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In this thesis we study the Brown-Peterson cohomology
theory from an unstable point of view by studying its class-
ifying spaces. This 1s a new approach to complex cobordism
which yilelds significant new information. In particular,
we calculate the cohomology of the classifying spaces and
show they have no torsion. We then apply this to determine
the homotopy type of the classifying spaces. We begin
applying these results by giving a new proof of a theorem
of Quillen and classifying all torsion free (localized)
H-spaces.
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The Q-Spectrum for Brown-Peterson Cohomology Part I
by W. Stephen Wilson

Introduction

BP denotes the spectrum for the Brown-Peterson cohomology,
BP¥(+), associated with the prime p. [/ ,3,/ ] The spectrum

can be given as an Q-spectrum BP={BPk}, (2,161, 1.e. QBP, *BP,

~and BP, 1s k-1 connected for k>0. We have BPX(+)=[+,BP 1, the
unstable homotopy classes of maps. The usual way of viewing
BP¥(+) 1s BP¥(+)={+,BP}*¥, the stable homotopy classes of maps
of the suspension spectrum of a space into BP. We will study
the Brown-Peterson cohomology theory from an unstable point of
view by studying the BPk.

Interest 1n the Brown-Peterson theory stems from the fact
that it 1s a "small" cohomology theory which determines the
complex cobordism theory localized at the prime p and that all
of the nice properties of complex cobordism carry over to
BP¥(.), such as knowledge of the operation ring. Historically,
everything about the Brown-Peterson theory has been as nice as
could be hoped for. We will push on further in that direction.
Z(p) is the integers localized at p, i.e., rationals with
denominator prime to p.

Main Theorem (3.3) The Z(p) (co)homology of the zero component

of BPk has no torsion and is a polynomial algebra for k even

and an exterior algebra for k odd. (k can be less than zero.)#
Using the main result of [/2], the above theorem determines

the Hopf algebra structure of the (co)homology.(see section 3)

We begin by reviewing Larry Smith's result on the Eilenberg-



Moore spectral sequence for stable Postnikov systems.[/4] We

combine this with Brown and Peterson's original construction
< *

of BP ([3 1) to calculate H*(BP, .,

lemma which we prove in section 2. In section 3 we prove the

Zp) assuming a technical

main theorem and some miscellaneous ifems such as lifting our
result to MU.

In Part II we determine the homotopy type of the BPk
using the main theorem here.

This paper is a part of work done for my Ph.D. thesis
at M.I.T. under the supervision of Professor Frank Peterson.
It is my pleasure to thank Prof. Peterson for his advice,
encouragement, and understanding through the last several years.
I am very grateful for the quite considerable influence which
he has had on my attitudes and tastes in mathematics. Thanks
are also due to Larry Smith and Dave Johnson for comments on a
preliminary version of this paper, in particular for pointing

out a mistake in the original proof for the prime 2.

Section 1
For the remainder of the paper all coeffecient rings are
assumed to be Zp=Z/pZ unless stated otherwise. In this section

we show H¥(BP ) is an exterior algebra on odd dimensional

2k+1
generators. H*(BP2K+1) is a Hopf algebra, se.for odd primes
having odd dimensional generators is equlvalent to being an
exterior algebra. The general reference for Hopf algebras is
[/0]. We quote what we need from [/4].

Let K be a product of Eilenberg-MacLane spaces. We will

be concerned with the situation
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where all spaces are infinite loop spaces and all maps are
infinite loop maps. = is the fibration induced by f from the
path space PK over K. All cohomologies are thus cocommutative
Hopf algebras and H*(X)\\f¥* and H*(X)éff*, the kernel and
cokernel of f¥ in the category of Hopf algebras are defined.

There is a natural map PH —> QH, where P and Q denote
the primitives and indecomposibles respectively of a Hopf
algebra H. When this is onto, H is called primitive.

Lemma 1.1 ([/4,p.69]) H'C H a subHopf algebra over Zp, H
primitive, then H' is primitive. #

If V is a graded module, let sV be the graded module
(SqV)n+q=Vn‘ Let V  denote the elements of odd degree. From
[ /4,p.95] we have a filtration of H¥(Y) of diagram A such that

PLs™ ((QUH* (K)\\ £*))7) ]

1.2 EOH*(Y)ﬂH*(X)ﬁ'f* ®E[...]8
[s™L((Q(u* (K)\ £#))7) 1P

as Hopf algebras. E and P denote exterior and polynomial
algebras generated by odd and even dimensional elements
respectively. E[...] is determined by H*(K)\kf*.

H¥(K) 1s primitive because it is generated by cohomology
operations on fundamental classes, therefore, H¥(K)\\ f#* is
primitive by 1.1. So for x ¢ Q(H¥(K)\ f¥) we have x' + x,

x' € P(H¥(K)\ f¥) and thus x' -+ x" e PH¥(K). For x of odd
degree, x' and thus x", are determined uniquely by x. Let

i:QK -+ Y be the inclusion of the fibre.



Lemma 1.3 ([/#,0.86 and p.110]) i*(s—l(x))=s*(x"), s* the
cohomology suspension, s¥*:H¥(K) -+ H¥*(QK).#

Note that if x is of odd degree then s#(x")#0 by the
following lemma.

t k
¥ * = =
Lemma 1.4 a ¢ PH¥(K), if s*(a)=0, then a=P Xop ¥BP X5 4q

(p=2 a=Sqnxn) where PT & A 1s the i-th reduced p-th power, A

is the Steenrod algebra and Xs is of degree 1. #

Proof It is enough to consider K=K(Zé,n) and a=PIin, pl ¢ A

an Adem basis element. The proof is an argument on the excess
of I and can be found in [/3]. #

Brown and Peterson [3 ] construct BP by a series of
fibrations which we now describe. Let ;% be the set of
sequences of non-negative integers (rl,rg,...) which are almost

all zero. Define d(R)=22ri(pi—l), g(R)=£ri and let Ai be the

=1 and zeros everywhere else. Let V., be the graded

i J
abelian group, free over Z(p), generated by R e X with L (R)=j

R with r

and graded by d(R). Then we have the generalized Eilenberg-

MacLane spectrum K(Vj)= \/. Sd(R)K(Z(p)). BP=inverse limit

2 (R)=J

Xj where we have the fibrations
1y
K(Vj)———w%>X"
(¥) k
xj’l-——*ill“—>sx(vj)
induced by kj-l’ We have an A/A(QO) resolution for A/A(QO,Ql,...
= * . * = *. *::
H¥* (BP), dj'Mj - Mj—l with H (K(Vj)) Mj and (ij) (kj) dj+l'

The Q, are the Milnor primitives. [8 ] (For p=2, Q=P 1+1 4n
the Milnor basis.) For an A/A(Qo) generator ip € H*(K(Vj)),

dj(iR)=§QiiR_Ai.



The spectrum K(VJ) can be given as an f-spectrum,

{ K(V,,k) = x K(Z(p),d(R)+k) }. The entire diagram (¥)

J? 4 (R)=j

can be turned into Q-spectra and maps of Q-spectra. From this

we get a sequence of fibrations with BPk=inversee limit XJ.
1y
K(Vj,k).__;4>x
(#4) V. ook

xd-1 J-1 K(Vy,k+1)

and kj' Note that
) %

We suppress the k in the notation for Xj, iJ

k can be less than zero. We have (% )*?(kj)*-s*=s*°(ij)*'(k

J
where the ij and kj on the right are for BPk and on the left

J

for BP, ,. This 1is because kj for BP, _, 1s the loop map of

the kj for BPK' Similarly for 1J' The iterated cohomology
suspension gives a map s*:Mj + H¥(K(V,,k)) which has as its
image the primitives, PH*(K(Vj,k)). In general we will

denote the iterated suspension by s* and it should be clear

when we mean only one. We have the following commutative

diagram. dj+1
S*MJ & Mj+l
'i SﬂLﬁ

i * o k *

( J) ( J)
We will often use S*(dj+1) for (ij)*‘(kj)*. It is given by
the same formula EQi iR—A . In the next section we prove the

i

following lemma.

Lemma 1.5(j) For k odd, if a e PHAI*1(K(V,,k+1)) such that

J’

(kj—l)*(a)=0’ then there exists b e PH¥(K(V k+1)) such that

J+1°
(ig)*'(kj)* (b)=s*(a)#0. #

We use this to prove the next proposition.

10



Proposition 1.6(j) For k odd, H*(Xj)ﬂ’(kj)* has no even

dimensional generators. (For p=2 it is an exterior algebra.)#
Proof For j=0, X°=K(Z(p),k) and all generators of H*(X°) are
in the image of s*:MO=A/A(QO) -> H*(K(Z(p),k)). So if x is an
even.dimensional generator of H*(K(Z(p)?y)) and k is odd, then
there is an odd dimensional x' ¢ MO with s*¥(x')=x. We have
the exact sequence dl €
Ml-——f>A/A(QO)=MO—-f%>A/A(QO,Q1,...) + 0.
Thus there exists x" ¢ M

1 with dl(x")=x' as e(x')=0 because

e(x') is an odd dimensional element in A/A(Q .) which

O’Ql"'
only has even degree elements. So s¥(x") € H*(K(Vl,k+1)) and
(ko)*(s*(x“))=s*(dl)-s*(x”)=s*(d1x”)=s*(x')=x and the even

dimensional generator x e H*(X°) goes to zero in H*(Xo)ﬁ/(ko)*.

2 degxX

(For p=2 and x an odd dimensional generator, then x“=3q
is killed by the same argument, so we have an exterior algebra.)

By induction, assume proposition 1.6(j-1). By 1.2 we have:
PLs™H(QUE* (K (Y, k+1) Nk _1)#) ) ]

B i* (x))=H* (XI7) / (i, 1) *8EL. . 18

[s™h(QUu* (K(V, ks 1) N\(k, _,)%)7) TP
J Jg-1
Now by our induction assumption, all even dimensional generators
-1 » %

look like s ~(x) where x € QH*(K(Vj’k+1))\k(kJ-l) .  These

elements map injectively to the cohomology of the fibre, see

1.3 and the remark after it. As discussed above (before 1.3),

X can be represented by an a € PH*(K{VJ,k+l)) with (k )¥(a)=0.

