane-strain particle located at position (i, j). [2-13]

t+At t t—At
D Vi, 2Vt TV, A+ p (tv 2y 4ty )
= - Vg
(At)2 hz i,j+ i,j ij
ﬂ (f t ! H t )
'*"27 Ve, jt T Vicja P Vi ja Vi ja -4, J (2-16)
A+u

H t t t
+ ( Upjnt Uy ja™ Uy jo— ui—l,j+l)

4h*
where £ is the grid space and A¢ is the numerical time step. Via consistency, the

extensional and rotational spring constants are given by

8 =8 =D+ u) (2-17)
_D(A+3u) ]
= (2-18)
p=lw-4) D(i‘_l) (2-19)

where D is the unit depth.
Through von Nuemann analysis [2-13], the stability requirement for the Courant
number C is

C-= CPhA’ <1 (2-20)
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The value C =1 has been shown to be optimal in the sense that it minimizes the error in
numerical phase speed error for P waves aligned with the x or y-axis and yields the most
efficient computation time [2-13].

Consider a discrete plane wave oriented at angle 6 with respect to the horizontal

and given by
u, =>».'U, exp[f (ink cos 6 + jhk sin 6 — a)kt)] (2-21)
k
v, =2V, exp[f (ihk cos@ + jhksin @ — a)kt)] (2-22)
k

where ‘U, and 'V, are the discrete Fourier transforms of ‘u,; and ‘v, ;, respectively,

i,j°
corresponding to the wavenumber k. Substituting eqns. (2-21) and (2-22) into eqns. (2-
15) and (2-16) yields a matrix equation having the form

iy Gy (2-23)
where
w=[v v U vl (2-24)
Ay by —1 0
G= Crsie Ay 0 —1 (2-25)
1 0 0 0
0 10 0
and where
2
Ay = -2%?—((,1 + u)(cosk,h — 1)+ p(cosk hcosk,h—1))+2 (2-26)
2
bususy =~ 2D Gk hsink, 2-27)
ph
2
s = =L LIED” Gk hsin ke (2-28)
ph
2(At)°
dyry = %((/z + u)(cosk, k1) + pu(cosk hcosk,h—1))+2 (2-29)

In eqns. (2-26) through (2-29)
k, =kcosd (2-30)
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k,=ksin@ (2-31)
The four eigenvalues of the amplification matrix G are & ,, £, £ , and & ¢, where the

subscipts + or — refer to the positive and negative phases.

In light of eqns. (2-11) and (2-12), the positive phase change in one time step is

found as
@,/ At = Csh At (2-32)
@, At = ckgAt (2-33)
and the positive phase change from the numerical approximation is [2-24]
@ yspe At = Im{In(&, )} (2-34)
D510 A = Im{In(E, )} (2-35)

To quantify the difference in numerical phase change relative to the exact phase
change, the error in phase is defined as

= Dy Al = Dy AL VK _ Cor1pp = Corgen

@ At 1/k c

exact exact

(2-36)

which is just the error in phase speed. The nondimensional forms for P and S phase

speed errors are

£p = LI = fon, {N,,C.v.0) (2-37)
P

gy = SMIM TS _ o AN Cov,0) 238

S——_—c_—_ Cry Vg, 0LV, (2- )
S

where N, and N, are the number of grid spaces per P and S wavelengths,

respectively, and given by

27
N,="— 2-39
" ko (2-39)
27
N,="— 2-40
s koh ( )

The errors in wave speed for the case when v = 0.377, typical of a bulk metallic

glass nanocomposite [2-25], for #=0" and 6=45" are shown in Figs. 2-4 and 2-5,

respectively. A few observations are noted.
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Fig. 2-4—Percent error in phase speed as function of grid spaces per wavelength, where Poisson’s ratio
v =0.377, Courant number C =1, and angle of orientation § =0".
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Fig. 2-5—Percent error in phase speed as function of grid spaces per wavelength where Poisson’s ratio
v =0.377 , Courant number C =1, and angle of orientation 8 = 45°.
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First, when Ng >>1 and N, >>1, all phase speed convergence is of second order

and is manifested in the slope of two (2) on all the logarithmic plots of Figs. 2-4 and 2-5.

Second, as N, >>1 in Fig. 2-4, there is no P phase speed error for waves, which is in
agreement with [2-13]. In Fig. 2-4, when N, = N, the P phase speed error is smaller
than the S phase speed error.

Typically in engineering practice, &, = & = ¢ is often specified, and N, and N
are adjusted accordingly. According to Figs. 2-4 and 2-5, at  =0", to achieve & <0.01
requires Ny >10; at =45", to achieve ¢, <0.01 and & <0.01 requires N, >8 and
N, >10, respectively.

The nondimensional form for these requirements is given as

N, = fende,C,v,6} (2-41)
Ny = fen{e,C,v, 60} (2-42)

In Fig. 2-6, the numerical evaluation of eqns. (2-41) and (2-42) is achieved for the

case of C=1, 0<8<90°,and 0<v <0.5. (v can theoretically approach -1 as a lower

limit, but most engineering materials have positive values of v .)

A few observations can be made about Fig. 2-6. First, N, and N, are symmetric
about the angle 8 =45, which follows directly from the symmetry of the MSLM for an
interior particle as shown in Fig. 2-1. Second, as discussed in [2-13], when & — 0" and

€ — 90" the phase error decays to zero as N, — 0. Third, for a fixed v,as § > 45 N,
is maximum. Fourth, holding & =45", N, has a minimum near v=0.30 and increases

dramatically as v — 0.5. Fifth, holding & -»0° or §=90°, N; is a monotonically

increasing function of v.
Because there is only a single grid space parameter, for a given error requirement

either N, or N, will limit the accuracy. Using, the relationship between the P and

S phase speeds as
& |12 (2-43)
Cp 2(1-v)
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Fig. 2-6-—Number of grid spaces per wavelength required to achieve 1% or less phase speed error as function of Poisson’s ratio v and plane wave angle of
orientation @ with respect to horizontal axis for (a) P waves and (b) S waves. Here Courant number is equal to unity.
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a single parameter N is defined as

NS(S,C,V):max{mgx{NP(g,C,v,H)} %l mgx{NS(g,C,v,H)}} (2-44)

which represents an equivalent grid spacing per S-wavelength that would result in all
waves at all orientations propagated with phase speed error less than ¢.

Figure 2-7 shows N as a function of £=0.05, £=0.01, and £=0.005. The
more demanding accuracy requirement shift the curves up to higher required grid spaces
per wavelength. In the regions 0<v <0.12 and v >0.35, the accuracy is limited by
phase error of S-waves propagating at & =45°. The relatively shallow line segment from

0.12<v <0.35 is due to accuracy requirements on P-wave propagating at € =45". To
require £ < 0.01 for all P and S plane waves in a material where v < 0.40, a conservative

rule is therefore Ng >20.

30

25

20

10

Number of Grid Spaces Per S-Wavelength

0 1 1 1 i
4] 0.1 02 03 04 05

Poisson's Ratio, v

Fig. 2-7—Number of grid spaces per S-wavelength, as functions of Poisson’s ratio v, required for error in
phase speed for all P and S waves plane waves to be less than 5.0, 1.0 and 0.5 percent.
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2-3 MSLM TRACTION BOUNDARY CONDITIONS
In this section, the consistency of the MSLM traction boundary condition is

evaluated via a comparison with various finite continuum elements. This approach has
been used previously [2-12], but it was incorrectly applied and led to non-physical
results.
2-3.1 One-dimensional MSLM

Before preceding to two-dimensional traction boundaries, a one-dimensional
example is explored. A one-dimensional schematic of the MSLM dicretization in the
vicinity of a boundary is shown in Fig. 2-8a. The corresponding equation of motion is

. 2 2R,
Py :A—i(uN—l _uN)+E (2-45)

where g is the spring constant, A is the unit cross-sectional area, and R, is the surface

force applied to the outer particle.

The Taylor series expansion of the difference equation is

boundary face

Fig. 2-8—(a) Schematic of one-dimensional MSLM discretization in vicinity of boundary detailing
computational cell boundaries and neighbor interactions. (b) Free-body diagram of forces on continuum
element. Here spring constant g is related to continuum material constants of elastic solid, R_is surface

force, h is grid space, o is stress and A is unit cross-sectional area.
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Uy —uy __Ou +ﬁgzg
o 207

- - + O (2-46)

x=0

Substituting eqn. (2-46) into eqn. (2-45) yields

2
,,ﬁ:z_g[_@ Jhou

2
X

+ O(hz)J L 2R (2-47)

A\ ox Ah

x=0 x=0
A one-dimensional schematic of a continuum model in the vicinity of a boundary is

shown in Fig. 2-8b. The corresponding equation of motion is

. 2 h oo
pu=—{ox(0)—— -

h 2 ox Ah

}ﬁ‘l + 0 (2-48)
x=0
where o, is the stress, given by the constitutive equation, as

o, =(A+2 ,u)—(?ﬁ (2-49)
ox

where A and p are the Lamé constants.
Substituting eqn. (2-49) into eqn. (2-48) yields

_2(A+2p) 8|
h

2R,
+
Ah

x=0

o*u
+(A+24)—
( #)6x2

+O(h) (2-50)

X x=0

Comparing eqns. (2-50) and (2-47) yields the consistency requirement on the spring
constant as

A+21)A
g = G204

p (2-51)

By rewriting eqn. (2-50), the equation of motion contains the traction boundary

condition, the governing wave equation, and the truncation error as

2
5-(“2#)9‘1 +2 (ﬂ+2u)§—2‘ — pii(0) + + O(h*) =0. (2-52)
A ax x=0 2 ax x=0 M:l
) traction bounéary condition ’ govemingeqiuation error

2-3.2 Two-Dimensional MSLM
A two-dimensional schematic of the MSLM discretization of a plane strain elastic
solid in the vicinity of a longitudinal traction boundary is shown in Fig. 2-9a. The

corresponding equations of motion are
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boundary face B,
\ L.
M—— -

h/2

>

Fig. 2-9—(a) MSLM schematic at traction boundary at position (i, /) and (b) free body diagram of
corresponding finite continuum element.

. 2g
PU; ;= hzf_l) (ui—l,j - 2ui,j T ui+l.j)
1 n
+ WD (33 + e ](um,jl tUL T 2ui,j) (2-533)

1 n ( ) 2R,
+h2D g3_2h2 Vo g™ Vigig<i +%
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. 2g
PV = thZ (Vi,j —v,.,j)
1 n
h D(gs Y j( Vierj-1 Vi 0 2vi,j) (2-54)

1 7 2R
+ %(& - ﬁj(um,jl Ui, )+ ;12_1%

where u,; and v, ; are the horizontal and vertical displacements, respectively, of a
particle at location (i, j), D is the unit depth, g, g, and g, are extensional spring
constants, 7 is a rotational spring constant, and R, and R, are the horizontal and vertical

surface forces, respectively, applied to the outer particle.
By taking Taylor series expansions of the difference equations’, eqns. (2-53) and

(2-54) are reformulated as
_JR (g, 7 jau (&_ U )?_v
hD \D 2KWD)dy \ D 2h*D)éx

(zgl L8 1N d'u +(2g3_ n Jazv
+h D D 2w¥D)ox* D hD)oxdy

(2-55)
2 +(g3+ n j@zu_ .
e T | A Py
D 2WD)oy
+O(h?)
_IR (gz L&, 7 )av (& n jau
W \D D 2vD oy \D 20’D)ox
&, &, 1 & (28 1 \ou
n|\D D 2*D)3* \ D hD)oxoy
+— (2-56)

2 n 62v
g hibd
+(._3+ l2 )—z_pvi’j

+O0(h%)

! The useful equations are Pistj-t 2P+ Piy == h 62p op ?£+O(h2) ,
2h & o) o

pl-—l_[—l Diy i1 =h a p ap +O(h ) pi+1,] _2pi:j p”]'f_] a p +0(h )
2h oxdy o K o
Piya— P _h&p _op +O(h?) and P~ Piny _a_p+0(h2)
h 200 oy 2h Ox
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A two-dimensional schematic of a continuum model in the vicinity of a longitudinal

traction boundary is shown in Fig. 2-9b. The corresponding equations of motion are

)
pii = ZZ—E(FM+ ~F, —F, +R) (2-57)
pi = th (F,,-F,_-F, +R) (2-58)

where expressions for the forces are given in Appendix 2A. Simplifying eqns. (2-57) and
(2-58) yields

_JR _ ou O
w Yoy Hex

~
traction boundary condition

8% o’u
+=4(1+2 A+ - 2-59
Ot = @59)
goveming equation
+ O
truncation error
R,
I e P e
#D oy | ox
traction boun‘éary condition l
v 0%u 0%
+ < A+2u)—+ A+ u)— 2-60
e @60
goveming equation
+ O(h)
N —t

truncation error

Comparing eqns. (2-55) and (2-56) with eqns. (2-59) and (2-60), requires for consistency

TR e
gg % +—L 2th =A+2u (2-62)
% 5y a2 (2-63)
%_%:zw (2-64)
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£ n

& __ 1 _ 2-65
o wp M (2-65)
& __1__, 2-66
D 2WD (2-66)

Equations (2-61) through (2-66) are over constrained: they contain four unknowns in six
equations. Upon further observation, eqns. (2-61), (2-62) and (2-63) are dependent. It can

be shown that the solutions

_D(A+u) -
ET (2-67)
g, =D(A+ u) (2-68)
_ D(/I + 3/1) (2-69)
? 4
n= h D(,;l - l) (2_70)

: - : 1 :
are satisfied only for the case when A = 4 or Poission’s ratio v = i (It 1s noted that the

spring constants in eqns. (2-67) through (2-70) are the result of shifting an MSLM

interior unit cell to the surface and halving the mass and the longitudinal springs [2-13].)
If eqns. (2-67) through (2-70) are used when v # % , the traction boundary condition will

not be satisfied”.

To precisely impose the traction boundary conditions, correction terms based on
finite-difference considerations are added to each of the horizontal and vertical equations
of motion. The modified MSLM equations of motion at a longitudinal traction-free

boundary are

? In fact, the erroneous stresses evaluated at the surface are 5 = (A+2 /1)91 + A+ pOU and
” dy 2 &
_Arpou V.

Ty & Yo
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. 2
pui,,n = hgng (utfl.j _2"{:] +ua lj)
1 n
%(83 +2_hgj(u.wl.f T S 2”:‘.;‘)
l (2-71)
n
D &3 _ﬁ](vi—l.;--l Vi -1)
#_/1 ......... R
+ 2h2 ( i-l.j “l.')+ hID
2g
lj_ﬁ(vf.ll l,l)
|
D (gs Y ](V.. L ¥ 2y, 1)
i . (2-72)
+%[§3 —WJ("‘; 1 1_“.':71.,:71)
+7 (“m.f — .y, ;)+ﬁ

where the correctioglwtréf;ﬁ"sw}n eqns. (2-71) and (2-72) are circled. By taking a Taylor
series expansion of eqns. (2-71) and (2-72), it can be shown that the spring constants are
given by eqns. (2-67) through (2-70) for a precise implementation of traction boundary
conditions for all Poisson’s ratios. The physical significance of the extra terms, however,
is not as straightforward as adding extensional or torsional springs along the surface. A
related numerical spring model, LISA [2-19], introduces “tensorial” springs to account
for the correction terms.

2-3.3 Numerical Example

Consider a line force, having peak magnitude Q and temporal variation ¢(7),
acting in the negative y-direction at the origin of a half-space (y <0). The resulting

transient surface displacements are detailed in a classical paper by Lamb [2-26].

For the case where the temporal variation is a Gaussian-modulated cosinusoidal

function
q(t) = exp(_ %(a).\'.'d.(fm‘.t - }/)h )Cos(a)cymyrt - lya)c‘('fll('f'a).\?!rlf.cl'e\'.) (2-73)
where @, . 1s the standard deviation frequency, y is the nondimensional offset, and

@ is the center frequency. Figure 2-10 shows snapshots of the surface displacements

cenrer
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Fig. 2-10—Snapshots of exact and MSLM normalized surface displacements on elastic half-space due to normal point load having
Gaussian-modulated cosinusoidal temporal varaiation. Here Poisson’s ratio is 0.377, nondimensional Gaussian offset is 3, ratio of
standard deviation frequency to center trequency is 0.2, and MSLM grid spaces per minimum effective wavelength is 20.

SIDLIIDE BUDRUSII [0 UODIDAT dATIINGSIPUON JTUOSDAT]) fO SUijapOojy 2211107



Chapter 2. Numerical Accuracy of Mass-Spring Lattice Model

of the exact solution and the MSLM solution in the vicinity of the force application when

the normalized bandwidth o

std .dev. center

=0.2, offset y=3, N corresponding to

27,

minimum effective wavelength, «,_. = is equal to 20, and v =0.377

Oonter + VPstd dev.
(Appendix 2B).
2-3.4 Interface of Dissimilar Materials
Consider a perfect interface between dissimilar materials—Material / (y<0) and
Material I/ (y>0)—as shown in Fig. 2-11. Via MSLM discretization the uncorrected

equations of motion are

I, n
(pl +p”>:ii,j = g%)(uil,j —2u;; +ui+1,j)

+ hle g 2771112 }( Uiy oy F Uiy 2u,.,j)
+ hle g 2h2j Uy o+t 11 =200, ) (2-74)
+h21D & - 2”11} Vi T '““)
e U3 WA
(0" +p" ",-,,-=%(V v, )+ 2§d (Ve =)
+h21D ?417}—,5_(’”11-}-\/'11‘ 21.’.)
hle 277) Vi Vet 1 = 2,;) (2-75)
+ hle g _% (ui—l,j—l “”i+1,j-1)
+ hzl ol & —Z—;](um, =t 1)

Assuming the spring constants are determined from the discretization of an interior

particle, the spring constants are
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Material 17
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|

Material 7

hi2
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e N
I‘

(a)

FH

»w-

Material 1/

t
\

Material /

Fig. 2-11—(a) MSLM schematic in vicinity of perfect interface of dissimilar materials at position (i, /).
(b) Free body diagram of corresponding elastic element.
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! /
' DA + ) (2-76)
2
gy =D +u") (2-77)
DA +34'
3’ :_(__4_f_) (2-78)
;D -2
=27 7 2-79
n 5 ( )
u D(ﬁ” + /U”)
_ 2-80
& 5 ( )
gy = D" +u") (2-81)
DA + 34"
3 Y/
,7” :M (2-83)

2
Consider the continuum element in the vicinity of an interface of dissimilar

materials as shown in Fig. 2-11b. The equations of motion are

(o' + p" )i = D(F’ +F! —FL —F" +F" —F! +F) (2-84)

Y+ X— RA Y- l\
7
(o +p )V"

where the expressions for the various forces are given in Appendix 2C. Simplifying eqns.

(2-84) and (2-85) yields

il Ou 6v cu  Ou
=u — | =+ =
(3y Or dy oy

traction boundary at perfect interface

(F +F! —F! —F" +F" —F' +F) (2-85)

D

2 ey T Ty
2 xay THRETF

governing equation in Material 7 (2'86)

h /g 1 &’u 1 & b/4 o’u o
+— (A" +2u +(A - —
2( )a ( ﬂ)aa ”ay- pU}

governing equation in Material 2/

5
+ O(h)
N
truncation error
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P

ov ou ov
0= +2u"Yy—+ 2" —-(A +2u")—-
( )ay : ( ’”)ay F™

traction boundary at perfect interface
2 B
0u v I
—tu 5
Ox0y Ox

governing equa;i'un in Material / (2-87)

+u')

h o*u o’y
L2 42" (A" + S
21 ¢ )8y ( )axay e pv]

e
governing equation in Material //

5
+ O(h7)
¥
truncation error

Substituting eqns. (2-76) through (2-83) into eqns. (2-74) and (2-75) and taking the
Taylor series expansions® of the difference terms and comparing the results with eqns. (2-
86) and (2-87), it can be shown that in order to satisfy the traction boundary conditions,

the MSLM equations must be modified to

(o' + p" .t.i.fzz(ghgl” (b, —2u,, +u,., )

hd
+ } gi*'q—i (‘” P Uy 2”")
hd\  2h = e

| 77”

+h_2(; g3 +IJ(”H[ J+l +u: Lj+1 Zui.j)
) (2-88)

1 n

+ d 33[ - Y ](vil.jl _vivl,jﬁl)

1

1
Tl U_](* A gl

L A # i ( - Ill.j‘)

\Z V.

2h° Hy

* The useful equations are P+ ~2Pi; * Pri = h[@zp 4 GZPJ [/ +OR)»

2h 20 &' ) oy
plﬁl_j+l—2p,_j+p,,_1_f+, :h ﬁp ﬁ P ?E-l-o(h:)‘ pn—l.j—l_pwu—l =h a'p —@-!'O(h ),
2h ox’ (’*‘v ay 2h Oxdy Ox
p;+|.,i-| _pi—l.j—l = h azp +£E'+O(hz) ; PH—I.: _Zpi;,l +pr+l.1—-1 — 62{7
2h axdy  Ox h” ox”
P =Py _hOp 2, opyand Pun =P _HOP B oy
h 2 oy h 2 ay
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1 r;tf
* hgd g; B 4h1 ](vr'*l J=1 + vf—l j—1 2Vr f)
1 i
+ﬁ g;]+:hzj(vllfi+vnlfl 2v1))
1 , (2-89)
n
+h'.’d g;_4th(urlj | ul],l l)
l UH
W 3 )
l! I o
w—A—-—u +A
+ | TE (H,uj ”;—l ;)

where the correction terms in eqns. (2-88) and (2-89) are circled and the spring contants

are given in eqns. (2-76) through (2-83).

2-4 CONCLUSIONS

A mass-spring lattice model (MSLM) converegence analysis reveals that, for
materials having Poisson’s ratio less than 0.4, 20 grid spaces per S-wavelength are
required for the phase speed errors to be less than 1%. As Poisson’s ratio approaches the
incompressible limit, the computational expense increases dramatically. Additionally,
correction terms necessary for the precise implementation of MSLM traction boundaries

are formulated and verified through a numerical example.
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APPENDIX 2A—Force and Constitutive Expressions for Traction Boundary

Condition

Consider a finite continuum element in the vicinity of a traction boundary as shown

in Fig. 2A-1. The various forces on the element are

F, =p}"%  JL 00 B 00l | o (2A-1)

‘ 2 4 x|, 8 o,

F, =p{t%s M Ooul h0ou |, oy (2A-2)
2 4 ox |, 8 dy|,
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R,

boundary face

Fig. 2A-1—Free body diagram of element in vicinity of traction boundary.

h 2 5 2
F. =p|i%e J 0% K 0% L ow (2A-3)
» 2 4 ax|, 8 o),
h 25 2
F,_=p{2% B 2% K 0% |, ow) (2A-4)
2 4 x|, 8 o),
h? oo
@:D{haﬁ 2 }+O(h3) (2A-5)
i,j
W oo,
Fﬂ:D{h%—? 5" }+O(h3) (2A-6)
ij

where D is the unit depth, # is the grid space of the finite continuum element (which is

significant in numerical modeling but here is arbitrary), and the constitutive equations are

ou ov
o, =(A+2 /u)a +2 > (2A-7)
ov , ou
o,=0A+ 2;;)5 e (2A-8)
g L P i
- ’L{ay ' ax} o

APPENDIX 2B—Lamb’s Problem
As shown in Fig. 2B-1, consider a normal point line source, having peak magnitude

Q and temporal variation g(¢), acting at the origin of a half-space (y < 0) having
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Ar y

Qq()

Fig. 2B-1—Point force per unit depth having maximum intensity @ and temporal variation g(7) acting at
origin of elastic half-space having Lamé constants 4 and ,, and density p.

Lamé constants A and x, and density p. This appendix summarizes Lamb’s solution
for the resulting surface displacements [2B-1].
Solution [2B-1]

For x >0, the horizontal and vertical surface displacements, # and v, respectively,

are

57 2 2 2\[g2 _ 2 [2_p2
QHq(t—st) QZJ- sT6’(26’ ST)\/H SL\/ST 0 gt~ x)do (2B-1)

U=—= —_—
Hrg (26’2 —S%)A + 1694(92 —siXsfw —492)
sy 22 _ 2 2 2
v=glj ST(29 ST)ZJQ s; glt - 6x)do
pr (267 -si) +166%(67 - 52 )52 - 67)
3} , \/‘_92__2_ (2B-2)
+21p] SNV 5 gt - 6x)do
PE Yo e o
where s, is the transverse wave slowness (inverse wave velocity) given by
s, = |2 (2B-3)

)7

s, is the longitudinal wave slowness given by

, Yol
= 2B-4
5t A+2u ( )

s, 1s the Rayleigh wave slowness, which is given by the real root of the equation
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(2s1,2e - s?)z - 4s,2n/s,2z ~s; \/s; -5 =0 (2B-5)
Also,

Hz_sR(Zsi—s%—%{j;—si\/s;—sé) (2B-6)
where

2.2 2 2\ .3 5 3 2 2 2 2
Fo 4(— 25,878 +3(5 + 57)5 — 453 +4SR\/SR -5 \[S'R —sT)
2 2 2 2
\/SR"SL\/SR 57

It is noted that P in eqn. (2B-2) denotes the principal value of the integral, which is
defined as [2B-2]

—8s2s, (2B-7)

P{f(&)d¢ = hgn( [r@de+ jf(:)dcf] (2B-8)

where a < c < b and a non-integrable singularity exists at f(c). (In the second integral of
eqn. (2B-2) the non-integrable singularity occurs at & =s,.) All the integrals in eqns.

(2B-1) and (2B-2) can be evaluated numerically, for example, via adaptive Simpson
quadrature as implemented in MATLAB’s “quad” function [2B-3].

The surface displacements for x <0 are given by replacing (¢ — ¢x) with (¢ +¢x) in
eqns. (2B-1) and (2B-2) and reversing the sign of the horizontal displacements in eqn.
(2B-1).

