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Abstract

The advantages of elliptic (or sheet) beams have been known for many years, but their
inherent three-dimensional nature presents significant theoretical, design, and
experimental challenges in the development of elliptic beam systems. The present work
provides a framework for the design of elliptic cross-section charged-particle beam
formation and transport systems.
» An effective mathematical formalism for describing accelerating elliptic cross-
section beams is developed in which the particle distribution function for an elliptic
beam is associated with a hyperellipsoid in phase space, and the evolution equations for
the particle distribution hyperellipsoid are obtained. ‘

A novel methodology is presented for the design of elliptic beam-forming diodes
utilizing an analytic prescription for the sufaces of three-dimensional electrodes which
generate, accelerate, and confine a highly laminar elliptic beam. Three-dimensional
simulations and tolerance studies are performed, confirming the theoretical predictions
that a near-ideal beam can be produced.

Focusing systems are described for elliptic beams in coasting, accelerating, and
compressing regions with analytic prescriptions for the applied electric and magnetic
fields required to maintain a laminar flow profile for particles within the beam.
Numerical phase-space evolution and 3D simulations confirm that self-consistent laminar
flow profiles are maintained by the theoretically-designed applied fields.

The traditional approach to charged-particle dynamics problems involves extensive
numerical optimization over the space of initial and boundary conditions in order to
obtain desired charged-particle trajectories. The approach taken in the present work is
to obtain analytic inverses wherever possible in order to minimize any necessary
numerical optimization. Desired trajectories are assumed, and the applied fields and
electrode geometries are then determined in a manner consistent with the assumed
trajectories.

Thesis Supervisors: Richard Temkin Chiping Chen
Senior Scientist Principal Research Scientist
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1 Introduction

The formation and control of charged-particle beams has been a topic of intense and
fruitful study for a century and a half, ever since Pliicker [1] reported on the deflection
of cathode rays in 1858. In the span of those 150 years, we have seen the development of
thousands of commercial, medical, military, industrial and research applications for
charged-particle beams, from the microwave ovens and television sets in each of our
homes to the largest accelerators probing the fundamental structure of matter. Most of
these systems have, by the virtues of necessity, simplicity, and symmetry, utilized
charged-particle beams of circular cross-section. With recent advances in numerical
simulation tools, however, there has been a renewed interest in the design of 3D
charged-particle beam systems.

Electron beams of elongated elliptic cross-sections (or “sheet” beams), in
particular, have long generated great interest in vacuum electronics [2]. In vacuum
electron devices, a resonant interaction between an electron beam and a comoving
electromagnetic wave simultaneously induces bunching of the beam and amplification of
the wave, thereby converting dc beam energy into rf wave energy. It is well-known that
high space-charge forces inhibit beam bunching, which reduces the energy conversion
efficiency in microwave tubes. Because elliptic beam distributions have a lower self-
energy of assembly than circular beam distributions, their space-charge forces are
reduced, and, consequently, higher energy conversion efficiencies can be attained.
Moreover, high-aspect ratio elliptic beams can transport a great deal of beam current
through narrow waveguides in which the beams can interact with short-wavelength
(high-frequency) modes. This allows the design of rf devices with higher power and
frequency than can be attained using conventional circular beam technology.

There is also interest in elliptical beams for direct injection into high-intensity ion
and electron accelerators. In these systems, beams often exhibit mismatched envelope
oscillations [3] and non-laminar flows such as large-amplitude density fluctuations [4],
emittance growth, and chaotic particle orbits which can lead to beam interception and
pose difficulty in beam focusing and compression. Many of these effects are due to beam
mismatch and subsequent non-equilibrium behavior. Beams in these systems are
generally formed with a circular cross-section and then must be “matched” into an
alternating-gradient magnetic quadrupole lattice in which the beam is (periodically)
elliptical. This process can be simplified if the beam originates with an elliptic cross-
section, allowing more natural matching [5] between beam injectors and commonly used
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magnetic focusing lattices and reducing the emittance growth associated with beam
mismatch.

Presently, there are vigorous activities in the development of elliptic-beam sources
6] [7] [8] [9] [10], traveling wave amplifiers [9] [11], klystrons [12] [13], and focusing
systems [14] [15] [16]. Over 600 high-power, high-efficiency klystrons, for example, may
be needed to provide rf power for the acceleration cavities of the proposed TeV
International Linear Collider (ILC). The Stanford Linear Accelerator Laboratory
(SLAC) has proposed [17] a 10 MW sheet-beam klystron to meet this need, as shown in
Figure 1.1. Other groups, such as Los Alamos National Laboratory (LANL), are also
interested in sheet-beam technology for microwave amplifier applications. The LANL
sheet-beam traveling-wave tube design [18] incorporates a solenoid/quadrupole magnet
combination (shown in Figure 1.2) in order to transform an incident circular beam into
an emergent elliptical beam. The Massachusetts Institute of Technology has also
initiated a ribbon beam amplifier project [19] for communications and accelerator

applications.

10 MW L-Band
Sheet-Beam
Klystron

Collector

Wiggler Type
Focusing Using
Permanent Magnets

§y ¥

N

Figure 1.1: SLAC design of a 10 MW sheet-beam klystron for
International Linear Collider application (Figure reproduced

from Ref. [17].)
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Figure 1.2: LANL design of solenoid/quadrupole magnet
combination used to transform an incident circular beam into

an emergent elliptical beam (Figure reproduced from Ref.

[18].)

The advantages of elliptic (or sheet) beams have been known for many years, but
their inherent three-dimensional nature presents significant theoretical, design, and
experimental challenges in the development of elliptic beam systems. The present work
provides a framework for the design of elliptic cross-section charged-particle beam
formation and transport systems.

In Chapter 2, an effective mathematical formalism for describing elliptic cross-
section beams is developed. The particle distribution function for an elliptic beam is
associated with a hyperellipsoid in phase space, and the evolution equations for the
particle distribution hyperellipsoid are obtained.

In Chapter 3, ordering arguments are presented to identify the dominant terms for
single particle dynamics within elliptic beams. Criteria are established which must be
met in order to maintain certain desired single-particle trajectories, and several regimes
are identified which correspond to different components of a beam system: the beam-
forming diode, the transitional matching section, and the coasting beam transport
lattice.

In Chapter 4, a novel methodology is presented for the design of elliptic beam-
forming diodes. Unlike conventional design methods utilizing extensive numerical
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optimization tools, the methodology presented here provides an analytic prescription for
the construction of three-dimensional electrodes which generate, accelerate, and confine
a high-quality elliptic beam. Three-dimensional simulations and tolerance studies are
performed, confirming the theoretical predictions that a near-ideal beam can be
produced. '

In Chapter 5, a focusing system for a coasting, space-charge-dominated, high
aspect-ratio elliptic beam is described. Given a desired beam envelope trajectory, the
equilibrium applied electrostatic and magnetic fields and beam initial conditions are
analytically determined. Equilibria are constructed for example cases, and numerical
integration of the beam distribution ellipsoid confirms the existence of a well-behaved
beam, as do the corresponding 3D simulations.

In Chapter 6, a focusing system for space-charge-dominated, high-aspect ratio
elliptical beams in transition regions is described. A semi-analytic methodology is
developed to construct a laminar flow profile in the transition region between a beam-
forming diode and a beam transport tunnel. Similarly, a methodology is developed to
construct a laminar flow profile for an elliptic beam which is expanding or contracting.
Self-consistent flow profiles are constructed for example cases, and numerical integration
of the beam distribution ellipsoid confirms the existence of a well-behaved beam, as do
the corresponding 3D simulations.

As we shall see in later chapters, the underlying theme of the present thesis is an
inverse approach to beam system design. The traditional, or “direct”, approach to
charged-particle dynamics problems involves fully specifying initial and boundary
conditions (i.e., entrance conditions for an elliptic beam, electrode geometries, and
applied magnetic fields are fully specified) and then integrating the particles forward to
determine their trajectories. The constraints of applications, however, are usually
imposed the other way: certain particle trajectories are desired and the initial and
boundary conditions must be determined. This defines the inverse problem.

Without a strong analytical understanding of the system at hand, inverse problems
can be quite challenging. They are usually solved by numerical optimization over some
set of initial and boundary conditions. One guesses a set of initial and boundary
conditions, integrates the trajectories forward, evaluates the resulting trajectories by
comparing them to the desired trajectories using some merit function, and then makes
adjustments to one’s initial guess and iterates. As one might imagine, for a 3D elliptic
beam system, the sheer number of potential initial and boundary conditions can make
brute-force numerical optimization impractical. The approach taken in the present work

is to obtain analytic inverses wherever possible in order to minimize any necessary
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numerical optimization. Desired trajectories are assumed, and the applied fields and
electrode geometries are then determined in a manner consistent with the assumed

trajectories.






2 Elliptic Beam Phase-Space Evolution

2.1 Overview

The general problem of mathematically describing a charged-particle beam evolution is
quite challenging. It is easy to be overwhelmed by free parameters and functions relating
to the positions and energies of the constituent beam particles and three-dimensional
applied electric and magnetic fields. A common approach is to take the continuum limit
and describe the beam via a particle distribution function describing the density of
particles in phase (position and velocity) space. If one further imposes certain
requirements on beam behavior (e.g. that the beam flows axially, is time independent,
and remains confined), one can obtain constraints on the applied electric and magnetic
fields. In addition, by employing the paraxial approximation under the assumptions
that motion is largely along a central beam axis and that the fields and particle
distribution vary only linearly in directions transverse to that axis, the problem can be
made tractable.

This chapter develops a theory to describe the phase space evolution of a steady-
state accelerating elliptic charged-particle beam such as that shown in Figure 2.. This
type of theory can be applicable to coasting beams in magnetic and electrostatic
focusing lattices as well as electrostatically accelerated beams in diode injectors and
depressed collectors. The effects of self-electric and self-magnetic fields are included as
well as those of applied magnetic and electric fields. The theory will be developed in the
paraxial approximation, assuming forces linear in the transverse coordinates (relative to
a central beam axis) and velocities largely in the longitudinal direction, compared to
those in the transverse directions.

In the paraxial approximation, the transverse accelerations induced by the total
electric and magnetic fields must vary linearly with the transverse coordinates. This
condition is most easily satisfied if both the beam self-fields and system applied fields
are independently linear in the transverse coordinates. One might also consider cases in
which nonlinear forces in the self-fields are precisely canceled by nonlinear forces in the
applied fields in such a way as to produce linear accelerations. The latter case is more
difficult to analyze, but may be relevant to certain beam-matching situations where self-
field linearity is difficult to maintain. We reserve the study of this case for future work,
and address, in this chapter, the simpler case of linear self-fields and linear applied
fields.



18

In Section 2.2 the expressions for the self-electric and magnetic fields of a coasting
elliptic beam are obtained. In Section 2.3 expressions for the self-electric and magnetic
fields of an accelerating elliptic beam are obtained. In Section 2.4 the single-particle
equations of motion are expressed in a matrix form. In Section 2.5, the particle
distribution matrix and its evolution equations are introduced. Finally, in Section 2.6,
the components of the particle distribution matrix are specified and related to

measurable parameters such as beam size and emittance.

2.2 Self Fields of a Uniform Density Coasting Elliptic Beam in
Vacuum

2.2.1 Overview

For a beam of elliptic cross-section, linear self-fields are obtained if the beam has a
uniform charge density in any transverse cross-section with a sharp elliptic boundary
beyond which the charge density vanishes, as shown in Figure 2.1. This elliptic
boundary of the beam is commonly referred to as the beam envelope and is
characterized by its semi-major and semi-minor axes ¢ and b, respectively. Although
we assume in this section that the beam has a uniform, longitudinally constant envelope,
this analysis may be also applied to elliptic beams with slowly varying envelopes [i.e.,
a=afz) and b = b(z)], provided the local values of the envelope quantities are used. We
restrict our attention in this section to coasting (non-accelerating) beams.

In Section 2.2.2, an expression is obtained for the self-electric field in the region
within the elliptic beam boundary. Outside the beam boundary, the self-electric field
takes a different form, as shown in Section 2.2.3. The self-magnetic field is easily related

to the self-electric fields, as shown in Section 2.2.4.
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Figure 2.1: An accelerating elliptic charged-particle beam
with semi-major radius a, semi-minor radius b, and axial

beam velocity v=v.e,.

2.2.2 Internal Self-Electric Field

For a uniform density elliptic beam with the beam axis aligned along the e, direction,
semi-major axis a aligned along the é, direction, and semi-minor axis b aligned along
the €, direction, the internal self electrostatic potential is given by [19] and references

therein as

_ ~2  ~2
" = o (37§ : (2.1)
va+b) a b

where the beam velocity and current are both uniform and represented by v =wv.€_, and
I=Tl¢,, respectively. The superscript “p0” is used to denote that this is a self-field
potential for the coasting beam.

The coordinate system (Z,7) in which the beam ellipse semi-axes are aligned with
the coordinate axes will, in general, be rotated with respect to the laboratory coordinate
system (x, y) by an angle 6 , as shown in Figure 2.2. The two coordinate systems are
related by

=xzcosf+ysinb,
(2:2)

T
7 =-xsinf+ycosH.



20

S

Figure 2.2: The beam-aligned coordinate system (f,é]) is
rotated with respect to the laboratory coordinate system
(z,y) by an angle 6 . The z-axis (out of the page) is also the

beam axis.

In the laboratory coordinate system then, ®”° becomes
W = @+ Oy + Dy
where we have defined

;Ia+b—(a—b)(:0329

(D{)() =
. ; abla +b) ’
1, ab(a + b)
o0 == Ta+b+(a—b)cos26
02 = .

ab(a + b)

K4

Note that

R [ — LU Y
a+b—(a—-b)cos26

2(b - a)sin 20 40
a+b—(a—-b)cos20 >

p0
(DII -

(2.3)

(2.5)

(2.6)

2.7)

(2.8)
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The results of this section are valid within the elliptic beam boundary, i.e., the shaded
region in Figure 2.2.

2.2.3 External Self-Electric Field

Outside the elliptic beam boundary (i.e., in the unshaded region of Figure 2.2), the
external self-electrostatic potential of the uniform elliptic beam is given in Ref. [20] by

T =1n(\/“2 +& +b? +5)“1n(a+b)+ A R i LT

t , (2.9
21 * (Ja2+§+\/b2+f)Ja2+4‘\/b2+f 29)

where ¢ is defined by

&= %[~2 + 172 —a:-b? +\/(§;"2 + gz —a? _b2)2 +4(b252 +a2:l7'2 —a2b2)]. (2.10)

Note that the space outside the elliptic beam corresponds to 0 < ¢ < o, and the
¢ =0 surface corresponds to the ellipse boundary. In the laboratory coordinates, ®”,
and ¢ are given by

2€=1x+y*—a® -0’
+ {[ﬁ +17 —a? = b°f +2f(a? + 52 )a? + y?)- 202" — (a® - b Roysin20  (2.11)
- (a2 - Xx2 - yz)cos 20] }1/2 ,

and

(2 cos? 0+ y” sin® 6 + zysin6)
(Joﬂ +E+Vb* +ENG® +¢

_%(D’;gt = ln(\/az +& + b2 +é)— In(a + b) +
2.12
(y"j cos’ 8+’ sin’ 0 — zysin 0) (2.12)

('\/az +&+ b +z,‘)\/b2 +¢

The results in Egs. (2.11) and (2.12) are consistent with Eq. (2.1); that is, the
potential is continuous across the beam boundary as shown in Figure 2.3 for the
example of a uniform density, uniform velocity elliptic beam with a/b =10.
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Figure 2.3: Relative equipotentials are shown both inside and
outside a constant z cross-section of a 10:1 uniform density,
uniform velocity elliptic beam. The solid line indicates the
10:1 elliptic beam boundary, while the dotted lines are

equipotentials.

2.2.4 Self-Magnetic Field

Again following Ref. [19], the beam’s self-magnetic field can be represented using a one-
component vector potential A’ = A”°¢, which differs from the scalar potential by a
factor of B=w,/c, ie.,, A" =B®”. The self-magnetic field components can then be

determined through

B’ = Vx A", (2.13)
which yields
B oA
* oy (2.14)

= P2ys) + 207),



23

o . O

oz (2.15)
= (2200 + y072).

These expressions are valid within the elliptic beam boundary. Similar reasoning
can be used to obtain the external self-magnetic field, but since this field does not affect
the beam dynamics, we need not compute it.

2.3 Total Electric and Magnetic Fields for an Accelerating Beam

2.3.1 Overview

In this section we incorporate applied electric and magnetic fields into our paraxial field
expressions. We will often refer back to the results of Section 2.2 for the self-fields, but
this section is developed more generally. Since we now allow for acceleration, the axial
beam velocity will no longer be axially uniform. Moreover, because of the potential
gradient across the transverse dimension of the beam, the velocity will also vary
transversely.

The variable-velocity beam is a natural consequence if we are dealing with the
common scenario of a beam that is generated from a uniform-potential surface such as a
single electrode (see Chapter 4). It has a uniform-energy, variable-velocity beam profile.

We could consider the opposite case of a variable-energy, uniform-velocity beam
profile. The latter would correspond to a beam originating along a variable-potential
surface such as a series of electrodes or a single electrode with a small resistance and an
accompanying voltage drop from its center to its perimeter. The variable-energy
configuration is difficult to construct and is not commonly applied to practical devices,
and thus we will not consider it further in this study, but leave it as an avenue for future
research.

The uniform-energy, variable-velocity beam profile implies that transversely
uniform charge-density is not compatible with transversely uniform current-density for
an accelerating beam. Again, because it is more representative of the actual devices we
wish to understand (see Chapter 4), we will adopt the uniform-current-density model.
This uniform-energy, uniform-current-density, variable-velocity beam profile model
places a limit on the validity of the paraxial approximation, since the non-uniform
charge-density implies nonlinear corrections to the self-electric field. Nonetheless, this is
the most relevant model for describing common beam devices. We shall show how the
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nonlinear corrections can be quantified, and find that they are quite negligible for most
cases of interest. For extreme cases of very high current or very wide beams, we may be
forced to resort to more complicated variable-energy configurations in order to assure
linear self-fields across the beam width.

In Section 2.3.2, we develop a paraxial expansion of the electrostatic potential
employing the assumptions of a uniform-energy, uniform-current-density, variable-
velocity beam profile. In Section 2.3.3, we determine specific coefficients of the paraxial
expansion for an accelerating elliptic beam. In Section 2.3.4, we develop an analogous
paraxial expansion for the applied magnetic fields. Finally, in Section 2.3.5, we derive

the total electric and magnetic fields in the paraxial approximation.

2.3.2 Paraxial Expansion of the Electrostatic Potential

In the paraxial approximation, we assume the longitudinal (e, -directed) particle
velocities are much greater than the transverse velocities, so conservation of energy

implies
(& -y, )mc’ = —q@, (2.16)

where y = (l—vz2 /02)_1/2 is the usual relativistic factor in terms of the longitudinal
particle velocity v, = dz/dt, m and ¢ are the particle mass and charge, respectively, c
is the speed of light in vacuum, ® is the electrostatic potential, and y, = yl oo 1S the
value taken by the relativistic factor where the electrostatic potential vanishes. For
example, y, =1 for an electron which is emitted with v, =0 from a cathode at an
electrostatic potential ® = 0.

We express the velocity using energy conservation, Eq. (2.16), as

v,(z,y,2) = c\/l - [yo - ‘-'(DQ J—Q : (2.17)

mc

The total potential can be expressed as the sum of the on-axis and transversely
dependent parts as ® = ®,(z)+® (z,9,2z), where ®, << ®, under the paraxial

approximation. We can Taylor expand the velocity to obtain
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V2
,,,zc[l_(yo-&;_ﬂg) ]

mec®  me
(2.18)
~ q®
= ’Uzoo(]. - —2'TJ'-—2 y
Boo Voo mC
where the subscript “00” denotes on-axis values,
Yo =70 - L0, (219)
mc

Bo =170, (2:20)
and
V,00 = BC- (2.21)

Now we express the total electrostatic potential of the accelerating elliptic beam, quite
generally, as

O(z,y,2) = i "y 0, (2), (2.22)

n,m=0

where we can see the ®,(z) term represents the on-axis part of the potential, and the

rest of the sum is @, . Poisson’s equation yields
V20 = —4mp, (2.23)

or

3y or, +nln - 16"y 0, + mm - )e"y"00,,, | = ‘b‘” , (2.24)
aov

n,m=0 z

or

S (00, + 0+ 2+ D0, + (4 2om + 1, 0] = = [1+ = 2}@-25)

2
n,m=0 abszO ﬂoo YOO mc

where the primes denote differentiation with respect to z.
We solve Eq. (2.25) by equating the coefficients of each term in the sum. The

important terms are those in which the sum n+m is even. The odd-sum terms
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represent electric field components which produce centroid motion of the beam. If we
demand that the beam axis remains fixed, we must require these centroid-motion-
inducing terms to vanish. In these circumstances, the form of Eq. (2.25) ensures that
these odd-sum terms are decoupled from the even-sum terms. As a result, we may freely

set all the odd-sum terms to zero. The first few even-sum terms are

—ar
= g, + 2(d)zo + (D02)> (2.26)
abv, g,
—-4] .
q3 —®,, =D}, +6(Q, +D,,), (2.27)

2
abv Boo Voo MC

-41 q
abv,q, ﬂoo%’otfmc

_ D, = D} +20,, +120,,, (2.28)

- 41 q
abv,g Boy’yo0 MC’

D, = D!, +20,, + 120, . (2.29)

We shall make use of Eq. (2.26) to describe the accelerating beam in Section 2.3.3.
Equations (2.27), (2.28), and (2.29) are useful because they place limits on the validity
of the paraxial approximation to the electric fields. In particular, Egs. (2.28) and (2.29)
can be examined in the limit of no z-dependence to assess the effect of the voltage
depression across the beam insofar as it generates departures from uniform density.
Similarly, Eq. (2.27) can be examined in the low current limit to examine the effect of
beam twisting insofar as it generates nonlinear self-fields. Recall from Section 2.2.2 that
the term @, in the electrostatic potential is generated by a rotated beam.

We should note that the expressions for the potential in this section do not
distinguish between self-electric fields, applied electric fields, or image charge fields
induced by the beam by a conducting pipe. In fact, the expressions presented here
include all of these fields. We shall illustrate in Section 2.3.3 how the electrostatic

potential components are associated with each of these fields.

2.3.3 Electrostatic Potential Coefficients for the Accelerating Elliptic
Beam

The total electrostatic potential consists of the axial potential, a self-field term for the
accelerating beam, and another term due to all external (source-free) fields, which, to

paraxial order, can be represented as an electrostatic quadrupole, i.e.,



27

O = By + (07 + Dy + Vyzy)+ (0oz° - Dyy® + oy tan 20, ). (2.30)

In Eq. (2.30), the first term in parentheses represents the accelerating beam self-
field contribution, denoted by the superscript “p”, whereas the second term in
parentheses represents the applied electrostatic quadrupole, denoted by the subscript
“@Q7”. The applied electrostatic quadrupole field is rotated with respect to the laboratory
coordinates by an angle 6, relative to the z-axis.