J-1
Now, as a is of odd degree, from 1.5(j), there exists b such
that (i,)%-(k;)*(b)=s*(a)#0. But by 1.3, (ij)*(s"l(x))=s*(a)
and (ij)* is injective on these even degree indecomposibles

giving that (kj)*(b)=s“l(x)+decomposibles. Therefore, the
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generator s_l(x) goes to a decomposible in H*(XJ)ﬂ'(kj)* and
we are done, #

Corollary 1.7 For k odd, H*(BPk) is an exterior algebra on

odd dimensional generators. #

Proof. Begause K(Vj,k) is highly connected for high J we have
H*(BPk)= direct limit H*(Xj)y'(kj)*. Because we are working
with Hopf algebras, odd dimensional generators for odd primes
means we have an exterior algebra. The direct limit is achteved

in a finite number of stages so we have the result.using 1.6. #

Section 2

We will now prove lemma 1.5(j). We have already seen that
that s*(a)#0. (1.4)

Let A be the mod p Steenrod algebra. We défine a filtration

A=F% D FlAD F2A:> ... by giving a basis for FSA. @iven an

e by & en i
Adem basis element, B "P "8 "...8 P 7, it is a basis element

for FSA if s<ie For p=2 and an Adem basis element SqI=

1. 1 1
Sq %Sq °...sq ™, 1,21

i
I

j41° Sq~ is a basis element of F°A

2
if s or more of the ij are odd.

For our purposes 1t is usually more convenient to work in
the Adem basis, however, the Milnor basis 1s a necessary

excursion for p=2. For odd primes, a Milnor basis element

€ €
QfP® (ef=q_ °q, ...) is a basis element for F°A 1f s<Ie,.

For p=2, a Milnor basls element PR is a basis element for F°A

if R=(rl,r2,...) has s or more odd r,.

Claim 1l 1) The two definitions of FSA are the same.

s+t
11) If a € FSA, and b € FUA, then. ab ¢ F A, #
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A, A A
Sketch proof Milnor's Qi=P 1B—BP“i For odd primes P 1 is

in the algebra of reduced p-th powers and so can be written in
the Adem basis without any B's, similarly for all PR in the

Milnor basis. The Adem relations for p odd preserve the

number of B's exactly, so we see that Qi € FlA and not in F2A.

If we were to rewrite a Milnor basis element QIPR in the Adem
basis we would still have Zsi B's.

The proof of the second part just uses the fact that the
Adem relations never decrease the number of Bocksteins.

The proof for p=2 &s slightly more complicated and is
left for the reader. #

Given a € PH*(K(Vj,k)), (any k), it can be written as

a= % a.i_ where 1_ is the fundamental class of

K(Z(p),d(R)+k) and ag € A. If it can be written like this

R
with each ap € FnA, then we say a 1s with n Bocksteins (w.n B's).

If n=1, we just say w. B's. If a is with n Bocksteins but not
with n+l B's we say a is with exactly n B's. As discussed
above, Qi is with exactly one Bockstein. Therefore by the

definition of dj and the above claim, if a € M, with n B's,

J
then s*(di}(@) is with n+l B's.

Claim 2 1If a=§¥d)(4)and a 1s with 2 Bocksteins, then there is
a b' withB's such thatfﬁjﬂb')=a. #

Proof Pirst for odd primes; write b= I an,l, with a, € A.

L(R)=y KR R

1 e F°A/FLA and c

_a0 1 . =
A=F"A/F"A ®F A, so write aR-bR+cR with bR R €
1

FTA. bRQi then has exactly one B. cRQi has more than one R.
We know that(x=§ﬁyXb)has more than one B8 Sosﬁ%ﬂchiR)=o' Let

1=
b ZcRiR.
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A,
For the prime 2 we have Qi-l =P T and for a Milnor basis
i
R-27A,+A
RpAM _ e 4 14
r even

;1ement PR we have P , thus 1increasing

i+]
the filtration precisely one. Using this fact, the proof for

p=2 is the same as for odd primes. #

Proposition 2.1(j) Given a € PH*(K(Vj,k)), a with B's such
that s*(dj)(a)=0, then there exists a € Mj such that
s*(a)=a and dj(5)=0. #

Proof of 1.5(j) For k and a odd, then a is with B's in

PH*(K(Vj,k+l)) for dimensional reasons, i.e., all of the
Steenrod algebra elements used are odd dimensional, and all
odd dimensional elements have B's. (kj_l)*(a)=0 implies
s*(dj)(a)=0 and we can apply proposition 2.1(j) to get a such
that s*(a)=a and dj(5)=0. By exactness, there exists b € Myyq
(b)=a. Then b'=s#*(b) e PH¥(K(V

jﬂ)(s*(ﬁ))=s*(dj+1

such that dj+1

Y(b')=s¥*(d

j+l,k+2)) has

s*(d, (b))=s*(a)=a. So let

j+l

b=s*¥(b'), then s*(a)=s¥*(d )(b) which is what we want. #

J+1
Proposition 2.2(j) Given an a as in 2.1(j), then there exists

b € PH¥(K(V k+1)) such that s¥(d Y(b)=a. #

J+1?
Proof See proof of 1.5(J). #

Jj+l

Remark Proposition 2.2(j) is really the essential feature that
makes everything work. It means that exactness still holds in
the unstable range for primitives with B's,

We need proposition 2.2(j-1) in the induction argument
for the proof of proposition 2.1(j).

Proof of 2.1(j) This follows at once from the next

proposition, just 1ift a up one step at a time until it is

in the stable range. #
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Proposition 2.3(j) Given a with B8's in PH¥(K(V,,k)) (any k)

j’
such that s*(dj)(a)=0, then there exists a with B's in

PH*(K(Vj,k+l)) such that s¥(&)=a and s*(dj)(5)=0. (For j=0,
s*(do)(a)=0 is a vacuous condition.) #

Proof j=0, trivial. For j=1 the argument 1s the same as for

j>1 except easier, so assume j>1. Now, trivially, there exists
a' with B's such that s¥(a')=a. (Let a'=t(a).) Now
s*(dj)(a') e ker s¥ by commutativity of the following diagram.

So, s*(dj)(a')=an2n+BPtx e PH¥(K(V,_;,k)) by 1.4, (p=2,

2t+1l

2n 2t+1 % n t = od =
Sq Xy, OF Sq X2t+1) S (dj—l)(P x2n+BP x2t+1) 0 as dj-l dj 0.
y v ph,  _pt
0 & a=a'-Fyon P Vot
0 < Xon < Ion
* *
S (dj—l) S (dj)
0 < Xog41 € Yot+1
n 2t+1
0 &— Prx, +0P Xorpy € a'
PH¥ (K(V, _1,k)) € PH¥ (K(V, ,k+1))
s¥* g ¥
PH* (K(V, _;,k-1)) PH¥ (K(V, ,k))
! s*(dy) ! N/
0 € a
Claim x is

2t+1 2n 2t+1

is with 2 B's. #

and x._are in the kernel of s*(dj-l) and x

]
with B's and X5n
D

M n _ n, _ T
Proof s (dj—l)(P X2n) is a p-th power as P'x, (x2n) .

t
*
s (dj—l)(BP X5¢41) 1s not, because it has a B on the left

which must stay theie by the Adem relations. So Plx and

2n
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t *
BP Xop 41 are each in the ker s (dj-l) as they cannot give

s*(d,_1) (BR Xy, 40 )= ~s¥(dy 1) (PPxy ). H¥(K(Vy 5,k-1)) 1s a

* Pog# n
free commutative algebra, so [s (dj—l)(xzn)] s (dj—l)(P x2n)

=0 implies s*(dj_l)(x2n)=0. BPt is monomorphic on

PHEST(R(Y, ,,k-1)), ([/31), so s*(d, ;) (8P %,y ,;)=0 implies
S*(dj—l)(x2t+1)=0' (p=2, much easier)

a' is with B's so s*(d )(a')=an2n+BPtx is with 2 B's,

3 2t+1

+ Z(Zumcm)i where A, and w, are

and is equal to Z(Zlibi)iR R 1

R 1 Rm

#0 € Zp and the b, and ¢ are Adem basis elements which begin

i
with P" and BPt respectively. (This follows from the proof

of 1.4.) Foom this we see that x is with B8's and x is

2t+1 2n

with 2 B's. (same for p=2) #
By induction on J, X, ., is with B's and in the keryel of

* - =ca¥®
s (dj—l)’ so by proposition 2.2(j-1), Xop 418 (a )(y2t+1) and

J
=¥
likewise x, =s (dj)(y2n) where y, 1is with B's by an earlier

claim. So a=a'-Py, - Pty2t+l 1s with B's. This is easily

shown by writZTing out Yon and Yot+1 using the Adem basls and

then noting that Pny2n and Ptx are still in the Adem basis

2t+1
form for dimensional reasons. So, we have s*(dJ)(5)=0 and

s*(a)=s¥(a')=a. #
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sectlon 3

Our first objective 1s to compute the (co)homology of
BP,, . The bar construction (L[4 1) gives a spectral sequence
of Hopf algebras: (k odad)

H, (BP )

Tor k)(ZD,Zp)=> E Hy(zero component of BP

k+1
Now H*(BPk) is an exterior algebra on odd dimensional
generators QH*(BPK). (Cor. 1.7) A standard computation (see

[/41) pives: o, Hy(BP

T k (Zp,up)~r(s (QH*(BPk))) where T denotes
the Hopf algebra dual to the polynomial algebra. Now all
elements in F(sl(QH*(BPk))) are of even degree and the
differentials change degree by one, so our spectral sequence

) =

collapses and we have: H¥*(zero component of BPk+l

[Eo%*gzero component of BP ) 1#* =[TorH*(BPk+l)(Zp,Zp)]* =

k+1
f[T(sl(QH*(BPk)))]* = polynomial akgebra.
We will now show H*(BPk—l) is a polynomial algebra for k
odd. Using the Eilenberg-Moore spectral sequence ([ & ,/#]) we
= * il
have TorH*(BPk)(Zp’Zp) > E_H (BPk—l) if BP, is simply connected.
Assume it 1s, then the same argument just given shows H*(BPk—l)

is a polynomial algebra. The only modification is:

TorH*(BPk)(Zp’Zp) = P(s_l(QH*(BPk)))

If BP,, Kodd, is not simply connected, then it is easy
to see that one can get a splitting BPk = (XSl)(p)>< X where
X is simply connected. This is because BPk is an H-space with
Z(p) free homotopy. Its k-invariants are therefore torsion and
primitive, but (XSl)(p) has no torsion in Z(p) cohomology.