Far Field [2B-1]

In the far field, the surface displacements reduce to

u= —QHq(t — 5g%) (2B-9)
7

y=-L2 Kq'(t —s,%) (2B-10)
y7;

where

2 [2 2
K=_SL%. (2B-11)

and the complementary temporal function ¢'(¢) satisfies
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q() = }—ojda) o]ﬁ(co) cosw(t —1)dr (2B-12)
7 0 —00
, 1 =) co_ ]
qgty=— jdw jq (w)sinaw(t —7)dt (2B-13)
z 0 —
Example

Consider, for example, g(¢) as a gaussian-modulated cosinusoidal function given

by

q(t) = exp(— Wa,t-n) )cos(a)ct - na)ca);‘) (2B-14)
where 7 is a nondimensional offset, @, is the frequency standard deviation, and @, is
the center frequency. The complementary temporal function ¢'(¢) is

q'(t) = exp(— Yot 7Y )sin(a)ct -no,0, ) (2B-15)
Snapshots of the normalized surface displacements in the vicinity of the line load for the
case where Poisson’s ratio equals 0.377, n=3.0, and the normalized bandwidth

parameter @w,®,' = 5.0 are shown in Fig 2B-2.
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APPENDIX 2C—Force and Constitutive Expressions for Interface of Dissimilar

Materials

Consider a finite heterogeneous continuum element in the vicinity of a perfect

interface of dissimilar materials as shown in Fig. 2C-1. The various forces on the element

are
7 2 / 2 7
Fr1r+“D ho h_@oi“ _fz_@cr_ﬂ O
“ 2 4 oOx " 8 oy y
! 2 ! 2 [
Fr{( =D ho—x\' _h_ag.\t\ __h_ao-.\:\‘ +O(h3)
. 2 4 Ox y g8 oy iy
ho!, K ool * ool
F\_{_+ _ D O-,\y h O-.\'l _h_& +0(h3)
" 2 4 ox | 8 oy |
i ij
ho! B ool 2 9o,
F‘i — .D O-.\'L _ h_ O-.\y _ h_ G.\_\ + O( h%)
" 2 4 Ox ¥ 8 Oy N
o loa
FL o= Dine! =257 L o)
| T2y
]
20
F. =Dlho, -7 Ly ou
- 2 oy y
i 2 1 2 i
Fr[\-]LzD hO"“ h aO'_\,X h_aO'xx +0(h’)
- 2 4 ox 8 oy iy
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Fig. 2C-1—Free body diagram of heterogeneous continuum element in vicinity of perfect interface of

Materials / and /1.
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o,

(2C-11)

(2C-12)

where D is the unit depth, # is the grid space of the finite continuum element (which is

significant in numerical modeling but here is arbitrary), and the constitutive equations are

I
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O

!

O

u
O-xx

T
GW
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ov ou
=\ 24—+ A —
( ”)5 o
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ox oy
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nf Ou  ov
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In all the preceding equations, superscripts / and I/ denote parameters related to Materials

I and 11, respectively.
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CHAPTER 3:

FORMULATION OF
MASS-SPRING-DASHPOT LATTICE
MODEL

ABSTRACT: The mass-spring-dashpot lattice model (MSDLM), a numerical model of
a viscolelastic standard linear solid, is presented. As an extension of the mass-spring-
lattice model (MSLM), the MSDLM discretizes a viscoelastic continuum into an

assemblage of particles interconnected with springs and dashpots.

Via the dispersion

relations of a standard linear solid, the MSDLM spring and dashpot constants are set to
match the corresponding wave propagation phase speed and attenuation. The
convergence, stability, and accuracy criteria for the MSDLM are presented for one and
two-dimensional models. Further verification is provided through numerical examples.
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ce

NOMENCLATURE
Symbols
A unit area
b extensional dashpot coefficient
C Courant number
¢ phase speed
e base of natural logarithm
D unit depth
[ force per unit volume
& extensional spring constant
h  numerical grid space
i imaginary number
I,j indicial notation for grid position
k wavenumber
M instantaneous modulus governing
shear wave
n  ratio of grid space per wavelength or
time step per period
P relating to longitudinal waves
r dispersion ratio
S relating to shear waves
u,v  displacement
Subscripts
h  relating to numerical grid spa
P relating to longitudinal waves
§ relating to shear waves
max, peak

At

52

N

&“\c:qb

attenuation (Np/unit length)
numerical time step
Kronecker delta, 5, =1if i = j

and &; =0 otherwise
small strain tensor

generic elastic constant
rotational dashpot coefficient

rotational spring constant
wavelength
Lamé constants

viscous constants
relaxation functions

Poisson’s ratio

instantaneous modulus governing

longitudinal waves

ratio of circle’s circumference to

diameter
density
stress tensor

relaxation time
circular frequency

relating to greatest magnitude in time or frequency
relating to numerical time step



Chapter 3: Formulation of Mass-Spring-Dashpot Lattice Model

3-1 INTRODUCTION

The historical evolution of the mass-spring-lattice model (MSLM) [3-1,3-2] as well
as an investigation into its numerical accuracy was covered in Chapter 2. Most elastic
wave models, including the MSLM and elastic implementations of the local interaction
simulation approach (LISA) [3-3,3-4], are not capable of modeling material attenuation
during wave propagation. Noncausal attenuation was introduced in a one-dimensional
implementation of LISA [3-3]. A two-dimensional viscoelastic implementation of LISA
was introduced [3-5], but lacked significant detail. In this chapter, a mass-spring-dashpot
lattice model, or MSDLM, is formulated to incorporate viscous losses, thereby being
capable of simulating wave phenomena in attenuating and viscoelastic materials,

including media containing complex internal interfaces and discontinuities.

3-2 ANALYTICAL MODEL
3-2.1 Stress-Dynamic Equations
For an isotropic, linearly viscoelastic continuum, the constitutive and differential
stress-dynamic equations are [3-6]
Gy = A(W)*E,, S, +20i(t)* &, (-1
Cus+ 1 = pily (3-2)
where o, are the components of the Cauchy stress tensor, and ¢, are the components of

small strain given by
1
& = E(uk,z + ”1,k) (3-3)

0, 1is the Kronecker delta, * denotes a convolution integral, A (1) and u(r) are
independent stress relaxation functions defined below, f;’ are the components of the
body force per unit volume, p is density, and u, are the components of displacement.

Of the simple spring and dashpot mechanical analogs describing basic viscoelastic
behavior—Maxwell, Kelvin-Voigt and the standard linear solid—only the standard linear
solid has non-zero bounded phase speeds at extreme frequencies. (A detailed discussion

of material behavior based on such mechanical models is given by Kolsky [3-7].) For a
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standard linear solid described by a single stress relaxation time 7z, the stress relaxation

functions have the following form:

A =1+ %,exp(— %) (3-4)
ﬁ(t>=u+%exp(— f] (3-5)

Here, 4 and u are the Lamé constants and A’ and 4’ are the analogous viscoelastic

constants.
By substituting eqns. (3-3), (3-4) and (3-5) into eqn. (3-1), and applying the Laplace

transform, the constitutive and differential stress-dynamic equations can be reformulated

as (Appendix 3A)

rpll—r;M

. I rM . .
f;c = —;ﬂ + uI,Ik + SZ' uk)[] + (H _M)ul,lk +Muk,11 (3_6)

1 ,
e =—\fi + Ji 3-7
i p(f + 1) (3-7)

provided the initial condition
f(0) = (IT - M)u, ;, (0) + Mu, ,(0) (3-8)

is satisfied and where

Je=0u, (3-9)
q ~ ' AN
A(0)+24(0) T A+2u
~ N
g =@=(1+li) (3-11)
7(0) T u
H:Z(O)+2ﬁ(0)=ﬂ+2y+u&- (3-12)
and
— 30y =y 2
M= f(0) = p+=— (3-13)
T
Solving eqns. (3-10) through (3-13) for the Lamé and viscous contants yields
A=rI1-2rM (3-14)
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u=rM (3-1%5)
A= z[(l = )T - 2(1 - 7 )M] (3-16)
U =t(1-r, )M (3-17)

Via the uniqueness and thermodynamic conditions listed in [3-6], the following

constraints on the standard linear solid parameters must be met:

>0 (3-18)
H(0)>0 or M>0 (3-19)
31(0)+27(0)>0 or 3IT>4M (3-20)
127,20 (3-21)
127,20 (3-22)

3-2.2 Dispersion Relations
Consider a steady-state longitudinal plane wave attenuated in the direction of wave

propagation and having the form

u, (x,,%,,%;,t) = n,u, exp[— apn,x, +i(k.n,x, - a)t)] (3-23)
and a similar steady-state shear plane wave having the form

U, (x,,%,,X5,1) = my, expl—— asn,x, +i(kn,x, — a)t)_l (3-24)
where n, are the components of the unit wave vector, #, are the components of a unit
vector orthogonal to the wave vector (that is, n,n, =0), u, is the wave amplitude at the
phase plane containing the origin, « is the attenuation, / is equal to J-1 , k is the
wavenumber, subscripts P and S denote the respective properties of longitudinal and
shear waves, and @ is the circular frequency.

In the absence of body forces, substituting eqns. (3-23) and (3-24) into eqns. (3-6)

and (3-7), and eliminating f, , give expressions for attenuation and wavenumber of P and

S waves as (Appendix A)

2 2.2 -1_2_2
w 1+t 1+r, o't
a; = £ 2 232 5 22 (3-25)
2rplli V1+r,"0°t” 1+ o't
,  pa’ 1+a’t* 1+r'e’r
a5 = 7 2.2 2 2.2 (3-26)
ZrMiVI+r ot 1+ 0t
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2 2.2 -1_2_2
1+ l+r, o
kp=£= T (3-27)
2r M0\ 1+, "0t 1+r70°t

o po’ ( 1+ @’c’ 1+rsla)272]

s - _
M\ V1+r20’?  1+7 0’

(3-28)

Parameters r, and r; represent the extent of dispersion in the standard linear solid;

each is equal to the squared ratio of the minimum P or S phase speed (at low

frequencies) to the maximum P or S phase speed (at high frequencies). As r, and
rg approach zero, the minimum phase speed approaches zero (Maxwell model). As r,
and r; approach one, the phase speed is constant (elastic model).

Table 3-1 gives the wave propagation properties of the standard linear solid in the

low frequency limit (wr<<r,r), an intermediate  frequency  limit

OT > 7y 31y s Shalr: , and the high frequency limit (w7 >>1). At the extreme
1437, 1+3r

limits, there is a similarity to elastic wave propagation; the phase speed of the wave is
constant and the wave is non-dispersive. The attenuation, on the other hand, is
proportional to the square of the frequency at low frequencies and constant at high
frequencies. As the frequency approaches the intermediate limit, the attenuation is
directly proportional to frequency for a relatively narrow frequency band. The phase
speed reveals significant dispersion at the intermediate limit. As a summary, a
logarithmic plot of attenuation as a function of frequency and a semi-logarithmic plot of
phase speed as a function of frequency are shown in Figs. 3-1 and 3-2, respectively.

The parameters 7, r,, 1y, I1, and M can be calculated from a numerical fit of

frequency-dependent ultrasonic phase speed and attenuation data to approximate the

material behavior over a limited frequency range.
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Table 3-1—Standard linear solid wave propagation properties at limiting frequencies.

Low Frequency Limit Intermediate Frequency Limit High Frequency Limit
Longitudinal Longitudinal Wave, P Shear Wave, S Longitudinal
Property Wave, P Shear Wave, § 3+, 341, Wave, P Shear Wave, S
0T << 71 AT =¥y T —> 71 ot >>1
@OT << 1p 1+3r, 143r ot >>1
Phase Speed, rIl rM , ' I ’M
ase Spee Cainp = 4| Conins = 4|~ Cp ®Cp(@p) H (0= Wpo)Cp(Wpg) | €5 mes(@s0) +(@0—050)cs(@s) Coax,p = J: Coaxs = 4/
¢ P P P P
Attenuation, _o't(l-7,) o*t(l-r,) \F 1+2r,  5+5 p 1+2ry  5+7 1= 1-7,
. P A s - apzw bl e — asza) -_ - ap_ as
a (Np/unit length) 27pCinp 2 eCins I\ 8. 81+r) VM 8r,  8(1+7ry) 2% o p 2z
where

@py)= || 22y
"N p 8+

—1/2

3+ 2r , ’I‘I (

PJ ’C(wp,o)zf(l_rp) -
8rp P

25+r,) , 23+2r,) 1

(A+rp)

Tp

S+rg

172 3/2] » o(@s0) = \/-(
A+3r)Y " (3+r) B(1+ry)

3_‘4:"2&] c(ws o) =t(-r s)\/_(

(+ry)

2(5+r,) 2(3+2rs)]
¥s

(1+43r) 2 (3+r,)*?
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l+2r.
8 8(l+r);

Attenuation, o (Np/unit length)

. wr [1+3r
Normalized Frequency, P

Fig. 3-1—Attenuation of standard linear solid model as function of circular frequency @, relaxation time
7, dispersion coefficient r, and maximum phase speed ¢, , which shows three distinct dependences on

(rad)

frequency: quadratic at low frequencies, proportional at intermediate frequencies, and constant at high
frequencies.

Phase Speed, ¢

107

. wr (1+3r
Normalized Frequency, V30,

(rad)

Fig. 3-2—Phase speed of standard linear solid model as function of elastic constant ¢, which can represent
either [T or M for P or S waves, respectively, density p, dispersion coefficient r, circular frequency @,

and relaxation time 7, which reveals a minimum phase speed at low frequencies and a maximum phase
speed at high frequencies.
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3-3 NUMERICAL DISCRETIZATION

Wave phenomena in standard linear solids can be simulated and visualized via the
mass-spring-dashpot lattice model (MSDLM). In this section, the numerics of the
MSDLM discretization are explored before proceeding to numerical examples.

3-3.1 One-dimensional MSDLM

The numerical discretization via the MSDLM begins with the definition of a unit
cell. The MSDLM unit cell specifies the particle positions, particle mass, and all particle
neighbor interactions within the cell. Each one-dimensional unit cell contains two half-
particles separated by one grid space #. For a MSLM unit cell, the neighbor interaction is
simply an extensional linear spring. In the MSDLM, however, the neighbor interaction is
physically represented by an extensional standard linear element—an extensional spring
in parallel with an extensional dashpot and extensional spring in series.

Schematics and stress-dynamic equations for various interaction and boundary
conditions can be realized through the connection of unit cells to form particle-centered
computational cells as given in Table 3-2. In the one-dimensional case, a connection is a
rigid fusing of adjacent half-particles, where the inertial quantitities are averaged
according to LISA [3-4] rather than the averaging of neighbor interactions used in
MSLM [3-2]*, To discretize an interior particle, identical unit cells are connected around
a central particle. At a free surface, no connection is neccesary; the stress-dynamic
equations are simply formed by updating and summing the forces acting on the particle
of interest. Prescribed motion boundaries and the perfect interface of dissimilar materials
are also given in Table 3-2. (Imperfect interfaces are incorporated into the MSDLM in [3-
8] using a contact quality factor introduced in [3-4].)

The interior discretized stress-dynamic equations must be consistent with the
continuum stress-dynamic equations. Reformulating eqns. (3-6) and (3-7) for wave
propagation in the x-direction yields

2 2.
o1, 188 T

- au 329
ot T r ox* ' Ox? (3-29)
‘2_’: —u (3-30)

* This choice allows for a precise imposition of continuity of traction and displacement at longitudinal
interfaces.
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Table 3-2—One-dimensional MSDLM schematics and stress-dynamic equations for various boundary and

interaction configurations.

Schematics Stress-dynamic equations
Interior :
£= fi +_( U —2u; + |)
dt hA (T2.1)
g +8& g
& + ., —2u +u
—W hA ( i+l i l—l)
% e (T22)
dt
du, 1
et I MY m
where, 7=b,/g, (T2.4)
Prescribed Motion Boundary df,, fv g
(for a fixed boundary, u,,,(f)=0) T: = _—A*‘_'(“w (1) -2uy +uy ) (T2.5)
£tg
Uy (1) Eiw A ( Uy, ()= 2uy, +1t, !)
duy,
= (T2.6)
a "
du
. (f~ i) (T2.7)
where, t=b/g, (T2.8)
dvaf-; e j:’s‘-%- +i(u i )
ar r 4 "M (T2.9)
15 (u~ _I}\r—z)
s hA ’
T du, .
boias P (T2.10)
ar "
P e du, 2
< N
e iy 2 ¢ 4k (T2.11)
h ’l dt p ( fi\ -1 SN )
where, r=b,/g, (T2.12)
Perfect Interface of Dissimilar Materials df, . S g
] — 2 & 1 | ’
dr T+ g (v ) (T2.13)
1 s 1 )
& hAgz (u~ _”.vki)
dj:’\"d _ f."\r’+% + g]” ( —u )
dt o lpg NN (T2.14)
I 1
+ & AL (“Mf ""I‘}.v)
d;:' il (T2.15)
Material /| =|=——p Material I/ y
dn 2
d’v (,“v f~.1+fm] (T2.16)
t p +p"
where

t' =b! /gl (T2.17),and " =) / g¥ (T2.18)

traction per particle volume acting on particle i, respectively.

Notes: A4 is unit area orthogonal to direction of force. Each f,, and £, are body force per particle volume and surface
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ou 1
5=;(fb+f) (3-31)

where u, r and ¢ can respectively represent either u, r, and I1 (longitudinal wave) ; or v,
r; and M (vertically polarized shear wave); or w, », and M (horizontally polarized

shear wave). Expanding eqn. (T2.1), located in Table 3-2, via the Taylor series in the
limit as ~—0 and comparing the result with eqn. (3-29), the one-dimenisonal MSDLM is
spatially consistent with the governing PDEs if

o= (3-32)
= (L:_;M (3-33)
and
— (3-34)
£,

where A4 is a unit area.

Equations (T2.1) through (T2.3) can be numerically integrated via the classical
fourth-order Runge-Kutta explicit algorithm ([3-9] and Appendix 3B). Von Neumann
analysis (Appendix 3C) has shown that for stability, the integration numerical time step
At must satisfy

Al o8 (3-35)
T

and the Courant number C corresponding to the highest phase velocity c_, must satisfy

czinﬁzéﬁg.so (3-36)

where

Coe =0/ P (3-37)

In accordance with the Lax equivalence theorem {3-10], the demonstrated
consistency and stability ensure the MSDLM’s convergence.

Convergence implies the numerical solution approaches the continuum solution as
h—0 and A7—0. To reduce the numerical phase and dissipation error to less than 1%

of the corresponding continuum values in low dispersion materials (0.25 < r <1), given
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the maximum effective circular frequency needed to be accurately propagated through
the model @, , accuracy requires the number of grid spaces per smallest wavelength
n,, or

2z

Ny G-3%)

be at least 20 (Appendix C). Given #n,, eqns. (3-35) and (3-36) represent two (2)

conditions on the number of time steps per smallest period #,,, or

2z
n, = 3-39
~ a)max At ( )

By solving eqns. (3-38) and (3-39) for » and Ar, respectively, and substituting the

results into eqn. (3-39), the first condition is found to be

!

n), >—r
Y7130
and substituting the result for Af into eqn. (3-35), the second condition is found to be

(3-40)

" 2r

n,, 22— 3-41
YT 278w, T (-4

For high frequencies (@, 7 >>1), n, is approximately equal to »n,, which is

numerically satisfactory. However, for low frequencies (w,, 7 <<1),n,, is much greater

max

than #, ; that is, the integration becomes numerically stiff and much more expensive to

evaluate.
3-3.2 Two-Dimensional MSDLM

The unit cell for a two-dimensional discretization via the MSDLM is given by
horizontal and vertical neighbor interactions through an extensional standard linear
element acting collinearly and diagonal neighbor interactions through an extensional and
rotational standard linear element. As in the one-dimensional case, various boundary and
interaction conditions are formed through the joining of adjacent unit cells to form
particle-centered computational cells. In the two-dimensional case, the forces from
neighbor interactions add in parallel. For example, the schematics and stress-dynamic
equations for an interior particle are formed by joining four (4) identical unit cells around

a central particle as shown in Table 3-3. To precisely impose traction boundary
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conditions at a surface of a lattice model discretization, correction terms are necessary
(refer to Chapter 2). The schematics and stress-dynamic equations in the vicinity of a
particle located on the surface are shown in Table 3-4. (The schematics and stress-
dynamic equations in the vicinity of a particle along a logitudinal interface of dissimilar
materials are given in Appendix 3D.)

Fig. 3-3 shows a two-dimensional lattice model discretization for interior particles
as well as particles having various boundary conditions such as traction free surfaces and
interfaces of dissimilar materials.

The interior discretized stress-dynamic equations must be consistent with the
continuum stress-dynamic equations. Reformulating eqns. (3-6) and (3-7) for plane strain

conditions in the x-y plane yields

o, 1 11 8%u N rIl-rM % N rM 0%u

=——ft 2 2

ot T N T Ox ) T ?c&y T Oy (3-42)

+na—’2‘+(H—M) 0 M

Ox Ox0y oy
g, 1 AL 82v+rPH—rSM o’u LM o%v
ot 7 o T Oy r (3-43)
2. 2. 2.
+HQ-‘21+(H—M) o' +Ma—‘2’
oy Ox0y ox
Ou
LA 3-44
= =4 (3-44)
ov
— =3 3-45
pald (3-45)
% L(en) (3-46)
ot p
and

o 1
o = ;(fy + fby) (3-47)
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Table 3-3—Schematic and stress-dynamic equations for MSDLM in vicinity of interior particle located at position (i, /).

Schematic Stress-dynamic Equations
y I g | U
y ’-(17}.=‘—;f;'j+lth(l+ll 2“ +u|l1) sz(Z 4};2)( nlj+!+u l]—‘+ul¢]]]+ul|j+| 4":"1')
A
' | (g 7 8+g .
‘ + ) D(?i 4'112 J(viﬂ.jﬂ F Vit ™ Viat, jos "Vt—l.j+|)+( Ith2 (L‘m, 2u, PR ,) (T3.1)
g8:+8 7 +17 . . .
X ( £ . 2 ](ul-bl,_ffl U YU +a, R 4”1._/)
e
3+t8 M t7 .
( 4 l4h2 2 J(Vm FRE -1 vw[.j—l - Vi—Ljn)
a9 _ Ji . g g
7;1‘2 l+ 2» (vuﬂ 2vi_] vr,j—])+ 2D(21+4h ]( Ve Vit Vi ga YV 0~ 4vi_j)
+£, (. . .
( 5 4hl ) it get ¥ Ui o = Win o Ui )"' glhzbg" (Vz.m —-2v;; "vi._f—x) (T3.2)
I (g, +g 77 +77 .
;1'5‘5( 2 5 ! I4h_ 2)("‘«1 4 +V, 1,j-1 *ij 1 “"V-u 1 4";.;’)
I (g3+g, m=+*1
FE(%_W)("MM F U g~ e uz--].m)
du; i, (T3.3)
dt o
av,, =, (T3.4)
dt iy
dui. j 1 bx x
- =1+ 1) (T3.5)
v, 1
iJ by ¥
e b +fi,i) (T3.6)
where
, b b (T3.7)
Notes: D is unit depth. £}’ .; and f; are respective x and y- g & M
direction body forces per unit particle volume.
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Table 3-4—Schematic and stress-dynamic equations for MSDLM in vicinity of particle located on free surface at position (i, j).

to precisely impose traction conditions are boxed.

Schematic Stress-Dynamic Equations
af; Sl
it i3 g 1 n
dr == . 2Th|D( ielj -2u,, 'H‘m,) #D ( 3 +z;!l_)(ui+l.j-l t U g _2ui.j)
1 (g, 7 TR Y Gy PR
y + D (7} - T}:g‘J(vi-l.j—l - V1+1.,-1) S—zhl-.-(vi—l.j = Vi (T4.H)
g +g . . g+, M +N . ,
2|h D2 ( 11, — 2y 'H‘J.,) 2 D{ 2 2 Lt 14112 2 J(uu-l.j-l U, "2“1,1)
| (gtg. min ' o H
X h D[ 2 3 4 “’KZI”‘{& (V/-1/ 1™ Vst gt )‘*‘ v
df-y- 1 f)- 1
-t -} 8 1 g 7
Free Surface dt =" r + e |D( R Vi.j) h? D( . 4,;2 ](vm g FVia 2vi,j)
22 b1 /2 é g IrM-—r.01
Wi A " * (7 2) TR um,j-n)"'"'sjma_“( il j ui-].j}% (T4.2)
Material +g, ( ) 1 (g3 + g, 7], +17, ( . 2 )
in Vij1 7~ v 7 Dk 2 an Vietgt F Vit — 2V
g + _ 3M-T1/. oy
( 8 ’714h2772 )(ul 1t _uf+1,j—1)+ e (um,i _ui-lj)::
_'— du,-,} =, (T4.3)
dt !
dv; _ (T4.4)
dt i
h h di,
w_2 v +f,-,°j-‘) (T4.5)
dt  p T
dv, 2 o ,,) (T4.6)
da p T M
o where,
Notes: D is unit depth. f," j and xj are respective x and y-direction _b, b, 7y (T4.7)
surface tractions per unit particle volume. Correction terms necessary g, & M
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Fig. 3-3—Schematic of two-dimensional lattice model discretization with various boundary and interaction
conditions.

