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Problem Set1 Solutions

Exercisel-1. Do Exercise2.3-50npage37in CLRS.
Solution:

ProcedurdBINARY-SEARCH takesasortedarray A, avaluev, andarangeflow. . high] of thearray
in whichthevaluev shouldbesearchedor. Theprocedure&eompare® to themidpointof therange
anddecidesto eliminatehalf the rangefrom further consideration.Both iterative andrecursve
versionsaregiven. Theseversionsshouldbeinitially calledwith therange[1. . length[A]].

I TERATIVE-BINARY-SEARCH (A, v, low, high)
while low < high
do mid < | (low + high)/2]

if v = A[mid]

then return mid
if v > A[mid]

then low < mid + 1

else high <+ mid—1
return NIL
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RECURSIVE-BINARY-SEARCH (A4, v, low, high)
if low > high
thenreturn NIL
mid < | (low + high) /2]
if v = A[mid]
then return mid
if v > A[mid]
then return RECURSIVE-BINARY-SEARCH (A, v, mid + 1, high)
else return RECURSIVE-BINARY-SEARCH (A, v, low, mid — 1)
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Both proceduregerminatethe searchunsuccessfullyvhenthe rangeis empty(i.e., low > high)
andterminatesuccessfullyif the valuev hasbeenfound. Basedon the comparisornof v to the
middle elementin the searchedange the searchcontinueswith therangehalved. Therecurrence
for theseproceduress thereforel'(n) = T'(n/2) + ©(1), whosesolutionis T'(n) = ©(lgn).
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Exercisel-2. Do Exercise2.3-7onpage37in CLRS.
Solution:

Thefollowing algorithmsolvesthe problem:

1.Sorttheelementsn S usingmeigesort.
2.Remaethelastelementfrom S. Let y bethevalueof theremovedelement.
3.If S isnonemptylook for z = x — y in S usingbinarysearch.

4.If S containssuchanelementz, thenstop, sincewe have foundy andz suchthatz = y + z.
OtherwiseepeatStep2.

5.1f S is empty thennotwo elementsn S sumto x.
Noticethatwhenwe consideranelementy; of S duringith iteration,we don'’t needto look atthe
elementghat have alreadybeenconsideredn previous iterations. Supposéehereexistsy; € S,
suchthatz = y; + y;. If j <1, i.e.if y; hasbeenreachedrior to y;, thenwe would have foundy;

whenwe weresearchindor x — y; during jth iterationandthe algorithmwould have terminated
then.

Stepl takes©(n lgn) time. Step2 takesO(1) time. Step3 requiresat mostlgn time. Steps2—4
arerepeatedt mostn times. Thus,thetotal runningtime of thisalgorithmis © (n 1g n). We cando
amorepreciseanalysisf we noticethat Step3 actuallyrequires9(lg(n — 7)) time at:th iteration.
However, if we evaluatey"?~' 1g(n — i), we getlg(n —1)!, whichis ©(n g n). Sothetotal running
timeis still ©(nlgn).

Exercisel-3. Do Exercise3.1-1onpage50in CLRS.
Solution:

By thedefinitionof ©-notation(CLRS p. 42) we mustshaw thatthereexist positive constants:,
¢, andny suchthatfor n > ny,

0 < er(f(n) +g(n)) < max(f(n),g(n)) < ca(f(n) +g(n)) .

Without loss of generality let max(f(n), g(n)) = f(n). Clearly, f(n) + g(n) < 2f(n). Also,
sinceg(n) > 0, f(n) +g(n) > f(n). Thus,selectings; = 1/2 ande, = 1 andny = 1 satisfieghe
definition.

Exercisel-4. Do Exercised4.1-6onpage67in CLRS.
Solution:
Letn = 2™ or, equivalently m = log, n. Therecurrencéoecomes

T(2™) = 2T(2™?%) +1.
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We will needonemoresubstitution:Let S(m) = T'(2™). Therecurrenceghenbecomes:
S(m)=2S(m/2)+1.