Thus we have a spectral sequence of Hopf algebras:
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= *
Torys (x)(Zps2,)= EHi*(zero component of BP) )

and our argument goes through. We have proved the following

proposition.

Proposition 3.1 The mod p (co)homology of the zero component

of BPk is a polynomial algebra on even dimensional generators

for k even, and an exterior algebra on odd dimensional

generators for k odd. (Note that for k odd, BP, 1s connected.)#

k
Proposition 3.2 The Z(p) (co)homology of BPk has no torsion.#

Proof For k even this is trivial because H¥(BP, ) has no
elements in odd degrees. For k odd we view the Bockstein
spectral sequence as a spectral sequence of Hopf algebras.
The differentials are the higher order Bocksteins. Let Bs
be the first non-trivial differential and let x be the minimum
degree generator that BS acts non-trivially on. Bs(x) is an
even dimensional primitive, contradiction, so all differentials
are zero.#

We can now prove the main theorem.

Theorem 3.3 The Z<p) (co)homology of BP2k+l is an exterior

algebra and the Z(p) (co)homology of the zero component of BP2k
is a polynomial algebra.#

Proof We will do the case for polynomial algebras, the exterior
case being similar. From 3.2 we know the (co)homology is free
over Z(p) and so we can lift the mod p generators (3.1) up to
it. These lifted elements generate the Z(p) (co)homology ring
because there is no torsion and their mod p reductions generate
the Zp (co)homology. By considering the rank we can see there

can be no relations and we have a polynomial algebra. #
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We can now 1lift our result to MU. Normally the spectrum

MU is given by {MU(n)}, the Thom complexes, and maps

S°MU(n) » MU(n+1). [ G,/5] However, if M_slim(k+=)@?X™"

MU(k),
then QanMn_l and for finite complexes MU™(X)=

2k=ny 2k-n

1im(k+») [SSC7X MU(k) J= 1im(k+)[X, @ MU (k) 1=[X, M 1.
Thus, {Mn}=MU as an f-spectrum.

Coroliary 3.4 The integer (co)homology of the zero component

of Mn has no torsion and is a polynomial algebra over Z for n
even and an exterior algebra for n odd. #
2n
= i =
Proof From [ 3] we have MU V; 5°71BP and so M) ()

IIi BPn+2ni‘

H*((Mn)(p)éz(p))z polynomial algebra over Z(p). Thus the

By 3.3 for n even H*(Mn,z)ez(p) = H*(Mn,Z(p)) ~

integer homology has no torsion, and localized at every prime
it is a polynomial algebra, so it is a polynomial algebra
over Z. Similarly for n odd. Since there is no torsion, the
same thing works for cohomology. #

Remark 1 A completely analogous theorem is true for MSO if
the ring Z(1/2) is used.

Remark 2 There are several ways to determine the number of
generators for 3.1, 3.3, and 3.4. The spaces BPn and Mn are
just products of rational Eilenberg-MacLane spaces when
localized at . (This is because thelr k-invarients are
torsion.) Because there is no torsion, the number of
generators 1s the same as for the rationals. As examples we
have ﬂ§(BP)=Z(p)[x2(p_l),...,xz(pi_l),...] so for 2n>0,

2n"§

H¥ (BP 2 (1)) = 5y [8%715(BP) ] and WE(MU)=Z[x2,...,321,...] so

for 2n>0, H*(Mzn,z) = Z[svaﬁ(MU)].
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We have shown that both the cohomology and homology of
the zero component of BP2n are polynomial algebras. This is
a very strong statement, in fact, it determines the Hopf
algebra structure of the (co)homology.

Definition A connected bicommutative Hopf algebra is called

bipolynomial if both it and its dual are polynomial algebras.#
There is a bipolynomial Hopf algebra B(p)[x,Zn] over

Z(p) (or Zp) which has generators ak(x) of degree 2pkn.[7 ]

It is isomorphic as Hopf algebras to its own dual.
In [7/2] we prove the following proposition.

Proposition 3.5 If H is a bipolynomial Hopf algebra over Z(p)

(or Zp), then H = @j B(p)[xj,2d3]. (For p=2 and 22,

replace 2dj by dj‘) #

Using this and the counting argument of remark 2 we can

Jjust write down the Hopf algebra structure for BP As an

2n’
example, we will do this for n>0. Let?{,n be the set of

sequences of non-negative integers R=(rl,r ...) with almost

2’

all r1=0. Let d(R)= 2n + Z2(pl-—1)ri for our fixed prime p.

We say R is prime if it cannot be written R=pS+(n,0,0,...),
.
S € }{n.
> * ~
Proposition 3.6 For n>0, H (BPZn,Z(p)) Re@ B(p)[xR,d(R)] #

n
R prime

If we work over the integers and let B[x,2d] be the
bipolynomial Hopf algebra on generators cn(x) of degree 2dn
with coproduct c (x) - ch_j(x)acj(x) ([7]) then we have an
analogous proposition. [/2]

Proposition 3.7 If H is a bipolynomial Hopf algebra over Z,




then H= @ B(x,,2d4.]. #

J 3273
We can now apply this to MU={Mn}. Let I be the set of ’

sequences of non-negative integers I=(1l,12,...) with 113n

and almost all ij=0. (n>0). Let d(I)=%, 2j 1 We say I

J J°
is prime if it cannot be written I=kJ, where k>l and Je¢ In'
Proposition 3.8 If {Mk} is the Q-spectrum for MU, then for

n>0, H¥(M, ,Z) & B[xI,d(I)] as Hopf algebras. #

en’ 1 prime eI,
Proof Just use 3.7 and the counting done in remark 2. #
Let S be the sphere spectrum and let i:S -+ BP represent
1l e wi(BP). S={QsS™} as an Q-spectrum where QX=1im Q°s"Xx. 4
induces maps in:QSn > BPn. H*(QSn) is given in terms of homology

operations on the n dimensional generator. [§ ]

Proposition 3.9 Let n>0, the kernel of (in)*:H*(QSn) + Hy (BP_)

i1s generated by homology operations on the n-dimensional
class which have Bocksteins in them. #

Proposition 3.10 Let n>0, if jn:BPn > K(Z(p),n) represents the

n * 1 (K
generator of H (BPn,Z(p)), then the kernel of (j )¥*:H (Kﬁap),n))
> H*(BPn) is generated by cohomology operations:.on the
n-dimensional class which have Bocksteins in them. #

Proof of 3.9 By 3.2, any homology operation which has Bocksteins

in it goes to zero. Let u be a homology operation with no B's

such that ux #0 in H,(QS™). As u has no 8's, u(s*)kxn is a

- o
n %Xntx n+k? :

)#0 in H,(BP

p~th power for some k. So u(s*)kx =(u'x Now by

induction on the degree of u, i,(u'x ) and n+k

n+k
is even since we have a p-th power. H*(BPn+k) 1s a polynomial

n+k

k
algebra and so [i*(u'xn+k)]p#0 and is =i*[u'xn+k]p=i*u(s*) X =
i*(s*)kuxn=(s*)ki*(uxn) and so 1y(ux )#0. #

The proof of 3.10 1s similar.

21
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The Q-Spectrum for Brown-Peterson Cohomology Part II
by W. Stephen Wilson

Introduction

Let BP denote the spectrum for the Brown-Peterson cohomology
theory, BP¥(+).[2,5 ,/2] We have BPX(X)2[X, BP ] where BP=

{BPk} as an Q-spectrum, d.e. QBP §BPk_l.[4-] In Part I [20]

k
we determined the structure of the cohomology of BPk' In this

part we study the homotopy type of BPk'

The structure of each BPk is very nice and gives some
insight into the cohomology theory. In particular, using it,
we obtain a new proof of Quillen's theorem that BP¥*(X) is
generated by non-negative degree elements as a module over
BP¥(S°).[//] (X is a pointed finite CW complex.)

Let Z(p) be the integers localized at p, the prime

assoclated with BP. We explicltly construct spaces Yk which

are the smallest possible k-1 connected H-spaces with my and

Hy free over Z . The Y are the building blocks for BP_,
¥ (p) n

k

i.e., BPn > Hi Yk . In fact, one of our main theorems states
' i
that for any H-space X with wy and Hy free over Z(p), then

X =M, Y . (This is not as H-spaces, see section 6.) To
i

understand the spaces Yk we need a sequence of homology

theories:

BP*(X)zBP<w>*(X)+...+BP<n+1>*(X)+BP<n>*(X)+...4BP<O>*(X)=H*(X,Z(p))

These are constructed using Sullivan's theory of manifolds with

singularities. BP,(S%)=z [X:,X5....] with degree of x, =
¥ (p)-"1°72 i

2(pi—l). BP<n>*(S°)=Z(p)[xl,...,xn] as a graded group. Let
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BP<n> = {BP<n> } be the Q-spectrum for BP<n>y(+). For k >

2(p"t

+...+p+1l), the space BP<n>k cannot be broken down as a

product BP<n> = YxX with both X and Y non-trivial. For k <

k
2(pn+...+p+1), H*(BP<n>k,Z(p)) has no torsion. So, for k

= BP<n>, .

between these two numbers we get Yk Kk

Main Theorem For 2(pn_1+...+p+l) <k < 2(pn+...+p+1)

BPk o BP<n>k$x .H BP<J>k+2(pJ-1)
J>n
and cannot be broken down further. #

The proof of this theorem exploits the fact from [20]
that the Z(p) cohomology of BPk has no torsion.

