
Introduction to Algorithms                                                                                                   Day 10
MassachusettsInstituteof Technology 6.046J/18.410J
Singapore-MITAlliance SMA5503
ProfessorsErik Demaine,LeeWeeSun,andCharlesE. Leiserson Handout12

Problem Set 2 Solutions

MIT students: Thisproblemsetis duein lectureon Day 8.

Reading: Chapters6, 7,
�
5.1-5.3.

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.
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Exercise 2-1. Do Exercise5.3-1onpage104of CLRS.

Solution:

RANDOMIZE-IN-PLACE��� �����	��

�������
Exchange������������������� ��!#"%$&�(')�+*,�
for - � . to �

do Exchange�/� - ��� �/�0���1�2��!3"%� - ')���
For our basecase,we have - initialized to 2. Thereforewe mustshow that for eachpossible1-
permutation,thesubarrayA[1] containsthis1-permutationwith probability $��54 -36 �7*98;:<�=8?>@�3:#� .
Clearlythis is thecase,aseachelementhasachanceof �7:<� of beingin thefirst position.

Exercise 2-2. Do Exercise6.1-2onpage129of CLRS.

Solution:

By definition,a � elementheaphasa heightof A . Therefore BDCFE �	G where�H>I� is A andour base
caseis correct.

Now we useinduction,andassumethatall treeswith �J4K� nodesor fewer hasa heightof BLCFE �	G .
Next we considera treewith � nodes.Looking at the � node,we know its heightis onegreater
thanits parent(andsincewe’renot in thebasecase,all nodeshaveaparent).Theparentof the � th
nodein thetreeis alsothe B �+:M.#G th nodein thetree. Thereforeits heightis BDCNE�B �2:(.#G�G . Thenthe� th nodein thetreehasaheightof � 6OBPCFE�B �+:(.3G�G�> B � 6QCNE�B �2:(.#G�G5> BDCFE . 6RCNE�B �2:(.#G�G5> BLCFE �	G .
Thereforeby inductionwe haveshown thattheheightof an � nodetreeis BDCNE �	G .
Exercise 2-3. Do Exercise6.4-3onpage136of CLRS.

Solution:

Therunningtimeof HEAPSORT onanarray � of length � thatis alreadysortedin increasingorder
is S $�� CFE �2* becauseeventhoughit is alreadysorted,it will betransformedbackinto a heapand
sorted.

Therunningtime of HEAPSORT on anarray � of length � that is sortedin decreasingorderwill
be S $�� CFE �+* . Thisoccursbecauseeventhoughtheheapwill bebuilt in lineartime,every time the"J�(T elementis removedandtheHEAPIFY is calledit will cover thefull heightof thetree.

Exercise 2-4. Do Exercise7.2-2onpage153of CLRS.

Solution:
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The running time will be S $L� U9* becauseevery time partition is called,all of the elementswill
be put into the subarrayof elementssmallerthanthe partition. The recurrencewill be V $��+*W>V $��X4K�3* 6YS $��+* which is clearly S $�� U *
Exercise 2-5. Do Problem7-3 on page161of CLRS.

Solution:

(a) This sort is intuitively correctbecausethe largest �7:MZ rd of the elementswill eventuallybe
sortedamungtheirpeers.If they arein thefirst third of thearrayto begin with, they will besorted
into themiddlethird. If they arein themiddleor lastthird, thenthey will obviouslybesortedinto
their properposition.Similarly any elementwhich belongsin theeachof thethirdswill besorted
into positionby thethreesub-sorts.

(b) V $L�+*[>\Z V $].<�+:<Z1* 6^S $&�3*
Which solvesto S $��	_�`,a9bDc d7e9*[fg� Uih j
(c) STOOGESORT is slowerthanall of theotheralgorithmswehavestudied.INSERTION > S $�� U * ,
MERGE SORT > S $L� CNE �2* , HEAPSORT > S $�� CFE �+* , andQUICKSORT >k� U . Thereforeall other
sortsarefasterandtheseprofessorsdonotdeserve tenurefor this work!

Problem 2-1. Average-case performance of quicksort

We have shown that the expectedtime of randomizedquicksort is l $L� CNE �2* , but we have not
yet analyzedtheaverage-caseperformanceof ordinaryquicksort. We shall prove that,underthe
assumptionthatall input permutationsareequallylikely, not only is therunningtime of ordinary
quicksortl $L� CNE �+* , but it performsessentiallythesamecomparisonsandexchangesbetweeninput
elementsasrandomizedquicksort.

