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Practice Quiz 2 Solutions

Problem Practice-1. LRU datastructure

Managingthe primary memoryof a virtual-memorysystemwith LRU pagereplacementanbe
viewed asa dynamicdatastructureproblem. The datastructuremanages setS = {1,...s} of
s fixed-sizeslotsof primarymemory Thevirtual memorycanbeviewedasasetP = {1,...,p}
of virtual-memorypages At ary time asubsebf P having sizeatmosts is residenin the s slots
of primary memory The job of the datastructureis to maintaina dynamicmappingso thatthe
systemcanidentify whethera users referenceo a pageresidesn a slot of primary memory and
if not, droptheleast-recentlyusedpageandreplacet with thereferencegage.

TheLRU datastructuremustthereforesupportthe following operations:
eINSERT (g, t): Insertvirtual pageq € P into slott € S of primarymemory Theslott must
beempty

eUSE(¢): Returntheslott¢ € S containingvirtual pageg € P, or elseNiL if ¢ doesnotreside
in primarymemory

eDROP(): Remave the least-recentlyusedpageq € P fromits slot¢ € S, andreturnthe
now-emptyslotz¢.

Describéebriefly why theseoperationsuffice to implementhe LRU pagereplacemenpolicy. Give
anefficientimplementatiorof this dynamicset.

Solution: This problemhadavery simple© (1) timeimplementatiorwithoutmakingary simpli-
fying assumptionslt shouldbe assumedhatfor a pagingsystemon ary realcomputeyanything
lessthana ©(1) time for ary of thoseoperationavould simply be unacceptable.

We implementLRU by the useof

oA doublylinkedlist, callit L.
oA hashtable,call it H.

Thetwo datastructureontaina structureholding the virtual pagenumberg € P andthecorre-
spondingphysicalpageslotit occupiest € S for all pageshatarecurrentlyoccugying physical
memoryslots. The hashtable entriesalsohold a pointerto the linkedlist nodecorrespondindo
thevirtual pageq. Thespacerequiremenfor theseis thereforeO(s).

In orderto implementL RU, we needa completeorderingin termsof lastaccesdor every page
currentlyoccupying a physicalmemoryslot. As waspointedout in lecture,a doubly-linked list
coupledwith amoveto front heuristicprovidesexactly this. Doubly-linkedlists arecorvenientas
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cuttingandpastinganelementanbedonein ©(1) time,if we alreadyhave pointersto theelement
to cutandthe elementbeforeor afterwerewe will paste.Thusin orderto supportthe DrRopP and
USE operationgn constanttime, we usesucha list, and arbitrarily defineorderingto be from

mostrecentlyusedpageat the headto leastrecentlyusedat the tail. We thusalsoneedto keep
track of the headandtail of thedoublylinkedlist soasto know whereto cutandpaste.

However, apartfrom the LRU information,we needto the ability to lookup a certainvirtual page
andquickly extractthe physicalpageslotit occupies.The INSERT procedurensertsthis mapping
into the datastructure whereaghe USE proceduraeturnsthe mapping.Thisis aninstanceof the
dictionaryproblem,which we know how to efficiently solve usinga hashtable. We usea chained
hashtableasdescribedn chapterl2 of CLR. The averageaccesdime in thetableis O(1 + «),

whereq is the load factor definedas ;- wheren is the numberof thingsto storeandm is the
numberof slots. We thereforedecideto usea tableof size®(|S|) to ensurethat the load factor
remainssmall. As for a hashfunction, we cansimply usea randomhashfunctiondravn from a
collectionof universalhashfunctions,or ary of the otherhashfunctionspresentedn CLR.