We begin by constructing the theories BP<n>,(*). 1In
section 2 we review what we need about Postnikov systems.
Section 3 is devoted to preliminary necessities for the proof
of the main theorems in section 4. Then we state the main
results and prove Quillen's theorem (section 5) and a general
decomposition theorem for spaces which are p-torsion free and
H-spaces when localized at p. (section 6)

In a future paper with Dave Johnson these results will be
applied to study the homological dimension of BP¥(X) over
BP¥(S°). [21]

This paper is part of my Ph.D. thesis at M.I.T. I would
like to thank my advisor, Professor Frank Peterson, for his
encouragement and understanding. I would also like to acknow-

ledge the influence of his papers on this research, in particular,

[/0].



Section 1 Construction of BP<n>

This section deals with Sullivan's theory of manifolds
with singularities. [/9] The approach we take is due to Nils
Baas. Thils section is not intended to be an exposition on the
Baas-Sullivan theory, for we only wish to use it to construct
certain specific homology theories, the general case being
covered in detail in [ 3]. Even the definitions we give will
be missing major ingredients, in all cases we refer to [ 3].

If we dealt with the case of one singularity, P, then a
manifold with singularity P would be a space V = N()PxM cPxM
where N is a manifold with 9N=PxM and cP 1s the cone on P.

One can make a bordism group of a space using such objects in
place of manifolds. An element of the bordism would be
represented by a map f:V+X. So, as far as bordism is concerned,
one might just as well consider only the manifold N and insist
that maps f:N+X, when restricted to 9N=PxM, factor through the
projection PxM » M. This is the approach Baas takes. When
more than one singularity 1s considered, the definitions

become quite technical. From [ 3]

Definition V is a closed decomposed manifold if there exist

submanifolds alv,...,anv such that 8V=31V&)...\janv where union

means identification along common part of boundary such that
3(3,V) = (3;VN,MU... Uy VN3, MUBY. ..U (3 v 3, V),

which gives BiV the structure of a decomposed manifold.

Continue, defining ak(aj(aiV)), etc. #

Let Sn={P1,P .,Pn} be a fixed class of manifolds. Very

YR
loosely, A is a closed manifold of singularity type s if for

24
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each subset w C {1,2,...,n} there is a decomposed manifold A(w)
such that A(Z)=A, 3,A(w)x= A(w,®)xP, 1f 1 £ w, 3,A(w) = @ 1if

1 € w. A singular s™ manifold in X is a map g:A-+X such that
g|3;A(w) = A(w,1)xP; factors through the projection A(w,1)xP,
+A(w,1).

More generally, singular manifolds with boundary, singular
manifolds in a pair, and a concept of bordism are all defined.
(rigorously) These bordism groups are shown to give generalized
homology theorles, MSn*(-). One of the most important aspects
of these theories is the relationship between MSn*(-) and
Msn+l*(-). This will be a major tool throughout the paper
There 1s an exact sequence

B
Ms™, (X) >Ms™, (X)
)

MSn+l*(x)

The product of an S™ manifold with a closed manifold N gives
an S™ manifold by: (NxA)(w) = NxA(w). On a representative

element A-+X, B is Pn+le + A » X. Any S™ manifold A can be

n+l

considered as an S manifold by setting A(w,n+l)=@. So

y(A+X)=(A+X). For an s"*1

manifold A we see that A(n+l) 1s an
s” manifold, so 8(f:A+X)=f|A(n+1)+X. The degrees of these

maps are: degree R= dimension P degree y=0, degree §=

n+l’
-dimension Pn+l ~1. In our one singularity example, 9dN=PxM,

§ just restricts to M. Baas of course defines these maps
rigorously, shows they are well defined and proves the exactness

theorem.

Above we remarked that the product of a manifold and an



S™ manifold is again an S™ manifold. This gives us a map,
Ms®, (x)amMs”, (Y) + MS",(XxY). This is precisely the condition
that tells us the spectrum associated with MS",(+) 1s a module
spectrum over the spectrum for the standard bordism theory
MS®,(+). Further, MS",(X) 1s a module over MS®,(S®) and the
above maps, B,y, § are all MSO*(SO) module maps.

We now get on to our applications. All manifolds consldered
above could be taken with some extra structure, and we assume
them all to be U manifolds. So MS®,(-) is MU, (+) the standard
complex bordism homology theory for finite complexes. Now
MU*(so) = ng(MU) = Z[xz,...,XZi,...]'where degree x23=23. We

choose a representative manifold P1 for Xy e Fix a prime p.
S(n,m) = {P,| 1<m, 1#p’-1, j<n} . Then by all of the above,

we have a homology theory MUS(n,m), (°+) made from U manifolds
with singularity type S(n,m). For large m we have an exact
sequence:

xP |
MUS (n,m)  (X) PPl s Mus(n,m) 4 (X)

AN /x

MUS(n-1,m)(X)

From these exact sequences and the homotopy of MU we see
that MUS(n,m),(S®) = m3(MU)/[S(n,m)] where [S(n,m)] is the
ideal generated by S(n,m). We define the homology theory
MUS(n)4(+) = lim(m>e) MUS(n,m),(+). MUS(n)*(')QZ(p) is a
homology theory which we will denote by BP<n>,(+) and the
corresponding spectrum by BP<n>. The reason for the notation
is that if BP =+ MU(p) is Quillen's map ([ r2]), then BP » MU(p)

+BP<»> clearly gives an isomorphism on homotopy and so
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BP = BP<»>., Thus BP<n> is a module spectrum over BP and we

have:

8
BP<n> (X) > BP<n>,(X)
1.1 6\ /Y
“BP<n-1>, (X)
with degree of B= 2(pn—1), degree y=0, degree §= —2pn+l.

BPy(S9) = 2 y[xy(p1ys msXp(plogysee-]. BP<n>y = BPan>¢(s°)

= BP*(SO)/[X2(pi_1)| i>n] as a module over BP,. Although BP,

acts on BP<n>,(X), it is not known if X5(pi-1) acts trivially

for i>n.

Every spectrum can be represented as an Q-spectrum.[ 4 ]
Let BP<«n> = {BP<n>k} be the Q-spectra, i.e.uQBP<n>kf= BP<n>k_1
and BP<n>k is k-1 connected for k>0. This means that
BP<n>k(X) = [X, BP<n>k] where BP<n>*(-) is the cohomology
theory given by BP<n>.

The theories BP<n> are independent of cholice of manifolds
Pi representing X5 but seemingly dependent on the choice of

generators X2(pl-1) chosen for WE(MU). However, the results

we obtain are independent of the choice of even these generators
because the spaces BP<n>k for different choices become homotopy
equivalent when k is small enough. In addition, in [=xt] we

show that BP<1> is independent of choice of x In fact, BP<1>

21°
is just the irreducible part of connective K-theory when
localized at p.

We now permanently reindex the XZ(pi—l) to Xy with degree

2(pi—l). From 1.1 we have a split exact seqguence:



‘ X
1.2 0 —> BP<n>, ——> BP<n>;—> BP<n-l>,—3 0
BP<n>, = Z(p)[xl,...,xn] as a group. Again, from 1.1 for

finite complexes we get a cofibration ([t ]):

SgiBP<n>~——ji—~—> BP<n>
1.3 l”

i=pn—1 BP<n-1>

For the spaces in the Q-spectrum this becomes a fibration:

8
o AN
BP<n>k+j — BP<n>k
1.4 J,y
j=2(pn—l) BP<n-l>k
If M is a graded module let skM be the graded module (skM)k+q=
Mq. Then,
1.5 mg (BP<n> ) = sk(BP<n>*) k>0

From 1.3 we have an exact sequence:

B* Y*
1.6 H¥(BP<n>) €—— H¥(BP<n>) &—— H¥(BP<n-1>)

1

For most of the paper, unless otherwise noted, all

3%

coeffecient groups will be Zp where p 1s the fixed prime
associated with the BP<n>. Let A be the mod p Steenrod algebra

and Qi the Milnor elements. [ 9]

Proposition 1.7 H¥(BP<n>) = A/A(QO’QI""’Qn) = A #

Note Baas and Madsen have a more general result which includes
this, however, as this special case has a much more elementary
proof we give it here.

Proof my(BP<0>) = Z(py» SO BP<0> = K(Z( y) and H¥(BP0>)=A/A(Q,).

We prove the result by induction on n using 1.6. Let 1 denote
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the lowest dimensional class of each spectrum, then y¥(1)=1.

Assume H*(BP<n—l>)=An If y*(in)=O, then for dimensional

-1

reasons, 8*(1)=1Qn1, 0#X € Zp. If a e A, then O#ain=8*(al)

in A _, because A = An(l)eAn(in). Therefore al#0 in H¥(BP<n>).

This takes care of exactness at H¥(BP<n-1>). So now H¥(BP<n>)

=An$X with B¥:X+X an isomorphism, but the degree of B¥ #0 so X=0.
All we need now is Q 1=0 ¢ H¥ (BP<n>). Our map BP -+ BP<n>

is an isomorphism on homotopy below dimension 2(pn+l—l) and

therefore an isomorphism on cohomology in this range. H¥(BP)

=A/A(QO,Q1,...).[5 ] The dimension of Qn is 2pn—1 S0 in=0.#

Section 2 Postnikov Systems

We collect here the results we need about Postnikov systems.
We assume X is a simply connected CW complex. We start with

the standard diagram:

pn/ g
n
n-1 kn

L K(T,(X),n+1)

=point
2.1 Definition and existence [I6]
n
A Postnikov system for X is a sequence of spaces {X }

and maps, {gn:Xn -~ Xn‘l}, {pn:X+Xn} such that p = g *p, and

n-1 - n
the fibre of g 1is K(vn(X),n), the Eilenberg-MacLane space.

The fibration gn:Xn + x™ 1 15 induced by a map kn:Xn—l -

K(nn(X),n+l) from the path space of K(ﬁh(X),n+l). Thus

n+l

n-1
k eg, = 0 and k € H (x ,Wh(X)). k  1is called the n-th
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k-invariant of X. Postnikov systems for simply connected CW
complexes always exist and (pn)#:wk(X) > wk(Xn) is an isomorphism

for k<n and nk(Xn)=O for k>n.

2.2 Induced maps [ 8 ]

Given f:X - Y then we have {f":X" - Y™} such that
n-1 vy . s ¢! n, - . _
by gn(x) = gn(Y) £, f pn(X) = pn(Y) f and f#(kn(X)) =

3 ¢ 1) RN
(f )*(kn(Y)).

