.03 Tall 2000 - [ectue # 3
. OP-l-\'miza'l lon
'sin%\e. Varable
' mulk- variable
‘I\mp\icil' Functon T‘morem 3 comparato'w. slatistics
' Erwelope Theorem - constrained + unconstrained

* Consirained Optimization ( Lavrsmnjn'an /’/ﬂlm/)
"Du\a‘ﬂy



S \V\ﬁ\& %n‘ahlz Optimizaﬁon

() 1s propi’c function
Choose q' 4o maximze '\T(()

?m('.' ts

N

T' anﬁ‘y

7?_ / f" : 0 “First order condition “(roc)

Q: Is i" neccssarily +he proc.% max ¢

A: Ao, 2" 'S necessacy bu& not suq.’cfen{
for mei¥ max.



SW\S\e \laciable op{imization
T

' Slopc:O
{ q
I : 0 lous %‘ 1S 4 proc{lv mimmum
f {*

Seca:\é ordec Condition:
———T[— lZ‘ L 0 ) SWMW'CGS +M"' %" IS q
(\oca\) WMAXT Mum

Does not solve:

- W




Oph’mization |
We'l| %cneml\y work with “well-behaved ”
-Cuncfionsz continuous , dt'“’erev\ﬁab\e, concave.

Hevce, we wont focus on Second Order
Condi+ions (read abou+ them 1n C'hapferZ, however).

/”M/f‘l. - Variate Case
0,3: £(X\, xz,...--) x\'\)

odfl) |
o fr

First Order Condition (Foc) for maximum
(o mu’mimum) :

'f: s {; £ fn =0



Opﬁmiza{ion & a chlion with Z vaniables

/fny concave fmﬁm will bc maximized at its
“Clat spat” or “saddle point ¥
G D

A concaw \Cmb'an s a 'Cmcbon +het 0/«4]3 /cs belw
O &gu- dimensional surface ot is éayed to it:
(1 dimension ® line , 4 dimensions -bpbt, 3 dimensions >

fyper - olane)
S0C 4-F, (4 +2Cdd,, +, G, 40 |



Concavc Funcéions

Vo Y
yes yés
R\ /\
% - >
' T Mo (1 b
- 5. b —
Two_Dimensional

) I nerted 7;@” 4 yes
- Non - Lnverted cp 7 My



T mP/ia'l Fuvet ions
enAoSev‘v‘ous exogerious
D y=mx ¢ b Explfcﬂ—
) Y-mx-bcO TImplet
D)) (:(\/)X, m, b) 20 Lwplei

2 84 3 are called implicit because the relationshio
between he variables is \'mph‘cn’H Frc.senl- atlier
than explfcl'i-l\/ shouwv as y=((v{

Mo'ny times in economics, we encl up with implier!

functians wkcre CXOgenous and ends enous
variables are all mived J-aac/«l;en

Wt may have no c/asec/ -afm exfress/'on [l’r y (x ), buo‘
He derivabive Za’l may still exist, ondthes i's obn
X exactly what we need.



i ot Fumetions
lork Ml‘ Imp/m{
fey fo

¢ y)'—'O > { Gyylo) =0
fxc;'x +1pyc{>/][z(0

ol

Caveat : g(_\L may ot exist . ..
dy



Imp/l'cz'z‘ Funetions

hen ean we write - £ (xe, y ()= 07

Take Implt Lunstion:
X? ‘L\/‘—l’-o Zxdx *Zydy =0
_@ =~ N = =X -0 Undebined when 4:\/-‘-0
A x £ Y g "

Q: What 55 the intuition or the won-eustonee o’ £ / x* )/( v)=0
at (x,y): 0,0} ¢
A: ,2{!)1 could be @ or Ol . Undeloned
X



A mp/fcl;‘ Function Example
Long Why:

. +yt = 225 Whits -gI{-é z
E J 435- 257
._OLV— = 2+ (275 -2x2 K -4y | = - 4x
dx : ( > ( ) 21225 -2x?
= '*._Lb_(—- = = 2%
2y ~

Imp/lb/;” Fanction Method :
0, Write :  Zxz + Ny - 255:=0

@ 737‘””)/ differentiate ©  Hx dy *Z)Idy =0

3 Rcarmy,%L: %’Lz Ay . *_25/71
X <y



YOU con see »bu.) ”‘N'.S bUOT'LS fOfWIa”YI
Suppase +here is a continuous Solution 4o = 5(x)
for vhe e%uafiow F(Y, g) =C & F (x, Y (x)) =C