Rearranging terms in Eq. (2.30) and organizing them in the form of Eq. (2.22), we

find
® = By + (@5 + D Je? + (@5, — 0 Jy* + (@, + @ tan26, by (2.31)
=0, + D7 + Dy’ + D1y, |
and the relations
0, = ¥, + Oy, (2.32)
O, = Oy — D, (2.33)
O, = @, + D, tan20,. (2.34)

Note that the chosen decomposition of the total electrostatic potential in terms of
a self-field and an applied contribution is not unique, i.e. there are more free parameters
on the right sides of Egs. (2.32), (2.33), and (2.34) than those on the left. This is not the
case in the non-accelerating beam case. There, the self-field solution can be obtained by
applying the infinitely-far boundary (no applied electric field) condition, and thus the
self-field and external field components of the total potential are uncoupled. An
accelerating beam, however, cannot exist without some externally applied field. In this
case, the self-field and external fields are inherently coupled. While this presents some
subtlety, it does not present difficulty, since we can define what we mean when we refer
to the “self-field of an accelerating beam” as opposed to its “applied field.” By defining
the “zero” of the applied electrostatic quadrupole field appropriately, we can obtain a
simple result for the accelerating beam self-field. The most natural approach is to
employ this process in reverse by defining an accelerating beam self-field which mimics
many properties of the non-accelerating beam self-field and smoothly approaches the

non-accelerating beam results in the appropriate limits. These requirements on the
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accelerating beam self-field will then fix a certain definition for the applied electrostatic
quadrupole field.
Let us substitute Egs. (2.32) and (2.33) into Eq. (2.26). We find

P —_
owr |1+ 20 |- 24 _gr (2.35)
» U abv g »

The ratio @”,/®%, between the self-field components of the accelerating beam is thus
far undetermined in this decomposition of the total field; however, we can require that
Eq. (2.35) recovers the result of Eq. (2.4) in the limit of a non-accelerating beam. This
limit is recovered if we ensure that @%,/d% = @2 /d% , for in that case, Eq. (2.35)

becomes

()7 -47
204 [1+—2 | = - oy, 2.36
20[ ®l2)8 ] ab'l)zm 00 ( )
or, equivalently,
p —
4(a + b)<I>20 -4l o (2.37)

a+b—(a—b)cos26  abu,,, S

Rearranging Eq. (2.37), we find the most natural generalization of the electrostatic
potential terms from a non-accelerating to an accelerating beam:

o =_a+b—(a—b)cos29 41 1 — + @Y |, (2.38)
4(a +b) abe @, )"
1- (70 - 02)
me
and
2(a + b)
o =|_1 @’ 2.39
02 ( +a+b—(a—b)cos20j % ( )

which are readily compared to Egs. (2.4) and (2.7) in the limit of @}, — 0. Similarly,
we can require the relative magnitude of the cross term @/, of the accelerating beam to

take the same value as it does for the non-accelerating beam by fixing [in analog to Eq.

(2.8)]
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o _ —2(a - b)sin 20
" a+b—(a-b)cos20 *°

(2.40)

The natural generalization obtained by requiring that the accelerating beam
transverse potential ratios remain the same as those for the non-accelerating beam fully
specifies the decomposition of Egs. (2.32), (2.33), and (2.34), fixing ®, and 6,. In
particular, we express

0 (Dp
20 20
241
0, + D, (2.41)

which implies

@, = ~ : 2.42
T o rap (242)
Similarly, the cross term ratio
o _ 9
oL @
20 20 (2.43)
(D20 - (DQ ’

implies

tan26, = Oy _ ot ((D

2 1. (2.44)
o )

D

The above successful separation of the applied electrostatic quadrupole terms and
the self field terms of the accelerating beam will facilitate discussion in later chapters of
beam focusing and equilibrium. We simply remind the reader that the ®, terms
represent a quadrupole electric field (rotated by an angle 6, relative to the z-axis of
the laboratory coordinates) which is imposed by external conducting walls and applied
potentials. In order to enforce a particular @, in the beam interior, electrodes at the
specified potentials must be placed along one or more external equipotential surfaces
given by the equation
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D, =y +, + Dylz? — 3 +aytan26,). (2.45)

ext

In the non-accelerating beam limit, @, = ®”°., and the external equipotentials can

ext ext ?
be determined analytically using Eq. (2.12). This allows the design of conformal coasting
beam tunnels which can aid in beam focusing (setting ®, =0 defines the external
equipotentials which negate all image-charge effects), or, alternatively, the design of
beam tunnels which enforce a desired quadrupole focusing field on the beam. Note also
that perturbations of external electrodes from the specified equipotentials will have a
diminishing effect with distance from the beam. This last fact ensures that a beam
tunnel of almost arbitrary shape, if sufficiently large, will have negligible image-charge

effects. The more general solution of @, is left as a topic for future research in this

ext

area.

2.3.4 Applied Magnetic Fields

The most general applied magnetic field can be written as B, =-V¥, where the
magnetic potential ¥ satisfies V¥ =0. By analogy with the electric potential, we

employ a paraxial expansion

¥(z,y,2) = i "™, (2). (2.46)

n,m=0

As with the electric potential, the terms in which the sum n +m is odd will result
in centroid motion of the beam. While centroid motion takes place in certain types of
magnetic focusing systems (e.g. wiggler fields [21] [22]), for the highly elliptic, high
space-charge beams of interest to us, wiggler focusing produces excessive transverse
motion of the beam [14] [23] [24]. Moreover, the paraxial approximations used
throughout in the present work are most accurate when the beam axis is fixed. For this
reason, we will proceed as we did with the electrostatic potential, consider only the
even-sum n +m terms and set all the odd-sum terms to zero in Eq. (2.46). For the first
few even-sum terms, Laplace’s equation for the magnetic potential then yields,

0=y +2(¥,, +¥,), (2.47)
0="Y]+ 6(\P:n + ‘}’13), (2.48)

0=Y7 +2¥, +12¥, (2.49)
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0=V +2¥, +12¥,. (2.50)

To first order in the transverse coordinates, the applied magnetic field can be
written as

B,, = -V(¥y, + 2°%, + ¥, + 17%,,). (2.51)

app

Combining Eqs. (2.47) and (2.51) yields

. 4B, . . B,(z), . A
B, = B.(2)e, ———dz(i)[rmzez +(- m)yey]+ ‘3( )(yez + :cey), (2.52)

where we have defined an aspect ratio parameter for the axial magnetic field

r.(2)= (1 + z—:%]l : (2.53)

an axial field magnitude

B,(z) = ~¥4(2), (2.54)

and a quadrupole field magnitude

B,(z) = -A¥,,(2). (2.55)

We have also introduced a reference length A which will be useful for normalization
purposes in Section 2.4.

Equations (2.48), (2.49), and (2.50) can be examined to determine the magnitude
of the non-paraxial magnetic field components. In Chapter 5, we return to these
equations in order to derive constraints on ¥, imposed by the paraxial approximation.

The application of quadrupole magnetic fields is well understood. Electromagnets
with hyperbolically machined iron pole-pieces are often used when strong fields are
desired. For weaker fields, permanent magnets of a variety of simple configurations can
be used by noting that a quadrupole field is naturally achieved in the region between
two oppositely oriented dipole magnets located some distance apart. One might use a
single contiguous magnet on either side of the beam or a plurality of magnets chosen to
produce the desired field in the beam area.

The longitudinal magnetic field (the components generated by the B, term) can
also be achieved through well understood means. Electromagnet and permanent magnet
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solenoids and non-axisymmetric periodic cusped fields using permanent or electromagnet
configurations have been described elsewhere [23] [25]. Most simply, a set of axially-
magnetized planar magnets with irises would be used to construct the desired field. The
iris shapes and magnet thicknesses, positions, and magnetizations will determine the
axially-varying field strength and aspect ratio 7, /(1 - rm). As the configuration becomes
more planar, r, approaches zero. As the configuration becomes more circular, 7

m m

approaches 2.

2.3.5 Total Electric and Magnetic Fields in the Paraxial Approximation

The total electric and magnetic fields for an accelerating elliptic beam in the paraxial

approximation are

E=-VO, (2.56)
and
_ 0
AN a7
where
A" = A, =B, 0", . (2.58)

Note that the self-magnetic field B*’ for the accelerating beam is identical to that for
the coasting beam, since it depends only on the local beam size, the rotation angle, and
the current I, which is conserved.

Substituting the electrostatic potential ® defined in Eq. (2.30) into Eq. (2.56), we

can write the Cartesian components of the total electric field as

E, =220, -y,

= _2$((D§o +0, ) - y((l)’f1 + @, tan26, ), (2.59)

Ey =290, -z,

= —2(0?, - @,)- =(®%, + ©, tan26,), (2.60)

E, =-0, (2.61)
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where we have used Egs. (2.32), (2.33), and (2.34), the prime denotes a derivative with
respect to z, and the accelerating beam self-field coefficients (superscript “p”) are
related to the axial potential @, through Egs. (2.38), (2.39), and (2.40).

Similarly, substituting the applied magnetic field defined in Eq. (2.52) and the self-
magnetic fields from Egs. (2.14) and (2.15) into Eq. (2.57), we find for the Cartesian
coordinates of the total magnetic field

B, = {0t -7, S ) o f 2 02 e
B, —a{i 2ﬂ<D”°J ( - )———ﬂ@u), (2.63)
B, = B,(2), (2.64)

where the coasting beam self-field coefficients (superscript “p0”) are determined by Egs.
(2.4), (2.5), and (2.6).

2.4 Matrix Formulation of Transverse Equations of Motion

While the longitudinal equations of motion, more precisely the longitudinal velocity v, ,
is described by Eq. (2.18), the transverse single-particle equations of motion are given by

=L

= my
at (2.65)
= i
mvzy dz y
and
-,
todt
(2.66)
. T
dz

where we have used the relativistic particle momentum p =ymv and the Lorentz force
on a charged particle F = q(E +lvx B). Referring back to Section 2.3.5, we can express
the Cartesian components of the transverse Lorentz force in the paraxial approximation

as
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c c
= q{— 2D, — y®,, + —2—B, (2.67)

YooMC

e [“{ = 2/300(1)‘;8} + y(" 2, t-r,) _ﬂood)q;)):”a
c dz
and
v.’c 'UZ

Fy = Q( v ——;—Bz +?Bx)
- q{— 2D, — 20, — » p:nc B, (2.68)

00

B
4 Yo x(— a5, .. +ﬁ00<1>';?)+y Zo op.02 ||t
c dz A

Note that in the paraxial approximation above, we retain only those terms linear
in the transverse coordinates and momenta. We henceforth suppress the subscript “00”
on the velocity functions v,, # , and y with the understanding that we will always refer
to their axial values.

We are now able to write the equation of motions (2.65) and (2.66) in a matrix

form as
/4 =F-1, (2.69)
z
where
z
1(z) = ’;x , (2.70)
Py

E=\ 7 o o Al (2.71)
L
F F,, 0
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and the elements of F are

F, =F, = 2.72
p, W, yﬁmc ( )
2 1( B
B = ql:_ qu)m - Z(_/{l - 2ﬂ®§gﬂ’ (2.73)
1 1 dB,
F,, = q[— EECD“ + z(ﬁ(b‘l'? + —d-z—(1 -7, )H (2.74)
1 1 dB,
By = q[_zz(pu +;(ﬂ®€(1] T T }7 (2.75)
2 1( B,
Fp,,y = q|i_ ﬂ—c(D02 + Z("f + 2ﬂ®ﬁgj y (2.76)
and
qB,
prp,, = —prpl = W (2.77)

It is useful to work in dimensionless quantities and express Egs. (2.65) and (2.66)

as
_ dx
P, =ﬁy7}, (2.78)
z
and
F-B (2.79)
dz
where
p=2 (2.80)
mc

(2.81)

%l
il
E S
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A
pmc?’

F=F

(2.82)

and 1 is the arbitrary scale length introduced in the discussion of the quadrupole

magnetic field in Section 2.3.4. We also introduce the dimensionless constant

2

q
a, = ,
A7 me?
the dimensionless electrostatic potential
n+m+l
nm = '1 (Dnm ?
q
the dimensionless magnetic fields
— 12
2
Fz = l_ B,,
q
and the dimensionless current
1=%
gc

We can express Eqgs. (2.78) and (2.79) in the dimensionless matrix form

dy

z

(=1

'I,

where

1(z) =

Sl o< 3l oy

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)
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0 Fm 0 0
e |Be 0 Ey E,
K 7,7 2 5,5, 2 57 0
and the elements of E here are
7o 1
@ = m T g (2.91)
F,=2(-20, -8B, + 26°02) (2.92)
7T T ﬂ 20 Q 2 /3 .
= o = — dB.
By = ?A(' D, +5°0) +p d;,z - rm)J, (2.93)
—_ a _— — dB-z
PE Fl(_ O, +50Y —B-Ez:rm)’ (2.94)
F,, =%(-20, + 8B, + 26°0) (2.95)
22 ,B 02 Q 02/ .
and
F;T‘ =_Fz‘»5 =a_AB_Z- (2.96)
- B

2.5 Particle Distribution Matrix

There exists a transfer matrix T that transforms an initial condition g, into a final

vector o, i.e.,

L=T-%,. (2.97)

The relationship between the transfer matrix and the force matrix is explored by
differentiating both sides of Eq. (2.97) to yield
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dy d
2L _ % (7.
dz dz X‘O)
dT
Fa=—"12 (2.98)
2
dT
F-T-yx, —:i:'lo
2

Since this is true for any initial condition y,, we have

a1
dz

=

(2.99)

Following Sacherer [26], let us introduce the symmetric matrix M which defines
the hyperellipsoid of the phase-space distribution of the particle beam through the

equation

1" oMy =1, (2.100)

where the superscript “7T'” denotes the transpose operation of a matrix, and

M - M p, MT!/ Mxpv
M = Mp z Mp,p, MPIZ‘I M”r"v ) (2.101)
= M yr Myp, Myy Mypy

=<
<
<
=

P,T PyP: Py PPy

A uniform distribution of particles along this ellipsoidal hypersurface ensures a
uniform charge density in position space, and thus the assumption of linear self fields is
satisfied [26]. Familiar phase space plots can be obtained by taking projections of the 4D
hyperellipsoid into a 2D subspace, yielding an ellipse, as shown in Figure 2.4.
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p,

V&

Figure 2.4: The projection of the 4D particle distribution
hyperellipsoid onto the subspace (z,p,) yields a filled 2D

ellipse.

Since Eq. (2.100) holds for all z, we can write

X.()T 'Mo_l ‘Lo =1
T -1
A
. = . B (2.102)
=T X.o) M @ Xn)
=X.0T 'IT 'M_l 'l’lo
Since this holds for arbitrary yx,, we find ﬁo_l = lT -M_l - T, and therefore
M=T-M -T". (2.103)

The evolution of the beam distribution is fully characterized by the distribution

matrix M, which evolves according to

d_ﬁzi : .TT)
4z g = =
dT . g
et (2.104)
=E-T-M,-T'+I-M,-T" -F'
=E-M+M-F'
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2.6 Elements of the Distribution Matrix

The elements of the force matrix F have been expressed in terms of the beam envelope
quantities such as the semi-major axis a, the semi-minor axis b, and the rotation angle
@ . In order to close the matrix equation of motion (2.104), we must relate the elements
of the distribution matrix M to the envelope quantities. These physical envelope
quantities are directly related to the semi-axis lengths, inclination angles, and areas of
2D ellipses — projections of the 4D particle distribution hyperellipsoid as shown in
Figure 2.4.

In Subsection 2.6.1, we describe the matrix equation for a 2D ellipse projected
from the 4D particle distribution hyperellipsoid. In Subsection 2.6.2, we describe a
geometric representation for a general 2D ellipse, the so-called standard form. In
Subsection 2.6.3, the relationship between the matrix representation and standard form
is obtained, which enables us to relate geometric quantities such as semi-axis lengths to
matrix elements. In Subsection 2.6.4, we use the results of Subsection 2.6.3 to relate
physical beam envelope parameters to elements of the 4D particle distribution
hyperellipsoid.

For ease of notation we will suppress the overbars, but we will use dimensionless
quantities for the remainder of this section.

2.6.1 Projection of the 4D Hyperellipsoid

As shown in Figure 2.4, the 4D hyperellipsoid represented by Eq. (2.100) forms a 2D
ellipse when projected into any 2D subspace (xl,w2) where z,,z, € (x, Y, pz,py). The
equation for the projected ellipse is simply

1= sz ) gm_l i AR (2105)

where
T,
=", 2.106
Liz (z) ( )

and

=12

M, Mm)
. 2.107
(Mm My, ( )
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The elements of M , are selected from the elements of M in Eq. (2.101), i.e., M, isa
submatrix of M. Proof of Eq. (2.105) is relegated to Appendix A, however, we can
expand Eq. (2.105) as

MM, - M’ = M,,z* + M,z,” -2M ,z,z, . (2.108)
As an alternative to writing the equation for the ellipse in the matrix form as in
Eq. (2.108), we can use the geometric (or standard) parameterization.
2.6.2 Standard Parameterization of the Ellipse

The standard form of the equation for an ellipse is given by

1 (2.109)

which describes an ellipse with semi axes A and B aligned along the &, and €, axes,
respectively. We can express Eq. (2.109) in a rotated set of coordinates through the
transformation

Z, =z, cosf, + z,sinb,,

2.110
Z, = —z,sinf,, + z, cosf,,, ( )

which yields for the ellipse

cos’f, sin’@0 sin’@, cos’é. 1 1),
1= :1:12( T 12 4 = 12 J + :1:22( T 12 4 I 12 ) + .'1:1.'):2(F -~ FJsm(zevu,).(z.ln)

The relationship between the ellipse-aligned and rotated coordinate system is shown in
Figure 2.5.
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v

Figure 2.5: The ellipse-aligned coordinate system (51,52) is
rotated with respect to the rotated coordinate system (z,,,)

by an angle 6,,, as shown.

2.6.3 Relations Between Standard and Matrix Form

Equating the coefficients between the matrix form of Eq. (2.108) and the standard form
of Eq. (2.111) allows us to write

M,, = A’cos® 6, + B*sin*4,,, (2.1712)
b 5 = ( - BQ)sinﬁ12 cosb,, , (2.113)
M,, = B cos®6,, + A*sin’6,,, (2.114)
and the inverse relations

A=y Myy + My, + M7+ M7+ aM,7 —2M, M 2115
- ﬁ 11 22 11 22 12 1l 221 3 ( . )
B =M, + M, —{M,? + M,)? + 4M,;" —2M M (2116
- \/5 11 22 11 22 12 1 22 & )
= laurcta,n My : (Z117)

2 M11 _M22

Note that the area of the ellipse can be expressed using Eqgs. (2.115) and (2.116) as
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7AB =M, My, — M, (2.118)

The results of this section are derived in Appendix B.

2.6.4 Relations Between Envelope Quantities and Matrix Elements

Making use of the results of Section 2.6.3 and setting z =z, and y = z,, we express the

envelope quantities in terms of the matrix elements as

oz) = %\/Mm () + M, (2)+ M. () + M, () + 4V, () - 2M,, ()M, (2) , (2.119)

b(z) = —\71_5\/Mm () + M, (2) - M_2()+ M, (2) + 4, () — 2M_. ()M, (2) ,(2.120)

2M
0= %arctan(M—m—:—z]yM—wJ. (2.121)

By taking a projection of the 4D particle distribution ellipsoid into the subspace
(z,y), we obtained Egs. (2.119), (2.120), (2.121), which relate the three independent
matrix quantities M_, M, , and M, to three physically meaningful quantities, namely,
semi-major axis a, semi-minor axis b, and inclination angle . For the 4 x4 symmetric
matrix M, there are 10 independent elements, overall, which can be related to 10
indepen(gnt physically meaningful quantities by taking projections of the 4D ellipsoid
into various 2D subspaces. The projection into the subspace (a:, y) yielded the envelope
semi-axes and inclination angle; projections into other subspaces will yield fluid
velocities related to beam expansion and rotation as well as beam emittances. For our
purposes, we define an emittance as the phase space area of a given 2D subspace divided
by x.

In order to obtain simple relations between the physical parameters and the matrix
elements, we will find it useful to introduce a beam-aligned symmetric matrix g with

the elements in the rotated phase space

M, M, M. M.

T Ip; Ty TPy
Mz MPff MP;P; Mp'ig Mpip.ﬂ . (2122)
= M;ﬁ Mﬂp; M o} Mﬂpa

M. M M

Pz Pybz Py PyPy
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This matrix describes an ellipsoid via the equation

M g=1, (2.123)
where
i=R1, (2.124)
or
z cos@ 0 sind 0 x
z 0 cosf 0 sind .
o) A7 (2.125)
Y —sinf 0 cos@ O Yy
D; 0 -sind 0 cosé) \p,

From this it is clear that 1\__/I=§'1 g_& and g=§-1\=/1-§'1. In terms of the
beam-aligned distribution matrix elements, the envelope quantities take on simple forms
since M,; =0. As a reminder, we make explicit the dimensionlessness of the envelope
quantities by replacing the overbars. The 10 independent physical parameters are
determined by analogy to the results of Section 2.6.3, yielding

EE%: JM_. . (2.126)

- b
b= =My, (2.127)
2M
0= %arctan(—————Mm _’;’wyy }, (2.128)
1 2M,
95,,5 = Earctan(m} (2.129)
&y, = MM, - M, (2.130)

2M.
6. =larctan — | (2.131)
Ypy 2
PyPy
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Egl’i = \f !7!7Mp,7pg - Mﬁp,72 ’ (2.132)
1 (oM,
0;,, = —~arctan ; (2.133)
2 \Mﬁ ~ ey J
( oM. \
O, = L arctan| 2o ) (2.134)
2 \Mﬁf] P:p: J
1 2M_
s, = arctan) - —=r—|. (2.135)
2 (Mpzps - Mpgpﬁ ]

The dimensionless normalized emittance &, or &,, appearing in Eq. (2.130) or
(2.132) is defined as 1/x times the phase-space area of the projected ellipse in the
associated subspace (E, pi) or (ﬂ,pﬁ). Further discussion on emittance is deferred until
Section 4.4.1.

The tangents of the angles 6;, and 6, defined in Eqgs. (2.129) and (2.131)
characterize beam expansion. In the cold-fluid limit, the emittances vanish, the
distribution ellipse collapses to an inclined line segment in the subspaces (%,p,) and
(’g, pg), and we find tan6,, =p,;/7 and tand,, =p; /. In this case, it is easy to relate
6y, and 6, to the normalized variables u, = a”'da/dz and p,=b"db/dz in the
terminology of Ref. [19], i.e.,

_brdz
el = G (2.136)
=pyip, ,
tanf;, = ﬂfy-d—:i/_
g dz (2.137)
=Piu, .

Similarly, the tangents of the angles Oz, and ¢, defined in Egs. (2.133) and
(2.134) characterize beam rotation. In the cold-fluid limit, the emittances vanish, the
distribution ellipse collapses to an inclined line segment in the subspaces (E, pﬂ) and
(#,p,), and we find tan 6, =1; /i and tand,, = p; /¥ . In this case, it is easy to relate
6, and 6,, to the normalized variables @, and g, in the terminology of Ref. [19], i.e.,

TPy
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tanf, =§—y-flg
o ZdzZ

=ﬂylay 7

tan 9?7?; = %%
=—fyla,.

(2.138)

(2.139)

The angle 6, , defined in Eq. (2.135) is not an independent quantity in the cold-

fluid limit, and thus there is no standard notation to relate it to. Nonetheless, it is clear

that it represents a correlation between the two transverse velocities.

