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ProblemSet1 Solutions

Exercise1-1. Do Exercise2.3-5onpage37 in CLRS.

Solution:

ProcedureBINARY-SEARCH takesasortedarray
�

, avalue � , andarange� low ��� high � of thearray,
in whichthevalue � shouldbesearchedfor. Theprocedurecompares� to themidpointof therange
anddecidesto eliminatehalf the rangefrom further consideration.Both iterative andrecursive
versionsaregiven.Theseversionsshouldbeinitially calledwith therange ������� length � � �	� .

ITERATIVE-BINARY-SEARCH 
 ��� � � low
�
high 


1 while low � high
2 do mid � ��
 low � high 
������
3 if ��� � �mid �
4 then return mid
5 if ��� � �mid �
6 then low � mid ���
7 else high � mid ���
8 return NIL

RECURSIVE-BINARY-SEARCH 
 � � � � low
�
high 


1 if low � high
2 then return NIL

3 mid � ��
 low � high 
!���"�
4 if ��� � �mid �
5 then return mid
6 if ��� � �mid �
7 then return RECURSIVE-BINARY-SEARCH 
 ��� � � mid �#� � high 

8 else return RECURSIVE-BINARY-SEARCH 
 ��� � � low

�
mid �$�"


Both proceduresterminatethesearchunsuccessfullywhenthe rangeis empty(i.e., low � high)
andterminatesuccessfullyif the value � hasbeenfound. Basedon the comparisonof � to the
middleelementin thesearchedrange,thesearchcontinueswith therangehalved.Therecurrence
for theseproceduresis therefore%�
'&(
���%�
)&*����
*�,+-
.�"
 , whosesolutionis %�
)&*
��/+0
)1324&*
 .



2 Handout11: ProblemSet1 Solutions

Exercise1-2. Do Exercise2.3-7onpage37 in CLRS.

Solution:

Thefollowing algorithmsolvestheproblem:

1.Sorttheelementsin 5 usingmergesort.

2.Remove thelastelementfrom 5 . Let 6 bethevalueof theremovedelement.

3.If 5 is nonempty, look for 7 ��8��96 in 5 usingbinarysearch.

4.If 5 containssuchanelement7 , thenSTOP, sincewehavefound 6 and 7 suchthat 8:��6;�<7 .
Otherwise,repeatStep2.

5.If 5 is empty, thenno two elementsin 5 sumto 8 .
Noticethatwhenwe consideranelement6>= of 5 during ? th iteration,we don’t needto look at the
elementsthat have alreadybeenconsideredin previous iterations. Supposethereexists 6A@:BC5 ,
suchthat 8D�C6�=E�F6�@ . If GIHJ? , i.e. if 6�@ hasbeenreachedprior to 6�= , thenwewouldhave found 6�=
whenwe weresearchingfor 8K�L6�@ during G th iterationandthealgorithmwould have terminated
then.

Step1 takes +-
'&M1N2�&(
 time. Step2 takes OP
.�"
 time. Step3 requiresat most 132�& time. Steps2–4
arerepeatedatmost & times.Thus,thetotal runningtimeof thisalgorithmis +0
)&M132�&(
 . Wecando
amorepreciseanalysisif wenoticethatStep3 actuallyrequires+0
)132Q
)&-�R?S
!
 timeat ? th iteration.
However, if weevaluateTPU>VXW=�Y W 1N2X
)&Z�K?[
 , weget 132Q
)&Z�<�"
]\ , which is +0
)&M1324&*
 . Sothetotal running
time is still +0
'&M1N2^&(
 .
Exercise1-3. Do Exercise3.1-1onpage50 in CLRS.

Solution:

By thedefinitionof + -notation(CLRSp. 42) we mustshow thatthereexist positiveconstants_ W ,_]` , and &ba suchthatfor &<�$&ba ,c �#_ W 
edf
)&(
b�hgb
)&*
!
i�#jIk"lb
edm
'&(
 � g*
'&(
�
i�#_n`"
odm
)&*
(�hgb
)&*
!
^�
Without lossof generality, let max(dm
'&(
 � g*
'&(
�
p�qdm
)&*
 . Clearly, dm
)&*
��Cg*
'&(
I�r��dm
'&(
 . Also,
sincegb
'&(
is c , df
)&(
X�tgb
)&*
is�dm
)&*
 . Thus,selecting_ W �u�"�v� and _n`i�u� and &wax�y� satisfiesthe
definition.

