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Problem Set 2 Solutions

MIT students. This problemsetis duein lectureon Day 8.

Reading: Chapterss, 7, §5.1-5.3.

Both exercisesand problemsshould be solved, but only the problems should be turnedin.
Exercisesareintendedo helpyou masteithe coursematerial. Eventhoughyou shouldnotturnin
the exercisesolutions,you areresponsibldor materialcoveredby the exercises.

Mark the top of eachsheetwith your name,the coursenumber the problemnumber your
recitationinstructorandtime, thedate,andthenamef ary studentsvith whomyou collaborated.

MIT students. Eachproblemshouldbedoneonaseparatshee{or sheetspf three-holgpunched
paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraptshouldsummarizethe problemyou are
solvingandwhatyour resultsare. The body of your essayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shov morepreciselyhow your algorithmworks.
3. A proof (or indication)of the correctnessf thealgorithm.

4. An analysisof therunningtime of thealgorithm.

Rememberyour goalis to communicate Graderswill be instructedto take off pointsfor corvo-
lutedandobtusedescriptions.
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Exercise 2-1. Do Exercise5.3-1onpagel04of CLRS.

Solution:

RANDOMIZE-IN-PLACE
n < length[A]
ExchangeA[l] «++ A[Random(1,n)]
for i« 2ton
do ExchangeAli] <+ A[Random]i,n]

For our basecase ,we have i initialized to 2. Thereforewe mustshow thatfor eachpossiblel-
permutationthesubarrayA[1] containghis 1-permutatiorwith probability(n —i+1)!/n! = 1/n.
Clearlythisis the case aseachelementhasa chanceof 1/n of beingin thefirst position.

Exercise 2-2. Do Exercise6.1-2onpagel29of CLRS.
Solution:

By definition,a 1 elementheaphasa heightof 0. Therefore|lgn| wheren = 1 is 0 andour base
casels correct.

Now we useinduction,andassumehatall treeswith » — 1 nodesor fewer hasa heightof |lgn].

Next we considera treewith n nodes.Looking atthe n node,we know its heightis onegreater
thanits parent(andsincewe’re notin thebasecase all nodeshave a parent).The parentof thenth

nodein thetreeis alsothe |n/2|th nodein thetree. Thereforeits heightis |lg [n/2]|. Thenthe
nth nodein thetreehasaheightof 1+ |1g |n/2]| = [1 +1g|n/2]| = [lg2 + 1g [n/2]]| = |1gn].

Thereforeby inductionwe have shovn thatthe heightof ann nodetreeis |lgn|.

Exercise 2-3. Do Exercise6.4-3on pagel36of CLRS.
Solution:

Therunningtime of HEAPSORT onanarray A of lengthn thatis alreadysortedin increasingorder
is ©(nlgn) becauseventhoughit is alreadysorted,it will betransformedackinto a heapand
sorted.

Therunningtime of HEAPSORT on anarray A of lengthn thatis sortedin decreasingrderwill
be©(nlgn). Thisoccursbecauseventhoughthe heapwill bebuilt in lineartime, every time the
max elements removedandthe HEAPIFY is calledit will coverthefull heightof thetree.

Exercise 2-4. Do Exercise7.2-2on pagel53of CLRS.

Solution:
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The runningtime will be ©(n?) becausesvery time partition is called, all of the elementswill
be put into the subarrayof elementssmallerthanthe partition. The recurrencewill be T'(n) =
T(n — 1) + ©(n) whichis clearly©(n?)

Exercise 2-5. Do Problem7-3onpagel6lof CLRS.

Solution:

(&) This sortis intuitively correctbecausehe largest1/3rd of the elementswill eventually be
sortedamungtheir peers.If they arein thefirst third of thearrayto begin with, they will be sorted
into themiddlethird. If they arein themiddle or lastthird, thenthey will obviously be sortedinto
their properposition. Similarly any elementwhich belongsin the eachof the thirdswill be sorted
into positionby thethreesub-sorts.