Equations (2.126) - (2.135) define physical distribution quantities in terms of the

matrix elements, but for purposes of computation we require the inverse relations, i.e.,

M, =E2a

72
My =67,
M, =0,

T

M, = [\/ csc? (20@; )— ;ZTPQ - cot(205p; )]M s

M,, =M;-2M,, cot(QHiPi ),

M, , =M, -2M,, cotl2d,, ),
M,, - %(M M,, Jtan(26,, ),
My, =2 (My; - M, Jran(2sy, ),

M, =M, - M, Jeanes,, )

(2.140)
(2.141)

(2.142)

(2.143)

(2.144)

(2.145)

(2.146)

(2.147)

(2.148)

(2.149)
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This set of equations fully specifies all 10 independent components of the beam-
aligned distribution matrix E’I_ in terms of projection quantities in the various 2-
dimensional subspaces. With these in hand, as well as the relationship M=R"'-M-R,
the matrix equation of motion (2.104) can be integrated to determine the evolution of
the particle distribution function. Numerical examples of such integrations are discussed
later in Sections 5.7, 6.2.4, and 6.3.3.






3 Sirﬁle Particle Dynamics

3.1 Overview

With the elements of the force matrix F and the distribution matrix M specified, we
can proceed to solve Eq. (2.104) for the evolution of the partizl-e phase-space
distribution, given a set of initial and boundary conditions. This is a set of 10 coupled,
nonlinear, first-order differential equations, and thus cannot be solved in full generality.
Fortunately, we do not require general solutions. We are only interested in solutions
which satisfy some desired beam envelope evolution.

New devices are increasingly sought for high-power, high-frequency operation [13]
[18]. In this re:gime, since high voltage is often limited by engineering considerations,
high-current (and thus space-charge-dominated) beams are desirable. Moreover, since
high-frequency applications require small-scale-length structures, high aspect-ratio
elliptic beams are sought because they serve the dual purpose of allowing coupling to
higher frequencies (by minimizing their minor axis) and carrying large current (by
maximizing their area). Since most elliptic beam device concepts involve coupling to
planar structures (comparatively easy to fabricate), it is generally required that the
beam be confined without bending, expanding, or rotating. For these reasons, we focus
on finding solutions for paraxial, space-charge-dominated, non-twisting elliptic beams
with g << 1.

The task of finding a desired beam solution to Eq. (2.104) can be quite
challenging due to the large number of free parameters and functions embedded in the
initial and boundary conditions, e.g., the beam current, the axial potential, the applied
fields, the starting values for the beam envelope quantities, etc. If the initial and
boundary conditions are not fixed properly, Eq. (2.104) will not yield a confined beam
solution. The beam may immediately expand to impact upon its containing vessel, fail
to maintain laminar flow, change direction, or otherwise frustrate expectations. Clearly,
certain constraints on the initial and boundary conditions are required in order to
ensure a desired beam outcome.

Let us define a desired beam as one in which the trajectory of each particle (z, 37)
very nearly satisfies a desired trajectory (El;‘des,ydw) as it propagates longitudinally such
that

(#,7) = Fienr Usew) + (6Z,07), (3.1)
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where the perturbations satisfy
bz| << @, (3.2)
by] <<b. (3.3)

Moreover, let us assume that the trajectories and axial potential are slowly-varying
over a dimensionless longitudinal length scale S, such that

1 47 << _i, (3.4)
adz s
—l—-‘-i-g- << =1—-, (3.5)
bdz s
I_l d _°°|<< 1 (3.6)
I(DOO d | des

Notice the overbar notation; we employ the dimensionless forms in this chapter.

Since we are interested in space-charge-dominated beams, we ignore the effect of
emittance in the beam dynamics [16] [27] [28] and concentrate, for the moment, on the
equations of motion for single particles in a self-similar cold-fluid. By a self-similar cold-
fluid, we mean that the transverse flow velocity of a fluid element is proportional to the
transverse displacement of that fluid element.

In this chapter, we return to the dimensionless single particle equation of motion
(2.88) in order to derive some of the constraints on the boundary and initial conditions
in several limiting cases. In Section 3.2, we examine particle dynamics in the wide (7 )
dimension of the beam and apply the conditions of Egs. (3.2) and (3.4), yielding certain
constraints on the applied fields. Similarly, in Section 3.3, we examine particle dynamics
in the narrow (7 ) dimension of the beam and apply the conditions of Egs. (3.3) and
(3.5), yielding other constraints on the applied fields. In Section 3.4, these constraints on
the applied fields are combined and analyzed in numerous cases, several of which result
in practical, realizable equilibrium configurations which will be the subject of later
chapters.
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3.2 Wide-Dimension Dynamics

3.2.1 Axial and Quadrupole Magnetic Field Contributions to the
Momentum

Let us examine Eq. (2.88). We begin by considering evolution in (Z,7,), involving the
terms F , F,;, F,;, and 171_,:1_,". Since || <<1, by assumption, the @ term in the
electrostatic potential in Eq. (2.93) can be made small [see Egs. (2.5)]. In addition, if we
set the applied quadrupole electrostatic field angle small such that tan26, <<1, the @,
term in Eq. (2.93) also becomes small [see Egs. (2.34) and (2.40)], and the following

ordering is suggested

I— [ +ﬂ26{’f| << ‘H%Bi“— - rmj. (3.7)
z
This implies
- dB,
B2 _d;(l ~ ), (3.8)

= =52+ 0+ BB, 55
= %\ o( 95, - B, + 260L) + BB 1 r,) + 5”, |
—E T\~ 20, - B, + 20 +yﬂE‘ -T)tDy D, |
It is useful to split Eq. (3.9) (and p,) into two parts as
P, =P +7;, (3.10)
where
dp, _a (- dB, -l
P oA gp—2(1-1,)+Py"'B, |, 3.11
2 4552 -5)+ 5B @11
Q — g
%—)—} =%3—’(_ 20y, - fB, +2/92‘D§3)' (3.12)
Z
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It is evident that p; is generated by the axial magnetic field B,, while p? is
generated by the quadrupole magnetic field Eq. We consider the evolution of these two
parts of the momentum, separately, in Sections 3.2.2 and 3.2.3.

3.2.2 Momentum Evolution due to the Axial Magnetic Field

Combining Egs. (3.11) and (2.78), we find

(Z_)_z =a{‘ddli’ rm)+gg—B—zJ
“ ; ? ? . ; (3.13)
=a| =[gB,0-r)|+Br, L +Byin
aﬂ(dz[y ,(t-r,)]+ B, = d_)
We shall take Irm| << 1 which allows us to obtain approximately
?7;(2) = alyE (1 - "’m)"‘ {1_’:: (2'0) - a/ly(zo)gz (20)[1 - rm(zo)]}’ (3.14)
where z, denotes an initial value of the axial coordinate Z .
3.2.3 Momentum Evolution due to the Quadrupole Magnetic Field
Combining Egs. (3.12) and (2.32), we find
dp?  a _
Tj’;— =57 z(- 2%, - 20, - BB, + 26°0%). (3.15)
Let us define a “residual” quadrupole field 5§Q through the equation
péB, = (BB, + 28, )+ 207, — 26°07, (3.16)
or, equivalently, using Egs. (2.4) and (2.38) to replace the self-field terms,
= = — oI 1=, G +b- (a b)cos20
0B, =\fB, +20®, )-| — =@, 3.17
'B Q (B e*t Q) [a_bﬂy2+2 00] a+b ( )

Rewriting Eq. (3.15) in terms of the residual quadrupole field defined in Eq. (3.16),
we find
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-
5; = 7B, . (3.18)

Notice that the magnetic quadrupole term _B_Q and electric quadrupole term 60 enter
Eq. (3.17) in essentially the same manner; both quadrupole fields have the same effect
on beam dynamics. As long as the sum BEQ +250 is held constant, we can trade off
between an applied electric quadrupole and an applied magnetic quadrupole as
convenient.

3.2.4 Displacement Evolution and Ordering Conditions

The evolution of the displacement Z is determined by the first component of Eq. (2.88),

ie.,
—=p,F_ . (3.19)

Making use of Egs. (3.1), (3.10), and (2.91), we can express Eq. (3.19) as

d(fdes "’5-'7"-) _ Dy + P
dz - B )

(3.20)

We make the ansatz that the terms in Eq. (3.20) can be equated piecewise to yield

!— -—Q! =0
d\Ty,, +0T7) e (3.21)

dz 7] ’
Wbz _ P (3.22)
dz '}
where we’ve defined
0T = 0T +07°. (3.23)

Note that this association of the desired trajectory Z,, with the quadrupole field
is the most natural choice. We can see that Eq. (3.14) couples the Z and § motion
through the axial magnetic field B,, leading to a rotation of the beam. By associating
this rotational momentum P’ with only a perturbed displacement 6Z° in Eq. (3.22), we
hope to ensure that the rotation remains small, i.e., |61 <<1.
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The constraints on the trajectories described in Section 3.1 imply certain
restrictions on the allowed forms and magnitude of the applied fields. For example, we
can obtain a condition on 5§Q by combining Egs. (3.21) and (3.4) to find

=Q
E2 P (3.24)
ayﬂ Sdes
which we can rewrite using Egs. (3.18) as
O [—cT 1
—2- |z0 B,dz| << =—, (3.25)
a’yﬁ Ses ¢ Sdes

where the limit on the integral denotes any length of order S, or smaller. We can make
use of T =z, [see Eq. (3.2)] and the fact that Z,, is nearly constant over a length scale
of S, [see Eq. (3.4)] in order to take it outside of the integral appearing in Eq. (3.25).
With these simplifications, Eq. (3.25) becomes

% Laes j&Ede

yﬁagd

1
—_— 3.26
<< 3 ( )

des

Because Eq. (3.26) must hold for all trajectories Z,_ in the beam, we can look at

the extremal case, i.e., Z,, — @, which gives the more stringent condition

% [5B,dz

1
<< =, (3.27)
yﬂ gdes S

des

implying either |5§Q @, /y,B‘ << 8, or else 5FQ is oscillatory with a negligible integral as
defined by Eq. (3.27). The residual quadrupole field dB, must satisfy Eq. (3.27) in
order to ensure that particle trajectories do not vary too rapidly in the wide dimension
of the beam, which would invalidate the expressions for the self-fields, such as those
given in Section 2.2.2.

Similarly, we can obtain a condition on B, by combining Eqs. (3.2) and (3.22) to
yield

<< 1. (3.28)

L [Py
a_giyﬂdz
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Using Eq. (3.14) to substitute for p; in Eq. (3.28), we find

f a7B.(- 1)+ () - agGEIB.EN -G |, (3.29)
B

|~

Ses

We can choose the initial values at zZ =z, such that the term in braces vanishes in
Eq. (3.29). We can also use of 7 =7, [see Eq. (3.3)] and the fact that 7, is nearly
constant over a length scale of S, [see Eq. (3.5)] in order to take it outside of the
integral appearing in Eq. (3.29). Similarly, Eq. (3.6) implies that we can take the
product y8 outside of the integral, as well. With these simplifications, and noting that
r, <<1, Eq. (3.29) becomes

<< 1. (3.30)

Vo % [ gz
a }’ﬂgv ’

Once again, looking at the extremal case, i.e., 7, — b, Eq. (3.30) becomes more
stringent, yielding

b o Bz <<1. (3.31)
@)y
which implies either |B, b 1<< S, or else B, is oscillatory with a negligible

integral as defined by Eq. (3.31). The axial magnetic field B, must satisfy Eq. (3.31) to
ensure that particle trajectory perturbations in the wide dimension of the beam are not

large compared to the beam size.

3.3 Narrow-Dimension Dynamics

3.3.1 Momentum Evolution

Let us examine Eq. (2.88) and consider evolution in (y py), involving the terms pr ,

F;) 79 Fl,7 -, and F_ 5. - The momentum p, evolves according to

D _F g+F, 75 +F.7, (3.32)

and we shall examine each term in Eq. (3.32) in turn.



56

Combining Egs. (2.95) and (2.33), we can express the first term 17'5”75 in Eq. (3.32)

g

Fg= ( 204, + 20, + BB, + 25°D%, ) (3.33)

‘%|

which can be further simplified using Eq. (3.16) to yield

Byl = 5Tk 20 + T,)+ 0B, + 28 (0% + B4 )} (3.34)
Making use of Egs. (2.4), (2.6), and (2.35), we can express Eq. (3.34) as
= a 41
F. . 5=-27 +®}, +BIB, 3.35
¥ =g y(a'bﬂy g ] (3:35)

The second term F;.,J p, in Eq. (3.32) can be expressed using Egs. (2.96), (3.10),
and (3.14) as

- Br _—
F55.7: E—%ﬂ—’[azsz(l r)+5°), (3.36)

where we have once again chosen the initial conditions such that the term in braces in
Eq. (3.14) vanishes.
The final term 17;_,,,55 in Eq. (3.32) can be written using Eq. (2.94) as

F,.z= ‘[cpn + 7

dB,
7 = ) (3.37)

By paralleling the argument given at the beginning of Section 3.2.1, we can see that for
4 <<1, Itan 26’Q| <<1, and [r,|<<1, the F_ -Z term can be made negligibly small. This
allows us to rewrite Eq. (3.32) as

dﬁy aﬂ.y 4I n
= =AY @7, +poB, |-
dz ~ B \abpy’ 7+ P +505,

-1.)+7%]. (3.38)

3.3.2 Displacement Evolution and Ordering Conditions

The evolution of the displacement ¥ is determined by the third component of Eq.
(2.88), i.e.,
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Y_pF . (3.39)

We can obtain a condition on p, by combining Eqgs. (3.39) and (3.5) to yield

D, 1

=L << =—. (3.40)
byﬂ Sdes
If we now make the substitution
dp,
p,= | >dz, (3.41)
y o dz
into Eq. (3.40), we find
.
L [P gy (3.42)
byﬂ §du dZ Sdes

which implies either If)'; / (I?yﬂ ] << 8, or else p, is oscillatory with a negligible integral
as defined by Eq. (3.42). The derivative of the narrow-dimension momentum p, must
satisfy Eq. (3.42) in order to ensure that particle trajectories do not vary too rapidly in
the narrow dimension of the beam, which would invalidate the expressions for the self-

fields, such as those given in Section 2.2.2.

3.4 Survey of Ordering Regimes for Applied Fields

3.4.1 Summary of Ordering Regimes

In Section 3.2.4 we obtained conditions on the applied longitudinal magnetic field B,
and the residual quadrupole field 5§Q which must be satisfied in order to maintain
desired trajectories of the form given in Eq. (3.1). A similar condition was obtained on
the derivative of the momentum p, in Section 3.3.2. We summarize these conditions
here, for convenience.

We may choose either a small JFQ satisfying

(3.43)
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or an oscillatory 5§Q satisfying

i [0Bdz

1
B 5 S,

des

we may choose either a small B, satisfying

% b —B| << _i, (3.45)
yﬁ a S des
or an oscillatory B, satisfying
% 5 (B a7 << 1; (3.46)
Was
and we may choose either a small p, satisfying
I (3.47)
| B dzl Ses.
or an oscillatory p, satisfying
.
1 p —Ld3 < L (3.48)
byﬁ Sdes
We also reproduce Eq. (3.24) here,
=@
Y2 PO (3.49)
a’yﬁ Sdes

which must hold independent of any of the choices above.

In the next several subsections, we apply various combinations of these alternative
ordering conditions [Egs. (3.43) or (3.44), (3.45) or (3.46), (3.47) or (3.48), and (3.49)]
and deduce the implications for the elliptic beam equilibrium.
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3.4.2 Small Fields, Non-Oscillatory Regime

The simplest possible ordering is in the small fields, non-oscillatory regime, i.e., Egs.
(3.43), (3.45), and (3.47). In this regime, Eq. (3.38) can be rearranged as

ﬂ( 4 +6(’)'0) = @"O‘Ayagq + %5, [aiggz(l—rm)"'l—)f]a

B \abpy? dz B
ai( 4 — . » (3.50)
T(E?J—ﬂyz + <I>00J ~ O{de [2|yyﬂ|+2gﬂy :I]
which implies
o7 ( 4L g ). ol L |ohs+2%
. (ai‘iﬂﬁ + (DOOJ o[gdm2 [2by,8 +2 ,ByD, (3.51)

where we have used Egs. (3.43), (3.45), (3.47), and (3.49) to rewrite the right-hand side
of Eq. (3.51) to show that it becomes negligible for large S,,.

If the beam is coasting (i.e., not accelerating, therefore @} =0), the small fields,
non-oscillatory regime will require either a small length scale S,. (implying that the
right side is not negligible) or low current (low self-fields) such that this situation
essentially corresponds to an unfocused beam expanding under its own space charge. On
the other hand, the current and axial potential terms can negate one another to satisfy
Eq. (3.51) in regions where the beam is accelerating. This corresponds to the Child-
Langmuir [29] space-charge flow solution, which is applied to the beam formation
problem in Chapter 4. For a coasting beam, however, the small fields, non-oscillatory
regime does not provide a satisfactory equilibrium.

3.4.3 Small Fields, Momentum Oscillation Regime

Suppose we relax the above constraints somewhat and allow p; to be oscillatory while
we maintain small fields, i.e., Egs. (3.43), (3.45), and (3.48). In this small fields,
momentum oscillation regime, Eq. (3.38) can be rearranged as

dp, ay( 4 = = B [ _= _,
By %Y 2 |=agsB, -2 (07B, +77), 3.52
dE ﬂ Ebﬂyz 00 a}.y Q yﬂ (a).y z pa: ) ( )

which implies
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b, ay( A =\ [ 1[r. .3
- 2 (Egﬁyz + (DOO) O(gdesz [byﬁ +2 T ﬂyD. (3.53)

Integrating Eq. (3.53) produces

j@-dz—“ﬂ—y(%J@;O) - o(

- al
J = G |:byﬂ + 27ﬂyD, (3.54)

which can be simplified, using Eq. (3.48), to

_ - —2
e
des

By conservation of charge, the current is held fixed, and so cannot be oscillatory.

The axial potential term can be oscillatory (as in the case of certain types of
electrostatic focusing), but it is clear from Eq. (3.55) that a net accelerating electric
field (proportional to ®,) is required to counterbalance the current term. Thus we
conclude that the small fields, momentum oscillation regime can only produce solutions
for accelerating beams of the same type that are produced more simply by the small
fields, non-oscillatory regime discussed in Section 3.4.2. Moreover, we are led to the
conclusion that a useful non-accelerating beam solution will require at least B, or B,
to be oscillatory.

3.4.4 Oscillatory Residual Quadrupole Field Regime

Suppose we allow an oscillatory residual quadrupole field JFQ while we maintain B,
and p, small, i.e., Egs. (3.44), (3.45), and (3.47). In this regime, Eq. (3.38) can be
rearranged as

7T - ap,
“17( 7t O +/3§B) d’;+ 3 ( 7B, +77) (3.56)

which implies

a"y( 41 +<D" +ﬂ63] ( 1

— a’l
; abﬁ 5 |:byﬂ + 2?,831]] (3.57)

Integrating Eq. (3.57) produces
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a’-_y & FY B —]_— — Ei
5 (Eb_ ﬂ;2 + @, +§ d{,BJBdeJ O(gdes [byﬂ +2 ¥ ,By:D, (3.58)

which can be simplified, using Eq. (3.44), to

4T (45 5 |- of L |o5yp 422
5 (Eb_ﬂ;"’ +(I>00J O[S_dm [2byﬂ+2 T ,ByD. (3.59)

This is the same result as Eq. (3.55), and thus we conclude that simply allowing an
oscillatory éfq, while maintaining a small p; and B, does not permit any qualitatively
new solutions.

3.4.5 Small Axial Field Regime

We try maintaining a small azial field B,, while allowing p, and 5FQ to be oscillatory,
i.e., Egs. (3.44), (3.45), and (3.48). In this regime, Eq. (3.38) can be rearranged as

dp, ay( 41 %B— =
=¥ _ 32 @, +poB, ¢ (0 yB, + 92 ), 3.60
= pl\art +p 3 (7B, +7?) (3.60)
which implies

dz_’y %y 4I T 200

— - (I)" 5B O S, “2=py| 3.61

After integrating Eq. (3.61) and making use of Eqgs. (3.44) and (3.48), we again find

g(4I5,. ~ o a
2 (abﬂy +® ] (2byﬂ+2 = ,ByJ, (3.62)

which is the same result as Egs. (3.55) and (3.59). Therefore, we conclude that
qualitatively new solutions cannot be constructed if we require a small B, ie., Eq.
(3.45).

3.4.6 Oscillatory Axial Field Regime

We consider an oscillatory azial field B,, while maintaining a small p, and 5170, ie.,
Eqgs. (3.43), (3.46), and (3.47). In this regime, Eq. (3.38) can be rearranged as
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ay( 4 =, & 7 dp, _m 4B, o

M 4P -2B =L _qudB. + , 3.63

B (a‘bﬁf + Dy p ) iz %YoL, o P, ( )
which implies

ay( 4 =, @ 52 1 |7 a’

AL e+ @ - 2B |~ O = | 20y + = . 3.64

ﬁ (51)[8}12 00 y ’ J [Sdes2|: yﬂ b ﬂy ( )

Notice that in the coasting beam limit (600 - 0), Eq. (3.64) requires the current
term on its left-hand side to be negated by the axial-field-squared term Ff, which is
not possible. The axial field FZ must have a zero-crossing, by Eq. (3.46), and therefore
so must its square EQ, however the current term is nowhere vanishing. Therefore we
conclude that ®], cannot be vanishing in this oscillatory azial field regime.

A novel solution is possible, however, if the axial potential @], term is fixed to be
oscillatory in such a way as to negate the oscillatory component of B.°, while the
average value of Ezz is chosen to negate the current term. This type of hybrid
longitudinal magnetic-electrostatic focusing permits very precise control of beam
evolution, however oscillatory electrostatic focusing introduces significant complexity for
device geometry modeling and construction. For this reason, it is not discussed further

in the present work, but remains as a subject for further exploration.

3.4.7 Small Residual Quadrupole Field Regime

The final simple ordering we will consider maintains a small residual quadrupole field
§§Q, while allowing p, and B, to oscillate, i.e., Eqgs. (3.43), (3.46), and (3.48). In this
regime, Eq. (3.38) can be rearranged as

dp, ay( 4 =, a3 . B, _

which implies

dp, g( 4 - - a
iﬁ’—ﬂ( —_+®p, - 2B~ 0 —12 by +—By ||. (3.66)
I Sdes b
From Eq. (3.66), we find that a novel solution is possible even in the coasting
beam limit (600 - O). The oscillating momentum p, can play the same role that the

oscillating axial potential @], did in Section 3.4.6, namely, the momentum p, is
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determined to be oscillatory in such a way as to negate the oscillatory component of
B?, while the average value of B} is chosen to negate the current term. This type of
oscillatory magnetic focusing will be further discussed in Chapter 5 as a solution for
coasting elliptic beam transport. In Chapter 6, we also discuss the beam matching
problem which occurs when the axial potential term in Eq. (3.66) is of the same order as
the other terms on the left-hand side.






4 Elliptic Beam Formation

4.1 Overview

Although elliptic beams present numerous advantages, their inherent three-dimensional
nature has made the design of elliptic beam-forming diodes a challenging process, both
analytically and numerically. For the types of applications discussed in Chapter 1, and
consistent with the assumptions introduced in Chapter 2, desirable beam diode
characteristics include uniform current density and parallel, paraxial, laminar flow.
These properties are consistent with the one-dimensional Child-Langmuir [29] solution,
in which the electrostatic potential varies as ® « 2%, where z is the beam propagation
distance.