2.3 Loop spaces

The Postnikov system for QX is given by: (x)? = QXn+l,

pn(QX) = Qpn+l(X), gn(QX) = an+l(x), kn(QX) = an+l(X), SO
nt+l

k (OX) = s¥*(k _,,(X)) e H (ox"”, m (9X)) where s* is the

-1

n+l
cohomology suspension defined by @

‘ § e+l p¥ +1
H¥(QX,G) —-> H*¥ ~(PX, X, G) &—— H¥ ~(X,pt, G)

op*.

PX is the path space fibration over X.
2.4 Product spaces
A Postnikov system for XxY is given by {x" x Y™} with
k-invariants {k_(X) x kn(Y)}.
2,5 H-spaces [8]
If X is an H-space, then each x™ is an H-space, o and &n

n+l

are maps of H-spaces and kn € H (Xn“l, nn(X)) is torsion and

is primitive in the Hopf algebra structure induced on H¥ by the

multiplication in Xn'l. Also, if Xﬂ"l is an H-space and kn is

primitive, then X" is an H-space. If all k-invariants are
primitive, then X is an H-space.

2.6 Obstruction theory [/6]

1

If ¥ is CW, and we have fn_le > X~ l1ifts to

+
n l(

, then fn—l

. n % - =
£,:Y > X7 Aff (fn_l) (kn(x)) 0 e H Y, nn(X)). If there
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exist maps {fn:Y + X"} such that gn(X)-fn = f_ _, then
there exists f:Y-X with pn(Y)of = fn.
2.7 Construction of spaces [/6]
Given a sequence of fibrations gn:Xn > x™1 with fibre
K(m ,n) and X =pt, then there exists a CW complex X and maps

pn:X » X? such that {Xn}is a Postnikov system for X.

2.8 Independent k-invariants

Assume for the rest of this section that n*(x)@z(p) is
free over Z(p) and the k-invariants kn(X) are torsion elements.
This will always be the case in our applications. From the
Serre spectral sequence of a fibration we obtain the‘following

natural ladder of exact sequences:

(gg )*

8 (x5~ >

\L (p
0 » H3(x%h ————s-e Hs(xs)~—>Hs(K(ws(x),s))

2.9 s+l x5- -1 s+1
———-9 H z(p))-—————ﬁ>ﬂ {i, 2Z(py) >0

(g )%

T 1s the transgression. Also we obtain

3 Hs+1 S- l)

2.10 HY(xS,6) = HX(X,6) for k<s.

In the dimension of our ladder, the transgression is related
to the k-invariant map ks by Tes¥* = ks*. This motlivates the
following definitlions.

For x € HS(K(wS(X),s),Z(p)), a free generator, t(x) will

be called a k-invariant of X. If 1(x)=0, it is called dependent.
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The k-invariant t(x) is independent and hits a p-torsion
generator if and only if pe+t(x) = T+p(x) #0 where p is the mod
p reduction. If the k-invariants, t(x), of OX, hit p-torsion
generators, then there is a y with s¥(y)=x, and so s*¥(1(y)) =
T(x) showing that the k-invariants 1(y) of X also hit p-torsion
generators. (Remember that we have restricted ourselves to
spaces with torsion k-invariants.) If H*(X,Z(p)) has no p

torsion, then all p torsion generators of Hs+l

(Xs—l,Z(p)) are
hit by k-invariants. This is true because the coker 1 =
HS+1(XS,Z(p))c:ZHs+l(Xs+l,Z(p)) = HS+1(X,Z(p)) which is free,
all by 2.9 and 2.10.
2.11 Localization [18]

Usually we will work with localized spaces, i.e. spaces
with m(X) a pr) module. For simply connected spaces or H-
spaces, the localization X(p) and a mod p equivalence X ~» X(p)
can be bullt by 2.7 using n*(X)QZ(p) for homotopy groups and

kn(X)QZ(D) as the k-invariants. We get that

H*(x,z)az(p) = H*(X,Z(p)) = H*(X(p),z(p)) = H*(x(p),z).

2.12 Irreducible spaces

If a space cannot be written as a non-trivial product of
spaces it will be called irreducible {indecomposible). If X
is connected and QX is irreducible, then X must also be
irreducible. If X is a localized space with 74(X) free (over

s-1 in the Postnikov system for X is irreducible

Z(p)) then if X
and all of the s k-invariants are independent, then x° 1is

also irreducible.



Section 3 The Map

Before we can prove the main theorem,

BP, # BpP<n> x I BP<j>

K kK 5, k+2(pd-1)

n > <4>
for k<2(p +...+p+l), we need the maps BP, > BP<J k+2(pd-1)"
The natural transformation BP,(°+) =+ BP<n>,(+) gives us the map

BP, =~ BPSn>k which is onto in homotopy. If we obtain the map

k

BP, + BP<J> ) for k=2(pd "1+...p+1) then we have it for

K k+2(pJ-1

all k52(p3—1+...+p+1) by taking the loop map. We can then
combine these maps to give a map

BP, =+ BP<n> x I BP<j>
k k j>n

We fix k=2(p¥+..+p+l) and construct a map BP, + BP<j>

k k+2(pj—l)
by the following series of lemmas.

J
e Hk+2(p

Lemma 3.1 There is an element x '1)(BP<J>

3 K22 (p)’

such that x :BP<J>k > K(Z(p), k+2(pj—l)) is onto in homotopy,

J
k§2(piﬂ4w.+p+l). #

Before proceeding, we need to state a lemma which we will
prove later.

Let 1, be the generator of Hk(BP<j—l>k).
Lemma 3.2 For k>2(p° t+...+p+l), Qu1,#0 in H¥(BP<J-1>).
For k=2(p? 1+, 4p+1), HU(BP<j-1> ) = 0 for i=k+2pI-1 =
dimension jSk = pk+l. #

Proof of 3.1 We go to the fibration 1.4.

B
BP<J>S _— BP<J>k
3.3 j Y
s=k+2(p“-1)
BP<j-1>
k=2(pj“1+...+p+1) k

33

k+2(pd-1)  for k<2(pP? ‘+...+p+l).
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. . S .
BP<J>S is s-1 connected and nS(BP<j>S) = H (BP<J>S,Z(p))— Z(p)./
To show Bg¥ is onto in dimension s we look at the Serre
spectral sequence for the fibration 3.3. In this range we

have the Serre exact sequence:

s+1

S ¥ .8 .
3.4 HY (BP<J >, 0 ) ) —E—> 1 (BP<j>S,Z(p)) + H(BP<I-Iq,2 )

We have k=2(pj°l+...+p+l) and so s+1=k+2(pj~l)+l. By 3.2
and the numbers we are using, the last term is zero and so g¥

is onto. If Xx,'¢ HS(BP<j>k,Z(p)) is such that 8*(xj) is the

J
generator, and S° - BP<j>_ represents 1 e m (BP<j>_) = Z(p),

X3 '
then the composition S5 - BP<j>S - BP<j>k___$.K(Z(D),s) induces
an isomorphism on HS, so therefore Xj is onto in homotopy. #

i _ : .
Lemma 3.5 There is a map f;:BP) > BP<j> o5 1) for

k52(pj'1+...+p+l) such that (fj)# is onto) (k> —2(pj—l))

()i mera (pIo1) BP) > Mo (pd 1) BRI opin (1)) = %) #
Proof It 1s enough to prove this for k=2(p3_1+...+p+l). We

have a map BP, =+ BP<j> - K(Z<p), k+2(pj—1)) from lemma 3.1.

Each of these maps 1s onto in homotopy so the composite is too.
K(Z(p),k+2(pj—l)) is the first non-trivial term of the Postnikov
system for BP<j>k+2(pj—1)‘ We know that the k-invariants of
this space are torsion by 2.5 and that its homotopy 1s free

over Z(p) by construction. (1.5) The main theorem of [20]

gives us that H*(BPK,Z(p)) has no torsion. Obstructions to
lifting the map to a map of the type we want are therefore

g+l

torsion elements in H (BPk,nq(BP<j>k)), (2.6) which has no

torsion. Therefore we see that we can 1lift the map. #
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Corollary 3.6 For ki2(pn+...+p+l) there is a map

BP, + BP<n> x I  BP<j>

K K which composed with
J>n

k+2(pJ-1)

projections i1s onto in homotopy for w*(BP<n>k) and

Mer2(pd-1) BP 2 plony)s A

Before proving 3.2 we will make an observation which we
need in the next section.

Consider the map B:BP<j>_ » BP<j> , s=k+2(p’-1). We have

k M
. 1 s * ]

6#.K(Z(p),s) - K(HS(BP<J>Q,S). (B#) is onto in Z(p) cohomology.

Pick a generator X € HS(K(NS(BP<j>k),s),Z(p)) such that (B#)*(x)

is a generator. We wish to study the k-invariant t(x). Above

we showed that for k§2(pj—l+...+p+l) there was such a k-

invariant which was dependent. Here we wish to show the

following lemma.

Lemma 3.7 For k>2(pj'l+...+p+1), the above k-invariant t(x)
is independent and hits a p-torsion generator. #

Proof Using the naturality of the mod p version of 2.9 we

have:
zp=H5Q§p<3>s)
0 HS(K(%ﬁp>’S>)‘“f““‘? K (K(Z ) 58) )" 0
3.8 ot (B)¥ -
—_— Hs((BP<j>k)S)m-——-—~—> HS(K(nS(BP<j>kLs))~——~>
\/z

HS(BP<j>k)



As in 2.8, 1(x) is independent and hits a p-torsion
generator iff T(p(x))#0, o the mod p reduction. Because
(B#)*(x) is a generator, this is equivalent to B¥ not being

onto in 3.8. Again we go to the Serre exact sequence for 1.4.

s+1

s , R¥ \ ;s . T .
3.9 H (BP<J>k)“"~———7 H (BP(J)S) —> H (BP(J-l>k)

We know from the proof of 1.7 that for k very large ?(is) =
Aa; 1, W0. By 3.2, for k>2(p? T H+. L 4p+1) we know Oy 1y # O
SO ?(is) = AQJ i # 0 in this range. So, in 3.9 we see that
B¥ is not onto and T(x) for such an x is an independent
p-torsion generating k-invariant. #

We will need the following in our proof of 3.2.

n
L =8 TP og a(q L. ,0)) A0 € 27 . 4

p
Note For p=2, just consider Pi = Squ.