Exercise1-4. Do Exercise4.1-6onpage67 in CLRS.

Solution:

Let &z�C��{ or, equivalently, |}�C13~�2 ` & . Therecurrencebecomes%�
o� { 
��/��%�
e� {m� ` 
(�#���
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Wewill needonemoresubstitution:Let 5�
'|:
4��%�
e��{i
 . Therecurrencethenbecomes:5�
)|:
^�/��5�
)|:����
b�����
By the mastermethod, 5�
)|:
I��+0
)|:
 . Equivalently, in termsof % we have %�
o� { 
P��+0
'|:
 .
Goingbackto & ( �/� { ), weget %�
)&(
^�/+-
'1N~�2 ` &*

Exercise1-5. Rank the following functionsby order of growth; that is, find an arrangementg W � g>` � ����� � g>�[a of the functionssatisfying g W � �Z
'g>`]
 , g>`�� �Z
'g>�]
 , . . . , g>`[�R� �Z
�gv�[an
 . Parti-
tion your list into equivalenceclassessuchthat dm
'&(
 and gb
)&(
 arein thesameclassif andonly ifdm
'&(
^��+0
'gb
'&(
!
 .

1N2Q
'1N2��X&(
 
[� ��
.��� U & ` &�\ � U 132���
)& U 
� U & � 132 ` & 1N2Q
'&f\�
�& `.���N��� U & W � ��� U� 132 � 
)1324&*
q&K��� U & ���>��� U 13��& 1N��13��&� ��� U 
)132�&(
 ��� U � U &M132^& U�� Y W �  U¡� Y¢` £ ��� � ¥¤

Solution:

Therankingis basedon thefollowing facts:¦ exponentialfunctionsgrow fasterthanpolynomialfunctions,which grow fasterthanlog-
arithmicfunctions;¦ thebaseof a logarithmdoesnotmatterasymptotically, but thebaseof anexponentialand
thedegreeof apolynomialdo matter.

In additionseveralidentitiesarehelpful:

1. 
'1N2�&(
 ��� U �C& ���v��� U
2. ����� U �C&
3. �§��& W � ��� U (raisethepreviousoneto thepower �"�m1N2^& )

4. � � ` ��� U§�C& � ` � ��� U (raisethepreviousoneto thepower � �m132^& )

5. 
 � ��
 ��� U � � &
6. 13¨NjU�©«ª 
��;�98w�>&(
 U �C� U

Finally Stirling’sapproximationboundsareusefulin rankingexpressionwith factorials:
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¦ 132Q
)&�\¬
���+0
)&M132^&(
¦ &�\E��+0
)& U � W � ` � V�U 

Sohere’s theranking(listedfrom left to right by row)­ `[®°¯�± ­ `[® ²(³ ´ U ²pµ ­ U ­ U¶ �`�· U ² ������� U ¶¹¸»º ² · ��� U ²Q� ²Q` T U � Y¢` ¶�¼�½b¸»ºf¼ ·¸»º�¶ ²(³ · ² ¸»º ² ­ ��� U ¶'¾ ­ · ��� U T ��� U� Y W ¶N¿>½�À · � ¸»º ` ²¸�Á ² T U � Y W ¼ `ÃÂ À�¼ ÂFÄÀ�¼ � ÂÆÅ ¼ ` Â ¼ Â ­ ¸�Á^¸�Á ² ¸»º � ¶ ² U · ¸»º � ¶¹¸»º ² · ¸»ºÇ¶¹¸�º � · ²T U � Y W ´ � ½�¼ ³ ² W � ��� U Ä T U � Y W ¼ ` Â À�¼ ÂFÄÀ�¼vÈ Â<Å ¼ ` Â ¼ Â ­ É§U� Y¢` ¶ Ä4ÊÆÄ ½�¼ ·
Theoscillatingfunction & `.���N��� U doesnot fit in therankingbecausealthough& `.���3��� U ���Z
)&*
 and& � �/�Z
'& `.���N��� U 
 , it is not � -relatedto & ` .
Theequivalenceclassesdeterminedby the + relationshipare:

1.Ë�� � T U � Y W � � �   \ � & W � ��� U � T U � Y W   ` � �   ����   È �JÌ   ` �   �,� �AÍ
2.Ë"1N2 � 
)& U 
 � 1N2 � 
'1N2^&*
 Í
3.Ë"& � � ��� U Í
4.Ë"&M1N2^& � 1N2X
)&f\�
 Í
5.ËÇ
)132^&(
 ��� U � & ���>��� U Í
6.Ë T U � Y W   ` � �   ����   È �JÌ   ` �   �,� � 13��& Í

