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Practice Quiz 2 Solutions

Problem Practice-1. LRU data structure

Managingthe primary memoryof a virtual-memorysystemwith LRU pagereplacementcanbe
viewedasa dynamicdatastructureproblem. Thedatastructuremanagesa set

���������
	
	
	���
of�

fixed-sizeslotsof primarymemory. Thevirtual memorycanbeviewedasa set � ��������	
	
	�����
of virtual-memorypages.At any time a subsetof � having sizeat most

�
is residentin the

�
slots

of primary memory. The job of the datastructureis to maintaina dynamicmappingso that the
systemcanidentify whethera user’s referenceto a pageresidesin a slot of primarymemory, and
if not,droptheleast-recentlyusedpageandreplaceit with thereferencedpage.

TheLRU datastructuremustthereforesupportthefollowing operations:

� INSERT ��� ����� : Insertvirtual page����� into slot
� � � of primarymemory. Theslot

�
must

beempty.� USE ��� � : Returntheslot
� � � containingvirtual page� �!� , or elseNIL if � doesnot reside

in primarymemory.� DROP � � : Remove the least-recentlyusedpage �"�#� from its slot
� � � , and return the

now-emptyslot
�
.

Describebriefly why theseoperationssufficeto implementtheLRU pagereplacementpolicy. Give
anefficient implementationof this dynamicset.

Solution: Thisproblemhadaverysimple $ � �%� time implementationwithoutmakingany simpli-
fying assumptions.It shouldbeassumedthat for a pagingsystemon any realcomputer, anything
lessthana $ � �%� time for any of thoseoperationswouldsimplybeunacceptable.

We implementLRU by theuseof

� A doublylinkedlist, call it & .� A hashtable,call it ' .

Thetwo datastructurescontaina structureholding thevirtual pagenumber�(�)� andthecorre-
spondingphysicalpageslot it occupies

� � � for all pagesthatarecurrentlyoccupying physical
memoryslots. Thehashtableentriesalsohold a pointerto the linkedlist nodecorrespondingto
thevirtual page� . Thespacerequirementfor theseis therefore*�� �+� .
In orderto implement&-,/. , we needa completeorderingin termsof last accessfor every page
currentlyoccupying a physicalmemoryslot. As waspointedout in lecture,a doubly-linked list
coupledwith amoveto front heuristicprovidesexactly this. Doubly-linkedlists areconvenientas
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cuttingandpastinganelementcanbedonein $ � �0� time,if wealreadyhavepointersto theelement
to cut andtheelementbeforeor afterwerewe will paste.Thusin orderto supporttheDROP and
USE operationsin constanttime, we usesucha list, and arbitrarily defineorderingto be from
mostrecentlyusedpageat the headto leastrecentlyusedat the tail. We thusalsoneedto keep
trackof theheadandtail of thedoublylinkedlist soasto know whereto cutandpaste.

However, apartfrom theLRU information,we needto theability to lookupa certainvirtual page
andquickly extractthephysicalpageslot it occupies.TheINSERT procedureinsertsthis mapping
into thedatastructure,whereastheUSE procedurereturnsthemapping.This is aninstanceof the
dictionaryproblem,which we know how to efficiently solveusinga hashtable.We usea chained
hashtableasdescribedin chapter12 of CLR. The averageaccesstime in the tableis $ � �21�34� ,
where

3
is the load factordefinedas 56 where 7 is the numberof things to storeand 8 is the

numberof slots. We thereforedecideto usea tableof size $9�;: � : � to ensurethat the load factor
remainssmall. As for a hashfunction,we cansimply usea randomhashfunctiondrawn from a
collectionof universalhashfunctions,or any of theotherhashfunctionspresentedin CLR.

Assumingthatwehave implementedsucha list andhashtable,theDROP operationcanbeimple-
mentedasfollows:

�=<�>+?A@B<�>;� � �
1 �DC �FEHGJIFK &ML 	N�
2 if � �PORQ &
3 return

ORQ &
4 else

�FE�GSIFK &TLUC �FEHGSI�K &TL 	 �V<XW
Y�GJ>%ZU�
5

�FEHGSI�K &TL 	 �V<XW
Y�GJ>%ZU�D��ORQ &

The USE is thensimply (assumingthat thehashfunction HASH returnsthehashkey of its argu-
ment):