By the mastermethod,S(m) = ©O(m). Equialently, in termsof 7" we have T'(2™) = O(m).
Goingbackto n (= 2™), we get
T(n) = ©(logy n)

Exercisel-5. Rankthe following functionsby order of growth; thatis, find an arrangement
g1, 92, - - -, g3o Of the functionssatisfyingg; = Q(g2), g2 = Q(93), ---, 920 = Q(g30). Parti-
tion your list into equivalenceclassesuchthat f(n) andg(n) arein the sameclassif andonly if

f(n) =6(g(n)).

elg'n) VF w2 w e lg()
3" n? lgZn lg(n!) n?tsinn n'/lgn
1 lg*(lgn) n-2" n'8e™  Inn Inlnn
"1 i 1
3en  (Ign)'e™ 2" nlgn > - ] (1 — —)
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Solution:
Therankingis basedon thefollowing facts:

e exponentialfunctionsgrow fasterthanpolynomialfunctions,which grow fasterthanlog-
arithmicfunctions;

e thebaseof alogarithmdoesnot matterasymptoticallybut the baseof anexponentialand
thedegreeof a polynomialdo matter

In additionseveralidentitiesarehelpful:
1. (Ilgn)'e™ = plelen
2. 2ln=—p
3. 2 =n!/!8" (raisethe previousoneto the power 1/ 1gn)
4. 2V?ln — p\/2/1gn (raisethe previousoneto the power /2 1g n)
5. (Ve =y
6. lim (1+z/n)" =¢"

Finally Stirling’s approximatiorboundsareusefulin rankingexpressionwith factorials:
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e lg(n!)=0(nlgn)

o nl=0(n"/2em)

Soherestheranking(listedfrom left to right by row)

92"+ 22" n! en n - 2" o
(3" n'slen (Ign)'e” n’ n’ Yk—o(k/1gk)
lg(n!) Z2lgn 2len (V2)er En (4/3)F Ig*n
Inn > oh—1 373 +—gk?)2k++k1+ 5 Inlnn lg*Q(n") lg*(lgn)lg(lg*)n

e e /M nt/er L Sagpt ey M- 1/k)

Theoscillatingfunctionrn?**i2" doesnot fit in the rankingbecausalthoughn?*st* = Q(n) and
n® = Q(n?sin7) it is not Q-relatedto n2.

Theequvalenceclassesleterminedy the © relationshipare:

0k o1/lgn <n k* + 3k +1
1'{17219:16 /k,TL s 2ok=1 3k4+5k2+k+2’}

2{1g"(n"),1g"(1gn)}
3{n,2's"}

4 {nlgn,lg(n!)}
5{(lgn)'s", nlelsn}

n K +3k+1
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Problem 1-1. Asymptotic notation for multi variate functions

The generalizatiorof asymptoticnotationfrom onevariableto multiple variablesis surprisingly
tricky. Onepropergeneralizatiorof O-notationfor two variabless the following:

Definition 1
O(g(m,n)) = {f(m,n) : thereexist positive constantsn,, ny, andc suchthat
0 < f(m,n) < cg(m,n)forallm > mgorn > ng} .

Considerthefollowing alternatve definition:

Definition 2

O'(g(m,n)) = {f(m,n) : thereexist positive constantsn,, nq, andc suchthat
0 < f(m,n) < cg(m,n)forallm > myandn > ny} .
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(a) Explainwhy Definition 2 is a “bogus” definition. Thatis, what anomaliesdoesthe
definitionof O’ permitthatare counterintuitve? You mayfind it helpful to illustrate
your answeiwith adiagramof relevantregionsof them x n plane.

