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Abstract

In this thesis, we study the problem of efficiently scheduling users in a multi-antenna
Gaussian broadcast channel with M transmit antennas and K independent receivers
each with a single receive antenna. We first focus on a scenario with two transmit
antennas and statistically identical users, and analyze the gap between the full sum
capacity and the rate that can be achieved by transmitting to a suitably selected pair
of users. In particular, we consider a scheme that picks the user with the largest
channel gain, and selects a second user from the next L — 1 largest ones to form
the best pair, taking the orientation of channel vectors into account as well. We
prove that the expected rate gap converges to 1/(L — 1) nats/symbol when the total
number of users K tends to infinity. Allowing L to increase with K| it may be deduced
that transmitting to a properly chosen pair of users is asymptotically optimal, while
dramatically reducing the feedback overhead and operational complexity. Next, we
tackle the problem of maximizing a weighted sum rate in a scenario with heterogeneous
user characteristics. We establish a novel upper bound for the weighted sum capacity,
which we then use to show that the maximum expected weighted sum rate can be
asymptotically achieved by transmitting to a suitably selected subset of at most MC
users, where C denotes the number of distinct user classes. Numerical experiments
indicate that the asymptotic results are remarkably accurate and that the proposed
schemes operate close to absolute performance bounds, even for a moderate number
of users.
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Title: Associate Professor
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Chapter 1

Introduction

The use of wireless communications for data as well as voice applications continues to
experience tremendous growth. This continual growth creates an increasing pressure
to squeeze the most out of the limited amount of wireless spectrum available. The use
of antenna arrays offers a promising technique for improving spectrum efficiency so
as to achieve higher data rates, larger capacity, better coverage, or a combination of
these. The increase in data rates is of vital importance for enabling high-speed data
applications in wireless environments. In dense urban areas where cell splitting and
sectorization may have reached practical limitations, the capacity gain (supporting
more users) is particularly relevant. The increase in coverage (installing fewer base
stations) is especially attractive for service providers seeking to enter the market at

an affordable capital investment.

The multi-antenna broadcast channel (BC) has been the subject of much research
interest recently, owing primarily to the impressive capacity benefits that these sys-
tems can potentially offer. In order to achieve the full performance gain in any multi-
antenna system, it is crucial that there be enough separation between the antenna
elements in an array. Clearly, it is easier to realize this physical separation at a base
station than on a mobile handset. Also, the incremental cost involved in setting up
multiple antennas at a base station may be negligible compared to the total capital
and operational costs. Thus, on the downlink from the base station to the mobile,

it is easier to have multiple transmit than receive antennas, whereas the opposite is
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true for the uplink.

In this thesis, we consider the downlink transmission from a single base station
equipped with M > 1 transmit antennas to K independent data users each with
a single receive antenna. In information-theoretic terms, this may be modeled as a
multi-antenna broadcast channel (BC). Caire & Shamai [3] were the first to obtain the
sum capacity expression for the Gaussian BC with two receivers, and to suggest the
use of Dirty Paper Coding (DPC) [4] for transmitting over this channel. Viswanath
& Tse [26] and Vishwanath et al. [25] extended the result for the sum capacity to
an arbitrary number of users and receive antennas by exploiting a powerful duality
relation with the multi-access channel which was further explored in Jindal et al. [12].
Recently, Weingarten et al. [30] showed that DPC in fact achieves the full capacity
region of the multi-antenna Gaussian BC, thus providing a characterization of the
entire capacity region.

Various researchers have investigated the sum capacity gains achievable in the
above-described system by simultaneously transmitting to several users. In particular,
Jindal & Goldsmith [10] show that the sum capacity gain over a TDMA strategy is
approximately min{M, K}, i.e., the minimum of the number of transmit antennas and
the number of users. Jindal [8] demonstrates that the sum capacity grows with the
SNR at rate min{M, K'}. In other words, multiple transmit antennas can potentially

provide an M-fold gain in the sum capacity.

The above capacity results rely on the assumption that perfect channel state
information is available at the transmitter, which usually involves feedback from the
receivers. The amount of feedback overhead involved may be prohibitive, especially
when the number of users is large, or just not be worth the actual gain in rate. In
addition, DPC is quite a sophisticated technique and challenging to implement in an

actual system.

Motivated by the above issues, extensive efforts have been made to devise practical
transmission and coding schemes and find ways to reduce the amount of channel

feedback information required. Hochwald et al. [6, 7] describe an algorithm based on



channel inversion and sphere encoding, and demonstrate that it closely approaches
the sum capacity while being simpler to operate than DPC. Jindal [9] considers a
multi-antenna BC with limited channel feedback information, and shows that the full
sum capacity gain at high SNR values is achievable as long as the number of feedback

bits grows linearly with the SNR (in dB).

As mentioned above, multiple transmit antennas can potentially yield an M-fold
increase in the sum capacity. However, it is necessary that at least M users are served
simultaneously in order to reap the full benefits. Transmitting to fewer than M users
falls short of the maximum rate as it fails to fully exploit the available degrees of
freedom. Transmitting to more than M users may be necessary to achieve the sum
capacity in general, but the upper bound in [10] suggests that transmitting to a
suitably selected subset of M near-orthogonal users is close to optimal. When the
total number of users to choose from is sufficiently large, such a subset exists with
high probability [21, 22].

Clearly, the above principle allows for a reduction of the amount of channel feed-
back and coding complexity. In particular, it suggests beam-forming (BF) schemes
which construct M (random) orthogonal beams and serve the users with the largest
channel gains on each of them with equal power. Transmission schemes along these
lines are presented in Viswanath et al. {27], Sharif & Hassibi [17], and Vakili et al. [24].
Viswanathan & Kumaran [28] proposed fixed-beams and adaptive steerable-beams
schemes grounded on that principle as well. Further related results may be found in
Sharif & Hassibi [18, 19] who derive the asymptotic sum capacity for TDMA, DPC

and beam-forming in the limit where the number of users grows large.

In this thesis, we propose scheduling schemes that transmit only to a small subset
of users with favorable channel characteristics, and provide near-optimal performance
when the total number of users to choose from is large. Extensive numerical experi-
ments reveal that the scheduling schemes in fact operate remarkably close to absolute
performance bounds, even when the number of users is fairly moderate. Since the pro-

posed schemes only transmit to a small fraction of the users, they provide significant



scope for reducing the feedback overhead and operational complexity.

We first focus on a scenario with two-transmit antennas and statistically identical
users, and analyze the gap between the full sum capacity and the rate that can be
achieved by transmitting to a suitably selected pair of users. In particular, we consider
a scheme that picks the user with the largest channel gain, and then selects a second
user from the next L — 1 strongest ones to form the best possible pair with it, taking
the orientation of channel vectors into account as well. We prove that the expected
rate gap converges to 1/(L — 1) nats/symbol when the total number of users K tends
to infinity. Allowing L to increase with K, we conclude that the gap asymptotically
vanishes, and that the maximum expected sum rate is achievable by transmitting
to a properly chosen pair of users. The fact that the rate gap decays as 1/(L — 1)
also suggests that a modest value of L is adequate for most practical purposes. We
remark that our scheme requires full channel feedback (i.e., both magnitude and
phase information) only from the L strongest users. Finding the users with the
largest channel gains can be accomplished using simple thresholding schemes wherein
users with good channel gains feedback quantized versions of the magnitude of their

channel vectors.