Jy
We want 4o kvipw %% fo" sum Xo, Yy (XQ
Use ¥he chain rule +o cliffcrewﬁai&

dF :_,d/ b/ od +_Q)_F. 0, \ ,’_Q'Ly. o-‘lC
G b gteh= 55 berstagt « £F i) £ (0
Simplify : = g;_(f (Yo, y(t9) + %1;_, (Ko, Y ) * Y ()= O

Y’ (7(0 5 © T g—:‘ (Xo, \/(Xo))

%—? (Yau Y()(o))
/Vtccssary condi Yo ‘Cor y'()(o) to existis +hat

Q_E (XO ! Y(‘(o»;ﬁ O > Tarns out s IS sa/’#cn"m‘ 4&.
)

[MU/h'l/dr/b{c : j__f <\(, Y e Ynt Y‘)# O ]
oy



Take a moee complicated example -
X% - 3xy +y3 -7:0

oy
What s ox / y=3 > note: A Valid Solutron

Use l'mph'cf«L rumh'on Hheorem :
@ 757‘0//)/ ciflerentiate

dx dyx ‘3ch>< +3xd~/ +3y26/y: o,
By2oly “3xdy = Zxolx + 3y dx
ay .- Zx + 3y
dx 3y2 - 3%

@ Plag Tn (Substitute)
_Q{i (4,?,) = ‘8“‘q = L

0{7( 27-12 IS

d |
& Ont 6 B zany? oz 90y )G

@Tal@ AX:.3
Yo & 3+ 3('45) = 3.07

70‘ Solve for ya+ X=2Y3 rould onl>l be, Com.Pul-cJ
Mumerically and cquals  3.01475



/pp/baé'ms A mplher! Functons

) 4 Aiﬂj 74 Ma/////’rmce cunve, we have V¢ X y ) =V

< Lplied Hunchm V(4 y* G =Vl o
mich y we'd qive up lor 2 l#h more x (o4 He
margin) WI/II'/L /’M/ /'217 7"&/4/ Zl//'//')(/ conglant

V &‘,y*&)) Y @ BO'))?V’ ox *%? =0
9. v ‘




F n Vl/o[m/ %0/’3/775
Y shortent r M/é/'/y derivatives of opt imized —[o)mch'arzs
with respect fo vheir parameters,

Delinition  (unconstramed case) . bt L /X,d) éé’ i
C' pancz‘/'oﬂ o XER" and e scalar q
Breach ¢ . Consrder W yndonstraimed
wiaximi 2ation .
max 10 ( X, a) w X

‘with respect 4o ”

/J% X '(4 ) bé a soluipon 07[, his ]ﬂrdé/gm, Su]DFasc
Hhat X“@ s ¢ ¢! anhbn K a. Then,

7,07{;‘ F e+ @) a) =§/;,— F(¢G) a)
—— ~ —

fota/ (//r/'m//izc /Vdr//'a/ ﬂ{’f/'mé'rt




%oo/) oF e Ei nl/e’/op¢ heorem
d_
fe 16 L2 (v ) o)

Ja

— _

\/—-

1 / =Q
s - (X )’"?:J"Z'(x*m,ﬂ

b/e /’" (x* (a),4) = O ¥

%se are /lc //\/3{ arc/cr conditions Op Ve WaxImization
Pro\o\e_w: +o OHaM x* [7%?/ moxim zeS f (X,QB]

(mucln more. inturtive - gn_é uschul = +han it /M/CS )



Envelope  Theorews  Example.