USE ��� �
1 ref C CHAINED-HASH-SEARCH ��' � HASH ��� ���
2 if ref

�PORQ &
3 error “Pagenot in primarymemory”
4 else ref

	 7 >+[�W�	 7 W�\V�]	 �V<XW
Y�GJ>%Z^� C ref
	 7 >+[_W�	 �V<XW
Y�GJ>%ZU�

5 ref
	 7 >+[�W�	 �V<XW
Y�GJ>%Z^�H	 7 W�\V� C ref

	 7 >+[_W�	 7 W�\V�
6 ref

	 7 >+[�W�	 �V<XW
Y�GJ>%Z^� C ORQ &
7 ref

	 7 >+[�W�	 7 W�\V� C ` W0E�[aK &TL
8 ` W0E�[aK &ML^C ref
9 return ref

	b�

Finally, theINSERT becomes:
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INSERT ��� �����
1 7 >X[�W C NEW ��& GJ���FOc>+[_W%�
2 7 >X[�W�	 7 W�\V� C ` W0E�[^K &TL
3 7 >X[�W�	 �V<XW
Y_GS>+Z^� C OdQ &
4 ref C NEW ��' Ee� ` Oc>+[�W%�
5 ref

	 7 >+[_W C 7 >X[�W
6 ref

	N� C �
7 ref

	 �fC �

The threefunctionsthat we asked you to implement,would be provided asa front end to your
system,therefore,it is conceivablethatDROP couldbecalledanarbitrarynumberof times,without
beingimmediatelyfollowedby an INSERT . With this in mind, theabove functionsdo not suffice
for a correctimplementationof LRU. We needsomeway to first look if thereis anemptyslot of
phyicalmemoryandonly if onedoesnot exist shouldwe drop the tail of the list. Modifying the
DROP andINSERT proceduresto dothis is easy, by usingadirectmappingtableanddoublylinked
list of free physicalmemoryslots,exactly aswe do above for the LRU. Sincewe only have : � :
physicalmemoryslots,wedonotneedto useahashtable.Then,theDROP andINSERT procedures
operateon all four datastructures.

Unfortunately, a numberof peopleassumedthat it waspossibleto keepan arrayof size $ �]: � �
with anentry for eachvirtual pageandstoreall informationneeded,thereforeobtainingan *g� �%�
time. This solutionhowever bearslittle physicalrealism.Most moderncomputersystemshave ah�i

bit virtual addressspace,and
i
KB pages.Therefore,a direct mappinglookup tablefor each

virtual pagewould require jlknmj�oqp
�sr+t j entries.If only oneintegerof informationwaskept in each

tableentry, onewouldneed16384TB...

A numberof otherpeopleusedsomeform of balancedtreeto do lookups,leadingto logarithmic
runningtimesfor someor all of theprocedures.However, again,sucha solutionis not desirable,
sinceaVM systemis oneof themostheavilly loadedcomponentsof theoperatingsystem.

Somepeopleclaimedthat the move to front heuristiccombinedwith the locality that program
memoryreferencesexhibit, allowsusto usetheLRU linkedlist to implementtheUSE procedureby
alinearscan.However, anoperatingsystemrunsanumberof programsat thesametime,therefore
thesystemasa wholeexhibits lesslocality. Furthermore,(alsofor thepeoplewho claimedUSE

might not beusedtoo much)this proceudreis probablythemostusedof thesystemfor obvious
(!) reasons.All thesesolutionsmightwork for Windowz, but notona usableOS.

Othersourcesfor lossof pointswere forgetting to updatethe LRU informationwhenUSE was
called.LRU doesindeedstandfor leastrecentlyused.

Problem Practice-2. Random-number generation

The array u Kv�w	
	 7aL containsa probability distribution over theset
�����]r_�
	
	
	x� 7  ; that is, we have
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u KyG L{z}| and ~ 5���^� u KyG L ��� . We wish to generatea randominteger � in the range
�(� � � 7

suchthat �M� � � ��G�f� u KyG L 	
A uniform random-numbergeneratorUNIFORM � � is availablewhich generatesin constanttime a
real number� uniformly in the range | � ��� � . Using UNIFORM � � asa subroutine,devisean
efficientalgorithmto generatea randomintegeraccordingto thedistributionspecifiedby u .

Your algorithmmay includean initialization phaseto preprocessthe array u . After the prepro-
cessingphase,theusercanmake any numberof calls to your random-numbergenerator, eachof
whichshouldreturna randomintegeraccordingto thedistribution u . Thehighestpriority in your
designis to make your random-numbergeneratorrun asfastaspossible,but your preprocessing
phaseshouldbeefficient aswell. Analyzeboththetime for preprocessingandthetime for actual
random-numbergeneration.

Solution:

First,wepresentanalgorithmbasedongeneratingrandomvariatesfrom agivenprobabilitydistri-
bution by invertingthecumulative distribution function. This algorithmuses$ ��7 � preprocessing
timeandthentakes $9�����M7 � time for actualgenerationof a randomnumberaccordingto thedistri-
bution u .