Expanding eqns. (T3.1) and (T3.2) via a Taylor series in the limit as #—0 and
comparing the result with eqns. (3-42) and (3-43), the two-dimensional MSDLM is

spatially consistent with the governing PDEs if

g, =D(r,I1-r,M) (3-48)
g, = D[(1-r )T -(1-r)M] (3-49)
g, = —?(rpn +7,M) (3-50)
D
g =;[(1—rp)n+(1—rs)M] (3-51)
2
7, = h 4‘0 (3rM —7,IT) (3-52)
WD
== [31-r, )M -(1-r,)I] (3-53)
and
pob b1 (3-54)
g, 84 1M,
where D is the unit depth.
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As in the one-dimensional case, eqns. (T3.1) through (T3.6) can be numerically
integrated via the classical fourth-order Runge-Kutta explicit algorithm [3-9]. Von
Neumann analysis (Appendix 3C) has shown that for stability, the numerical time step At
must satisfy

A o8 (3-55)
T

and the Courant number C corresponding to the maximum P phase velocity must satisfy

At
C= inE‘hL— <1.30 (3-56)
where
Cmax,P = E (3-57)
P

To this point, it has been assumed the wavevector and attenuation vector were
collinear (refer to eqns. (3-23) and (3-24)), a state in which the wave propagation is
denoted as being of “simple type”. However, it has been shown that in an isotropic
viscoelastic continuum, an obliquely incident P or S wave of simple type on a fixed or
traction-free boundary produces reflected waves where the attenuation vector, in general,
is in a different direction than the reflected wavevector [3-11,3-12]. In this investigation,
only waves of simple type are considered. The requirement that only simple waves are
produced at boundaries is given as

%’:% or rp=ry=r (3-58)

Two consequences of this special case are that Poisson’s ratio v becomes

frequency independent and can be expressed in terms of the elastic constants of the

standard linear solid

1-2 M
v = —_ﬁ" (3-59)
1)
IT
and the attenuation of S-waves must satisfy
2-2v
o, =« 3-60
N P 1 _ 2V ( )
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To reduce the numerical phase and dissipation error to less than 1% of the
corresponding continuum values in low dispersion materials (r > 0.25) with v <0.40,
accuracy requires the number of grid spacings per wavelength must be at least 20
(Appendix 3C). As v — 0.50, however, the number of grid spacings per wavelength
required to maintain a desired level of accuracy increases dramatically due to numerical

anistropy (refer to Chapter 2).

3-4 NUMERICAL EXAMPLES
3-4.1 Material Properties

To validate the MSDLM through numerical examples, wave propagation is studied
in a nanocomposite composed of a Zirconium-based bulk metallic glass (Zr-based BMG)
reinforced by 3.0% volume of carbon nanotubes (CNTs), having a density of p=
6.61x10° kg/m’. An experimental investigation [3-13] of this nanocomposite at an

interrogation frequency of @, =6.28x10" rad/s (10 MHz) measured the P and S waves

velocities as 5.13x10° mv/s and 2.28x10° m/s, respectively, and the P and S attenuations
as a,=42.6 Np/m (3.7 dB/cm) and a;=73.7 Np/m (6.4 dB/cm). The standard linear solid

model parameters are calculated by assuming:
e the nanocomposite is isotropic and homogeneous (the wavelengths at this
frequency are much larger than the size of a typical CNT),
e the dispersion coefficients for P and § waves are identical r, =1, =7,
yielding a frequency-independent Poisson’s ratio v, and
e the frequency is sufficiently high, say @,z =50, such that the frequency
independent wave velocity and attenuation asymptotically approach the
measured values.
The resulting standard linear solid parameters for the Zr-based BMG
nanocomposite, henceforth called “nanocomposite,” are summarized in Table 3-5.
3-4.2 One-dimensional Examples
Steady-State Response
First consider a nanocomposite of finite length subjected to a prescribed harmonic

displacement of magnitude u, and frequency @ . Figure 3-4 shows the agreement of the
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Table 3-5—Standard linear solid model of Zirconium-based bulk metallic glass reinforced by 3% volume
carbon nanotubes composite [3-13].

Property Value
Elastic constant, [T (N-m?) 1.74x10"
Poisson’s ratio, v 0.377
Dispersion coefficient, » 0.652
Relaxation time, 7 (s) 7.96x107
Density, p (kgm®) 6.61x10°

(Displacement)/(Peak Displacement)
(Displacement)/(Peak Displacement)

0 1 2 3 4 5 s 1 2 3 4 5
(x—Coordinate)/(Wavelength) (x—Coordinate)/(Wavelength)
(a) ()

Fig. 3-4—One-dimensional steady state implementation of MSDLM (solid lines) and corresponding

steady-state analytical envelopes (dashed lines, Appendix 3E) for prescribed harmonic motion of frequency

@ at x=0 and (a) fixed boundary at x=5x and (a) free boundary at x =>5x, where at x is the
K

wavelength corresponding to @ . Here » =0.652, oz =50, % =g for (a) and - 20 for (b).
one-dimensional steady-state implementation of the MSDLM and the corresponding
analytical envelope (Appendix 3E) when there is a fixed and free boundary at x/x =35,
where x is the wavenumber corresponding to frequency @. Note that the number of
required wavelengths per grid spacing to achieve an accuracy of less than 1% is four
times larger for the case with a fixed boundary compared to the case with a free
boundary, because the former case is near a natural frequency.
Transient Response

Next, consider a one-dimensional nanocomposite having quiescent initial conditions

for 1< 0. Attime ¢t=0, the following Gaussian-modulated cosinusoidal displacement
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function u(#), primarily chosen due to its smoothness and well-defined bandwidth, is

prescribed at x=0:
u(t) =, exp[—L(w,1 — 3V Joos(m,t - 30,07 (3-61)

as shown in Fig. 3-5a, where u,,, is the peak magnitude of displacement, @, is the

- . D 3
frequency standard deviation, and @, is the central frequency. The function inputs D
7w

(<2

periods of displacements having an envelope greater than u,exp(~%) and thereafter

rapidly decays to a rigid boundary condition. The absolute value of the Fourier transform
of eqn. (3-61) shows that the frequency content is

|U (a))] ~ exp[— wﬁ} + exp{—‘ (_a)—_a);_)i} (3-62)
2w

2w

[«2 a

and the positive frequency content is shown in Fig. 3-5b. The effective maximum excited

frequency can therefore (arbitrarily) be chosen as o, = @, +3w,, since all higher
frequencies excite less than a factor exp(—3) or approximately 1.1% of the amplitude of

the central frequency. Thus, according to the accuracy condition, the wavelength
corresponding to this maximum frequency should be discretized into at least 20 grid

spaces.

Normalized Amplitude

(Displacement)/(Peak Displacement)

0 2 4 6 8 10 0 0.5 1 1.5 2
(Time)/(Period at Center Frequency) (Frequency)/(Center Frequency)

(a) ®)
Fig. 3-5—(a) Normalized prescribed displacement of Gaussian-modulated cosinusiodal temporal function
having peak amplitude u, , center frequency _ (period at center frequency T.), standard deviation ¢_ and

(b) normalized positive frequency content when @_/ w,=02.
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Figure 3-6 shows snapshots of the displacement field at various times in a semi-
infinite nanocomposite subjected to the prescribed displacement function. To effectively
eliminate spurious reflections, an absorbing boundary is placed at x/x,=20.
(Essentially the absorbing boundary is a layer in which the magnitudes of the auxiliary
springs and dashpot coefficients are modified to increase the wave attenuation with
increasing position. Details are given in Appendix 3F.) The magnitude of the peak wave
packet is within 0.5% error of the analytical envelope (dashed line) at a few sampled
times (Appendix 3E).

Figure 3-7 shows snapshots of the displacement field at various times near the
boundaries of two dissimilar standard linear solids when subjected to the prescribed

displacement function. Material / (0 < x/x, <10) is the nanocomposite and Material I/
(10< x/x,) has the same properties as the nanocomposite except its relaxation time is

five times smaller, and thus, the Material /7 attenuation is five times larger than that of
Material 1. For clarity, an absorbing boundary condition exists atx/x, =20. The peak
magnitudes of the incident and transmitted wave packets are within 0.5% accuracy of the
composite analytical envelope (dashed) at a few sampled times (Appendix 3E).
3-4.3 Two-dimensional Examples
Internal Point Loading

Consider a two-dimensional, semi-infinite plane-strain nanocomposite having
quiescent initial conditions. At time 7 = 0, the nanocomposite is subjected to a Gaussian-

modulated cosinusoidal time-varying radial stress o, () acting at the origin, having peak

magnitude (o, )p , central frequency w,, and standard deviation frequency @,. The

spatial distribution of forces required to approximate such a stress in the MSDLM is
shown in Fig. 3-8a. To effectively eliminate numerical reflections, an absorbing boundary
is placed at x/x,,=%2.5 and y/x, =+2.5, where x,  is the P-wavelength at the
center frequency. Figure 3-9 shows snapshots of the resulting displacement field,
revealing the circular wave fronts of the P waves. Figure 3-10 shows an analogous case

for a prescribed circular shear stress o,,(¢) acting at the origin (with the MSDLM spatial

distribution as shown in Fig.3-8b).
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Fig. 3-6—Snapshots of displacement field in one-dimensional standard linear solid numerically simulated via MSDLM, subjected to prescribed Gaussian-
modulated cosinusiodal displacement at x=0 {peak displacement » central frequency @, (period at center frequency T ), standard deviation ¢ } and absorbing

boundary at x/x_ =20.Here x_is wavelength corresponding to @_, r =0.652, @, 7 =50, Yo _ 0.20>» E“‘a}"l—Ai =1.30, and A =51x107%.
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Fig. 3-7—Snapshots of displacement field near interface of dissimilar one dimensional standard linear solids numerically simulated via MSDLM, subjected to
prescribed Gaussian-modulated cosinusiodal displacement at x=0 (peak displacement U, central frequency ¢_, standard deviation ¢_). Dashed line represents

analytical envelope of wave propagation. Nondimensional parameters of Material /, 0 < x/x, <10, and of Material 1/, 10< x/k,, where g, is wavelength

i I 1

corresponding to @, are T_”=5, rl=r" 20652, ' =50, L= =020, Cfl';ﬂ* =1, A =1.30,and .A7t=5,1x10'3.
T o, ’ T
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(a) (b)

Fig. 3-8—Schematic of spatial distribution of volumetric forces in lattice model to approximate (a) radial
pressure point load o, and (b) radial shear point load & ,, where 4 is grid space.
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conditions are at xi %y, =425 and ylacy, =42.5, and solid is subjected to Gaussian-modulated cosinusoidal time-varying point normal stress o, (1) (center

frequency @, , standard deviation @, ) acting at origin. Here x, is P-wavelength at center frequency, r,=r,=0.652, v=0377, c’“a"—"’m=1.30,
h

A 3k107, w,r=50,and %o _( 7.
T w

c

75



Lattice Modeling of Ultrasonic Nondestructive Evaluation of Attenuating Materials

(Vertical Coordinate)/
(P-wavelength at Center Frequency)
o - N

1
-

|
n

n

-

|
-

(Vertical Coordinate)/
(P-wavelength at Center Frequency)
o

|
n

-1 0 1 2
(Horizontal Coordinate)/
(P-wavelength at Center Frequency)
(a) (Time)/(Period at Center Frequency) = 0.0

-1 0 1 2
(Horizontal Coordinate)/
(P—wavelength at Center Frequency)
(d) (Time)/(Period at Center Frequency) = 3.0

(Vertical Coordinate)/
(P-wavelength at Center Frequency)

(Vertical Coordinate)/
(P-wavelength at Center Frequency)

n

I
-k

I
n

—_

o

—_

-1 0 1 2
(Horizontal Coordinate)/
(P-wavelength at Center Frequency)
(b) (Time)/(Period at Center Frequency) = 1.0

-2

n

-4 0 1 2
(Horizontal Coordinate)/
(P-wavelength at Center Frequency)
(e) (Time)/(Period at Center Frequency) = 4.0

-2

(Vertical Coordinate)/
(P-wavelength at Center Frequency)

(Vertical Coordinate)/
(P-wavelength at Center Frequency)

n

Iy

o

1
=&

I
n

-1 0 1 2

(Horizontal Coordinate)/
(P-wavelength at Center Frequency)

(c) (Time)/(Period at Center Frequency) = 2.0

-2

-y

1
-

|
n

n

o

-1 0 1 2
(Horizontal Coordinate )/
(P-wavelength at Center Frequency)

(f) (Time)/(Period at Center Frequency) = 5.0

Fig. 3-10—Snapshots of displacement field in two-dimensional, plane strain standard linear solid numerically simulated via MSDLM. Absorbing boundary
conditions are at x/ Ky =E25 and y/x ., 0.5, and solid is subjected to Gaussian-modulated cosinusoidal time-varying point shear stress o,,(t) (center

frequency @,, standard deviation ) acting at origin. Here k., 1s P-wavelength at center frequency,

. =1, =0.652, v=0377,

At
CmapB ) ah)
h

AL 53107, w.r=50,and = _ (9.
T w

[

76



Chapter 3: Formulation of Mass-Spring-Dashpot Lattice Model

Planar Boundary Reflection and Transmission
Consider a nanocomposite half-space (y <0) with a rigid boundary aty =0

containing a 45° obliquely incident P wave comprised of one sinusoidal wavelength at

frequency @, , emanating from the lower left as shown in Fig. 3-11a. Figure 3-12 shows a

snapshot of the displacement field when the incident P wave interacts with the rigid
boundary. The magnitude of the reflected P and S waves are within 3% of the analytical
steady-state analysis; the orientations of the P and S waves agree well with the predicted
angles of 45° and 18°, respectively (Appendix 3E).

Consider the wave propagation near the interface of two material half-spaces at

y=0. Material / (y <0) is the nanocomposite and Material II (y >0) has the same

material properties as the nanocomposite except 2ITY =T1' and v’ =0.300. In this
case, Material / contains a 45° obliquely incident P wave comprised of one wavelength at

frequency @, , emanating from the lower left as shown in Fig. 3-11b. Figure 3-13 shows

the resulting S wave reflection into Material 7 and P wave transmission into Material /7 .
The orientations with respect to the vertical axis of the reflected P wave, reflected S
wave, transmitted P wave and transmitted S wave agree well with the analytical values of

45°,18°, 30°, and 16°, respectively (Appendix 3E).

Rigid
Boundary

Material I/

4

Incident P-wave \ 4
Material /

Incident P-wave

() (b)

Fig. 3-11—Schematics of 45° longitudinal plane wave propagating in vicinity of (a) rigid boundary and (b)
interface of dissimilar materials.
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Surface Loading
Consider the case of a vertical force, having a Gaussian-modulated cosinusoidal

time-variation, concentrated downward at the origin of a two-dimensional plane strain
nanocomposite. The loading produces P and S waves radiating into the solid and
Rayleigh waves propagating along the surface. Figure 3-14 shows snapshots of the
displacement field in the vicinity of the surface loading for the first five periods
corresponding to the center frequency. The elastic-like retrograde motion of particles near
the surface and exponential decay can be readily verified from the figure and are in good
qualitative agreement with analytical steady-state results [3-14]. Because the quality
factor of the nanocomposite at the central frequency is 144 (that is, a plane wave must

propagate 144 wavelengths to attenuate by a factor exp(-z), or approximately 4.3%),

the transient surface displacements on the nanocomposite are within a 10% amplitude of

the exact solution for an elastic material [3-15] for the windowed region of interest.

3-5 CONCLUSIONS

The MSDLM was formulated for both one and two dimensions, and the
convergence and accuracy criteria were presented. Numerical examples provided further
verification of the efficacy of the MSDLM to simulate and visualize wave phenomena in
attenuating materials. It is anticipated that the MSDLM can be a useful tool in wave
propagation disciplines such as seismology and nondestructive evaluation of materials.

In its present form the MSDLM uses standard linear solid elements, consisting of
ideal dashpots and springs, to simulate interactions between particles. In the future, a
generalized standard linear solid, containing a fractional derivative dashpot or the so-
called spring-pot, can be incorporated into the MSDLM to more realistically model wave
phenomena over a broader range of frequencies, albeit with increased numerical
complexity. Material nonlinearity can also be incorporated by employing nonlinear

springs and power-law dashpots.
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APPENDIX 3A—Derivation of Stress-Dynamic Equations and Dispersion Relations
for Standard Linear Solid Having Single Relaxation Time

In this appendix, the stress-dynamic equations are derived for a standard linear solid
having a single stress relaxation time. From the stress-dynamic equations, the
attenuation and wavenumber are derived for steady-state harmonic waves and limiting
cases are explored.

Derivation of Stress-Dynamic Equations
For a general homogeneous continuum, the equations of motion expressed in

Cartesian indicial notation are
b ..
Ouy+ Ji = Pl (3A-1)
where o,, are the components of the Cauchy stress tensor, f; are the components of the

body force per unit volume, pis the density, u, are the components of displacement, and
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the overdot denotes a partial derivative with respect to time. For an isotropic viscoelastic

continuum, the constitutive equations are [3A-1]
Oy :z(t)*gmm5kl +2H() * g, (3A-2)
where 1 (t) and fz(¢) are independent stress relaxation functions, * denotes a

convolution integral, ¢, are the components of small strain given by
1
Eu = E(uk,l + ul,k) (3A-3)

and o, is the Kronecker delta. Equation (3A-2) can be rewritten as [3A-1]

! g L] 68 * g * ag *
oy =0, |A@t—t)—=2Z=dt" +2 \Ji(t -t ) —Ldt 3A-4
. j (t=1)= Jaa-)7; (3A-4)
Substituting eqn. (3A-3) into eqn. (3A-4) yields
! iy * au * ! ~ * *
O =8y (A=t )—2mdt" + (et )—a—,(uk, +u,, it (3A-5)
- ot - or " ’
Taking the partial derivative of eqn. (3A-5) with respect to coordinate / yields
! iy * aumm * ! ~ * 5 *
Ony = 5,(,;‘[/1 (t—t )—atTldt + ;[,U(t —t )y(”k,u Uy )dt (3A-6)
Using the properties
ou Ou ou
5 m;ml = m;mk = 1;1k 3 A-7
¥ ot ot ot (3A-7)
and
Uy = Uy (3A-8)
eqn. (3A-5) can be reformulated to yield
! ry * * a * ! ~ * a *
Guy =[2G~ +fit—1 ))%dt + (B )%t";idt (3A-9)

For a standard linear solid described by a single stress relaxation time 7, the stress

relaxation functions have the following form:

0 =,1+ie-”f (3A-10)
T

G = pu+ e (3A-11)
T
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Here, 4 and g are the Lamé constants and A’ and x' are the analogous viscoelastic

constants.

Substituting eqn. (3A-10) and (3A-11) into eqn. (3A-9) yields

* a
Oy = J‘(/?,+,u+l + 4 —(H)/rj Uy i i

T ot
(3A-12)
+ J‘(#_}_ o z*)/:)a”k g
= ot
If it is assumed that the continuum 1s initially at rest [3A-1]
u,(t)=¢,=0,()=0, —o<t<0 (3A-13)
eqn. (3A-12) becomes
t
we )0
Oy = j(ﬂ+ﬂ+ AL ””j——dgt’ dt
T
’ , (3A-14)
! /e \OU R
i j‘(‘u +ie’('7’ )/rj kL gy
: T ot
taking the Laplace transform of eqn. (3A-14) yields
_ A+pu A+ 1\ uou 1\
Oy, =S8 + +5| —+— 7 3A-15
K ( s T s+1/r)u1’"‘ (s rs+l/z) ( )

where the overbar represents the transformed variable and where the following property

of the Laplace transform is used

L{ ff(t)g(z—t*)dt*}=i(s>§(s> (34-16)
0
Equation (3A-15) can be reformulated to yield
(r(/1+,u)+/1'+,u)s+/1+,u_ (r,u+,u)s+,u__
kl,l l lk k Jl (3A' 1 7)
m+1 m+1

A differential series is introduced as

Oy + ac‘rk,,, =bu, , + ctiy ; + du, &t e, (3A-18)

where a, b, ¢, d and e are constants yet to be determined. Taking the Laplace transform
of eqn. (3A-18) yields
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(3A-19)

u,,— u, (0
T k,ll()

The differential form of eqn. (3A-18) is equivalent to the convolution form of eqn. (3A-

14) if"

a=rt (3A-20)
b=A+u (BA-21)
c=u (3A-22)
d=t(A+p)+ 1+ 4 (3A-23)
e=tu+u (3A-24)
and provided that the following initial condition is satisfied
2{' + ’ !
04,(0) = (/1 pt —;ﬁ] )+ (u + %)u (0) (3A-25)
Substituting eqns. (3A-20) through (3A-24) into eqn. (3A-18) yields
. 1 A+ y7]
Ous = ”;O'ku + _,uul,lk U
A+ ' (3A'26)
+ {’1 tHT '——Iujal,lk + (,u + i)"k n
T T )"
The following constants are defined:
Ji = 0wy (3A-27)
' N!
r=| 14 L2124 (3A-28)
T A+2u
AR
vy = (1 + —i) (3A-29)
T U
= A+2u+ 2524 (3A-30)
T

and

t Simply a term by term comparison of eqns. (3A-17) and (3A-19).
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M=p+is (3A-31)
T
Finally, eqns. (3A-26), (3A-1) and (3A-25) are rewritten to form the stress-dynamic

equations and initial condition as

. i r,JI1-r M r-M ) .

1= _;f,c +-£ . S Uy + ST Uy +(IT=Mat,, +Mui, (3A-29)

. 1

i, ==(f, + 1) (3A-30)
P

£, (0)=(dI-M)y, , (0) + Mu, ,(0) (3A-31)

Derivation of Dispersion Relations

In the absence of body forces, eliminating f, from eqns. (3A-29) and (3A-30)
yields an equation expressed in terms of displacement
zoii, + pit, = (r, 1T =M, ;o + (M, , + 7T =M, , +Ma,,  (3A-32)
Consider a steady-state longitudinal plane wave attenuated in the direction of
wave propagation and having the form
U (X, %y, X5,1) = myu e " ¢ i) (3A-33)
and a similar steady-state shear plane wave having the form
U, (X, Xy, X5, 1) = Hu e *" g thsPmin=a) (3A-34)
where n, are the components of the unit wave vector n, n; are the components of a unit

vector orthogonal to the wave vector n, (that is, n-n, =n,n, =0), u, is the wave

amplitude at the phase plane containing the origin, « is the attenuation coefficient, i is

equal to V=1, k is the wavenumber, subscripts P and S denote the respective properties
of longitudinal and shear waves, and w is the circular frequency.

Longitudinal Waves

Substituting eqn. (3A-33) into eqn. (3A-32) yields
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z'pnkuo(— fa))J + pnkuo(— fa))z = (11— r M ug(—ap + ik, )
+ (rSM)nknlnluO (-ap+ ;kp)z
+7(IT =My (—ap + ik, ) (—i o)

(3A-35)

+ Mn gy, (-a, +ik,) (-l o)

where the common exponential terms have been ignored. Using the property that
(3A-36)

n-n=nn =1

and factoring out the common terms n, and u,, eqn. (3A-35) can be simplified to
wl-io) + pl-io) = rli(-a, + k)’ + dl(-a, + ik, (= o) (3A-37)

Simplifying the real part of eqn. (3A-37) yields

— po’ = 2Merak, +rll(a; —k}) (3A-38)
Simplifying the imaginary part of eqn. (3A-37) yields

pw’ = -2rlak, - odl(a) -k,) (3A-39)

Solving eqns. (3A-38) and (3A-39) for ek, and a; - k? yields

_ 3
a e, = ?’)”’f’z (3A-40)
2[(ry + @°77)
and
2 2.2
i —ki= PO LrOT) (3A-41)
I(r, + @°t°)

Solving for &, in eqn. (3A-40) and substituting the result in eqn. (3A-41) yields
2 2.2 2 .2 6 2
W (1, + O°T ' p'w(1-r
a;+p (2P 22) ;_ 6 2( 2P2)2= (3A-42)
I(r, + w°77) Al (ry + o°77)
Equation (3A-42) is quadratic in a; , thus solving via the quadratic equation yields
2_ .4 2,252 2 .2 6 2
eolprar) foelonl  Gagy
I°(r, +0°t”) [I°(rp, +o'c")

o’ z_pa)z('}"‘wzfz)il
P + @'t 2

. __po(pta'c’) 1

) § (X B

2 2N2 2 201 N2

(rp+w rz) +Z§o2(1 p) (3A-45)
(r, +o't7)

2 2..2\2 2 2 2

po- | |[(r+o ) +t7w (1-r,)

( I j\/ T Geet? A
P

2 2.2

PO _mte’

P —_
21| 7 +o'c’
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Discarding the negative root of eqn. (3A-45) to avoid a, being an imaginary number

yields
2 po’| [+’ 1+0°t?) r+e’t’
op = o1 2, 2 22 T2, 22 (3A-46)
(ry +o°t") vy +@°T
2 2.2 2,2
., PO I+o'r o+ @' T
a, = - 3A-47
Proooan(\r+e’® i+ a)zer ( )
Multiplying eqn. (3A-47) by r,/r, yields
2 2.2 2.2
2 PO , 1+w'r tp+@°T
ap = v, — 3A-48
PV vl T +a)212j ( )
,  pot 1+ a’c? 3 v +ro’t’ (3A-49)
2r, 1V 1+720° 7} + o'’
Finally,
, P’ I+’ 1+r'e’c’
ap = 222 222 (3A-50)
2rll\ 1+ 0t 14+ 0t
Reformulting eqn. (3A-41) yields
= pa’(l+1,'@’t?) (GAS)
I +r 0’ c?) "
Substituting eqn. (3A-50) into eqn. (3A-51) and simplifying yields
2 2.2 -1_.2_2
K2 = pw 1+_a2)r2 : +1+r,iza)zz'2 (3A-52)
2rp Il V1+r 0t l+r o't
Shear Waves
Substituting eqn. (3A-34) into eqn. (3A-32) yields
Tonu, (— z?a))3 + pnyu, (— fa))z = (r,I1 - rM i n sy (—ag +ikg)?
' 2 2
+(rSM)nkn,n,'u0( oy +1ks)T . (3A-53)
+r(II-M)mnnu,(—a; +ik) (i w)
+ Mulnnu,(—ag + ik ) (—i @)
where the common exponential terms have been ignored. Using the properties
n,-n=nn =0 (3A-54)
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n-n=nn, =1 (3A-55)
and factoring out the common terms #, and u,, eqn. (3A-53) can be simplified to
wl-iof +pl-Fof = rM(-ag +iks) + M(—a + ks ) (i o) (3A-56)

The form of eqn. (3A-56) is similar in form to the longitudinal wave case in eqn. (3A-

37). Thus the attenuation and wavenumber of shear waves is similarly found to be

. pa’ 1+o’c 1+r'0’c?
as = 2 2.2 2 22 (3A-57)
2rMI N1+ w0t 1450t

2 2,2 -1 _2_2
kz_pa)( l+o'r +1+rswr] (3A-58)

s = — —
2 M V1470 1+ri0’c”

Limiting Cases of Attenuation and Wavenumber
The attenuation and wavenumber of both P and S waves have a similar form.
Henceforth, the limiting cases of the general dispersion characteristics for the following

equations will be identified
o = po° ’ l+o’s” 1+r'e’’ (3A-59)
2rg | V1+r%0’ " 1+7r7°0°c?