Assumingthatwe have implementedsuchallist andhashtable,the DRoP operationcanbeimple-
mentedasfollows:

procDrop()

1 g+« taillL].t

2 ifg= NIL

3 return NIL

4  dse tail[L] < tail[L].previous
5  tail[L].previous = NIL

The UsE is thensimply (assuminghatthe hashfunction HASH returnsthe hashkey of its argu-
ment):

UsE(q)
1 ref « CHAINED-HASH-SEARCH (H, HASH(q))
2 ifref=NIL

3 error “Pagenotin primary memory”

4 else ref.node.next.previous < ref.node.previous
5 ref.node.previous.next < ref.node.next

6 ref.node.previous < NIL

7 ref.node.next < head[L]

8 head[L] < ref
9 return ref.¢

Finally, the INSERT becomes:
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INSERT (g, t)

node < NEW(ListNode)
node.next < head[L]
node.previous < NIL
ref < NEw(HashNode)
ref.node < node

ref.t <t

ref.g < ¢

~No oo~ wWDNBRE

The threefunctionsthat we asked you to implement,would be provided as a front endto your
systemthereforeijt is concevablethatDrRoP couldbecalledanarbitrarynumberof times,without
beingimmediatelyfollowedby an INSERT. With thisin mind, the above functionsdo not suffice
for a correctimplementatiorof LRU. We needsomeway to first look if thereis anemptyslot of
phyicalmemoryandonly if onedoesnot exist shouldwe dropthetail of thelist. Modifying the
Drop andINSERT procedureso dothisis easyby usingadirectmappingtableanddoublylinked
list of free physicalmemoryslots, exactly aswe do above for the LRU. Sincewe only have |S|
physicalmemoryslots,we do notneedto usea hashtableThen,the DRopP andINSERT procedures
operateon all four datastructures.

Unfortunately a numberof peopleassumedhatit waspossibleto keepan array of size ©(|P)

with anentryfor eachvirtual pageandstoreall informationneededthereforeobtainingan O(1)

time. This solutionhowever beardlittle physicalrealism.Most moderncomputersystemshave a
64 bit virtual addresspaceand4KB pages. Therefore,a direct mappinglookup tablefor each
virtual pagewould require%% = 2°2 entries.If only oneinteger of informationwaskeptin each
tableentry, onewould need16384TB...

A numberof otherpeopleusedsomeform of balancedreeto do lookups,leadingto logarithmic
runningtimesfor someor all of the proceduresHowever, again,sucha solutionis not desirable,
sincea VM systemis oneof the mostheavilly loadedcomponentsf the operatingsystem.

Somepeopleclaimedthat the move to front heuristiccombinedwith the locality that program
memoryreferencesxhibit, allowsusto usetheLRU linkedlist toimplementheUSE procedurdy

alinearscan.However, anoperatingsystenrunsanumberof programsatthesametime, therefore
the systemasa whole exhibits lesslocality. Furthermore(alsofor the peoplewho claimedUsE

might not be usedtoo much)this proceudrds probablythe mostusedof the systemfor obvious
(") reasonsAll thesesolutionsmightwork for Windowz, but noton a usableOS.

Othersourcedor lossof pointswere forgettingto updatethe LRU informationwhen UsSe was
called.LRU doesindeedstandfor leastrecentlyused.

Problem Practice-2. Random-number generation
Thearray A[1..n] containsa probability distribution over the set{1,2,...,n}; thatis, we have
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Ali] > 0andX 7, Afi] = 1. We wish to generatea randominteger X in therangel < X < n
suchthat
Pr{X =i} = A[1].

A uniform random-numbegeneratofUNIFORM () is availablewhich generaten constantime a
realnumbery uniformly in therange0 < y < 1. Using UNIFORM () asa subroutinedevise an
efficientalgorithmto generatea randomintegeraccordingto the distribution specifiedby A.

Your algorithmmay include aninitialization phaseto preprocesshe array A. After the prepro-
cessingphasethe usercanmake any numberof callsto your random-numbegeneratareachof
which shouldreturnarandomintegeraccordingo thedistribution A. Thehighestpriority in your
designis to make your random-numbegeneratorun asfastaspossible but your preprocessing
phaseshouldbe efficientaswell. Analyzeboththetime for preprocessingndthetime for actual
random-numbegeneration.