RAND-BINARY ��u �
1. � Kv� LaC u Kv� L
2. for

G��Pr
to 7

3. � KyG LUC � KyG���� L 1 u KyG L
4.
Z C UNIFORM � �

5. returnBINARYSEARCH( � �
��� 7 ��Z )
6. end

BINARYSEARCH in line � returns
<

suchthat � Ky<��"� L ��Z ��� KN< L .
This implies

�M� � � ��<_�� �M� � � Ky<���� L ��Z �"� KN< L  � � KN< L � � Ky<���� L � u KN< L , which estab-
lishescorrectness.RAND-BINARY takes $ ��7 � preprocessingtime(lines

�����
), while lines

i � �
take $ ���q�-7 � time.

Our next algorithmis basedon expressinga givenprobability distribution asa weightedsumof
someotherprobabilitymassfunctionsthatareeasyto generatefrom (usingtheinversiontechnique
mentionedabove), andthenselectingoneof theseprobability functionsaccordingto theweights
followed by generating(easily) from it. We give an algorithmthat performsthe preprocessing
in time $ ��7 j � , but generatesrandomnumbersfrom thedistribution u in time $ � �%� . The ideais
that if we write a probabilitymassfunctionasanequallyweightedmixture of 7 ��� probability
massfunctions�f� , e.g. u � �

5X� � ~ 5X�
�� �^� ��� , with thespecialpropertythateach�f� assignspositive

probabilitiesto at mosttwo components,thenin orderto samplefrom u , all we needto do is to
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generateauniformrandomvariateto selectadistribution �2� , andthento generateanotheruniform
randomvariableto selectthecorrectpositivecomponentof �2� . In factwewill usethefactthatfor
a uniformly generatedrandomvariate

Z
, ��7 ���%�FZ���� ��7 ���%�FZV  is independentof

Z
andthuswe

only needto generateoneuniformrandomvariateto samplefrom distribution u .

Oneway to implementthis idea is to first create7 �¡� bucketssuchthat eachbucket contains
exactly two elementsfrom

�����]re�
	
	�	x� 7  andthetotalmassaccordingto thedistribution u in each
bucket is

�
5+� � .

PREPROCESS ��u �
1. u£¢�C K ��¤w� �%�]� u K ¤w� �%� L �x� ��¤w� r��x� u K ¤w� r�� L �x��	
	
	]� ��¤M��7 �]� u K ¤w��7 � L � L , where u K ¤w� �%� L �¥0¥0¥ � u K ¤w��7 � L and ¤ is a permutationof

�����;re�
	
	
	x� 7  .
2. for

G C �
to 7 �¦�

3. § KyG L K�� L 	¨W0I�W 8 W 7 � C FIRST ��u ¢ �x	¨W0I�W 8 W 7 �
4. § KyG L K�� L 	 8 Ee�%� C FIRST ��u£¢ �]	 8 E_�%�
5.

�0I�E�?A© C �
5X� �

�
FIRST ��u£¢ �x	 8 Ee�%�

6. § KyG L K¨r L 	¨W0I�W 8 W 7 � C LAST ��u£¢ �x	¨W0I�W 8 W 7 �
7. § KyG L K¨r L 	 8 Ee�%� C �%I�E�?A©
8. 8 E_�+� & E_��� C LAST ��u ¢ �x	 8 Ee�%�ª�«�%I�E�?A©
9. REMOVE ��u ¢ � FIRST ��u ¢ ���

10. REMOVE ��u£¢ � LAST ��u2¢ ���
11. ADDINORDER ��u£¢ � ��§ KyG L K¨r L 	¨W0I�W 8 W 7 �]� 8 E_�%� & E_�������

Line 1 createsa list u£¢ of tuples � W0I�W 8 W 7 �]� 8 E_�%�%� from the elementsof the array u , whereW0I�W 8 W 7 � � �����;re�
	
	
	x� 7  , 8 E_�%�¬� u KNW0I�W 8 W 7 � L , and the tuplesin u£¢ aresortedon mass. This
operationtakestime $9��7D���w7 � . FIRST takesa list asargumentandreturnstheelementat thehead
of the list in time $9� �%� . LAST likewisereturnsthe lastelementin the list in time $9� �%� . REMOVE

takesasargumenta list andan elementin the list andremovesthe elementfrom the list. This
takestime $ ��7 � if doneusinga linearscan.ADDINORDER insertsthegivenelementin thegiven
list suchthat the new list is still sortedon mass. This alsotakestime $9��7 � . Hence,in all, the
preprocessingstagetakes $9��7 j � time.

