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Problem Set 1

MIT students: This problem set is due in lecture on Day6.

Reading:Chapters 1-4 xeluding §4.4; §28.2; §30.1.

Both exercisesand problemsshould be solved, but only the problemsshouldbe turnedin.
Exercisesareintendedo helpyou masterthe coursematerial.Eventhoughyou shouldnotturnin
the ercise solutions, you are responsible for materiatic by the xercises.

Mark the top of eachsheetwith your name,the coursenumbey the problemnumbey your
recitation section, the date, and the names ypkardents with whom you collaborated.

MIT students: Eachproblemshouldbedoneonaseparatshee{or sheetspf three-holgpunched
paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraptshouldsummarizethe problemyou are
solving and what your results afehe body of your essay should pide the follaving:

1. A description of the algorithm in English and, if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shav morepreciselyhow your algorithmworks.
3. A proof (or indication) of the correctness of the algorithm.

4. An analysis of the running time of the algorithm.

Rememberyour goalis to communicate Graderswill be instructedto take off pointsfor corvo-
luted and obtuse descriptions.

Exercise 1-1. Do Exercise 2.3-5 on page 37 in CLRS.
Exercise 1-2. Do Exercise 2.3-7 on page 37 in CLRS.
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Exercise 1-3. Do Exercise 3.1-1 on page 50 in CLRS.
Exercise 1-4. Do Exercise 4.1-6 on page 67 in CLRS.

Exercise 1-5. Rankthe following functions by order of growth; thatis, find an arrangement
g1, 9o, - - -, g3o Of the functionssatisfyingg; = Q2(g2), g2 = Q(g3), --., g2o = Q(gs30). Parti-
tion your list into equivalenceclassesuchthat f(n) andg(n) arein the sameclassif andonly if

f(n) =©(g(n)).
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Problem 1-1. Asymptotic notation for multivariate functions
The generalizatiorof asymptoticnotationfrom onevariableto multiple variablesis surprisingly
tricky. One proper generalization ofabtation for tvo variables is the foll@ing:

Definition 1
O(g(m,n)) = {f(m,n) : there a&ist positve constants g 1, and ¢ such that
0 < f(m,n) < cg(m,n)forallm>myorn>ng}.

Consider the follwing alternatve definition:

Definition 2

O'(g(m,n)) = {f(m,n) : there &ist positve constants m ny, and ¢ such that
0 < f(m,n) < cg(m,n) forall m > myand n>ng} .

(a) Explainwhy Definition 2 is a “bogus” definition. Thatis, what anomaliesdoesthe
definitionof O’ permitthatarecounterintuitve? You mayfind it helpful to illustrate
your answer with a diagram of reént regions of the mx n plane.

Remarkablyfamouscomputeiscientisthave usedDefinition 2 withoutbeingawareof its deficien-
cies. Neverthelesstheir theoremsandanalysescarry over to Definition 1, becausehe functions

they analyzed satisfy tavkey properties.
The first property is “monotonicity”:
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Definition 3 A two-variable function fm,n) is monotonically increasing if
f(m,n) < f(m+1,n)

and
f(m,n) < f(m,n+1)

for all nonngative m and n.
(b) Explain this definition in plain English.

The second property is more complicated:

Definition 4 A two-variablefunctiong(m, n) is multiplicatively separablédf thereexist
aconstant, > 0 andtwo one-\ariablefunctions,a(m) andb(n), suchthatwheneer
m >0,n>0,and gm,n) > L, we hae

g(m,n) < a(m)-g(m —1,n)

and
g(m,n) <b(n) - g(m,n—1).

Intuitively, increasingoneargumentof a multiplicatively separabldunction g increaseshe value
of g by at mosta multiplicative factor which can be boundedin termsof that agumentitself,

independent of the othergument.

(c) Foreachof thefollowing functionsg(m, n), aguethatg is multiplicatively separable.

i. glm,n)=m+n

i. g(m,n)=m?n
iii. g(m,n) =2m+42"
V. g(m,n) =2mt"
vi. g(m,n) =22"12"
(d) Prove that the follving two functions are not multiplicatly separable:
i. g(m,n)=2m"

ii. g(m,n)=m"

Supposéhat f is monotonicallyincreasingand g is multiplicatively separable . Supposédurther
that f(m,n) = O'(g(m,n)), thatis, thereexist positive constantsn,, ny, andc suchthat0 <

f(m,n) < cg(m,n) forall m > myand n> ny.
(e) Prove that therexasts a constant 0 such that
f(m,n) <r-g(max(m,mp), max(n,ng))

for all nonngative m and n.



4 Handout 7: Problem Set 1

(f) Prove that theresasts a constant » 0 such that
g (max(m,mg), max(n,ng)) < s-g(m,n)

for all nonngatve m and n.
(@) Conclude that (fm,n) = O(g(m,n)).

(h) (Extra credit.) Give a propergeneralizatiorof €2 to two variables Justify your defini-
tion.

Problem 1-2. Tree Traversal

Thefollowing pseudocodeés a standardecursve tree-traersalalgorithmfor countingthenumber
of nodes in a tree .AThe initial call ISCOUNT-NODES(root|R)).

COUNT-NODES(z)

1 ifz=NIL

2  thenreturn0

3  else return 1 + COUNT-NODES(left]z])
+ CouNT-NODES(right[x])

Definesize(z)to bethenumberof nodesn thesubtreeootedatnodez € R, andlet 7'(z) denote
the worst-case running time @OUNT-NODES(x).

(a) Give a recurrence for(£) in terms of left(z) and right(z).
(b) Use the substitution method to pecthat 1(z) = O(size(x)).

A commoncompileroptimizationof this code,calledtail recursion,is to replaceoneof therecur
sive calls with a loop, resulting in the foling pseudocode:

COUNT-NODES-TAIL(z)

1 s<0

2 while z # NIL

3 do s« s+ 1+ COUNT-NODES-TAIL(left[z])
4 x « right[z]

5 returns

Let right’[z] denote the ith right descendant of z, that is,

9= rightlright2]] ifi > 0.

Consider the loop irariant

k—1
s =k + Y _ CouNT-NODES-TAIL (left[right’[z]]), (1)

=0
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wherek > 0 is the numberof timesthewhile loop (lines2—4)in COUNT-NODES-TAIL hasbeen
executed.

(c) Prove that if Equation (1) holds for, khen it holds for A+ 1.
Let K (x) be the smallest posit integer for which right*®[z] = NIL.

(d) Prove thatCOUNT-NODES-TAIL returns

K(z)—-1
K(z)+ Y CouNT-NODES-TAIL(left[right’[z]]) .

=0
(e) Prove by induction tha€CouNT-NODES-TAIL(x) correctly computes size(z).

Problem 1-3. Polynomial multiplication

If we havetwo linearpolynomialsax+b andez+d, we canmultiply themusingthefour coeficient
multiplications

my a-c,
my = a-d,
m3 = b-c,
my = b-d

to form the polynomial
miz? + (my + ma)z + my .

(a) Giveadivide-and-conquealgorithmfor multiplying two polynomialsof degree-bounad:
based on this formula.
(b) Give and sole a recurrence for theonst-case running time of your algorithm.

(c) Shov how to multiply two linear polynomialsaxz + b and cx + d usingonly three
coeficient multiplications.

(d) Giveadivide-and-conquealgorithmfor multiplying two polynomialsof degree-boundh
based on your formula from part (c).

(e) Give and sole a recurrence for theonst-case running time of your algorithm.