(b)
T(n) =3T(2n/3) + ©(1)

Which solvesto ©(n!°8153) ~ n27

(c) STOOGESORT is slowerthanall of the otheralgorithmswe have studied.INSERTION = O(n?),
MERGE SORT = O(nlgn), HEAPSORT = O(nlgn), andQUICKSORT = n?. Thereforeall other
sortsarefasterandtheseprofessorglo notdesere tenurefor this work!

Problem 2-1. Average-case performance of quicksort

We have showvn that the expectedtime of randomizedquicksortis O(nlgn), but we have not
yet analyzedthe average-casperformanceof ordinaryquicksort. We shall prove that, underthe
assumptiorthatall input permutationsareequallylikely, not only is the runningtime of ordinary
quicksortO(nlgn), butit performsessentiallthesamecomparisonandexchange$etweerinput
elementsasrandomizedjuicksort.

Considettheimplementatiorof PARTITION givenin lectureonasubarrayA[p..r]:

PARTITION(A, p, )
z < Alp]
14 P
forj«<p+1tor

do if A[j] <=z

theni« i +1
exchangeA[i] + A[j]

exchangeAlp] <+ Ali]
return g

O~NO O WN PR

Let S beasetof distinctelementsvhich areprovidedin randomorder(all ordersequallylikely)
astheinputarrayA[p..r] to PARTITION, wheren = r — p+ 1 isthesizeof thearray Letz denote
theinitial valueof A[p].
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(@) ArguethatA[p + 1..r]isarandompermutatiorof S — {z}, thatis, thatall permuta-
tionsof theinputsubarrayA[p + 1..r] areequallylikely.

Solution:

Giventhat A[p..r] is random(all ordersare equally likely), thereare n! possible
permutationf then = r — p + 1 elements.Eachelementhasa 1/n probability
of beingchosenasthe pivot, thereforethe numberof permutationof the remaining
elementdsn! - 1/n = (n — 1)!. Consequentlyhe (n — 1)! permutationsreequally
likely.

Defined : S — {—1,0,+1} asfollows:

-1 ifs<uzx,
i(s) = 0 ifs=uz,

+1 ifs>zx.

(b) Considettwo inputarraysA;[p..r|andAs[p..r| consistingof theelementof S such
thato(Aq[i]) = 6(Axli]) foralli = p,p+1,...,r. Supposahatwe run PARTITION
on A;[p..r] andAs[p..r| andtracethe two executionsto recordthe branchegaken,
indicescalculated,and exchangegperformed— but not the actualarray valuesma-
nipulated.Arguebriefly thatthe two executiontracesareidentical. Arguefurtherthat
PARTITION performsthe samepermutatioron bothinputs.

Solution:

PARTITION takes differentbranchesasedonly on the comparisonsnadein the ¢
function. Thisis clearby observindine 4 of thefunction,asit is theonly placewhere
the sequenceof instructionsmay differ. As the arrayshave identical () function
valuesthey musttake the samebranchesgalculatethe sameindiciesandperformthe
sameexchanges.ConsequentlyPARTITION will performthe samepartition on both
arrayswhichfollows directly asthe exchangeperformedareidentical.

Defineasequencd” = (fi, fo, ..., fn) tobean(n, k) input patternif f; =0, f; € {—1,+1} for
i=23,...,n,and|{i: fi= -1} =k — 1.

Defineasequencd’ = (fi, f», - .., fn) to bean(n, k) output patternif
-1 ifi<k,
fi= 0 ifi=k,
+1 ifi>k.

We saythatapermutation(ss, s, ..., s,) Of S satisfiesapatternF’ = (fi, fo,..., fu) if (s;) = fi
foralli =1,2,...,n.
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(c) How mary (n, k) inputpatternsarethere?How mary (n, k) outputpatternsarethere?
Solution:

Thereare (Zj) (n, k) input patternsbecauseave canchoosek — 1 positionsout of
n — 1 possiblepositionsto have § = —1. Thereis one(n, k) outputpatternbecause
the patternmustbe exactly £ — 1 negative onesfollowed by a 0, followedby n — &

ones.

(d) How mary permutationsof S satisfy a particular(n, k) input pattern? How mary
permutation®f S satisfya particular(n, k) outputpattern?