In general, these Child-Langmuir flows are difficult to produce [30]. Recent studies
of 2D and 3D ([31] [32] [33] [34] [35] extensions of the Child-Langmuir law in an infinite
applied magnetic field have shown that the beam exhibits significant current density
enhancements near the beam-vacuum boundary. In the absence of an infinite confining
magnetic field, the beam will tend to spread in phase-space, resulting in a degradation
of beam quality. As shown by Pierce [36], it is possible to avoid these effects and to
induce the space-charge flow in a higher-dimensional system to take the 1D Child-
Langmuir flow form by calculating an equipotential geometry that is consistent with the
1D Child-Langmuir electric field within the beam and by constructing external
electrodes lying along the equipotentials as prescribed that focus the beam. Such a beam
can, in theory, exhibit extremely low emittance and laminar flow.

Pierce’s approach [36] was to view diode design as an inverse problem — the beam
plasma properties and electric field solution were known (they followed the Child-
Langmuir form), but the boundary conditions (electrode geometry) were to be
determined. His techniques, while valid for an infinite sheet (2D) beam, proved difficult
to generalize to 3D. Advances in numerical computation since then have greatly aided
the forward problem, but not the inverse problem. As a result, for the construction of
physical beam diodes today, designers, guided by rough analytic results, make extensive
use of ray-tracing software such as the 2D EGUN [37], the 3D OMNITRAK ([38], and
MICHELLE [39], and particle-in-cell software WARP [40]. In these codes, the boundary
conditions are prescribed first, and then the solver computes the resulting beam profile.
Since these powerful new tools are not directly applicable to the inverse problem, they
must be used as part of a time-consuming iterative optimization process (i.e., guessing a
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geometry, computing the beam, adjusting the geometry, and repeating the process) in
order to arrive at an approximate set of external electrodes which support the desired
beam profile. While such optimization problems may be tractable for 2D circular beams,
with the added dimensionality of elliptical beams, they easily exceed computational
limits. _

In this chapter, a generalization of Pierce’s technique is presented which permits
direct analytic solution of the inverse diode design problem for elliptical Child-Langmuir
beams. In addition to being useful for diode design in their own right, these analytic
results can also be used in conjunction with numerical tools in order to speed the
optimization process or to provide benchmarking comparisons. In order to clarify the
treatment of the elliptic beam diode problem, we briefly discuss some important space-
charge flow results in Section 4.2. We then present the elliptic diode design methodology
in Section 4.3, followed by OMNITRAK [38] simulation results and tolerance studies in
Section 4.4.

4.2 Review of Previous Space-Charge Flow Results

4.2.1 Relativistic Child-Langmuir Flow

We can quickly derive the relativistic formulation for elliptic beam Child-Langmuir flow
by adopting the formalism of Chapter 3 and the ordering of Eq. (3.51). In this regime,
we require

&0, 4l
dz* abpy’

(4.1)

In order to connect our results most directly with the literature, we shall
henceforth use the fully dimensional forms in this chapter. Using Egs. (2.81), (2.84), and
(2.87) to restore the full dimensionality of Eq. (4.1), and making use of y> =1-4%, we
find

= 4]
Dgo(2) = _—abcy_—m ) (4.2)

where, in Eq. (4.2) and henceforth in this chapter, primes shall denote differentiation
with respect to z. If we now make use of the paraxial approximation to write y =y,
and employ Eq. (2.19), we find
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T - —4—1{@0 ) [}, 2a) —1] . 43
abc me me

Equation (4.3) is a nonlinear ordinary differential equation for the electrostatic

potential that can be integrated numerically with appropriate boundary conditions, e.g.,
space-charge limited boundary conditions with ®,,(0)=0 = ®},(0). Once the potential is
determined, the other beam properties in the paraxial approximation follow
straightforwardly. Equation (4.3) is accurate within the paraxial approximation and
relativistically correct, including the self-magnetic term neglected by Jory and
Trivelpiece [41]. Nonetheless, it is unwieldy to work with because of the lack of an
analytic solution.

Fortunately, Eq. (4.3) permits a closed-form solution in the nonrelativistic limit
which is applicable to a wide variety of electron diodes and virtually all ion diodes. For
the remainder of this work, we will focus on the nonrelativistic beam formation problem
and defer solution of the fully relativistic elliptic beam Child-Langmuir flow equation
(4.3) for future work. Moreover, since our concern is largely with space-charge limited
diodes, we assume the initial beam velocity is vanishing, i.e. y, =1.

In the space-charge-limited (70 = 1), nonrelativistic (]q(Dml/ mc? << 1) limit, we can
Taylor expand Eq. (4.3), obtaining

[ —ﬂ(— 2‘&0)_1/2(1 + Eq—"@} (4.4)

abc mc? 4 mc?

Multiplying both sides of Eq. (4.4) by @/, , we obtain

1d 8 | |mc* d s 5 ’ 1 d /2
——(D, ) = — (- ————( , 4.5
2dz ) a,bcq|: 2 dz( q(Dm)’/ 12Y2mc? dz( @y’ (45)

which can be integrated to yield

Lo = 2 0u) 142 P, (46)
abcgV 2

12 mc?

assuming the space-charge-limited boundary conditions

(DOO(O) =0, (47)
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@;,(0)=0. (4.8)

To lowest order, we may express Eq. (4.6) as
1,., 81 |m
~(0,) = _"—(" ‘1(1)00)]’/2 ’ (4.9)
2 abgq ¥ 2

which is solved by

2/3
<I>00=—l %q-\/—ﬁ— 243, (4.10)
gl ab V2

or

2/3
D, = —l(ganJ%] 2, (4.11)
q

where the current density is J = I/(nab). Equation (4.11) is simply the nonrelativistic
Child-Langmuir law, which will be derived in a more standard manner in Section 4.2.2.
The second term in the brackets in Eq. (4.6) allows us to estimate the significance of
any relativistic corrections to the mnonrelativistic Child-Langmuir law, i.e., if
5q®,,/12mc’ << 1, the nonrelativistic Child-Langmuir law is a good approximation.

4.2.2 Nonrelativistic Child-Langmuir Flow

We consider two infinite, parallel plates located at 2 =0 and z=d and held at fixed
potentials ® =0 and ® = ®,, respectively. If the 2 = 0 plate is a charge emitter and
the z =d plate a charge absorber, a 1D laminar, space-charge-limited flow solution of
the nonrelativistic Child-Langmuir [29] form is established by applying the
nonrelativistic cold fluid equations:

66—7:+V-(nv)=0, (4.12)
ov q

P iw-viv=-Lvo .
% (w9 =-Lvo, (419

V0 = —4ngn, (4.14)
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where m is the particle mass, g, the particle charge, n, the number density, and v, the
fluid velocity. By requiring a 1D steady-state solution, all quantities become functions of
z alone. The continuity equation (4.12) implies constant current densityJé,, while the
equation of motion (4.13) yields conservation of energy. Combining these with Poisson’s
equation (4.14) yields a differential equation for the electrostatic potential @ :

o’®

2

= -41:,](- Em)-uz . (4.15)

m

0z

Equation (4.15) is integrable, yielding the electrostatic potential

0(z) = md(g-)qs, (4.16)

the fluid velocity
V2, N3
v(z) = (3‘1- (Dd) [5) 8, (4.17)

the current density

J(z)= V2me (qq)“ )3/2 , (4.18)

9nqd® \mc®

and the number density

n(z) = (9::1;‘1(1 - J(g)—%. (4.19)

While this is a powerful and simple solution for a laminar flow, its infinite
transverse extent makes it unphysical. Nonetheless, if the emitting and absorbing
electrodes are sufficiently large, the central flow profile far (from the edges) will
resemble the Child-Langmuir flow.

4.2.3 Pierce Sheet-Beam Diode

Pierce [72] noted that, while such an infinitely wide flow is not realizable, a portion of
such a flow is, provided one used “electrodes outside of the beam shaped so that they
would fool the electrons in the beam into thinking that they were part of a larger
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planar, or cylindrical, or spherical flow.” Mathematically, this is achieved by postulating
a beam boundary and specifying boundary conditions there which are consistent with
the Child-Langmuir (C-L) [29] solution. Since the particles in the beam interior are
influenced only by local fields, the C-L boundary conditions on the beam edge are
sufficient to enforce the C-L flow in the beam interior.

For example, the infinite beam solution becomes a semi-infinite one if a beam
boundary exists along the z =0 plane. Along this boundary, according to the C-L
solution, the electric potential and its derivative are both specified, giving the following
set of Cauchy boundary conditions:

Dz =0)= @d(g)qs, (4.20)
%M - 0. (4.21)

In the vacuum region outside the beam, the potential satisfies Laplace’s equation,
V?® = 0. While the interior beam problem is solved by C-L, Pierce’s exterior problem
requires solving Laplace’s equation in the region outside the beam, subject to the
boundary conditions (4.20) and (4.21) on the beam edge. Solutions to elliptic-equation
Cauchy problems are difficult or impossible to obtain, and standard numerical methods
fail due to the exponential growth of errors which is characteristic of such problems [42].
Pierce [36] saw a solution by inspection, however, writing

0(z,2) = @, Rﬂ[(z :z im)‘w}

43
= d)d(i) cos(ﬁ),
d 3

where z =rcosf and z =rsinf . Equation (4.22) for the potential is valid in the

(4.22)

region z 20 outside the beam, and electrodes placed along equipotentials of Eq. (4.22)
will enforce the C-L flow on a semi-infinite charged particle stream. In Figure 4.1, we
plot several equipotentials of Eq. (4.22) in the plane (z-z) outside the beam. (The
z =0 surface corresponds to the beam edge.) Notice that the surface corresponding to
® =0 is a straight line inclined at the Pierce angle of 6, = 3n/8 with respect to the
beam edge.
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1.5

Figure 4.1: Several equipotentials of Eq. (4.22) are plotted in
the plane (z-z) outside the beam. The z =0 surface
corresponds to the beam edge. Notice that the surface
corresponding to ® =0 is a straight line inclined at the
Pierce angle of 6, = 3n/8 with respect to the beam edge.

A similar operation can be performed to create another beam boundary (and
corresponding set of electrodes) at some z =z, <0, which results in an infinitely wide
sheet beam confined in the space z, <z <0. This 2D sheet beam, however, is
unbounded in the y direction.

4.2.4 Radley Cylindrical Beam Diode

Radley [43] resolved the unboundedness problem by finding a solution for a circular
beam of radius a. In the cylindrical coordinates (r, 6), one can express the C-L

boundary conditions for the circular beam as

43
D, = q)d(g) : (4.23)
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d Y (4.24)

ori,_,

for r > a. Note that 6(1)/661r=a =0 is also a boundary condition, but it is implied by Eq.
(4.23).

A simple solution of the Pierce planar form does not hold in the cylindrical
geometry, since the analog between Laplace’s equation and the Cauchy-Riemann
conditions for analytic functions only exists in the 2D Cartesian coordinates. Radley’s
method [43] employs a separation of variables technique and an expression of the
potential as a complex contour integral of a sum of Bessel functions chosen to satisfy the
boundary conditions at the beam edge. Rather than review this method in detail, we
present the 3D generalization to the elliptic geometry in the following section and note
where reductions to Radley’s form can be made. Nakai [44], attempted to generalize
Radley’s technique to the 3D elliptic beam problem, but neglected the full functional
dependence of the angular Mathieu functions, and as a result, arrived at a simple, but
incorrect expression for the exterior potential.

4.3 Elliptical Diode Theory

4.3.1 Overview

We consider a nonrelativistic charged-particle beam of length d and elliptic cross-
section with semi-major axis ¢ and semi-minor axis b, as shown in Figure 4.2. The
charged particles are emitted from a flat elliptic plate, held at potential ® =0, in the
z =0 plane and collected by another flat elliptic plate, held at potential ® = ®,, in the
z = d plane.

It is useful to introduce the elliptic cylindrical coordinate system (£ 7, 2), i.e.,

z = f cosh(¢)cos(y), (4.25)
y = fsinh(¢)sin(y), (4.26)

where 0<¢ <o is a radial coordinate, 0 < <2n is an angular coordinate, and
f=+a’-b" is the distance from the center of the ellipse to either of its foci, as
illustrated in Figure 4.2. The elliptic beam boundary is specified by the surface
& =¢& = coth™(a/b).
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Figure 4.2: A beam of elliptic cross-section with semi-major
axis a and semi-minor axis b is shown in the Cartesian and
elliptic cylindrical coordinates. The beam is emitted from an
elliptic plate at ® =0 in the z =0 plane and collected by an
elliptic plate at ® =®, in the z =d plane. The beam fills
the area enclosed by the surface ¢=¢,. In any z-plane,
lines of constant ¢ are ellipses, and lines of constant n are

semi-hyperbolas.

To determine the potential distribution in the beam exterior, we solve Laplace’s
equation while matching the interior and exterior electric fields on the elliptic beam
boundary. From the C-L solution, the matching conditions on the elliptic beam

boundary imply [45], for 0 <2 <d,

z 48
Q. = (Dd(gj , (4.27)
G (4.28)
0¢ |,

where the condition 6@/6}7|§= , =0is implied by Eq. (4.27).

We aim to find exterior equipotential surfaces corresponding to the emitter and
collector potentials ® =0 and ® = @, , respectively. If electrodes at the given potentials
are made to lie along these surfaces, they will enforce the conditions in Eqs. (4.27) and
(4.28) on the interval 0 <z <d.



74

4.3.2 Mathieu Series Solution

In the elliptic cylindrical coordinates, Laplace’s equation is expressed as

2 2 2
2 [a(D aoj &0 _ (4.29)

+ o=
f*(cosh2¢ - cos m\ o oL 02>

We can write a product solution of the form ®(& 7, 2)=E(£)0(n)Z(z) and apply
separation of variables to Eq. (4.29) to yield [45]

2
‘;7% _KZ =0, (4.30)
2
gl_Q+ T —1k*f% cos2n)0 =0, 4.31)
dn* ’
&=
E: - (t -1k’ f? cosh 26)5 =0, (4.32)

where k and 7 are separation constants. Equation (4.30) leads simply to exponential
solutions Z = e*.

Equation (4.31) is the angular Mathieu equation, but we are only interested in
those angular Mathieu functions which have a periodicity of 2x and are even about
n=0 and n = n/2, since the boundary conditions in Egs. (4.27) and (4.28) possess these
same symmetries. Such solutions exist only for discrete eigenvalues of the separation
constant 7, and we adopt the convention of Morse and Feshbach [46] to denote these
angular Mathieu functions by @ = Se, (kf,7) and the associated normalization constants
M;, = ‘[02“ [Se,, (kf,u)]’du , where n is a non-negative integer indexing the eigenvalues T,
as detailed in Ref. [46].

The corresponding solutions of Eq. (4.32), E = Je,, (kf,¢) and = = Ne,, (kf,£) are
radial Mathieu functions of the first and second kind, respectively.

We note that, in the Radley circular beam solution [43], there is no angular
dependence. Consequently, Radley finds only two sets of relevant eigenfunctions: the
exponentials and Bessel functions.

Any superposition of product solutions of the separated equations must satisfy
Laplace’s equation (4.29). Hence, we write [45]

O 1,2) = [akAR)"G(Hf, &), (4.33)
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where the transverse dependence is carried in

G(h,f, '7) = Zoazn(hﬁezn(ha’?)[*]eh (ha ¢ )Nelzn(hxfo) - Ne%(h,é‘ )Jelzn (hrfo)]a (4.34)
we have chosen azn(h)s[ ;Jl J:u Se, (h,u)du, and the primes denote differentiation
with respect to ¢. The integration contour C' appearing in Eq. (4.33) is yet to be
defined (see Figure 4.3). Note that the corresponding expression in Nakai [44] does not
have Se,, (h,7) and omits the normalization factor a,, .

The expansion in Eq. (4.33) assures that @ satisfies Laplace’s equation (4.29), and
it is readily seen that the particular linear combination of radial Mathieu functions in
Eq. (4.34) satisfies the boundary condition in Eq. (4.28). Moreover, using the Wronskian
for the radial Mathieu functions and the orthogonality of the angular Mathieu functions,
it can be shown that our definition of @, assures G(h,u,n,)=1, which assures that
6(1)/8r,|§=(:0 =0. Note that in the Radley circular beam solution [43], a superposition of
the form of Eq. (16) is still used, but G takes the simple form

Glkp) = kag [7, (ka)N, (kr) - N, (ka)J,(kr)]. (4.35)

Boundary condition (4.27) now implies
2\
(Dd(EJ = [A(k)e*dk. (4.36)
C

To invert this, we make use of the integral representation of the Gamma function I' [47]
to obtain

1 7 '
¥ = g dk, 4.37
e P b (437

where the Hankel contour C is taken around the branch cut defined by the line
- <Re(k) <0 on the Re(k) axis, as shown in Figure 4.3.
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Figure 4.3: The Hankel contour C in the complex k plane is
taken around the branch cut on the Re(k) axis with
- < Re(k) <0.

Equations (4.36) and (4.37) may be combined to yield

(Ddd—‘va i k_7/3

AT 2)

, (4.38)

which completes the specification of the potential ® in Eq. (4.33) with the Hankel
contour of Figure 4.3 used for integration.

4.4 Numerical Results

4.4.1 Overview

Having derived an expression for the electrostatic potential external to the beam (the
exterior problem), we proceed to compute the potential outside a 1D Child-Langmuir
flow beam of arbitrary elliptic-cylindrical geometry. Generally, diode construction
requires knowledge of the equipotentials corresponding to ® =0 and ® = @, electrodes,
for which we apply a numeric root-finding scheme to the potential defined in Eq. (4.33).
The Hankel contour integral is numerically evaluated employing standard techniques for
the evaluation of the Mathieu functions [42] [48].

In order to verify the theory, the equipotential surfaces computed using this
method are used as electrode boundaries in a 3D cold-beam space-charge-limited
emission simulation using the commercially-available ray-tracing code OMNITRAK [38]. It
is found that beams produced by such simulations exhibit essentially the parallel,
laminar, uniform density Child-Langmuir flow.

Beam laminarity is often characterized by the 4 times rms emittances [49]
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€, = 4\/(332 )(m”) ~(zz')’, (4.39)

e, = 4)(v*)v*) - ()", (4.40)

where the averages of transverse particle position (a:, y) and divergence
(z',9') = (dz/dz,dy/dz) are taken over a slice of the beam at z=d.

For a uniform density elliptic beam, the 4 times rms emittances can be related to
the effective beam temperatures [50] by the relations

2k71eff,z

83 =aQa ) (4.41)
@,
2T,
g, = b [— (4.42)
@,

While thermal effects are generally not included in the simulations discussed in the
present work, we point out that, in a physical system, the effective beam temperature
cannot be reduced below the intrinsic temperature of the beam emitter which is about
1500 K. The effective temperature is an approximate measure of the beam temperature
growth (beyond intrinsic) associated with non-ideal diode optics. In simulations,
however, the effective temperature can also have a significant component generated by
numerical noise. Uncorrelated emittances add quadratically, thus we expect the intrinsic
emitter temperature to add linearly to the effective temperature predicted by a cold-
beam simulation. Therefore, if a cold-beam simulation predicts an effective temperature
well below the intrinsic value of 1500 K, we conclude that a physical beam will
experience very little temperature growth as it is extracted from the emitter and
accelerated through the diode, i.e., we have an ideal or near-ideal diode geometry.

Note that we use the effective beam temperature (rather than emittance) as a
measure of beam quality in our discussion because it allows for a uniform comparison
with the intrinsic limit imposed by the hot emitter across a wide range of beam
parameters. The intrinsic (emitter-temperature-limited) emittance, on the other hand, is
a function both of emitter size and diode voltage, and thus not as useful for comparisons
between simulations of different beams.

In the following subsections, we consider a few specific diode geometries as

examples.
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4.4.2 10:1 Elliptic Electron Beam

In Figure 4.4, we depict the level curves of electrodes (a) ® =0 and (b) ® =®, for a
10:1 space-charge-limited elliptical electron diode with semi-major axis a =6.0mm,
semi-minor axis b = 0.6 mm, and diode gap d =5.2mm, diode voltage ®, =2.9kV, and
current density J =1A/cm®. Such a beam may have applications in high-efficiency
microwave tubes, however for high-power or high-frequency applications where greater
current density is desired, further beam compression will be required.

The level contours are roughly elliptical in shape, and the ® = ®, surface is more
steeply inclined to the beam than the ® =0 surface, as expected from the 2D Pierce
theory [36]. It should be noted that these results differ significantly from those obtained
using the method of Nakai [44]. For example, the z/b=3.3 equipotential of Figure 4.4a
intersects the z-axis at z/b=33.2 and the y-axis at y/b=9.2. The same z/b=3.3
equipotential, computed using Nakai’s expression, incorrectly gives an ellipse which
intersects the axes at z/b =15.7 and y/b =12.1, respectively.

OMNITRAK ([38] simulation results are shown in for Figure 4.5 for the same
geometry as in Figure 4.4, using a variable-resolution computational mesh with z-
spacing of 0.1 mm for 0 <z <8mm and 0.5 mm for 8 <z <15mm, y-spacing of 0.05
mm for 0<y<1mm, 0.1 mm for 1<y <5mm, and 0.4 mm for 5<y<12mm, and z-
spacing of 0.05 mm for 0<2<0.8mm, 0.02 mm for 0.8 <z<1.2mm, 0.05 mm for
1.2<2<2mm, 0.1 mm for 2<2<5.7mm, 0.05 mm for 5.7 < 2 £ 7mm, and 0.1 mm for
7 < 2 £10mm. The mesh resolution is higher in z and y across the cross-section of the
beam, and in z where the beam intersects the emitter and collector. The 3D electrode
structure was linearly interpolated between the equipotentials in Figure 4.4, each
sampled at 46 points evenly distributed in #, for 0 <# < #/2. Nearby computational
nodes are shifted to conform to the electrode surfaces using the OMNITRAK surface flag.
Neumann boundaries were used for the symmetry planes of the beam as well as for the
outer boundaries of the simulation region, which is shown in Figure 4.5 along with
computed equipotentials and particle trajectories projected to the planes z =0 and
y =0. The entire simulation runs in approximately 30 minutes on a 3 GHz personal
computer.