Solution:

The distinction betweenthesetwo interpretationscan bestbe illustrated with a di-

agramof the spaceparameterizedby m andn; seeFigure1l. The definition of O’

requiresthat the inequality hold in the shadedrectanglein Figure 1(a), definedby

m > mg andn > ng, leaving the stripsm < mg andn < ny uncovered.In contrast,
the definition of O requiresin additionthatthe inequality hold for sufficiently large
valuesin thosestrips,i.e., for theshadedegionin Figurel(b). Ideally, we would also
hopefor theinequalityto hold for all valuesof m andn, asin Figure1(c); we call this
theunrestricted inter pretation.

o n2 n2
alp—— - apf— as
nl . . . . . . nl . . . . . . nl
al ai ai
(@)ny > a; andns > as (b)ny > ay Or ny > as (c) Unrestricted

Figure 1: Threecandidateegionsin which astatemenaboutatwo-variablefunctionshouldhold.

The definition of O’ is bogusbecauset allows f(m,n) to be outsidec - g(m,n)
for infinitely mary pairs of values(m, n). Recallthat for univariatefunctions,an
equivalentinterpretatiorof what f (n) = O(g(n)) meands thefollowing: thereexists
aconstant suchthat f(n) < c- g(n) for all but finitely mary* valuesof n. We should
thus expectthe definition of O notationin multivariatefunctionsto allow for only
finitely mary points(tuples)to be outsidethe statedrange.

Remarkablyfamouscomputerscientistshave usedDefinition 2 without beingaware
of its deficiencies. Neverthelesstheir theoremsand analysescarry over to Defini-
tion 1, becausehefunctionsthey analyzedsatisfytwo key properties.

Thefirst propertyis “monotonicity”:

Lor equivalently, “for infinitely mary valuesof n”
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Definition 3 A two-variablefunction f(m, n) is monotonically increasing
if
fim,n) < f(m+1,n)
and
f(m,n) < f(m,n+1)
for all nonngative m andn.
(b) Explainthis definitionin plain English.

Solution:

A function f(m,n) is monotonically increasing if wheneer either (or both) of the
function’s agumentsincreasethe function’s value eitherincrease®r remainscon-
stant,but never decreases.

Thesecondoropertyis morecomplicated:

Definition 4 A two-variablefunction g(m, n) is multiplicatively separable
if thereexist a constantL > 0 andtwo one-\ariablefunctions,a(m) and
b(n), suchthatwhenarerm > 0, n > 0, andg(m,n) > L, we have

g(m,n) < a(m)-g(m—1,n)
and
g(m,n) <b(n)-glm,n—1).

Intuitively, increasingone argumentof a multiplicatively separablefunction g in-
creaseghe value of g by at mosta multiplicative factor which can be boundedin
termsof thatargumentitself, independentf theotherargument.

(c) Foreachof thefollowing functionsg(m, n), aguethatg is multiplicatively separable.

ii. g(m,n)=mn
iii. g(m,n) =2m+2"
V. g(m,n) = 2m+t"
vi. g(m,n) =22"+2"
Solution

We needto show thatthereexist functionsa(m) andb(n) with thedesiredproperties.

i. a(m) =2,
b(n) = 2.
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V.

Vi,

a(m) =4,
b(n) = 2.
However, thisis trueonly if we assumehatm > 1 andn > 1,

a(m) =2,
b(n) = 2.
a(m) = 2,
b(n) = 2.
a(m) = 227:_1.
b(n) =2%"".

(d) Provethatthefollowing two functionsarenot multiplicatively separable:

g(m,n) =2m"n

g(m,n) =m"

Solution:

Proof by contradiction: Supposethe function was multiplicatively separable.
Thenwe would have:

2N < q(m) - 20" = g (m) > 2"

And soa(m) would not be boundedn termsof the agumentitself, independent
of the otherargument

Indeed,in this case,f(m,n) = O(g(m,n)) would not necessarilyhold under

the “or” interpretationif it holdsunderthe “and” interpretation. For example,

considerthefunction

2™ form > 2,n > 2
f(m,n) =< 2™? forn=1
22n form =1

Let myg = ng = 2. Then f(m,n) = O(g(m,n)) holdswhenererm > m, and
n > ng butis notnecessarilyrue underthe“or” definition.