Next, we turn our attention to a more general system with M transmit antennas
and heterogeneous user characteristics. For a heterogeneous system, the sum capac-
ity is no longer an appropriate performance metric, because it does not reflect the
potential fairness issues that arise. Hence, we will focus on maximizing a weighted
sum rate, where the users with weaker channels would typically be assigned higher
weights. Leaving fairness considerations aside, maximizing a weighted sum rate is
also of critical importance in so-called queue-based scheduling strategies where the
user weights are taken to be functions of the respective queue lengths. Queue-based
scheduling strategies are particularly attractive because under mild assumptions they
are known to achieve stability whenever feasible without explicit knowledge of the

system parameters, see for instance [15, 20, 23].

Although the sum rate expression for the multi-antenna Gaussian BC and associ-
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ated bounds have been thoroughly investigated, the problem of maximizing a general
function over the capacity region has not attracted nearly as much attention. To the
best of our knowledge, Viswanathan et al. [29] are among the few authors who con-
sider the problem of attaining more general points on the boundary of the capacity
region. In particular, they present an algorithm for finding the power allocation to
achieve any weighted sum rate maximizing point. However, the optimization proce-
dure is computationally demanding, especially for large numbers of users, and requires
perfect channel state information. Lee & Jindal [13] study the problem of attaining
the symmetric capacity, i.e., the maximum rate that can be provided to each of the

users simultaneously.

In this work, we consider a M antenna broadcast system with a user population
that consists of C distinct classes, where each class is assigned a non-negative weight.
In this setting, we derive a generic upper bound for the weighted sum capacity, which
includes as a special case the sum capacity bound in [10]. We then proceed to show
that the upper bound is in fact attained for a particular ‘ideal’ configuration of MC
channel vectors. Finally, we prove that a nearly ideal configuration of such channel
vectors exists with high probability, and that the maximum expected weighted sum

rate can thus be asymptotically achieved, when the total number of users grows large.

The remainder of this document is organized as follows. In Chapter 2, we present
a detailed description of our system model, and review some known information
theoretic results regarding the multi-antenna broadcast channel. In Chapter 3 we
focus on the problem of maximizing the sum rate in a system with homogeneous
users. Chapter 4 tackles the problem of maximizing the weighted sum rate in a
system with heterogeneous user characteristics. In Chapter 5, we present the results
of numerical simulations which indicate that the asymptotic results derived in the
previous chapters are remarkably accurate even for moderate system sizes. Chapter 6

concludes the thesis.
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Chapter 2

System Model and Known Results

2.1 Model description

We consider a broadcast channel (BC) with M > 1 transmit antennas and K receivers

each with a single antenna, as schematically represented in Figure 2.1(a).

Let £ € CM*! be the transmitted vector signal and let by € C'*™ be the channel
gain vector of the k-th receiver. Denote by H = [hihl... hl]" the concatenated
channel matrix of all K receivers. For now, the matrix H is arbitrary but fixed.
We assume that the transmitter has perfect channel state information, i.e., exact
knowledge of the matrix H. The circularly symmetric complex Gaussian noise at
the k-th receiver is ny € C where ny is distributed according to CAV(0,1). Thus
the received signal at the k-th receiver is y, = hix + n;. The covariance matrix
of the transmitted signal is ¥, = E [a:m"] The transmitter is subject to a power
constraint P, which implies Tr(2;) < P. (Here Tr denotes the trace operator, which

is the sum of the diagonal elements of a square matrix.)

2.2 Known information theoretic results

Now we review some known results regarding the capacity region and the sum capacity

of the multi-antenna Gaussian BC.
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Figure 2-1: The multi-antenna BC (left) and the MAC (right) have the same capacity
region.

Let n(k), k =1,...,K, be a permutation of k = 1,..., K. As shown in [25], the
following rate vector is achievable using Dirty Paper Coding (DPC):

1+ A
Ry = lo g( )2k Er() "(’“’) k=1,... K.
1t Ry (X1 W(l))hw(k)

The DPC region is defined as the convex hull of the union of all such rate vectors,
over all positive semi-definite covariance matrices that satisfy the power constraint
S°K  Tr(X) < P, and over all possible permutations m(k). As shown in [3, 30],
DPC in fact achieves the entire capacity region denoted as ¥sc. The weighted sum

capacity Cho(H, P) for any weight vector w € RX can therefore be written as

CBc(H, P) = max wi Ry, = max max Wr(ky lo
Re%gc Z T x>0 Zk 1Tr(Ek)<P; 14+ hﬂ'(k) Zl<k Tl‘(l)) (k)
(2.1)

K (1 + P (k) (2o 1<k Eom( )h’:(k))

Unfortunately, the maximization in (2.1) involves a non-concave function of the
covariance matrices, which makes it hard to deal with analytically as well as numer-
ically. However, in [25, 26|, a duality is shown to exist between the BC and the
Gaussian multiple-access channel (MAC) with a sum-power constraint P. That is,

the dual MAC which is formed by reversing the roles of transmitters and receivers,
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as represented in Figure 2.1(b), has the same capacity region as the BC.

Let S := ZLI R; be the partial sum rate of the first & users. Note that the
weighted capacity can be written in terms of the partial sum rates as C§.(H, P) =
Z,}le Awy Sk, where Awy, := Wi — w41, with the convention that wg,; = 0. Without
loss of generality we may assume that w; > we > - - > wg. Using the duality result,
the weighted sum capacity (2.1) of the BC can thus be expressed in terms of the dual
MAC weighted sum rate as

K k
pc(H,P) = max EAwk log det (IM + Zﬂh{m) ) (2.2)

K
L1 PesP iy =1

where P, > 0 denotes the power allocated to the k-th receiver. As a special case

of (2.2) withwy =1, k =1,..., K, the sum capacity is obtained as

K

C3&(H,P)= _max logdet | Iy + Y Pihlh | . (2.3)
21’5:1 Pi<pP k=1

Since logdet(-) is a concave function on the cone of positive-definite matrices, the

problems in (2.2) and (2.3) only involve maximizing a concave objective function

subject to convex constraints. Specialized algorithms have been developed to solve

these problems [11, 29].
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Chapter 3

Scheduling in a Homogeneous

System

In this chapter, we study the problem of maximizing the sum rate in a system with
M = 2 transmit antennas and statistically identical users. The sum capacity is
a key metric of interest for the BC as it measures the maximum achievable total
rate. Since it only considers the aggregate throughput, it does not reflect potential
fairness issues that arise when users with widely disparate channel characteristics
obtain vastly different throughput portions. In the present chapter, however, we
focus on the case of statistically identical users, which by symmetry will obtain equal
long-term throughput shares, so that fairness is not a major issue. In the next chapter,
we will address the problem of maximizing a weighted sum rate in a system where

the users may have different characteristics.

