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Problem Set 2

MIT students. This problemsetis duein lectureon Day 8.

Reading: Chapters, 7,§5.1-5.3.

Both exercisesand problemsshould be solved, but only the problems should be turnedin.
Exercisesareintendedo helpyou masteithe coursematerial. Eventhoughyou shouldnotturnin
the exercisesolutions,you areresponsibldor materialcoveredby the exercises.

Mark the top of eachsheetwith your name,the coursenumbey the problemnumber your
recitationinstructorandtime, thedate ,andthenamesf any studentsvith whomyoucollaborated.

MIT students. Eachproblemshouldbedoneonaseparatshee{or sheetspf three-holgpunched
paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraptshouldsummarizethe problemyou are
solvingandwhatyour resultsare. The body of your essayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shov morepreciselyhow your algorithmworks.
3. A proof(orindication)of the correctnessf thealgorithm.

4. An analysisof therunningtime of thealgorithm.

Rememberyour goalis to communicate Graderswill be instructedto take off pointsfor corvo-
lutedandobtusedescriptions.

Exercise 2-1. Do Exercise5.3-1onpagelO4of CLRS.
Exercise 2-2. Do Exercise6.1-2on pagel29of CLRS.
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Exercise 2-3. Do Exercise6.4-3on pagel36of CLRS.
Exercise 2-4. Do Exercise7.2-2onpagel53of CLRS.
Exercise 2-5. Do Problem7-3onpagel6lof CLRS.

Problem 2-1. Average-case perfor mance of quicksort

We have showvn that the expectedtime of randomizedquicksortis O(nlgn), but we have not
yet analyzedthe average-caseerformanceof ordinaryquicksort. We shall prove that, underthe
assumptiorthatall input permutationgareequallylikely, not only is the runningtime of ordinary
quicksortO(nlgn), butit performsessentiallthesamecomparisonandexchange$betweerinput
elementsasrandomizedjuicksort.

Considertheimplementatiorof PARTITION givenin lectureonasubarrayA[p. . r]:

PARTITION(A, p, )
x <+ Alp]
14 P
forj«<p+1tor

do if A[j] <z

theni <+ i+1
exchangeA[i] +» A[j]

exchangeAp] <+ A[i]
return ¢

oO~NOUT A WNPE

Let S beasetof distinctelementsvhich areprovidedin randomorder(all ordersequallylikely)
astheinputarrayA[p..r] to PARTITION, wheren = r — p+ 1 isthesizeof thearray Letz denote
theinitial valueof A[p].

(@) ArguethatA[p + 1..r]isarandompermutatiorof S — {z}, thatis, thatall permuta-
tionsof theinputsubarrayA[p + 1..r] areequallylikely.

Defined : S — {-1,0,+1} asfollows:

-1 ifs<uxz,
i(s) = 0 ifs=uz,
+1 ifs>x.

(b) Considetwo inputarraysA;[p..r|andA,[p..r| consistingof theelementof S such
thato(A[i]) = §(Axli]) foralli = p,p+1,...,r. Supposahatwe run PARTITION
on A;[p..r] andAy[p..r] andtracethetwo executionsto recordthe branchegsaken,
indicescalculated andexchangegerformed— but not the actualarray valuesma-
nipulated.Arguebriefly thatthe two executiontracesareidentical. Arguefurtherthat
PARTITION performsthe samepermutatioron bothinputs.
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Defineasequence’ = (fi, fo, ..., fu) tobean(n, k) input patternif f; =0, f; € {—1,+1} for
i=2,3,...,n,and|{i: fi=—-1} =k — 1.

Defineasequencd’ = (fi, fo, ..., f,) to bean(n, k) output patternif

-1 ifi<k,

+1 ifi>k.

We saythatapermutation(sy, s, . . ., s,) Of S satisfiesapatternF’ = (fi, fo, ..., fn) if (s;) = f;
foralli =1,2,...,n.

(c) How mary (n, k) inputpatternsarethere?How mary (n, k) outputpatternsarethere?

(d) How mary permutationsof S satisfy a particular(n, k) input pattern? How mary
permutation®f S satisfya particular(n, k) outputpattern?

Let FF = (f1, fa,..., fu) Dean (n, k) input pattern,andlet F' = (f{, f5,..., f!) bean (n,k)
outputpattern. Define S|r to be the setof permutationf S thatsatisfy ', andlikewise define
S| to bethesetof permutation®f S thatsatisfy F.

(e) ArguethatPARTITION implementsa bijectionfrom S|z to S|g. (Hint: Usethe fact
from grouptheorythat composinga fixed permutationwith eachof the n! possible
permutationgieldsthe setof all n! permutations.)

(f) Supposehatbeforethecallto PARTITION, theinputsubarrayd[p+1..r]isarandom
permutationof S — {z}, wherez = A[p]. Argue that after PARTITION, the two
resultingsubarraysarerandompermutation®f their respectre elements.

(g) Useinductionto showv that, underthe assumptionthat all input permutationsare
equallylikely, at eachrecursve call of QUICKSORT(A, p, ), every elementof S be-
longingto A[p..r] is equallylikely to bethe pivotz = A[p].

(h) Use the analysisof RANDOMIZED-QUICKSORT to concludethat the average-case
runningtime of QUICKSORT onn elementss O(nlgn).

Problem 2-2. Analysisof d-ary heaps

A d-ary heapis like abinaryheap put (with onepossiblesxception)nonleafnodeshave d children
insteadof 2 children.

(&) How wouldyourepresentad-ary heapin anarray?
(b) Whatis the heightof a d-ary heapof n elementsn termsof n andd?

(c) Giveanefficientimplementatiorof EXTRACT-MAX in ad-ary max-heapAnalyzeits
runningtime in termsof d andn.

(d) Giveanefficientimplementatiorof INSERT in ad-ary max-heapAnalyzeits running
timein termsof d andn.
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(e) Giveanefficientimplementatiorof INCREASE-KEY (A4, 7, k), whichfirst setsA[i] <+
max(A[i], k) andthenupdateghe d-ary max-heapstructureappropriately Analyze
its runningtime in termsof d andn.

(f) Whenmightit bebetterto usea d-ary heapinsteadof a binaryheap?



