Introduction to Algorithms

Massachusettsistituteof Technology 6.046J/18.410J
Singapore-MITAlliance SMA5503
Professor&rik DemaineLeeWeeSun,andCharlesE. Leiserson Handout30

Practice Quiz 2

Problem Practice-1. LRU data structure

Managingthe primary memoryof a virtual-memorysystemwith LRU pagereplacementanbe
viewed asa dynamicdatastructureproblem. The datastructuremanages setS = {1,...s} of
s fixed-sizeslotsof primarymemory Thevirtual memorycanbeviewedasasetP = {1,...,p}
of virtual-memorypages At ary time asubsebf P having sizeatmosts is residenin the s slots
of primary memory The job of the datastructureis to maintaina dynamicmappingso thatthe
systemcanidentify whethera users referenceo a pageresidesn a slot of primary memory and
if not, droptheleast-recentlyusedpageandreplacet with thereferencegage.

TheLRU datastructuremustthereforesupportthe following operations:

oINSERT (g, t): Insertvirtual pageq € P into slott € S of primarymemory Theslott must
beempty

eUSE(¢q): Returntheslott¢ € S containingvirtual pageg € P, or elseNiL if ¢ doesnotreside
in primarymemory

eDROP(): Remave the least-recentlyusedpageq € P fromits slot¢ € S, andreturnthe
now-emptyslotz¢.

Describebriefly why theseoperationsufiice to implementhe LRU pagereplacemenpolicy. Give
anefficientimplementatiorof this dynamicset.

Problem Practice-2. Random-number generation

Thearray A[1..n] containsa probability distribution over the set{1, 2, ..., n}; thatis, we have
Ali] > 0andXY , Afi] = 1. We wish to generatea randominteger X in therangel < X < n
suchthat

Pr{X =i} = A[i].

A uniform random-numbegeneratotUNIFORM () is availablewhich generatesn constantime a
realnumbery uniformly in therange0 < y < 1. Using UNIFORM () asa subroutinedevise an
efficientalgorithmto generate randomintegeraccordingto thedistribution specifiedoy A.

Your algorithmmay include an initialization phaseto preprocesshe array A. After the prepro-
cessingphasethe usercanmake any numberof callsto your random-numbegeneratareachof
which shouldreturnarandomintegeraccordingo thedistribution A. Thehighestpriority in your
designis to make your random-numbegeneratorun asfastaspossible but your preprocessing
phaseshouldbe efficientaswell. Analyzeboththetime for preprocessingndthetime for actual
random-numbegeneration.
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Problem Practice-3. Music recognition

A recorder is a simple blown musicalinstrumentthat soundsmuchlike a flute. Prof. Cary Oki
hasrecentlyprogrammedis computerto listento a streamof musicfrom arecorderandcorvert
it intoasetT = {11,T5,...,T,} of (possiblyoverlapping)time intervals, whereeachinterval
correspondgo the durationof a note transcribedby the system. Moreover, the professorhas
developeda heuristicthat givesfor eachinterval T; € 7, a metricm; indicatinghow likely it is
thatnote: wasplayedby the recorder The larger m;, the greaterthe confidencehat note: was
playedby therecorder

(a) Theprofessowould like to determinewhich notesareplayedby the recorder Since
the recordercan produceonly onenoteat a time (whenproperly played),if two in-
tervals have a commonintersectiononeof the notesmustbe spurious(producedoy
backgrounchoise).Give anefficient algorithmto determinea setS C 7 of nonover-
lappingintenvals (ostensiblycorrespondindo the notesplayedby the recorder)that
maximizes

Z m; .

T;€S

(b) Theprofessomow wishesto extendhis algorithmto recorderquartetswhich consist
of sopranoalto, tenor andbassinstruments.He upgradeshis heuristicto give for
eachinternval T; € T, ametricm,;, indicatinghow likely it is thatnotei wasplayedby
therecorderk for k = 1, 2, 3, 4. Give anefficientalgorithmto determinegour disjoint
setsS;, Sy, 83,84 C T, whereeachS), containsnonoverlappingintervals (ostensibly
correspondingo the notesplayedby thefour respectie recorders)thatmaximizes

Y

k=1T;ESk

Problem Practice-4. Party, party, party!

Studentsatthe Monotoniclnstituteof Technologyarereluctantto goto a partyif they don’t know
mary peoplethere.Moreover, cyclesof indecisionleadto situationsvhereAlice will goto aparty
if Bob goesandBob will go if Alice goes,but neitherendsup going, sinceneitherknows the
other’s conditionsfor attending.

To encouraganore socialbehaior, the Studentinvitational Party Board (SIPB) is developinga
web serviceto help organizeparty going. For a given party, eachstudentregistersif he definitely
wishesto attendor if he conditionallywishesto attenddependingon whethera sufficient quorum
of friendsalsoattends. Specifically the studentindicateshis conditionon a SIPB web form by
giving a thresholdt > 0 andalist L of ¢ or more otherstudentssuchthat he agreedo attendif
atleastt of the studenton L alsoattend. Someof the studentson L. may not register in which
casewe assumehat they will not attend. At somedesignatedime beforethe party, the SIPB
serviceemailsa messagéo eachregisteredstudentvhetherthe studenshouldattend.The service
guaranteeshatif all studentsvho are emailedpositive responsesittend,thenall the attendees’
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conditionsare satisifed. We assumehat a studentis honorboundto attendif his conditionis
satisfied andthathe doesnt registerfor conflicting parties.

The SIPB party servicewishesto processhe databasef conditionsso thatasmary peoplego
to a givenparty aspossible. Thus,in the Alice andBob example,both shouldbe senta positive
response.Model the problemformally, and give an efficient algorithmto selectas mary party-
goersaspossiblesubjectto the students’conditions. For bonuspoints,devise a moregeneralset
of conditionsthatcanbe efficiently processedby a similar algorithm.

Problem Practice-5. Reliabledistribution

A communicatiometwork consistsof asetV of nodesandasetE C V x V of directededges
(communicationinks). Eachedgee € E hasaweight w(e) > 0 representinghecostof usinge. A

distribution from agivensources € V is asetof directed V| — 1 pathsfrom s to eachof theother
|V| — 1 verticesin V — {s}. Thecost of adistributionis the sumof theweightsof its constituent
paths.(Thus,someedgesmay be countednorethanoncein thecostof thedistribution.)

(a) Giveanefficientalgorithmto determinehecheapestlistributionfrom a givensource
s € V. Youmayassumall nodesin V' arereachabldrom s.

(b) Oneof the edgesn the communicatiometwork mayfail, but we don’t know which
one.Give anefficientalgorithmto determinghe maximumamountby which the cost
of the cheapestistribution from s might increasef an adwersaryremosesan edge
from E. (Thecostis infinite if theadwersarycanmake avertex unreachabléom s.)