. Similarly,

m n
"< — 1" > —
m" < a(m)(m—1)" = a(m) > <m—1)
Again a(m) would not be boundedn termsof the agumentitself, independent
of the otheramgument.
Similarly, if f(m,n) = O(g(m,n))istrueunderthe“and” interpretationit is not
necessarilyrueunderthe“or” interpretation For example,considerthefunction

n
noticethat (—) grows withoutboundsasn grows

m
m—1
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m™ form > 2
f(m,n) = { 2" form=1
with my = ny = 2. Thenf(m,n) = O(g(m, n)) holdswheneerm > m, and
n > ng butis notnecessarilyrueunderthe“or” definition.

Supposehat f is monotonicallyincreasingand g is multiplicatively separable Sup-
posefurtherthat f (m, n) = O'(g(m, n)), thatis, thereexist positive constantsn, ny,
andc suchthat0 < f(m,n) < cg(m,n) for all m > my andn > ny,.

Prove thatthereexistsa constant- > (0 suchthat
f(m,n) <r-g(max(m,mg), max(n,ng))
for all nonngative m andn.
Solution:
By monotonicityof f,
f(m,n) < f(max(m, mo),n) < f(max(m, my), max(n, no)).
Becausef (m,n) = O(g(m, n)) holdsunderthe‘and’ interpretation,
f(max(m, m), max(n,no)) <c- g(max(m, my), max(n, no)).
Puttingthesetwo inequalitiesogethey
f(m,n) <c- g(max(m, my), max(n, no)),

sor = c suffices.
Prove thatthereexistsa constants > 0 suchthat

g (max(m, myg), max(n,ng)) < s-g(m,n)
for all nonngative m andn.
Solution:

Supposdor examplethatm < mqy andn > ng. (Theothercasesaresimilar.)
By repeatedpplicationof multiplicative separability

a(mg) - g(mo — 1,n)

a(myg) - a(mg — 1) - g(mg — 2,n)

g(mOa TL)

a(mg) - a(mg —1)---a(m+1) - g(m,n)
max{1,a(mg)} - max{1,a(mo — 1)} ---max{1,a(0)} - g(m,n).

VAN VANN VANRVANR VAN
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(Themax’sarenecessaryo dealwith thepossibilitythata takesonvaluedessthani.)
Thus,
s =max{1, a(myp)} - max{1,a(my — 1)} - - -max{1,a(0)}

sufficesin this case.
(9) Concludethat f(m,n) = O(g(m,n)).

Solution:

Lett = r - s. By parts(a) and(b), for all m andn,
flm,n) <r-s-g(m,n) =t-g(m,n).

Therefore,f(m,n) = O(g(m,n)) holdsundertheunrestrictednterpretatiorandthus
in particularthe‘or’ definition.

(h) (Extracredit.) Give apropergeneralizatiorof €2 to two variables.Justifyyour defini-
tion.

Solution:

Awaiting ideasfrom students...

Problem1-2. TreeTraversal

Thefollowing pseudocodeés a standardecursve tree-traersalalgorithmfor countingthe number
of nodesn atreeR. Theinitial call is COUNT-NODES(root[R)).

COUNT-NODES(x)

1 if z=NIL

2 thenreturn0

3 elsereturn 1 + CouNT-NODES(l€ft[z])
+ CouNT-NODES(right[z])

Definesize(x) to bethenumberof nodesn the subtreeootedatnodezr € R, andlet T'(x) denote
theworst-caseunningtime of COUNT-NODES(x).

(a) Givearecurrencdor T'(x) in termsof left(z) andright(x).
Solution:
T(z) = T(left(z)) + T(right(z)) + ©(1)

(b) Usethe substitutiormethodto provethatT'(z) = O(size(x)).