Solution:

First,we presenainalgorithmbasedn generatingandomvariatedrom a givenprobability distri-
bution by invertingthe cumulatie distribution function. This algorithmuses©(n) preprocessing
time andthentakes©(1g n) time for actualgeneratiorof arandomnumberaccordingto thedistri-
bution A.

RAND-BINARY (A)

1. C[1] «+ A[1]

2. fori=2ton

3. C[i] «+ C[i—1] + Alf]

4. u < UNIFORM ()

5. returnBINARY SEARCH(C, 1, n, u)
6. end

BINARY SEARCH in line 5 returnsr suchthatC[r — 1] < u < Cr].

ThisimpliesPr{X =r} = Pr{C[r — 1] <u < C|r]} = C[r] — C[r — 1] = A[r], which estab-
lishescorrectnessRAND-BINARY takes©O(n) preprocessingime (lines1 — 3), while lines4 — 5
take ©(lgn) time.

Our next algorithmis basedon expressinga given probability distribution asa weightedsum of
someotherprobabilitymasdunctionsthatareeasyto generatérom (usingtheinversiontechnique
mentionedabove), andthenselectingone of theseprobability functionsaccordingto the weights
followed by generating(easily) from it. We give an algorithmthat performsthe preprocessing
in time ©(n?), but generatesandomnumbersfrom the distribution A in time ©(1). Theideais
thatif we write a probability massfunction asan equallyweightedmixture of n — 1 probability
massfunctions@y, e.9. 4 = 5 171 Q;, with the specialpropertythateach, assigngositive
probabilitiesto at mosttwo componentsthenin orderto samplefrom A, all we needto dois to
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generate uniformrandomvariateto selectadistribution @);, andthento generateanothemuniform
randomvariableto selectthe correctpositive componenbf @);. In factwe will usethefactthatfor
auniformly generatedandomvariateu, (n — 1)u — | (n — 1)u] is independenbf v andthuswe
only needto generate@neuniform randomvariateto samplefrom distribution A.

Oneway to implementthis ideais to first createn — 1 buckets suchthat eachbucket contains
exactly two elementdrom {1, 2, ..., n} andthetotal massaccordingto thedistribution A in each
bucketis L.

n—1

PREPROCESS(A)

1A [(o(1), Alp(D)]), (0(2), Alo(@)]). ., (o), Alo(m)])], where Alo (1)] <
.-+ < A[o(n)] ando is apermutatiorof {1,2,...,n}.

2. fori<1ton—1

3. BJi][1].element < FIRST(A').element

4. Bli][l].mass < FIRST(A").mass

5.  slack < -5 — FIRST(A').mass

6. Bli][2].element < LAST(A’).element

7.  Bli][2].mass < slack

8. massLast < LAST(A").mass — slack

9. REMOVE(A',FIRST(A))

10. REMOVE(A',LAST(A))

11. ADDINORDER(A’, (Bli][2].element, massLast))

Line 1 createsa list A’ of tuples (element, mass) from the elementsof the array A, where
element € {1,2,...,n}, mass = Alelement], andthe tuplesin A’ are sortedon mass. This
operationtakestime ©(nlgn). FIRST takesalist asagumentandreturnsthe elementat the head
of thelist in time ©(1). LAST likewisereturnsthe lastelementin thelist in time ©(1). REMOVE
takesasarmgumenta list andan elementin the list andremovesthe elementfrom the list. This
takestime ©(n) if doneusingalinearscan.ADDINORDER insertsthe givenelementin the given
list suchthatthe new list is still sortedon mass. This alsotakestime ©(n). Hence,in all, the
preprocessingtagetakesO (n?) time.

RAND-CONSTANT(A)
PREPROCESS(A)
u < UNIFORM ()

bucket <~ 1+ |(n — 1)u|

bucket—1
n—1

if Blbucket][1].mass > index then
return Blbucket|[1].element
elsereturn Blbucket][2].element

index < u —

No abkwdhpE
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Thepreprocessingme in theabove algorithmcanbeimprovedto ©(n 1g n) usingamin-heapand
amax-heapthougha slight modificationis neededo the datastructures.