The beam produced by the simulation is essentially the parallel, laminar, uniform
density Child-Langmuir flow, as verified by beam temperature measurements of
Ty, =6K and T, =27K. Since the simulated temperatures are small compared to the
intrinsic limit of 1500 K, we can infer that the emittance of an elliptical diode
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constructed using the above prescription will approach the theoretical limits imposed by

finite emitter temperature.
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Figure 4.4: Level curves shown at various values of z for
equipotential surfaces (a) ® =0 and (b) ® =®, of a 10:1
space-charge-limited elliptical electron diode with semi-major

axis a = 6.0mm, semi-minor axis b= 0.6 mm, and diode gap
d = 5.2mm.
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Figure 4.5: A 3D OMNITRAK simulation of a 10:1 space-
charge-limited elliptical electron diode with semi-major axis
a =6.0mm, semi-minor axis b=0.6mm, and diode gap
d =5.2mm. Particle trajectories and equipotentials are
shown in the planes corresponding to (a) z=0 and (b)

y=0.
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4.4.3 3:2 Elliptic Heavy lon Beam

In Figure 4.6, we depict the level curves of electrodes (a) ® =0 and (b) ® =@, for a
3:2 space-charge-limited elliptical Na* diode with semi-major axis a = 6 cm, semi-minor
axis b=4cm, diode gap d=33.5cm, diode voltage ®, =1.0MV, and current density
J =10mA/cm®. Such a beam could find application in ion beam accelerators for high-
energy density physics research.
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Figure 4.6: Level curves shown at various values of z for
equipotential surfaces (a) ® =0 and (b) ®=®, of a 3:2
space-charge-limited elliptical Na* diode with semi-major
axis a=6cm, semi-minor axis b=6cm, and diode gap
d = 33.5cm.
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4.4.4 6:1 Electron Beam with Tolerance Studies

4441 Simulation Overview

In Figure 4.7, we depict the level curves of electrodes (a) ® =0 and (b) ® =®, for a
6:1 space-charge-limited elliptical electron diode with semi-major axis a = 3.73mm,
semi-minor axis b=0.62mm, diode gap d =4.11mm, diode voltage ®, =2290V, and
current density J =1.5A/cm’. Such a beam may have applications in high-efficiency
microwave tubes. However, for high-power or high-frequency applications where greater
current density is desired, further beam compression will be required.

As with the earlier example, the surfaces computed in Figure 4.7 are used as
electrode boundaries in a 3D cold-beam space-charge-limited emission simulation using
the commercially-available ray-tracing code OMNITRAK [38]. As shown in Figure 4.8, the
beam produced by the simulation is essentially the parallel, laminar, uniform density
Child-Langmuir flow. The OMNITRAK simulation predicts the effective beam
temperatures Tz, =17K and T, =100K, which are well below the intrinsic thermal
limit (1500 K), thus further reduction of the beam temperature in the simulation is not
physically significant.

Whether a diode can approach the intrinsic thermal limit depends on its geometric
design as well as its tolerance to perturbations and limitations of the sort likely to be
encountered in a realistic device: finite extent, part misalignment, and allowances for
thermal isolation. In the next several subsections, we examine each of these issues and
also estimate the effect of a finite emitter temperature on the beam transport.
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Figure 4.7: Level curves shown at various values of z for
equipotential surfaces (a) ® =0 and (b) ®=®, of a 6:1
space-charge-limited elliptical electron diode with semi-major
axis a =3.73mm, semi-minor axis b=0.62mm, and diode

gap d =4.11 mm.
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Figure 4.8: Results of an OMNITRAK simulation for a 6:1

elliptic electron beam diode with semi-major axis
a=3.73mm, semi-minor axis b=0.62mm, diode gap
d=4.11mm, and diode voltage ®,=2290V. Particle
trajectories are projected to the center planes y =0 (above)

and z =0 (below) in the figure.

4.4.4.2 Sensitivity to Finite Extent of Electrodes

The theory of Ref. [45] computes equipotentials extending infinitely far from the beam.
In practice, electrodes lying along these equipotentials will have a finite length, and it is
important to assess the impact of the edge effects thus admitted on the beam. Since the
potential satisfies Laplace’s equation in the free-space region outside the beam, we
expect that electrostatic potential variations caused by localized perturbations of the
electrode geometry will be exponentially decaying with distance from the perturbation
point.

We test this hypothesis by performing several cold-beam OMNITRAK simulations for
the 6:1 electron diode example where the radial extent of the electrodes is varied and
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the Neumann boundaries at the edge of the simulation region are kept fixed. The
effective temperatures at the anode are shown as a function of electrode radius in Figure
4.9. The dashed line in Figure 4.9 indicates the intrinsic temperature 1500 K, and the
figure clearly shows that the beam temperatures do not exceed intrinsic thermal levels
unless the focusing electrodes are curtailed below a 6 mm radius.

We also notice that, because the effective temperatures do not reduce as the
electrode radii are increased from 8 mm to 13 mm, these temperatures (T, =17 K and
T.

., = 100K) effectively represent a noise floor for our simulation. Further reduction is

not possible, given the limits imposed on particle number and mesh resolution by the
finite computational memory.
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Figure 4.9: The effective beam temperature T,; is plotted as
the termination radius of the beam-focusing electrodes is
varied. The circles indicate T, while the squares indicate
T4, The dashed line indicates the intrinsic temperature
1500 K.
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4.4.4.3 Sensitivity to Part Misalignment

While the electrode extent study establishes the insensitivity of the beam quality to
geometry perturbations far from the beam, we must allow for machining tolerances in
the cutting and alignment of parts close to the beam as well. Several cold-beam
OMNITRAK simulations were performed with small shifts in the emitter stalk position.
Results for beam temperature variation with respect to transverse emitter stalk
misalignments are shown in Figure 4.10, while results for beam temperature variation
with respect to longitudinal emitter stalk misalignments are shown in Figure 4.11. The
dashed lines in both figures indicate the intrinsic temperature 1500 K.

Particular sensitivity is observed with respect to transverse misalignments in
Figure 4.10, however we believe that this effect is largely a numerical artifact resulting
from the broken symmetry between the computation grid and model geometry when
subject to transverse perturbations. Nonetheless, transverse emitter shifts of less than
0.04 mm can still be assured to yield a high-quality beam with an effective temperature
near the intrinsic value of 1500 K.
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Figure 4.10: The effective beam temperature, T; is plotted
as the emitter is shifted in the transverse plane (:z: - y). The
circles indicate T, ,, while the squares indicate Tz ,. The
solid circles and squares represent shifts along z, while the
open circles and squares represent shifts along y. The
dashed line indicates the intrinsic temperature 1500 K.
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The effective temperature is much less sensitive to symmetry-preserving
longitudinal emitter shifts in the negative 2z-direction as seen in Figure 4.11. The
positive z shifts lead to a greater effective temperature, largely because of enhanced
edge emission. A slight depression of the emitter to a position near z = —0.1 mm ensures
effective temperatures near the intrinsic limit for an alignment tolerance of
Az = +0.1mm.
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as the emitter is shifted along the longitudinal coordinate z.
The circles indicate T ,, while the squares indicate T .

The dashed line indicates the intrinsic temperature 1500 K.
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4.4.4.4 Sensitivity to Thermally-Insulating Gap

A hot thermionic emitter is often thermally isolated from the focus electrode by a
vacuum gap. Several cold-beam OMNITRAK simulations were performed as we varied the
elliptical gap width by a single parameter, é,, which represents the difference between
the semi-major/minor radii of the inner edge of the focus electrode and the semi-
major/minor radii of the emitter. The results, shown in Figure 4.12, generally indicate
an effective temperature increasing with gap width, as expected. We note, however, that
all the measure temperatures are below the intrinsic limit of 1500 K denoted by the
dashed line in Figure 4.12. We conclude that the beam quality is insensitive to thermal
gap widths of less than 0.25 mm.
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Figure 4.12: The effective beam temperature, 7, is plotted
as the vacuum gap thickness d, around the emitter is varied.
The circles indicate Ty ,, while the squares indicate T .
The dashed line indicates the intrinsic temperature 1500 K.
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4445 Warm Beam Simulations

While all the previous simulations have been performed using cold beams (zero initial
thermal spread), we are able to assess the effect of a finite emitter temperature on the
diode by artificially imposing an angular spread on the initial particle velocities using
the OMNITRAK flag dtheta. Since the particles are emitted uniformly per unit solid angle
up to an angle A with respect to the surface normal, this yields a mean square

divergence given by
46 2
Idﬁ sind Idxp(cos psin §)
2\ _ 0 0

Afdﬁsin 92]Ed(p (4.43)

x

= l(2 + cos Aﬁ)sina(-%).
3 2

Using Eq. (4.43) along with the defining relation of the rms emittance, Eq. (4.39),
and its relation to temperature, Eq. (4.41), we are able to translate the initial angular

spread to an effective emitter temperature 7Tj, finding
T, = —2—3%(2 + Cos Aﬁ)sin2(%9). (4.44)

We perform several OMNITRAK simulations and measure the effective temperature
of the beam at the collector T; as a function of the effective emitter temperature Tj.
Results for several cases are shown in Figure 4.13. The dashed lines indicate the intrinsic
temperature 1500 K. An ideal diode geometry simulation would have negligible
temperature growth associated with beam optics or numerical noise, and thus it should
produce effective temperatures that lie along the T,; = 7, line, indicated by the diagonal
dotted line in Figure 4.13. We see that the noise floor of the simulation prevents the
results from adhering to the T, =7, line for very low values of T,, but as T
approaches and exceeds the intrinsic temperature of 1500 K, temperature growth

associated with diode geometry is negligible.
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4.5 Summary

We have obtained a novel relativistic generalization of paraxial, elliptic beam Child-
Langmuir flow. In the nonrelativistic limit, we are able to define and analytically solve
an inverse problem to determine the electrode geometries that support high-quality
elliptic beam formation for use in vacuum electron devices and particle accelerators. 3D
simulations have been performed which support the theory, and the sensitivity of the
electrode specification theory to finite emitter temperature and to physical geometry
and machining limitations such as finite extent, part misalignment, and allowances for

mechanical and thermal stresses is studied. An achievable tolerance range is established
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Figure 4.13: The effective beam temperature, T, is plotted
as the effective emitter temperature 7; is varied. The circles
indicate T ,, while the squares indicate 7 . The dashed
lines indicate the intrinsic temperature 1500 K. An ideal
diode geometry simulation would produce temperatures
along the T, = T, line, indicated by the diagonal dotted line.



5 Elliptic Beam Transport

5.1 Overview

Cost-effective, laminar transport (parallel focusing) of space-charge-dominated, large-
aspect-ratio, elliptic beams is a long-standing problem that has stymied efforts to build
devices that can make use of the geometric advantages of these beams. The conventional
approaches to magnetic focusing for circular beams are not easily transferable to elliptic
beams. Alternating-gradient quadrupole magnets have been used since the 1950s to
focus charged-particle beams in particle accelerators (see Ref. [51] and references
therein). In such focusing lattices, the beam semi-axes undergo large-amplitude
oscillations, and as a result the beam envelope is, on average, circular — not elliptical,
when the beam is space-charge-dominated. Uniform solenoidal magnets are often used to
provide beam focusing in conventional microwave tubes [52], but their size and weight
can be prohibitive. Moreover, for elliptical beams, the diocotron instability [23] [53] can
cause the beam to disrupt in a solenoidal field. Circularly symmetric periodic solenoidal
fields can be generated with permanent magnets that are smaller and more light-weight
than uniformly solenoidal magnets and can provide comparable beam focusing for
circular beams [52], however their azimuthally symmetric fields cannot balance the
asymmetric space-charge forces of an elliptic beam, and the consequent beam twisting
[16] and deformation is often not tolerable.

Alternative focusing methods have been developed for asymmetric beams. Periodic
transverse (wiggler) magnetic focusing [21] [22] has been used for free-electron laser
applications, but it can lead to excessive centroid motion for space-charge-dominated
beams [14] [23] [24]. Promising results have been obtained through recent studies of
period-averaged two-plane focusing in periodic permanent magnet (PPM) and
quadrupole magnet configurations for space-charge-dominated [14] [15] [23] [53] [54] and
emittance-dominated [14] [55] elliptic beams. Significant envelope oscillations and
emittance growth are sometimes seen and may be rectified by a more thorough
treatment which does not employ period-averaging and self-consistently includes the
effect of beam twisting and evolving self-fields which are neglected in the two-plane
approximation. Recent efforts in this vein [19] have led to a deeper understanding of
space-charge-dominated elliptic beam propagation in a non-axisymmetric PPM field.

Pure non-axisymmetric PPM focusing, however, is unsuited for sheet-like elliptic beams
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with very large aspect-ratios as magnetic field nonlinearities in the wide tails of the
beam become appreciable.

In this chapter, we develop a self-consistent solution for the focusing of coasting,
sheet-like, space-charge-dominated elliptic beams using the most general formulation of
centroid-preserving linear fields — a hybrid of non-axisymmetric PPM and quadrupole
magnets and/or electrostatic quadrupoles suggested by the ordering in Eq. (3.66) when
the axial potential @, is uniform. The desired elliptic beam profile has very nearly

constant semi-axes, i.e.,
 +oa, (5.1)
b=b, +6b, (5.2)

where @, and b, are the desired semi-major and semi-minor axes,

0@ <<y, (5.3)
ob << b, . (5.4)
It also has a large aspect-ratio, i.e.,
by, << @y, (5.5)
a small twist angle, i.e.,
0 <<1, (5.6)

and negligible velocity spread (emittance).

Note that we have set up the problem in a manner similar to Chapter 3, including
use of the overbar notations to denote dimensionless variables and parameters. In this
chapter, however, we concentrate on laminar beam dynamics rather than single particle
dynamics. Because we address only parallel coasting beam transport in this chapter,
unlike the more general approach of Chapter 3, the desired beam envelopes are assumed
not just slowly-varying, but constant, i.e.,

db—’des — O — dB;ies

) 5.7
dz dz (57)

and the axial potential is constant, implying
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N

=21 = 5.8
dz dz (5.8)

SIS

We adopt the small residual quadrupole field regime of Section 3.4.7, which implies
that the axial field B, (generated by the non-axisymmetric PPM magnets) should be
oscillatory while satisfying Eq. (3.46). This condition can be satisfied by taking an
oscillatory form for B, such as

B.(z) = B, sin(kz), (5.9)
where
= 2
k = =, 5.10
2 (5.10)
and provided that
a, b 1
- — =. 5.11
wE T << 3 (5.11)

Equation (5.11) is implied when the parameter S is regarded as an arbitrary
dimensionless wavelength that allows the axial magnetic field profile to satisfy the
constraint equation (3.46) for the small residual quadrupole field regime. Later, in
Section 5.6, we will derive additional constraints on S .

We also assume (pursuant to the discussion in Section 3.2.2) that the aspect ratio
parameter of the magnetic field is constant and small, i.e.,

|| <<1. (5.12)

Equation (2.104) for the particle distribution evolution can be integrated if the
starting values for the elements of the distribution matrix M and the applied fields are
known. We have shown, in Section 2.6.4, how knowledge_ of the envelope quantities
implies knowledge of the distribution matrix elements, and so in this chapter we
concentrate on finding a self-consistent set of envelope quantities and applied fields that
support the desired elliptic beam. We begin in Section 5.2 by relating particle trajectory
perturbations to beam envelope perturbations. In Section 5.3, the trajectory
perturbations and envelope twist angle @ are determined in terms of the desired elliptic
beam envelope parameters. A similar procedure yields the residual quadrupole magnetic
field 5FQ in Section 5.4, the longitudinal magnetic field strength B, in Section 5.4.3,
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and the envelope semi-axis perturbations d@ and b in Section 5.5. A number of
ordering constraints which arise in the analysis are discussed in Section 5.6. With these
results, we have sufficient information to integrate Equation (2.104) for the evolution of
the particle distribution, and some numerical examples are explored in Section 5.7.

5.2 Envelope Perturbations

Particle trajectories in the desired elliptic beam can be written using Eq. (3.1) as

@.7) = s Vo) + 0T,07), (5.13)

where we assume the desired trajectories are constant, i.e.,

oo _ Baes _ ) (5.14)
dz dz
and the perturbations are small
0T << T, , (5.15)
07 << Yy - (5.16)

Since we are neglecting velocity spread, all beam quantities are functions of

position only, thus the particle trajectory perturbations can be further expanded as
0T = BT, + JOT, (5.17)
0y = Ty, + Yoy, . (5.18)

These particle trajectory perturbations can be related to the envelope perturbations da ,
db, 6 by considering the equation for the bounding ellipse of the desired particle
distribution in the phase space (7,7), i.e., by analogy to Eq. (2.109),

=2 —2
Tyo Ui

] = —des j des 5.19
EdQes bd2es ( )

Note that the desired twist angle is 6 = 0, hence the simple form for Eq. (5.19).

Substituting Eqs. (5.13), (5.17), and (5.18) into Eq. (5.19) and collecting terms, we
find
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1= 52(1 - 25_»'6‘_; +07; | {'gfj_ 2@[5@, = f@é@ L 9%, —_fzaa,]
ades des a’des bdes

(5.20)

— —2 —2
N ?72[1 — 20y, + 07, N oz, J’

12 -2
bdes a’dcs

which can be compared with the matrix form of the equation for the ellipse (2.108) to
yield

buee 07,2 + T3 (1-07, ]

_ , 5.21
7 (1-07, - 07,07, - 67, + 07,07, | (5.21)
- Edesz(é‘fy B 551:553/)_ a’_des2 (5?7x - 5§z§gy) (5 22)
7 (1-oz, -63 07, - 07, +67.07,f '
Ede52§y12 + 5;ies2 (]‘ — 551 )2 (5.23)

M_ = .
W (1-07, - 67,07, - 67, + 07,07, |

We use Egs. (5.21), (5.22), and (5.23) to find the envelope parameters @, b, and
6 through Egs. (2.119), (2.120), and (2.121). After some simplification, this allows us to
express the envelope perturbations, to lowest order in each of the trajectory

perturbations, as

b2oZ: +@’ 07" + 260,07,
0T = @,| 07, + = ey TR0l T TaIHY: | (5.24)
2 a’des - bdes
- 102072 + @ 07" +2b.0%,07
5b — b YR es Yy es $_ es y z , 5'25
s yy 2 E(fes - bdzes ( )
- Edzeséyz + bdiséfy (526)

—2 T2
a’des - bdes
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5.3 Trajectory Perturbations and Envelope Twist Angle

5.3.1 Wide-Dimension Trajectory Perturbations

An easy path to determining the wide-dimension trajectory perturbations ¢z, and 67,
is suggested by the results of Section 3.2, in particular, Egs. (3.14), (3.18), (3.21), and
(3.22). We make the identifications

0z° = %, (5.27)
0T" =0T, . (5.28)

Substituting Eq. (5.27) into Eq. (3.21) and making use of Eq. (3.18), we find

4’67, e o

—Z=--26B,, 5.29
dz* w2 (5.29)

where we used the fact that )8 and T =z, are nearly constant. Because the residual

quadrupole field JFQ has not been determined, we will return to solve Eq. (5.29) in
Section 5.5.

Substituting Eq. (5.28) into Eq. (3.22) and using Eq. (3.14), we find

4z,
dz

= %(1 - Tm) + ﬁ {]7: (Zo) - a,j(fo)gz (Zo)[l ~Tn (20)]}' (5.30)

We substitute Eq. (5.9) into Eq. (5.30), set z, =0, and specify the initial condition
7:(0)=0 to obtain

igl = 0?,—?’(1 -, )sin(kZ), (5.31)
and the solution
— B. —
0F =X -G _ %3 .
il:'y y k}'ﬂ ( ’I"m)COS( Z), (5 32)

where the additive constant )_(y appears due to the integration that resulted in Eq.
(5.32) and is determined by the initial conditions. Since we seek solutions which
minimize trajectory and envelope perturbations, we require X, , =0, yielding
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6T, = - ";.:5; (-1, )cos(kz). (5.33)

Equation (5.33) will be used in Sections 5.3.2 and 5.3.3.

5.3.2 Narrow-Dimension Trajectory Perturbations

We find the narrow-dimension trajectory perturbations in a process analogous to that
for the wide-dimension perturbations in Section 5.3.1. Let us consider the equation of

motion in the short dimension (3.32), which can be expressed as

dp, ag( 4I = ) aB,[ = _
—L =22 — 4+ B6B, |- 2*=|ayB,(1-1,)+D?
z g \abpy’ " °) B B, -.) 7] (5.34)

Rearranging terms in Eq. (5.34) and using Eqs. (3.21) and (5.27) to rewrite 72, we find

dz bBy
z P a_ By- v i L (5.35)
VB[, - - B, 2%

which we simplify using Egs. (2.5), (2.34) for the electrostatic terms, and the small angle
approximation 8 << 1, to yield

df’_y _ay( 4l --4B(1-r,)+B5B,
dz B \abpy Y (5.36)
oF(__410@-38) = . .0 _ ,dB. ,p dZ, '
¥ ﬁ( ab@+bpy? 0 e W PEE )

where use has been made of @/, = ®/’, since the beam is not accelerating.
By analogy to the procedure of Section 3.2.1, Eq. (5.36) motivates us to write

(5.37)

dp, _dy, 7 dﬂa@J

Sy
&P (’” 4z iz

where
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P - __— v 5 _ —
49y, _ _ % _il]_ & b2 - +—Qtan20Q +7T, dliz + B, défz , (5.38)
dz* yB\abla +b Py i} dz dz
and
2¢—
ia—_?z/y - 2,2 (1 )+5§Q ‘ (5.39)
dz® B abﬂy /J’y

To first order in the perturbed envelope quantities, Egs. (5.38) and (5.39) become

d‘sj ] (5.40)

d’6y, =_% [ 4IH(ades § ) + @, tan20, +kr B, cos(kz)+B
dz 2 yIB a’des des (a’des b b

and

d25_ T —_ N 2 _ _
% o) Ay 0@ 9b) &By i cosloRz)|+0B,!, (5.41)
dZ yﬂ a’desbdesﬂ y bdes Qﬂ y

ades

where we have made use of Eq. (5.9) for the axial magnetic field B, .

Because the residual quadrupole field 5§Q is still unknown, we will return to solve
Eq. (5.41) in Section 5.5. Proceeding with Eq. (5.40), we make use of Eq. (5.26) for 6 ,
obtaining

d25 yz ~ a/l { 47(5(10525?1 + —b—des2afy) " 662 tan 260
—2 - 2= T = =
dZ yﬂ a’desbdes (ades + bdes )218 2y 2 ﬁ (5 . 42)

_ » (;;-z-)}}.

After some simplification, we can express Eq. (5.42) using Eq. (5.33) as

+§0{krm cos(EZ ) +

'Y, _ o 57 L Qqtan26, o  oB, k doz, - in(F?)
dz* : B k(fyﬁ kyB k: dz

n 7.2 7 2
+(1- rm)%BO cos(EE I E—Q - bdesz ,
kyp 1-7, k° @,

(5.43)

where we have defined



99

4loa,,,

Sﬁx bdes (adeb + bdes)z

k= (5.44)
We can proceed to solve Eq. (5.43) for 67, if we assume that the doZ,/dZ term
appearing on the right-hand side of Eq. (5.43) is negligible. This is verified for cases of

interest in Appendix C, but relies on a result for 6z, derived in Section 5.5. Neglecting
this term, we can integrate Eq. (5.43) to find the solution

s Tk 2 1-— 2 — 2
kO yﬂ (D rm k; a’des (5.45)

+ 7, coslfz + )22

B ky'yB

where the constants Y, and ¢, are determined by initial conditions. Notice that a
destabilizing resonance is implied by Eq. (5.45) when k* = k. However, we will show in
Section 5.6 that this resonance is avoided by the condition

k' <<k, (5.46)

which is implied by Eq. (5.4), i.e., the requirement that envelope oscillations in the
narrow dimension of the beam remain small.

