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Practice Quiz 1
� Do notopenthis quiz bookletuntil youaredirectedto do so.

� This quiz startsat 1 hour 20 minutes. It contains 4 problems, some with
multiple parts.Thequiz contains12 pages,includingthis one.You have80 minutesto earn
100points.

� Thisquiz is closedbook.Youmayuseonehandwritten
������ ���
	�	 � � crib sheet.No calculators

arepermitted.

� When the quiz begins, write your nameon every pageof this quiz booklet in the space
provided.

� Write yoursolutionsin thespaceprovided.If youneedmorespace,write on thebackof the
sheetcontainingtheproblem.Do not put partof theanswerto oneproblemon thebackof
thesheetfor anotherproblem,sincethepageswill beseparatedfor grading.

� Do notspendtoomuchtimeonany problem.Readthemall throughfirst andattackthemin
theorderthatallowsyou to make themostprogress.

� Show your work, aspartialcreditwill begiven.You will begradednot only on thecorrect-
nessof your answer, but alsoon theclarity with whichyou expressit. Be neat.

� Goodluck!
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Problem 1. Integer Multiplication [15 points]

Thefollowing algorithmmultipliestwo nonnegative integers� and 
 :

MULT ������
��
1 ��� �
2 while ���� �
3 do if ������ "! � 	
4 then �#� �%$&

5 ��� '(�*)�!,+
6 
-� !.

7 return �

Let �0/2143 , 
�/5143 , and �6/2143 be thevaluesof � , 
 , and � , respectively, immediatelybeforethe loop
executes,andfor 798 	 , let � /2:;3 , 
 /5:�3 , and � /2:�3 bethevaluesof thesevariablesimmediatelyafter
the 7 th iterationof theloop. Givea loop invariantthatcanbeusedto prove thecorrectnessof the
algorithm.You need not actually prove correctness.
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Problem 2. True or False, and Justify [50 points] (10parts)

Circle T or F for eachof the following statementsto indicatewhetherthe statementis true or
false,respectively. If thestatementis correct,briefly statewhy. If thestatementis wrong,explain
why. Themorecontentyou provide in your justification,thehigheryour grade,but bebrief. Your
justificationis worthmorepointsthanyour true-or-falsedesignation.

T F Thesolutionto therecurrence< ��=>� � 	 ��� < ��=>).?.?@�A$CBEDF��=HG5�
is
< ��=>� �JI �K=LBMDN=>� .

T F Radix sort works correctly even if insertionsort is usedas its auxiliary sort insteadof
countingsort.
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T F If bucket sort is implementedby usingheapsortto sort the individual buckets,insteadof
by using insertionsort as in the normalalgorithm, thenthe worst-caserunning time of
bucket sortis reducedto I ��=LBEDO=>� .

T F An adversarycanpresentan input of = distinctnumbersto RANDOMIZED-SELECT that
will forceit to run in P0��= � � time.
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T F Theinformation-theoretic(decision-tree)lowerboundoncomparisonsortingcanbeused
to provethatthenumberof comparisonsneededto build aheapof = elementsis P0�K=LBEDN=Q�
in theworstcase.

T F Sorting R elementswith a comparisonsort requiresat least 	 � comparisonsin the worst
case.
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T F The sumof the smallestS = elementsin anunsortedarrayof = distinct numberscanbe
foundin TU�K=Q� time.

T F The collection V � WYX � � X � � X[Z]\ of hashfunctions is universal,where the threehash
functionsmaptheuniverseW ����
^��_`�;a \ of keys into therangeW �b� 	 �c! \ accordingto the
following table: d X � � d � X � � d � X[Z � d �� 	 � !
 � 	 !_ � � �a 	 	 �
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T F Let e be an indicator randomvariablesuchthat fOg W e � 	 \&� 	 )�! . Then, we havehji ek� 	ml en�po � 	 ),q .

T F Supposethata r -inputsortingnetwork correctlysortsthesequencesst!���rb� �@u , sKrb� � ��! u , ands � �c!v�;r u . Then,it alsocorrectlysortsall sequencesof r numbers.(Hint: Apply threshold
functions to the sequence elements.)
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Problem 3. Pop Count [35 points] (5 parts)

Somecomputersprovidea population-count, or pop-count, instructionPOPC thatdeterminesthe
total numberof bits in a word thatare“ 	 .” Specifically, if an = -bit word is w � sKw 1 w �yxzxzx w�{,| � u ,
then

POPC �}w�� � {Y| �~ � � 1 w
� �

For example,POPC ��s�� 	 ����� 	 � 	 u � � r .
This problemexploreshow to implementthe POPC instructionasa circuit. The basicbuilding
blockweshalluseis anADDER componentthattakesin two binaryvaluese and � andproduces
their sum � � e�$&� :

+

�

e �

Sincewiring is an importantcontributor to the expenseof an implementation,we shall attempt
to minimize the numberof wires requiredto connectthe inputs, components,and output of a
pop-countcircuit. A cableof � wirescanconvey valuesin therangefrom � to !�� l�	 , inclusive.

ProfessorBlaisehasinventeda pop-countcircuit, composedof = l�	 ADDER’s, to implement
POPC on an = -bit word s�w 1 w �Qxzxzx w@{,| � u . Hereis theprofessor’scircuit for = � q :

11 11

2 2 3

Stage1 Stage2 Stage3

w � w � w Zw 1

+ + +

Eachstage� of thiscircuit addsthebit w
�
into arunningsum,which it forwardsto stage�,$ 	 . Each

cableof wiresin thefigureis labeledwith thenumberof its constituentwires.
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(a) Arguethatthestage-� ADDER requiresI ��BEDN�p� outputwires.
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(b) For an input word with = � q bits, the total numberof wires in theprofessor’s pop-
countcircuit is ���K=>� � 	�	 wires.Explainbriefly why therecurrence

����=>� � ����= l�	 �>$ I �KBMDO=>�
accuratelydescribesthe total numberof wires in an = -input circuit. Give a good
asymptoticlower (big-P ) boundfor ����=>� , andbriefly justify youranswer.
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A divide-and-conquerpop-countcircuit operatingon an = -bit word s�w 1 w �yxzxzx w�{Y| � u canbe con-
structedby usingan ADDER componentto combinethe recursively computedpop-countof the
first =>).! bitswith therecursively computedpop-countof thelast =>)�! bits.

(c) Draw a pictureof sucha divide-and-conquerpop-countcircuit on q inputs.Labelthe
numberof wires comprisingeachcable,aswasdonefor ProfessorBlaise’s circuit.
How many wiresdoesthedivide-and-conquercircuit requirefor = � q ?
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(d) Give a recurrencethat describesthe total number ���K=Q� of wires requiredby the
divide-and-conquerpop-countcircuit for an = -bit word. Giveagoodasymptoticupper
(big-T ) boundon ����=>� , andbriefly justify your answer.

(e) DoesProfessorBlaisework atMIT or Harvard?Why?