Solution:

(n — k)!(k — 1)! permutationsare possibleof S to satisfya particularinput pattern.
Thisis thetotal numberof waysto rearrangehe elementavhich have aé valueof —1
amongsthemseles,andrearrangehosewith avalueof 1 amongsthemseles.There
arealso(n — k)!(k — 1)! permutationgossibleto satisfya particularoutputpattern
for thesamereason.

Let F = (f1, f2, ..., fn) Dean (n, k) input pattern,andlet F' = (f{, f5,..., f.) bean (n, k)
outputpattern. Define S| to be the setof permutationf S that satisfy ', andlikewise define
S|z to bethesetof permutation®f S thatsatisfy F”.

(e) ArguethatPARTITION implementsa bijectionfrom S| to S|z. (Hint: Usethefact
from grouptheorythat composinga fixed permutationwith eachof the n! possible
permutationyieldsthe setof all n! permutations.)

Solution:

All memberof S| satisfyF’ andsothey all have the sameresultwhenthed function
is appliedto its elements. Thereforeby part (b) whenall theseinputs are givento
PARTITION they aresubjectto the samepermutation.Using the hint, we thenknow
thatafterall of thedistinctinputsarerun throughPARTITION thatthey will produce
all (n — k)!(k — 1)! distinctoutputs.Frompart(d) we know thatS|r andS|z arethe
samesize,andalsowe have proventhatPARTITION is onto,andthereforePARTITION
mustbe a bijection!

(f) Supposehatbeforethecallto PARTITION, theinputsubarrayd[p+1..r]isarandom
permutationof S — {z}, wherex = A[p]. Argue that after PARTITION, the two
resultingsubarraysarerandompermutation®f their respectre elements.

Solution:

Usingour solutionfrom part(e), we know thatafter PARTITION isrunon S|z, we get
all valuesin thesetS| . Thereforewe getall permutation®f then — k& onesandall
permutation®f thek — 1 negative ones.Furthermorewe geteachsub-arraypermu-
tationsanequalnumberof timesandsothe subarraysrealsorandompermutations.
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(g) Useinductionto showv that, underthe assumptionthat all input permutationsare
equallylikely, at eachrecursve call of QUICKSORT(A, p, ), every elementof S be-
longingto A[p..r| is equallylikely to bethepivotz = A[p].

Solution:

The basecasefor the initial array; we know thatit is randomlypermutedandso by
part(f) and(a) eachof its subarraysvill alsoberandomlypermutedafterPARTITION.
Thereforewe caninductively apply (f) ateachpartitionto prove thatevery subarray
will alsoberandomlypermuted.

(h) Use the analysisof RANDOMIZED-QUICKSORT to concludethat the average-case
runningtime of QUICKSORT onn elementss O(nlgn).

Solution:

By part(g) we know thatunderthe assumptiorthattheinput patternis randomevery

elemenis equallylik ely to bechoserasthepivotateachrecursve call whichthenpro-
duceghesameandomdistributionof quicksorttracesasRANDOMIZED-QUICK SORT.
Thereforeastheirdistributionis thesametheexpected-casanalysiSor RANDOMIZED-QUICK SORT
will applytotheaveragecaseof QUICKSORT. Thereforegheaveragecaseof QUICKSORT
alsotakesO(n logn) time.

Problem 2-2. Analysisof d-ary heaps

A d-ary heapis like abinaryheap put (with onepossiblesxception)nonleafnodeshave d children
insteadof 2 children.

(a) How wouldyourepresenad-ary heapin anarray?
Solution:

The d-ary heapwould be similar to a binary heapwith the parentandchild indexes
calculatedasfollows:

Parent[i] = |i/d]

jth-Child[i]] =d-i+ jwherej =0...d—1

Theroot of thetreewould beatindex: = 1.

