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Problem 1. Match-up [16 points]

Fill in the following table by specifying,for eachalgorithm, the letter of the recurrencdor its
runningtime T'(n) andthe numeralof the solutionto thatrecurrence Pointswill be deductedor
wronganswerssodo notguesaunlessyou arereasonablygure.

| Algorithm | Recurrence | Solution |
Mergesort d 6
(worstcase)
Binary search b 5
(worstcase)
Randomizedjuicksort 6
(expected) g
Randomizedjuicksort h 5
(worstcase)
Strassers algorithm a 3
(worstcase)
Selection c 1
(worstcase)
Randomizedelection h 5
(worstcase)
Randomizedelection e 1
(expected)

[ Letter | Recurrence |
a | T(n)=17T(n/2)+06(n?

b | T(n)=T(n/2)+06(1) | Numeral | Solution |
¢ | T(n)=T([n/5])+T(7n/10 + 6) + O(n) 1 T(n) = ©(n)
d |T(n)=2T(n/2)+O(n) 2 T(n) =0(lgn)
e |T(n)= 2 5 T(k) +©O(n) 3 T(n) = 0"
™ k=In/2| 4 T(n)=06(1)

f | T(n)=2T(n/2)+06(1) 5 T(n) = 0(n?

n—l1 6 T(n) =06(nlgn
g | T =210 +6m ) = Olnlgn)
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Problem 2. Merging several sorted lists [19 points]

ProfessorfFiorina usesthe following algorithmfor meging & sortedlists, eachhaving n/k ele-
ments. Shetakesthefirst list andmemgesit with the secondist usinga lineartime algorithmfor
meiging two sortedlists, suchasthe meiging algorithmusedin meige sort. Then,shemeigesthe
resultinglist of 2n/k elementswith thethird list, megesthelist of 3n/k elementghatresultswith
thefourthlist, andsoforth, until sheendsup with asinglesortediist of all » elements.

(a) Analyzetheworst-caseunningtime of the professors algorithmin termsof n andk.

Solution: Merging thefirst two lists,eactof n/k elementstakes2n/k time. Merg-
ing theresulting2n/k elementswith thethird list of n/k elementdakes3n/k time,
andsoon. Thusfor atotal of £ list, we have:

Ti = 2—n+3—n+ +k—n
me = k k k
k in
_ ;k
k
n .
— E;Z
_ n(k+2)(k-1)
ok 2
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(b) Briefly describeanalgorithmfor meming &£ sortedlists, eachof lengthn/k, whose
worst-caseunningtime is O(nlgk). Briefly justify the runningtime of your algo-
rithm. (If you cannotachieve O(nlg k), dothe bestyou canfor partial credit.)

Solution: Thereareseveralpossibleanswergonly oneis required).Onemethodis
to repeatedlypair up the lists, andmeige eachpair. This methodcanalsobe seenas
atail componenbf the executionmege sort, wherethe analysisis clear Finally, a
conceptuallysimplemethodis to storea min priority queueof the minimumelements
of eachof the k lists. At eachstep,we outputthe extractedminimum of the priority
gueue andusingsattelitedatadeterminegfrom which of the k lists it came,andinsert
thenext elementirom thatlist into the priority queue.
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(c) Arguethatthereare
n!

((n/k)1

differentwaysto interleae k lists, eachof lengthn/k, into a singlelist of lengthn.

Solution: For thefirst list,

...n
numberof waysof choosmgz elementdrom n elements =

Notethatof the (7)! possiblepermutatiorof the elementsn thelist, only 1 permuta-
tion is valid becausehe elementsn thelist is alreadysorted.Hencethe (7)! termin
thedenominatar

For thesecondist,

>3
~—

(n !

numberof waysof choosmg% elementdrom theremainingn — z elements = (
n p—

=¥ |

~—
—
>3
~—

And soon. Therefore total numberof waysof forming the & lists, eachof sizen/k,
from n elementss:

_ n! (n—2)! (n—@)! (n—@)!

T =PI =N (- EIm @) (- B!
n!

— ((/mDF

This is exactly the numberof differentwaysof interleaving the & list, into the single
list of n elements
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(d) Prove alowerboundof Q(nlg k) ontheworst-caseunningtime of ary comparison
algorithm for meging & sortedlists eachof lengthn/k. (Hint: Use the fact that

(n/e)™ < n!<n")

Solution:

Name

Considerthedecisiontreeusedto make the comparisonsTheworst-case

runningtime corresponds$o the heightof thetree:

Time

v

I (O AV |

n!
N (CYO0E

n
Ign! — lg((g)!)k

N, n
lgn! — lg((z)’“)k
lgn! — nlg%

lgn! —nlgn+nlgk
lyﬁy—n@n+n@k
né%—n@e—n@n+ngk
nlgk —nlge

Q(nlgk)



6.046J/18.410J/SMA5503uiz 1 Solution Name 7

Problem 3. Trueor False, and Justify [45 points]

Circle T or F for eachof thefollowing statementsandbriefly explain why. Themorecontentyou
provide in your justification,the higheryour grade but be brief. Your justificationis worth more
pointsthanyour true-orfalsedesignation.