Problem1-1. Asymptotic notation for multi variate functions

The generalizationof asymptoticnotationfrom onevariableto multiple variablesis surprisingly
tricky. Onepropergeneralizationof O -notationfor two variablesis thefollowing:

Definition 1OI
'gb
)| � &(
!
f�yË>dm
)| � &(
iÎ thereexist positiveconstants|Ka , &ba , and _ suchthatc ��dm
'| � &(
x�#_Ïg*
'| � &(
 for all |Ðs�|Ka or &<s�&wa Í �
Considerthefollowing alternativedefinition:

Definition 2O§Ñ¹
'gb
)| � &(
!
^�ÒË>dm
)| � &*
iÎ thereexist positiveconstants|Ka , &ba , and _ suchthatc ��dm
)| � &(
x�#_]gb
'| � &(
 for all |Ðs�|Ka and &Æs�&ba Í �
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(a) Explain why Definition 2 is a “bogus” definition. That is, what anomaliesdoesthe
definitionof O§Ñ permit thatarecounterintuitive? You mayfind it helpful to illustrate
your answerwith adiagramof relevantregionsof the |qÓÔ& plane.

Solution:

The distinction betweenthesetwo interpretationscan bestbe illustratedwith a di-
agramof the spaceparameterizedby | and & ; seeFigure1. The definition of O§Ñ
requiresthat the inequality hold in the shadedrectanglein Figure 1(a), definedby|Õs�|Ka and &9s/&ba , leaving thestrips |�HC|Ka and &9HC&ba uncovered.In contrast,
the definition of O requiresin additionthat the inequalityhold for sufficiently large
valuesin thosestrips,i.e., for theshadedregion in Figure1(b). Ideally, wewouldalso
hopefor theinequalityto hold for all valuesof | and & , asin Figure1(c);wecall this
theunrestricted interpretation.

(c) Unrestricted(b) ÖÇ×�ØPÙ�× or Ö�ÚmØIÙ�Ú(a) ÖÇ×fØIÙ�× and Ö�ÚmØ�Ù�ÚÙ ×
Ù Ú

Ù ×
Ù Ú

Ù ×
Ù Ú

Ö Ú Ö Ú Ö Ú

Ö ×Ö × Ö ×
Figure1: Threecandidateregionsin whichastatementaboutatwo-variablefunctionshouldhold.

The definition of OZÑ is bogusbecauseit allows dm
)| � &(
 to be outside _p�Qgb
'| � &(

for infinitely many pairs of values 
'| � &(
 . Recall that for univariatefunctions,an
equivalentinterpretationof what dm
'&(
^�/OI
'gb
)&*
!
 meansis thefollowing: thereexists
aconstant_ suchthat df
)&(
x�#_(�.g*
'&(
 for all but finitely many1 valuesof & . Weshould
thusexpect the definition of O notationin multivariatefunctionsto allow for only
finitely many points(tuples)to beoutsidethestatedrange.

Remarkably, famouscomputerscientistshave usedDefinition 2 without beingaware
of its deficiencies.Nevertheless,their theoremsandanalysescarry over to Defini-
tion 1, becausethefunctionsthey analyzedsatisfytwo key properties.

Thefirst propertyis “monotonicity”:

1or equivalently, “for infinitely many valuesof Ö ”



6 Handout11: ProblemSet1 Solutions

Definition 3 A two-variablefunction dm
'| � &(
 is monotonically increasing
if dm
)| � &*
x��dm
)|Û��� � &(

and dm
)| � &*
x��dm
)| � &-�#�"

for all nonnegative | and & .

(b) Explainthis definitionin plainEnglish.

Solution:

A function df
)| � &*
 is monotonically increasing if whenever either (or both) of the
function’s argumentsincrease,the function’s valueeither increasesor remainscon-
stant,but neverdecreases.