Correctnes$ollows by observinghatthesumof massesssociatedvith element € {1,2,...,n}
over all the bucketsis A[i] andPr{U(u € I,,,)} = > Pr{u € I,,}, if no two distinctintervals
I,,, I, overlap.

Commentson solutions: Almostevery studentusedanapproactsimilarto thefirst onedescribed
above,andcomputedhecumulatve distributionfunction. Mostgottheideaof usingbinarysearch
or abalancedinarysearchreeanddevised®(lgn) algorithmsfor theactualgenerationHowever
full creditwasnotgivento thesesolutions.Somestudentdinearly scannedhecumulatve distribu-
tion arrayandthuslost somepoints. Somefolks lost creditby makinganassumptiorabouta small
numberof significantfigures,thoughessentiallythey neededan arbitrarily large amountof stor
agespaceo implementtheir algorithmto work for the problemasspecified.A very few students
got nearoptimal performance Someneedlesslysedred-blacktreesand got worseperformance
boundsthanefficiently implementedsimplerdatastructuresvould have.

Problem Practice-3. Music recognition

A recorder is a simple blown musicalinstrumentthat soundsmuchlike a flute. Prof. Cary Oki
hasrecentlyprogrammedis computerto listento a streamof musicfrom arecorderandcornvert
it intoasetT = {11,Ts,...,T,} of (possiblyoverlapping)time intervals, whereeachinterval
correspondgo the durationof a note transcribedby the system. Moreover, the professorhas
developeda heuristicthat givesfor eachinterval T; € T, a metricm; indicatinghow likely it is
thatnote: wasplayedby the recorder The larger m;, the greaterthe confidencehat note: was
playedby therecorder

(a) Theprofessowould like to determinewhich notesareplayedby the recorder Since
the recordercan produceonly onenoteat a time (whenproperly played),if two in-
tervals have a commonintersectionone of the notesmustbe spurious(producedby
backgrounchoise).Give anefficientalgorithmto determinea setS C 7 of nonover-
lappingintenvals (ostensiblycorrespondingdo the notesplayedby the recorder)that
maximizes

Z m; .

T;€S

Solution: Wewill solvethisusingdynamicprogrammingLet start(7;) andend(1})
denotethe startandendtime, respectiely, of interval 7). First, sortthe intervalsin
increasingorderof starttime. ThistakesO(n 1gn) time. Of coursewe canavoid this
stepif the intervals arealreadysortedin this order This seemgeasonablesincethe
recorderencountershetime intervalsin increasingorderof their starttimes.

Oursubproblem$avethefollowing form: find anon-overlappingsetof intervals S C
{T};,Tj+1, ..., T,} suchthatthe quantity(hencefortralledthe objective function)
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(b)

>, m

T;€S

is maximized. Thus,therearen subproblemspnefor eachl < j < n. Letn; be
the smallestvalueof j' suchthat start(7;) > end(1;). Thatis, if the instruments
playedduringinterval 7}, thenthe earliestinterval thatthe instrumentcanbe played
nextisT,;. Let ¢; bethemaximumvalueof theobjective functionfor thesubproblem
{T},Tj+1,...,T,}. Theanswerto theoriginal problemis ¢;.

In ary optimalsubsebdf non-overlappingntervalsfor thesubprobler{ 7}, T 11, . . ., T,.},
therearetwo possiblecasedor timeinterval T}. It is easyto obsere the optimalsub-
structurein boththesecases.

Case 1: Theinstruments not playedduringinterval 7;. Then,the valueof the ob-
jective functionfor the optimalsubseis equalto ¢; ;.

Case 2: Theinstrumentis playedduringinternval 7;. Then,theearliestinterval during
whichit canbeplayednextis T;,;. In this casethevalueof the objective function
for theoptimalsubseis m; + ¢,;.