RAND-CONSTANT ��u �
1. PREPROCESS( u )

2.
Z C UNIFORM � �

3.  Za?A©®W�� C ��1�� ��7 �"�%�FZV 
4.
G 7 [�W�\ C Z9�°¯²±A³ ��´�µ � �5X� �

5. if § K  Za?�©eW�� L Kv� L 	 8 E_�%�·¶¦G 7 [�W�\ then

6. return § K  Za?�©®W�� L Kv� L 	¨W0I�W 8 W 7 �
7. elsereturn § K  Za?�©®W�� L Kbr L 	¨W0I�W 8 W 7 �
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Thepreprocessingtime in theabovealgorithmcanbeimprovedto $ ��7D�q�M7 � usingamin-heapand
amax-heap,thougha slightmodificationis neededto thedatastructures.

Correctnessfollowsby observingthatthesumof massesassociatedwith element
G � �����]re�
	�	
	A� 7 

over all the buckets is u KyG L and
�M� �X¸ � Z � Q 6 �]�� ~ �M� �%Z � Q 6  , if no two distinct intervalsQ 5 ��Q�¹ overlap.

Comments on solutions: Almosteverystudentusedanapproachsimilar to thefirst onedescribed
above,andcomputedthecumulativedistributionfunction.Mostgottheideaof usingbinarysearch
or abalancedbinarysearchtreeanddevised $ ���q�M7 � algorithmsfor theactualgeneration.However
full creditwasnotgivento thesesolutions.Somestudentslinearlyscannedthecumulativedistribu-
tion arrayandthuslostsomepoints.Somefolks lostcreditby makinganassumptionaboutasmall
numberof significantfigures,thoughessentiallythey neededanarbitrarily large amountof stor-
agespaceto implementtheir algorithmto work for theproblemasspecified.A very few students
got nearoptimalperformance.Someneedlesslyusedred-blacktreesandgot worseperformance
boundsthanefficiently implementedsimplerdatastructureswouldhave.

Problem Practice-3. Music recognition

A recorder is a simpleblown musicalinstrumentthat soundsmuchlike a flute. Prof. Cary Oki
hasrecentlyprogrammedhis computerto listento a streamof musicfrom a recorderandconvert
it into a set º �»�0¼ � ��¼ j �
	
	
	x��¼ 5  of (possiblyoverlapping)time intervals, whereeachinterval
correspondsto the durationof a note transcribedby the system. Moreover, the professorhas
developeda heuristicthatgivesfor eachinterval

¼ � �½º , a metric 8 � indicatinghow likely it is
thatnote

G
wasplayedby the recorder. The larger 8 � , thegreaterthe confidencethatnote

G
was

playedby therecorder.

(a) Theprofessorwould like to determinewhich notesareplayedby therecorder. Since
the recordercanproduceonly onenoteat a time (whenproperlyplayed),if two in-
tervalshave a commonintersection,oneof thenotesmustbespurious(producedby
backgroundnoise).Giveanefficient algorithmto determinea set ¾P¿�º of nonover-
lappingintervals (ostensiblycorrespondingto the notesplayedby the recorder)that
maximizes À

ÁAÂnÃ0Ä 8 � 	

Solution: Wewill solvethisusingdynamicprogramming.Let
���FEH<+� � ¼ � � and

W 7 [ � ¼ � �
denotethestartandendtime, respectively, of interval

¼ � . First, sort the intervals in
increasingorderof starttime. This takes *���7D���T7 � time. Of course,wecanavoid this
stepif the intervalsarealreadysortedin this order. This seemsreasonablesincethe
recorderencountersthetime intervalsin increasingorderof their starttimes.

Oursubproblemshavethefollowing form: find anon-overlappingsetof intervals
� ¿�0¼ � ��¼ ��Å � �
	
	�	���¼ 5  suchthatthequantity(henceforthcalledtheobjective function)
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À
ÁAÂnÃ0Ä 8 �

is maximized. Thus,thereare 7 subproblems,onefor each
�Æ�}ÇÈ� 7 . Let 7=� be

thesmallestvalueof
Ç ¢ suchthat

���FEH<%� � ¼ �FÉ �·¶�W 7 [ � ¼ � � . That is, if the instrumentis
playedduring interval

¼ � , thentheearliestinterval that the instrumentcanbeplayed
next is

¼ 5;Ê . Let Ëe� bethemaximumvalueof theobjectivefunctionfor thesubproblem�0¼ � ��¼ ��Å � �
	
	�	���¼ 5  . Theanswerto theoriginal problemis Ë � .
In any optimalsubsetof non-overlappingintervalsfor thesubproblem

�0¼ � ��¼ ��Å � �
	
	
	A��¼ 5  ,
therearetwo possiblecasesfor time interval

¼ � . It is easyto observe theoptimalsub-
structurein boththesecases.

Case 1: The instrumentis not playedduring interval
¼ � . Then,thevalueof theob-

jective functionfor theoptimalsubsetis equalto Ëe��Å � .
Case 2: Theinstrumentis playedduringinterval

¼ � . Then,theearliestinterval during
which it canbeplayednext is

¼ 5�Ê . In thiscase,thevalueof theobjectivefunction
for theoptimalsubsetis 8 � 1 Ë 5�Ê .