Thesecondpropertyis morecomplicated:

Definition 4 A two-variablefunction g*
'| � &(
 is multiplicatively separable
if thereexist a constantÜrs c

and two one-variablefunctions, Ýw
'|:
 andÞ 
)&(
 , suchthatwhenever |Ðs c , &Æs c , and g*
'| � &(
is#Ü , wehavegb
'| � &(
i�#Ýß
)|:
m�Agb
'|à��� � &(

and gb
)| � &*
i� Þ 
)&(
m��gb
)| � &K�$�"
4�

Intuitively, increasingone argumentof a multiplicatively separablefunction g in-
creasesthe value of g by at most a multiplicative factor which can be boundedin
termsof thatargumentitself, independentof theotherargument.

(c) For eachof thefollowing functionsgb
)| � &(
 , arguethat g is multiplicativelyseparable.

i. gb
)| � &*
4�#|á�h&
ii. gb
)| � &*
4�#| ` &
iii. gb
)| � &*
4�C� { �,� U
v. gb
)| � &*
4�C��{ � U

vi. gb
)| � &*
4�C� `[â(�¢`[®
Solution:

Weneedto show thatthereexist functions Ýß
'|:
 and
Þ 
)&*
 with thedesiredproperties.

i. Ýß
)|:
4�/� .Þ 
)&(
4�/� .
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ii. Ýß
)|:
4��ã .Þ 
)&(
4�/� .
However, this is trueonly if weassumethat |ÐsÒ� and &Æsä� ,

iii. Ýß
)|:
4�/� .Þ 
)&(
4�/� .
v. Ýß
)|:
4�/� .Þ 
)&(
4�/� .

vi. Ýß
)|:
4�/� `[âwå>± .Þ 
)&(
4�/� `[®nåv± .
(d) Prove thatthefollowing two functionsarenotmultiplicatively separable:

i. gb
)| � &*
4�C��{�æ U
ii. gb
)| � &*
4�#| U

Solution:

i. Proof by contradiction: Supposethe function was multiplicatively separable.
Thenwewouldhave:� {�æ U �#Ýß
)|:
f����ç { VXWoè�U�é Ýw
'|:
xs/� U
And so Ýß
)|:
 would not beboundedin termsof theargumentitself, independent
of theotherargument
Indeed,in this case, df
)| � &*
K��OP
�gb
)| � &*
!
 would not necessarilyhold under
the “or” interpretationif it holdsunderthe “and” interpretation. For example,
considerthefunction

dm
'| � &(
�� êëì ëí
�"{4æ U for |Ðs�� � &îs��� {4æ ` for &z�u�� ` æ U for |}�u�

Let |Kap�ï&bap�}� . Then dm
'| � &(
Z�ðOI
'gb
)| � &*
!
 holdswhenever | sñ|Ka and&Æs�&wa but is notnecessarilytrueunderthe“or” definition.

ii. Similarly, | U ��Ýß
)|:
A
'|à����
 U é Ýw
'|:
xs £ ||ï��� ¤ U
Again Ýß
)|:
 would not beboundedin termsof theargumentitself, independent
of theotherargument2.
Similarly, if dm
'| � &(
��COI
'gb
)| � &(
!
 is trueunderthe“and” interpretation,it is not
necessarilytrueunderthe“or” interpretation.For example,considerthefunction

2noticethat ò<óóÃô ×]õ�ö growswithoutboundsas Ö grows
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df
)| � &*
4�á÷ | U for |Ðs��� U for |}�Ò�
with |Ka§�á&waZ�ñ� . Then dm
)| � &(
ø�áOI
'gb
)| � &*
!
 holdswhenever |ùsu|Ka and&Æs�&wa but is notnecessarilytrueunderthe“or” definition.

Supposethat d is monotonicallyincreasingand g is multiplicatively separable.Sup-
posefurtherthat dm
'| � &(
^�/OZÑ'
�g*
'| � &(
�
 , thatis, thereexist positiveconstants|Ka , &wa ,
and _ suchthat

c ��df
)| � &*
��#_Ïgb
)| � &*
 for all |rs�|Ka and &Æs�&ba .
(e) Prove thatthereexistsaconstantúps c suchthatdm
)| � &(
x��úø��g�
)j�k�l*
)| � |KaÏ
 � j�k�l*
)& � &ba]
�


for all nonnegative | and & .

Solution:

By monotonicityof d ,dm
)| � &(
i��d ò j�k�l*
)| � |Kan
 � & õ ��d ò jIk"lb
)| � |Kan
 � jIk"lb
)& � &ban
 õ �
Becausedm
)| � &(
^�/OI
'gb
)| � &*
!
 holdsunderthe‘and’ interpretation,d ò jIk"lb
)| � |Kan
 � jIk"lb
)& � &ban
 õ �#_i��g ò jIk"lb
)| � |Kan
 � jIk"lb
)& � &ban
 õ �
Puttingthesetwo inequalitiestogether,df
)| � &*
��#_;��g ò j�k�l*
)| � |Kan
 � j�k�lb
)& � &baÏ
 õ �
so úM�C_ suffices.