2 2.2 -1 22
kz=,;a)¢( 1+_a2)rzz+1+r a)z-} (3A-60)
s

1+r20*c*  1+r%0%t?

where a, k, r, and ¢ can respectively represent either «,, k., r,, and Il or a, k;,

rg,and M.
In the high frequency limit (w7 >>1), eqns. (3A-59) and (3A-60) can be

conveniently expressed as

2
& = /’2‘; 1+ 02c2) (4 P02 (s re e DA+ P2y 1) (3A6Y)

2
k2= ,026; ((1 y w22 )1/2(1+ rzw—zz_-z)—l/Z +(1+ rair )1+ r2w—zz_—2)—l) (3A-62)
Using the approximation
(A+&)’ =1+ pe, &£<<1, (3A-63)

eqn. (3A-61) can be simplified to by keeping all terms up to O(z™>) as
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2 2 -2 2 2 2
=2 |1+ 2 2T e (3A-64)
2¢ 2 2
r l
@=L L (3A-65)
2r°¢\ 2 2
_ 2
ot =240 (3A-66)
47°¢
Finally
S el (3A-67)
2w,
where
Coax = V¢/p (3A'68)
Equation (3A-62) can be simplified by keeping all terms up to O(w°) as
2
w2 =L2 (5 3A-69
25 (3A-69)
k=2 (3A-70)
c

In the low frequency limit (w7 <<r), eqns. (3A-59) and (3A-60) can be

conveniently expressed as

2
o> =%((1+(022'2y/2(1+r20)22'2)*”2 -(1+r'la)22'2)(1+r_2a)22'2)_1) (3A-71)
r

2
K = %((1 +@* ) 1+ 20 1+ o)1+ r’za)zrz)‘l) (3A-72)
¥

Equation (3A-71) can be simplified by keeping all terms up to O(w*z?) as

2 2.2 2.2 22 2 2
2 _ PO a)z_a)z;_a)r_i_a): (3A-73)
2rg\ 2 2r r r
o PO (l_Lr_l_j (3A-74)
2rg \2 r 2¢7
4 2 2
2= po T (1-r) (3A-75)

4r3¢

Finally,
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_ @’ t(1-r)

(3A-76)
2rc

min

where

Conin =T/ P (3A-77)

Equation (3A-72) can be simplified by keeping all terms up to O(@”) as

2 _ sz _
k* = 2rd (2) (3A-78)
k=2 (3A-79)
C

There is also an intermediate frequency at which the attenuation is approximately
proportional to the frequency. This limit is derived by requiring the attenuation tangent
line in the a — @ plane to contain the origin, or

9a
ow =y

-4 (3A-80)
@,

Equation (3A-80) was solved with Mathematica 5 software [3A-2], to yield the

intermediate frequency

r |3+r
= — 3A-81
@ r\fl+3r ( )

As @ — @, the attenuation coefficient is

a~wll 1+2r  S5+r (3A-82)
o\ 8 8(+r)

The phase speed in the vicinity of @, is approximated by using a Taylor series expansion

truncated after the linear term as

c(w) = c(a)o)+(a)—a)0)ﬁ (3A-83)

w=ay

5+4r  3+2r o
c(ay) = \/‘ (8(1+r) » J (3A-84)

where

and
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25+r) 23+ 2;~)J”2

e =(l_”)7\/z[ s 172 - 372 (3A-85)
6(00:@0 P (A+3r'°(B+r)

It is clear from the first term in eqn. (3A-85) that slope in the phase speed decreases to

zero as the dispersion coefficient approaches its elastic limit. In general, however, when

@ — @, the wave propagation is dispersive for 0 <r <1.

References:

3A-1. RM. Christensen. Theory of Viscoelasticity: An Introduction 2nd ed., pp.
14,15,37,38. Academic Press, New York (1982).

3A-2. Wolfram Research, Inc. (Champaign, IL), Mathematica documentation:
http://documents.wolfram.com/mathematica/

APPENDIX 3B—Four Stage Runge-Kutta Method

In this appendix, the four stage Runge-Kutta numerical integration for a set of linear,
discrete dynamic system of equations is outlined.

Consider a matrix equation given by
a=Au+f (3B-1)
where u is the state vector, A is a matrix and f is a prescribed forcing vector. The Four

Stage Runge-Kutta method [3B-1] is given by

'u=AfA"u+'r) (3B-2)
) (e

‘u= AtA(’u +7J+ At[ 2 f] (3B-3)
) (e

‘u= AtA(’u +7J +Af 2f (3B-4)

‘u=AA(u+tu)+ Ad8) (3B-5)

“a="u +%(1u+2~2u+2-3u+4u) (3B-6)

where left superscripts 1, 2, 3 and 4 denote intermediate steps.
The time stepping procedure for the one-dimensional mass-spring-lattice model

(MSDLM) as shown in Fig. 3B-1, for example, is given by
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Fig. 3B-1—Schematic of MSDLM for one-dimensional standard linear solid, where each interior particle
has mass per unit area (orthogonal to plane of page) equal to ph.

Step 1:
1 g g+ (:. . .
Yo=Al —=f +2 "0, 2w+, J+ 222"y -2 u., +'n, j 3B-7
fi . 1 ZhA( Uiy ; 1—1) A ( f i+l 1—1) ( )
'u, = At'a, (3B-8)
t I3
= At(MJ (3B-9)
P
Step 2:
2f = At(—lfﬁ + B, — 2w, )+ BB (2, ))
T thA hA (3B-10)
At 1, g1 Lo 8+& (1. L L J
+— ——fi+—=u -2 utu =" u, -2 u,,+u,
2 ( r ﬁ ThA( i+l i x—l) hA ( i i+l z‘l)
2u, = At'y, +%ﬂ i, (3B-11)
o
t 1 2
%, = At(—fi] +§5(ij NN - (3B-12)
p) 2 p P
Step 3:
Sf= A <+ Bt — 2 ) BB (2t )J
T hA hA (3B-13)
At 1, 8 (2 22 £ +8& (2. 2. 2. )
+—| —fi+=\u, -2 w4 e A -2,
2( . i zhA( i+ ; ut—l) A ( f i+ 1—1)
u, = At + %’—? i, (3B-14)
: o
t 2
= At(iJ +ﬂ(ij Al — Lo (3B-15)
p) 2 p p
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Step 4:

= At(" %’f; + ';i—lA(’uM —2"u+u, )+ g—lh-;ﬁ(tdi = 2"+, ))

| (3B-16)
+ At(— LIPS (I CR LTI FE- X LR, KPR ))
T thA hA
‘u, = At'u, + Ata, (3B-17)
t 3 t+AL
Y, = At[i) + At(ij + At(—fﬂj (3B-18)
P P p
Update
s gt +%(' £+27f + 24 (3B-19)
=t + —é—(lui +22u, +27u, +4ui) (3B-20)
="+ é(lu,. +220 + 2-3ui+“u,.). (3B-21)
Reference:

3B-1. M. Abramowitz and L.A. Stegun (Eds.), Handbook of Mathematical Functions
with Formulas, Graphs and Mathematical Tables, pp. 896-897. Dover, New York
(1965).

APPENDIX 3C—Convergence and Accuracy Criteria for the Mass-Spring-Dashpot
Lattice Model

In this appendix, the convergence and accuracy criteria are derived via von Neumann
analysis _for the one and two-dimensional mass-spring-dashpot lattice model (MSDLM,).

One-Dimensional MSDLM
Convergence Criteria
The stress-dynamic equations for a one-dimensional standard linear solid

viscoelastic continuum described by a single relaxation time can be expressed as [3C-1]

of 1, r¢pdu ,0u
L= f+———+
ot T 4 T o’ ¢ ox*

(3C-1)
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ou _
E - (3C-2)
5;=;(f+ﬁ,) (3C-3)

where f1s the force per unit volume, 7 is the stress relaxation time,  is the squared ratio

of the minimum to maximum phase speeds (0<r<1), ¢ is the governing elastic
constant, u is the displacement, p is the density, and f, is the body force per unit volume.

Taking the Fourier transform of eqns. (3C-1) through (3C-3) yields a matrix

equation
1 kr 1
R] |- - -eelE
%U,( =| 0 0 1 U, (3C-4)
vl L o o |u
— p —

where F,, U, and U , are the respective complex amplitudes of the force per unit

volume, displacement, and velocity corresponding to the wavenumber 4. Equation (3C-4)

can be rewritten as

~ APy (3C-5)

exact exacl exact

The eigenvalues of A2 are given by

exact

Ao 1= A2 1=0 (3C-6)

A exact

which satisfies the characteristic equation

Z rZ

2
sz, + 7 s+ e + 50 (3C-7)
where
2,2
7= Ek’t 3C-8)
Yo,

The eigenvalues of A, are

Aoy = e 2O T e (3C-9a)
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L+iV3)Ez- _(-I3D,,

A = 3C-9b

=5 e, e e
(1-—1\/_)(3Z D (1+l\/_)DA1D

A o = " (3C-9¢)

3 A 3r 3R/4mD a2, 632r

where i is equal to /-1

/3
D, = (2(9 ~27r)~2+3/(32)(42> +27Zr* —18Zr - Z + 4r)) (3C-9d)

AEXﬂC’
The exact time evolution of eqn. (3C-5) is given by

.. ) =G, ©0) (3C-10)

amct exact

where

G2 = ghem (3C-11)

exact

Here G.° is the amplification matrix, == is the matrix exponential of A” and

exact exact

(0) is the initial conditions vector. The dimensionless eigenvalues of G.°

exacl exact

. . . . A 0-n
called amplification factors and are simply related by the expression 51,01-0 =g "o

where / represents any of 1, 2 or 3.
Equations (3C-1), (3C-2), and (3C-3) are discretized via the one-dimensional
mass-spring-dashpot lattice model (MSDLM) in Fig. 3C-1. The stress-dynamic

equations for the discretized model are

df, 1 g 218
L =——f —2u, + —2u. + 3C-12
dt T.ﬁ+ZhA(z+l u u ) hA (H—I u u ) ( )
%:ui (3C-13)
du. 1

i (f+ £, 3C-14
— p(f, i) (3C-14)

where

b _, (3C-15)
£,

f; is the force per particle volume due to the internal strain on particle i, g, and g, are

spring constants, /4 is the grid space, 4 is a unit cross-sectional area normal to direction of
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Fig. 3C-1-—Schematic of MSDLM for one-dimensional standard linear solid, where each interior particle
has mass per unit area (orthogonal to plane of page) equal to ph.

force, and u, is the displacement of particle 7, and f,, is the body force per unit particle

volume on particle i
Expanding eqn. (3C-12) via the Taylor’s series in the limit as #—0 and comparing

the result with eqn. (3C-1), the one-dimensional MSDLM is spatially consistent with the

govering PDEs if
& = Lgé (3C-16)
1-r)gd
, = (_h)¢_ (3C-17)

Taking the discrete Fourier transform of eqns. (3C-12) through (3C-14), in light
of eqns. (3C-16) and (3C-17), yields a matrix equation

F, L ¢ —(1-coskh) - —2 (1—-coskh) F,
7
4 U,1=| 0 0 1 U (3C-18)
dt k 1 k
U > 0 0 U,
or
msdlm = Alms?ilm msdlm (3C'19)

The eigenvalues for A' 2 satisfy the characteristic equation

msdim

Ko += - /12 oot fz Ayeo +% =0 (3C-20)
where
Z'= 2¢ (3C-21)
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1-D
msdim

The eigenvalues of A are

3 r_ D b
Ao = _L__‘/_E@_,_Lmﬂl (3C-22a)
> msdim 37 3D, R2r

__1_ (+iV3ez'-n (1-i3)D,

A o = 3C-22b
i =73 A e (3C-220)
_3 _ny (A+i3)D,.,
A =t ’3‘/5)(32 D_ A (3C-22¢)
+ B madio 37 3\/ZTD R 61/_2—1

msdim

where

/3
D,, = (Z’(9 —27r)—2+3,(3Z')(4Z"% +27Z%* -18Z'r - Z' + 4r)) (3C-224)

Al

The exact solution to eqn. (3C-23) is

i Wsaim = G:s?ﬂm 1 umsdlm (3C'23)
where
GL5,, = ehin (3C-24)

In numerical computations, the G2 must be approximated. Using a four stage Runge-

msdim

Kutta integration method [3C-2], the numerical amplification matrix is written as

_ 1 _ 1 _ 1 1-D 1 _ 4
Gl =1+ 1 MIALG, + 5(AzAl,,;;,,,,)z + §(A1Am,m)’ + Z!(AtA;,;;,m) (3C-25)
G!D . is equal to the Taylor series expansion of G truncated before the term of

order (At)s. As h—0 and Ar— 0 the solution approaches the exact continuum
solution, eqn. (3C-10); thus, the MSDLM discretization in space combined with the
Runge-Kutta temporal integration yield a consistent numerical scheme. Equation (3C-
25) can be rewritten as

a4 4dp 9

G:? a, ay, Gy (3C-26a)

numerical —

ay Gy dy

where
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a, =1—£+&Z[%_Mj
T 2 T ph
+_(_Atl(__i3+ 2¢(2—V)(1:COSkh)J (3C-26b)
6 \ r P

St 2¢(1—coskh)]2 _ 2¢(1-coskh)
24 |\ 7? ph? Ph?

__2rgAt(1—coskh) . r¢(At )2 (1—-coskh)

12 Th2 z_th
+(At)3(¢r(1 —20(;skh))(_ Lz , 240 —2coskh)j (3C-260)
3 hT T h'p
N (As)* (2;#(1 —cos kh))( 1 2¢r(1—cos kh)j

24 ht r pr

L 20Mr(1-coskh) 4(1- YAt (1 - cos kh)
13~ hz z‘hz
.\ (Ar) (_ 24(1- r)(21 —coskh) 44(1 —cos kh)? j (3-264)
6 h'p h p
s (A1) (2¢(1 —r)(1-coskh) ]( 1 4¢(1—cos kh)]

24 k't 7? hp

2 3 4
0 = (ar) (A1) +(At) ¢r(12—c;)skh) (3C-26¢)
20 6pr1 127 pT

i (A1)’ gr(1—cos kh) . (A)* gr(1-cos kh)
2 3% pr 12h* p1?

(3C-26f)

4y = At (Ar) ¢(1;cos Kb | (At)4¢(1—r2(1—cos kh) (3C-269)
3hp 12h° pT

T T T 2

p 2t 6 \1 hp

+(At)4 _ 1, 24Q2-r)1-coskh)
24 \ pr° phr

31

_ At (A JA’X(L_ 2¢(1—coskh)]
(3C-26h)

o (AtY gr(1—coskh) N (At) gr(1— coskh)
? p’ 30’ prt
(A1) gr(1—cos kh) (_ 1, 24(1-cos kh)]
1217 pr 7t Wp

(3C-26i)
+
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1 (AtY ¢(1~coskh) . (At} ¢(1—r)(1—coskh)
- Wp 30 pr
. (A1) [ 24(1=r)(1—coskh) . 4¢* (1 - cos kh)’
24 ph2T2 h2p2

. . 1-D
The amplification factors of G, ..., are

33

_(ay tay +ay) + 3\/-:2‘12

51 ,numerical /3
3 3(411 +Jd? + 4d’ )

(dl +Ja? +4d;)/3
332

£ _(a, +ay +ay) (;+\/§)512
2,numerical /3
3 33\/4_(6171 +d? + 4d§)

. G- a)d, + Ja v ad: )"
632

g = (@, +ay +ay,) _ (; "\/g)dz
mumerica 3 3 %/Z(dl N m)/s

. G+l + Ja7vad)”
632

+

where
_ 3 3 3 2 2 2 2 2
dy =2a;, +ay, +ay) —3(a;,a, + 010y + a0y + 6,03, + Ay,053)
4 9[011‘712“21 +3y,0,,ay, + 4,430, ]
T Ay O30y, + 4130505 T 0530505
+12a,a,,a;, —18(a,a,,a;, + a,,05,05, + a,,a,,a3,)
+27(a,,a505 + a,30,,0;,)
_ 2 2 2
d, = —(a;; + ay, + a3) — 3(a,a,, + a,,a;, + apay) + a,a,,

+4y,ay; + Ay,

(3C-26)

(3C-26k)

(3C-261)

(3C-26m)

(3C-26n)

(3C-260)

The amplification factors of G'?2 must lie within the stability region expressed in

numerical

terms of the amplification factors of A7A! ", as

2 3 4
aAlD AAD ArALD,
1+§ b + mxdlm+ m:dm+ msdim Sl
AAL

wan 2 6 24
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The amplification factors of AfA"2  satisfy the following characteristic equation
p msdi g q

Sy T-AIAL G, 1= 0 (3C-28)
or

5;A:3,m + ngmmm + zzgmmm +rwz’ =0 (3C-29)
where

w =-Ar—t (3C-30)
and

z= QCZLA’\A —coskh (3C-31)

Here c,,, is given by

Conae = 4| (3C-32)

The amplification factors of AtA'” are

msdim

v_ V2032 - ) + dyis

1-D = iy 3C-3 3 a
51,A1A msdim 3 3 dmA},,‘,ff, 3% | |
O (£ 205 o W e Y E30)

2,055 3 3{/ZdAtA},,’31 6%

__w, 0-i3)G v (i),

§3A i o
LA 3 33'\/ZdArA3,,;ﬁm 61/5
where
w(9z’ ~27r2" —2w) + 3
AtA,l,,_D = (3C-33d)
- \/4(322 -w) +w (92° =27rz% - 2w?)?

The special case of amplification factors of A7A"2 lying on the real axis

msdim

requires
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~2.78<¢&, ., <OF (3C-34)

msdim

i-D
msdim

The special case of amplification factors of AzA lying on the imaginary axis requires

—in2<e L, <i2V2 (3C-35)

msdim

where 7 is equal to v—1.

As r approaches unity, the amplification factors of AtfAL"  reduce to one real and

msdim

one pair of imaginary complex conjugates.

Siamiz, =W (3C-36)

&tz =12 (3C-37)

Sy, =17 (3C-38)
Thus, from eqns. (3C-34) and (3C-36)

-2.78< —-Az_—t <0 (3C-39)
or

% <2.78 (3C-40)
and, from eqns. (3C-34), (3C-36) and (3C-37)

|2 <2v2 (3C-41)
or

M\/I—coskh

p <2 (3C-42)

Because eqn. (3C-41) must be satisfied for all kh, it follows that

_._CmeZA’ <2 ~141 (3C-43)

Approximation -2.78 results from requiring to lie on the real axis in eqn. (C.27). Exact expression
§A1A q

1-D
msdim

for lower limit is _f‘__l_g__s‘/_2—+13/4(9@ —43)-
3 339v29-43 3
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) ) Co A . . . .
The nondimensional number “‘"}: is often important in wave propagation problems

and is defined as the Courant number [3C-4].

The above stability analysis is valid as  approaches unity. To generalize, Fig. 3C-
2 shows boundaries of stability regions in the z-w plane for various values of r. The
stability condition in eqn. (3C-39) is applicable for all valid r; the stability condition in
eqn. (3C-42) is valid for 0.13 < r < 1. However, for 0 <7 <0.13, a conservative stability
limit requires the Courant number to be less than 1.30.

In summary, for a one-dimensional MSDLM the stability conditions for all r are

given by
At
= <278 0<r<l (3C-44)
T
c At
—ma;;—sﬁzl.m 0.13<r<l1 (3C-45)

tz= i%dl—coskk

Fig. 3C-2-—Stability region boundaries for fourth order Runge-Kutta method on z-w plane for various
values of ». For given #, all points that liec between stability boundary and origin are stable.
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ﬁ‘%A—fslSO 0<r<0.13 (3C-46)

In accordance with the Lax equivalence theorem [3C-4], the demonstrated consistency

and stability ensure the MSDLM’s convergence.

Accuracy Criteria

The accuracy of the MSDLM is determined by a comparison of the amplification
factor of the exact solution of the continuum model, &, and the amplification factor
due to the Runge-Kutta numerical integration of the MSDLM, &, mericar.  In general the
amplification factors are complex, and it is often easier to compare their magnitudes and
the phases. The respective magnitudes of the exact and numerical amplification factors

are given by

Gonaer| = € (3C-46)
where A, ., represents any eigenvalues from eqns. (3C-9a), (3C-9b) and (3C-9c¢),
and

Eumrcal =\ EmercaEomeric (3C-47)
where & ..., Tepresents any of amplification factors from eqns. (3C-26k), (3C-261) and

(3C-26m) and the overbar denotes complex conjugation. The respective phase angles of
the exact and numerical amplification factors are given by

(& ey =ImiA_ 1AL (3C-48)
and

Gmerica) = {0 )} (3C-49)
(It is noted that the phase angle for the numerical amplification factor will always lie in
the range —Z < (&, oica) =)

Figure 3C-3 shows the magnitude and phase of the exact and numerical

amplification factors as a function of normalized wavenumber when » = 0.55, C = V2 ,

At/T =2.78/4. For the exact and numerical amplification factors, it is clear that each falls

the following categories: a purely real amplification factor corresponding to non-
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Fig. 3C-3—One-dimensional exact and numerical (MSDLM) magnitudes and phase angles as function of
normalized wave number £, for = 0.55,C = 2 ,and At/t = 0.70.
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propagating decay, denoted by &, , or a complex conjugate pair of amplification factors

corresponding to decayed propagation with positive phase and negative phase, denoted

by &, and &, . respectively. It is noted that the category for each into one of

amplification factor is nor determined by the order of the subscripts listed in eqns. (3C-
9a), (3C-9b), (3C-9c¢), (3C-26k), (3C-26l) and (3C-26m).

At small kA, the numerical amplification factors approach the exact values; as kA
grows larger, the error increases. To quantify this behavior, the error in magnitude and

phase of the amplification factors are expressed as

Percent Error in Magnitude = glé"""”l _‘5"'i’""”“‘”u x 100% (3C-50)
Percent Error in Phase = }@"*“"‘")(; <§”>’"”‘>""“” >; x 100% (3C-51)

For the case where 7 = 0.55, C = /2, and At/z = 2.78/4, Fig. 3C-4 shows the percent

error in magnitude for &, as a function of k. The plot reveals that, to achieve a 1%
error or less in the magnitude of &, , the maximum allowable kA/27z1s ~0.75. For the

same case, Fig. 3C-5 shows the percent error in magnitude and phase for & as a

prop+’—

function of kA. To achieve less than 1% error in magnitude for &, = requires kh/27to be
less than ~0.15; however, to achieve less than 1% error in phase for g”pmp;,f requires

kh/2 7to be less than ~0.07. For this example, one can conclude that the grid spacing
should be set according to the error in phase.

The ordinate and abscissa labels in Fig. 3C-4 have a more physical meaning.
From the definition of wavenumber, recall that

L (3C-52)
2r K

where x is the wavelength. If N is defined as ratio of the wavelength « per grid spacing

h, the following relationship exists

N, = (ﬁj (3C-53)
2
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decay

Percent Magnitude Error, &

0 0.2 0.4 0.6 0.8 1
kh{(2m)

Fig. 3C-4—Percent error in magnitude of amplification factor corresponding to pure decay as function of
normalized wave number k, for r = 0.55, C= \/5 ,and A/t = 0.70.
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Fig. 3C-5—Percent error in magnitude and phase angle of amplification factor corresponding to wave
propagation as function of normalized wave number k, for = 0.55, C= \5 ,and At/ =0.70.
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Thus, if kh/2 7 must be less than, say, 0.05 to achieve the required accuracy in phase, it
requires a discretization of at least 20 (1/0.05) grid spacings per wavelength.
The phase value of the exact and numerical amplification factors, can be

described as the circular frequency multiplied by the time step [3C-3], or
(&t = @, A (3C-54)

exact

< éjﬂumerical > = Wyymerical At (3 C-55 )

The relationship between phase speed, circular frequency, and wavenumber is
Covacr = ——wk (3C-56)

— (Omlmerical (3 C—5 7)

cnumw'i{:al k

Hence, in light of eqns. (3C-54) through (3C-57), eqn. (3C-51) can be rewritten as

23

|<§e,mct> - <§numericul> l X 100% — “("e.x’uc! - cmrmericu/
<§exavr>

Thus, the phase error is also equal to the error in wave speed.

‘xlOO% (3C-58)

Cexufl \

Combining these concepts, Fig. 3C-6 shows contour plots of the minimum
number of grid spacings per wavelength required to achieve less than a 1% error in phase
speed as functions of C and A#/7 for various values of r ranging from 0.25 to 1. (These
values of » were chosen to be representative of the behavior of real materials subject to
ultrasonic waves. Generally, large variations of phase speed as functions of frequency are
not expected, and here the lower limit, »=0.25, corresponds to the case when the ratio of
minimum phase speed to maximum phase speed is 0.5.) Fig. 3C-6 reveals that a
conservative estimate to achieve less than a 1% error in phase speed requires a minimum
of 20 grid spacings per wavelength.

