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Problem Set 9

MIT students: This problemsetis duein lectureon Day 32.

Reading: Chapter22 and24.

Both exercisesand problemsshould be solved, but only the problems shouldbe turnedin.
Exercisesareintendedo helpyou masteithe coursematerial. Eventhoughyou shouldnotturnin
the exercisesolutions,you areresponsibldor materialcoveredby the exercises.

Mark the top of eachsheetwith your name,the coursenumbey the problemnumber your
recitationinstructorandtime, thedate ,andthenamesof any studentsvith whomyoucollaborated.

MIT students. Eachproblemshouldbedoneonaseparatshee{or sheetspf three-holgounched
paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraprshouldsummarizethe problemyou are
solvingandwhatyour resultsare. The body of your essayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shav morepreciselyhow your algorithmworks.
3. A proof(orindication)of the correctnessf thealgorithm.

4. An analysisof therunningtime of thealgorithm.

Rememberyour goalis to communicate Graderswill be instructedto take off pointsfor corvo-
lutedandobtusedescriptions.

Exercise 9-1. Do exercise22.2-7on page539of CLRS.
Exercise 9-2. Do exercise22.3-12on page549of CLRS.
Exercise 9-3. Do exercise22.4-3on pageb52of CLRS.
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Exercise 9-4. Do exercise24.1-4on page591of CLRS.
Exercise 9-5. Do exercise24.3-6on page6000of CLRS.
Exercise 9-6. Do exercise24.5-7on page614of CLRS.

Problem 9-1. Runningin Boston

To getin shapeyou have decidedto startrunningto work. You wanta routethat goesentirely
uphill andthenentirely downhill sothatyou canwork up a sweatgoinguphill andthengetanice

breezeat the end of your run asyou run fasterdownhill. Your run will startathomeandendat

work andyou have amapdetailingtheroadswith m roadsegmentdary existing roadbetweertwo

intersectionspndn intersectionsEachroadseggmenthasa positive length,andeachintersection
hasa distinctelevation.

(a) Assumingthatevery roadsegmentis eitheruphill or downhill, give anefficient algo-
rithm to find the shortestoutethatmeetsyour specifications.

(b) Giveanefficientalgorithmto solvethe problemif someroadsmaybelevel (i.e., both
intersectionsat the endof the roadsegmentsareat the sameelevation) andtherefore
canbetakenatany point.

Problem 9-2. Karp’s minimum mean-weight cycle algorithm

Let G = (V, F) beadirectedgraphwith weightfunctionw : E — R, andletn = |V|. We define

themean weight of acyclec = {(ej, es, ..., ex) Of edgesn E to be

k
w(e;) -

o) =13

1

Let x* = min, u(c), wherec rangesover all directedcyclesin G. A cycle ¢ for which u(c) = p*
is called a minimum mean-weight cycle. This probleminvestigatesan efficient algorithm for
computingu*.

Assumewithoutlossof generalitythateveryvertex v € V isreachablérom asourcevertex s € V.
Let §(s,v) betheweightof ashortespathfrom s to v, andlet §; (s, v) betheweightof a shortest
pathfrom s to v consistingof exactly & edgeslf thereis no pathfrom s to v with exactly k£ edges,
thendy (s, v) = oo.

(@ Shaw thatif u* = 0, then G containsno negative-weightcycles and 6(s,v) =
ming<x<n—1 0x(s, v) for all verticesv € V.

(b) Shaw thatif p* = 0, then

max 5n(S,U) - 616(8’1]) 2 0
0<k<n—1 n—k

for all verticesv € V. (Hint: Usebothpropertiesrom part(a).)
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(c) Letc bea0-weightcycle,andlet v andv beary two verticeson c. Supposehatthe
weightof the pathfrom u to v alongthecycle is z. Prove thatd(s,v) = d(s,u) + =.
(Hint: Theweightof the pathfrom v to v alongthecycleis —z.)

(d) Shaw thatif x* = 0, thenthereexistsa vertex v onthe minimum mean-weightycle
suchthat
max 5n(57v) B 6k(S,U)
0<k<n—1 n—k

(Hint: Shaw thata shortespathto ary vertex ontheminimummean-weightycle can
be extendedalongthe cycle to make a shortespathto the next vertex onthecycle.)

(e) Show thatif y* = 0, then

=0.

. 5n(S,U) _516(8’@)
min max
veV 0<k<n—1 n—k

=0.

(f) Shaw thatif we adda constant to theweightof eachedgeof GG, theny* is increased
by t. Usethisto show that

. On(s,v) — 0k (s,v)
4" = min max .
VeV 0<k<n—1 n—k

(9) GiveanO(V E)-time algorithmto computeyu*.