We will show that the sum capacity can be closely approached by transmitting to a
suitably selected pair of users as the total number of users grows large. In preparation

for that, we first present some useful lower and upper bounds for the sum capacity.

3.1 Bounds for the Sum Capacity

Denote by h) the channel vector of the receiver with the k-th largest norm, i.e.,

llhy|1? > [|R)ll? = -+ > |lh)ll*. The next upper bound for the sum capacity is

15



established in [10]:
P
() < Miog (1+ bl (5.1)

Observe that the above bound can be achieved when there are M receivers with
orthogonal channel vectors tied for the maximum norm ||h¢||?>. From now on, we
focus on the case of M = 2 transmit antennas, unless mentioned otherwise. The

upper bound for the sum capacity in (3.1) then becomes
sum P 2
Cpe'(H, P) < 2log { 1+ |[hwl* ). (3.2)

Taking P, = P; = P/2 and P, = 0 for all k£ # 4, in Equation (2.3), we obtain a

simple lower bound for the sum capacity
P
CI&(H, P) > C(h;, hy, P) := log det (12 + 5 (hlhi + h;hj)> , (3.3)

which corresponds to transmitting to users 7 and j at equal power.
For any two vectors g, h € C?, let U(g, h) := ﬁ;—l’l’% be the squared normalized

inner product. Using Lemma A.1.2 in the Appendix, we obtain
C(h;,h;, P) =1 1£ |12+ |1 |2 E'2h»2V-~
(i, by, P) =log ( 1+ (Il + sl + IR PV ), (34)

with Vi; = 1 — U(h;, h;).

The lower bound expression (3.4) reflects the fact that the sum rate for two users
critically depends on the norms of the respective channel vectors and their degree of
orthogonality. In particular, the sum rate is large when the channel vectors are nearly
orthogonal and have large norms. Indeed, the lower bound coincides with the upper

bound (3.2) when users ¢ and j are orthogonal and tied for the maximum norm, i.e.,

||h1”2 = HhJHZ = ”h(1)||2 and < hi,hj >= (.
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3.2 Random channel vectors

The lower and upper bounds for the sum capacity in the previous section hold for any
arbitrary but fixed set of channel vectors. In order to derive meaningful asymptotic
results, we will, in the remainder of this chapter, assume the channel vectors to
be random and focus on the expected sum rate. We will adhere to the common
assumption that the components of the channel vectors of the various users to be
independent and distributed according to CN(0, 1), which corresponds to independent
Rayleigh fading.

Remark 3.2.1 The randomness in the channel vectors may be interpreted as vari-
ations resulting from fast fading due to multi-path propagation effects. The expected
sum rate then represents the long-term system throughput. Implicitly, we make here
the usual block fading assumption, where the frame length is short enough for the
channel to remain (nearly) constant over the duration of a frame, yet sufficiently long

to achieve a transmission rate close to the theoretical capacity.

As mentioned earlier, the two-user sum rate critically depends on the norms of
the channel vectors and their squared normalized inner product, and the statistical
properties of these two quantities will therefore play a crucial role. The next lemma
characterizes the distribution of the squared normalized inner product of two arbitrary

channel vectors.

Lemma 3.2.1 For any two usersi,j = 1,..., K, i # j, the squared normalized inner
product U(h;, h;) := ﬁ%ﬁ; is independent of the norms of the respective channel
vectors and distributed as the minimum of (M — 1) w.i.d. uniform random variables

in [0,1]. In particular, when M = 2, the above quantity is uniform in [0,1].

Proof

Since the normalized inner product is invariant under a unitary transformation of
both vectors (i.e., a rotation of the co-ordinate axes), we can assume that one of the
vectors, say h;, is oriented along the [I 0...0] direction. Thus h; = [W; 0...0],

where W7 = ||h;]|. Also, since the distribution of circularly symmetric complex
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Gaussian vectors is invariant under unitary transformations, we may assume that
h; = [ X1 +iY7 X, +iYa... Xp + Yy, where X;, Xo, ..., X, Y1,Y2,...,Yas are
i.i.d. normal random variables, independent of W;. Thus, the quantity U(h;, h;) is
distributed as

X2 4+ Y2 B Z
X+ YR+ X24+Y2++ Xy +Yy  Zi4-+2Zu’

where Z1,...,Zy are i.i.d. unit exponential random variables. The latter quantity
may be interpreted as the ratio of the first and M-th event times in a Poisson process,
which is known to be distributed as the minimum of (M — 1) i.i.d. uniform random
variables in [0, 1], independent of ||h;]| = VZ1 + - + Zy (as well as ||h;|| = W).
See [16, p. 67].
0O
We now turn the attention to the order statistics of the channel norms. The next
lemma shows that the difference between the L-th largest and the maximum channel
norm is asymptotically negligible in a certain sense, as long as L grows sufficiently

slowly with K.

Lemma 3.2.2 Let L(K) be a sequence such that L(K) = o(K?) for any 0 < § < 1

as K — oo and A, B,Q > 0 positive constants. Then

Jim E [log (A + Qlibq|[*)] — E [log (B + Q| *)] = 0.
Proof

See Appendix. ]

3.3 Large-K asymptotics

As mentioned earlier, the upper bound in (3.2) for the sum capacity can be achieved
when there is a pair of orthogonal users tied for the maximum channel norm ||h)||?

by granting equal power to each of them. Intuitively, when the total number of users

18



is large, there exists with high probability a pair of users which are nearly orthogonal
and have norms close to the maximum. This suggests that the sum capacity can be
closely approached by transmitting to such a pair of users and allocating equal power
to each of them.

We are now ready to formalize the above assertion. We will consider three heuristic
selection schemes for scheduling a pair of users with equal power. Scheme I picks two
arbitrary users among the L strongest ones. Scheme II selects an arbitrary user among
the L strongest ones, and a second one from the same group to form the best pair,
i.e., the pair that maximizes the sum rate. Scheme III picks the best pair among the
L strongest users, i.e., the pair that maximizes the sum rate. Note that scheme II
dominates scheme I and that scheme III in turn dominates scheme II, and that all

three schemes coincide when L = 2.

3.3.1 Ratio asymptotics

We first establish ratio asymptotics for the above-described schemes. Specifically,
the next theorem shows that the ratio of the rate achieved by scheme I to the upper
bound in (3.2) converges to unity as the number of users grows large. Thus, scheme I
is asymptotically optimal in a ratio sense, and hence so are the dominating schemes

IT and III.