To ensure errors in magnitude below 1%, it has been found numerically to require

ét— < 2—78 (3C-59)
T 3
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Fig. 3C-6— Minimum number of one-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in phase speed as functions of Courant number C, and normalized time step,
At/ 7, for various values of r, squared ratio of minimum to maximum phase speeds.
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Two-Dimensional MSDLM
Convergence Criteria

The stress-dynamic equations for a two-dimensional, linear viscoelastic
continuum described by a single relaxation time under plane strain conditions in the x-y

plane (w=0) can be expressed as [3C-1]

o, _ —lf A o’u L rl-rM v M o’u

2 2
ot T N T ox 3 T ?x@y T Oy (3C-60)
+na—‘2‘+(H—M) ov +MQ§

Ox Ox0y oy

9 _ 1 Ll v rll-rM &u LM o’
y 2 a 2
ot T ) T Oy z'r ayzay T Ox (3C-61)
+H5—‘2’+(H-M) o +M§-—‘2’

Oy Oxdy ox
M _y (3C-62)
ot
X _y (3C-63)
ot
% Le ) (3C-64)
o p
ov 1
5; =;(fy +fby) (3C-65)

where
' N\

r=| 14 L A2 (3C-66)

T A+2u

1Y
g =(1+—iJ (3C-67)

T u
E, = A+2u+ 22 (3C-68)

T
and

E - Mﬂ? (3C-69)
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Here, 4 and g are the Lamé constants and A’ and p' are the analogous viscous

constants.

Taking the two-dimensional discrete Fourier transform of eqns. (3C-60) through

(3C-65) yields a matrix equation

1
el | T 0 a0 @y po
FY 0 =7 Gugr G
dluj o o o 0
&lv||o o o 0
U l 0 0 0
. P
LV 1
0 — 0 0
B P
or
l:lexact = Ai;:z{uexact
where
. _ kirpI1+k;rM
13,A%0 r
_ k., (rpI1—rM)
a14,Af,;£, - r
Gz, = ~(TT+EM)
Doazt = ki, (I1=M)
, _ kK, (rpI1-rM)
23,450 T
Agaze = _kxky (I1-M)
. __kn+krM
25.A%.0 T
Ay o = —(KJTT+ kM)

exact

2-D
exact

The eigenvalues of A._° are given by

AL,,I-A*P[=0

2-D X =
Apmu{ exact

110

a

a

15,422

25,427

exact

1
0
0

16,452

azs,AZ;D

act

funry

(3C-70)

(3C-71)

(3C-72)

(3C-73)

(3C-74)

(3C-75)

(3C-76)

(3C-77)

(3C-78)

(3C-79)

(3C-80)
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which satisfies the characteristic equation

where

and

[,1320+1,12” +42,

2-D
exal T T Ac.mt
Zg
3 2
(ﬂ' 2D+T2’A2D+ A’AZ—D
'eXdac exact z- exact
~  T1k*r?
Zp
P
- Mk?7?
ZS
ye)
2 _ g2 2
k™ =k, +k,

X (3C-81)
rszas ] -0
T
(3C-82)
(3C-83)
(3C-84)

The eigenvalues of the exact two-dimensional problem (satisfying eqn. (3C-81)) are two

sets of eigenvalues of the exact one dimensional problem (satisfying eqn. (3C-7))—one

set for a P wave and one set for an S wave.

Equations (3C-60) through (3C-65), have been discretized according to the two-

dimensional MSDLM in Fig. 3C-7. The discretized dynamic equations have been written

in component form for a generic particle position (i, ;)

daf’. 1 g
bi m— f% 4 SI
dt b sz(m,
I +g3
th 4n* 2

( o, 8
+ 2 2
HD\ 4t 2

+ (glhz g2 )(unl 7

2u s U 1,)

]( Uiy jor YUy g T U T Uy 0 4ui,j)

)( Vi, j+1 T Vie1jot = Vier ) _vi—l,j+l)
(3C-85)

2u +u, 1,)

+
WD

1 (m+772+g3+g4

)(ui+lj+l +u, Lj- 1+”x+1] U, 1,41 4”i,j)

4n* 2
L (_’71“72
WD 4K? 2

8 +8, ( . )
+ Vit Vi o vz+1,j—1 Vi, 4
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Fig. 3C-7—Schematic for two-dimensional MSDLM in vicinity of interior particle at position (7, ), where
each interior particle has mass per unit depth equal to ph*.

a1, g
dtJ T 't ﬂ?le(vi,jH 25 V- ‘)
n g
ZhD(4hlz+ 23j(l+|j+1+ 11}1+v1+l11+v111+1 4vi’j)

1 &
+%’(—Zh—z+7 (ui+l,j+1 U T Uy _ui—l,jH)

+(g1hz gzj(vl G =2V Y 1)

1 (m+f72+g3+g4

(3C-86)

+h2D e ) j( z+11+1+v - at+v (IS 1 HV 1,j+1 4vi,j)

1 + + . .
’ W'D (— 7714}22772 * = 2 = j(um’j“ t -1t ui+1,j—l - ui—l,j+1)
du,
Z; Y (3C-87)
dvi,j )
di (3C-88)

112



Chapter 3: Formulation of Mass-Spring-Dashpot Lattice Model

du, . 1

etV A 3C-89
dt p (-f;:.l ‘/;:.l) ( )

av, . 1

VA LN 3C-90
dt p (‘f;yj ”]) ( )

where # is the grid space, D is the unit depth, »,; and v, ; are the respective x and y-
. . . bx by . . . .
direction displacements, £ and f7 are the respective x and y-direction volumetric

body forces, f, and f’, are the respective volumetric forces due to internal strain, g,

g,, &, and g, are the extensional spring constants, and 7, and 7, are the rotational
spring constants.

Because only a single stress relaxation time is defined in the theoretical model, all

the force relaxation times in the extensional and rotational elements used in the MSDLM

must also equal this single relaxation time. Thus, the extensional dashpots b, and b,
and rotational dashpot y, must satisfy the expression

b b 1, (3C-91)
g 8+ M

Expanding eqns. (3C-85) and (3C-90) via a Taylor’s series in the limit as A—0
and comparing the result’ with eqns. (3C-60) and (3C-65), the two-dimensional MSDLM

is spatially consistent with the govering PDEs if

g = D(r,I1-rM) (3C-92)
g, =D(1-r)I-(1-7)M) (3C-93)
g, = %(rf,n +rM) (3C-94)

¥ The useful equations are

2 o =2p. P, 2 . =2p. . +p .

2—?‘= pl+1,] hI;',] pt,] +0(h2)’ %ay_lzz pl,]+l ]f;,] pz,]‘l +0(h2)9
X

Z2f + aa;]; - Piviju T Pisy +]‘)2i;~zl2,j+l P "4pi,j +0(h2)9 and
X

2 _ _
0°P _ Purjn ~ Pijn ~ Pinja T Piaja

oxdy " +oli)
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g = 2 (=T + (= 7)M) (3C-95)
7= hZD (3rI1- M) (3C-96)
= ”ZD (B =)= (1-r,)M) (30-97)

Substituting eqns. (3C-92) through (3C-97) into eqns. (3C-85) through (3C-90)

and taking the two-dimensional, discrete Fourier transform yields a matrix equation

1 0
-4 1 ; Gaazn o G op Qg o |
F, 1 F,
F, O =7 %mam %uam Ysazh, %eazs. | F
0 0 0 0 1 0

AL v (3C-98)
dat| 'V 0 0 0 0 0 1 |14

U E 0 0 0 0 U

v 14

- - 0 —1— 0 0 0 0 -7
L P ]
or
ﬁmsdlm = Afn_sdDImumsdlm (3C-99)
where
2
Ay g2 = ?((” 1 —rsM)(cosk h—1)+rsM(cosk hcosk h— 1)) (3C-100)
Ayazn = #(rSM —rpll)sink hsink A (3C-101)
2

ap = F((H —M)(cosk,h—1)+M(cosk hcosk h—1)) (3C-102)
g pep = %(M —T)sin k,hsink b (3C-103)
Ay pn = #(QM ~rI)sink hsink (3C-104)

((rpl'l —rsM)(cosk h—1)+ r;M(cosk, hcosk h— 1)) (3C-105)

2
a b =
WAndn gy

= %(M —ID)sink hsink h (3C-106)

a -
25,400
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a ., = %((n —~M)(cosk,h—1)+M(cosk,hcosk,h~1)) (3C-107)

26,A7500m

For the special case when the wavenumber is along the x or y axis, that is k = k, or k= k,,

2-D

the eigenvalues of A satisfy the characteristic equation

msdim
1 Z! A
3 2
(ﬂAa;:,; et g t ’;fj'
1 5 5 (3C-108)
3 2 ¥, _
[’IA;;;,; t oA A +—Sras] =0
where
2
- 2;’ (1—cos kh) (3C-109)
2
7! = zsz (1—cos kh) (3C-110)
P

The eigenvalues of the two-dimensional MSDLM (satisfying eqn. (3C-108)) are two sets
of eigenvalues of the corresponding one-dimensional problem (satisfying eqn. (3C-20))—

one set for a P wave and one set for an S wave.

The amplification factors of AtTAZD  satisfy

msdim

|§MH 1-AAZ2 | =0 (3C-111)
or

(o + Wi, + 2P a2 ) GC-112)

£ +wé? +22& +wr, 22)20 )

wazs, T Wounzn T ZsSunrs, T WIsZs

where

w2 (3C-113)

T
2c. At
z, = i—ﬁ;‘i—m “coskh (3C-114)
At
z, = %M—ﬁ‘%—\/l —coskh (3C-115)
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The amplification factors of the two-dimensional MSDLM (satisfying eqn. (3C-112)) are
two sets of eigenvalues of the corresponding one dimensional problem (eqn. (3C-29)).

Thus, the stability criteria are

%SZJS (3C-116)
and
-C-'L“];-"—Afg.:so (3C-117)
In the case of a general orientation of wavevector,
k., =kcos@ (3C-118)
k,=ksing (3C-119)

where @1is the angle the wavevector makes with the positive x-axis. In the special case of

=45 and ry=r, =7,

3 2 2 2
(Ehzs, + Weiase, + e, +rol) o120
E L, rwE L, +2%E +rwz2)—0 (3C-120)
AAZD NAZD —PAAZE -/

msdim msdim

where

At
z+=cﬂ*”’— 2—2(1—-M-]coskh+(1—Mjsin2kh—2Mc052kh (3C-121)
h I IT T

A
7 = SowcrBl 2—2(1—M]coskh—(l—M)sin2kh—ZMcoszkh (3C-122)
h I o I

Again, the amplification factors of eqn. (3C-120) are two sets of eigenvalues of the
corresponding one-dimensional problem, eqn. (3C-29). Requiring the expressions
beneath the radical in eqns. (3C-121) and (3C-122) satisfy the stability conditions for all
kh yields the following stability criteria:

Al og (3C-123)
T

and

. M= } (3C-124)

At .
ﬂ’;’l”— < m1n{1.30 —_

o’ 22-M/II)
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Because 0 < % < % , the stability criterion in eqn. (3C-124) is satistied by eqn. (3C-117).

Accuracy Criteria

Accuracy criteria is investigated for the special case of r.=r,=r, or

alternatively for a frequency-independent Poisson’s ratio, which is defined as

V:_l__M (3C-125)
2(1-M/11)

Additionally, for the special case when the wave number is along the x or y axis, that is

k=k, or k=k,, the accuracy of the P and S waves are directly found from the one-

dimensional analysis.

Figure 3C-8 shows the magnitude and phase of the exact and numerical
amplification factors as a function of normalized wavenumber when r = 0.55, C =1.30,
At/t = 2.78/4 and the wavevector is aligned at 45° with respect to horizontal springs in
the MSDLM. As in the one-dimensional case, the exact and numerical amplification
factors for P and S waves fall into one of the following categories: a purely real

amplification factor corresponding to non-propagating decay, denoted by &, . and a

complex conjugate pair of amplification factors corresponding to decayed propagation

with positive phase and negative phase, denoted by &, and & , respectively.

According to eqn. (3C-58) the percent error in the phase 1s equal to the percent
error in wave speed. Figures 3C-9 through 3C-18 detail the minimum number of
gridspacings per wavelength that result in an error in P or S wave speeds less than 1

i C e pA At .
percent as a function of v, r, —"ﬁ-——and — . From the figures, the accuracy
r

requirement would be fulfilled for 0 <v <0.40 when there are 23 grid spacings per

wavelength.
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Fig. 3C-8—Two-dimensional exact and numerical (MSDLM) magnitude and phase angles for P and §
waves as function of normalized wave number &, oriented at 45° with respect to horizontal axis when
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Fig. 3C-9—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in P phase speed as functions of Courant number C, normalized time step A#/z,
and various values of r, = r, =, squared ratio of minimum to maximum phase speeds, when v =0.00.
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Fig. 3C-10—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in S phase speed as functions of Courant number C, normalized time step At/z,
and various values of 7, =, = r, squared ratio of minimum to maximum phase speeds, when v =0.00.
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Fig. 3C-11—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in P phase speed as functions of Courant number C, normalized time step A#/z,
and various values of », = r, = r, squared ratio of minimum to maximum phase speeds, when v =0.10.
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Fig. 3C-12—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in § phase speed as functions ot Courant number C, normalized time step A#/z,
and various values of r, = », = r, squared ratio of minimum to maximum phase speeds, when v =0.10.

122



Chapter 3: Formulation of Mass-Spring-Dashpot Lattice Model

~2.78 ~2.78
25 2.5
2 2
e 15 g 15
4 4
1 1
0.5 0.5
0 0
0 0.5 1 1.3 0 0.5 1 1.3
g .mux.PAh’h Crnux.P'M"'!l
(a)r=025 (a) r=0.40
~2.78 ~2.78
25 25
b
2 2 é
w
-
o
e 1.5 » 15 2
3 5 =
b
1 1 2
S
=
05 05 z
0 0
0 0.5 1 1.3 0 0.5 1 1.3
— PAr/h L PAI/I:
(a) r=0.55 (a) r=0.70
~2.78 ~2.78
2.5 2.5
2 2
e 1.5 e 15
4 4
1 1
0.5 0.5
0 0
0 0.5 1 1.3 0 0.5 1 1.3
(lmax.PA 1/ L.lnﬂx.."’A'r'r"lr
(a) r=0.85 (a) r=1.00

Fig. 3C-13—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in P phase speed as functions of Courant number C, normalized time step A#/z,
and various values of r, = r, = r, squared ratio of minimum to maximum phase speeds, when v =0.20.
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Fig. 3C-14—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in S phase speed as functions of Courant number C, normalized time step A#/z,
and various values of », = r, = r, squared ratio of minimum to maximum phase speeds, when v =0.20.
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Fig. 3C-15—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in P phase speed as functions of Courant number C, normalized time step A#/z,
and various values of y, =y, =, squared ratio of minimum to maximum phase speeds, when v =0.30.
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Fig. 3C-16—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in S phase speed as functions of Courant number C, normalized time step A#/z,
and various values of r, = r, = r, squared ratio of minimum to maximum phase speeds, when v =0.30.
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Fig. 3C-17—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in P phase speed as functions of Courant number C, normalized time step A7/t
and various values of r, = r, = r, squared ratio of minimum to maximum phase speeds, when v=0.40.
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Fig. 3C-18—Minimum number of two-dimensional MSDLM grid spacings per wavelength required to
achieve less than 1% error in S phase speed as functions of Courant number C, normalized time step A#/z,
and various values of r, =, = r, squared ratio of minimum to maximum phase speeds, when v =0.40.
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APPENDIX 3D—Two-dimenisonal MSDLM Schematic and Stress Dynamic

Equations for a Longitudinal Interface of Dissimilar Materials.

Consider

a longitudinal interface of dissimilar standard linear solids, Material / and

Material /7, as illustrated in Fig. 3D-1. The stress-dynamic equations of motion are

dfl‘fji—%
dt

<+

-+

I
g *8 ( . . )
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1 x gl
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Fig. 3D-1—Schematic of mass-spring-dashpot lattice model (MSDLM) near longitudinal interface
dissimilar materials.
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and where 4 is the grid spacing, D is the unit depth, and p’ and p”

densities of Material 7 and Material /7,

(3D-9)
(3D-10)

(3D-11)

(3D-12)

(3D-13)

(3D-14)

(3D-15)

(3D-16)

(3D-17)

(3D-18)

(3D-19)

(3D-20)

are respective

APPENDIX 3E—Steady-State Wave Propagation in One and Two-Dimensional

Standard Linear Solids

In this appendix, the steady-state displacement field is derived for various boundary

conditions in one and two-dimensional standard linear solids.

One-Dimensional Standard Linear Solids

Prescribed Displacement Slab of Length |

Consider a one-dimensional standard linear solid of length / as shown in Fig. 3E-

1. Given the excitation circular frequency o, the elastic constant @, the squared ratio of
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. o(l,t)=0
u(0,t) =ue™™ or
u(l,t) =0

|

Fig. 3E-1—Prescribed harmonic displacement/fixed or displacement/free boundary conditions on one-
dimensional standard linear solid.

minimum to maximum phase speed r, the stress relaxation time 7, and density p, the
governing equation of wave propagation in a standard linear solid is given by

w(ai) = Ae T H) o Bk (3E-1)
where A and B are the complex amplitudes of the damped waves propagating in the
positive and negative directions, respectively, «is the attenuation coefficient given by the

positive root of
o= PO ’ 1+’ 1+ 0’ (3E-2)
2rp | V14720’ 147707

i is equal to +/~1, and k is the wavenumber given by the positive root of

, pat| | 1+ao*t  1+re’t?
= a2 T 3.7 3
2rog |\ V1+r-w't” 1+r-w'r

(3E-3)

Consider the boundary condition at x = 0 is a prescribed displacement given by
u(x,t) = ue™ (3E-4)
where up is the amplitude.
Consider a fixed boundary condition atx=1
u(l,t)=0 (3E-5)
Substituting eqn. (3E-1) into eqns. (3E-4) and (3E-5) and solving the resulting

simultaneous system of equations yield
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1—e2% cos 2kl +ie ™ sin 2kl

A, . =u 3E-6
fred 70 1-2¢7 cos 2kl + 7 GE-0)
e % — e 005 2kl —ie ™ sin 2kl
Bea = Uy (3E-7)

1-2¢72 cos 2kl + ™%

Consider a free boundary condition or the steady-state stress at x=[ is given by

r+@*7t? +iwr(r-1) du
— =0 3E-8
1+ w'7? ox|,., GE8)

ol,t)=¢

Substituting eqn. (3E-1) into eqns. (3E-4) and (3E-8) and solving the simultaneous

system of equations yield

14+ e72® cos 2kl —ie > sin 2kl "
A =u 3E-9
free 70 1 42e7 cog 2kl + €7 (3E-9)

e + 7@ cos 2kl +1e *® sin 2kl
B, =y -2dd “4al (3E'10)
1+2e " cos2kl+e

The steady-state envelope, or maximum amplitude at a given location, is given by

lu(x)| = ‘Ae“’“eka + Be®e (3E-11)
It is noted that, for either fixed or free boundary conditions, as the length become very
long (d >> 1), the solution reduces to

u(x,1) = uge e’ (3E-12)

Only right-going waves exist when the length becomes very long because all left-going

waves dissipate completely and no reflection occurs at the boundary.

Transmission and reflection coefficients at interface of semi-infinite standard linear

solids

Consider the displacement field in steady-state, one-dimensional wave propagation near

the interface of two standard linear solids as shown in Fig. 3E-2
u,(x,1) = uoe_“"ef(k’x_””) + Ruoea’xef(_k”‘*‘“) , —oo<x<0 (3E-13)
u,(x,t) = Tuoe'“”xef(k””'“‘) , 0<x<oo (BE-14)
where u, is the amplitude of the incoming wave at x = 0, &, and «,, are the respective

attenuation coefficients of Materials I and I, given by

134



Chapter 3: Formulation of Mass-Spring-Dashpot Lattice Model

— x

—
incident

%.
reflected

Material 7 ¢|+ Material 11

Fig. 3E-2—Schematic of reflection and transmission of waves at interface of dissimilar materials.

, pot| | 1+e’t; 141 @’t]
& = 2 327 =3 2. '3 (3E-15)
2rg, \\1+r"0t;, 1+r 07,

2 2 <1, 3 3
Py@ l+o'7, l+ro'7, (3E-16)
=) 2 3.2
2r, g, \\ 1+ 0, l1+r/ 07,

au

iis v/—1, k, and k,, are the respective wavenumbers of material / and 77, given by

, pot| | 140’ 1+r'0’t]
= 2rg, | \1+7 25021:2 1+r 0t} (3E-17)
Irr 1 1 I 74
4 22 -1_2_2
kf, pﬂa) 1+t N 1+r1,,,2a)zr,ir (3E-18)

2.2 2
2r ¢, \\1+r/ 0t l+r o7,

and R and T are the reflection and transmission coefficients, respectively.
The boundary conditions at x = 0 are a continuity of displacement and that of

normal and axial stress

u; (0,2) = uy (0,1) (3E-19)
0,(0,0) = 5, (0,1) (3E-20)
or, expressing the steady-state stress as the product of a complex modulus and strain,
¢! zcoz‘, u| g, 1 AICUT” ou,, | (E-21)
—la)r, ox |, l-iwrzy, i

Inserting eqns. (3E-13) and (3E-14) into eqns. (3E-19) and (3E-21) yields
1+R=T (3E-22)
1-R=XT (3E-23)

where
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X = P (ry _inII)(_aII +;k11)(1—;a)7,)

T B % (3E-24)
¢, (r, —ior ) —a, +ik, )1-iwr,)
Thus, expresstons for |T | and IRI are
2
T|= 3E-25
1=~ (3E-25)
1-X
|R| = (3E-26)
1+X

Reflection coefficient due to absorbing boundary conditions
Consider a semi-infinite standard linear solid defined for — oo < x < 0 with the
following boundary condition at x = 0:

Ou(x,t) +cau(x,t)
0x |, ot

=0 (3E-27)

x=0
where ¢ 1s a characteristic velocity. Consider the displacement field of an incoming
attenuating wave traveling in the positive x-direction and a reflected outgoing wave

traveling in the negative x-direction given as
u(x,1) = ue e’ 4 Ry el (3E-28)
where u, is the amplitude of the incoming wave at the origin and R is the reflection

coefficient. Substituting eqn. (3E-28) into (3E-27) yields the following expression for the

reflection coefficient

2.2 12
IR = azcz+(w Ck)z (3E-29)
a‘c+(w+ck)

In the high frequency limit (w7 >>1), ¢ is set equal to \/E/ p and the reflection

coefficient is

IR|= 127 for wr>>1 (3E-30)
dwt

In the low frequency limit (w7 << r), c is set equal to /rE/ p and the reflection

coefficient is

IR = @S—_Q for w7 <<r (3E-31)
r
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Two-Dimensional Standard Linear Solid
Consider a half space of a two-dimensional standard linear solid (described by a single
relaxation time 7 and squared ratio of minimum to maximum P and S wave speeds r)
defined by —o < y <0 as shown in Fig. C.3.
Reflection at Fixed Surface

First consider a fixed boundary at y = 0, that is,

u(x,0,1) =v(x,0,1) =0 (3E-32)
A plane strain displacement field in the x-y plane, formed from an incident P

plane wave (angle of incidence 8,,), reflected P plane wave (angle of reflection &, ),
and a reflected S plane wave (angle of refraction 6 ,), is described in ray form in Fig.

C3.
The displacement field is described by the following combination a P plane wave
attenuated in the direction of wave propagation,

tp (3, ,1) = 11y (5in B Yo o Oret 050 il (xsin 1 con ) ) (3E-33)

v (x y t) —u (COSH )e—ap(xsinﬂpﬁycosep',.)ef(kp(xsin9,,,,-+ycos0py,-)4ax) (3E-34)
P\ Vst ) — g P

a reflected P plane wave attenuated in the direction of wave propagation,

u (x y t) -R. u (sin«9 )e-ap(xsinBP’,—ycosﬂp’,)ef(kp(xsinGP_,-ycosepy,)—ax) (3E-35)
P.r 5/ Pr**0 Pr

Free/Fixed
Surface

Fig. 3E-3—Ray representation of incident P plane wave, reflected P plane wave and reflected S plane
wave near free/fixed surface of standard linear solid.
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VP . (x ¥, t) _ RP ruo (COS eP . )e—ap xsinbp ,~ycosfp )ei(kp (xsin@p . —ycosbp, )—mt) (3E-36)

and a reflected S plane wave attenuated in the direction of wave propagation,

us’r (x, y, t) _ Rs’rllo (COS gsyr )e—as(xsin Bs,rfycosﬁs,r)eiﬂ(ks(xsin BS’,—ycoses.,)-at) (3E-37)
Vs, (x, y, t) _ RS,,uO(Sin 95,,, )e—ap(xsin Bs’r—ycosﬁs,r)ef(ks(xsin HS‘;ycosBs,,)—wt) (3E-38)
where
2 2.2 1+r'0?c?
qp=f2) | o (3E-39)
I {1+ 720 147 20%72
2 2 1+ '@*r?
at =22 l+f§) Tz (3E-40)
2rM | |1+ r 2w*c? 1+ rlw'r?
2 1+ a)2z'2 1 +r Ct) T
K2 =P 3E-41
ST ] B F I PR ¢ )
and
2 1+ a)zfz 1 +r Cl) T
K= P2 3E-42
S 2arM V147 %0 1+r o'’ ( )
Thus, the total displacement field is
U=up, +u, +ug, (3E-43)
V=Vp,+vp, g, (3E-44)

In the above equations, the subscripts P and § denote respective properties of longitudinal
and shear waves. Subscripts i and # denote incident and reflected waves, respectively, and

superscripts « and k denote the angle of the attenuation and wave propagation,

respectively.
Substituting eqns. (3E-43) and (3E-44) into eqn. (3E-32), yields
Op, =6y, (3E-45)
. ek
s M (3E-46)
sinéy, I1
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—sin@,;sinf; , +cosb,, cosé
'Rp | =1— i : 7 i S,r (3E-47)
’ sinf,, sinf  +cosb,, cosf,
—sinf,, cosf,; —cosb,, sinb,,
Rs.,| = - ——" e (3E-48)
sinf,, sindg , +cosb,, cosd,

Reflection at Free Surface
The relevant in-plane stresses in a plane strain standard linear solid can be

expressed as [3C-1]

ov Ou ov ou
+ =rl—+r(I1-2M)—+4dI +7(I1-2M 3E-49
Oy ¥ 70, =Moot 7 o T et ) oo (3E-49)
ou Ov ou ov
+ =M} —+— |+ M| ——+—— 3E-50
T 0 =7 (Gy ax) ((9y5t 6x6t] GE-50)

where o, is not needed to derive the reflection coefficient.