(f) Prove thatthereexistsaconstantû§s c suchthatgø
)j�k�l*
)| � |Kan
 � jIk"lb
)& � &ba]
�
���û���gb
)| � &*

for all nonnegative | and & .

Solution:

Supposefor examplethat |rH$|Ka and &Æs�&wa . (Theothercasesaresimilar.)
By repeatedapplicationof multiplicativeseparability,gb
)|Ka � &(
ü� Ýß
)|Kan
f��gb
)|Ka��$� � &(
� Ýß
)|Kan
f�"Ýß
)|Ka4�$�"
f��gb
)|Ka��L� � &(
� ������ Ýß
)|Kan
f�"Ýß
)|Ka4�$�"
b������Ýß
)|á�#�"
f��gb
)| � &*
� jIk"lQË�� � Ýß
)|Ka]
 Í ��j�k�lßË�� � Ýß
'|Ka4����
 Í ������j�k�lQË�� � Ýß
 c 
 Í ��gb
)| � &*
n�
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(The jIk�l ’sarenecessaryto dealwith thepossibilitythat Ý takesonvalueslessthan � .)
Thus, û��#jIk�lßË�� � Ýw
'|Ka]
 Í ��j�k�lQË�� � Ýß
)|Ka4�$�"
 Í ������j�k�lßË�� � Ýß
 c 
 Í
sufficesin this case.

(g) Concludethat dm
'| � &(
��COI
'gb
)| � &(
!
 .
Solution:

Let ý���úø��û . By parts(a) and(b), for all | and & ,df
)| � &*
���úø��û«�Agb
)| � &(
��#ý���gb
)| � &*
n�
Therefore,dm
'| � &(
^�/OI
'gb
)| � &(
!
 holdsundertheunrestrictedinterpretationandthus
in particularthe‘or’ definition.

(h) (Extra credit.) Giveapropergeneralizationof � to two variables.Justifyyour defini-
tion.

Solution:

Awaiting ideasfrom students...

Problem1-2. TreeTraversal

Thefollowing pseudocodeis astandardrecursive tree-traversalalgorithmfor countingthenumber
of nodesin a tree þ . Theinitial call is COUNT-NODES 
)ú>ÿ>ÿ�ý � þø��
 .
COUNT-NODES 
'8w

1 if 8K� NIL

2 then return
c

3 else return ��� COUNT-NODES 
 left ��8X�¹
� COUNT-NODES 
 right � 8X�¹

Definesize 
'8w
 to bethenumberof nodesin thesubtreerootedatnode8ÔB<þ , andlet %�
�8w
 denote
theworst-caserunningtimeof COUNT-NODES 
�8w
 .

(a) Givea recurrencefor %�
'8w
 in termsof left 
'8w
 andright 
�8w
 .
Solution:

%�
'8w
^��%�
 left 
�8w
!
(�h%�
 right 
'8w
�
(�J+0
��"

(b) Usethesubstitutionmethodto provethat %�
'8w
��COI
 size 
�8w
!
 .

Solution:
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For convenience,let
� 6 � denoteû�?S7���
'6¢
 , thatis, thesizeof thetreewhoseroot is node6 .

In orderto prove that %�
'8w
 �ïOI
 � 8 � 
 , we needto show that thereexistsa constant_
suchthat %�
'8w
x�#_i� � 8 � .
Proof. Let

 
beanupperboundon the +0
��"
 term3. Assumethatthereexistssome

constant_�s   suchthat:

for all trees6 with
� 6 � H � 8 � , %�
)6�
i�#_i� � 6 � .

Thatis, weassumethatthestatementholdsfor all treeswhosesizeis lessthan
� 8 � .