Solution:
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For corveniencelet |y| denotesize(y), thatis, the sizeof thetreewhoserootis node
Y.

In orderto prove that7(z) = O(|z|), we needto shav thatthereexists a constant
suchthatT'(z) < c- |z|.

Proof. Letk beanupperboundonthe©(1) term?3. Assumethatthereexists some
constant > k suchthat:

for all treesy with |y| < |z

T(y) <c-yl.
Thatis, we assumehatthe statemenholdsfor all treeswhosesizeis lessthan|z|.
We wantto provethatT'(z) < ¢ - |z|.

Frompart(a), we have: T'(z) = T (left(x)) + T(right(z)) + ©(1). Sinceright(z) and
left(x) aresmallerthanz, we have

T(z) = T(left(x) + T(right(z)) + O(1)

< c-|left(z)| + ¢ |right(z)| + &
c- [[left(z)| + |right(z)|] + &
= c-[|lz]=1]+k
c-|z[ = (c—k)
< c-laf

A commoncompileroptimizationof this code,calledtail recursion, is to replaceoneof therecur
sive callswith aloop, resultingin the following pseudocode:

COUNT-NODES-TAIL (z)

1 s«<0

2 while x # NIL

3 do s < s+ 1+ COUNT-NODES-TAIL (left]x])
4 x < right[z]

5 returns

Let right’[x] denotethei th right descendardf =, thatis,

9= =1 rightfright='[«]] ifi> 0.

3noticethatthe © (1) termdoesnot dependon the sizeof thetree
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Considertheloop invariant

k—1
s =k + Y CoUuNT-NODEs-TAIL (left[right *[z]]), (1)

=0

wherek > 0 is the numberof timesthewhile loop (lines2—4)in COUNT-NODES-TAIL hasbeen
executed.

(c) Provethatif Equation(1) holdsfor &, thenit holdsfor & + 1.

Solution:
Let s’ be the new value of s after one more executionof the loop. Sinceafter k&
executionswve have
k—1 '
s=k+)_ CounT-NoDEs-TAIL (leftright*[z]])
=0

attheendof the (k + 1)-stexecutionwe will have

s’ = s+ 1+ COUNT-NODES-TAIL (Ieft[right*[2]])
k-1
= k+ Y CoUNT-NODES-TAIL (Ieft[right “[z]]) +1 + COUNT-NODES-TAIL (I€ft[right*[]))
=0

'
S

k
= k+ 1+ ) CouNT-NoDES-TAIL (Ieft[right“[z]))
=0

Soit holdsfor £ + 1

Let K (z) bethe smallestpositive integerfor whichright ¥ ®[z] = NIL.

(d) ProvethatCoUNT-NODES-TAIL returns

K(z)-1
K(z)+ >  CouNT-NoDEs-TAIL (left]right “[z]]) .

=0

Solution:

Since K (z) is the smallestpositive integer for which right €@)[z] = NiL, the algo-
rithm will exit theloop afterexactly K (z) iterations andreturnthe currentvalueof s.
Soif Equation(1) holds,thenindeedCouNT-NODES-TAIL will return
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K(z)-1
K(z) + % COUNT-NODES-TAIL (left[right “[z]]) .
=0
However, we needto prove thatEquation(1) holds.
Proof.
BaseCase: Consideratreeof sizel. Theloop will executeonly onceandattheend
of theloop s = 1, aspredictedby Equation(1).Sothebasecaseholds.
Inductive step: Theinductive stepwastakencareof in part(c).

(e) Prove by inductionthat COUNT-NODES-TAIL (z) correctlycomputessize(z).

