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Problem Set 2

MIT students: Thisproblemsetis duein lectureon Day 8.

Reading: Chapters6, 7,
�
5.1-5.3.

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.

Exercise 2-1. Do Exercise5.3-1onpage104of CLRS.

Exercise 2-2. Do Exercise6.1-2onpage129of CLRS.
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Exercise 2-3. Do Exercise6.4-3onpage136of CLRS.

Exercise 2-4. Do Exercise7.2-2onpage153of CLRS.

Exercise 2-5. Do Problem7-3 on page161of CLRS.

Problem 2-1. Average-case performance of quicksort

We have shown that the expectedtime of randomizedquicksort is �������	�
��� , but we have not
yet analyzedtheaverage-caseperformanceof ordinaryquicksort. We shall prove that,underthe
assumptionthatall input permutationsareequallylikely, not only is therunningtime of ordinary
quicksort�������	�
�
� , but it performsessentiallythesamecomparisonsandexchangesbetweeninput
elementsasrandomizedquicksort.

Considertheimplementationof PARTITION givenin lectureon asubarray��� ��������� :
PARTITION �������
�����
1 �! �"� �#�
2 $% &�
3 for '� (�*),+ to �
4 do if ��� '-�/.0�
5 then $% $1),+
6 exchange���2$3�54 ��� '6�
7 exchange��� �7�54 �"�8$��
8 return $

Let 9 bea setof distinctelementswhich areprovidedin randomorder(all ordersequallylikely)
astheinputarray �"� �������:� to PARTITION , where�<;=�?>"�@)A+ is thesizeof thearray. Let � denote
theinitial valueof ��� �7� .

(a) Arguethat ��� ��)0+B������� is a randompermutationof 9C>EDF�
G , thatis, thatall permuta-
tionsof theinput subarray��� �*)H+B���I�:� areequallylikely.

Define J*KL9NM D->�+6�PO#�Q)"+�G asfollows:

J#�3R:�
;
STU TV >�+ if R�WE�X�O if RY;,�X�)"+ if R�ZE�X�

(b) Considertwo inputarrays��[\� ��������� and �^]:� ���_����� consistingof theelementsof 9 such
that J#����[`�2$3�a�b;cJd���b]��2$3�a� for all $@;=�����e)f+6�_�����_��� . Supposethatwe run PARTITION

on ��[_� ��������� and �b]:� �����I�:� andtracethetwo executionsto recordthebranchestaken,
indicescalculated,andexchangesperformed— but not the actualarrayvaluesma-
nipulated.Arguebriefly thatthetwo executiontracesareidentical.Arguefurtherthat
PARTITION performsthesamepermutationon bothinputs.
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Definea sequencegh;ji�k-[\�Pk:]����_���_�QkFl-m to bean ���n�Qo7� input pattern if k6[p;fO , kFqnrsDt>�+6�Q)"+�G for$%;fud��v#�������`��� , and wxD�$BKtkFq�;y>�+�Gzw{;fo�>|+ .
Defineasequenceg};ci3k-[\�Qk�]������_�_�QkFl-m to bean ���n�Qo#� output pattern if

k�q~;
STU TV >�+ if $BW0o��O if $%;=o��)"+ if $BZ0o��

Wesaythatapermutationi3R{[\�QR�]��������`�QR_l�m of 9 satisfiesapatterngh;�i�k-[P�Qk:]F���_���`�Pk�l6m if J#�3R_q��
;�kFq
for all $%;y+6�QuL�������\��� .

(c) How many ���n�Qo7� inputpatternsarethere?How many ���%�Qo7� outputpatternsarethere?

(d) How many permutationsof 9 satisfya particular ���n�Po7� input pattern? How many
permutationsof 9 satisfyaparticular ���n�Qo7� outputpattern?

Let g ; i�k-[Q�Qk�]F�������`�Qk�l�m be an ���n�Qo7� input pattern,and let g���; i�k1�[ �Pk1�] ���_���_�Qk��l m be an ���n�Qo#�
outputpattern.Define 9Yw � to be the setof permutationsof 9 that satisfy g , andlikewisedefine9^w �7� to bethesetof permutationsof 9 thatsatisfy g�� .

(e) Arguethat PARTITION implementsa bijectionfrom 9^w � to 9Yw �7� . (Hint: Usethe fact
from grouptheorythat composinga fixed permutationwith eachof the �n� possible
permutationsyieldsthesetof all �n� permutations.)

(f) Supposethatbeforethecall to PARTITION , theinputsubarray�"� �?)<+B������� is arandom
permutationof 9H>cDF�
G , where ��; ��� �7� . Argue that after PARTITION , the two
resultingsubarraysarerandompermutationsof their respectiveelements.

(g) Use induction to show that, under the assumptionthat all input permutationsare
equallylikely, at eachrecursive call of QUICKSORT �������
����� , every elementof 9 be-
longingto ��� ��������� is equallylikely to bethepivot �X;H�"� �#� .

(h) Use the analysisof RANDOMIZED-QUICKSORT to concludethat the average-case
runningtimeof QUICKSORT on � elementsis �������	�
�
� .

Problem 2-2. Analysis of � -ary heaps

A � -ary heapis likeabinaryheap,but (with onepossibleexception)nonleafnodeshave � children
insteadof 2 children.

(a) How wouldyou representa � -aryheapin anarray?

(b) Whatis theheightof a � -aryheapof � elementsin termsof � and � ?
(c) Giveanefficient implementationof EXTRACT-MAX in a � -arymax-heap.Analyzeits

runningtime in termsof � and � .

(d) Giveanefficient implementationof INSERT in a � -arymax-heap.Analyzeits running
time in termsof � and � .
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(e) Giveanefficient implementationof INCREASE-KEY ������$��Qo#� , which first sets���2$3�� ���:� ���"�8$����Qo#� andthenupdatesthe � -ary max-heapstructureappropriately. Analyze
its runningtime in termsof � and � .

(f) Whenmight it bebetterto usea � -aryheapinsteadof abinaryheap?


