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Lecture 29: Brownian Motion, Brownian Bridge, Application of Brownian Bridge, 
Kolmogorov-Smirnov Test 

Definition 1. Xt for t ≥ [0,∨) is a Brownian motion if Xt is sample continuous 
EXt = 0, cov(Xt, Xs) = min(t, s) 

Existence 

From finite-dim distribution, Gaussian.

Prove sample continuous.


About sample continuity:


Xt, EXt = 0, EXtXs = min(t, s)
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1 1 1 12 2 2→ → xx x c 
e− e− e−N (0, 1)(c,∨) = dx dx =∼

2α 
2 ∼

2α 
2 ∼

2α 
2 ↓ 

c cc c 

21 c 
2c > ∼

2α 
� (*) ↓ e− 

1 �
2� 

)2 2 c 
2c < ∪1

2� 
� N (0, 1)(c,∨) ↓ N (0, 1)(0,∨) = 1 e

− 2 ( 1 

= e−2 ↓
s < t, Xt −Xs ∪ N (0, t− s) 

E[Xt −Xs]
2 = t + s− 2s = t− s 

1 
Xt, t ≥ [0, 1], n ≤ 1, Vk = X k+1 −X k , k = 0, ..., 2n − 1, var(Vk ) = 

2n 2n 2n 
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n �→
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Xt(n) −Xt(n−1) ≥ {0, Vk, k = 0, ...} 

tj tj
, tj = 0, 1, 2, ... t(n) = t = 

2j 2j 

a.s.
Xt(n) = 0 + Xt(1) + (Xt(j) −Xt(j−1)) Z−↑ t 

2 n←j←

Zt = Xt for dyadic t 

Since Zt agrees with Xt on a dense set of t, sufficient to show Zt continuous: 

1 
take n0(η) s.t. for n ≤ n0(η), sup Vk 

n2 
k 
| | ↓ 

σtake t, s, t− s 2−n � t(n) = 2
k 
n , s(n) = k − γ2n ,| | ↓ | | ≥ {0, 1} 

1 
Xt(n) −Xs(n) Xt(n) −Xs(n)

n2
| | ≥ {0, |Vk|} � | | ↓ 

Zt − Zs Zt −Xt(n) + Xt(n) −Xs(n) + Xs(n) − Zs (Zt defined as limit of Xt(n))| | ↓ | | | | | |
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—————

Definition 2. Bt, t ≥ [0, 1], is a Brownian bridge if Bt is Gaussian, EBt = 0, EBtBs = s(1 − t), s < t and 
Bt continuous. 

Example. 

Bt = Xt − tXT is a Brownian bridge, Xt is Brownian motion. 
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s < tEBsBt = E(Xt − tX1)(Xs − sX1) = s− st− ts + st = s(1 − t)


Notice B0 = B1 = 0 ∞ motivation for the name “bridge”


Applicatin of Brownian bridge


u1, ..., un iid, uniform on [0, 1]

n 

1 � LLN
Empirical cdf � True cdf, I(ui ↓ t) t) = t 

n 
−↑ P(ui ↓

i=1 

Convergence rate: 
⎫

1 �n ⎬
For each t, Xn,t = 

∼
n 

n i=1(I(ui ↓ t) − t ↑ N (0, t(1 − t)) 

Xn,t random process, as n ↑∨, Xt ?↑ 

For finite t’s - F 

in law 
(Xn,t)t≤F t)t≤F−↑ (B

Check: EXn,tXn,s = E(I(ui ↓ t) − t)(I(uk ↓ s) − s) = s− ts− ts + ts = s(1 − t) 

So Brownian bridge is the limit of the empirical distribution. 

——————– 

Kolmogorov-Smirnov test 
n 

1 � 
F (t) = P(x ↓ t), Fn(t) = I(Xi ↓ t) 

n 
i=1 

in dist � 1 � � 
sup 
∼

n Fn(t) − F (t) ===== sup 
∼

n � I(ui ↓ t) − t� 
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| | 
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If F - continuous, I(Xi ↓ F−1(y)) = I(F (Xi) ↓ y) br 

=ui 

↑	 sup Bt test if data from F or not 
t≤[0,1] 

| | 

) - complete separable space (C[0, 1], || · ||→
Consider (C[0,∨), ?) 

� 1 dn(f, g)
C([0,∨)), dn(f, g) = sup f(x) − g(x) , d(f, g) = 

0 x n 
| |

2n 1 + dn(f, g)← ←
n√1 

meaning: d(fj , f) ↑ 0 iff dn(fj , f) 
j∗→

n−↑ 0 ⇔
so d metrize the space. 

(C([0,∨)), d) - complete separable space 

e.g. completness, Cauchy sequence � Cauchy sequence in each dim 
same for separable 

- laws on (C([0,∨)), d){Pn}n√1 

Pn - uniformly tight, i.e. ⇔ω�K - compact in C([0,∨)), ⇔n Pn(K) > 1 − ω↑ P � {Pn} 
- uniformly tight on complete separable space {Pn}

⊆ totally bounded in π, � 
⊆ for any subsequence of Pn, there exists a converging subsequence 

To prove convergence, only need to prove convergence of finite-dim distributions, the rest is to show uniform 
tightness. 

Theorem (Arzela-Ascoli). K - compact in (C([0,∨)), ν) ⊆ K - closed and K uniformly bounded and 
equicontinuous on each [0, n] 