Combiningtheabove two cases,wehave

Ëe� ��ÌBÍ+Î �SËe��Å � � 8 � 1 Ë 5�Ê �
Theboundaryconditionfor thisdynamicprogramis givenby Ë 5 � 8 5 . Thetablecan
befilled up in a bottom-upfashionin orderof decreasingvalueof

Ç
. Computationof

eachtableentrytakes *�� �0� timeif the 7=� ’sareprecomputed.Hence,thetimeto fill up
thetableis *���7 � . Precomputingthe 7®� ’s for all

Ç
takes *���7D���M7 time(try to figureout

how to do this usingbinarysearch!), sothattheoverall runningtime is *���7D���M7 � .
(b) Theprofessornow wishesto extendhis algorithmto recorderquartets,which consist

of soprano,alto, tenor, andbassinstruments.He upgradeshis heuristicto give for
eachinterval

¼ � �Æº , ametric 8 � � indicatinghow likely it is thatnote
G
wasplayedby

therecorder
©

for
©9�Ï���]re�;�®� i

. Giveanefficientalgorithmto determinefour disjoint
sets¾ � � ¾ j � ¾ÑÐ � ¾�Ò�¿°º , whereeach

� � containsnonoverlappingintervals(ostensibly
correspondingto thenotesplayedby thefour respective recorders),thatmaximizes

ÒÀ
� �^�

À
ÁAÂ²Ã0ÄAÓ 8 � � 	

Solution:
Observethatif weallow two or moreinstrumentsto playduringthesametimeinterval¼ � , thenthe optimal solution is obtainedby solving separatelyfor eachinstrument,
usingthealgorithmfor part(a).
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Theproblemis morecomplicatedwhentwo instrumentscannotplay duringthesame
time interval. However, notethatthis allows two instrumentsto play duringthesame
time instant, e.g.,whentwo instrumentsplay during two overlappingtime intervals.
Wewill solve this by generalizingthedynamicprogramfrom part(a).

Let Ëe� o�Ô � pFÔ �SÕ Ô � m Ô � be the maximumvalueof the objective function for the subproblem�0¼ � ��¼ ��Å � �
	
	�	���¼ 5  undertherestrictionthat theearliestinterval duringwhich instru-
ment

©
can play is

Ç � for
�R�Ö©)� i

. Note that
Ç � is at least

Ç
for each

�×�Ö©)� i
andtheanswerto theoriginalproblemis Ë � Ô � Ô � Ô � Ô � . Wewill dividethenumberof table
entriesinto

r Ò �#� h categoriesdependingon whether
Ç � is equalto or strictly greater

than
Ç

for
�f��©(� i

. Wegivethedynamicprogrammingequationsfor thecasewhenÇ � �ÖÇ j �sÇ and
Ç Ð �lÇ Ò ¶#Ç . You areencouragedto work out the equationsfor the

othercases.

In thecasewhen
Ç � �ÏÇ j �ÏÇ and

Ç Ð �JÇ Ò ¶PÇ , therearethreepossiblecasesfor time
interval

¼ � . It is easyto observe theoptimalsubstructurein eachof thesethreecases.

Case 1: No instrumentis playedduring interval
¼ � . Then,thevalueof theobjective

functionin this caseis equalto Ëe� o Å � Ô � p Å � Ô � Õ Ô � m Ô ��Å � .Case 2: Instrument1 is playedduring interval
¼ � . Then,theearliestinterval during

whichit canbeplayednext is
¼ 5;Ê o . In thiscase,thevalueof theobjectivefunction

is equalto Ë 5�Ê o Ô � p Å � Ô ��Õ Ô � m Ô ��Å � .Case 3: Instrument2 is playedduring interval
¼ � . Then,theearliestinterval during

whichit canbeplayednext is
¼ 5;Ê p . In thiscase,thevalueof theobjectivefunction

is equalto Ëe� o Å � Ô 5;Ê p Ô �SÕ Ô � m Ô ��Å � .
As before,Ëe� oJÔ � pFÔ �SÕ Ô � m Ô � will bethemaximumof theobjectivefunctionvaluesin eachof
theabovecases.Theboundaryconditionis givenby Ë 5 Ô 5 Ô 5 Ô 5 Ô 5

�ØÌgÍ%Î�lÙ � Ù Ò 8 5 � .
Notethattherecanbeatmost

i 1Ú�2� � casesfor eachtableentry(thelargestnumber
of casesoccurswhen

Ç � ��Ç j �½Ç Ð ��Ç Ò �½Ç ). Thus,computationof eachtableentry
takes *�� �%� time. The numberof tableentriesis at most 7 t , so that the tablefilling
time is *���7 t � (try to figure out the order in which you needto fill up the tablein a
bottom-upapproach!). Notethatthis dominatesthe *���7D�q�M7 � time for sortingof the
intervalsandprecomputationof the 7®� ’s. Thus,theoverall runningtime is *g��7 t � .
Remark: The coordinate

Ç
in the above dynamicprogramcanbe removedwithout

changingthe essentialstructureof the dynamicprogrammingequations.Then, the
runningtimebecomes*g��7 Ò � .