Lemma 3.10 Qn+

Proof The lowest non-zero odd dimensional element of
i-1
- p
A/A(QO,...Qn) is Qn+l‘ From [ Q@ ], Qi = [P R Qi—lj’ SO

n-1 n-1 n

'n n n D
Q4 = PP o, -opPf=-qp’=-(" q ,-0 ,P° )PP

n+l

r-1 _n

n
= q,_;P° PP (as the dimension of Q,_,P° 1s less than the

dimension of Q and also odd, so it is zero) = ... =

n+l
n+l. .1 ph=1 ph n-1
(-1) QP ...P P (mod A(Q ,...,9_)). Let k_=l+p+...+p
o] o] n n
all that is left to show is: (note that QO=B)
; kn n kn+1
Claim P PP = AP ™, a# 0 ¢ Zy- #

Proof By the Adem relations,

2
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So all we need is for the binomial coeffecient to be zero mod

p for 0 <t < kn and # 0 for t=0. First we reindex, let s+t

-1

= kn-l‘ Then (p—l)(pn-t)—l = (p_l)(pn_kn_l +s)-1 =

n _ n-1
(p-1)p" -(p-1)k, _; *(p-1)s -1. Now (p-Lk, _; =P -1, so

this is (p-1)p" -p™ 1 +14(p-1)s-1=(p-2)p+(p-1)p™ 1 +(p-1)s.

kn—pt = k:n-pkn_l +ps = l+ps. So our coeffecient is:

(p-2)p™ + (p—l)pn"1 + (p-1)s

1l + ps

We want to show this is 0 for 0<s<k _, and #0 for s=k__,.

From [/7], if a=£aipl, b=£bipi, a; and b; < p, then mod p
a 3 n-2
) = IIi . So for s < p our binomial coeffecient
b b

i
p-2\/p-1\ 7(p-1)s
is ( ( but (p-1)s < l+ps, so it is zero for
0~ 0

l+ps
s < pn—2, Set s = pn"2 + sy > pn-2 We get:
, n n-1 n-2
/ (p=2)p" + (p-1)p "~ + (p-1)p" ° + (p-1)s,
\ pn—l + 1+ psy

e

fp—l\ fp-l) [ (p-1)s, )

1 v \ 0

]
o,
e
o i
- n
e
~

1+ psl
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for s, < pn-3 this is zero again. Let s; = pn_3+ S, Continue

like this until we get:

(p-2)p" + (p-1)p"™ +...+ (p-1)p + (p-1)s__,

n-1 n-2 2
p +p + ...+ p + 1+ PS5

where 0 < Shoo < 1. PFor Sn-2 =0, this 1s zero again as it 1is
o/ \ 1, 1.) 0o /\1
For 82 =1, we get
'p=-2)\ / p-1 ‘p-1 p-1) n
( )( \( ( ) = G
0 1 ¢/ 1 1

This finishes the proof of 3.10. #

Proof of 3.2 For large k, Qj ik #0 in H*(BP<j~l>k) because

H¥(BP<j-1>) = A/A(Qo""’Qj~l)’ (1.7) The Eilenberg-Moore

spectral sequence [/5]

3.11 )(Z yZ_) => H*(BP<j—l>k)

Toryx (Bp<j-1> p*%p

k+1
collapses in dimensions < pk and on indecomposibles,

s¥:QH¥ (BP<j-1> ,,) = QH*(BP<}@k) is an isomorphism in this

k+1
range. For k}2(p3“1+...+p+1), dimension Qj ik < pk so jSk#O.

For k=2(p3—l+...+p+1), the E, term of 3.10 has one element

in dimension pk+l (for p=2, none), s—l(Qj ik+l)’ All

-1

. ~1 R
Qg 1,4, =0 for 1 < j so by 3.10 this is s ( AgPP p Ak+,§,
s-l corresponds to the cohomology suspension ([/4]).
j-1

2¢apD’ T H...+p+l - opk/2 _ D _ -1
s¥ (BP 1p41) gP i, = 8(1) 0, so s (jSk+l)

is hit by a differential and the result follows. #
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Section 4  Proofs

In the last section we constructed a map (3.6)

k k j>n k+2(pj~1)

If this map is a homotopy equivalence for some k>0 then 1t is
a homotopy equivalence for all k§2(pn+...+p+l). To see this,

look at the diagram for f:X > Y

Te(9X) = Mg, (X)
lﬁf# \L f#
e (QY) = my . (Y)

If either Qf# or f# is an isomorphism then so is the other and
then they are both homotopy equivalences because our spaces
are the homotopy type of CW complexes.

We will prove the homotopy equivalences for the

k =k = 2(p

n +...4p+1) + 1, (ko = 1) by induction on the

Postnikov system. As a plausibility argument, as well as the
fact that we need it, we prove the following lemma.
Lemma 4.% The homotopy is the same on both sides of 4.1. #

Proof w*(BPk) = sk(Z(p)[xl,xz,...]).

ﬂ*fgpfn>k X Jﬂn BP<j>k+2(pj—l))=ﬂ*<BP<n>k) jfnﬂ*(BP<J>k+2(pj'l))

_k k+2(pj—l)
=5 (Z(p)[xl,...,xn]) jfn s (Z(p)[xl,...,xj]). (1.5)

Our 1lsomorphism takes a Z(p) generator on the right hand side,

j 1 1, 1 1 ty*l
20713 e I R N R0 I S IR C I I



n-1 +

Recall that kn = 2(p .+ p+1)+1 (ko = 1).

Statement P(n,s) 1= kn + 2(pj-1)

kn+s kn+s k_+s k +s
f :(BPk ) + (BP<n>
n n j>n

is a homotopy equivalence. #
4.3 Statement P(n,s) implies a similar statement for any

k < kn+1 replacing kn'

Statement K(n,s) All k-invariants 1(x) in

kn+s+2 k _+s
H ((BP<n>k

5Ze y)
n (p)

are independent and hit p-torsion generators. (see 2.8)
4.4 K(n,s) implies that all k-invariants t(x) in

Hk+s+2(

(BP<n>k)k+s,Z(p)) are independent and hit p-torsion

generators for k > k .

Statement A

P(n,s) s

A

m
=> K(n+l,m)
m #

1) K(ntj,s) s <m J >0

K(n,s) s

A

Statement B

2) P(n,m)

=> P(n,m+1) #

bo



4,5 Now, to get things started, observe that statement
P(n,0) is true for all n as it just reduces to

= . K
K(Z(p), kn)~—————> K(Z(p), kn) Also, statement K(0,s) is

trivially true for all s because BP<0> is just the circle

ko=l

localized at p and has no k-invariants.
Lemma 4.6 Statements A and B imply statements P(n,s) and
K(n,s) for all n and s. #

Proof Claim (t) a) P(n,m) is true for m < t, all n.

b) K(n,m) is true for m < t, all n. #

Claim (t) is true for t = 0 by 4.5. We will show claim (t)
=> claim (t+1). By 4.5 we know K(0,t) is true, applying
statement A n times we have K(n,t), therefore we have K(n,t)
for all n giving us b) of claim (t+l). Now, applying state-
ment B we obtain P(n,t+l) for all n. This proves claim (t+1),
so, by induction, claim (t) is true for all t and we are done.#

Now we will prove statements A and B. In the next section

we will explore some of the consequences of P(n,s) and K(n,s).

Proof of statement A Consider the fibration 1.4

BPf<n+1>i ——~§«—~) BP<n+l>k
n+l Y k= kn+l
1= kpyy * 200071 BP<n>,
and the induced maps on the Postnikov systems: qgq=k+s +1

-1 g-1
k+s g4 k+s Y k+s
(BP<n+1>,) ——— (BP<n+1>)) (BP<n>, )
b7 k! 8 k k"
# Y#

K(vq(BP<n+l>g,q+l)—~> K(nq(BP<n+l>k),q+l)——9 K(wq(BP<n>k),q+l)



B# and Yy give the split short exact sequence 1.2, 1.5.

k+s 7

We know that the k-invariants in Hq+l((BP<n> ) ) are
k (p)

independent and hit p torsion generators for s <m by state-
ment K(n,s), s <m of A and comment 4.4; equivalently, (—T”)q
is injective:
408 (':[")

q+l k+S)

EY(K(m (BP<n>),q)) ((BE<n>,)
AL (y3t)«

Hq(K(n (BP<n+l> ),q))~———————} HQ+1((BP/<n+1> ykts)y

g-1
(8,)* G, T

a Y. q+l
H (K(n (BP<n+l> ),q))————u——} H ((BP<n+1> )

+L
k s)

Assume for a moment that Yq-l pulls these k-invariants

in #H4*((BP > ykts

Z(p)) back to independent p-torsion
generating k-invariants in Hq+1((BP<n+l>k)k+S, Z(D)),

(?)q-(y#)* = (anl)*-(?”)q is injective in 4.8. fhen the

first possible dependent k-invariant 1s of the type discussed

in 3.7. There, it was shown to be an independent p-torsion
generating k-invariant. Assume for some minimum s < m that we
have a dependent k-invariant, or one which is not a p-torsion
generator, equivalently, assume there is an x € ker (7)
therefore q > 1. By what we have assumed about the k-invariants

pulling back, x is not in the image of (Y#)*- Thus, by the

split exactness of homotopy, and therefore the (Y#)*, (B#)*

sequence of 4.8, (6#)*(x) =y # 0. Now using the result 2.3

about the k-invariants of loop spaces, (s¥)T (7! ) = (?)q_r°(s*)r

n+1l

r=1-k=2(p -1). By our minimality assumption on s, (?)q

¢ is

42
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Cos = r - ro = -
injective so 0 # (T)q_r-(s*) (y) = (s¥)" «(7 )q(y) =

(s*)r-(?')q-(e#)*(x) = (s*)r-(sq—l)*-(?)q(x), contradicting
(?)q(x) =0, #
All we need now is to show that (?)q-(y#)* =(y —l)*-(?”)q

is injective. We have the maps (k+s+1=q)

gq-1 q-1
(8P )NS5 (BPant15 )5 (BPan> )