Combiningthe above two casesye have

¢; = max(dj1,mj + Py;)

Theboundaryconditionfor thisdynamicprogramis givenby ¢,, = m,,. Thetablecan
befilled up in a bottom-upfashionin orderof decreasingalueof j. Computatiorof
eachtableentrytakesO(1) timeif then;’sareprecomputedHence thetimetofill up
thetableis O(n). Precomputinghen;’sfor all j takesO(n 1gn time (try to figureout
how to do this usingbinarysearch), sothatthe overall runningtimeis O(nlgn).

The professomow wishesto extendhis algorithmto recorderquartetswhich consist
of sopranoalto, tenor andbassinstruments.He upgradeshis heuristicto give for

eachinterval T; € T, ametricm,;, indicatinghow likely it is thatnote; wasplayedby

therecorderk for k = 1, 2, 3, 4. Give anefficientalgorithmto determinegour disjoint
setsS, Ss, 83,84 C T, whereeachS), containsnonoverlappingintervals (ostensibly
correspondingo the notesplayedby the four respectre recorders)thatmaximizes

Y

k=1T;ESg

Solution:

Obsenrethatif weallow two or moreinstrumentgo play duringthesametime interval
T;, thenthe optimal solutionis obtainedby solving separatelyfor eachinstrument,
usingthe algorithmfor part(a).
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The problemis morecomplicatedvhentwo instrumentannotplay duringthe same
time interval. However, notethatthis allows two instrumentgo play duringthe same
time instant, e.g.,whentwo instrumentsplay during two overlappingtime intenals.
We will solvethis by generalizinghedynamicprogramfrom part(a).

{T};,Tj+1, ..., T,} undertherestrictionthatthe earliestinterval duringwhich instru-
mentk can play is j;, for 1 < k£ < 4. Notethatj, is atleast; for eachl < k£ < 4

andtheanswetrto theoriginal problemis ¢, ; 1,1,1. We will divide thenumberof table
entriesinto 2* = 16 categoriesdependingpn whether;, is equalto or strictly greater
thanj for 1 < k < 4. We givethedynamicprogrammingequationdor the casewhen
j1 = js = j andjs, js > j. Youareencouragedo work out the equationgor the
othercases.

In thecasewhenj; = j, = j andjs, j4+ > j, therearethreepossiblecasedor time
interval 7}. It is easyto obsere the optimalsubstructurén eachof thesethreecases.

Case 1: No instruments playedduringinterval 7;. Then,thevalueof the objectve
functionin this caseis equalto ¢;, 1 j,+1,js,ja,j+1-

Case 2: Instrumentl is playedduringinterval 7;. Then,the earliestinterval during
whichit canbeplayednextis T;,, . In thiscasethevalueof theobjectivefunction
is equalto ¢ﬂj1,j2+1,j3,j4,j+1'

Case 3: Instrument is playedduringinterval T;. Then,the earliestinterval during
whichit canbeplayednextis 7,,,, . In thiscasethevalueof theobjectivefunction

is equalto ¢j1+1,nj2 J3sasi+1-

the above casesTheboundaryconditionis givenby ¢, n.nnn = Iax M.

Notethattherecanbeatmost4 + 1 = 5 casedor eachtableentry(thelargestnumber
of caseoccurswhenyj, = j, = j3 = ju = 7). Thus,computatiorof eachtableentry
takesO(1) time. The numberof table entriesis at mostn®, so thatthe tablefilling
time is O(n®) (try to figure out the orderin which you needto fill up thetablein a
bottom-upapproacH). Notethatthis dominategshe O(nlgn) time for sortingof the
intervalsandprecomputatiomf then;’s. Thus,theoverallrunningtimeis O(n®).
Remark: The coordinatej in the above dynamicprogramcanbe removed without
changingthe essentiaktructureof the dynamicprogrammingequations. Then, the
runningtime becomes) (n?).