At the traction-free surface (y=0), o

,» and o, must be equal to zero.

Substituting eqns. (3E-43) and (3E-44) into eqns. (3E-49) and (3E-50), evaluating all

terms at y = 0, and requiring the boundary condition to be independent of x yield

Op; =0, (3E-51)
sin6;, _ M (3E-52)
sind, I1
R, (1-M/I)cos 26, , —(M/IT)cos2(8,, +65,) (E-53)
P (1-M/T)cos 26;, — (M /TT)cos 2(8,, —6;,)
|- 23M/TT(1+(M/TI1 + o5 26,,))sin 26, | GE-58
S (1-M/T0)cos 26, — (M /IT)cos2(8,, - 6;,)

Reflection at Interface of Dissimilar Materials
Consider two dissimilar two-dimensional standard linear solids, Material I,

- < y<0, and Material I, 0 < y <. A plane strain displacement field in the x-y
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plane, formed from an incident P plane wave (angle of incidence &,,), reflected P plane

wave (angle of reflection 6,,), reflected S plane wave (angle of refraction ),

transmitted P plane wave (angle of transmission 6,,), and a transmitted S plane wave

(angle of refraction 6, ), is shown in ray form in Fig. 3E-4.

The displacement field in Material 7 is described by a combination of a P plane

wave attenuated in the direction of wave propagation,

u (x y t) —u (sin9 )e—af,(xsinpri+ycosep‘i)ef(k,’,(xsin49,,‘,+ycost9p‘,-)—a)t)
Pi\* Vot ) — Mg P

1

Vvp (X, ¥,8) =y (cos by, )eﬁap(

xsin@p ;+ycosbp; )ef(k,’,(x sin &p ;+ycos HP‘,-)—a)t)

a reflected P plane wave attenuated in the direction of wave propagation,

4 (xsin Bp ,—yc0sbp, )ef(k,’,(x sin8p .~y cosfp , )—cut)

Z'l)’,r (x’ y’ t) = RP,i”O (Sin HP,r )e_a

—ab(xsinGp ,—ycosbp, ) lkh(xsinGp, —ycosp,)-
VP,r (X, ¥, t) = —RPJ-MO(COS Hp,r)e ap(xsm I »—) CO8 ””)e'( plxsin@p —ycostp,) a)t)

and a reflected S plane wave attenuated in the direction of wave propagation,

—a} (x sin6g -y cos s, )ef (k§ (xsin B .~y cos by, )—ml)

ug,(x,y,t) = Rg uy(cosbs,)e

1

Vs, (X, 1,8) = Ry uy(sin 95,,)e_"5

(x sinfg ,—ycosb , )ef(ké (xsinfg ,~ycosbs , )th)

Material I7

Material /

(3E-28)

(3E-29)

(3E-30)

(3E-40)

(3E-41)

(3E-43)

Fig. 3E-4—Ray representation of incident P plane wave and reflected and transmitted P and S plane waves

near interface of two dissimilar standard linear solids.
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where
1+ &’7? 1+ r
aP ZFIHI [‘/ 1t 20)21_2 r, (3E-45)
1,2 2_2 AR ]
(a.é _ pla) : 1+a_)22' 1+(r _26()22'2 (3E-46)
2r'M 1+(’) o’t’ 1+(r1) o°T
; P’ 1+ o’7? 1+(r1)71a)212
(k) = L2 (3E-47)
2r'1l 1+(r) T 1+(r) 0T
and
! plo’ 1+ w’t? 1+(r’)_1a)21'2
(kS I = - 2 5 (3E-48)
2r'M 1+(r’) o’t’ 1+(r') o°T
The displacement field in Material / is
u =up, +u,, tug, (3E-49)
vl = Vp; ¥ Vp, tVs, (3E-50)

The displacement field in Material I/ is described by the combination of a
transmitted P plane wave attenuated in the direction of wave propagation,

u (x y t) T u (smé’ )e ar xsmep,+ycos9p,)e'(k,';’(xsin9PV,+ycos6’P,,)—wt) (3E-51)
P\t Pst*0 Py

v (x y t) =T u (COSg )e—a},'(xsin6,,',+ycosﬁpy,)ef(k}’,l(xsinBP’,-%ycosH,,y,)—ax) (3E'52)
P\ ) el 25 101} Py

and a transmitted .S plane wave attenuated in the direction of wave propagation,

uS’t (x, ¥, t) — uo (COS QS,) —af xsm¢95,+yc0505,)e (k,',’(xsin BS’,+ycosHS‘,)fa)t) (3E-53)
vs, (X, y, t) _ uO (sm HS’)e——as (xsin 65 ,+ycos(95,)e'(kf(xsin65,,+ycos<9sy,)—ax) (3E-54)
where
I oo’ 1+ w’r? 1+ (r” )_la)zrz
(OCP =] I I 32 (3E-55)
2r'll 1+(r ) T 1+(r ) 't
I pla’ 1+ 0’7 1+ (r” )_la)z‘r2
(0!5 )2 = gl T2 o o 72 2 (3E-56)
2r'’M 1+(r) o't 1+(r ) o°r

141



Lattice Modeling of Ultrasonic Nondestructive Evaluation of Attenuating Materials

m 2 1+ o7’ 1 oyl 2 2
(kfl’l = pIIwII IIGTZT 2 2 + ﬂr )2w d (3E_57)
27\ 1+ (7 ) e 1+ ) w'r?
and
oo’ 1+ 0’7? 1+ (r” )'l w’r’
(kél RS T 7 5 = (3E-58)
2r'M” (V1+ ( ) o't 1+(r”) @’t?
The displacement field in Material /7 is
ul =u,, +ug, (3E-59)
v =v,, +vg, (3E-60)

Expressions for the relevant stresses in each plane strain standard linear solid are

I I I
o, +7to, = r’n’%vy—+ (It -2M’)%’—+ 11’ g"at
X Y
(3E-61)
"
+75a -2m’
« )axa
1 7
ol +7lol = rM!| Z o V), gt o, O (3E-62)
¥ ay 5x Gyﬁt Oxot
LI 1 v 0 il 1 ou” LT aVH
O’+Z'O' " —+r"(I1" -2M")— I1
oy ayat (3E-63)
+ Z_II (HII 2MII) au”
oxot
gl N ou" o' I ol 6u” 6v”
0' +770, MY —+——|+7°M (3E-64)
oy 0Ox 6y6t 8x3t

Expressions for o, and o are not needed for the computation of the various reflection

and transmission coefficients.

The boundary conditions are

u' (x,0,0) = u” (x,0,0) (3E-65)
Vvi(x,0,8) =v7(x,0,) (3E-66)
o,,(x,0,1) = oL (x,0,7) (3E-67)
ol (x,0,0) = o2 (x,0,0) (3E-68)

For the special case when
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1-r" 1-¢"

I Vi
T T

the angles are given by

Gp;=0p,

sinf;,  [M’
siné,; I’
sinf,, | p'T”
sind,, \p I’
sinf, | p'M”

sin & —\
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(3E-69)
(3E-70)

(3B-71)

(3E-72)

(3E-73)

(3E-74)

(3E-75)

and the reflection and transmission coefficients are given by the solution to the following

system of equations, eqn. (3E-76):

1 2 u O\
1 esc’ H,,',.—(c',’“s) C,ﬂ - csczepv,.—(i'lﬂ'ﬂ_) -‘
Conax P Coar P Crnax,p
' a2 7 TR -1
Crnax,§ _ 29 | Cmaxp _ Coms Pr
-1 ———C;M csc” Oy, [——C,'MLPJ —_C.'m,p R, ) ~cotd,,
oY Y o Y| T a(2M’sin’ @,, -T1')
a(ll’ ~2M'sin*@,,) —aM’sin2g,,| =5 (-T1" +2M " sin’ g, ) —==2 MZsin’ g, | Tt T, -M'sin26,,
’ ’ C:nzx,l’ “\ Coaxp "\ Coaxp Lo -
o . o -1 o -
—aM’sin26,, aM’ 00526’,,[ ',"“’SJ —sin29,,.,[ mant ] —cosZQSJ(#iJ
’ "\ Coaxp Crnax,p Conax p ]
where
I _ 1, 1
Comp =VIL' /P (3E-77)
I N NN
cmax,S - M /p (3E-78)
u f iy 1l
Cmax,P - H /p (3E-79)
u i, I
ch =\M"/p (3E-80)
and
1+i(r =) /(w1’
_1+i(r D7) (3E-81)

14" DNt
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Surface Waves
In this section, surface waves on a standard linear solid half-space defined by

y <0 will be investigated according to the procedure outlined in [3E-4]. Consider the

displacement in the x— y plane of the form
ux - UP’xeiw(s,,,xnsP'yy—t) +Us,xem(ss"x+ss’yy_t) (3E-82)

_ fw(SP,XX'*'Sp’ y—t) z’w(ss’,,x-kss' y-1)
u,=U, e U+ U e ¢ (3E-83)
where u, is the component of displacement, U,,, and Uy, are the complex compenents

for each of the P and S modes, s,, and s, are the components of the slowness vector,

and where subscript # can be x or y.

The relevant steady-state stresses in the solid are

* * av * * 6u
o, = 11 5y—+r(l'l -2M )5; (3E-84)
o), = rn‘(a—”+@] (3E-85)
oy Ox

(expressions for o, is not needed for the computation of the surface wave) where the

elastic constants are written in complex form as

2.2, 8 _
o - tes +12a)21(r D (3E-86)
l+o't
2.2 s
M =MITPE +12a)21(r 1) (3B-87)
1+ w'r
The viscoelastic Rayleigh wave exists when the surface tractions vanish
o, =0,,=0 (3E-88)
and
sP,x = SS,x =5, (3E-89)
To find the various parameters the following cubic equation must be solved
c3—8c2+(24—16Mj—16 I—M— =0 (3E-90)
I IT

where
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o ;’A * (3E-91)
s

The other parameters are given by

2 P 2
S. =————5 3E-92
8.y M X ( )
2 P 2
‘SP.AV = l—[* _S.\' (3E—93)
Uy, =-Us, (3E-94)
: Ss
Up,=-Up, S (3E-95)
' S

Because spurious solutions will be generated in the formulation of eqn. (3E-90), the roots

of ¢ are admissible if

Re{s } >0,Im{s .} 20 (3E-96)
Im {SS‘}_} <0, Im {SP,}-} <0 (3E-97)
and if
2 g
—4s. 85, =s512-——"— 3E-98
S.vU Py v[ M S_\_} ( )

is satisfied.
Numerical observations have shown that for the present standard linear solid
viscoelastic model (single relaxation time and single dispersion parameter), there exists

only an “elastic-like” Rayleigh wave, with a frequency dependent wavespeed, ¢, ,

1

Cp = Rets | (3E-99)
such that
Cp < Cg < Cp (3E-100)
The attenuation of the Rayleigh wave is given as
o, =wlmis } (3E-101)

Figure E.5 and E.6 show the frequency dependence of the phase speed and attenuation for

the Rayleigh, P and S waves for the case when r = 0.55and v =0.30.
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Fig. 3E-6—Frequency dependence of Rayleigh (R), P, and § attenuation when r = 0.55 and v =0.30.
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The particle displacement is expressed as

Refu) [Re {A.(¥)}cosw(Refs }x—1)—
ef{u}=
ol Im{4,(y)}sinw(Re{s }x—1)
Re () [Re{4,(y)}cosm(Refs, }x—1)—
efu,}=
0 Im{4,(y)}sin w(Re{s, }x 1) |
where
Ax — iws_yy + 2 ;MP,yy
c-2
A4, == = [eiws"y + 2 ¢ :l
S5y c—-2

The elliptical orbit at a given point is
(Im{4,}Refu,} + Tm{4,} Refu }
+(Re{4,} Refu,} - Re{d,} Re{u,}f

= (Re{4,}Im{4,} - Re{d,} Tm{4,}fe 2
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APPENDIX 3F—Absorbing Boundaries for Mass-Spring-Dashpot Lattice Model.
In this appendix, absorbing boundaries are formulated and validated by numerical

examples.

One-dimensional

The equations governing P wave propagation in a one-dimensional standard linear

solid are [3F-1]:

2 2.
Q.f'_z_i_i_ﬂa_’j_*.ng_t;.
ot T T Ox ox

ou

ot
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S slren) GF-3)
where f is a force per unit volume, 7 is the relaxation time, r is the dispersion
coefficient, IT is an elastic constant, » is the displacement, # is the velocity, p is the
density and £, is the volumetric body force.
Consider harmonic waves of the form
u=e %M (3F-4)
where « is the attenuation (Np/unit length), 7 is V=1, k is the wavenumber (rad/unit
length) and o is the circular frequency (rad/unit time). Eliminating f and # from eqns.
(3F-1) through (3F-3) and substituting in (3F-4), and considering the high frequency limit
(wr << 1) yields the following dispersion relation:

1-r

a= 3F-5
22 CF)
k=-2_ (3F-6)
Cmax
where
e = % (3F-7)
p

To reduce spurious numerical reflections caused by the truncation of the
computational domain, an absorbing layer is proposed. This absorbing layer gradually
increases the attenuation coefficient to a predetermined maximum magnitude. In view of
eqn. (3F-7), one approach to increase attenuation is to make » and r monotonically
decreasing functions of x in such an absorbing layer.

Consider steady-state wave propagation in a standard linear solid half-space (x > 0)

having peak magnitude u#, at x =0 and center frequency @ . It is desired to simulate the

physical response in the domain 02> kx > 50, where & is the wavenumber corresponding
to @, and absorb out-going waves beyond the physical domain. Thus equation eqn. (3F-
1) is rewritten as
o ___f  r@Udu o
ot 7(x) 7(x) ox’ o’

(3F-8)
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where
r, 0</kx<50
rx)= s exp[ln(rmin /r)iz—s—()/—kj, 50 <kx <50+kL (3F-9)
7, 0<kx<50
7(x) = rexp(ln(rm /T)LSO—/E), 50 < kor < 50 + kL (3F-10)
where r . and r_, are the minimum values of » and 7, respectively, and L is the length

of the absorbing layer.
Equations (3F-8), (3F-2) and (3F-3) are disrectized via the mass spring dashpot
lattice model (MSDLM) as

%:_%ﬁ +;2_I:,~(u”’ “u, +u, ,)+%(um 24, 4, ) (3F-11)
du,

iy 3F-12
L ( )
du. 1 .

iy, Lo, (3F-13
dt p(‘f( .sz) D )

where A is the grid space and the subscript / is an integer that denotes the value of the
preceding variable at x=(i—1)A.
Equations (3F-10), (3F-11) and (3F-12) are numerically integrated by the fourth
order Runge-Kutta method [3F-2] having stability conditions:
At

— <2787 (3F-14)
T

Cma;ZAt < 130 (3F'15)

where At is the numerical integration time step. In view of eqn. (3F-14), the lower limit

for . is

At

T . 2 e— 3F-15
min 2‘78 ( )

" 2,78 is an approximation for the exact limit, which is given by

*ﬂ-ﬁ*—ﬂ_ﬁww«/‘ﬁ—m-
33 3ov29 43 3 '
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The theoretical lower limit for # . is zero, but to provide bounds on the exponential
function used in eqn. (3F-9), the following is adopted
r, =0.01r (3F-16)
To further reduce any numerical reflection at the boundary of the absorbing layer,
an acoustic boundary condition according to [3F-3] is applied at kx =100 + kL .
An MSDLM simulation of a physical domain and an absorbing region in response

to a harmonic prescribed displacement at x =0 (u, magnitude, @ magnitude) 1s shown

in Fig. 3F-1.

Two-Dimensional
The two-dimensional stress-dynamic equations for a plain-strain standard linear solid,
having a single dispersion constant » and single relaxation time 7, and incorporating

absorbing boundary conditions are

W 1 repI&u rxy)[1-M) &v | r(ny)M Ou
ot z-(;i;}-;) . r(Jc,y)2 .6x2 . 7(x,y) oxdy  t(x,y) o (3F-16)
+1155 +(T-M) 77 ml ;
ox” oxoy Oy*
15 T ' T ; '

-
absorbing
laver

physical domain

A

9 4

(1l

ulr i,

15 I 1 I I 1 1
0 10 20 30 40 50 60

kx

Fig. 3F-1—MSDLM simulation of steady-state one-dimensional standard linear solid showing exact
analytical envelope in physical domain and rapid decay in absorbing layer. Here y, is displacement

magnitude at x=0, k is the wavenumber, r=0.652, wr=50, kL=15, CL“"“:]_B,O, and
h

ar_
T

5.1x107.
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o _ 1 PRACSII! v L rEe)IT-M) o’u LTy o
a  w(xy) (xy) & r(x,y)  Ooxdy  r(x,y) o (GF-17)
2 2. 2.
+Ha—‘2)+(H—M) o' +Ma—‘2i
Oy Ox0y Ox
ou
—=u 3F-18
Py ( )
ov
— =y 3F-19
Py ( )
%L+ 1) (3F-20)
ot p
ov 1
@ _Ler) Gr21)
Equations (3F-16) through (3F-21) are discretized via the MSDLM as
df"j 1 v, (I1-M)
—L=——fr+ L——(uiﬂ, = 2u  tu )
dt Ti,j J i,th J 7 7
+i”¥—(u. U YU U —du )
2Tl.)jh2 i+1,j+1 i-1,j-1 i+l,j-1 i—1,7+1 i,j
r, .(I1-M)
R A S (v. otV =V =V )
2 i+l j+1 i-1,j-1 i+hj-1 i-1,j+1
4z, h / / / ! (3F-22)
II-My, . .
+ —hz——(um,j — 271’.,]- + ul._l,j)
+ 2_]12(di+1,j+l + ui—fl,j—l + L-li+1,j—1 + Z.livl,jﬂ - 4ui,j)
In-m ( . . . )
+7 Vierjot T Vst jot = Vietjot — Vi, je1
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a7, 1 ., n,[d=-M)
a7 St T o Vun =2y, +v,
d Tij T
v M
e R Vs V=4, )
+ 2 W Vier,jr1 T Vicrjm1 T Virg o T Vo v,
ij
’;](H_M)

(ui+l,j+l FU_ o T W T Wy j+l)

4z, .’ ‘ ’ (3F-23)

+—h (v,]+l 2v +v”1)

M )
+2h2(;+1]+1+v1111+v+1,1+ (R 4vi,j)
I1I-M )
( A )(uH—l R U _ui—l,j+l)
du,
—L =y 3F-24
o GF-24)
Py v, (3F-25)
dt 7
dui, i 1 x
i L. ) ar0
av, . 1
=V s) GF-27

where the subscripts i and ;j are integers that denotes the value of the corresponding
variable at position x=(i—1)kh+c, and y=(j-1)h+c, (here ¢, and ¢, are constants

based on the relative position of the origin with respect to the grid).
Consider the physical domain —20<kx <20, —20<kx<20surrounded by an
absorbing layer of thickness L. Extending eqns. (9) and (10) to the two-dimensional case

yields
—20< kx <20
r?
—20<ky<20
(.. / )|x—20/k|
= €X nr V)y——— -
r(xy) | TP i 3 20—k <k < 20+ kL CF2D
F X min R
ly=20/k)|" —20~kL <ky<20+AL
eXp ln( mm/r)__—
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-20<kx <20
[
-20<ky <20
exp| In( /r)|x—20/k|
= T . ———— &
Rer) N i L _20-kL <kr <204k CF2)
TXmin 2
ly—20/k]\[" —20—kL <ky <20+kL
exp| In(z, .. /7)) ———

To further reduce any numerical reflection at the boundary of the absorbing layer, at
kx=420+kL and ky=+420+kL, there is a two-dimensional acoustic absorbing
boundary condition [3F-3] at the edge of the absorbing layer.

Fig. 3F-2 shows the steady-state response due to a sinusoidal time-varying circular

normal stress o,, at the origin.

Normalized Logarithmic Magnitude (dB)

201

30

Fig. 3F-2—MSDLM simulation of steady-state wave propagation due to sinusoidal time-varying circular
normal stress at origin in two-dimensional plane strain standard linear surrounded by absorbing boundary
of thickness L. Here k is wavenumber of P waves, r=0.652, v=0.377, wr=50, kL=15,

CmuxAt = 1'30, and E = S_I X ]_0'_3 .
h T
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CHAPTER 4:

ULTRASONIC NONDESTRUCTIVE
EVALUATION OF SUBSURFACE
CRACKS IN AN

ATTENUATING NANOCOMPOSITE

ABSTRACT: Theoretical predictions of specific strength and specific stiffness of
nanocomposites make them attractive replacements for alloys and modern fiber
reinforced composites in future generations of numerous structures. The reliable and safe
utilization of these nanocomposites will require their periodic characterization with
nondestructive evaluation.

Analytical mass-spring-dashpot lattice models (MSDLM) for the ultrasonic
nondestructive evaluation of an attenuating nanocomposite containing subsurface cracks
are developed. The homogenization of the elastic and viscoelastic mechanical properties
of the nanocomposite constituents is implied in the use of the MSDLM. Furthermore,
numerical accuracy requirements restrict minimum anomaly dimensions to one-twentieth
of the characteristic wavelength.

Full-field wave propagation simulations of these models as well as the
corresponding model of a pristine nanocomposite are conducted, and their relative
surface displacements are presented. The initial temporal and spatial disturbances of
these relative surface displacements along with root-mean-square averages of the vertical
relative surface displacement reveal guidelines for the characterization of subsurface
cracks in nanocomposites and other attenuating materials.
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NOMENCLATURE

Symbols

extensional dashpot coefficient
phase speed

base of natural logarithm
externally applied force per unit
depth

horizontal and vertical force per

~ Ma o O

=

unit volume
frequency

extensional spring constant
numerical grid spacing

indicial notation for grid position
wavenumber

instantaneous modulus governing
shear waves

relating to longitudinal waves
dispersion ratio

relating to shear waves

period corresponding to center
frequency

t* initial relative surface displacement
time

Ny Lo 0~

u,w horizontal and vertical
displacement
x* initial relative surface displacement
coordinate
x'  horizontal coordinate of crack tip
of vertical semi-infinite crack

Subscripts
center relating to center
max, peak relating to greatest magnitude
min relating to least magnitude
P relating to longitudinal waves
R relating to Rayleigh waves

relative relative to pristine nanocomposite

RMS relating to root-mean-square
S relating to shear waves
std.dev. relating to standard deviation
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At
5(x)

3 Hen ®’ 3

4~ QX

horizontal coordinate of crack tip
of horizontal semi-infinite crack
vertical coordinate of crack tip of
vertical semi-infinite crack
vertical coordinate of crack tip of
horizontal semi-infinite crack

attenuation (Np/unit length)

numerical time step
Dirac delta function

normalized surface displacement
resolution

absolute surface displacement
detection resolution

rotational dashpot coefficient
rotational spring constant

ratio of longitudinal phase speed
to shear phase speed

wavelength

Poisson’s ratio

instantaneous modulus governing

longitudinal waves

ratio of circle’s circumference to
diameter

density

stress

relaxation time



Chapter 4: Ultrasonic Nondestructive Evaluation of Subsurface Cracks in an Attenuating Nanocomposite

4-1 INTRODUCTION

Modern composites consist of a matrix (generally polymer, metal, or ceramic) and
reinforcement (generally fibers, platelets, or particles) that are combined to produce
materials having mechanical properties tailored for specific applications. Substandard
fabrication procedures, environmental exposure, and handling or service deterioration can
affect their mechanical properties without effect on their visual appearance.

Because composite components are subjected to increasingly demanding structural
requirements, their periodic characterization by various nondestructive evaluation (NDE)
techniques is an important aspect of ensuring their reliable performance. In NDE, rather
than absolute outputs of interrogated structures and materials (e.g., surface displacements,
temperatures), it is often more desirable to obtain outputs relative to known pristine
structures and materials (e.g., relative displacements or temperature rise) as shown
schematically in Fig. 4-1. In ultrasonic NDE, prescribed time-dependent waves are
propagated through the interrogated structure. Due to reflections, scattering, and
absorption of these waves, perturbations in output surface tractions and/or displacements
can be detected, and ideally related to deterioration or inherent characteristics of the
component.

Various theoretical and experimental modeling of ultrasonic NDE in engineering
materials have been undertaken in the last few decades. For example, Williams et. al
used theoretical and experimental ultrasonic NDE models for damage characterization in
various materials and structures, especially those utilizing composites [4-1 through 4-7];
Achenbach et. al investigated the theoretical scattering of time harmonic surface and
body waves due to the presence of subsurface cracks in an elastic half-space [4-8 through
4-12]; one-dimensional ultrasonic NDE theoretical models of layered composites have
been investigated [4-12, 4-13, 4-14]; and in the last few years, laser ultrasonics has
enabled full-field detection of composite surface displacements caused by subsurface
anomalies [4-15, 4-16].

Compared with most modern composites, nanocomposites are in their
developmental infancy. Nanocomposites, a classification that includes matrixes

reinforced by nanoparticles of dimensions less than 100 nm, often exhibit exemplary
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Prescribed NDE input
{stresses/
displacements, heat flux,
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Fig. 4-1—Schematic of relative nondestructive evaluation (NDE) output for interrogated material or
structure, with respect to corresponding pristine material or structure.

structural properties. For example, a 5% concentration by weight of nanoparticulate clay
embedded in an epoxy matrix typically produces a 20 — 50% increase in strength and
stiffness over the pristine matrix [4-17]; single-walled carbon nanotubes (CNTs) have an
elastic modulus and yield strength on the order of 10° GPa and 50 GPa, respectively [4-
18, 4-19]; and future CNT reinforced polymers are projected to have a tensile strength of
2.5 GPa, an elastic modulus of 240 GPa, and a density of 10° kg/m3 [4-20].