If we show that (Fq”l)*-(yq—l)*-(?")q is injective, we will be
through. Using statement P(n,s), s < m, from our given in A,

we see that this is true if G¥.(7") is injective

knfs+l

(as k=k >k ), G the projection:
n+l n

kn+s kn+s kn+s
) x T (BP<j> ) > (BP<n> )
k s k
n j>n n

(BP<n>»

k

This follows trivially from statement K(n,s), s < m. #

Proof of Statement B By 1) of statement B and 2.4 on

k-invariants of product spaces, all of the k-invariants on the
right hand side of P(n,m) are independent and hit p-torsion
generators except possibly a zero k-invariant 1if m=2pQ—3 which

corresponds by construction (3.6) to a dependent k-invariant
k,,tH
on the left hand side of P(n,m). Now by P(n,m), (£ " )#* is

an isomorphism and so pulls back all of the independent p-torsion
generating k-invariants to independent p-torsion generating

k_+m

)
K

k-invariants on the left hand side because we know the homotopy

k-invariants in (BP This determines all of the



(i 2)
is the same on both sidesv\ So by this, (and 3.6 if m=2pj—3)
k_+m+l
£, on "kn+m+l must be an isomorphism. Thus (f " )# is an

isomorphism on L giving us P(n,m+l). #

Sectlon 5 Statement of Results

In section 4 we proved the main theorem: k§2(pn+...+p+l)

BP, = BP<n>_ x I BP<j>

K K on 2 (pla1)

The main theorem of [20] says: The Z(p) (co)homology of the
connected part of BPk has no torsion and is a polynomial algebra
for k even and an exterlor algebra for k odd. The map above

is a map of H-spaces for k < 2(pn+...+p+l) so we have the

following corollary.

Corollary 5.1 For k < 2(p"+...+p+l), the Z(p) (co)homology of
the connected: part of BP<n>k has no torsion and is a poly-
nomial algebra for k even and an exterior algebra for k odd.
For k=2(pn+...+p+l), H*(BP<n>k,Z(p)) has no torsion and is a
polynomial algebra. (Note that for k > 0 or k odd < 0, BP<n>k
is connected.) #
Note For k=2(pT+...+p+l), H*(BP<n>k,Z(p)) is not a polynomial
algebra.

At the rationals, the space BP<n>k is just a product of
Ellenberg-MacLane spaces. So, since there is no torsion, the
number of generators over Z(p) is the same as over . As an

example, for k even, 0 < k < 2(p™+...+p+1), we have

_ k_S - k .
H*(BP<n>k,Z(p))—Z(p)[S W*(BP<n>)]—Z(p)[S (Z(p)[xl,. .. ,Xn])].

by
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For k even and less than 2(pn+...+p+1), the (co)homology
Hopf algebras of 5.1 are bipolynomial, that 1s, both it and
its dual are polynomial algebras. Such Hopf algebras are
studied in [13]. There, such a Hopf algebra is shown to be
isomorphic to a tensor product of the Hopf'algebras B(p)[x,2d]
studied in [ 7 ]. B(p)[x,2d], as an algebra, is a polynomial
algebra over Z(p) on generators ak(x) of degree Zpkd. As a
Hopf algebra it is isomorphic to its own dual.

Letting R(n,k) be the set of all n-tuples of non-negative
integers, R=(r1,...,rn) with d(R)=2k+ ZZ(pi—l)ri. R is called
prime if it cannot be written R=pR' +(k,0,...,0) with R' € R(n,k).
Then, as a further example, we have the followlng corollary

from [i3] and the counting done above.

Corollary 5.2 For 0 < k < pn+...+p+l as Hopf algebras:
H¥(BP<n>,, , Z, ) = 8 B, y[x,,d(R)]
2k> “(p) R ¢ R(n,k) (p)™"R
R prime #

We now utilize statement K(n,s); all k-invariants t1(x)

kn+s+2 kn+s
in H ((BP<n>k ) s Z(p)) are independent and hit p
n

n—l+

torsion generators, kn=2(p ...+p+1) + 1. This implies that

BP<n>k cannot be written as a non-trivial product. (2.12)
n ‘

Corollary 5.3 For k > 2(pn—l+

...*p+1l), BP<n> 1is irreducible.#

k
Using the fact that kn+2(pj*1) > kJ for j > n we have now

completed the proof of the main theorem.

Theorem 5.4 For k < 2(p™+...+p+1)
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BP. = BP<n> x I BP<j >

k k j>n k+2(pj-l)

n-—l+

and for k > 2(p ...*+p+l), this decomposition 1s as irreducibles.#

Note For k <2(pn+...+p+1) this 1s as H-spaces.

n-—l+

Now letting k < 2(p ...*+p+1l) and using two versions of

5.4 we have

BPk > BP<n>k x OTHER and
BPk > BP<n—l>k b BP<n>k+2(pn_l) x OTHER.
From this we get the following corollary.
n-1
Corollary 5.5 For k < 2(p +...+p+1)
BP<n>k = BP<n-l>k X BP<n>k+2(pn“l) 4

Note For k < 2(pn—l+...+p+l) this 1is as H-spaces.
This gives us the poivt where the fibration 1.4 becomes

trivial. Again, using BP, = BP<n> x OTHER for k§2(pn+...+p+l)

K K
and the fact that for finite complexes BP<n>X(X)=0 for high k
we get 5.6.

Corollary 5.6 1) BPk(X) > BP<n>k(X) is onto for k§2(pn +..+p+1).

ii) BP¥(X) » BP<«n>*(X) is onto in all but a finite number of
dimensions. #

We now apply 5.6 to prove Quillen's theorem. The problem
was first studied in [ 6 ].

Theorem 5.7 (Quillen) Let X be a finite CW complex, then BP¥(X)

is generated as a BP*(SO) module by elements of non-negative

degree. #

Proof If u € BPk(X) and k < 0, we will show u is a finite sum
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i
I x,u, =u, u, € gpkte(p™-1)

¥(c%y =
150 i’ i (X) and x; € BP (s7)

i
Z(o)[xl""’xi""J of degree —2(pi—l). By downward induction
on the degree of u we will be done.

Consider the maps

g i
BP¥ (X) B} BP<n>*(X) L BP<n-1>%(X)

Find n such that gn(u)#o but fnegn(u) = gn_l(u) = 0. Such
an n exists because n=0 gives go(u) € Hk(X,Z(p))=O as k <0,
and for n high enough BPX(X) = BP<n>*(X), by the finiteness
of X.
Dual to 1.1 we have an exact sequence and commuting
dlagram:
k+2(p"-1) XN Kk
BP (X)————> BP (X)

g £

n n
n X / f
Bp<n>K* 20 -1) 3y " 5 ppansK(x)— B 5 ppen-15¥(x)
u' > g, (u) >0

As fn(gn(u))=o there exists u' with xnu“zgﬁy)by exactness.

But now, by 5.6 and 2(p"+...+p+1) > k+2(p"-1) for k < 0 we

have that 8h is onto in dimension k+2(pn—1) and so pick u,
k+2(p"-1) o

BP (X) with gn(ug—u . Then by commutativity, gn(xnun)

=gn(u). Now continue this process using u-x u . By the

k+2(pj-l)
finiteness of X, BP (X) will be zero for large j and
we will get our finte sumu= I xiui and be done. #

i>0

The spaces BP<n>k are most useful in the range 2(pn—l+

. .+p+1)
<ki2(pn+...+p+l) where they are both irreducible and torsion
free. 1In the next section, we will identify these with spaces

that have perhaps a more tangible description.
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Section 6 Torsion free H-spaces

All modules will be over Z(p), and, until further notice,
all coeffecients will be Z(p). In this section we will study
torsion free H-spaces. Our immediate goal is to construct and
study the following spaces.

Proposition 6.1 There exists an irreducible k-1 connected

- ‘ *
H-space Y, which has H¥(Y,) and mg(Y,) both free over Z(p)
and such that each stage of the Postnikov system is irreducible.#
Proof We will build up a Postnikov system for Yk and use 2.7.

We drop the subscript k. Clearly we must start the Postnikov

system with Y = K(Z,_\,k). We will now just build up a
(p)

Postntkov system by killing off the torsion in cohomology as

effeciently as possible, ﬂ*(Yk) is free over Z(p) and HJ(Yk)

has no tersion for J < k+l. Yk is an H-space. Assume we have

S"l S“l)

constructed the s-1 stage, Y for s > k such that m (Y

is free and HJ(YS—I) has no torsion for J < s. Assume also

s-1 has an H-space structure. Hs+l(Ys'1) =~ ® @& T where

that Y
F 1s the free part and T is the torsion part. It is finitely

n n
generated so 1t is isomorphic to (Z ) ° e (Z ) i, where
(p) 1
; i>0 P

(G)n=G$...®G n times. Usling the torsion generators, this

isomorphism determines a map:

s-1 : _ _ n
Y I K(Z(p),s+l) = K(Fn, s+l), Fn-(Z(p)) .

= % ni times
i>0
Let this map be the s k-invariant, ks. Thils constructs the
space Y® as the induced fibration. ks is torsion and so it is

primitive because there is no torsion in lower dimensions,

therefore by 2.5, Y is an H-space. Recall the Z(p) sequence 2.9
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(g )%
0 »uS(yS"1)—875 BS(yS) » HS (K(F_,s)) T astlys-ly L st (yS)ao

Using ks* = 1+s¥ we see that all of our "k-invariants"”
7(x) are independent and hit p-torsion generators by construction.
Coker (gs)* is a subgroup of a free group and so is *free giving
us:

(g )*
0> ES(YS™1)— 5" Sy uS(YS) + coker (g)* » 0

with both ends free by our induction hypothesis. Therefore

H%(YS) 1s free. pstl

(Y®) i1s coker T = coker (ks)* which by
construction is F, so free, By the isomorphism 2.10,

B (v) = ul(¥371), 5 <=, we have H(YS) 1s free for j<s+l.
Also m(Y®) 1s free by construction. Because we have used the

minimum number of Z(p)'s for ﬂS(YS), 1 yS~1

is irreducible,
then so is Y°. (2.12) #

This would glve us a space Yk with the properties we
specified, but we want more than this from Yk.
Lemma 6.2 Y, as in 6.1 is unique up to homotopy type. #

Proof In the proof of 6.1 if we choose a different isomorphism

n

i
1)

#5512 (2, )0 8 (2 =F ®T. Thi
= ) = . s would give us

a different k-invarlant and then possibly a different space Y*S.