Theorem 3.3.1 For any fized value of L > 2,

i [C(hg), hy), P)]

1 1 (3.5)
K—oo E [21og (1 + £{|h(y|[?)]

foralli,j < L,i#j.

Proof
It follows from Equations (3.2) and (3.3) the ratio is no larger than one for any

fixed K and L. Thus, it suffices to show that the liminf of the ratio is no smaller
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than one as K — oo. Lemma A.3.1 in the Appendix gives that
P 2
Clha), h), P) 2 2log { 1+ F|lhw)|* ) +log(Vig),

with V(i)(j) =1 U(h(i)r h(j))‘

Lemma 3.2.1 implies

1

E [log(Vow)] = | logla)de = felog(a) ~ DI} = -1

=

The proof is then completed using Lemma 3.2.2 with A = B =1, @ = P/2, and
noting that E [log (1 + £||hq)||?)] — oo as K — oo.
g
While the ratio asymptotics provide some initial understanding, they only offer
limited practical insight. The fact that all three selection schemes are asymptotically
optimal for any fixed value of L reflects the insensitivity of the results. In particular,
the ratio asymptotics are too crude to capture the relative importance of the degree
of orthogonality versus the magnitude of the channel vectors. Thus, they provide no
indication of the relative performance of the various schemes and little guidance as
to what a suitable choice of L might be for a given finite value of K. Also, the ratio
asymptotics are too rough to discern any possible o(loglog K') gap between the sum

rate achieved by any of these schemes and the capacity limit.

3.3.2 Rate gap asymptotics

In order to discriminate among the various selection schemes and gain a better sense
of the performance impact of the parameter L, we now proceed to derive sharper
asymptotics. In particular, we consider the difference between the expected sum rate
and the upper bound in (3.2), which is not only more discerning than the ratio but

also more physically meaningful.
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Theorem 3.3.2 For any fized value of L > 2, | < L, the difference

p 1
E [QIOg (1 + EHh(l)HZ):' —-E [kzlnlaLXk;élC(h(l),h(k)’P) — z—-_—l

::::::

as K — oo.

Proof
We first prove that the limsup of the difference is no larger than 1/(L — 1).
Using Lemma A.3.1 in the Appendix, we obtain

k=1T?L)fk;él C(h(l), h(k), P)

P
z kzlfff‘sz#lmog (1 + EHh(L)HZ) + log(Viywy)

Il

p 2
2log (1 + Sl ) + _max  log(Viyw),

with V(l)(k) =1- U(h(l), h(k)).

For compactness, denote
P P
() = tog (14 3 lib ) = 1og (1+ Sl
Then,

P
2E [log <1 + 5”"'(1)”2)] —-E [k=1{?%k¢l0(h(z), hy, P)]

< -2E[A(L)] - E LJ,‘..I?‘Z‘,;C 4 log(V(n(k))] :

Taking A = B =1,Q = P/2in Lemma 3.2.2, it follows that limsupg_,,, —E[A(L)] =

Using Lemma 3.2.1, a straightforward calculation yields

1

log(x)(L—1)z"2da = [mL°1 (log(a:) - L_l__l)]l _

=0

Bl _ma 7&,108(‘/(1)(@)] = /

k=1,...,Lk e
We now show that the liminf of the difference is no smaller than 1/(L — 1).
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Using Lemma A.3.4 in the Appendix, we obtain

maka# C(h(l), h(k), P)

,,,,,,

1 P
< HlaL)fk#IQIOg (E + §Hh(1)HQ> + log(max{e, Vijyx })

IA

1 P
2log (E + §|}h(1)||2> + log(max{e, kﬂma& Vinw })-

Thus,

P :
2B [log <1 + §’|h(1)“2>} -E [k_f}}f‘gfk#lc(h(zy k). P)} >

P 1 P
2E {log <1 + -5Hh(1)y|2>] —2FE {log <€ + Ellh(l)HZ)} -E {log (nnmx{e,k:lrf}fc}zcyk# V(z)(m})] X

Taking A=1, B = %, () = P/2 in Lemma 3.2.2, it follows that for any e > 0,

lim sup E [log (1 + guhmmﬂ _E [mg <% + guhmwﬂ ~0.

K—o00

Using Lemma 3.2.1, a straightforward computation yields

]E[log (maX{a __max Vu)(k)})}

=1,....Lk#l

- / log(z)(L — 1)a*2dz + ' log(e)

=€

1 1
= {,’Jijl (lOg(.fL') — L———]_-):| + EL—I lOg(G)
€L71 —1 o

L-1"

Letting ¢ | 0, the result follows.
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Theorem 3.3.3 For any fived value | and sequence L(K) with limg .., L(K) — oo,

11111

as K — 0.

Proof
Equations (3.2) and (3.3) imply that the above difference is non-negative for any
fixed K. Thus, it suffices to show that the limsup of the difference is non-positive.

This follows by observing that

by P 2
C(hq, hg), P)| —E |log (1+5Hha>l|2) J <

limsupE { max
Koo k=1,...,L(K) k£l

. ] P 2\
lim sup K LJ?.E,‘Z‘,;C#C("(”’ h(k),P)_ —E |log (1 + 1ol )

L

for any fixed value of L, and then invoking Theorem 3.3.2 and letting L — oo.

a

The next corollaries follow as immediate consequences from Theorems 3.3.2 and 3.3.3.
Corollary 3.3.1 For any fized value of L, | < L,

sum 1
E [CBC (H7 P)] ~-E k=II,I..l.?Jl),(,k;élC(h(l)7h(k)’ P) — L__I

as K — oo.

The above corollary shows that the asymptotic performance gap of scheme II
decays as 1/(L — 1), which suggests that a relatively moderate value of L may be

adequate for most practical purposes.

Corollary 3.3.2
E [C3&(H, P)] — E [C(hq), hy), P)] — 1

as K — oo.
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The above corollary corresponds to a special case of scheme I with L = 2, and
shows that simply selecting the two strongest users leaves a performance gap of 1

nats/symbol.

Corollary 3.3.3 For any fized value | and sequence L(K) with limg_,., L(K) = oo,

sum - E h
ElC3c(H,P)| -F |  max  Clhohg,P)) —0

as K — oo.

The above corollary shows that scheme II is asymptotically optimal when suf-
ficiently many users are considered, and thus implies that the dominating scheme
IIT is asymptotically optimal as well. As a by-product, we conclude that the upper

bound (3.2) is asymptotically tight.

In conclusion, the above results show that scheme II is asymptotically optimal
in the sense that the absolute gap to the sum capacity vanishes to zero provided
L(K) — oo as K — oo. Thus, transmitting to a suitably selected pair of users is
asymptotically optimal, where one of them may in fact be arbitrarily chosen from
a fixed short list. The gain from considering all pairs of users, as in scheme III, is
asymptotically negligible. However, picking an arbitrary pair of users, as in scheme I,

is not optimal even when the users are the two strongest ones.