In order to minimize the long-wavelength trajectory oscillations with wavenumber
Eo, we require Y, = 0. Moreover, we see that the electrostatic quadrupole rotation angle
6, should be such that tanf, =0 in order to eliminate the constant part of the
trajectory displacement in Eq. (5.45). With these simplifications, we find

0y, = (1 - rm{——rm b k"

v ik ] o cos(k ) (5.47)

If we retain only the lowest order terms in the small quantities 7, , B, / @, , and
k2 /k?, Eq. (5.47) becomes

9

0y, = B, [r d"*sk" )cos(kz) (5.48)

B E des

Note that while we know each of the parameters r, , b,.’/d,,’, and k’ / k® to be small
compared to unity, we make no assumptions regarding their relative ordering. Therefore,

as we proceed, we shall retain the lowest order terms in each of the small parameters.
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5.3.3 Envelope Twist Angle

The envelope angle can now be computed using Egs. (5.26), (5.33), and (5.48) as

B = 2 T2 72
0= %5, gdes_ =7, — L o], + ky cos(l_c-i), (5.49)
kyﬂ Edes - bdes Edes k
which becomes, to lowest order in the small quantities r, , b, / . ,and k’ / k?,
oB, @, b | (1
0= de“_ — e kz ). 5.50
R ( _]( ?) (5.50)

If we now introduce the notation

g =l o (5.51)

then Eq. (5.50) becomes

—€ es aAB
' a(fes - bd2u k'}’ﬁ

S
n

cos(kz) (5.52)

Note that with the proper choice of the aspect ratio parameter of the magnetic
field, i.e.,

(5.53)

by
m crit - 2

T =T. ———'
2
ades b

we force ¢, =0, making the envelope twist vanish. We make this observation
parenthetically, however; we shall continue to treat the aspect ratio parameter of the
magnetic field r

m

as an independent small parameter.

5.4 Applied Fields

5.4.1 Relations for Envelope Perturbations

With the results of Section 5.3 in hand, we derive some intermediate relations for the

envelope perturbations, which we will need in order to determine the residual
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quadrupole field 61_30 in Section 5.4.2. For the semi-major axis, we use Egs. (5.24),
(5.33), and (5.48) to find

_ —\2
fa -0T, = —— 21 7 (a‘B"J cos2(_2)
Qs 2(a’des des ) kyﬂ
b 2E02 2 b. 22 (5.54)
l:(l ) des + a’desz( Tn — 53:3122 ) - 2Edes2(1 T {Tm - EZZZI?; ]:I *

Transforming the cosine term and retaining only the lowest order terms in the small

quantities ., §,./a,.’, and k’/k? in Eq. (5.54), we find

m? Ydes
A aB,\ [ b,
7 -0T, = 4(Ede82d — )( kyﬂ] [ -2r )[1+ cos(2k'z)] (5.55)

Similarly, for the semi-minor axis, we use Egs. (5.25), (5.33), and (5.48) to find

—_— = — N GZF 2 2(kz
b )( W ) cos'2)

. _ 4 (5.56)
X [(1 =7 ) bies” +a’-desz(rm - g 21;;2) -2b,,, (-, { kﬂ J]

'des ades

Transforming the cosine term and retaining only the lowest order terms in the small
quantities 7, , b,./a,”, and k’/E? in Eq. (5.56), we find

8 -, > (aB)Y bdes2 —
b 07, 4(5de32 P )( kyﬂ]( z.? +7, [1+cos(2kz)]. (5.57)

n

Note that for r, =1, = b2 /@-, , we have

cri

oa 5b ~b.. (@B ’ T
%d:_ax = E;_ay” = 4(6 2‘1_1_);%2)( Eyﬂo) [1+cos(2kz)]. (5.58)

'des

5.4.2 Applied Quadrupole Fields

We are now ready to compute the residual quadrupole field JFQ , which we will need in
order to solve Eqgs. (5.29) and (5.41). Let us recall that 6B, is defined in Eq. (3.17), i.e.,
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(5.59)

for a non-acclerating beam with ®}, =0. Expanding Eq. (5.59) to first order in the

perturbed envelope quantities, we find

poB, = (8B, +28,)- +6° u—] (5.60)
des

ay Qs T+ bdes

es

al ( da _ Ja+db
. [— T 9 1-
ades (a'des + bdcs b y

which can be expressed using Egs. (5.50), (5.55), and (5.57) as

Y

— 47 a b,
éBQ = 4]; — 1 _ 2:1(1«33 + bdes 5-—I —§y
Edes (Edes + bdes b Y ades + bdes a’des + bdes

_ 2@, + b, adcsz[l + cos(QkE)](aAE) ’ b, _or
ades + b é‘l(ades2 - I;desQ ) E’})ﬂ Edes2 "
by, @ 1+ cos(QEZ)] 0B, b, 2
Edes 1 E;ies (iLL(ZI‘-cles2 - 5des2) ( ’gyﬁOJ E'jies2 " T‘m (561)
N [ Edes Edef .1 + COS(Q_E )](all?o ]2 .o —desz jz
gdes Q(G’_desQ - EdesZ)z E'))ﬂ " a.desz

- 9_
+(BQ +E(DQ].

After some simplification where we retain only the lowest order terms in the small
quantities . and b’ /Edef, we separate out the constant and oscillatory terms in Eq.
(5.61), i.e.,

= = \2
= 2= 41 a B oo
5B ;(B + 2 )—_ Y 1-(10J 4 _
¢ ¢ ﬁ ¢ a’des (ades + bdes 2)’2 [ k}'ﬂ (a‘des + bdes des2 bdes2)

- —_ N2 _ 3
41_ 7 {(%B‘)J (E _ade'*_JQ = 2)cos(2EZ) (5.62)

Edes (a_des + bdcs kyﬂ des + bdes Xa’des - bdes
2ades + bdes 5 + bdes 537 J
= v |
ades + bdes a’des + bdes

where we have defined the shorthand
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T 2
b, Ty T

s gy, ——dmm (5.63)

&

We can use Eq. (5.62) to determine the applied quadrupole fields, (FQ +250 /ﬂ)
The simplest solution (corresponding to a single, uniform physical magnet and/or
electrodes) is obtained when the applied quadrupole fields are constant. One may also
make use of a plurality of similarly-aligned magnets, in which case T?Q will be largely
constant with some slight longitudinal variation, or a beam tunnel with some axial
variation, e.g., a rippled waveguide, in which @, will also be largely constant with some
slight longitudinal variation. For calculation purposes here, we shall assume the
quadrupole fields are constant, but the slightly-varying case can also be treated without
significant added complexity. If the applied quadrupole fields are constant, all the terms
appearing on the first line of the right-hand side of Eq. (5.62) are constant in Z, and we
can minimize the residual quadrupole field (i.e., the perturbation) JFQ by choosing the
applied fields to satisfy

_ 9 i B, )2 a0
B+ 0, =——— N eIy [ L A (5.64)
Q ﬂ a’des (a’des + bdes b’z ),2 [ ( k}’ﬁ (a’des + bdes a’des2 - bdesz)
which leaves
4I aB Y Ty, 0 ( )
0B, = —F——— (i 0) — s~ cos(2kz
¢ ades (a’des + bdes bz y2 { k)’B (a'des + bdes ades2 __bdesz) (5 65)
N 2, +b,, 5%, + by, Jyy]
ades + bdes a’des + bdes

We have now determined the magnitude of the applied quadrupole fields (including
lowest-order corrections) in Eq. (5.64) which supports our desired elliptic beam. By
minimizing the residual quadrupole field J—B_Q , we have minimized the magnitudes of the
trajectory perturbations 6%, and J%, which appear in Eq. (5.65). Moreover, we have
obtained an expression for the residual quadrupole field 5170 in terms of the trajectory
perturbations 6Z, and 67, which couples Egs. (5.29) and (5.41).

For a focusing channel with only an applied quadrupole magnetic field (i.e.,
without an applied quadrupole electrostatic field), Eq. (5.64) yields
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— \2 3
41 a,B 0y, O
- 1—10) = — (5.66)
Edes (a‘des + bdes W yz [ ( kyﬂ (Edes + bdes Edes2 - bdeSZ)
which will be utilized in the numerical examples presented in Section 5.7.

5.4.3 Applied Longitudinal Magnetic Field

Before we can solve Eqgs. (5.29) and (5.41) for the trajectory perturbations 6z, and 47,
we must determine the amplitude of the axial magnetic field. We use a method similar
to that used to obtain the quadrupole field in Section 5.4.2. Substituting Eq. (5.65) into
Eq. (5.29), and Eq. (5.29) into Eq. (5.41), we arrive at

d*oz, - -4l [(%B()] ( _Yiu O \ cos(2EZ )
Qe

dz> a,la, +b Ik a +b la, 2-b
des( 'des des b’! Y ‘Yﬁ S des ades B desj (5 67)
28, + by, < b,
+—= <= 57 ————6 ,
Tyee + by o F b yy]

and

d’6y, d*T, 4o, éa 6b )| a’B? -
= 1- - |- L(1-7 f1- 2kzZ ). 5.68
dzz ¥ _2 ades desB3 y a_des bdes 2132 y2 ( rmx COS( z)] ( 6 )

We now substitute Egs. (5.55) and (5.57) into Eq. (5.68) to obtain

a6y, d%z 4T _ .\ &’B? =
d;;” + d;’ = b, :2’3)13 (1 -0T, — 5yy)— ;‘ ,Bzyg (1- rm)[l - cos(2kz )]
3 Ajogl Edesz‘t+ cos(27c-_2)](al§ )2 Edef B
R o B o | ) B
4la, @, [1+cos(2kz)](alB ) (£+r 2}
Edesgdesﬂs b4 4(a’des b—desz) kyﬁ ")

a’des

which, retaining the lowest order terms in the small quantities r, and b’ / Ty’
simplifies to
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%57 20— T o \? 2992
LB W T A Ko T
dz dZ adesbdesﬂg Y 2 kﬂy 2ﬂ2 Y

o B} aIo, . (aB)Y =
[ 0 (1-1,)+ % cﬁys?(ﬁﬁy] }cos(zkz) (5.70)

(6%, +67,).

__ e
a-desbdeyg3 Y ’

The first line of the right-hand side of Eq. (5.70) is constant, and by requiring it to

vanish, i.e.,

_ 4l r.(aB) | &'B;
OT T [H 2 (Eﬂy] ] 2y ) &7

we can minimize the trajectory perturbations. This gives the optimal amplitude of the
axial magnetic field,

- - 2 -1
Br-—S8L i, ¥ ’i(_“l J : (5.72)
a’des bdesﬂ yal ades bdeﬁ yal 2 kﬂ y

We have now determined the applied axial field magnitude (including lowest order

corrections) in Eq. (5.72) required to maintain our desired elliptic beam profile.

5.5 Envelope Perturbations

5.5.1 Normal Modes

Employing Eq. (5.72) to negate the constant term, Eq. (5.70) becomes

= = \2
% (67, +7,)= 5_45% {[Hr (aB ) ]cos(2kz) (a@+5yy)}. (5.73)
'des“'de

kpBy

Before we can determine the detailed form of the envelope perturbations, we must solve
Egs. (5.67) and (5.73) — a pair of coupled, driven, second-order equations in the
trajectory perturbations 6z, and 47,.

In order to find the normal modes of oscillation, we first examine the homogeneous
versions of Egs. (5.67) and (5.73),
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2o _ - . — —
d 5_::’ = — a14_I - 2_?“” + b 0T, + —d=_— b‘*"s_ a7, |, (5.74)
dZ Edes (a’des + bdes F Y a’des + bdes a’des + bdes

d? - 4]a

—\0Z. +07, )= ——=—|6Z, + 7, ). 5.75

£ m von)= bz 1) 579

Notice that the form of Eq. (5.75) immediately provides the wavenumber of one normal
mode,

2 _ 470‘7. _ _(Eﬁs + B:ies 72
ki =——="2—= — ky s (5.76)
a’desbdesﬂsy ades

and the eigenvector for the other mode
6z, ,63,) < ,-1), (5.77)

which has some corresponding wavenumber k_.

We determine the wavenumber k. by examining Eq. (5.74) in the eigenmode
corresponding to the eigenvector (551 , 5%)’. In this eigenmode, we substitute
d’0%,[dz* = -k_°0%, and 67, = -0%, into Eq. (5.74) to find

gra_ —ad (2Edes+bdes_ e ] (5.78)

B a—des (Edes + Edes b‘ ys Edes + Edes a‘_des + Edes
which simplifies to

81, 2b,.. 72
— =Dt (5.79)
(a’des + bdes )2ﬁ3 Y Ces

N

E2
Similarly, we determine the eigenvector (65z , 6yy)‘corresponding to the
wavenumber k, by substituting d’0%,/dz* = —k,’dZ, into Eq. (5.74), i.e.,

T2s— _ - 4la,
: Edes (Edes + Edes )2ﬂ3 y3

bz, 2a,.. + Do)+ 5?,,5(1%], (5.80)
which simplifies to

5@[1{2 - E_"’(l + I;—%H =0yk.° Elia;*— (5.81)
'd

es des
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The corresponding eigenvector is

6z, ,69,) = (,;_2 bi - ;;2[1+b—j_—D (5.82)

20,

5.6.2 Trajectory Perturbations

With the normal modes in hand, we can find the driven part of the general solutions of
Egs. (5.67) and (5.73). Because Egs. (5.67) and (5.73) are a pair of coupled, driven
harmonic oscillator equations with no damping, the trajectory perturbations ¢z, and

0y, oscillate in phase with the driving term, i.e.,
6%, = X, cos(2kz), (5.83)

oy, =Y, cos( kz ) (5.84)

where we will solve for the unknown coefficients, X, and Y.
Substituting Eqgs. (5.83) and (5.84) into Egs. (5.67) and (5.73) and making use of
Egs. (5.76) and (5.79), we find

v B,Y =& ‘s [
—4k°X, = k| 2| & dn T 4|14t ¥ 4 e Y 5.85
j [ (kyﬂ J (ades es )+( * Ed ) ) * 26 ?/:l ( )

— 4B} (X, +Y))= -k, {()_(z +K)—{1+rm(%§’] }} (5.86)

v

After some algebra, Egs. (5.85) and (5.86) imply
1 B [(aBY @ 5. [. (aBY]| &’
X =s-—rori| 22 dos _ . des | ] 4 | 220 —* 1 5.87
" 24k -k (kyﬂ] @’ ~bi’) Tie r’"(kﬂyj 4k -k, (5.87)

=9 /T \2
Y, =-X,- ——k——[l+ \ol‘:/i?] } (5.88)

The general solutions of Egs. (5.67) and (5.73) can now be written concisely as
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0T, = Ak’ bie cos(kz+go )+A cos(kz+(o )+X cos( kz ) (5.89)

2a’des

3y, = Z[Eﬁ - E_Q[l + 5“—)} cos(k Z+ ¢+) A cos(E_E + ¢_)+ Y, cos(QEE), (5.90)

ades

where the constants A,, A, ¢,, and ¢_ are determined by initial conditions. As
expected, destabilizing resonances are implied by Eqs. (5.87) and (5.88) near 4k’ = k.’
and 4k® =k *. These can be avoided, because Egs. (5.5), (5.46), (5.76), and (5.79)
together imply the ordering

k?<<k’s<k®<<k®. (5.91)

With an appropriate choice of initial conditions, A, = A =0, we minimize the

long-wavelength oscillations and simplify the trajectory perturbations to the form

7 5 \2 — 2 T B\ |72
0%, = lk_; G650 ) T by (a5 b L os(oRz),  (5.92)
8 k kyﬂ (a‘dea bdes ) a’des kﬁ'}’ 4k

1 [B(aBY ade R (aBY
% = 8{ (Wg) E -0) F {“ (ﬁy”}cos(%z)’ (>:%9)

where we have made use of Eq. (5.91) and retained the largest terms.

A further simplification is possible if we note that, to zeroth order, the axial
magnetic field is given by Eq. (5.72) as

B’ = __8—1. (5.94)
a’desbdesﬂya}.
Combining this with Eq. (5.76), we have approximately
— \2 —
4B ) | ok (5.95)
kyp K’

which allows us to express the trajectory perturbations,

L, _
ST, = %C-— . (a— 1 by Jcos(?l; ), (5.96)
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2 —

57, = —-%—.—“—cos(%i), (5.97)
while keeping the lowest-order terms.

5.5.3 Envelope Perturbations

Finally, we have all the ingredients to express the envelope perturbations by substituting
Egs. (5.96) and (5.97) into Egs. (5.55) and (5.57), yielding, to lowest order

— nL2(1 2
g_i = %’%—2(—29“—2 ~2r, J[1+ cos(2kz)), (5.98)
des des
% =1 E 5493—2- +r.0+ lcos(2EE) (5.99)
—des B 2 EZ Edes2 " 2 , .

where the wavenumbers are defined in Egs. (5.44), (5.76), and (5.79) as

2 41- aﬁd
= — mareca v 5.100
ko Y 3ﬁ3 bdes (-a_des + bdes)2 ( )

g = rbal o (5.101)

'+
a’dcs

es |2 (5.102)

Recall from Eq. (5.52) that the twist angle 8 is given, to lowest order, by

J—I?+ [ =
= —/2 T S, cos(kz), (5.103)

a’des

where we have used Eq. (5.95). Because k,’ / k? <<1, the amplitudes of these envelope
and twist angle perturbations are small.

We can also simplify the applied fields from Egs. (5.64) and (5.72) using Egs.
(5.44), (5.79), (5.95), and (5.91) to obtain

n 2— —2Eesaes+l;es ﬂ k—+2
B, + 2, = o bl * by (1—201?} (5.104)
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27, 2
B?= @’k— (5.105)
a). (1 - Tm)

5.5.4 Summary

Knowing now the envelope and particle trajectory perturbations, it is straightforward to
determine the distribution matrix elements using the results of Section 2.6.4. Moreover,
since the applied fields are known, the equation of motion for the distribution matrix
(2.104) can now be integrated and compared with the analytic results (see Section 5.7).
This comparison is simplified by noting that, because the envelope perturbations are
linear combinations of a constant, cos(27t2/ S ), or cos(47t§/ S ) to lowest order, all
transverse velocities vanish at the points z = 12~n§ , where n is an integer. In any of

these planes at z=1nS all of the distribution matrix elements vanish, except M_,
Mg, and M =M.

5.6 Ordering Constraints

5.6.1 Overview

Our analysis has assumed that the applied magnetic fields are well-represented by the
paraxial approximation. Using the results of Section 2.3.4, we will estimate the
magnitude of the non-paraxial terms and derive conditions that must be satisfied in
order to ensure that these non-paraxial terms are negligible. In Section 5.6.2, we will
derive a condition for the negligibility of non-paraxial terms in the applied quadrupole
magnetic field. We will apply a similar procedure in Section 5.6.3 to obtain a condition
on the axial field wavenumber k for the negligibility of non-paraxial terms in the
applied axial magnetic field. In Section 5.6.4, we will enforce the requirement that the
envelope oscillations be small in order to obtain another constraint on the wavenumber
k . Together, these constraints define an allowed range of axial field wavenumbers for
the validity of the paraxial approximations and perturbation expansions used
throughout this chapter.

5.6.2 Applied Quadrupole Magnetic Field

The applied quadrupole magnetic field B, is generated by the ¥,; term of the magnetic
potential [see Egs. (2.51) and (2.52)]. If this term is axially-varying, it can generate the
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non-paraxial terms ¥,, and ¥, through Eq. (2.48). Without loss of generality, we are
free to define

9(z) = 311, (5.106)
31
and substitute it into Eq. (2.48) to obtain
0=, +6(+g)¥,. (5.107)

If we require the higher-order terms to have a negligible contribution to the
applied magnetic field compared to the paraxial term (recall B, = —V'¥ ), this implies

[Bz2y¥,| << ¥, (5.108)
[Bzy*¥,q| << |2y, (5.109)

which simplify using Egs. (5.106) and (5.107) to

PANTL
'm Y

<21+ g)¥,, (5.110)

loy™¥7,| <<[2(1 + g)¥.,|- (5.111)

These conditions must hold for all particles in the beam, but are strictest at the beam

edge, i.e.,

7| << 21+ 9)¥,,), (5.112)

lob* 7| << [2(L + 9)¥,|- (5.113)

For the beam solution derived in this chapter, the magnetic quadrupole field
magnitude can be made axially invariant if the electric quadrupole is, as well [see Eq.
(5.64)]. In this case, conditions (5.112) and (5.113) are trivially satisfied, since ¥], =0.

More generally, for beam-matching solutions, the quadrupole field will not be
constant, in which case Egs. (5.112) and (5.113) must be verified. Notice that the largest
value of V], /¥,, is given by
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¥y << max| min 2(1:9), 2 +29) , (5.114)
¥, g a gb
which implies
yrooo2 2
<< —=+—, 5.115
1 a* b ( )
when
b 4 a’
9> 0y = (?]3—} = 7 (5.116)
31 Jerit

This suggests that, while non-paraxial magnetic fields cannot be eliminated, their
effect can be minimized by a proper choice of aspect ratio. When designing physical
magnets to generate a magnetic field for a beam system, it is important to remember
that they must be shaped not only to obtain an optimal paraxial field, but also to
minimize non-paraxial field errors in the beam envelope. By requiring the aspect ratio of
the higher-order magnetic quadrupole field components to take the critical value g_,,
we minimize these non-paraxial magnetic field errors.

5.6.3 Axial Magnetic Field

The axial field B, is generated by ¥, through the equation B, =-d¥,/dz. An
oscillatory B,, such as that in Eq. (5.9), implies an oscillatory ¥, , which, through Eq.
(2.47), implies oscillatory ¥,, and ¥,. These can contribute, through Egs. (2.49) and
(2.50), to the non-paraxial terms ¥,, ,¥,,, and ¥,,. Without loss of generality, we are
free to define

fz)= ‘_Pﬂ, (5.117)

‘P40

and substitute into Egs. (2.49) and (2.50) to find
0=97 +(2f +12)¥,,, (5.118)

and

0=\ -¥, +12(¥,, - ¥,,), (5.119)
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where the primes denote differentiation with respect to z. Combining Egs. (5.118) and
(5.119), we find

k2%
Vo=~ 2(6 +f) (5.120)
_Yof - 95,6+ )
04 = 126 + LI (5.121)

If we require the higher-order terms to have a negligible contribution to the
magnetic field, this implies

Ray*®,, + 42° | << [22% |, (5.122)
Rzy¥,, + 4y°%,,| << |20y, (5.123)

or, making use of Egs. (5.117), (5.120), and (5.121) to simplify, we find

22 f + 4z,
_——_—TZO

) << 2%y, (5.124)

and

l_ 2 oS + o ¥of — 6+ F)¥ << [2%4|- (5.125)

6+f v 6+f) |

Equations (5.124) and (5.125) provide the conditions that must be satisfied if the non-
paraxial magnetic field is to be negligible in the z-direction and y-direction,
respectively.