Problem Practice-4. Party, party, party!

Studentsat theMonotonicInstituteof Technologyarereluctantto go to apartyif they don’t know
many peoplethere.Moreover, cyclesof indecisionleadto situationswhereAlice will go to aparty
if Bob goesandBob will go if Alice goes,but neitherendsup going, sinceneitherknows the
other’sconditionsfor attending.
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To encouragemoresocialbehavior, the StudentInvitational Party Board(SIPB) is developinga
webserviceto helporganizepartygoing. For a givenparty, eachstudentregistersif hedefinitely
wishesto attendor if heconditionallywishesto attenddependingon whethera sufficient quorum
of friendsalsoattends.Specifically, the studentindicateshis conditionon a SIPB web form by
giving a threshold

� zs| anda list & of
�

or moreotherstudentssuchthathe agreesto attendif
at least

�
of thestudentson & alsoattend.Someof thestudentson & maynot register, in which

casewe assumethat they will not attend. At somedesignatedtime beforethe party, the SIPB
serviceemailsamessageto eachregisteredstudentwhetherthestudentshouldattend.Theservice
guaranteesthat if all studentswho areemailedpositive responsesattend,thenall the attendees’
conditionsare satisifed. We assumethat a studentis honor-boundto attendif his condition is
satisfied,andthathedoesn’t registerfor conflictingparties.

The SIPB party servicewishesto processthe databaseof conditionsso that asmany peoplego
to a givenpartyaspossible.Thus,in theAlice andBob example,bothshouldbesenta positive
response.Model the problemformally, andgive an efficient algorithmto selectasmany party-
goersaspossiblesubjectto thestudents’conditions.For bonuspoints,devisea moregeneralset
of conditionsthatcanbeefficiently processedby asimilar algorithm.

Solution:

1 Model

Let & � and
� � bethelist andthresholdsubmittedby student

G
.

Algorithm PARTY acceptsas input a directedgraph, ÛB�SÜ �;ÝÞ� . Û is representedasan array of
adjacency lists. Thatis ß�à®á KyG L listsneighborsof

G
. In additionto aname,eachvertex hasattributesâeã�ä=å%æ

and ßHç�ç®èXé®à . Thereis an edge
W � �(� Ý (from

Y � to
Y � ) if andonly if student

G
appearsin

list &Ñ� . Thatis student
Ç
’sattendancemaydependonstudent

G
’sattendance.Wedefine

âeãHä®å%æ KNG L =:y& � : �Ú� � . We initialize, ßHç�ç=èXéeà KyG L � ç_ê�ëVè . We useonekey additionaldatastructure.Queue,� ,
lists indices“recently” discoverednot to beattendingtheparty. Initially � is empty.

2 PARTY (G)

1.For eachvertex
Y �)Ü , if

âeã�ä®å%æ KyY Lw��| , thenassignßHç_ç®èXéeà KyY L �¡ì ä®ã_í è andenqueue
Y

on� .

2.While � is not emptydo thefollowing. Dequeuetheheadindex
G
. For eachstudent

Ç
listed

in ß_àeá KNG L , decrement
âeã�ä®å%æ K Ç L . If ßHç_ç®èXéeà K Ç L � ç_ê�ëVè and

âeã�ä®å+æ K Ç L��"| enqueue
Ç

on � .

3.For eachvertex
Y �#Ü , if ßHç_ç®èXéeà KyY L � çeê�ë=è , add

Y
to the solutionsetof studentsto be

informedto attend.
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3 Analysis

Theloop in step1 doesconstantwork for eachvertex in Ü . Step1 runningtime: $ �]:NÜ(: �]	
In step2, eachvertex is addedto � at mostonce. To seethis, notethat an index

G
is addedto� only if ßHç�ç®èXé®à KyG L � ç_ê�ë=è , ßHç�ç®è�éeà KNG L is assigned

ì ä®ã_í è beforeenqueing,and ßHç�ç®è�éeà KNG L never
transitionsfrom

ì äeã_í è to ç_ê�ë=è . Thus,eachadjacency list is traversedatmostonce.Therefore,the
while loopdoesconstantwork for eachedgein

Ý
. Step2 runningtime: $ �]: Ý : �]	

Tallying thesolutionsettakestakestime proportionalto thenumberof students.Step3 running
time: $ �]:NÜ(: �]	
Thus,therunningtime for PARTY: $ �]:NÜ(: 1 : Ý : �]	 (Not thesameas $ �]:yÜd: j �]	

4 Correctness

To show correctness,weshow thateverysolutionis feasible andoptimal.