3.4 Large and small-P asymptotics

We now take a brief look at small and large—P asymptotics for a fixed system size K,

where the channel vectors are no longer assumed to be random.

i Lo : C(hy,h;,P) —
Proposition 3.4.1 For anyi,j with| < h;, h; > |* < ||hy|?||h;|?, gﬂom =
1.

Proof
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It is clear that the ratio is smaller than one for any value of P. Thus, it suffices
to show that the liminf of the ratio is not smaller than one as P — oo.

Using Lemma A.3.1, we obtain
P 2 P 2
Ch, s, P) > log (1+ D102 + 108 (14 2y 17) + 10g(1%),

- — |<hi,h;>|?
Wlth‘/ij _1—W’b_ll5>0

The result now follows readily. O

S . Cpo(hihy,P
Corollary 3.4.1 For anyi,j with| < h;,h; > |2 < ||h;|?||h;]]?, I;gr;o@g(c—h(l:ﬁrz:) =
1.

Proof

Follows from Proposition 3.4.1 and the fact that Cgc(h;, hj, P) < Cpc(hy, ..., hg, P) <
2log (1+ ZllhwI?)-

O

Like in the large-K regime, we find that considering ratios is too crude to provide
much practical insight in the large-P regime. As the above proposition indicates,
transmitting to any pair of users which are not perfectly co-linear, is asymptotically
optimal in that sense, which does not offer any meaningful guidance as to how to per-
form user selection in an actual system. In contrast, considering absolute differences
does yield valuable insight, as the next lemma shows, and in fact suggests a specific
criterion for user pair selection: the best pair of users in the large- P regime is the one

that maximizes the expression r(i, j) := ||hi|[?||h;]|*Vi;.

Proposition 3.4.2 For any 1, j,

P : P
Flim [2 log (1 + EHh(l)Hz) - C(hi,hj,P)] = Flim [2 log (1 + 5||h(1)||2) —Cgc(hi, h;, P)| =
|Iheyll* )
log (———————— .
[ 2] b |12V
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Proof

Since C(h;, hj, P) < Cpc(hs, h;, P), it suffices to consider the limsup of the first term
and the liminf of the second term.

We first prove that the limsup is no larger than the stated quantity.

Using Lemma A.3.1, we obtain
P
C(hi, hy, P) > 2log (5> +log (|[hill*) +log (||1sl|*) +1log(Vis).  (3.6)
Also,

P P 2
2tog 1+ Flibll?) = 210g (5 ) + 2108 (5 +lholF) . (3)

Subtracting (3.6) from (3.7) and letting P — oo, the first part of the assertion
follows.

Next, we deal with the liminf of the second expression.

max 1+ B||hi||* + P;||hs|* + PPyl | Bl [l s 12U

P;+P;<P
2 2 P2 2 2
< L+ P([A + B[ + Rl P[PV
Thus,

4

P
Coclh,hy, P) < 2og ) +1o8 (55-+ BB+ [17) + BIFIBIEY: ) 63)

Subtracting (3.8) from (3.7), and then letting P — oo, the result follows. O

In the small- P regime, the gain obtained by using Dirty Paper Coding approaches
unity [10]. That is, it is asymptotically optimal to transmit to the user with the

largest channel gain.
Proposition 3.4.3
tmCpe(hy,... hi, P)/P = limlog(det(1 + Pl|h)|[))/ P = [[he| >
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Proof
Follows directly from Equation (3.2).



Chapter 4

Scheduling in a Heterogeneous

System

In the previous chapter, we studied the problem of maximizing the sum rate in a two-
antenna system with statistically identical users, and showed that transmitting to a
suitably selected pair of users asymptotically achieves the maximum expected sum
rate. We now turn our attention to a more general system with M transmit antennas
and heterogeneous user characteristics (i.e., channels are not necessarily i.i.d). As
mentioned earlier, the sum capacity is no longer an appropriate performance metric
now, because it does not reflect the potential fairness issues that arise when users with
different channel statistics obtain vastly different throughput portions. Hence, we will
focus on the problem of maximizing a weighted sum rate, and we will demonstrate
that transmitting to a properly selected group of users asymptotically achieves the
maximum expected weighted sum rate, although scheduling just two users will no

longer be sufficient in general.

4.1 Bounds for the weighted sum rate

We first establish a generic upper bound for the weighted sum rate for an arbitrary
number of M transmit antennas. Let w, be the weight associated with the k-th

user. For notational convenience, define Awy := wy, — wy4; with the convention that
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wg1 = 0. Without loss of generality, we assume that the users are indexed such that

Wy 2 Wy 2 - 2 WK

Theorem 4.1.1 For any given set of channel vectors,

C¥-(H,P) < max Awlog(l+ Py|h|]?) + MZAwk log (1 + Z ——||hl||2)

Zk 1 P<P k=2 =1

Proof
Equation (2.2) yields that Clio(H, P) = S"p_, Aw;S, with

k
Sk = log det (IM +Y Pﬂz}‘h,) :

=1

Clearly,

Using Hadamard’s inequality for Hermitian positive semi-definite matrices [5, p.

502], and the concavity of the log function, we obtain
M
Sk <Y log (1 + Zﬂh,mhlm) < log (1 + Z ||hz||2> (4.2)
m=1 =1 =1

forallk=2,...,K.
Substituting inequalities (4.1) and (4.2), the statement of the theorem follows.

a
The next upper bound follows as a straightforward corollary of Theorem 4.1.1.
Corollary 4.1.1 For any given set of channel vectors,
C¥c(H,P) <M _ max Z Awy log(1 + Z AIhy?). (4.3)

Sk, Pe<P/M |

In order to develop a suitable asymptotic framework, we assume that there are

C classes of users, with K. the number of class-c users and Zf’zl K.=K. Let hgf) be
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the channel vector of the k-th class-c user. With minor abuse of notation, we let w, be
the weight associated with class ¢, and define Aw, := w, — w.y1, with the convention
that wey1 = 0 as before. Let T, be the total rate received by class ¢. Thus the
weighted sum rate is 7' := Z _, weT,. Without loss of generality, we assume that the
classes are indexed such that w; > we > --- > we. Let hgz)) be the channel vector of

the class-c user with the k-th largest norm, i.e., ||hg))||2 > Hh(2)||2 > > ||h§§36)||2.

The next corollary specializes the upper bound in (4.3) to a class-based system.