_éong Kou fe:

Oy - X% + ax
Wavtk 4o know:

d X* where y" is maximized va/ue of 0
ol g

Find x* +]nr‘ougk sm&\e \/arlab)(, ophmzahon

Cpx -2 + A = O )(*: ﬁ_ =>
ol 4

2
Ve )y a(g)- 2

+
A oyt
*‘X— - ""Z" - X ———

SHING
<

£l m/dzaa Shorteut
Kewri ke @: y* = ”(X‘)z + ax*

N _ y* . 0/ £~ YF
G- xt- A i x )]




Visual explanedipnr 0/

év Vt’/o/% +/wafel44

/Iéf(-' Frve lope %m'm Y*@@' ST T T
IS g /l'ﬂ(ar /lpp/‘o XI matron
& henee on/)l holids n y* (az) |

an “em/z/ope " surround (7
& @3 -

x¥a),




J:/m/z /op: ﬂmrfm IS //M/A‘ - VMM

g =[x ), @) o xat (@) 4]

odyt o s Ok o A
?Ey’o/x daJr O on %

-

\._, \/ﬁ

= _@&f_}i{’
da o



[ Onstramed \/%IXI WI.Z010h

Mest maximization /méémg M aconomies Are mé/‘mf
to constraimdts -

- /”ﬂx/m/Zé Mli//':‘y Smbjc& o J?mafjev‘ constraint,
" //am/'ze Socl'a/ a/e//z'zre sulyj'ccv‘ 1o a resouree Constram?.

~ Mximize pm/}%s saé/'(c% 0 4 Jecéno/?f/é‘a/ constrmn!
(e.g. Can 0”4/ proa/ace SO Mdn)/ /4:5&: /b7 ovee 4»//* )

%ﬁ/ ér naximizing  const rmircc/ /6’/”4//@75 :
[%rmy/m/@l%c/ ‘
/4 “Hrick"” u/é/'c/? turns out o ém«z very &/fzé/
Coonomie  Content.



'/\a j}mn j”'”” /”z)%c/

Yohlem:
may = f()(\, Xz, onn. Xn\

. (X, Kyy oo Xn) 2O
(subjsccho) 3 o K2 “>

] %y 7/1/;}74 bion can éz wridten sy
| Mirs implart notatron
‘7‘/\? " X, X, 2 10 € X, +X=I020

Z=1()(x,,)(z,,.. Xn>" A (Xuxz;---xﬂ)
F.0 s (FRrst order conditions )

. C
..Q//é = o"’Al:O
ox., F J

07 . ]
"0’/;(; 74‘7"’)‘3»4'0
*—:f; =4 (R xn) =0

> (el as many tgmr’/b”s as urknpowns.
Solu s:’mu”ancous/)l for X,*.... Xn* and )\ ,



Constramed Moy  E Ximple
Oph'ma/ 74}745 dimensions .
) /—/a ve /Md/'i(?j mﬂ p(r/'m:{(r‘ énj/ﬁ F
'/Wﬁxz'mize 14%’(1 dreq
Obj'(cﬁve:
max X- \/

Ceonstrain{ - _
H+2y=P =7 N

Zamn/'aﬂ-'
j jZ-’ X-y ) (}7’27( 'Z)f)
JI \/"Z) =0



Oﬁ/'ma/ bree  (cont.)
X :\/—’?/4/ A - ﬁg

’ Op{/hm/ 7/(”1744 15 Square [ )(:)’)

(& Whm‘ else 67/0 we QSsume Qbout sﬁopc 7)
- What is the infer pretation o )= % ¢
Observe that - “}[)j_",” i ’7;2}" = A\

& (Lmy ran’im) (RAT
Whee £ is +he marginal fain o 7 fom Dwore X,
md 8. s +he W\ar%iml cost o | wore X in terms oL
+i%h+em’nj Yhe constraint § henee r:ducmj pcasfb)c \/

This ratio >\, is called +he * shadew price 't o the
constraind,



I i(r,m{a#on op )\

)\ "2 <,~mPlics +hat re/axmi the constrainl +hat ¥ +y = p
by 1 unit would allow us to iermse +he  maximand
(area) by &,
Check +his:

het P=40 > x=y=10, A=po
Comparc f0:

let P=4] > x=y= 10,75, A= 105,06

AA = 505~ "%

2 //u/ﬁp//'//” )\ IS Zm;lc oloese 10 geduo/ champe ™ A 14.*
| unt chanje 'y CorSiraimd /WJ IS exact / corréct over an

epsilon inter val [rom (x*, \/*, P=4p)

' M/'s I’V/M/vL/' /0//'(/” /S col /c’c/ the “Sbac/ocu ]ﬂr/'ce o d/
He constramd.