At any pointastudent
G
is viable if thereexist

� � members,
Ç
, of & � suchthat ßHç�ç®è�éeà K Ç L � ç_ê�ë=è . A

solutionis feasibleif every studentin thesolutionsetis viable. To show feasibility it is sufficient
to prove thefolowing loop invariantî .

î½ï+ð Y �!Ü � ��ßHç�ç=èXéeà KyY L � ç_ê�ë=è �Mñ � YDò�óõô_ò²Í�ö �q÷ �
Thiscanbeshownby inductionontheiterationof step2. Step1 setsupthebasecaseby enqueuing
everynon-viable

G
. Eachiterationof thewhile loop explicitly setsßHç�ç=èXéeà K Ç L ��ì äeã_í è if viability

is violated.

A solution is optimal if the solutionset is as large asany other feasiblesolutionset. To show
optimality, it is sufficient to show thata node

G
is enqueuedonly if

G
is not viable. Again we show

this by induction on the iterationsof step2. Step1 setsup the basecaseby enqueuingevery
non-viable

G
. Similarly, step2 only enqueues

G
if viability is violated.

5 Building the graph

Many studentsworriedabouttransforminglists of studentnamesinto agraph.Usinga hashfunc-
tion, this operationtakestimeproportionalto thetotal sizeof thelists submitted.

First, assumeevery studentis uniquelynamed(by e-mailaddress,for example).For eachstudent
mentionedin a list, hashthename.If thestudentis in thetable,replacethenameon the list with
theindex foundin thehashtable.If not, insertthestudentwith anew index andslack-1. For each
studentthat registers,hashthename.If thestudentis in thetable,updatetheslack. If not, insert
thestudentwith anew index andthecorrectlycalculatedslack.Insertthelist of indicesof friends
in theappropriateslot in thearrayof adjacency lists.
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Now, we havea graphwith edgesfrom studentsto their friends.To getour input graph,transpose
this graph.Transposinga graphtakestime $9�;:NÜ(: 1 : Ý : �]	

6 Comments

Many studentssubmitted$ �]:yÜ×: j � and $9�;:NÜ(: Ð � solutions. Somestudentsforgot to checkfor the
knock-oneffectsof removing a node. Somestudentstried to calculatestudentsthat shouldgo
ratherthanstudentsthatshouldnot. Thoseattemptsdid not succesfullyhandlecycles.

Thestandard(slow) solutionwasnot to transposethegraphandthenjust iterateuntil no change
happened.Eachiterationchecksthata quorumof friendsis still in thegraph. If not, thenodeis
removed. Checkingthe lists of friendsfor eachnodetakestime $ �]:yÜ×: � on this graphrepresenta-
tion. Thereare $ �]:yÜ×: � nodesto becheckedoneachiteration.Sinceonly onenodeis removedper
iteration,thereare $ �]:NÜ×: � iterations.Giving the $9�;:NÜ(: Ð � result.With work this time cangeteven
worseif somemeasureof theslackis notmemoized.

Many studentsknockedoff a factorof :yÜ×: eitherby usingaqueueor otherwiseensuringastudent
is only removed once. Somestudentstransposedthe graphbut usedan adjacency matrix rather
thanadjacency lists andsowerestill stuckwith a $ �]:yÜ×: j � result.

A few creative studentsrepresentedthe problemasa systemof linear constraintequations.Let\ � be 1 if student
G

attends.0 otherwise.Now theproblemis to maximize ø 5���^� \ � subjectto the
constraintsof theform

� � ��øT� Ã
ùXÂ \ � .

Problem Practice-5. Reliable distribution

A communicationnetwork consistsof a set Ü of nodesanda set
ÝØú Üüû�Ü of directededges

(communicationlinks). Eachedge
W � Ý hasaweight ý�� W%� z�| representingthecostof using

W
. A

distribution from agivensource
� �!Ü is asetof directed :yÜ×: �!� pathsfrom

�
to eachof theother:NÜ(: ��� verticesin Ü �"�X�� . Thecost of a distribution is thesumof theweightsof its constituent

paths.(Thus,someedgesmaybecountedmorethanoncein thecostof thedistribution.)

(a) Giveanefficientalgorithmto determinethecheapestdistribution from agivensource� �ÆÜ . You mayassumeall nodesin Ü arereachablefrom
�
.

(b) Oneof theedgesin thecommunicationnetwork may fail, but we don’t know which
one.Giveanefficientalgorithmto determinethemaximumamountby which thecost
of the cheapestdistribution from

�
might increaseif an adversaryremovesan edge

from
Ý

. (Thecostis infinite if theadversarycanmakea vertex unreachablefrom
�
.)