Corollary 4.1.2 For any given set of channel vectors,

c., Pc<P/M ‘=

ch:r <M max Zchlog (1 +ZPd||h ‘”||2) (4.4)
c=1

Proof
Using Corollary 4.1.1, we obtain

c [+
wTl, < M max Aw,log | 1+ Pk d)HQ)
; PP IS P‘“’<P/MZ ( le;
< Awclog [ 1+ S Py|R112 ) .
- zf_ Pc<P/MZ v g( Z d (1)”

O
Note that when all weights are taken equal to one, the upper bound in (4.3) reduces to
that in Equation (3.1) for the sum rate. Recall that the upper bound in (3.1) is tight
in the sense that it can actually be achieved when there are M users with orthogonal
channel vectors tied for the maximum norm. Likewise, the upper bound in (4.4) can
be attained for a particular configuration of channel vectors. Specifically, assume
that there are M unit orthogonal vectors u, € CM, m = 1,..., M, ie., ||uy|| =1
for all m, < wy,, u, >= 0, m # n, and MC users, M from each class, with channel
vectors h'9) umo € =1,...,C,m=1,..., M, that satisfy the following two properties:
(i) within each class, all M users are tied for the maximum norm, i.e., ||h,(f}, |2 =

RO for all e =1,...,C, m=1,..., M;

(ii) the channel vector of one of the users of each class is parallel to u,, and thus
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—— Class |
-——-Class II

Figure 4-1: The optimal channel configuration for two user classes.

orthogonal to u,, m # n, ie., < um,hffc.?l >= ||h1(f£,|| and < u,,,h,(g, >= 0 for all
c=1,...,C.

The second property implies that all the w,,-users are orthogonal to all the w,-
users, i.e., < h,(‘?l, hf;z.) >=0forall ¢,d =1,...,C, m # n. For brevity, the above-
described constellation of channel vectors will be referred to as the optimal configu-
ration. Figure 4.1 provides a pictorial representation of the optimal configuration for
the case of C' = 2 user classes and M = 2 transmit antennas.

As mentioned above, the optimal configuration in fact achieves the upper bound

in (4.4). In order to see this, let P;(K),..., P:(K) be the optimizing power levels of
the upper bound in (4.4) for given values of th))H?, c=1,...,C,ie,

C c
P*(K) = (P}K),... P4(K)) :=arg _max Awlog [ 1+ S Pyl|AD)12 | .
() = () P00 o e, 5 o (143 Rl
Now suppose that we assign power P(K) to all M class-c users in the optimal
configuration, and arrange the users in order of increasing class index in the DPC
sequence. Because of the orthogonality, the partial sum rate S, := > _, Ty of the

first ¢ classes will be

S, = Mlog (1 + ZP;(K)uhg‘ng?) .

d=1
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Since the total weighted sum rate may be written as ZCC___I wd, = Zg;l Aw.S,, it

follows that the optimal configuration indeed achieves the upper bound in (4.4).

For the sake of brevity, we introduce the following notation for the upper bound

expression in (4.4):

C c
Ulwe; [|BI%P) =M __max Y Aw,log (1+Zpd||h§‘f§;|2). (4.5)
d=1

c
O\ Pe<P/M

4.2 Random channel vectors

The bounds for the weighted sum rate in the previous section hold for any arbitrary
but fixed set of channel vectors. In order to derive asymptotic results, we will as
before, assume the channel vectors to be random and focus on the ezpected weighted
sum rate. Within each class we assume the channel vectors to be independent and
identically distributed, i.e., h(lc), R ... areii.d. copies of some random vector A €
CM. Across the various classes, the channel vectors may however have different
statistical characteristics. The numbers of users of the various classes are assumed to
grow large in fixed proportions, i.e., K, = a.K for fixed coefficients a;, ..., ac with
S =1

We assume that the channel vectors of all users in class ¢ are Rayleigh faded with
parameter 3.,c = 1,...,C. In other words, for each class ¢, h'® = (.h, where the
components of h are independent and distributed according to CA(0,1) as in the

homogeneous case.

4.3 Large-K asymptotics

We now proceed to show that the upper bound in (4.4) is asymptotically achievable
by transmitting to a judiciously chosen subset of M C users. In the case of homoge-
neous users, the key observation was that when the total number of users is large,
there exists with high probability a pair of users which are nearly orthogonal and

have norms close to the maximum. This intuitive insight was then formalized by
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establishing that selecting such a pair of users and allocating equal power to each
of them asymptotically achieves the maximum expected sum rate. Likewise, there
exists with high probability a group of MC' users with channel vectors close to the
optimal configuration in the heterogeneous case when the total number of users is
large. Thus, we will show that selecting such a group of MC users and allocating

power P’ to the M class-c users, where

P*=(P},...,P.) = arg Zch log (Z Pd,Bd)

zg PC<P/M

asymptotically achieves the upper bound in (4.4). Define

C c
V(we; 7 P) = Z Aw, log Z Fify | =) Auwclog | > Pif )
Zf 1 Pc<P/2 =1 d=1

(4.6)
Note that the power levels (Py, ..., P5) are the limiting values of (P} (K),..., P5(K))
when the norms ||h§1))||2 grow large. It may in fact be shown that (Py(K),..., P5(K))
converge to (Py,...,Pg%) in probability, as K — oo. Finally, note also that the
asymptotic powers (Pf, ..., P%) depend only on the values of the weights w. and the

relative channel qualities (. of the various classes.

4.3.1 User selection schemes

We will now prove that transmitting to a carefully selected subset of M C users asymp-
totically achieves the upper bound (4.4) and thus maximizes the expected weighted
sum rate. Motivated by the knowledge of the optimal channel configuration, we will
consider the following two user selection schemes which will be referred to as the ‘list’

scheme and the ‘cone’ scheme, respectively.
, TESp
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List scheme

The ‘list” scheme first identifies for each class the users with norms close to the
maximum, and then selects a nearly orthogonal set of users among these. Specifically,
the list scheme first selects the M L. strongest users from class ¢. and divides them
into M ‘groups’ of size L. each, say in a round-robin fashion. Let u,, uy, ..., uy € CY
be an arbitrary set of orthonormal vectors. From the M groups of L, users formed
above, the scheme picks, from group i, the user whose channel is most collinear to w,.
That is, 1t selects the user in group # who maximizes the normalized inner product
with w;,7 = 1,2,..., M. This procedure is repeated for every class ¢ = 1,2,...,C.
This leads to a set of MC users, M from each class, which have a geometry close to

the optimal configuration described earlier.

Cone scheme

Definition: Fix a 0 < X\ < 1. Then,
(a) two vectors u and v are said to be \-aligned if

| <uv> P

O e 2

If this is true, we also say that w lies in the A-cone of v and vice-versa.
(b) two channel vectors u and v are said to be A-orthogonal if

< uv> P

U(u,v) = —H_W <A

The ‘cone’ scheme first identifies a group of users that are close to orthogonal,
and then selects the ones with the largest norms among these. Specifically, let
U, Uy, ..., upr € CM be an arbitrary set of orthonormal vectors, and let 0 < X\ < 1
be a small tolerance margin. The cone scheme first considers the set of all channel
vectors that are \-aligned with w;, for © = 1,2,..., M. From each of these M nearly
orthogonal “cones’ of channel vectors, the scheme picks the strongest user from each

class.
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After selecting the users in the above-described fashion, both the list and the cone

schemes allocate power P! (defined in (4.6)) to all M class-c users.