Considertheimplementationof PARTITION givenin lectureon asubarray��� mon�nip3� :
PARTITION

$��q'rm+')pM*
1 TX� �/� m?�
2 - �sm
3 for t �um 6 � to p
4 do if ��� t �wvOT
5 then - � -	6 �
6 exchange��� - ��� ��� t �
7 exchange��� mx��� �/� - �
8 return -

Let y bea setof distinctelementswhich areprovidedin randomorder(all ordersequallylikely)
astheinputarray �/� mon�nip#� to PARTITION , where��>zp{4/m 6 � is thesizeof thearray. Let T denote
theinitial valueof ��� mx� .
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(a) Arguethat ��� m 6 �|n�nip3� is a randompermutationof y 4Y}7T+~ , thatis, thatall permuta-
tionsof theinput subarray��� m 6 �|n�n
p#� areequallylikely.

Solution:

Given that ��� mon�nip3� is random(all ordersare equally likely), thereare �=8 possible
permutationsof the ��>�pW4Rm 6 � elements.Eachelementhasa �7:<� probability
of beingchosenasthepivot, thereforethenumberof permutationsof the remaining
elementsis ��8����3:#�%>�$L��4��3*�8 . Consequentlythe $���4��3*98 permutationsareequally
likely.

Define ����y�� }14o�(' A ' 6 �M~ asfollows:

� $]�#*[>
��� �� 4q� if �q�YT�'A if �5>�T�'6 � if �q�YT�n

(b) Considertwo inputarrays�o�9� mon�n)p3� and � U � mqn�nip3� consistingof theelementsof y such
that � $L�o��� - �P*�> � $�� U � - �P* for all - >zm2'rm 6 �('�n�n�n�'ip . Supposethatwe run PARTITION

on �o��� mon�nip3� and � U � mon�n
p#� andtracethetwo executionsto recordthebranchestaken,
indicescalculated,andexchangesperformed— but not the actualarrayvaluesma-
nipulated.Arguebriefly thatthetwo executiontracesareidentical.Arguefurtherthat
PARTITION performsthesamepermutationon bothinputs.

Solution:

PARTITION takes different branchesbasedonly on the comparisonsmadein the �
function.This is clearby observingline 4 of thefunction,asit is theonly placewhere
the sequenceof instructionsmay differ. As the arrayshave identical � $]* function
values,they musttake thesamebranches,calculatethesameindiciesandperformthe
sameexchanges.ConsequentlyPARTITION will performthe samepartition on both
arrays,which followsdirectlyastheexchangesperformedareidentical.

Definea sequence� >��r�1�9'�� U '�n�n�n�'��7�1� to bean $L�='��x* input pattern if �(��> A , �7�= ¡}�4o�(' 6 �M~ for- >\.¢')Z?'�n�n�n�')� , and £ } -|� �7�2>@4q�M~ £ >\��4K� .
Defineasequence� >I�]�1�9'�� U '�n�n�n�'��7�1� to bean $L�='��?* output pattern if

�3� > ��� �� 4o� if - �O�¤'A if - >z�¤'6 � if - �O�¤n
Wesaythatapermutation�]�<�9'�� U '�n�n�n�'����M� of y satisfiesapattern� >¥�¦�1��'�� U '�n�n�n�'��3�(� if � $]���L*[>g�7�
for all - >@�('�.�'�n�n�n9')� .
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(c) How many $L�='��x* inputpatternsarethere?How many $���'��x* outputpatternsarethere?

Solution:

Thereare § �<¨©�ª ¨©�¦« $���'��x* input patternsbecausewe canchoose�¬4�� positionsout of��4\� possiblepositionsto have � >­4q� . Thereis one( ��'�� ) outputpatternbecause
thepatternmustbeexactly �®4\� negative onesfollowedby a 0, followedby �¯4O�
ones.

(d) How many permutationsof y satisfya particular $��='��x* input pattern? How many
permutationsof y satisfyaparticular $L�='��x* outputpattern?

Solution:$L�°4��x*�8P$]�®4g�3*98 permutationsarepossibleof y to satisfya particularinput pattern.
This is thetotalnumberof waysto rearrangetheelementswhichhavea � valueof 4o�
amongstthemselves,andrearrangethosewith avalueof 1 amongstthemselves.There
arealso $��°4O�x*98N$r�®4z�3*98 permutationspossibleto satisfya particularoutputpattern
for thesamereason.