Solution:

Basecase: treeof sizel. As shavn above, thealgorithmreturnsl, whichis theright
answer
Inductive step: assumehatthe algorithmreturnsthe right resultfor all treesup to
size(r) — 1. We wantto prove thatit will returntheright resultfor ary treeof
size(x) aswell. Consideratreexz.
As shown in part(d), thealgorithmreturns
K(z)-1 .
K(z)+ Y  CounT-NoDEs-TAIL (left]right’[z]]) .
=0
Sinceall left subtreediave sizeatmostsize(x) — 1, we know that
COUNT-NODES-TAIL (left[right*[z]])

correctlycountsthe numberof leavesof all theleft subtrees.
Sincethetreez consistf K (z) right-mostnodesplusall their left subtreesthe
algorithmreturnstheright resultfor treesof size(x) aswell.

Problem 1-3. Polynomial multiplication

If we havetwo linearpolynomialsaz+b andez+d, we canmultiply themusingthefour coeficient
multiplications

m = a-c,
me = a-d,
ms3 = b-c,
my b-d

to form the polynomial
miz® + (mg + ma)z +my .
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(a) Giveadivide-and-conquealgorithmfor multiplying two polynomialsof degree-bound:

(b)

(©)

basedn this formula.
Solution:

We canusethis ideato recursvely multiply polynomialsof degreen — 1, wheren is
apower of 2, asfollows:

Let p(z) andg(z) be polynomialsof degreen — 1, anddivide eachinto theuppern /2
andlowern/2 terms:

p(z) = a(z)z"? +b(z),
g(z) = c(2)2"? +d(),

wherea(z), b(x), ¢(x), andd(z) arepolynomialsof degreen/2 — 1. The polynomial
productis then

p(z)a(z) = (a(z)a"? +b(x))(c(z)z" + d(x))
= a(x)c(z)z™ + (a(z)d(z) + b(z)c(z))z™? + b(z)d(z) .

The four polynomialproductsa(z)c(z), a(z)d(x), b(x)c(x), andb(x)d(x) arecom-
putedrecursvely.

Give andsolve arecurrencdor theworst-caseunningtime of your algorithm.
Solution:

Sincewe canperformthe dividing and combiningof polynomialsin time ©(n), re-
cursive polynomialmultiplicationgivesusa runningtime of

T(n) = 4T(n/2) + O(n)
= 0O(n?).

Shav how to multiply two linear polynomialsax + b andcx + d usingonly three
coeficient multiplications.
Solution:

We canusethefollowing 3 multiplications:

mi = (a+0b)(c+d)=ac+ad+bc+bd,
my = ac,

ms = bd,
sothepolynomialproductis

(ax + b)(cx + d) = mox® + (M1 — My — m3)x + M3 .

13
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(d) Giveadivide-and-conquealgorithmfor multiplying two polynomialsof degree-bound

basedon yourformulafrom part(c).
Solution:

Thealgorithmis thesameasin part(a), exceptfor thefactthatwe needonly compute
threeproductsof polynomialsof degreen /2 to getthe polynomialproduct.

(e) Giveandsolve arecurrencdor theworst-casegunningtime of your algorithm.

Solution:

Similarto part(b):

T(n) = 3T(n/2)+©O(n)
= O(n's?)
~ O(n)

Alter native solution Insteadof breakinga polynomialp(z) into two smallerpoly-
nomialsa(z) andb(z) suchthatp(z) = a(z) + 2/2b(z), aswe did above, we could
dothefollowing:

Collectall the even powersof p(x) and substitutey = z? to createthe polynomial
a(y). Thencollectall the odd powersof p(z), factorout z andsubstitutey = z? to
createthe secondoolynomialb(y). Thenwe canseethat

p(z) = aly) +z - b(y)

Botha(y) andb(y) arepolynomialsof (roughly) half theoriginal sizeanddegree,and
we canproceedvith our multiplicationsin away analogous$o whatwasdoneabove.
Notice that, at eachlevel k, we needto computey, = y2_, (wherey, = z), which
takestime ©(1) perlevel anddoesnot affect theasymptoticunningtime.