4.3.2 Asymptotic optimality of the proposed schemes
Optimality of the List scheme

Define fc as the rate received by class ¢ under the list scheme, i.e., the sum rate of
the M class-c users selected, and denote by T = Ef=1 wcffc the total weighted sum
rate. The next theorem shows that the list scheme asymptotically maximizes the
expected weighted sum rate, as long as the list size L. grows with the system size as
L.(K) = O(K?) for some § > 0. Let hSi) denote the channel vector of the class ¢ user

who was chosen as being most collinear with w;,7 =1,2,...,M,c=1,2,...,C.

Theorem 4.3.1 In the list scheme described above, assume that the list size L.(K)
for every class grows with the system size as L.(K) = O(K?) for some § > 0. Then,
the List scheme is asymptotically optimal in the sense that it closes the gap to the
weighted sum capacity. Specifically, the gap between the upper bound in (4.5) and the

weighted sum rate achieved using the List scheme converges to 0 as K becomes large:
Jlim E [U(wc; ||h§?)||2;P)] _E [f] —0.

Proof

Since the above difference is always non-negative, it suffices to show that the limsup
of the difference is non-positive.

We may write

C c
U(we; |13 P) = MY Aw,log (1 0 Zp:(K)HhE‘fiu?) .

c=1 d=1

Using Lemma A.4.1 and the fact that Aw, > 0 for all c =1,...,C, we obtain

lim sup E [U (w ||} % P)| = Muwi log(B(K)) < MV (we; 2 P). (4.7)

K—oo



Next, we lower bound the partial sum rate quantity §c =30 T, for each c. For any

c=1.2,...,C, the partial sum rate §c is given by the Mc¢ x Mc determinant

o~

Sc = log det(IMc + XMC)

where _
Xl Y1,2 . YI,M T
X2 . YZ,M
Xnge = A (4.8)
XM

In (4.8), the matrix Xy is Hermitian, so that the entries below the main diagonal
can be obtained by taking the conjugates of the entries above the diagonal. The

sub-matrices X.’s and Y,’s have the following interpretation:

(i) For each : = 1,..., M, X! is a ¢ x ¢ Hermitian matrix that involves only inner
products between the ¢ nearly collinear channel vectors hfff_), d=1,...,c
(ii) For each 7,5 = 1,...,M,i # j, Y is a ¢ X ¢ matrix in which each entry is an

inner product between one vector from the set hs,f,), d=1,...,cand the other from a
nearly orthogonal set hf":), d=1,...,c

We now argue that the entries in each of the sub-matrices YV become small
with high probability as K becomes large. Let DS denote the event that for every
t,7=1,...,M,i# j,classesd,f =1,...,c, and some £ > 0, U(h&f),hff;)) < ;j;
That is

. €
D = Nigy N g {U(hfjf), Ry < ——— } (4.9)
K2m-1

It can be deduced from Lemma A.4.4 that there exists an 1, > 0 such that

P{D{} > 1— % (4.10)

Now, conditioned on the event D%, all the entries in each of the sub-matrices Y/ tend
to zero, since the magnitudes of the channel vectors increase as O(log K'), while the

normalized inner product terms decrease as O(K ~%/2(M=1)) Therefore, conditioned
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on the event D%, we can asymptotically ignore all terms coming from the Y matrices,

and expand the partial sum rate determinant as
det(Ine + Xne) = det(IMc + Fye) + pxk, (4.11)
where px — 0 and F). is the block diagonal matrix

Fye = diag(X}, X2,..., XM).

c

Notation: For a random variable X and an event A defined on the same probability
space,

E[X; A] := E[X14],

where 14 is the indicator function of the event A.

We can now write the following series of lower bounds:

E [§] — Mlog(B(K)) = E[logdet(Iye + Xne)] — M log(B(K))

v

E [log det(Ipe + Xnme); DS] — M log(B(K))

> E flog(det(Inre + Fiae) + pr)} (1 = 755) — M log(B(K)
Thus,

lim inf E [§} — Mlog(B(K)) > liminfE logdet(Iyc + Fie)] — M log(B(K))

M
= liminf » E[logdet(I. + XJ*)] — M log(B(K))
m=1

K—oo

(4.12)

Note that the expression logdet(I. + X™) in the above equation is equal to the sum
rate of the c users which are nearly collinear to u,,, in the absence of the other users.
Now, consider a hypothetical scenario where these nearly collinear channel vectors in

fact become perfectly collinear to u,,, without any change in the channel norms. It is
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clear that the partial sum rate corresponding to the original channel configuration is
lower bounded by the partial sum rate of this hypothetical user configuration. This
is because the users in the ‘perfectly paralle]’ channel configuration suffer a higher
level of interference than that in the original configuration, where the channel vectors

were not perfectly parallel. We can therefore write

logdet(I, + XI") > log(1 + 3 Pil|AD|%),m = 1,2,..., M. (4.13)
d=1

Now, continuing from (4.12),

M c
lim inf E [s] — Mlog(B(K)) > 1iKnLi£fZE log(1 +ZP;||h‘-d>||2)} — Mlog(B(K))

Um
m=1 L d=1

M i c
> liminf ) JE |log(1+ ) PJIIhEi’AK))IP)} — Mlog(B(K))
m=1 d=1
> M (log (Z Pjﬂg) + log(1 — 25)) ,
d=1

where the final step follows from Lemma A.4.2. Since the above lower bound holds

for every ¢ =1,2,...,C, and since T = Zle chgc, we can conclude that

c=1

_ C c
lim inf }T} — Mw; log(B(K)) > MY Aw, (log (Z P;ﬂ3> +log(1 — 25)) :
) d=1
(4.14)
Finally, subtracting (4.14) from (4.7), and noting that § is arbitrary, we obtain

lim sup E [U(wc; 1812 P)] ) [:F] <0.

O

The above theorem shows that scheduling a suitably selected group of MC users
asymptotically achieves the upper bound (4.4) and thus maximizes the expected
weighted sum rate. In fact, it shows that scheduling M users from each of the classes

c € C” is sufficient to asymptotically achieve the maximum expected weighted sum
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rate, where C* := {c: P} > 0}.

In a similar fashion, it can be shown that the cone scheme described above also
asymptotically achieves the maximum weighted sum rate, as long as the tolerance
margin A is scaled down at an appropriate rate. The proof of this statement is largely

similar to the proof for the list scheme given above, and is sketched below.