Solution:
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1.Thisproblemcanbemodelledasa single-sourceshortestpathsproblem.A distribution is a
treeof pathsfrom

�
to every othervertex in thegraph.Sincethecostof a distribution is the

sumof the lengthsof its paths,a minimumcostdistribution is a setof shortestpaths.Since
the edgeweightsarenon-negative, we canuseDijkstra’s algorithm. The running time of
Dijkstra’s algorithmcanbe improvedfrom *g�]:NÜ�: j � to *����]:NÜ�: 1 : Ý : � �q��:NÜ(: � usinga binary
heap.Sinceweassumedthatthegraphis connected,therunningtime is *��;: Ý :þ�q�ÿ:NÜ(: � . If we
useaFibonacciheap,therunningtime is *��]:yÜ(:þ�q�D:NÜ×: 1 : Ý : � .
In addition,weneedto returntheminimumcostdistribution. Dijkstra’salgorithmasgivenin
CLRcomputesbackpointers�

KNY L to representtheshortestpaths.Wecanusetheseto represent
thedistribution;whenaskedfor theshortestpathfrom

�
to
Y
, we tracethebackpointersfromY

to
�

andreturnthetraversededges(in reverseorder).
Notes:
Somefolks statedthat the min-costdistribution problemis equivalentto the single-source
shortestpath problembut failed to explain why. OthersusedDijkstra without explaining
thatthis is correctbecauseall weightsarenon-negative. Still othersdid not presentthemost
efficient versionpossible(usingFibonacciheaps).ThentherewerethosethatusedBellman-
Fordor all-pairsshortestpaths,or inventedtheirown algorithms.
Whenreturningthedistribution,somefolks returneda setof :NÜ(: ��� shortestpaths,onefor
eachvertex. This is lessefficient thanthe shortestpathstree,but they werenot penalized
harshlyfor this.

2.If an edgeis removed from the graph,it is possiblethat the costof the minimum costdis-
tribution on theresultinggraphmaybemorethanthecostof original chepeastdistribution.
Thatis, let

@
betheminimumcostdistribution foundin part(a),andlet �g� @(� beits cost.If

we removeedge
W

from thegraph,let �B� W%� denotethecostof theminimumcostdistribution
for thenew graph(with edgeset

Ý��"�+W�
). Weneedto compute

ÌgÍ+Î´ Ã�� �B� W%�4� �B� @(�]	

First recall that cost of a distribution is ~�� Ã�� [aKyY L , wherethe
[^KyY L are the distancevalues

returnedby Dijkstra.
Thestraightforwardbrute-forceapproachto solve this problemis compute�B� W%� by deletingW

from thegraphandrerunningthealgorithmfrom (a). However, notethatif thedeletededgeW��� @ then �B� W%�2� �B� @(� , sincetheremoval of
W

doesnot affect thedistribution
@

. Sowe
only needto find ÌgÍ+Î´ Ã�	 �B� W%�4� �B� @(�]	
Sincetheedgesin

@
areasetof shortestpaths,they form atree,andatreehas :NÜ×: �!� edges.

To compute�g� W%� for an edge
W � @ , we candelete

W
andthenrerunDijkstra’s algorithm

on the resultinggraph. It is important to note that removing
W

may make somevertices
unreachablefrom

�
. To checkthis,we remove

W
, rerunDijkstra,andthencheckif any of the[ ¢ KyY L distancesare 
 . If so,then �B� W%� � 
 andwe shouldhalt thealgorithmandreturn 


asthemaximumpossibleincrease.If not, then �g� W%�M� ~�� [ ¢ KyY L .
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Therunningtime of this solutionis thecostof :NÜ(: �P� calls to Dijkstra’s algorithm. Using
Fibonacciheaps,this is *g�]:NÜ(: j �q�f:yÜd: 1 :NÜd:q: Ý : � .
Notes:
Many folks got the idea of running : Ý : Dijkstras, and quite a few optimizedto :yÜ×: �}�
Dijkstras.

Someforgot to checkthecasewhenthegraphbecomesdisconnectedby the removal of an
edge.Evenif they assumedthatoperationswith 
 arewell-defined(a poorassumptionbut
acceptedif clearlystated),they still shouldhave explainedwhy their codeworkedcorrectly
for this case.

Sometriedto fix uptheoriginaldistributionin thefollowing way: if theedgefrom
Z

to
Y

was
deleted,they foundthesecondbestpathfrom

Z
to
Y

andaddedit to thedistribution. This is
notoptimal,becausethenew shortestpathto

Y
mayno longergo through

Z
.

Othersmisinterpretedthequestion,thinking thattheedgedeletedby theadversarywasinput
to theproblem.