When the axial magnetic field varies sinusoidally with a dimensionless wavenumber

k , Eq. (5.124) can be expressed as

This condition holds for all particles in the beam, but the particular coordinate position
where it is strictest depends critically on the value of f. In fact, if we maximize the
absolute value appearing in Eq. (5.126) for all values of f, we find
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b’ f +2a* ,0< f
,—2a /b < f <0} <<1, (5.127)
Fil , f<-2a*/b?

which gives us an overall condition the beam must satisfy if the non-paraxial magnetic
field is to be negligible in the z-direction.
Similarly, for the y-direction, when the axial field varies with a dimensionless

wavenumber k , Eq. (5.125) can be expressed as

k* a2, T 'y'2 T
] et —| =6+ <<1, 5.128
Y ST ) A 6+7) (5.128)
which simplifies, for |rm| <<1, to
b z° fr, +‘77—2(6+f <<1 (5.129)
26+ " 3 ’ '

Maximizing the absolute value that appears in Eq. (5.129) for all values of f and r,,
we find
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[ =
st + 2 +1) 0
b? —6b2
‘3—(6‘|f|) ’3r—2+52<f<0
P, | m —652 r ,0<:r-m
Ifrmla ,—6<fSW
72
L|frm|a—2+93-(jf|-6) ,f<-6
(-2
-b—(6+|f|) ,0<f
I? |fr.fa” +—( |f|) ,—6<f<0 -
3 T ,——<T <0}<<1,
2|6+f| . la? - 6b* <f<6r 3z < m
" " p? —3|rm|E2 -
72 _652
—(fl-6 _—
L3qf| ) ’f<b2_3|rm|62
(. %
|fr.l@ ’__3|rm|62 5 <f
b* 6b* —
<—(6+|f|) , 0 <fs_3|7‘,,,l52 —52 ) < ;—bz (5.130)
a
|fr.ja? +-—( -1) .-6<f<o0
Llﬁm'a ’fS_G
|

which gives us an overall condition which must be satisfied if the non-paraxial magnetic
field is to be negligible in the y-direction.

We need only to show Egs. (5.127) and (5.130) can be satisfied for some chosen f
and |rm| << 1, but a naive choice can be overly restrictive. For example, if we consider
f =0, then Eq. (5.127) implies

kg’

<< 1. (5.131)

On the other hand, if we consider the case where 7, >0 and f >>6, Egs. (5.127)
and (5.130) imply
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65—2 <f,
and sufficiently small 7, such that
T ST = —f)—_—z,
then Egs. (5.132) and (5.133) reduce to
2R <1,

or, equivalently,

%(27:5)2 « 5.

(5.132)

(5.133)

(5.134)

(5.135)

(5.136)

(5.137)

Equation (5.137) provides a constraint on the minimum allowed wavelength of the

axial magnetic field that is consistent with the paraxial approximation. As we saw in

Section 5.6.2, the non-paraxial magnetic field geometry is critical in maintaining the

validity of the paraxial approximation across the beam envelope. In this case, for the
axial magnetic field, we see that the parameter f =Y, /¥, will generally need to be
rather large (of the order of @?/b?) if we wish to work with axial magnetic field

wavelengths which approach the order of the narrow beam dimension.

5.6.4 Small Envelope Oscillation Constraint and Summary of Ordering

An additional constraint on the wavenumber k is obtained by applying Eq. (5.5) (small

envelope oscillations in the short dimension) to Eq. (5.99), which yields
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1. 2
%% «1, (5.138)
or
1k,
1% <<1, (5.139)

which proves Eq. (5.46).
We can now summarize the ordering constraints on the wavenumber k using Egs.
(5.91), (5.136), and (5.139) as

ks _1_];+2 <«<k? << -273—2 (5.140)

des

;;_l
4

Ill

E?l
8

c-.l Sl

N
NN

In terms of the corresponding wavelengths, the ordering relation is

\ _
Sr'by’ << 8% << 48 545} =8 1= bae

s 5% <<48°. (5.141)
3 a,

5.7 Numerical Results

5.7.1 6:1 Nonrelativistic Beam

Let us consider a 6:1 elliptic electron beam with desired envelopes semi-axes
a,, =0.373cm and b, =0.062cm propagating with current I =0.11A along a beam
tunnel with a constant axial potential of ®, =2290V. For this beam, then, we have
B=0.094 and y =1.0045. Let us choose a reference length of 1 =b, , which sets the

dimensionless parameters

2

a = l’: — = 4.53x1072, (5.142)
C
k2= 4o, = 0.00372, (5.143)
14 ﬂsbdes (ades + bdes)2

Bae + bua) £2 _ 00506, (5.144)
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and

k?= 2_”"65 k,’ = 0.00124. (5.145)

a’des

First, let us determine which values of the dimensionless longitudinal magnetic
period S are allowed by the constraints of Eq. (5.137). We find

2
%52 << 8% << 48?7, (5.146)

or
(5.13) << 8% << (177}, (5.147)

which leaves a reasonable range within which S can be chosen to satisfy both
constraints. For illustrative purposes, we choose § = 30.84, i.e., S =15 =1.912cm.

Let us find a solution with the magnetic field aspect ratio r, =0. The applied
quadrupole field is determined by Eq. (5.104),

o =
(BQ + 7‘?) = I%—(BQ + %2] =-1.873 G, (5.148)

which corresponds to an on-axis transverse field gradient of

(aB”) B _ 30.21 G/cm (5.149)
ox ), A

when @, = 0. The longitudinal field can be obtained from Eq. (5.105), yielding

B, = I‘-’,;E, =-261.32 G. (5.150)

The envelope values are computed from Egs. (5.98), (5.99), and (5.103) to yield
a =A@ = [0.37363 + 0.00063 cos(2kz)] cm, (5.151)
b=41b = [0.0621 - 0.0019 cos(2kz)] cm), (5.152)

6 = —-0.014 cos(kz) rad. (5.153)
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With these analytic forms for the envelope quantities and the zero emittance
assumption, we can specify initial conditions for the distribution matrix M using the
results of Section 2.6.4, while the values for the applied magnetic fields determine the
force matrix F through Eq. (2.71). We can now utilize standard numeric techniques to
integrate Eq. (2.104) in order to evolve the distribution matrix forward in the axial
coordinate z. With knowledge of M__(z), we can again use the results of Section 2.6.4 to
determine the envelope quantities. The envelope semi-axes a(z) and b(z) are shown in
Figure 5.1, and the twist angle &(z) is shown in Figure 5.2. Clearly, the beam envelope
is well-confined and follows the desired trajectory to a good approximation.

As a separate verification of the theory and envelope code, a 3D OMNITRAK [38]
simulation is performed for the 6:1 elliptic beam. Since 3D trajectory simulations are
time-intensive, only a 2-period interval is used for this test, as shown in Figure 5.3. The
beam is sent through a conducting rectangular beam tunnel (not shown) of width 10.74
mm and height 7.0 mm. The beam’s entrance conditions are specified by Egs. (5.151),
(56.152), and (5.153), while the confining fields are given by Egs. (5.148) and (5.150).
Substantially parallel, non-twisting transport is achieved.

T | I T | 1 T 1 T | T T Y Y I T 1 T .1
04 |- -
- -y
03 |~ e
E 3 -
(3] L -
~

= 02 -
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e T WP I i O e i P
0'0 1 I 1 I 1 [l 1 L 1 j

0 5 10 15

z (cm)

Figure 5.1: Beam envelope semi-major axis a(z)=0.373cm
(dotted line) and semi-minor axis b(z) = 0.062cm (solid line)
of the 6:1 elliptic beam over 10 longitudinal magnetic
periods, 10§ =19.12 cm.
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Figure 5.3: Particle trajectories
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5.7.2 10:1 Relativistic Beam

Let us consider a 10:1 relativistic elliptic electron beam with desired envelope semi-axes
@4, =0.4cm and b, =0.04cm and axial kinetic energy of 500 kV (i.e., @, =500kV)
propagating with current I =150 A along a beam tunnel. For this elliptic beam, we have
f=0.863 and y =1.978. Let us choose a reference length of A1 =b,,, which sets the
dimensionless parameters

2

a =—1_=7.04x10", (5.154)
Y Ame

4laa,,

) y3ﬂ3 b—des (Edes + Ecles)z

k2= g“-de**_-*%eil?j = 0.000709, (5.156)
a’des

k? = 0.000586, (5.155)

and

k= -2_1’—‘1%02 = 0.000117. (5.157)

a’des
First, let us determine which values of the longitudinal magnetic period S =18
are allowed by the constraints of Eq. (5.137). We find

2
8%'52 << §? << 45?2, (5.158)

or
(5.13) << 8* << (519), (5.159)

which leaves a reasonable range within which S can be chosen to satisfy both
constraints. For illustrative purposes, we choose § =50, i.e., § =48 =2cm.

Let us find a solution with the magnetic field aspect ratio 7, =0. The applied
quadrupole field is determined by Eq. (5.104),

o = O
(BQ + 7;1) = A%(BQ +—;—J = -4.685 G, (5.160)
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which corresponds to an on-axis transverse field gradient of

(aB”J B _ 117.13 G/em (5.161)
oz ), A

when @, = 0. The longitudinal field can be obtained from Eq. (5.105), yielding

B, = %E =-2738.14 G. (5.162)

The envelope values are computed from Eqgs. (5.98), (5.99), and (5.103) to yield

a = 4@ = [0.40009 + 0.00009 cos(2kz)] cm, (5.163)
b=Ab =[0.039991 — 0.00045 cos(2kz)] cm, (5.164)
6 = —0.0030 cos(kz) rad. (5.165)

Integrating Eq. (2.104) to determine the beam evolution, we plot the beam
envelope semi-axes a(z) and b(z) in Figure 5.3, and the twist angle &(z) in Figure 5.4.
Once again, we find that the beam is well-confined and follows the desired trajectory to
a good approximation.
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Figure 5.4: Beam envelope semi-major axis a(z)=0.4cm
(dotted line) and semi-minor axis b(z)=0.04cm (solid line)
of the 10:1 relativistic elliptic beam over 10 longitudinal

magnetic periods, 10S =20 cm.
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6 Elliptic Beams in Transition

6.1 Overview

In Chapter 4, we solved the inverse problem of obtaining the external electrode
structure required to accelerate an elliptic beam of a constant cross-section, and in
Chapter 5, we solved the inverse problem of confining a coasting elliptic beam of a
nearly constant cross-section. More complex situations involve transitions; for example,
an elliptic beam may flow between an accelerating region and a coasting region or the
cross-section of the elliptic beam may vary. For these cases, the results of Chapter 4 or
Chapter 5 can be applied to obtain solutions before or after the transition, but we must
use the approximate techniques of Chapter 3 (particularly, the small residual quadrupole
regime in Section 3.4.7) in order to match the beam solutions through the transition
region. Because of the approximations used, the matched solutions presented in this
chapter will generally be less accurate than those derived in Chapter 4 and Chapter 5,
however, they still provide a very good first-pass matched-beam solution which can be
refined through numerical optimization, as will be demonstrated in numerical examples.

We will present two examples of the application of techniques of Chapter 3 to
transitional problems. In Section 6.2, we consider a constant-envelope beam
transitioning from an accelerating region to a coasting region, i.e., the beam injection
matching problem. We prescribe a semi-analytic technique which can be used to design
the electrode geometry and applied fields that will produce a high-quality, laminar
elliptic beam. We extract it from a diode and propagate it through a beam tunnel while
maintaining a constant beam cross-section. In Section 6.3, we consider a parallel-flow,
coasting beam whose cross-section undergoes compression before resuming parallel flow,
i.e., the beam compression problem. We analytically prescribe a set of applied fields that
achieves this flow profile.

6.2 Beam Injection Matching

6.2.1 Overview

In Chapter 4 and Chapter 5, we considered the problems of beam formation and beam
transport in isolation, but any practical device must solve both these problems. A beam
cannot be transported unless it is first formed, and a beam which is formed is useless if
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not transported. Modeling the dynamics of a charged-particle beam that is injected from
a diode into a transport tube is one of the more challenging problems in beam physics.
Conventional approaches rely on extensive simulation, multi-parameter, multi-
dimensional optimization, and a great deal of trial and error. For 3D elliptic beams, in
particular, these approaches can be prohibitively time-consuming, if they produce a
reasonable solution at all. We present, in this section, an alternative approach. In
Section 6.2.2, we use the methods of Chapter 3 to relate the electrostatic potential of
the beam system to the required confining magnetic fields. In Section 6.2.3, we outline a
semi-analytic solution technique that quickly converges to an acceptable solution of the
beam injection matching problem. In Section 6.2.4, we present an example calculation of
beam injection matching for a 6:1 nonrelativistic elliptic electron beam.

6.2.2 Applied Magnetic Fields in the Transition Region

We consider a space-charge-dominated, large-aspect-ratio elliptic beam which is created
and accelerated in a space-charge-limited diode (see Chapter 4), passes through a
transitional region near the anode hole, and then enters a drift tube through which it
coasts with constant velocity (see Chapter 5), all the while with a constant beam cross-
section. The dimensionless axial electrostatic potential ®,, for such a beam will follow
the Child-Langmuir [29] form in the diode region and smoothly transition to a constant
in the coasting beam region. Outside the transition region, we have already inverted the
problem to determine the appropriate applied fields and electrode geometries (see
Chapter 4 and Chapter 5), therefore we know both the form of the axial potential and
the form of the applied fields and electrode geometry outside the transition region.
Because we assume a space-charge-dominated beam, emittance effects are negligible [16]
[27] [28] and the beam takes a cold-fluid form in which fluid elements follow single
particle trajectories in the transition region. If the transition occurs over a characteristic
scale length S, (see Section 3.1), we can use the methods in Chapter 3 to model the
beam behavior in the transition region.

The Child-Langmuir solution, which derives from the small fields, no-oscillation
regime in Section 3.4.2, and the coasting beam solution, which derives from the small

residual quadrupole field regime in Section 3.4.7, both require the condition in Eq.
(3.43), i.e.,

bBy| << a:?isz : (6.1)
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Assuming a smooth transition, we require that the condition in Eq. (6.1) also holds
in the transition region. Under such circumstances, using Eq. (3.17) and taking the limit
6 — 0, we find that in the transition region we have

_ 2 al 1, ) b | 9B
B,+=0, - | ——+=0, = << —Z—, 6.2
¢ B ¢ [Ebﬁz72 B m)a'*'bl a).Sdesz (62)
which is satisfied by choosing
= AT 1-,) b 2=
.B = —"——_'I"_Q” _—'__¢ . 6-3
@ (5(9,82;’2 B m)a‘+b g e (6.3)

Equation (6.3) specifies the form of the matched applied quadrupole magnetic field
in the transition region in terms of the unknown axial electrostatic potential ®(z) and
the unknown electrostatic quadrupole potential EQ(E). Note that y and g are related
to @, by y =1+a®, and A =1-y7 [see Egs. (2.19) and (2.20)].

Similarly, we obtain a matched axial field B, by assuming the desired solution
exists in the small residual quadrupole field regime in the transition region. Therefore,
Eq. (3.66) holds, i.e.,

dp, a7 4I =, @& = 1 |+, @
v _ A 4D —-2B*|~0Ol—=——|b — . 6.4
iz B Ebﬂy2+ 0oy S, y’“bﬁ" (6.4)

We take an axial magnetic field of the form
B(s) - Bie)ei( 25 + (7)), 65)

where ¢ is a parameter that represents a slowly-varying phase shift of the axial
magnetic field, and the amplitude B, varies slowly on the length scale S, with
S << 8, . If we now perform a local average of Eq. (6.4) over the magnetic oscillation
wavelength §, the momentum term vanishes by the assumption of a constant beam

envelope, and we find

ﬂ( 4 + @, -9-50—2} ~ O( L <b_rﬂ + a%-zﬂr»’ (6.6)

B \abpy’ y 2 5

des

where the angle brackets denote the local average. Equation (6.6) is satisfied by choosing
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=2 9p( 4l 1,
B L ——+-0 y 6.7
0 ai (a—bﬂﬂyQ + 'B 00) ( )

which specifies the form of the matched axial magnetic field in the transition region in
terms of the unknown axial electrostatic potential 500(2). Again, note that y and f are
related to @y, by y =1+a®, and g =1-y7 [see Egs. (2.19) and (2.20)].

6.2.3 Semi-Analytic Solution Technique

Equations (6.3) and (6.7) specify the applied fields in the transition region in terms of
the unknown axial electrostatic potential @, (z) and the unknown quadrupole potential
-(BQ(Z). In principle, we have the freedom to choose arbitrary functional forms for these
potentials. Once the potentials ®,(z) and 5Q(Z) are given (and the desired beam
envelope semi-axes @ and b are chosen), the beam velocity profile is determined
through Eq. (2.18), and the transverse electrostatic potentials in the beam interior are
determined through Egs. (2.38), (2.39), and (2.40) with 6=0. Laplace’s equation
V?® =0, together with the electrostatic potential and its derivatives on the beam
boundary, fully defines an inverse problem for determining the potential outside the
beam similar to the Pierce diode problem discussed in Section 4.2.3.

Unfortunately, this inverse problem has not been solved for arbitrary forms of the
axial potential and remains as a challenge for future work. The precise electrode
structure in the transition region is therefore unknown. Nevertheless, we will make use
of a semi-analytic technique to obtain approximate beam injection matching solutions.

We outline it as follows:

1. Construct a trial electrode geometry G*' that joins an accelerating-beam Child-
Langmuir region (as in Chapter 4) to a coasting beam region (Chapter 5).
Construct the associated trial functions for the electrostatic potentials ®g(z) and
@, (z) that adhere to the limiting forms [i.e., the Child-Langmuir form on one
side of the transition region and a constant on the other for @} (z), and zero on
one side of the transition region and a constant on the other for 651(2)] and
transition between them smoothly. The superscript “t1” indicates that these are
“first-guess” trial functions.

2. Using the trial functions ®(z) and ®,(z) in Egs. (6.3) and (6.7), compute the
applied quadrupole and non-axisymmetric PPM magnetic fields Eél(i) and
B/!(%) required for beam matching.
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3. (Optional) Given the electrostatic potentials ®g(z) and ®(z), the magnetic
fields B;'(Z) and B;'(z), and the initial conditions for the beam at the emitter
(parallel flow, negligible emittance, zero twist angle, beam semi-axes given by the
elliptic cathode size), we integrate the envelope quantities forward through the
diode and beam tunnel using Eq. (2.104) to verify that they adhere to the desired
beam behavior. Numerical optimization may be performed at this stage through
the introduction of additional parameters in the representation of the applied
magnetic fields. For simplicity in the present discussion, we have introduced only
a single parameter; namely, the axial magnetic field phase shift ¢(z) = ¢, = const.

4. The applied magnetic fields B;'(z) and B,(z) (or their optimized versions from
Step 3) are applied to the trial electrode geometry G* in a numerical simulation
routine such as the 3D OMNITRAK code. Both the particle trajectories and the
electrostatic potentials are computed self-consistently with the specified electrode
geometry G", including the effects of the anode hole and the applied magnetic
fields B.'(¢) and B,'(z). We use the results of the simulation to obtain an
improved estimate of the electrostatic potentials on the beam axis and denote
them as ®p(z) and @y (z).

5. If the “t2” potentials ®g(z) and @ (z) are sufficiently similar to the “t1”
potentials @y(z) and ®,'(z), we conclude that we have obtained a self-consistent
solution to the matched beam through the transition region. If the potentials are
significantly different (the specific criterion depends on the application at hand
and the beam quality desired), we may proceed iteratively in order to approach a
solution by returning to Step 2 and using ®g(2) and @ (z) to computed an
improved version of the applied magnetic fields B;’(z) and B;*(z).

The semi-analytic technique outlined above should be contrasted with the
conventional approach to the beam matching problem which requires iterative
modifications and  optimizations of a 3D electrode geometry, i.e.,
(G“ >G2 5G% > ...G"‘). The conventional approach amounts to a high-dimensional
optimization process which relies on a computationally-intensive simulation routine to
evaluate the merit of each modification. Such a process quickly approaches the limits of
what can be achieved in a reasonable computation time.

The conventional approach does have occasional utility, since it is the only way a
particularly desired electrostatic potential can be achieved. Moreover, if large

nonparaxial effects are observed in a simulation, electrode geometry modifications may



130

be necessary in order to eliminate them, which may require one or two simulation runs.
However, once it has been established that a particular electrode geometry supports a
paraxial field distribution, no geometry modifications are necessary in the semi-analytic
solution method outlined above. Because the geometry is held fixed in the iterative
scheme, and because the numerical optimization occurs over a directly integrable
equation (not a computationally intensive 3D simulation), the semi-analytic process
converges extremely quickly. Indeed, in the next section, we apply this technique to
obtain a satisfactory solution after only two iterations.

6.2.4 6:1 Elliptic Beam Matching Example

Let us consider the matching of a 6:1 elliptic electron beam of constant envelope semi-
axes @y, =0.373cm and b, = 0.062cm propagating with current I =0.11A. The beam
is emitted from a space-charge-limited, parallel-flow, elliptic electron diode with diode
length d =0.411cm and cathode potential ®,(0)=—-2290 V (see discussions in Section
4.4.4). It is injected into a grounded, rectangular beam tunnel of width 10.74 mm and
height 7.0 mm. We choose a longitudinal magnetic period of length S =1.0cm and a
reference length of 1 =5, . In the following, we apply the semi-analytic beam matching
technique discussed in Section 6.2.3.

The diode electrode geometry is that discussed in Section 4.4.4.1 while the beam
tunnel geometry is that discussed in Section 5.7.1. The two regions are connected by
adding a quasi-elliptical aperture to the anode in order to extract the beam (see later in
Figure 6.5). The axial electrostatic potential ®,(z) then smoothly varies from the
Child-Langmuir form near the cathode to a constant value of ®, = -70V in the beam
tunnel, which is obtained from the OMNITRAK simulation results presented in Section
5.7.1. Here, ®,, = -70 is the voltage depression at the beam axis due to space charge.

We construct a trial function ®f, for the axial potential which varies smoothly
between the Child-Langmuir and constant behavior. Because this process converges so
rapidly, the results which follow are largely independent of the trial function chosen. In
fact, one simple way of obtaining a trial function is simply to perform an OMNITRAK
simulation without any applied magnetic fields in the transition region. The beam will
likely lose confinement or undergo large envelope oscillations, but we can extract the
axial potential information from the OMNITRAK simulation, regardless.

The electrostatic quadrupole potential (I)Q(z) is zero in both the Child-Langmuir
limit of Section 4.4.4.1 and the coasting beam limit of Section 5.7.1, therefore we choose
a vanishing trial function ®, =0.



131

Adopting the trial functions @ and @, and making use of Eqgs. (6.3) and (6.7),
we obtain the applied magnetic fields B;' and By .

Employing the applied magnetic fields B;' and By [with @(z) = 0, by default] in
an OMNITRAK simulation of the beam system, we obtain a refined measurement of the
on-axis electrostatic potential ®2(z), as shown in Figure 6.1. The refined measurement
of the quadrupole electrostatic potential (Dg(z) is zero, to within the numerical error of
the simulation.

Adopting the trial functions ®f and ®; and making use of Egs. (6.3) and (6.7),
we obtain the updated applied magnetic fields Bf* and Bg.

Given the electrostatic potentials @ and ®, the magnetic fields B;* and B,
and the initial conditions for the beam at the emitter (parallel flow, negligible
emittance, zero twist angle, beam envelope semi-axes given by the elliptic cathode size),
we integrate the envelope quantities forward through the diode and beam tunnel using
Eq. (2.104). Performing a simple 1D optimization, we choose a value for the phase shift
of ¢(z) = ¢, = —0.16rad in order to minimize envelope oscillations.

In Figure 6.2, we show a plot of the beam envelope semi-axes a and b of the 6:1
elliptic beam over four longitudinal magnetic periods (4S =4.0cm), though the diode
and beam tunnel. Note that the envelopes are not exactly constant, which is largely
attributable to the fact that the condition S << §,, is not strictly satisfied, as both
lengths are of the same order (1 cm). This limitation can be overcome by the inclusion
of additional parameters in the applied field description. Naturally, this complicates the
optimization process, but is still vastly simpler (and more computationally tractable)
than optimizing a 3D geometry. For the present didactic purposes, we utilize only the
single parameter optimization over the phase shift ¢(z) = ¢, of the axial magnetic field.