Let � > �r�1��'�� U '�n�n�n�'��3�M� be an $L�='��x* input pattern,and let ��± > �¦� ±� '�� ±U '�n�n�n�'�� ±� � be an $L�='��?*
outputpattern.Define y5£ ² to be the setof permutationsof y that satisfy � , andlikewisedefiney³£ ²x´ to bethesetof permutationsof y thatsatisfy ��± .

(e) Arguethat PARTITION implementsa bijectionfrom y³£ ² to y5£ ²x´ . (Hint: Usethe fact
from grouptheorythat composinga fixed permutationwith eachof the �=8 possible
permutationsyieldsthesetof all �=8 permutations.)

Solution:

All membersof y³£ ² satisfy � andsothey all havethesameresultwhenthe � function
is appliedto its elements.Thereforeby part (b) whenall theseinputsaregiven to
PARTITION they aresubjectto thesamepermutation.Using thehint, we thenknow
thatafterall of thedistinct inputsarerun throughPARTITION that they will produce
all $L�¤4µ�x*�8P$]�o4Q�3*98 distinctoutputs.Frompart $��¢* weknow that y³£ ² and y³£ ²x´ arethe
samesize,andalsowehaveproventhatPARTITION is onto,andthereforePARTITION

mustbeabijection!

(f) Supposethatbeforethecall to PARTITION , theinputsubarray�/� m 6 �|n�n)p3� is arandom
permutationof y 4I}7T+~ , where T¶> ��� mx� . Argue that after PARTITION , the two
resultingsubarraysarerandompermutationsof their respectiveelements.

Solution:

Usingoursolutionfrom part(e),weknow thatafterPARTITION is runon y³£ ² , weget
all valuesin theset y³£ ²x´ . Thereforewe getall permutationsof the �J4^� onesandall
permutationsof the �W4·� negativeones.Furthermore,we geteachsub-arraypermu-
tationsanequalnumberof timesandsothesubarraysarealsorandompermutations.
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(g) Use induction to show that, under the assumptionthat all input permutationsare
equallylikely, at eachrecursive call of QUICKSORT

$��q'rm+')pM* , every elementof y be-
longingto ��� mon�nip3� is equallylikely to bethepivot T�>·�/� m?� .
Solution:

Thebasecasefor the initial array;we know that it is randomlypermuted,andsoby
part $]�2* and $��¢* eachof itssubarrayswill alsoberandomlypermutedafterPARTITION .
Thereforewe caninductively apply $r�2* at eachpartitionto prove thatevery subarray
will alsoberandomlypermuted.

(h) Use the analysisof RANDOMIZED-QUICKSORT to concludethat the average-case
runningtimeof QUICKSORT on � elementsis l $L� CNE �+* .
Solution:

By part(g) we know thatundertheassumptionthattheinput patternis randomevery
elementisequallylikely to bechosenasthepivotateachrecursivecall whichthenpro-
ducesthesamerandomdistributionof quicksorttracesasRANDOMIZED-QUICKSORT.
Thereforeastheirdistributionis thesame,theexpected-caseanalysisfor RANDOMIZED-QUICKSORT

will applyto theaveragecaseof QUICKSORT. Thereforetheaveragecaseof QUICKSORT

alsotakes l $�� CF¸(E �+* time.

Problem 2-2. Analysis of � -ary heaps

A � -ary heapis likeabinaryheap,but (with onepossibleexception)nonleafnodeshave � children
insteadof 2 children.

(a) How wouldyou representa � -aryheapin anarray?

Solution:

The � -ary heapwould be similar to a binary heapwith the parentandchild indexes
calculatedasfollows:¹ �1pM���	
�� - ��> BD- :<�1Gt th-Child[- ] >z�q� -	6%t wheret > A n�n�ni�o4K�
Therootof thetreewouldbeat index - >k� .
Alternate Solution: A � -ary heapcan be representedin a � -dimensionalarray as
follows. The root is kept in ������� , its � children are kept in order in ���0.#� through�/�0� 6 ��� , theirchildrenarekeptin orderin ����� 6 .3� through�����1U 6 � 6 ��� , andsoon.
Thetwo proceduresthatmapa nodewith index - to its parentandto its t th child (for�ov t v�� ), respectively, are;
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D-ARY-PARENT $ - *
return º $ - 4K�3*
:M�(»

D-ARY-CHILD
$ - ' t *

return ��$ - 4O�3* 6%t56 �
To convinceyourselfthattheseproceduresreallywork, verify that

D-ARY-PARENT $ D-ARY-CHILD $ - ' t *i*[> - '
for any ��v t v�� . Notice that thebinaryheapproceduresarea specialcaseof the
aboveprocedureswhen �/>\. .