Problem Practice-4. Party, party, party!

Studentsatthe Monotoniclinstituteof Technologyarereluctantto goto a partyif they don’t know
mary peoplethere.Moreover, cyclesof indecisionleadto situationsvhereAlice will goto aparty
if Bob goesandBob will go if Alice goes,but neitherendsup going, sinceneitherknows the
other’s conditionsfor attending.
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To encouraganore social behaior, the Studentinvitational Party Board (SIPB) is developinga
web serviceto help organizeparty going. For a givenparty, eachstudentregistersif he definitely
wishesto attendor if he conditionallywishesto attenddependingon whethera sufficient quorum
of friendsalsoattends. Specifically the studentindicateshis conditionon a SIPB web form by
giving a thresholdt > 0 andalist L of ¢ or more otherstudentssuchthat he agreedo attendif
atleastt of the studentson L alsoattend. Someof the studentson L may not register, in which
casewe assumethat they will not attend. At somedesignatedime beforethe party, the SIPB
serviceemailsa messagéo eachregisteredstudentwhetherthe studenshouldattend.The service
guaranteeshatif all studentswho are emailedpositive responsesttend,thenall the attendees’
conditionsare satisifed. We assumethat a studentis honorboundto attendif his conditionis
satisfied andthathe doesnt registerfor conflicting parties.

The SIPB party servicewishesto processhe databasef conditionsso thatasmary peoplego
to a givenparty aspossible.Thus,in the Alice andBob example,both shouldbe senta positive
response.Model the problemformally, and give an efficient algorithmto selectasmary party-
goersaspossiblesubjectto the students’conditions. For bonuspoints,devise a moregeneralset
of conditionsthatcanbe efficiently processedby a similar algorithm.

Solution:

1 Modd

Let L, andt; bethelist andthresholdsubmittedby student.

Algorithm PARTY acceptsasinput a directedgraph,G(V, E). G is representeds an array of
adjaceng lists. Thatis Adj[7] lists neighborof i. In additionto a name eachvertex hasattributes
Slack andAttend. Thereis anedgee;; € E (from v; to v;) if andonly if student: appearsn
list ;. Thatis student;j’s attendancenay dependon student’s attendanceWe defineSlack|i] =
|L;| — t;. Weinitialize, Attend[i] = true. We useonekey additionaldatastructure.Queue @,
listsindices"recently” discoverednot to be attendingthe party Initially @ is empty

2 PARTY (G)

1.For eachvertex v € V, if Slack[v] < 0, thenassignAttend[v] = false andenqueua on
Q.

2.While @ is notemptydo thefollowing. Dequeueghe headindex i. For eachstudent; listed
in Adj[:], decremenslack[j]. If Attend[j] = true andSlack[j] < 0 enqueug on Q.

3.For eachvertex v € V, if Attend[v] = true, addwv to the solutionsetof studentsto be
informedto attend.
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3 Analysis

Theloopin stepl doesconstantvork for eachvertex in V. Stepl runningtime: ©(|V]).

In step2, eachvertex is addedto ) at mostonce. To seethis, notethatan index 7 is addedto
@ only if Attend[i| = true, Attend[:] is assignedtalse beforeenqueingandAttend|i] never
transitiondrom false to true. Thus,eachadjaceny list is traversedatmostonce.Thereforethe
while loop doesconstantvork for eachedgein E. Step2 runningtime: ©(|E|).

Tallying the solutionsettakestakestime proportionalto the numberof students.Step3 running
time: ©(|V]).

Thus,therunningtime for PARTY: ©(|V| + |E|). (Not thesameasO(|V [?).

4 Correctness

To show correctnessye show thatevery solutionis feasible andoptimal.

At ary pointastudent is viable if thereexist¢; membersj, of L; suchthatAttend[j] = true. A
solutionis feasibleif every studentin the solutionsetis viable. To shav feasibility it is sufficient
to prove thefolowing loop invariantZ.