Wewantto prove that %�
�8w
x�#_i� � 8 � .
Frompart(a),wehave: %�
�8w
���%�
 left 
'8w
!
w��%�
 right 
'8w
�
b�L+0
��"
 . Sinceright 
'8w
 and
left 
'8w
 aresmallerthan 8 , wehave

%�
�8w
�� %�
 left 
�8w
(�h%�
 right 
�8w
!
(�,+-
.�"
� _;� � left 
'8w
 � �L_i� � right 
'8w
 � �  � _;�E� � left 
�8w
 � � � right 
�8w
 � �Ç�  � _;�E� � 8 � �$�A�E�  � _;� � 8 � �#
)_i�   
� _;� � 8 �

A commoncompileroptimizationof thiscode,calledtail recursion, is to replaceoneof therecur-
sivecallswith a loop,resultingin thefollowing pseudocode:

COUNT-NODES-TAIL 
�8w

1 û � c
2 while 8��� NIL

3 do û�� û;���;� COUNT-NODES-TAIL 
 left � 8X��

4 8D� right ��8X�
5 return û

Let right
= ��8X� denotethe ? th right descendantof 8 , thatis,

right
= � 8X�w� ÷ 8 if ?�� c �

right � right
= VXW � 8X�	� if ?�� c �

3noticethatthe �����
	 termdoesnot dependon thesizeof thetree
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Considertheloop invariant

û��   � � VXW�=�Y¢a COUNT-NODES-TAIL 
 left � right
= � 8X�	��
 � (1)

where
  s c is thenumberof timesthewhile loop (lines2–4) in COUNT-NODES-TAIL hasbeen

executed.

(c) Prove thatif Equation(1) holdsfor
 
, thenit holdsfor

  ��� .
Solution:

Let û Ñ be the new value of û after one more executionof the loop. Sinceafter
 

executionswehave

û �   � � VXW�=�Y¢a COUNT-NODES-TAIL 
 left � right
= ��8X�	��


at theendof the 
   ����
 -stexecutionwewill have

û Ñ � ûi�#�;� COUNT-NODES-TAIL 
 left � right
� � 8X�3�¹
�   � � VXW�=�Y¢a COUNT-NODES-TAIL 
 left � right
= ��8X�	�¹


� ��
 ��
�p�;� COUNT-NODES-TAIL 
 left � right

� ��8X�	�¹

�   ���;� ��=�Y¢a COUNT-NODES-TAIL 
 left � right

= ��8X�	�¹

Soit holdsfor

  �#�
Let �h
�8w
 bethesmallestpositive integerfor which right � ç�� è � 8X�*� NIL .

(d) Prove thatCOUNT-NODES-TAIL returns

�h
'8w
¥� � ç�� è�VXW�=�Y¢a COUNT-NODES-TAIL 
 left � right
= ��8X�	�¹
4�

Solution:

Since �h
�8w
 is the smallestpositive integer for which right � ç�� è ��8X�«� NIL, the algo-
rithm will exit theloopafterexactly �h
'8w
 iterations,andreturnthecurrentvalueof û .
Soif Equation(1) holds,thenindeedCOUNT-NODES-TAIL will return
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�h
'8w
¥� � ç�� è�VXW�=�Y¢a COUNT-NODES-TAIL 
 left � right
= ��8X�	�¹
4�

However, weneedto prove thatEquation(1) holds.
Proof.

BaseCase: Considera treeof size1. Theloop will executeonly onceandat theend
of theloop ûø�y� , aspredictedby Equation(1).Sothebasecaseholds.

Inducti ve step: Theinductivestepwastakencareof in part(c).

(e) Proveby inductionthatCOUNT-NODES-TAIL 
�8w
 correctlycomputessize 
'8w
 .
Solution:

Basecase: treeof size � . As shown above,thealgorithmreturns� , which is theright
answer.

Inducti ve step: assumethat the algorithmreturnsthe right result for all treesup toû�?S7���
�8w
��C� . We want to prove that it will returntheright resultfor any treeofû�?S7���
�8w
 aswell. Considera tree 8 .
As shown in part(d), thealgorithmreturns

�h
�8w
(� � ç�� è�VXW�=»Y¢a COUNT-NODES-TAIL 
 left � right
= ��8X�	��
4�

Sinceall left subtreeshavesizeat most û�?S7���
�8w
��$� , weknow that

COUNT-NODES-TAIL 
 left � right
= � 8X�3�¹


correctlycountsthenumberof leavesof all theleft subtrees.
Sincethetree 8 consistsof �h
�8w
 right-mostnodesplusall their left subtrees,the
algorithmreturnstheright resultfor treesof û�?e7���
'8w
 aswell.