(@ T F Aconstant, > 1 existssuchthatfor any n > ny, thereis anarrayof n elements
suchthatinsertionsortrunsfasterthanmeige sorton thatinput.

Solution: true.
If then elementsarealreadyin sortedorder therunningtime for insertionsortis
O(n), whereaghatof meigesortis O(nlgn).

(b) T F Considerthealgorithmfrom thetextbookfor building a max-heap:

BuiLD-MAX-HEAP(A)

1 heap-sizeA] « length[A]

2 for i < |length[A]/2| downto 1
3 do MAX-HEAPIFY (A, 1)

On anarrayof n elementsthis coderunsin ©(nlgn) time in the worst case,
because¢hereare©(n) callsto MAX-HEAPIFY, andtheworst-casdime for ary
callis©(lgn).

Solution: false.
nlgn is notatight bound.In fact,Build-Max-Heaprunsin ©(n) time, asproven
duringrecitation.
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© TF

Givenanumbera andapositiveintegern, thevaluea®” = a®**) canbecomputed
in O(nlgn) time by repeatedsquaring.(Assumethat multiplying two numbers
takesconstantime.)
Solution: true.

on . azn—1a2n—1

Letting7'(n) = a®", we have:

T(n) = 2T(n—1)+6(1)
= O(n)
= O(nlgn)

Note: it is importantto understandhat©(n) = O(nlgn).

(d) T F An adwersarycanforcerandomizedjuicksortto runin 2(n?) time by providing

e TF

asinputanalreadysortedor reverse-sortearrayof sizen.

Solution: false.

Therunningtime is notdependentn theinputthatthe adversaryprovides. This
is becauseadomizedquicksortwill randomlychoosea pivot to partition,inde-
pendenbf theinput.

For ary integervaluedrandomvariable X > 0, we have
Pr{X=0}>1-E[X].

Solution: true

Elz]
t

IA

Pr{X >t}
Pr{X > 1}

IN

Pr{X =0} 1-Pr{X >1}

1 - E[X]

v
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f TF

(@ TF

Bucket sortis a suitableauxiliary sortfor radix sort.

Solution: true.
An auxilliary sortfor radix sortmustbe stable. Bucket sortis stableandhence
suitablefor useasanauxilliary sortfor radix sort.

Considertwo implementationsf ahashtablewith m slotsstoringn keys, where
n < m. LetT,(m, n) betheexpectedime for anunsuccessfudearchn thetable
if collisionsareresolhed by chaining,usingthe assumptiorof simple uniform
hashing LetT,(m, n) betheexpectedimefor anunsuccessfidearchin thetable
if collisionsareresoled by openaddressingusingthe assumptiorof uniform
hashing.Then,we have T,(m,n) = ©(T,(m,n)).

Solution: false.

)
)

SIS

Te(m,n) = O(1+
1

To(m,n) = @(1 —

m

In theworstcase jn the chainingversion,we needto searchthroughall the val-
uesin oneparticularslot. On the otherhand,in the openaddressingersion,we
needto searctthroughevery slot. HenceT,.(m, n) # ©(T,(m,n)).
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(h) T F LetH beaclassof universalhashfunctionsfor a hashtable of sizem = n3.

i) TF

Then, if we usearandomh € H to hashn keys into the table, the expected
numberof collisionsis atmost1/n.

Solution: true.
Numberof waysto choose? keys outof n keysis @
Therefore the expectednumberof collisions,

n(n—1) 1
2 m
n(n—1) 1
2 nd

E [numberof collisiony =

1
S —
n
Givenaset{(z1,v1), (z2,y2), - - ., (zn, yn) } Of pointsin theplane the /n points
closestto the origin (0, 0) (using normal Euclideandistance)can be found in
O(n) timein theworstcase.

Solution: true.

Findingthe distanceof every point from the origin takesO(n). We canthenuse
Selectto getthe \/nth point. ThatagaintakesO(n). Finally, partitioningaround
the/nth pointrequiesO(n). Eachof thestepgakesO(n). Thereforetotaltime
isO(n)

10