T : Vv € V,(Attend[v] = true) = (v is viable)

Thiscanbeshavn by inductionontheiterationof step2. Stepl setsupthebasecaseby enqueuing
every non-viablei. Eachiterationof thewhile loop explicitly setsAttend[j] = false if viability
is violated.

A solutionis optimal if the solutionsetis aslarge asary otherfeasiblesolutionset. To shov
optimality, it is sufficientto shav thatanodes is enqueueanly if ¢ is notviable. Again we shav
this by induction on the iterationsof step2. Stepl setsup the basecaseby enqueuingevery
non-viablei. Similarly, step2 only enqueues if viability is violated.

5 Building the graph

Many studentsvorried abouttransformindists of studentnamesnto agraph.Usinga hashfunc-
tion, this operationtakestime proportionatlto thetotal sizeof thelists submitted.

First,assumesvery studentis uniquelynamed(by e-mailaddressfor example).For eachstudent
mentionedn alist, hashthe name.If the students in thetable,replacethe nameon the list with

theindex foundin the hashtable.If not,insertthe studentwith a new index andslack-1. For each
studentthatregisters,hashthe name.If the studentis in the table,updatethe slack. If not, insert
the studentwith anew index andthe correctlycalculatedslack. Insertthelist of indicesof friends
in theappropriateslotin the arrayof adjaceny lists.
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Now, we have a graphwith edgedrom studentdo their friends. To getourinputgraph,transpose
this graph.Transposin@ graphtakestime ©(|V'| + | E|).

6 Comments

Many studentssubmitted®(|V'|?) and©(|V|®) solutions. Somestudentsforgot to checkfor the
knock-oneffects of removing a node. Somestudentdried to calculatestudentsthat shouldgo
ratherthanstudentghatshouldnot. Thoseattemptsdid not succesfullyhandlecycles.

The standardslow) solutionwasnot to transposeéhe graphandthenjust iterateuntil no change
happenedEachiterationchecksthata quorumof friendsis still in the graph. If not, the nodeis
removed. Checkingthelists of friendsfor eachnodetakestime ©(|V'|) onthis graphrepresenta-
tion. Thereare®(|V|) nodesto bechecled on eachiteration. Sinceonly onenodeis removedper
iteration,thereare®(|V|) iterations.Giving the © (| V' |?) result. With work this time cangeteven
worseif somemeasuref theslackis notmemoized.

Many studentknockedoff afactorof [V| eitherby usinga queueor otherwiseensuringa student
is only removed once. Somestudentgransposedhe graphbut usedan adjaceng matrix rather
thanadjaceng lists andsowerestill stuckwith a©(|V|?) result.

A few creatve studentsepresentedhe problemasa systemof linear constraintequations.Let
x; be1if student; attends.O otherwise.Now the problemis to maximizeX?_,z; subjectto the
constraintof theform ¢, < ¥,c., ;.

Problem Practice-5. Reliabledistribution

A communicatiometwork consistsof asetV of nodesandasetE C V x V of directededges
(communicationinks). Eachedgee € E hasaweight w(e) > 0 representinghecostof usinge. A

distribution from agivensources € V' is asetof directed V| — 1 pathsfrom s to eachof theother
|V| — 1 verticesin V — {s}. Thecost of adistributionis the sumof theweightsof its constituent
paths.(Thus,someedgesnay be countedmorethanoncein the costof thedistribution.)

(a) Giveanefficientalgorithmto determineghecheapestlistributionfrom a givensource
s € V. Youmayassumall nodesin V' arereachabldrom s.

(b) Oneof the edgesn the communicatiometwork mayfail, but we don’t know which
one.Give anefficientalgorithmto determinghe maximumamountby which the cost
of the cheapestistribution from s might increasef an adwersaryremosesan edge
from E. (Thecostis infinite if theadversarycanmake a vertex unreachabléom s.)