(b) Whatis theheightof a � -aryheapof � elementsin termsof � and � ?
Solution:

CORRECTION
A � -aryheapwouldhavea heightof S $ CN¸(E(¼ �+* . Weknow that� 6 � 6 � U 6 n�n�n 6 �1½ ¨©� � �¾v � 6 � 6 � U 6 n�n�n 6 �1½� ½ 4O��o4K� � �¾v � ½9¿ � 4^��q4K���½ � �{$]�q4K�7* 6 �·v �1½�¿ �� � CF¸(E(¼ $��{$]�o4K�3* 6 �3*�v � 6 �
whichsolvesto �¬> º $ CN¸(E ¼ $L�[$��q4K�3* 6 �3*=4O�3*,» .

(c) Giveanefficient implementationof EXTRACT-MAX in a � -arymax-heap.Analyzeits
runningtime in termsof � and � .

Solution:

HEAPIFY $L��' - ')�=')�¢*
1 t/� -
2 for �¤� A to �o4K�
3 if �ÁÀ -�6 �¬vK� and �/�0��À -�6 ���w�^�/� t �
4 then t >z��À -�6 �
5 if t�Â> -
6 then
7 Exchange�/� - � � �/� t �
8 HEAPIFY $��q' t ')�=')�¢*

The runningtime of HEAPIFY is l $]� CN¸(E#¼ �+* becauseat eachdepthwe aredoing �
loops,andwe recurseto the depthof the tree. In HEAPIFY we comparethe the - th
nodeandeachof its childrento find themaximumvaluefor all of thenodes.Thenif
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themaximumchild is greaterthanthe - th node,we switchthetwo nodesandrecurse
on thechild.

EXTRACT-MAX (A, n)
1 "J�1TX� �/�Ã���
2 ��������� �/���	�
3 �Ä>��J4O�
4 HEAPIFY (A, 1, n, d)
5 return "J�(T

Therunningtimeof thisalgorithm,is clearlyconstantwork plusthetimeof HEAPIFY

which asshown above is l $��/À��L!7� ¼ �2* . EXTRACT-MAX worksby storingthevalue
of themaximumelement,moving theminimumelementinto therootof theheap,and
thencallingheapifyto restoretheheapproperty.

(d) Giveanefficient implementationof INSERT in a � -arymax-heap.Analyzeits running
time in termsof � and � .

Solution:

Seenext problempartfor INCREASE-KEY definition.

INSERT $L��'��	')�='���*
1 �Ä��� 6 �
2 ��������>¥4³Å
3 INCREASE-KEY $L��' - '���')�2*

Fromthe following problempart,we know INCREASE-KEY runsin l $ CN¸(E ¼ �2* time,
thereforesinceINSERT only addsconstanttime operationsit is also l $ CF¸(E ¼ �+* . It
is rathertrivially correctas the algorithm hasnot changedbecauseall calculations
involving thenumberof childrenareperformedby INCREASE KEY .

(e) Giveanefficient implementationof INCREASE-KEY $��q' - '��?* , which first sets��� - �2�Æ¤Ç#È2$��/� - �r'��?* andthenupdatesthe � -ary max-heapstructureappropriately. Analyze
its runningtime in termsof � and � .

Solution:
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INCREASE-KEY $L��' - '��x*
1 ��� - ����Æ®Ç#È2$L��� - �]'��x*
2 if �W>z�/� - �
3 while - �g� and ���,É �¼7Ê �w�O�/� - �
4 do
5 Exchange�/� - � � �/�&É �¼ Ê �
6 - � É �¼�Ê

Our implementationloopsproportionallyto at mostthedepthof thetree,thereforeit
runsin l $��L!3� ¼ �+* time. INCREASE-KEY loops,at eachstepcomparingthe increased
nodeto its parentandexchangingthemif the heappropertyis violated. Therefore,
oncethe algorithmterminateswe know that the nodeonceagainsatisfiesthe heap
propertyandhasthecorrectvalue.

(f) Whenmight it bebetterto usea � -aryheapinsteadof abinaryheap?

Solution:

It would be better to usea � -ary heapwhen it is predictedthat the heapwill do
many more INSERTs and INCREASE-KEY s than EXTRACT-MAX s becauseINSERT

andINCREASE-KEY arefasteralgorithmsas � increaseswhile EXTRACT-MAX gets
slower.