We would like to know that really Y,° = Y5,

Our result will
follow.

Lemma 6.3 Let G be an isomorphism G:T = T. If we have surjec-
tions g,f:Fn + T, then we can find an isomorphism h:Fn= Fn

such that the diagram commutes:
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£

Fn >
")
F

n

T

e
S N 4
Proof Given generators Xy, 0 <1 <nof F we can plck Yy
f—l(G(g(xi))) because f 1s onto. Map the generator xy toy,
and extend to get our map h which commutes by our choice of
Vy- If we tensor the diagram with Zp, then g, G, f are all
isomorphisms of vector spaces. Thils forces h to be an
isomorphism mod p, but since Fn is free over Z(p), h is also
an isomorphism. #
Note 1If we tried to work over Z, the last step of the above
proof would fail and we would not be able to prove the
unigueness of the sort we want.

We can now return to our proof that Y*S =~ Y5, oOur cholce

Ys-—l

of k-invariants ks, k's -+ K(Fn,s+1) really corresponds

S+l(Ys'l). As the k-invariants are

to a self 1somorphism G:H
torsion and G is an isomorphism when restricted to the torsion
subgroup T, we can apply the lemma. Let g=(ks)*, f=(k's)*.
This gives us a self isomorphism h*;HS+1(K(Fn,s+1)) which can
always be realized by a homotopy equivalence h:K(Fn,s+1) >
K(Fn,s+1). This has the property that h-k's > ks so we have

s-1 Ys-l, which is just

a map Y*s +> Y% over the identity Y
h# on m and therefore a homotopy equivalence. #

This completes our construction of the spaces Yk‘
Unfortunately, thls construction tells us nothing about ﬂ*(Yk)
and H*(Yk) except that they are free. However, to remedy that,

we have the following.

Proposition 6.4 For 2(pn"l+...+p+l)<k§2(pn+...+p+l), BP<n> =Y, .#
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Proof H*(BP<n>k) has no torsion by 5.1, Statement K(n,s)

(section 4) just tells us that BP<n> 1s bullt up exactly as

k
we constructed Y, and so by 6.2 we are done. #
We know n*(BP<n>k) and H¥(BP<n> ) so we now know the same

for Yk‘ We can now prove the main theorem of this section.

Theorem 6.5 If X i1s a simply connected CW H-space with mg(X)

and H*(X, Z(p)) free and locally finitely generated over Z(p),

then X = 1 Yk . #
1 i

Remark 1 The simply connected assumption is not necessary
because one can just split off é bunch of circles localized
at p. Yl = (Sl)(p). Then, what is left is still an H-space,
see the next remark.

Remark 2 The reason for the H-space hypotheslis is that we
want torsion k-invariants (2.5). Since spaces with m, and

H¥ free are H-spaces i1f thelr k-invariants are torsion we
could have used the hypothesis that X must have torsion
k-invariants instead. ©Note that our homotopy equivalence is
not as H-spaces.

Remark 3 There are really two ways we could have approached
this theorem. We did not need to construct the spaces Yk as
we did, but actually use the spaces BP<n>k and what we know
about them. The proof is the same and nowhere would we need
our knowledge of n*(BP<n>k). Then, using the theorem and our
knowledge of BP<n>k we could imply the existence of a unique

Y. of the type we constructed. However, we could just do what

k
we have done, construct the Yk and prove the theorem in

ignorance of W*(Yk), that is, forgetting 6.4. Then, afterward,
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we can note that BP<n> (for the appropriate n) satisfles the

k
criterion of the theorem and is irreducible, thus getting

BP<n>k = Yk’

understanding of the space BP<n>k, or Yk’ depending on how one

This 1s the prettiest way and glves a better

looks at 1it.
Remark 4 The ideal space to apply the theorem to would be

BPk but alas, it was necéssary to prove this special case before

we could make the identification Yk & BP<n>k. BP<1> corresponds

to the spectrum constructed in [Jo] and so we do get the
result of Sullivan and Peterson:
p-2

1 o°ly Py

BU = "
(P) ~ 4p 2(p-1) 4=p 2t

Proof of 6.5 As always, we do everything by induction on the

Postnikov system, but first we need the map X -+ Hi Yk . The
i
construction is similar to that for the main theorem except
easier because X is only a theoretical space. We revert back
to mod p cohomology for the proof. We start with the mod p
version of the sequence 2.9,
6.6 S,v5-1, g¥ 5,8, 1¥\ s T..5+1,.s-1 s+l,.s
0 > H (X777 =0 (X°) =—H" (K(w(X),5) ) —>H" " (X777)» H™ 7 (X7)>0
Choose V°C H®(X®) = H®(X) such that 1*:V® > ker T. Let r_ be
r
the rank of V°. This determines a map f's:X > K((Zp) 5 s).
H*(X,Z(p)) has no p torsion so f's lifts first into the product
of ry copies of K(Z(p),s) and then into the product of ro coples
of Y_, denoted rY_. (It lifts by 2.6 because Y, has p-torsion

k-invariants and free homotopy.) So we have fs:X > rYS such



that the image of (fs)* in dimension s is V°. Let
]% fs X » I rYS =Y.
Claim: f is a homotopy equivalence. #

Proof By induction on the Postnikov system assume

1_ 1

£5:x% »¥% = 11 (rY.)® 1is a homotopy equivalence. (X =Y =pt)

k < k

Let f, be the induced map K(1%+1(X), s+1) » K(1r+l(Y): s+1).

S 1is a homotopy equivalence, if f# is too, then

s+1

iy #:n¥(XS+1) > wg(Ys+l) is an isomorphism and so pS*1

is a

homotopy equivalence. f# is a homotopy equivalence iff

s+1 s+l(

K(n

s+l(X)’ s+1)) is an

(f#)*:H (K(ﬂs+l(Y),s+l)) + H

isomorphism. Now

rs+1

K(WS+1(Y),S+1)=K(n (I rY, ),s+1l) x K((Z(p)) ,s+1)=K x K'

k <s
and HS*L(kxk)=05* (085 (k7). Ker 7y =HSTT(X') by the
construction of the Yk’ i.e., all k-invariants are independent
and hit p-torsion generators. Using the naturality of 2.9 we

have:
¥

)-—~§H

s+l)*
%

i

__}Hs+]( s+1 s+l( K( s+1(Xijs+l))_‘EM9HS+2(XS)“"%

6.7 f¥=(f (£,)¥ (£3)#

s+1 s+2

(K(m,q (¥),5+1))—53 H9*2(v%) —

/N

~ ~

s+l s+l( s+1

( T rY )eH > 1St (k) eH

k<s

Y (K') »

s+l)

53
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. % . S+l — = S+l
Now (1Y) :H (rYS+l)-—9 ker Ty H (K') and by

. #=(pStlyg.y8t1 s+1
construction of fs+l’ f*=(f )¥:H (rYS+1)-~} \Y .

By commutativity, (f#)*:ker T 8+l

y * ker }X' ?YIH (K) is injec-
tive and by our construction of the Yk it hits every possible
element in cohomology, i.e., all that reduce from torsion
elements in Z(p) cohomology. £° is a homotopy equivalence by
induction so by commutativity of 6.7 %X also hits all possible
elements and we have isomorphism on the ends of diagram 6.8

giving us the desired isomorphism by the five lemma.

o__e,/\gs"l > BT (K(m_ ) (X),541))—— image T, > 0
6.8 | (£,)% (£9)%
+1 + + . T
0 > B ey, ) ——> B¥ (k1 eu° L(K)——— image T, » 0

#
Using similar techniques to those above we obtain the
next lemmas.
Lemma 6.3 Any map Yk > Yk which induces an isomorphism on
wk(Yk) = Z(p) is a homotopy equivalence. #
+ BP<n>

k k

which induces an isomorphism on LW is a homotopy equivalence.#

Lemma 6.10 For k > 2(pn—l+...+p+l), any map BP<n>

A map £f:X + Y of simply connected CW complexes is sald to
be a mod p homotopy equivalence if % . H¥(Y)-—>H¥(X) is
an isomorphism, the coeffeclengs being Zp
Mod p homotopy type is the equivalence relation given
by this, written X S‘Y. If W*(X)GZ(p) is locally finitely

. (2 . ~
generated over Z(p) then X D Y is equivalent to X(p) Y(p).
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X'S X(p). This gives us the following corollary.

Corollary 6.11 Let X be a CW complex such that X(p) satisfies

the condition of 6.2, then

Note that Y_ = BP<»> = BP and we get an unpublished

result of Peterson.

Corollary 6.12 (Peterson) Given a spectrum X with no

p-torsion in either H¥(X, Z(p)) or wi(X), with ni(X)@Z(p)

locally finitely generated and zero below some dimension,

then
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BIOGRAPHICAL NOTE

W. Stephen Wilson were born on November 11, 1946, which
used to be Armistice Day so they always let school out then.
Later it became Veteran's Day, which doesn't have quite the
same ring to it. More recently Veteran's Day has been relocated
to convenient mondays, so they don't always let school out
on the right day anymore.

Completely unaware of the future of our birthday anniversary,
(see if people remember V=E day after WW III) we were raised
in total ignorance of everything in far western Kansas.

(St. Francis)(the most north-westernest town in the state)

We graduated from high school in 1964 and came to M.I.T.
where we have been since then. In 1968 we finished the
requirements for an S.B. in mathematics and spent the next 15
months on an N.S.F. Graduate Fellowship, receiving our S.M. in
mathematics in September, 1969. Because our country needed us,
we served as a full-time teaching assistant during the next
year and a half-time teaching assistant the year after that.
This last year we have been an N.S.F. Graduate Fellow again.

Although we have built up considerable seniority in the
last eight years, our petition to become a tenured student was

rejected. Students beware, this could happen to you.

No biographical note for us would be complete without

mentioning Jessie and Marie, but there 1s so much to say.