J ﬂof/t/r &stm/hfc/ %,Y c’)mm/o/e

: = st xy= 4
max Z: )('/z y'/z N )\(4 -X_y)

L= hx*yE-)=0
Oy

_Q_Z_:‘/ZX%\/-'/Z—')\IO
2

9T L y-x-y=0

o\ | ) gy
+ X 7/'4 : -ZLx’f\/é =A > X=y=

and A\ ° A éﬂ;{r Some a/sz)

Check mult pliers lmp//cm‘rm

ﬁ(x Ll} 2% 7% :Z
ﬁ(){i,ﬁ) 25" 252 75)\
A7:=15% exoety f‘gua/ to



EMVJ/ope ﬂeorem ér [ons{m/hfc/ ?foé/ems

let x* () (% () ... Xo*(a)) dewte 2 ssbion
o max £(,0) st k3.(><,a)=0... 9« (w)-‘(i)

~—

Constramts - could be many

Le,L )\,Ol, e >\n (a) be Hhe Zz}ﬂromft mu/,é}ﬂ//'//s of
+his problem . Then-

70{/; £ (x*(a),0) = —gf (x*(a), \(a),9)

rd

N— — _ —
Total dertvative of %rh’dm;ril/m‘/t/e

On'gl'na/ /;ﬂc#bn / /) 07[’ / Qjm’y/””

Why is #his +rue 7 |
- Because ot X'/ d), Constrained %na#an S M?'dc/y
Waximized w.r.t. éxh X; =0

2 ot (ys L IXT =
Loy (x* (@) Oq

. 7’[75 Oﬂ/)' non-zevro {)arh'al Clef‘inh'VC IS __d___Z__ :)\(43
Ja



Envelo pe 7Ze’orem for (éﬂSz‘m/Mc/ %b/ems

774/3 rcsa/+ 5 much wore obw'aus +kan 1+ /ooéS.. ..
Corsider our previeus ?roblen‘l-'
max X% \/’z 5.4, X 4y 4

= 7(‘/7_ ¥ sz _|.)\ (,_,_X_Y)

0L . s x \/"z - Az 0

oY
L < Jpxt Y -) 0

oY
_éé =l -x-vy =0
on Y
We found - ><"=y*=Z ){'
W hat is: 44
y 9L Gy, y' @), &) 7 (o)
o x*
Z) df(kg(a)Ly*(q) 4\ 9 (03
y .

) df'(x*;a)‘l“(\«)7 0\3




ﬂua/fly

EV(ry “primal” waximizaton Prob)em subjcd 0 a
Constraint  has @ corresponding “dual” Frob)em +hat
minimizes ‘he constraint funch'on SMbje&L 1o the
Oﬁﬁiml objective funch'on beiv:j e%ual to 1ts oph'mal
Value in the original PFOblem.

?m'mal: MAY z=£(¥,\/) s.t. ><+\/=\—<"
yields z¥ = [ (x* y*‘B
Dual: min K = X+Y st f(x,y) =77
will tlo obtain
Xp = X" Z% = 2%
V= Dual Yo = Y7
P = Tarta) Xo * y% = X



Dua M)’ Exam Ple
Yeimal Troblem ( fam:‘lx’ar> :
max X% Y, % gt X+ 4

7= Q(Y'Y> = x‘é\/'/z

gley) = d-x-y
2= x* Y"z ")\("Iw—y)
x* =7 *=7
V=2 A= %
Dl problem : o P 7* from primal
mn X +Y sd, X° \/’Z: 7

- ﬁ(){,\l)): )(-l-\/
(x,y) = Z-x"2y"
32: X"'\/ ¥ /\D (Z-X’/z\/!‘z>
Vieds : o =2, yp =2, flxry)=d

&3 Can Yéu jmss Fhe value of )\D 7



ﬁua/fl Exam/ﬂ/é
I?fc‘a// thaf : y

)\P '—'_{L :___[_:’__ '-’g-: O/[L__ﬂg(
—j' ’jn —.0:'7//)(

Aﬁc/ /ﬁ’f JW/ :

we Substituted 4 - jf
jo - 1Fr’
Henee :

>\D = 0/3 /d)( - _l__
- JF [ox /\p

Why s\qouli we Care about duah\l}/ 2
- Ces) minimization 15 dual of Fra:[}/ maximiZatrsn
' &pmdi{urc minimizabion is dual of ulih‘iy WAXi miZatron

We'l / L( r//yflzj on flvse c/c/a//}( )/ rz/m%ﬂsé/}zs ﬁ// SsHr.. .