The optimized applied magnetic fields B;> and By [with ¢(z) =@, = —016rad], are
plotted in Figure 6.3 and Figure 6.4, respectively. Note that the magnetic fields achieve
their largest values in the vicinity of the anode hole at z =0.411 cm, where they must
counteract the defocusing electrostatic forces near the anode hole.

We employ the applied magnetic fields Bf> and B [with ¢(z)=g@, =-016rad] in
the second-iteration OMNITRAK simulation of the beam system. Particles are emitted
from a space-charge-limited diode and tracked over four axial magnetic periods
(48 =4.0cm). The resulting particle trajectories and electrostatic equipotentials are
shown in the plane (y-2z) in Figure 6.5 and in the plane (z-z) in Figure 6.6. A 3D
perspective view of the simulation region and trajectories (with the anode and beam
tunnel not shown, for illustrative purposes) is shown in Figure 6.7. It is apparent from
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the simulation results that the beam is well confined and the beam envelope semi-axes
are nearly constant.

The beam behavior shown in Figure 6.7 is quite remarkable considering that
extensive 3D optimization has not been performed. Only two iterations and a simple
one-parameter optimization of a directly integrable equation are necessary in order to
produce this result.

We also note that this beam injection matching technique may be used with the
positions of the coasting region and accelerating regions reversed in order to design a
high-efficiency, single-stage depressed collector. The collector electrode (essentially, a
mirror image diode) is held at a potential negative with respect to the beam tunnel (for
electrons), thereby a high-quality, laminar charged-particle beam is focused while it is
decelerated such that it impinges on the collection electrode with nearly zero velocity.
Much of the beam kinetic energy can thereby be recovered in the form of a current that
can be used to drive a load, including, perhaps the current used to drive the beam
formation diode, itself. Such a depressed collector reduces the input energy required to
operate a beam device, increasing its efficiency.
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Figure 6.1: Plots of the on-axis electrostatic potential ®{(z)
(solid curve), the Child-Langmuir potential ® oc z%* (dashed
curve), and the depressed potential limit ®{2 = -70V (dotted
line) versus the axial coordinate 2z in the second iteration of
the 6:1 elliptic beam matching calculations.
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6.3 Beam Compression

6.3.1 Overview

Beam tunnels in microwave devices are often limited in size in order to prevent the
propagation of undesired electromagnetic modes. At the same time, high current
charged-particle beams must propagate in these tunnels in order to produce significant
power levels of microwave radiation. This requires the use of beams with high current
densities, however cathode emission current densities are limited. Beam systems for
microwave devices therefore often make use of some form of beam compression.

The conventional approach to beam compression relies on the construction of a set
of diode electrodes which supports a converging-flow (rather than a parallel-flow) beam.
While we have solved the inverse problem for the design of electrodes which self-
consistently support a parallel-flow elliptic beam in Chapter 4, no such solution is
known for a converging-flow elliptic beam. This remains a topic for future work in this
area.

An alternative to electrostatic compression in the diode is magnetic compression of
a coasting beam, which we present here. In Section 6.3.2, we use the methods of
Chapter 3 to relate the desired envelope of the beam system to the required confining
magnetic fields. In Section 6.3.3, we present an example of beam compression

calculations for a 6:1 elliptic electron beam.

6.3.2 Applied Magnetic Fields in the Transition Region

We consider a space-charge-dominated, large-aspect-ratio elliptic beam which propagates
with a constant cross-section in one region, passes through a transitional region in
which its cross-section changes, and then once again propagates with a constant cross-
section in a third region. In most cases of interest, compression or expansion of a beam
through the transition region will not result in a significant change in its axial
electrostatic potential ®, . To first order, we assume ®,, is constant (i.e., the coasting
beam approximation).

Outside the transition region, we have already inverted the problem to determine
the appropriate applied fields and electrode geometries (see Chapter 5). Because we
assume a space-charge-dominated beam, emittance effects are negligible [16] [27] [28]
and the beam takes a cold-fluid form in which fluid elements follow single particle

trajectories in the transition region. If the transition occurs over a characteristic scale
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length S, (see Section 3.1), we can use the methods in Chapter 3 to model the beam
behavior in the transition region. Moreover, if we assume the beam is non-twisting with
[l <<1 and specify the desired beam envelope semi-axes @, (z) and b, (z), the fluid
element trajectories will be self-similar, i.e.,

36) _ 3)
) 7 ) (62)
y(E) _ gdes(z) (6.9)

7)) bu(z)

Since the beam propagation solutions obtained on either side of the transition
region are obtained in the small residual quadrupole field regime in Section 3.4.7, we
search for a solution in the transition region which is also in this regime. Under such

circumstances, Eq. (3.66) implies

dp, ay( 4 o 52 1 {+ a
—v _Ad|_= _ZARB*.0 = b — ] .10
dz B \abpy? y ° S, W+ b Py (6.10)

We take an axial magnetic field of the form
B.6)- B@)sin 25 + o5)) (6.11)

where ¢(Z) is a parameter that represents a slowly-varying phase shift of the axial
magnetic field, and the amplitude B, varies slowly on the length scale S,, with
S << 8,,. If we now perform a local average of Eq. (6.10) over the magnetic oscillation

wavelength S, we find

B\ _ag( A 4B’ [ 1 [7,. 8
(lﬁ) ; (Eb_ﬂyz : 2] o(§d2<byﬁ+b.ﬂy>). (6.12)

where the angle brackets denote the local average. Equation (6.12) is satisfied by

choosing
Bre_SL__26(B,\ (6.13)
abafy a7y \dz

which can be expressed using Egs. (3.39) and (6.9) as
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B?= __87 - 2’;2_/’2 d@s. (6.14)
abofy @b, dz

Equation (6.14) specifies the form of the matched axial magnetic field E in the

transition region in terms of the desired beam envelope semi-minor axis b, (7).
Similarly, we obtain the quadrupole magnetic field FQ using Egs. (3.17) and (3.18)

in the limit & — 0, which yields

;. . =

- 2_
= - B,+=0, - . 6.15
e .

Performing a local average of Eq. (6.15) over the magnetic oscillation wavelength S, we
find

= 2 47
i B +=0®, - — , 6.16
dz? * ( @ g0 EiE+bE2y2] (6.16)

T 2
B, = — -=¢, - L —ds 6.17
*“a@+bpy: B ¢ aa d7’ (6.17)

Equation (6.17) specifies the form of the matched quadrupole magnetic field EQ in the
transition region in terms of the desired beam envelope semi-major axis @, (Z) and the

electrostatic quadrupole potential ?ﬁQ.

6.3.3 6:1 Elliptic Beam Compression Example

Let us consider an elliptic electron beam with current I =0.11A and axial velocity
v, =0.094c propagating through a grounded, rectangular beam tunnel of width 10.74
mm and height 7.0 mm. In this example, the external quadrupole electrostatic potential

vanishes, i.e., ®, =0. Choosing a reference length 1 =0.062cm, we ask the beam

envelope semi-axes to take the forms

2,.(2) = E,B - %tanh(i - 3)} (6.18)

b (2) = E,B _ %tanh(v—zg- _ 3]} (6.19)
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where the final beam envelope semi-axes are a;=A4a;, =0.187cm and
b, =M;f =0.031cm, and we choose a longitudinal magnetic period of length
S =18 =1cm and a steepness parameter v = 1.5.

Making use of Egs. (6.18) and (6.19), the desired beam envelope semi-axes a,_(z)
and b,_(z) are plotted in Figure 6.8 as solid curves and correspond to beam compression
by a factor of two in each transverse dimension through the transition region, i.e., an
area compression ratio of 4:1. Note that we could equally well choose different
compression factors in each dimension simply by choosing different parameters in Egs.
(6.18) and (6.19).

We can obtain expressions for the applied magnetic fields in the transition region
by using Egs. (6.18) and (6.19) in Egs. (6.14) and (6.17), yielding

2 _ o 2 _
8T oy tanh(vg 3)sech (vg 3)

Fi(z)= 5y _ , (6.20)
abofy av'S 3 _ltanh(—z_— —3)
2 v
_ tanh| - — 3 |sech?( = - J
B._ 4 B - (vS )Sec ("S (6.21)
Q E(E-Fb}%’? ay’S* -g——%tanh(i——3]
v

We make use of Egs. (6.20) and (6.21) to plot the applied magnetic fields B, and
B, over 10 axial magnetic periods (10 cm) in Figure 6.9 and Figure 6.10, respectively.
Note that in determining the axial magnetic field in Figure 6.9, we have not performed
any optimization over the phase shift parameter ¢; we have simply used its default
value of ¢ =0.

Given the applied magnetic fields of Figure 6.9 and Figure 6.10 and the entrance
conditions for the beam [parallel flow, negligible emittance, zero twist angle, semi-axes
given by Egs. (6.18) and (6.19)], we can integrate the envelope trajectories forward
through the beam tunnel using Eq. (2.104). In Figure 6.8, overlaid with the desired
semi-axes a,(z) and b,(z) (solid curves), we have plotted the integrated semi-axes a(z)
and b(z) (dashed curves) of the 6:1 electron beam over ten longitudinal magnetic
periods (10 cm). Note that while we see some mismatch oscillation, the overall behavior
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is as expected. Further numerical optimization can certainly be performed to decrease
the oscillation amplitude.

We employ the applied magnetic fields Figure 6.9 and Figure 6.10 in an OMNITRAK
simulation of the beam system. Particles enter the simulation region with the prescribed
initial conditions [parallel flow, negligible emittance, zero twist angle, semi-axes given by
Egs. (6.18) and (6.19)] and are tracked over 10 axial magnetic periods (10 cm). The
resulting particle trajectories and electrostatic equipotentials are shown in the plane
(y —z) in Figure 6.11 and in the plane (a: - z) in Figure 6.12. A 3D perspective view of
the simulation region and trajectories (with the beam tunnel suppressed, for illustrative
purposes) is shown in Figure 6.13. It is apparent from the simulation results that the
beam behavior is consistent with the envelope code results, showing beam compression
in both transverse dimensions and the residual mismatch oscillations.

We note that this beam compression technique can also be reversed to accomplish
beam expansion, such as may be needed in a collector in order to reduce the beam

power density deposited on a collection surface.
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Figure 6.8: Shown in solid curves are the desired beam
envelope semi-major and semi-minor axes a,(z) and b, (2)
of the 6:1 electron beam plotted as the beam undergoes
compression by a factor of two in each dimension over 10
longitudinal magnetic periods. The dashed curves correspond
to the beam envelope semi-major and semi-minor axes af(z)
and b(z) computed using the applied magnetic fields in
Figure 6.9 and Figure 6.10.
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7 Conclusion

In this thesis, we have attempted to provide a new perspective on elliptic charged-
particle beam problems. We presented, in Chapter 2, a unified paraxial model of steady-
state elliptic charged-particle beams, bridging the existing gap between the accelerating-
beam Child-Langmuir [29] theory and numerous models of coasting beam dynamics. We
describe the evolution of the elliptic beam particle distribution function through the
matrix differential equation (2.104). In later chapters, as we integrate Eq. (2.104) to
determine the evolution of the elliptic beam for several examples, we find results
consistent with those produced by the much more numerically intensive 3D simulation
code OMNITRAK [38].

We have also emphasized the analytic inverse approach to charged-particle beam
problems in this thesis. In Chapter 3, we were able to use this approach to analyze
single-particle behavior in elliptic beams, obtaining constraints on the applied fields in
various regimes (as identified in Section 3.4), each corresponding to different
components of a beam system: the beam-forming diode, the transitional matching
section, and the coasting beam transport lattice.

Similarly, in Chapter 4, we obtained a novel relativistic generalization of paraxial,
elliptic beam Child-Langmuir [29] flow in Eq. (4.3). Taking the nonrelativistic limit, we
were able to solve the inverse problem analytically, obtaining Eq. (4.33) for the external
equipotentials (i.e., electrode surfaces) consistent with Child-Langmuir [29] beams of
elliptic cross-section. In Section 4.4, we showed that 3D OMNITRAK [38] simulations
incorporating the analytically-specified electrode surfaces robustly produce near-ideal
beams, providing independent confirmation of the theory.

In Chapter 5, we used a perturbative approach to solve an inverse problem
determining the applied fields and entrance conditions that self-consistently support a
parallel-flow, coasting, space-charge-dominated, large aspect-ratio elliptic beam.
Numerical integrations of the beam distribution using Eq. (2.104) and OMNITRAK [38]
simulations both confirm the analytic solution.

Finally, in Chapter 6, we presented semi-analytic inverse techniques to obtain the
applied fields necessary in order to confine elliptic beams in transition regions. Examples
were worked for a beam-matching situation between an elliptic beam diode and
transport channel and for a compressing beam scenario. In each example, numerical
integration of the beam distribution using Eq. (2.104) and OMNITRAK [38] simulations

produced consistent results.
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These results, taken together, suggest means of improving the quality and
increasing our control of high-intensity elliptic charged-particle beams. We have
discussed a few applications of these techniques for particle accelerators and microwave
tubes, but there are a plethora of other potential applications, such as industrial
processing and radiation therapy, which could stand to benefit from such improvements
in beam systems. In general, we believe that the analytic inverse approach is a more
rational approach to charged-particle beam problems than the traditional brute-force
numeric techniques, particularly for 3D problems. While we harbor no pretensions that
numeric techniques can be fully supplanted by analytic ones, we are confident that
future work in this area will produce powerful new analytic-numeric hybrid algorithms
that will enable finer control of higher-quality beams while providing new insights and

opening new applications for their use.



Appendix

A Elliptic Projections

A.1 Overview

Equation (2.105) describes the 2D ellipse obtained when the 4D hyperellipsoid defined in
Eq. (2.100) is projected into a 2D subspace (z,,z,) where z,,z, € (z,9,p,, py). In order to
prove that Eq. (2.105) properly represents the projected ellipse, we begin with a
geometric description of projection for a low-dimensional case in Appendix A.2. In
Appendix A.3, we perform an analogous projection operation to obtain a 3D ellipsoid
from a 4D hyperellipsoid, and in Appendix A.4, we perform another projection to reduce
the 3D ellipsoid to a 2D ellipse.

A.2 1D Projection of the 2D Ellipse

We write the matrix equation for an ellipse in a 2D space (z,,z,) as

1=, C (A1)
where
z
Lo = (ml} (A.2)
2
and
C= (Cu 012). (A.3)
- C‘12 022

We expand Eq. (A.1) as

1=C,z’ +2C,z,2, + Cpr,’ . (A.4)
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Figure A.1: The solid line corresponds to the 2D ellipse
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Let us illustrate the fact that Eq. (A.4) represents an ellipse by graphing it for the
specific case of C,;, =1, Cyp, =6, and C,, =-2 in Figure A.1. In Figure A.1, the solid
curve describes the shape of the 2D ellipse defined by Eq. (A.4), while the dashed lines
graphically project this 2D ellipse into the 1D subspace of z,. The 1D projection is
bounded by a perpendicular projection of the extremal points of the 2D ellipse onto the
z, -axis.

Just as a 2D ellipse is a curve which bounds a 2D area, a 1D ellipse is a pair of
points which bounds a 1D line. The projection of the 2D ellipse defined by Eq. (A.4)
into the subspace of z, is bounded by a 1D ellipse. In order to derive the equation for
the 1D ellipse, we note that the extremal values of z, on the 2D ellipse are obtained
where dz, /dz, =0, with the derivative being taken along the elliptic curve. Therefore,
implicitly differentiating Eq. (A.4) to obtain

0 = 2C,,z,dz, +2C,,(z,dz, + z,dz,) + 2C,,z,dz, , (A.5)

and setting dz, =0 in Eq. (A.5), we obtain the equation for the extremal points on the
2D ellipse,
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C
T, = __C'ixl . (A.6)

Substituting Eq. (A.6) into Eq. (A.4), we find the equation for the 1D ellipse that
bounds the projection of the 2D ellipse defined by Eq. (A.4) into in the z, subspace,

ie.,

2 -1
z? = (Cu - %'12 J . (A.7)
22

With the example parameters of C,, =1, C,, =6, and C,, =-2, Eq. (A.7) implies that
the points z,° = 3 bound the 1D ellipse, as shown in Figure A.1.

A.3 3D Projection of the 4D Hyperellipsoid

By analogy to the 2D to 1D projection of Appendix A.l, we can make a 4D to 3D
projection of a hyperellipsoid by looking for extrema in the values of three of the
coordinates on the hyperellisoidal surface. Let us first define the 4D hyperellipsoid
through the equation

1=2"-L-x, (A.8)
where
I
T.
y=]"7|, (A.9)
T3
Ty
L, L, L, L,
p-| b Lo Ln L (A.10)
= L13 L23 L33 L34
L14 L24 L34 L44
We expand Eq. (A.8) as
1= L11$12 + L223722 + L:;:;x:;2 + 1"44‘7742 (A.11)

+2L,7,7, + 2L,,2,2, + 2L,,2,7, + 2L,y,%, + 2Ly, 7,7, + 2Ly 737, ,
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which we then implicitly differentiate to yield

0=2L,zdz, +2L,z,dz, + 2Lyz,dz, + 2L,,2,dz,
+2L,(z,dz, + z,dz,) + 2L,,(z,dz, + 2,dx, )+ 2L, (z,dz, + z,dz,) (A.12)
+ 2L, (z,dz, + z,dz, ) + 2L, (z,dz, + z,dz,) + 2Ly, (z,dz, + ,dz,).

To project the 4D hyperellipsoid defined by Eq. (A.11) into the subspace
(xl,x2,$3), we find the extremal points in these coordinates by setting
dz, =dz, = dz; =0 in Eq. (A.12). In this case, we find

1
Ty = —L—(lelwl + Ly, + L34x3), (A.13)

44

which we substitute into Eq. (A.11) to obtain the equation for the 3D ellipsoid that
bounds the projection of the 4D hyperellipsoid defined by Eq. (A.11) into the subspace

(xl,xz,m3), i.e.,
L44 = (L11L44 - L142 }”12 + (L22L44 - [’242 }522 + (L33L44 - L342)E32 (A.14)
+ 2(L12L44 - L, L, )xle + 2(L13L44 - Ly, Ly, )'51353 + 2Ly Ly — Loy Ly, )"525’;3 .

A.4 2D Projection of the 3D Ellipsoid

The 3D ellipsoid of Eq. (A.14) can be further projected into the 2D subspace (z,,z,).
We first implicitly differentiate Eq. (A.14) to obtain

0= 2(L11L44 - L142 }Cldwl + 2(L22L44 - L242 }%d% + 2(L33L44 - L342 )rsdxs
+ 2(L12L44 - L,L, Xxldx2 + $2d-771) + 2(L13L44 - L,L, Xxldxii + $3d-'171) (A.15)
+ 2(L23L44 — Ly, Ly, Xx2d$3 + xsd-%)'

Setting dz, = dz, =0, Eq. (A.15) implies

2, = (L14L34 - L13L44)IL‘1 + (L24[2’34 - L23L44)I2 , (Alﬁ)
L33L44 - L34

which we substitute into Eq. (A.14) to obtain
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L142L33 - 2L13L14L34 + L11L342 + L132L44 — L11L33L44 T 2

1=
L342 - L33L44 '
+2 L14L24L33 - L14L23L34 - Llsémf‘sj Z LizLaz + L13L23L44 - L12L33L44 T, ( A.17)
34 3344
+ L242L33 - 2L23L24L34 + [’221;342 + L232L44 - L22L33L44 z 2 .
L342 - L33L44 ?

Equation (A.17) is the 2D ellipse boundary of the projection of the 4D hyperellipsoid
defined by Eq. (A.11) into the subspace (z,,z,).

Recalling Eq. (2.100) and comparing it to Eq. (A.8), we make the identification
L=M", (A.18)

which allows us to relate the elements L; to the elements M. Making use of Eq.
(A.18) to rewrite Eq. (A.17) in terms of the elements of M, we find, after considerable
simplification,

1= My, .0 —2 My, > My, z, (A.19)
M11M22 - M12 M11M22 - M12

which is identical to Eq. (2.108), or, equivalently, Eq. (2.105).

B Envelope Quantities

The matrix equation (A.1) describes an ellipse in the 2D space (z,,z,). If this ellipse is
also described by Eq. (2.111), we can equate the coefficients to obtain

cos’@, sin’@
C,= yu 2+ B 2, (B.20)
1(1 1).
Cl2 = E(F - ?)sm(%’n), (le)
s a2 2
c, = sin® 0, | cos 0, . (B.22)

If this same ellipse is also described by Eq. (2.105), then we know that

M, =C", (B.23)

==12 =
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and we can relate the elements of matrix Mlz to the elements of matrix C through

C
M, =—2 B.24
B 011022 - 0122 ( )

C
M,=——-2 B.25
" 011022 - C122 ( )
Gy (B.26)

2 = 2
011022 - 012

Combining Egs. (B.20), (B.21), and (B.22) with Eqgs. (B.24), (B.25), and (B.26), we
obtain, after some simplification, Eqgs. (2.112), (2.113), and (2.114).

The inverse relations for the envelope quantities are obtained with the quadratic
form methods presented in Korn and Korn [56]. Equation (A.1) is a quadratic form

representing an ellipse whose semi-axes A and B (B < A), and twist angle 6,, are given
by

w-1 (B.27)
172
B = 1"2%" , (B.28)
172
tan26, = 2— 1 (B.29)

11" VY22

where 4, and 4, (1, <4,) are the eigenvalues of the matrix C.
From Eq. (B.23), we have

C,=— M (B.30)
M11M22 - M12
M
C,=- 12 , B.31
. M11M22 - ]Mm2 ( )
c, =— M (B.32)

M11M22 - M122 ’
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which, combined with Egs. (B.27), (B.28), and (B.29), yield Egs. (2.115), (2.116), and
(2.117).

C Negligibility of Perturbed Trajectory Term

We neglect a term proportional to déZ,/dz in Eq. (5.43) in order to integrate the
equation and solve for ¢y, , and here we demonstrate the validity of that approximation.
For this term to be negligible compared to the other driving term, we require [referring
to Eq. (5.43)]

aJ.EO _E_ dafz

kyB Ef dz <<

- @%)* (C.33)

des

aB,( r k?
1-—- _}: 0 m
a-r) 4B

1-r K

Using Eq. (5.96) to specify ddZ,/dz , this implies

B1E%( 16 r BB
PO (0-5-_‘"& <«<|1-r, i | (C.34)
k() a’des - rm k() ades
which simplifies, using Egs. (5.63), (5.76), and (5.79) to
b ko' 1 ok 16 K boes o’
es 0 4 =04 des 0| . e C.35
k& a’-des k4 2 " k4 8 Edesz k4 k& a‘.desz k2 ( )

where we have retained the lowest-order terms.

Each term on the left-hand side of Eq. (C.35) is dominated by a term on the right-
hand side if we make use of Egs. (5.5), (5.12), and (5.46). The inequality only fails when
the term on the right vanishes, i.e., conservatively, when

2
es

2

2

es

2

S
Kal

=
=

(C.36)

CEEY
8

<7, <

N[
8|

'des des

If the magnetic field aspect ratio 7, is outside the range given in Eq. (C.36), the term
proportional to déZ,/dZ in Eq. (5.43) is negligible.
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