The application of nanocomposites in structures is very promising. A case study by
NASA engineers [4-20] projected an 85% reduction in the weight of a reusable launch
vehicle if a CNT reinforced polymer were substituted for the current composites and
alloys. A similar case study involving a range of wide-bodied current commercial
aircraft predicted a 14% average reduction in structural mass and a 10% average decrease
in fuel consumption [4-23].

Nanocomposites often have specific areas—the total surface area of the matrix and
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reinforcement phase per unit volume—that are orders of magnitude higher than
comparable macrocomposites [4-21]. Furthermore, poor load transfer between the matrix
and reinforcement in such nanomaterials as CNT composites produce strengths and
stiffnesses far short of theoretical projections. The high specific area, poor load transfer
efficiency, and lack of proper reinforcement dispersion in the matrix, combine to produce
materials that exhibit significant viscoelastic behavior. For example, Suhr et. al [4-22]
have shown that the loss modulus is fifteen times higher in a CNT composite at
frequencies on the order of 10Hz compared to that in the neat matrix; and Zhou et. al [4-
21] have modeled and measured the “stick-slip” behavior of CNTs in a polymeric
matrix.

When subjected to ultrasonic waves, nanocomposites often have attenuation
coefficients that are an order of magnitude higher than those of modern carbon fiber
reinforced composites. Nanocrystalline metals exhibit attenuation that is five to ten times
higher than in the same coarse-grained metals for ultrasonic frequencies up to 20 MHz
[4-25]. Attenuation in zirconium-based bulk metallic glass composite increases 5 to 9
times with a 4% volume fraction of CNTs over the undoped glass [4-25]. These results
strongly indicate that an accurate model of ultrasonic wave propagation in
nanocomposites must include attenuation.

The remainder of the chapter is divided into five main sections: (1) an analytical
model for ultrasonic NDE of an attenuating half-space containing subsurface cracks is
introduced; (2) numerical discretization of the analytical model and the verification of
numerical solutions are described; (3) normalized parameters are formed; (4) specific
nanocomposite and ultrasonic investigation parameters are presented; and (5) the

parametric investigation of the full-field surface response is summarized.

4-2 ANALYTICAL MODEL

Consider a viscoelastic solid half-space (z < 0) containing subsurface semi-infinite

cracks. At time ¢ =0, the half-space is subject to a time-varying vertical force per unit

depth F(x,f) concentrated at the origin as shown in Fig. 4-2a. The Gaussian-modulated

159



Lattice Modeling of Ultrasonic Nondestructive Evaluation of Attenuating Materials

Prescribed
Concentrated
Force

® . } Eant y N /( LS S8 N
Particle L e le|ele \ \ yZa G BN Vad
— Computational cell boundary | | o e \ / ol e \C\ °
-~ Neighbor interaction line e I e / 5 \\ P o |e : -
\[o]o]o]e]e = —T
— Crack boundary AT T VAR \\ LR .
ﬂ Force application \. ,.—. % '-. /’/ \\.{ o a '.' /
\\L_ 8 (d)\"“ _//
(©) h h

Fig. 4-2—(a) Schematic of half-space containing vertical and horizontal semi-infinite cracks subject to
vertical concentrated force F(x,f), where p is mass density, ¢, is P-wave phase velocity, v is Poisson’s

ratio, and ¢, is P-wave attenuation. Insets show lattice discretization in vicinity of (b) free surface, (c)
vertical crack tip (Case One) and (d) horizontal crack tip (Case Two), where A is grid space.

cosinusoidal forcing function F(x,?), chosen primarily due to its smoothness and well-
defined bandwidth, is given by

F0) = Frau S XDI4 (2 14 = 31002 o =3 fome fida) G-
where F,, is the peak magnitude of the line force, 8(x) is the Dirac delta function,

Suae. 18 the standard deviation frequency, and £, is the center frequency ( f.,.. >0).

3 f;em‘ er

std.dev.

enter

The function F(x,7) inputs periods having an envelope greater than

F,..exp(—3) and thereafter rapidly decays to a traction-free boundary condition.
The viscoelastic solid is a single relaxation time standard linear solid half-space

having a density o, frequency independent P-wave phase speed c,, frequency

independent P-wave attenuation «,, and Poisson’s ratio v. The plane strain stress-
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dynamic equations are [4-26]

fi=-t"f +c u, +r FII-Mw _ +7'PMu_,

+Hu,, +([[I-Mw_, +Mu_, *2)
==+ Ow, + o F(II-Mu  + 7 "MW,
| +Mw_, +(TT- M,)u’w +Mw_, | | (43)
u, =p” (£ + ) (4-4)
and
w, =p (77 + /%) (4-5)
provided the initial conditions
[*(0)=Tlu . (0) + (T - M)w., (0) + Mu_,(0) (4-6)
£2(0) =TIw, (0) +(TT-M)u__ (0) + Mw _(0) 4-7)

are satisfied. Here f* and f° are the respective horizontal and vertical forces per unit

volume, f* and f” are the respective horizontal and vertical body forces per unit
volume, 7 is the stress relaxation time, # and w are the respective horizontal and
vertical components of displacement, 7 is the dispersion coefficient given by
F=1-2rapc,, (4-8)
I1 is the instantaneous elastic constant given by
M= pc 4-9)

and M is the instantaneous shear modulus given by

2
M = £ (4-10)
K

where x is given by

/2—21/
K= 4-11
1-2v ( )

Additionally, the S-wave speed ¢ and S-wave attenuation & are given by

e =2 (4-12)

a, = oK (4-13)
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Analytical dispersion relations for this solid are derived and discussed in [4-26].
The boundary conditions at the free surface and along the traction-free cracks are:
along the free surface z =0
0,.(x,0)=0,0,(x,0)=F(x,1), —0o<x<m; (4-14)
along the vertical crack terminating at position (x’,z")
o, (X ,2)=0 (x",2)=0,(x,2)=0,_(x",2)=0, z'>z>-w; (4-15)
and along the horizontal crack terminating at position (x",z")

0.,z )=0,(x,z2")=0,(x2")=0_(x2")=0, x"<x<owo, (4-16)

4-3 NUMERICAL DISCRETIZATION
4-3.1 Mass-Spring-Dashpot Lattice Model

The half-space described in the previous section is numerically discretized and
simulated via the mass-spring-dashpot lattice model (MSDLM) [4-26], an extension of
the mass-spring lattice model [4-27,4-28]. In the MSDLM, as shown in Fig. 4-3, the
viscoelastic continuum is heuristically discretized into point masses interacting with

closest neighbors via extensional and rotational standard linear elements—a spring in

Fig. 4-3—Schematic of MSDLM discretization at interior particle located at position (i, /). [4-26]
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parallel to a spring and dashpot in series. (The various spring and dashpot coefficients are
stated explicitly in [4-26].) The two-dimensional lattice discretization in the vicinity of a
free surface, horizontal crack tip and vertical crack tip is shown in Figs. 4-2b through 4-
2d. In addition to a summary of numerical convergence criteria relating the grid space &
and the time step At, the discretized MSDLM stress-dynamic equations for particles in
the vicinity of various interaction conditions are listed in Appendix A.
4-3.2 Verification

The verification of a few two-dimensional examples involving the reflection of
plane waves at planar boundaries is given in [4-26]. Here, the focus of the numerical
verification is on two specific problems related to the problem statement—surface wave
propagation and crack tip diffraction. For all numerical verification problems, the
MSDLM dispersion coefficient 7 is set to unity to simulate an elastic material.

First, consider the time-varying vertical force F(x,f) given in eqgn. (4-1) acting on a
pristine elastic half-space as shown in Fig. 4-2a. The Rayleigh wavelength corresponding
to the center frequency is

Cr

1= 17)
8 -fcenter

where the Rayleigh wave velocity ¢, is calculated according to [4-29]. The maximum

frequency content of F(x,f) is defined (arbitrarily) as when the frequency is three

standard deviations above the center frequency, f

max

= f;‘enter + 3j;‘td.dev. 4 Wher ¢ the

9

absolute value of the frequency content has dropped to a value exp(- 3) relative to the

content at the center frequency. Therefore, the minimum wavelength propagating along
the surface of the pristine half-space is the Rayleigh wavelength corresponding to £, ,

or

Ao = —E A (4-18)

‘min = -1
f max 1 + 3 std .dev.J center

For numerical accuracy, the MSDLM grid space is setas 2= A, /20.

The exact transient solution for the surface displacements is solved by Lamb [4-

30]. Figure 4-4 shows the exact and MSDLM horizontal and vertical surface
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Fig. 4-4—Comparison of exact [4-30] and MSDLM (a) horizontal and (b) vertical surface displacements
due to Gaussian-modulated cosinusoidal vertical force (normalized bandwidth £ £~ =1/3)

center

concentrated at origin of elastic solid having Poisson’s ratio v=0.30. Measurements are taken at ten
Rayleigh wavelengths from the origin, corresponding to center frequency £,

center *

displacements at x =104, for an elastic half-space having a Poisson’s ratio v = 0.30 and

when the normalized bandwidth £, ., f.... =1/3. (For increased clarity, the numerical

center
solution is shown only at every fifth time step Az.) The initial disturbance due to the
surface P-wave followed by the Rayleigh wave is clearly seen in the figure. A discrete
Fourier transform (DFT) [4-31] of the surface displacements reveals that the MSDLM
surface displacements have a 1.5% error in amplitude at the center frequency.

Next, consider an unbounded elastic solid containing a semi-infinite crack that
terminates at the origin and lies along the positive x-axis as shown in Fig. 4-5. An
incident Gaussian-modulated cosinusoidal plane P-wave propagates at an angle of

incidence &, with respect to the crack having a center P-wavenumber %, (center P-

wavelength A, =27k,') and standard deviation P-wavenumber &, . . The minimum

wavelength propagated in the model corresponds to Rayleigh wavelength A_. given by
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z

Semi-Infinite
Crack

Incident
P-Wave

Fig. 4-5—Schematic of incident plane P-wave impinging on vicinity of tip of semi-infinite crack.

_%r Ap
- cP (1 + 3kP,std.dev.k;1)

(4-19)

For accuracy, the MSDLM grid space is setas A=A, /20.

The diffracted P and S-wave fields due to an incident harmonic P-plane wave
impinging the tip of a semi-infinite crack are given exactly in the form of integral
equations [4-32]. An asymptotic analysis of the far field reveals that the diffracted body
waves can be thought of as being formed from rays emanating from the crack tip, being
inversely proportional to the square root of the distance traveled and directly proportional

kel

to the so-called “diffraction coefficients.

and S-waves, D; (6;6,,v)and D{(8;6,,v), are given explicitly in [4-32]. The MSDLM

The respective diffraction coefficients for P

diffraction coefficients are calculated by subtracting the incident and reflected plane
waves from the simulated displacement field and performing a DFT on relevant
displacements (Appendix 4B).

Figure 4-6 compares the asymptotic and MSDLM diffraction coefficients

corresponding to a plane wave having an angle of incidence &, =90° for a material
having v =0.30. Here all MSDLM measurements are taken at radii approximately 34,

and 54, . The MSLDM diffraction coefficients are in good qualitative agreement with the
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Fig. 4-6—Comparison of asymptotic [4-32] and MSDLM (a) P-wave diffraction coefficient and (b) S-wave
diffraction coefficient due to incident P-wave having angle of incidence §, =90° interacting with semi-

infinite crack embedded in elastic solid having Poisson’s ratio v =0.30. Here normalized bandwidth of
spatial disturbance is Kis i s kp' =1/3 and MSDLM measurements are taken at radii approximately three

and five P-wavelengths A,, corresponding to center wavenumber k.

asymptotes. In general, as the radius increases the near field effects diminish; that is, the
MSDLM diffraction coefficients more closely approximate the asymptotes. The
oscillatory amplitude behavior in Fig. 4-6b is due to a secondary shear wave created by
the interaction of the P-wave with the traction-free surface of the crack; such a secondary

shear wave is commonly referred to as a head wave.

4-4 NORMALIZED PARAMETERS
The relative surface displacements on an attenuating half-space containing a

vertical or horizontal semi-infinite crack is written in normalized functional form as

iurela!ive :fcnl i,L,V, 4 ,fs'!d.dev. ’i’i (4_20)
F 2T )

peak
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M X

F

peak

t T x z
Wielative = .fcnz{/1 sV ’M } (4-21)
R

T aPﬂ’P fcemer ’ )“R ’ /’tR

where the normalized parameters are divided into five groups:

the normalized relative surface displacements: (M/F,, )(ure,aﬁve) and

(M / F peak )(wrelalive) ? Where urel'alive and Wrelative arc given by
Upototive = U upristine (4_22)
Weelative =W~ W (4_23 )

pristine
namely, the difference between the horizontal and vertical surface displacements
on the interrogated nanocomposite, # and w, respectively, and the horizontal and
vertical surface displacements on an identically loaded pristine nanocomposite,

and w

u pristine pristine ;
the independent coordinates: the normalized surface coordinate x//4, and the

normalized time ¢/T, where T is the period corresponding to the center
frequency;

the material properties of the half-space: the Poisson’s ratio v and the normalized
penetration depth parameter 7 /(aA4,), which is the number of wavelengths at the
center frequency required for a wave to attenuate by a factor exp(—7);

the normalized bandwidth of the surface loading £, 4., / fioners

and the normalized location of the crack tip: X/A; and z/A,, which represents

either a vertical or horizontal orientation.

It has been shown [4-14] that numerical errors due to the dispersion in attenuation and

phase speed are less than 1% if the following non-dimensional requirement is satisfied:

T

> 27j;enterr > 5 (4'24)
aphp

4-5 MATERIAL AND INTERROGATION PARAMETERS

The interrogated material is a hypothetical polymeric composite having a 60%

volume fraction of CNTs [4-20], in which the mechanical properties of this future-

generation composite are predicted to obey the micromechanical “rule-of-mixtures.”
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Henceforth, this material will be denoted “nanocomposite.” The orders of magnitude for
P-wave phase velocity and density are ¢, ~10* m/s and p ~ 10’ kg/m’, respectively, and
the estimated Poisson’s ratio and P-wave attenuation are v =0.30 and «, ~10 Np/m,
respectively. Furthermore, the nanocomposite is assumed to be interrogated at a center

~10MHz and normalized bandwidth £, ., f.., =1/3, and having a

center

frequency f

center

~100 N/m. Accordingly, the normalized penetration

eak

peak force per unit depth F,

depth is za;,'4, =100. Table 4-1 summarizes the order of magnitudes for the various
parameters for the ultrasonic interrogation of the nanocomposite.

The nanocomposite is discretized and simulated via a 401x401 MSDLM grid in
the region defined by -54,<x<54, and -104,<z<0. The corresponding
simulations cover 1242 time steps over the time period 0<¢<207. Furthermore,
absorbing boundaries [4-26] are situated at x=+54;, and z=-104, to simulate the
semi-infinite half-space.

In the numerical examples that follow, two cases of subsurface cracks embedded in
the nanocomposite halfspace are highlighted. Case One is a vertical semi-infinite crack

terminating at coordinates x'=-2.54; and z'=-51,. Case Two is a horizontal semi-

infinite crack terminating at coordinates x" =-2.54, and z" =-54, . (Refer to Fig. 4-2.)

Table 4-1—Orders of magnitude for various parameters involved in ultrasonic interrogation of
hypothetical carbon nanotube-based nanocomposite [4-20].

Density p ~10° kg/m’
P-wave phase velocity ¢, ~10* m/s

Material Properties Poisson’s ratio v =0.30

P-wave attenuation @, ~10 Np/m

T

Normalized penetration depth =100

api,

Peak line force per unitdepth F , ~100 N/m

~10" Hz
Normalized bandwidth £, , . /£  =1/3

Center frequency £,

center

Interrogation Parameters

Rayleigh wavelength 1, ~10 m

t face P . .
Output Surface Parameters Elastic far-field surface displacement 5 ~ 107" m
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4-6 DISPLACEMENT FIELD

Figures 4-7 and 4-8 show the displacement field throughout the nanocomposite
half-space for Cases One and Two. The P and S-waves radiating into the nanocomposite,
as well as the Rayleigh waves propagating along the free surfaces can be clearly seen in
both cases. In Fig. 4-7, the diffraction from the vertical crack tip is observed. In Fig. 4-8,
the multiple reflections from the parallel free surfaces and the diffraction from the
horizontal crack tip are clearly visible. For both Cases One and Two the relative surface
displacements are zero until the P-wave interacts with the crack and returns to the

surface.

4-7 REQUIRED DETECTION RESOLUTION

Figure 4-9 shows the maximum relative vertical surface displacement of a
nanocomposite having identical elastic material properties and ultrasonic interrogation
parameters as Cases One and Two, except that the normalized penetration depth varies
from 10 (an extremely attenuative material) to oo (a perfectly elastic non-attenuative
material). For both the horizontal and vertical cracks, the maximum relative vertical
surface displacement monotonically increases with increasing penetration depth to an
asymptotic value for a perfectly elastic material. For a fixed penetration depth, the
maximum relative vertical surface displacement for the horizontal crack is roughly two
orders of magnitudes higher than the corresponding value for the vertical crack.

Consider an experimental noncontact monitoring system capable of detecting an
absolute displacement as low as &. A normalized surface displacement resolution,
denoted by &, is defined as the minimum detectable surface displacement divided by a
specified experimental measurement range (ideally, the range that maximizes
experimental contrast). It is assumed that the experimental measurement range is tuned

to maximize the elastic far-field Rayleigh wave amplitude, which is approximately equal

to 0.2F,_ M [4-30], the relationship between the normalized and absolute displacement

peak
resolution is

026=¢ M

(25)

peak
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Fig. 4-7—Snapshots of displacement field for Case One, where nanocomposite is subject to concentrated Gaussian-modulated cosinusoidal vertical force per unit
depth at origin.
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Fig. 4-8—Snapshots of displacement field for Case Two, where nanocomposite is subject to concentrated Gaussian-modulated cosinusoidal vertical force per
unit depth at origin.
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Fig. 4-9—Maximum relative vertical surface displacement as a function of normalized penetration depth
for Cases One and Two. Here 1, is Rayleigh wavelength at center frequency, ¢, is P-wave attenuation,

and A, is P-wavelength at center frequency.

Thus, the required normalized detection resolution is of the same order of magnitude as

the contours of maximum vertical surface displacement shown in Fig. 4-9.

4-8 INITIAL RELATIVE SURFACE DISTURBANCE

In order to further characterize the relative vertical surface displacement response,
two parameters are proposed based upon &. The time when the normalized relative
vertical surface response initially equals 0.25 is defined as #*. Additionally, the surface
coordinate at which the initial 0.26 surface displacement appears is defined as x*.
Figure 4-10 shows a schematic that interrelates parameters o, ¢*, and x*. The

normalized functional forms of #* and x* are

i P
t—=fcn3{5,v, 7 Jusae ,i,i} (4-26)
T aPﬂ'P j;‘enrer X‘R Z’R

” n
= Jen, {5, & - i ,i,i} (4-27)

R Aol Jeomer Az g
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Fig. 4-10—Schematic of relative vertical surface displacement at time ¢* and in vicinity of surface
coordinate x* based on normalized detection resolution &.

For the vertical semi-infinite crack, the relative surface displacements are zero until
t ~t*, which is equal to the time necessary for the fastest wave, the P-wave, to interact
with the sub-surface vertical crack-tip and return to the surface. Thus, approximate
relationships for eqns. (4-26) and (4-27) are derived by using a simple ray analogy for the
P-waves, which minimize the origin/crack-tip/surface distance. As & — 0, which
suggests infinitely fine resolution of surface displacements, the normalized relationship

between x*, t*, x',and z' are given by the following equations
2 e, YerY' (2 1fcy) (t*
An 20 cp NT ) \ A4 2lec, ) \ T

AL (4-29)

and

where c,/c, is a function of v only (¢, /cp, =0.50 for v =0.30). Equation (4-28) is an

expression for trajectories of constant ¢* in the x'—z' plane; the trajectories consist of
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ever-flattening cascading parabolas in increasing ¢ *.

The results for ¢* and x* as a function of the vertical crack-tip location are shown
in Fig. 4-11 for 6 — 0 (dashed contour lines) and & =107 (solid contour lines), where
excellent agreement with eqns. (4-28) and (4-29) is displayed. Figure 4-11 suggests that
the location of a vertical semi-infinite crack tip can be graphically determined by
overlaying contours of ¢* and x* on a single set of axes and noting the point of
intersection.

For the horizontal semi-infinite crack, as & — 0, the path that minimizes the
origin/crack/surface distance depends upon the quarter-space location of the crack. If
x"20, that is, if the crack does not cross the line x =0, the normalized relationship

between x*, t*, x",and z" follows from eqns. (4-28) and (4-29) as

" w1 o\ ok "
Z _1fe (t_j X _1fe (t_.), X 5o (4-30)
Ar 28ep NT Ay 2{c, T Ag

and

0
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Fig. 4-11—(a) Initial reaction time ¢* normalized by period at center frequency T and (b) initial reaction
surface coordinate x* normalized by Rayleigh wavelength at center frequency 1, as function of location

of vertical crack tip embedded in nanocomposite for normalized detection resolutions & — 0 (dashed
contour lines) and & =10"° (solid contour lines).
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x*¥ X" X

20

/IR IR- ’ Z’R

(4-31)

If x"<0, that is, if the crack crosses the line x =0, the minimum P -wave path is

simply twice the origin/crack depth distance. In this case, the normalized relationship

between x*, t*, x",and z" is

-1 ”
_Ziz_-__l_ ..cl (ﬁ), L<0
A 2\c,) \T) 4

(4-32)

(4-33)

Figure 4-12 shows contours of ¢* and x* as a function of the horizontal crack-tip

location for § — 0 (dashed contour lines) and & =107 (solid contour lines). Fig. 4-12

suggests that, based solely on measurements of #* and x*, in general only the depth of

crack can be determined; a scanning of the line load must be undertaken.
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Fig. 4-12—(a) Initial reaction time  * normalized by period at center frequency 7 and (b) initial reaction
surface coordinate x* normalized by Rayleigh wavelength at center frequency 2, as function of location

of horizontal crack tip embedded in nanocomposite for normalized detection resolutions & — 0 (dashed

contour lines) and & =107 (solid contour lines).
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4-9 TRANSIENT RELATIVE SURFACE DISPLACEMENT

The transient full-field relative vertical surface displacement in the spatial window
—54, <x <54, and time period 0 <7< 207 is characterized by the corresponding root-

mean-square value given by

V2 = S . @34
where N_ =401 horizontal grid points, N, =1242 time steps, and where
m=h(m—1—N"_1) (4-35)
2
and
¢ = Atln—1) (4-36)

(An alternative way of analyzing the transient relative surface displacements in

wavenumber-frequency space is detailed in Appendix 4C.)

Figure 4-13 shows w5

relative

as a function of crack-tip location for vertical and
horizontal semi-infinite cracks. A few observations are noted. First, for a fixed horizontal

coordinate of the crack tip, w oo

relative

monotonically decreases with increasing crack depth.

RMS
Wrelarive

Second, for a vertical crack, for a fixed depth has a relative minimum for a

vertical crack located directly under the origin. Third, for a horizontal crack, for a fixed

depth w** monotonically decreases with increasing horizontal coordinate.

relative

In the preceding analysis, it has been assumed that the line load remains fixed at the

origin. However, the above analysis is valid if a scanning line load function F,_ (x,?) is

scan

defined by
Fro(5,0) = D F(X = Copputst = P (4-37)
p=0

that is, the line load is scanned on the surface of the nanocomposite with a scanning

speed ¢, and period T, , provided ¢

scan

<<cp and T, , >> 20T . According to eqns.

scan scan
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Fig. 4-13—Root-mean-square relative vertical surface displacement w®%  normalized by shear modulus
M and peak force per unit length Fo» 88 function of crack tip location in nanocomposite for (a) vertical

semi-infinite cracks and (b) horizontal semi-infinite cracks.

(4-1) and (4-37), the line load is above the origin at time #=0. The relative horizontal

position of the line load with respect the horizontal coordinate of the crack tip is

xrelative = x, - cscant (4'3 8)
for vertical cracks and
'xrelative = x” - cscamtl (4-3 9)

for horizontal cracks. In this case x >0 if the line load is to the right of the

relative
horizontal crack tip location.

as a function of x for Cases One and Two. A few

relative

Figure 14 shows w"

reIatxve

observations are noted.

First, the peak magnitude of w for Case Two is two orders of magnitude larger

relanve

RMS
elauve

than the peak magnitude of w for Case One. Second, for Case Two, W,

montonically decreases with decreasing x,,.. Third, for Case One, wob  is

symmetric with respect to x =0, that is, when the line load is directly above the

relative
vertical crack. This symmetry is due primarily to the diffraction coefficient of a crack

subjected to normal plane wave radiation being much smaller than the diffraction
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Case One:

Vertical Semi-Infinite Crack Having Subsurface Depth z'=-5,1R

Case Two: -»------ Horizontal Semi-Infinite Crack Having Subsurface Depth z"=-54 o
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Fig. 14—Root-mean-square relative vertical surface displacement as function of relative position of line
load with respect to the horizontal crack tip location for vertical and horizontal semi-infinite cracks having
same depth as Case One and Case Two.

coefficient of a crack subjected to plane wave radiation that is slightly to moderately
oblique [4-32]. Thus, a scanning measurement would produce distinctly different
signatures for horizontal and vertical semi-infinite cracks, having crack tips at equal
depths.
4-10 CONCLUSIONS

Analytical mass-spring-dashpot lattice models for the ultrasonic nondestructive
evaluation of an attenuating nanocomposite containing subsurface cracks were
developed. Full-field wave propagation simulations of these models as well as the the
simulations for a corresponding model of a pristine nanocomposite were conducted, and
their relative surface displacements were presented. The initial temporal and spatial
disturbances of these relative surface displacements along with root-mean-square
averages of the relative vertical surface displacement reveal guidelines for the

characterization of subsurface cracks in nanocomposites and other attenuating materials.
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APPENDIX 4A—MSDLM Discretizations at Various Boundary and Interaction

Conditions

This appendix details the stress-dynamic equations for the MSDLM discretization of a
single relaxation time, single dispersion ratio standard linear solid [4A-1] in the vicinity
of various interaction conditions.