Alternate Solution: A d-ary heapcan be representedn a 1-dimensionalarray as
follows. Theroot is keptin A[1], its d childrenare keptin orderin A[2] through
A[d + 1], their childrenarekeptin orderin A[d + 2] throughA[d? + d + 1], andsoon.
Thetwo procedureshatmapa nodewith index i to its parentandto its jth child (for
1 < j < d), respectiely, are;
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(b)

(©

D-ARY-PARENT (%)
return [(i —1)/d]

D-ARY-CHILD (4, 7)
return d(i —1)+j+1

To corvinceyourselfthattheseprocedureseally work, verify that
D-ARY-PARENT (D-ARY-CHILD (4, 7)) =1,

forany 1 < j < d. Noticethatthe binary heapproceduresrea specialcaseof the
above proceduresvhend = 2.

Whatis the heightof a d-ary heapof n elementsn termsof n andd?
Solution:

CORRECTION
A d-ary heapwould have a heightof ©(log, n). We know that

l+d+d+... +d"?! < n < 14+d+d+...+d"
d"—1 < @< dhtl —1
d—1 - d-1
d" < nd-1)+1 < d"*!

h < logyn(d—1)4+1) < h+1

whichsolvesto h = [(log,(n(d — 1) + 1) — 1)].

Give anefficientimplementatiorof EXTRACT-MAX in ad-ary max-heapAnalyzeits
runningtime in termsof d andn.

Solution:

HEAPIFY (A, 4, n,d)
17—
2 fork<+0tod—1
ifd+i+k <nandA[dxi+ k] > A[j]
thenj=dxi+k
if 7 £14
then
ExchangeA[i] «+» A[j]
HEAPIFY (4, j,n,d)

o~NO Ol b~ W

The runningtime of HEAPIFY is O(dlog, n) becauset eachdepthwe are doing d
loops,andwe recurseto the depthof the tree. In HEAPIFY we comparethe the ith
nodeandeachof its childrento find the maximumvaluefor all of the nodes.Thenif
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the maximumchild is greaterthanthe ith node,we switchthe two nodesandrecurse
onthechild.

EXTRACT-MAX(A, n)
mazx <+ A[l]

A[l] + Aln]
n=n-—1
HEAPIFY (A, 1,n,d)
returnmax

a b~ wbNPE

Therunningtime of thisalgorithm,is clearly constantvork plusthetime of HEAPIFY
which asshavn above is O(d * loggn). EXTRACT-MAX works by storingthe value
of themaximumelementmoving the minimumelemeninto theroot of theheap,and
thencalling heapifyto restorethe heapproperty

(d) Giveanefficientimplementatiorof INSERT in ad-ary max-heapAnalyzeits running
timein termsof d andn.

Solution:

Seenext problempartfor INCREASE-KEY definition.

INSERT (A, k, n,d)

1 ne—n+1

2 Anl=-oc0

3 INCREASE-KEY (4,1, k,n)

Fromthefollowing problempart, we know INCREASE-KEY runsin O(log,n) time,

thereforesince INSERT only addsconstanttime operationsit is also O(log, n). It

is rathertrivially correctasthe algorithm hasnot changedbecausaall calculations
involving the numberof childrenareperformedby INCREASE KEY.

(e) Giveanefficientimplementatiorof INCREASE-KEY (A, 7, k), whichfirst setsA[i]
max(A[i], k) andthenupdateghe d-ary max-heapstructureappropriately Analyze
its runningtime in termsof d andn.

Solution:
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INCREASE-KEY (A, i, k)
1 A[i] «+ max(A[i], k)

2 if k= Al

3 whilei>1 andA[[gJ] < Ali]
4 do

5 Exchanged[i] <> A[|4]]
6 i [ﬂ

Our implementatiorioopsproportionallyto at mostthe depthof thetree,thereforeit
runsin O(loggn) time. INCREASE-KEY loops,at eachstepcomparingthe increased
nodeto its parentand exchangingthemif the heappropertyis violated. Therefore,
oncethe algorithm terminateswe know that the nodeonceagainsatisfiesthe heap
propertyandhasthe correctvalue.

(f) Whenmightit bebetterto usea d-ary heapinsteadof a binaryheap?
Solution:

It would be betterto usea d-ary heapwhenit is predictedthat the heapwill do
mary more INSERTS and INCREASE-KEY s than EXTRACT-MAXS becausd NSERT
andINCREASE-KEY arefasteralgorithmsasd increasesvhile EXTRACT-MAX gets
slower.