Problem1-3. Polynomial multiplication

If wehavetwo linearpolynomialsÝ�8Ã� Þ and _Ï8Ã��� , wecanmultiply themusingthefour coefficient
multiplications | W � Ý �"_ �|K`ù� Ý ��� �|K�ù� Þ �"_ �| È � Þ ���
to form thepolynomial | W 8 ` �C
)|K`f�L|K�n
[8p�h| È �
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(a) Giveadivide-and-conqueralgorithmfor multiplying twopolynomialsof degree-bound&
basedon this formula.

Solution:

We canusethis ideato recursively multiply polynomialsof degree&z�#� , where & is
apowerof 2, asfollows:

Let �Ã
'8w
 and �¢
�8w
 bepolynomialsof degree&p�h� , anddivideeachinto theupper&(�v�
andlower &(��� terms:

�Ã
�8w
�� Ýß
�8w
.8 U � ` � Þ 
�8w
 �
��
'8w
�� _>
'8w
[8 U � ` ���ß
'8w
 �

where Ýß
�8w
 , Þ 
'8w
 , _>
'8w
 , and �ß
'8w
 arepolynomialsof degree&*������� . Thepolynomial
productis then

�Ã
'8w
��¢
�8w
�� 
)Ýß
'8w
.8 U � ` � Þ 
'8w
!
 
o_>
'8w
[8 U � ` ���ß
'8w
!
� Ýß
�8w
�_>
'8w
.8 U �C
oÝß
'8w
��ß
'8w
¥� Þ 
'8w
�_v
�8w
!
[8 U � ` � Þ 
'8w
��ß
�8w
4�
The four polynomialproductsÝw
�8w
�_>
'8w
 , Ýß
'8w
��ß
�8w
 , Þ 
�8w
�_>
'8w
 , and

Þ 
�8w
��ß
'8w
 arecom-
putedrecursively.

(b) Giveandsolvea recurrencefor theworst-caserunningtimeof youralgorithm.

Solution:

Sincewe canperformthe dividing andcombiningof polynomialsin time +0
'&(
 , re-
cursivepolynomialmultiplicationgivesusa runningtimeof%�
)&(
�� ã>%�
'&(���v
*�J+0
)&*
� +0
'& ` 
��

(c) Show how to multiply two linear polynomials Ý�8z� Þ and _Ï8z� � usingonly three
coefficientmultiplications.

Solution:

Wecanusethefollowing 3 multiplications:| W � 
)Ý�� Þ 
 
o_����E
^�/Ý�_^�LÝ!��� Þ _�� Þ � �|K`ù� Ý�_ �|K�ù� Þ � �
sothepolynomialproductis
oÝ�80� Þ 
 
o_Ï80���Ç
^��|K`°8 ` �C
)| W �9|K`;�9|K�Ï
.80�h|K���
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(d) Giveadivide-and-conqueralgorithmfor multiplying twopolynomialsof degree-bound&
basedonyour formulafrom part(c).

Solution:

Thealgorithmis thesameasin part(a),exceptfor thefactthatweneedonly compute
threeproductsof polynomialsof degree&*��� to getthepolynomialproduct.

(e) Giveandsolvea recurrencefor theworst-caserunningtimeof youralgorithm.

Solution:

Similar to part(b):

%�
)&*
�� � %�
'&(����
b�J+0
)&*
� +0
)& ��� � 

" +0
)& W�# $�%�$ 


Alter native solution Insteadof breakinga polynomial �Ã
'8w
 into two smallerpoly-
nomials Ýw
�8w
 and

Þ 
'8w
 suchthat �Ã
'8w
��ÛÝß
�8w
��,8 U � ` Þ 
�8w
 , aswe did above,we could
do thefollowing:

Collect all the even powersof �Ã
�8w
 andsubstitute6L�r8 ` to createthe polynomialÝß
)6�
 . Thencollectall the odd powersof �Ã
'8w
 , factorout 8 andsubstitute6<�ï8 ` to
createthesecondpolynomial

Þ 
)6�
 . Thenwecanseethat

�Ã
'8w
��/Ýß
)6�
*�98P� Þ 
)6�

Both Ýß
)6�
 and

Þ 
)6�
 arepolynomialsof (roughly)half theoriginalsizeanddegree,and
we canproceedwith our multiplicationsin away analogousto whatwasdoneabove.
Notice that,at eachlevel

 
, we needto compute6 � �ð6 `� VXW (where 6>ap�ð8 ), which

takestime +0
��"
 perlevel anddoesnotaffect theasymptoticrunningtime.