Interior Particle

The MSDLM discretized stress-dynamic equations for an interior particle located at

position (i, j), as shown in Fig. 4A-1, are

X X p—
b _ J ’”(H—M)( oy 4 )
T T ey
+ 2 Ui g U F U T U 0 — 4ui,j
r(IlI-M) ( )
+ A Wit ot T Wit o0 = Wi o1 — Wist j41
oM (4A-1)
+— h'z—(z’.liﬂ,j =2, + di—l,;‘)

M ( ) . . 44 )
+ e g jor TUy YU T U 0 — Y,

+———H—M(w

AR 1, T Wi o — W, wi—l,j+1)

i+l j-1

A S M)

(wi,j+l - 2Wi.j - Wi,j—l)

dt T h*
ALY )
+ 2 Wit jot TWisrjmt T Wi j0 T Wiy — 4Wi,j
F(IT-M) ( )
+— 4Th_2 Uiy jor T Uy oy — Uiy o — Ui 0
oM (4A-2)
+ (Wi,j+l - 2wi,j - Wi,j—l)

h2

M ( . . . 44 )

+ hE Wint, o1 T Wi o P W ja T Wisy 0 —9W,
IT-M ( . ] ) . )

+_4h2 Uit jrt TUjo — Uy g — YW i

du

—f =1, (4A-3)
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dwl.,j B

a
dul}' ___l bx x
th'—p(fi,j +f,~,,-)
dwi,' _l bz z
7/“ p(fi,j +f,-,j)

Free Surface

(4A-4)

(4A-5)

(4A-6)

The MSDLM discretized stress-dynamic equations for a particle located on the

longitudinal free surface at position (i, j), as shown in Fig. 4A-2, are

Viy _ oy FO-M)

(”i—l,j —2u, ; + “i+l,j)

dr T i’
+ sh_l‘v[z— (u,-+1,j_] + Uiy jo1 — 2ui‘j)
i F(I;z;ZM) (Wi—l,j-l - wi+1,j—1)+ ﬂi}dzh—;—m_(whl,j - Wi+1>/)
+ H;;ZM (ui—l,j - 21,'11.,1- + di,j)+ 1]:/1_2(ui+1,j-1 + u"*"f h 21}"’)
TI-M/. , M-1T . ;
+ W(Wi_u-l - Wi+l,j-1)+ 7 (wi—l,j - wf+1>f)
dfi’z;i f;-’z-_l 2rI1-M
djt =T ; o r(mz )(Wu—l —w,,)
+ "Tzh—l\/zl(v"}+1,j—1 Wiy~ 2Wi’f)
+ %Z;fzm(ui-l,j—l Ui, )+ 132;—2_1_1)(%+Lj - u,._,,j)
+ 2—(1:[};—1\4)(“.’:;1?1 - wi,j)+%(wi+l,j*l + WHJ“ B zwi’j)
M-M/. . 3IM-11y. .
+ —‘2h—2‘(u,>1,j—1 Ui, )+ _th_(qu,j - u"*l’j)
du, ; B
de
My _
e
di,, 2 x sx
Tl )
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T2 yo13) a-12)

Crack Tips
The MSDLM discretized stress-dynamic equations for a particle located on the crack tip

of a horizontal semi-infinite crack, as shown in Fig. 4A-2, are

& f F-M
# =Ly —('?——2'(0.51{”1 I + 0.5ui+1 i - 2ui ; + U, | j)
! T i ’ ’ ’
r(3M -11)
+ 2 Wi r ~ Wi
™™ ( 4 )
+ DX Ui TU Uy YU 0 — Y,
r(I1-M) ( )
+ 4’ Wittt T Wist i = Wiy — Wio
(4A-13)
II-M ( ) ) . . )
+ e 0.54,, . +0.5u =24 +u._,
3IM-T11 ( )
+ 2—}12 Uin, o " Wi
+ B (ui+1,j+l + I’.li—l,jvl + ui+1,j—l + ai—l,j+l - 4ui,j)
In-M ( ) . . . )
+4_hz— Wit jot T Wit = Wi ja — Wi
z z —
dﬁ,j__fi’j_kr(H—M)( - )
4 7 7 Wi, j Wi~ Wiia
r(3M —1I1)
o Y T
+ o’ Wi, jr T Wi ¥ W W0 _4Wi,j
r(dl-M) ( )
+ A Uit jor TW o~ Ui o — Uiy
M (4A-14)
I1- ) ) )
+ e (Wi,j+1 —2w, - Wi,j—l)
3M-I1 ( ) )
+ 2h2 ui+l,j‘ - ui+l,j*
+ e Wirtjot T Wi j ot W0t W — 4wi,j
n-m ( . . . )
+ e it jor T Uy — Uiy — Wiy
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du W
7=ui,j (4A-15)
Wi (4A-16)
D W . -
dt "
du. . 1
— DL = 4A-17
e TR ) (4A-17)
aw. . 1
Dij 2 (= 4 7 4A-18
dt p (f;,l f;,j) ( )

The MSDLM discretized stress-dynamic equations for a particle located on the crack tip

of a vertical semi-infinite crack, as shown in Fig. 4A-4, are

dy _ Jo L F@-M)

T . 7 (”m,j - 2u, +u,)

r(3M -1I1)
+ 2h? (Wi*,j—l - wi',j~1)

™
+ 2 (ui+1,j+1 tU T U T T 4ui,j)

F(I1-M)
+ W(WHI,J‘H t W0 ™ Wi — wi—l,j+l)

oM (4A-19)
e (..., - 20, +2;, )

3M ~T1 ( X ) )

1 e i

M ( . . . 44 )
+ Y Uisg,jr YUyt Uy o T U — U,

l‘I—M(. . . )

an Wi et TWis o0 = Wik —Wisja
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+—2’L‘hz—_ Ui "W
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+ W(WHIJH TW o W T W0 4Wi,j)
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Convergence

(4A-20)

(4A-21)

(4A-22)

(4A-23)

(4A-24)

The stress-dynamic equations (4A-1) through (4A-24) are numerically integrated

via the standard 4™ order Runge-Kutta algorithm [4A-2]. Numerical analysis [4A-3] has

shown that the stability requirements relating the grid spacing # and the time step Af are

AL 1 30

Al <2.78

T

(4A-19)

(4A-20)

Furthermore, the accuracy condition required to limit the numerical dissipation and phase

speed error to less than 1% is
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% >20 (4A-21)

where A_. is the minimum effective wavelength propagating in the model.
Because 0<7 <1, the penetration depth of the material, zea,'2;', (that is, the
number of wavelengths required for a plane wave to decay by a factor exp(—7z)) must

satisfy

> T (4A-22)
apdp

It has been shown that materials with penetration depths as low as 5 can be accurately

modeled in this manner; materials having a penetration depth lower than five exhibit

significant dispersion [4A-3].

References.

4A-1. A.F. Thomas, H. Yim and J.H. Williams, Jr. submitted for publication (2005).

4A-2. M. Abramowitz and 1.A. Stegun (Eds.), Handbook of Mathematical Functions
with Formulas, Graphs and Mathematical Tables, pp. 896-897. Dover, New York
(1965).

4A-3. P.D. Small, A.F. Thomas, and J.H. Williams, Jr. submitted for publication (2005).

185



Lattice Modeling of Ultrasonic Nondestructive Evaluation of Attenuating Materials

(b)

Fig. 4A-1—(a) MSDLM discretization of interior particle at position (i, /) and (b) corresponding continuum element centered at the origin.
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z

Free Surface A

(b)

Fig. 4A-2—(a) MSDLM discretization of particle located on free surface at position (i, j) and (b) corresponding continuum element bounded by the origin.

187



Lattice Modeling of Ultrasonic Nondestructive Evaluation of Attenuating Materials

Crack

(a) (b)

Fig. 4A-3—(a) MSDLM discretization of particle located on tip of horizontal crack at position (i, j) and (b) corresponding continuum element centered at the
origin.
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Crack

sl 72
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Fig. 4A-4—(a) MSDLM discretization of particle located on tip of vertical crack at position (i, j) and (b) corresponding continuum element centered at the origin.
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APPENDIX 4B—Asymptotic and Numerical Analysis of Scattering and Diffraction

of an Incident Longitudinal Wave by a Semi-Infinite Crack

Introduction

Consider an isotropic elastic solid in a state of plane strain having density p, Lamé
constants A and x, and containing a semi-infinite crack that terminates at the origin and
lies along the positive x-axis as shown in Fig. 4B-1. An incident harmonic plane P-wave
of circular frequency @ and oriented at an angle 8, with respect to the horizontal,

impinges upon the crack edge. The asymptotic analyses of the scattered field (that is, the
part of the field that can be treated with geometrical elastodyanamics) and the diffracted
field (that is, the part of the field that interacts with the crack edge) are given by
Achenbach, Gautesen and McMaken [4B-1]. The first section of this appendix
summarizes their solutions. The second section is a verification of the mass-spring-
dashpot lattice model (MSDLM) [4B-2] applied to crack-tip scattering.

Asymptotic Solution [4B-1]

In this section, as part of the nomenclature conventions, superscripts are used in
conjunction with vectors, while subscripts are used in conjunction with scalars. As a
special case of scalars, reflection and diffraction coefficient use both superscripts and
subscripts, with the superscripts indicating the incident form of irradiation and subscripts

indicating the reflected form of irradiation.

Semi-Infinite
Crack

Incident
P-Wave

Fig. 4B-1—Schematic of incident plane P-wave impinging on vicinity of tip of semi-infinite crack.
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Problem Formulation
The incident field is
d’ exp(ik,p” - x) (4B-1)

P
u =u peak

where u,, is the peak amplitude and script P denotes properties relating to a P-wave,

d” = (cosf,,sin6,) (4B-2)
P=J-1 (4B-3)
e — (4B-4)

cp  J(A+2u) p
and
p” =(cos8,,sinG,) (4B-5)
Here, w is the circular frequency, and throughout the remainder of the section on the
steady-state analyis, the time variation exp(—i r) is omitted.
The total field can be written as
u =u®+u’ (4B-6)
where the superscripts ¢, ge and d represent the total, geometrical elastodynamic, and
diffracted fields, respectively.
Geometrical Elastodynamic Field
The geometrical elastodynamic field is
seacd” exp(ik,p” - X)H[sgn(0 - 6,)]
+ 1, R (8,)d" exp(ik,p” - x)H[sgn(6 + 6, — 27)] (4B-7)
+ 1, RE(B,)d” exp(iksp™ - x)H[sgn(0 + 6,5 — 27)]

uw=u

where H[-] denotes the Heaviside step-function,

sin(26,)sin(26.;) — k2 cos®(26,)

Rz €)= Sin(28,)sin(20,, ) + k2 cos* (26,¢) (4B-8)
script #P denotes the properties related to the scattered longitudinal waves,

d” = (cosb,,~sinb,) (4B-9)

p” =(cosf,,~sinf,) (4B-10)
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2k sin(26,)cos(26 )

R (6,)=-
5 (%) sin(26, )sin(26,5) + k2 cos(26,,)

(4B-11)

script 7S denotes the properties related to the scattered vertically-polarized transverse

waves,
d” = (—siné,,cosb;) (4B-12)
@ @
kg =—= (4B.13)
P e ulp
p” = (cosd,,~sinb;) (4B-14)
Here 6, satisfies
cosf = c0so, (4B-15)
Ks
= /?.+2,u=\/2——2v (4B-16)
y7i 1-2v
where v is Poisson’s ratio.
Diffracted Field
The diffracted far-field is
u? =222 D (9,0,)d" exp(Fk,r)
Jkpr
u IS
+ %Dﬁ(a; 6,)d{ exp(ikyr) (4B-17)
§

+ upeakDII:S (HP)dI};S exp(;er)
1, DL (0,)0], exp(ik,r)
where for the diffraction coefficients of the body waves (8 = P,S)

D}(8;0,) =4 x,7F; (ONE! (6,)EL (0)GL,(6) + E (6,)E! ©)G,(6)}  (4B-18)

Here
Ky = E—P (4B-19)
B
Z= \E exp(i £) (4B-20)
T
ET (0) =sin(26) (4B-21)
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EJ(6) =K} ~2cos’ 8 (4B-22)
EF(6) =cos(26) (4B-23)
ES(6) = sin(26) (4B-24)
G(0) = \ﬁ:os G, +x, \/K‘}, — Kk, cosf (4B-25)
P _ Kp i
@)= 2(x3 —1)(c0s6, —x;cosO)H ;(6,)H ,(6) (4B-26)
H(8) = (xz K5 c080)K ™ (£, cos6) (4B-27)
1 42\ -2 -
InK'(&)=—— j Iz —ta { & 2P } (4B-28)
ky = Kok, (4B-29)

and where «, is the solution ¢ to

(K2 =287 +482 1= k2 - ¢ =0 (4B-30)

The diffraction vectors are
=(cosd,sin ) (4B-31)

d} = (-sind,cosh) (4B-32)
and the diffraction coefficients of the symmetric and anti-symmetric Rayleigh waves are

D}(8,) = —1Ef (6,)F; [z —1\JcosB, +1 (4B-33)

Dy (6,) =—1E] (6,)F Kz — K5 /088, + K (4B-34)
Here

F = - 1 - - (4B-35)

2(1- 55°)(c086, ~ K HA(6,)K (—1cy)

and the diffraction vectors are

i =(0,1) (4B-36)

d;, =(1,0) (4B-37)
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MSDLM Verifcation

Figure 4-1 is discretized according to the MSDLM [4B-2] and the P and S
dispersion coefficients are set to unity to simulate an elastic material. Instead of a
harmonic incident P-wave impinging upon the crack, the incident plane P-wave has the

form
P=u,,d" exp[-1 Flcos(k,&) 4B
u = upeakd exp[ 2 (kP,std.deué ]COS( Pé: ( _38)
where &, ., ., is the standard deviation P-wavenumber, &, is the center P-wavenumber,

and
& =xc086, + ysinb, —c,t (4B-39)
Thus, at time ¢ =0, the plane containing the peak amplitude interacts with the crack tip.

The wavelength of the P-wave corresponding to the center wavenumber is

4, =2E (4B-40)
kP

and the minimum effective wavelength, which corresponds to the minimum effective
Rayleigh wavelength traveling along the crack face, is

=% Ap
" cp (1+ 3kP,std‘dev.k}:1)

(4B-41)

where ¢, = c,x; . For accuracy, the MSDLM grid space is set as / = %’“ﬁ .

Figures 4B-2 and 4B-3 show snapshots of the diffracted MSDLM displacement
fields due to a plane P-wave having incident angles of 0° and 90°, respectively, in an

elastic material having v =0.30 when the normalized bandwidth is k.. k> =1/3.

For clarity, the geometric elastodyanamic field (that is, the incident and reflected plane
waves) have been subtracted from the images leaving only the waves resulting from the
crack tip diffraction. (Because of the incomplete subtraction of the incident and reflected
plane waves in Figs. 4B-2 and 4B-3, there are visible displacements two to three orders
of magnitude less than the peak displacement.) Here the center circular frequency is

equal to @, =kpc,. The circular P and § wave fronts emanating from the crack tip, as

well as the head waves trailing behind the P waves and the Rayleigh waves traveling

along the upper and lower faces of the crack can be clearly seen.
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Fig. 4B-2-Snapshots of diffracted waves due to incident P-wave having angle of incidence ¢, = 0° interacting with semi-infinite crack embedded in elastic
solid having Poisson’s ratio v = 0.30 and where normalized bandwidth of spatial disturbance is k P.ok;“ =1/3. (Incident plane wave has been subtracted out of

images.)
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Fig. 4B-3—Snapshots of the diffracted waves due to incident P-wave having angle of incidence @, = 90" interacting with semi-infinite crack embedded in elastic
solid having Poisson’s ratio v =0.30 and where normalized bandwidth of spatial disturbance is k,,'gk;' =1/3. (Incident and reflected plane waves have been

subtracted out of images.)
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Figure 4B-4 shows the time histories of the displacement at the crack tip and the

radial and tangential displacements at a point located at » =44, and 8 =45" due to an

incident P-wave oriented at 6, =90°. The frequency content of each wave packet is

found by taking a 1024-point discrete Fourier transform of the displacement history using

the time window

_ikP,std.dev. Stsikl’,std.dev. (4B'42)

o, kp w, kp

for the incident wave at the crack tip; the time window

r 3 kpvaden, <r<t 3 Kp s dev. (4B-43)

cp @, kp cp o, kp

[+ c

for the radial displacement history; and the time window

3 k S {47 r 3 k S V.
Log — S Thadder, cp o Loy 2 Photdden. (4B-44)
Cp o, kp Cp o, ky
for the transverse displacement history. The respective discrete Fourier transforms of the
incident wave, the radial displacement, and the transverse displacement are denoted as

Ufw), U (@),

0.2 T
- | —— Radial

= = 0.15} - - - adal
= = : .
g QE, o I — Tangential
§ § 01 ......... : : ]\ e
= o : : S
5 6 0.05 ......... ........ ...... . \ ........
& g O
g g
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(5] 5]
) S _o.15
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Fig. 4B-4—Displacement time histories at (a) crack tip of incident wave and (b) radial and tangential
displacements of diffracted wave at radius of four P-wavelengths and angle @ =45°. Here displacements
are due to incident P-wave having angle of incidence @, =90° interacting with semi-infinite crack
embedded in elastic solid having Poisson’s ratio v =0.30 and where normalized bandwidth of spatial
disturbance is kp,ﬂd'dev_k;‘ =1/3.
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and U,(w). The absolute value of the MSDLM diffraction coefficients are formed

according to

IDP(Q Or ’V)IMSDLM Jk_

(4B-45)

D3 (6 ep,v)|

— (4B-46)

Y .
Figures 4B-5 and 4B-6 compare the asymptotic diffraction coefficients, eqn. (4B-17), and
MSDLM diffraction coefficients at angles of incidence 6,=0° and &, =90°,
respectively, for a material having v =0.30. The MSDLM measurements are shown at
r=34,, r=44,, and r=~54,. The P-wave diffraction coefficients are in excellent
qualitative agreement with the asymptotes. The S-wave diffraction coefficients are in
excellent qualitative agreement with the asymptotes in the range of 55° <8<305°. In
the ranges 0° < @ <55 and 305" <4 <360°, the S-wave fronts are interfered by the head
waves and Rayleigh waves (e.g., see Figs. 4-2¢ and 4-3e) that result in the oscillation of
the computed S-wave diffraction coefficients. If the head waves and Rayleigh waves

were effectively subtracted out of the images, the MSDLM simulations would achieve a

better agreement with asymptotic solutions.

References:

4B-1. J.D. Achenbach, A K. Gautesen and H. McMaken. Ray Methods for Waves in
Elastic Solids. pp. 109-132, 146-147. Pitman Advanced Publishing

Program, Boston (1982).
4B-2. AF. Thomas, H. Yim, and J.H. Williams, Jr. submitted for publication (2005).
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wave diffraction coefficient due to incident P-wave having angle of incidence ¢, =0° interacting with
semi-infinite crack embedded in elastic solid having Poisson’s ratio v =0.30 and where normalized
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Fig. 4B-6—Comparison of asymptotic [B-1] and MSDLM (a) P-wave diffraction coefficient and (b) S-
wave diffraction coefficient due to incident P-wave having angle of incidence @, =90" interacting with
semi-infinite crack embedded in elastic solid having Poisson’s ratio v =0.30 and where normalized

bandwidth of spatial disturbance is &, k;'=1/3. MSDLM measurements are taken at radii

approximately three, four, and five P-wavelengths 4.
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APPENDIX 4C—Spectral Analysis of Transient Relative Vertical Surface

Displacement

Consider a half-space (z <0) composed of a hypothetical polymeric composite
having a 60% volume fraction of CNTs [4C-1] subject to ultrasonic interrogation. Table
4C-1 summarizes the orders of magnitude for the various parameters for the ultrasonic
interrogation of the nanocomposite.

The transient surface displacement relative to a pristine half-space, w, ... (

X,t), due
to a narrow-banded concentrated surface load (center frequency f) is analyzed for its
wavenumber and frequency content via a spatial discrete Fourier transform (DFT) [4C-2].

According to Parseval’s relation [4C-2], the sum of the squares of w

relative

(x,t) and its

corresponding two-dimensional DFT, W, . (k, f), are related by
v

N, N, 2 1 Ny 5
DD W, = 22 W e 1) (4C-1)
p=l g=} NkNj r=1 s=1

where N_ is the number of horizontal grid points, N, is the number of time points, N, is

1

the number points used in the spatial DFT (N, 2 N ), and N, is the number points used

in the temporal DFT (N, > N,). Further,

xp:h(p— _M) (4C-2)
2

t,=Arg~1) (4C-3)
27

&_NMQ—Q (4C-4)

1

= - 4C-
f=% —ls=1) (4C-5)

where 4 is the grid spacing and Af is the numerical time step. Because the right-hand
side of eqn. (4C-1) is a numerical integration of the spectral “power” density function
over the zero wavenumber to the wavenumber corresponding to the Nyquist criterion,

n/h, and over the zero frequency to the Nyquist frequency 1/(2Ar), the quantity

described in eqn. (4C-1) is called the spectral “energy”. The total spectral energy is
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subdivided into nine designations, which are listed in Table 4C-2.

The nanocomposite half-space is numerically simulated via a MSDLM N _xN_
spatial grid over N, time steps [4C-3]. In the numerical examples that follow,
N,=N,=401and N,=N,=1249.

Figure 4C-1 shows the spectral energy content subdivisions for two cases: Case
One is a vertical semi-infinite crack terminating at coordinates x'=-2.51, and
Z'=-54,, Case Two is a horizontal semi-infinite crack terminating at coordinates
x"=-254, and z"=-51,, where A, is the Rayleigh wavelength at the center
freqeuncy. It is noted that L, M, dominates the spectral energy content for both Cases

Orne and Two. The five designations containing high-range wavenumber or high-range

frequency— L H,, M\H,, HH,, H M, and H, L — are more than two orders of

magnitude below L, M, and can thus be neglected.

References:

4C-1. C.E. Harris, C.E., M.J. Shuart and H.R. Gray. SAMPE J. 38:33 (2002).

4C-2. A.V. Oppenheim and R.W Schafer. Discrete-Time Signal Processing, pp. 559-588,
621. Prentice Hall, Upper Saddle River, New Jersey, 1999.

4C-3. A.F. Thomas, H. Yim and J.H. Williams, Jr. submitted for publication (2005).
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Table 4C-1—Orders of magnitude for various parameters involved in ultrasonic interrogation of
hypothetical carbon nanotube-based nanocomposite [4C-1].

Density p ~10° kg/m’
P-wave phase velocity ¢, ~10* m/s

i . Poisson’s ratio v=0.
Material Properties oisson’s ratio v =0.30

P-wave attenuation ¢, ~ 10 Np/m

/4

Normalized penetration depth =100

ApAp

Peak line force per unit depth F . ~100 N/m

Interrogation Parameters Center frequency f ~ 10" Hz

Normalized bandwidth £ /£, =1/3

Rayleigh wavelength 1, ~10~ m

Output Surface Parameters Elastic far-field surface displacement # ~ 107 m

Table 4C-2—Spectral energy subdivisions in wavenumber-frequency space.

Low-range Mid-range High-range
wavenumbers wavenumbers wavenumbers
0<k<0.3k, 03k, <k <1.7k, 1.7k, <k <20k,
High-range frequencies LH, M,H, HH,
1.7f, < f <31/, '
Mid-range frequencies LM, MM, HM,
03/, <f<17f,
Low-range frequencies LL, M,L, HL,
0< <03/,
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Fig. 4C-1—Spectral energy content of relative vertical surface displacement in wavenumber-frequency space for (a) Case One and (b) Case Two. Spectral
energy is subdivided into 9 designations indically defined by X;Y; where X and Y can be any of L (low-range), M (mid-range), or H (high-range), and where k is
wavenumber and f is frequency.
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Chapter 5: Thesis Conclusion

5-1 SUMMARY OF ACHIEVEMENTS

This thesis detailed the development of a computational lattice model, called the
mass-spring-dashpot lattice model (MSDLM), to simulate and visualize ultrasonic wave
phenomena in attenuating materials. This development involved an investigation of
numerical errors inherent in the elastic model upon which the MSDLM is based, the
mass-spring lattice model (MSLM). Finally, mass-spring-dashpot lattice models were
used in the theoretical nondestructive evaluation of subsurface cracks in an attenuating
nanocomposite. The main contributions of the thesis are summarized in the following
points.

e The MSLM convergence of phase speed for plane waves traveling at oblique
angles was investigated.

e The formulation and verification of correction terms for the precise
implementation of MSLM traction boundaries was presented.

¢ The stress-dynamic equations for a standard linear solid viscoelastic model and its
accompanying dispersion relations were derived.

o The formulation of the MSLDM for the simulation and visualization of ultrasonic
wave phenomena in attenuating materials containing reflecting and absorbing
boundaries was introduced.

e The nondestructive evaluation of subsurface cracks in an attenuating

nanocomposite was modeled via lattice methods.

5-2 RECOMMENDATIONS
Lattice modeling can provide a framework for the effective simulation and
visualization for engineering problems that are outside the scope of this thesis.
Recommendations for further refinement of the MSDLM include:
¢ Development of MSDLM for anisotropic media.
e Development of MSDLM containing a fractional derivative dashpot to allow for
more realistic attenuation modeling.
Recommendations for further applications of MSDLM include:
e Investigation of subsurface cracks of finite length.

e Investigation of distributed anomalies.
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