Solution:
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1.Thisproblemcanbe modelledasa single-sourceshortespathsproblem. A distributionis a
treeof pathsfrom s to every othervertex in the graph. Sincethe costof a distributionis the
sumof thelengthsof its paths,a minimum costdistribution is a setof shortesipaths. Since
the edgeweightsare non-n@ative, we canuse Dijkstra’s algorithm. The runningtime of
Dijkstra’s algorithmcanbeimprovedfrom O(|V'?) to O((|V| + | E|) 1g |[V|) usinga binary
heap.Sincewe assumedhatthe graphis connectedtherunningtimeis O(|E|1g |V]). If we
usea Fibonacciheaptherunningtimeis O(|V|1g|V| + |E]).

In addition,we needto returntheminimumcostdistribution. Dijkstra’s algorithmasgivenin
CLR computedackpointers[v] to representheshortespaths.We canusetheseo represent
thedistribution; whenasledfor the shortespathfrom s to v, we tracethe backpointergrom
v to s andreturnthetraversededgeqin reverseorder).

Notes:

Somefolks statedthat the min-costdistribution problemis equivalentto the single-source
shortestpath problembut failed to explain why. OthersusedDijkstra without explaining
thatthisis correctbecausell weightsarenon-ngjative. Still othersdid not presenthe most
efficient versionpossible(usingFibonacciheaps) ThentherewerethosethatusedBellman-
Ford or all-pairsshortespaths,or inventedtheir own algorithms.

Whenreturningthe distribution, somefolks returneda setof |V'| — 1 shortesjpaths,onefor
eachvertex. This is lessefficient thanthe shortestpathstree, but they were not penalized
harshlyfor this.

2.1f anedgeis removed from the graph,it is possiblethat the costof the minimum costdis-
tribution on the resultinggraphmay be morethanthe costof original chepeastlistribution.
Thatis, let D bethe minimum costdistribution foundin part(a), andlet C'(D) beits cost. If
we remove edgee from thegraph,let C(e) denotethe costof the minimum costdistribution
for thenew graph(with edgesetF — {e}). We needto compute

max C(e) — C(D).

First recall that cost of a distribution is 3,y d[v], wherethe d[v] arethe distancevalues
returnedby Dijkstra.

The straightforward brute-forceapproacto solve this problemis computeC'(e) by deleting
e from thegraphandrerunningthealgorithmfrom (a). However, notethatif thedeletededge
e ¢ D thenC(e) = C(D), sincetheremoval of e doesnot affect the distribution D. Sowe
only needto find

max C(e) — C(D).

ecD
Sincetheedgesn D areasetof shortespaths they form atree,andatreehas|V| — 1 edges.
To computeC'(e) for anedgee € D, we candeletee andthenrerunDijkstra’s algorithm
on the resultinggraph. It is importantto note that removing e may make somevertices
unreachablérom s. To checkthis, we remove e, rerunDijkstra, andthencheckif ary of the
d'[v] distancesrecc. If so,thenC(e) = oo andwe shouldhalt the algorithmandreturnoo
asthemaximumpossibleincreaself not,thenC'(e) = 3, d'[v].
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The runningtime of this solutionis the costof || — 1 callsto Dijkstra’s algorithm. Using
Fibonacciheapsthisis O(|V|?1g [V| + |V || E|).

Notes:

Many folks got the idea of running | E| Dijkstras, and quite a few optimizedto |V| — 1
Dijkstras.

Someforgot to checkthe casewhenthe graphbecomeslisconnectedby the removal of an
edge.Evenif they assumedhatoperationsvith oo arewell-defined(a poorassumptiorbut
acceptedf clearly stated)they still shouldhave explainedwhy their codeworked correctly
for this case.

Sometriedto fix uptheoriginal distributionin thefollowing way: if theedgefrom u to v was
deletedthey foundthe secondbestpathfrom « to v andaddedit to thedistribution. Thisis
not optimal,because¢he new shortespathto v maynolongergo throughu.
Othersmisinterpretedhe questionthinking thatthe edgedeletedby the adwersarywasinput
to theproblem.