Optimality of the Cone scheme

Let 7, denote the throughput obtained by class ¢ under the cone scheme, and define
T:= ch=1 wT, to be the total weighted sum rate. Denote by hffi),z’ =1,...,M,c=
1,...,C the channel vector of the strongest class ¢ user which lies in the A-cone of
u;. The following theorem shows that the cone scheme asymptotically closes the gap
to weighted sum capacity, as long as the tolerance margin is scaled down with the

system size as

A o (log K) 2. (4.15)

Theorem 4.3.2 In the cone scheme described above, assume that the tolerance mar-
gin A\ scales with the system size as A\ = ?TB;I\W for & > 0. Then, the cone scheme is
asymptotically optimal in the sense that it closes the gap to the weighted sum capacity.
Specifically,

Jim E [Uws 6% P)| —E|T] =0,

Proof(Sketch)

The partial sum rate of the first ¢ classes S, = Y i T, is given by

~

S. = logdet(Iye + Xnte)

where _ -
Xl Y1,2 . YI,M
X2 . Y2,M
Xupe = o ‘< . (4.16)
XM
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In the above equation, the matrix X has the same structure as the one in (4.8),
except that the channel vectors are now chosen according to the cone scheme. Now,
by Lemma A.4.3, we see that users in different cones are at least 3A-orthogonal.
Thus, if we scale down A fast enough with K, the Y sub-matrices in X can be
made arbitrarily small, and will not contribute to the determinant as K becomes

large. More precisely, we can write
det(Ipe + XMc) = det(IMc + F]Vlc) + pk, (4.17)

where pg — 0 and F}y. is a block diagonal matrix as in the previous proof. Following

the arguments leading to equation (4.13), we can write

M c
liminf E [3] —Mlog(B(K)) 2 liminf 3" E |log(1+ > P§||h2|[2) | - M log(B(K))
m=1

K—oo
d=1
(4.18)

Now, as shown in Lemma 3.2.1, the probability that an arbitrary channel vector lies

in the A-cone of u,, is equal to
pyi=1—(1- M1 (4.19)

Thus, the number of class d vectors in the A-cone of u, (denoted by NT*) is a
binomial random variable with mean pyK,. Thus it can be seen that |]h,§f’3||2 is
distributed as the maximum among NJ* i.i.d Erlang(M) random variables, where
N7* ~Binomial(Kg4, py). Using Chebychev’s inequality, and keeping the scaling rate
of A in mind (4.15), we get

]P’NM>pK—\/K >]l———+—d=
{ d ANhd d} (1 Pr)27 ]-a )C7
from which it follows that

P NM 2 l]— ——+— = e
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since prKg — vKy > MK — VK > )\IX’d/Q.

We can now write the following inequalities for each m = 1,2,..., M:

E [log(l + ipjﬂhﬁi)lH?)} —log(B(K)) 2

d=1

E [loga + ) PHRLIP); NP > AKy/2,d =1, .. } — log(B(K))
d=1

>E
d=1

loga+ZP;Hmm,AKd/2H2)] (1—m) ~log B(K),  (421)

where ||Amax.c||> denotes denotes the maximum among r i.i.d channel norms.
Similar to the result in Lemma A.2.1, we can show that for any € > 0, there exists a

constant CE(C) for each class ¢ such that

C(C)
2 1-¢€)3B 2 -
P{Hhmax,)\Kdﬂll > ( E)Bd ()‘Kd/ )} >1 (lOg /\Kd/2)2
Thus, the expression in (4.21) is greater than or equal to
z 9 K e cl
log(1 P;35(1—€)B(AKy/2)) {1 — —— 1- ———— |-log B(K).
oa(1+3 Pigi1-aB0) (1~ o) 11 (1 gz | 1oe B)

(4.22)
Noting that the centering constant scales as B(K) = O(log K) (Section A.2 in the

appendix), it is immediate that the liminf of the above expression is equal to
log( D _ PifB3).
d=1
Therefore, going back to (4.18),

liminf E [?] — Mlog(B(K)) > Mlog(}_ Pi3),

d=1
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and finally, since T := Zf_;l Aw,S,, we conclude that

c c
liénianE [T] — Mw, log(B(K)) > MZchlog (Z Pj/ffﬁ) . (4.23)
e =1 d=1

Now, subtracting (4.23) from (4.7), we get the desired result:

limsup E [Uwes 1R P -E [iﬁ] <o.

a

Remark 4.3.1 Inspection of the proof of theorem 4.3.1 reveals that E [U(wc; llhgi))llz’, P)]
asymptotically behaves as Mw, log(B(K))+MV (w.; B2; P) in the sense that the differ-
ence decays to zero asymptotically, and hence so does E [f] . In fact, it may be deduced
that the total rate received by class 1 grows as M[log(B(K)) + log(Py) + 2log(5,)],
whale the total rate received by class ¢, ¢ = 2,...,C, asymptotically converges to
M [log (Y5, P;B%) —log (3°521 PiB2)]. Thus, asymptotically, the lion’s share of
the aggregate throughput is accounted for by class 1.
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Chapter 5

Numerical Results

In this chapter, we present the results of some of the numerical experiments that
we performed in order to evaluate the practical efficacy of the various scheduling
schemes proposed in this thesis. We first present results for a homogeneous system
with two antennas, followed by a heterogeneous system with two-antennas and two
user classes. In both cases, the proposed schemes perform close to the capacity limit,

even for relatively small system sizes considered here.

5.1 Homogeneous case

Here, we compare the sum rate obtained by the various user selection schemes with
the TDMA rate. We also make a comparison with a beam-forming (BF) scheme along

the lines described in [18] and [27].

We present numerical results for a system with two transmit antennas and K = 25
users in Figure 5.1. In Figure 5.1(a), we plot the ratio of the sum rate obtained by the
various schemes to the TDMA sum rate, versus the SNR (in dB). The results shown
here were an average over 100 channel realizations. The solid line corresponds to the
optimal DPC scheme. The dotted line just underneath the solid line corresponds to
scheme II with L = 5. It is clear that even for this moderate value of K, scheme
II performs very well, in addition to being asymptotically optimal. The broken line

corresponds to a special case of scheme I, where the two strongest users are scheduled
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with equal power. It is clear that scheme II dominates scheme I quite significantly.
It is also interesting to note that the upper bound in (3.2), although asymptotically
tight, is quite loose for practical values of K and SNR. We finally observe that TDMA
is optimal in the very low SNR regime. The absolute sum rate (in nats) for this system

is graphed as a function of SNR in Figure 5.1(b).

The BF scheme proposed in [18] selects two users which have the best Signal-
to-Interference-and-Noise Ratio (SINR) on each of the antennas. In particular, the
transmitter forms random beams along the direction of two orthonormal vectors ¢,
and ¢, and selects two users kj, := arg maxg=1, . x SIN Ry m, m = 1,2, where

-----

|< hk,¢m > I2

SINR ., = .
ST 9P| < by, fsm > P

The expected sum rate obtained (ignoring potential complications when k} = k3), is
therefore

Rpgr :=E [log(l + SNRy: 1) +log(1 + SNRk5,2)] .

The lower curves in Figure 5.1 plot the sum rate of this BF scheme compared with
the other schemes. We observe that transmitting along two pre-determined beams
without using actual phase information performs poorly, even though it is known to
be asymptotically optimal in the limit of a large number of users. However, a plot
of the quantity C(hy:, hxs) (not shown in the figure) revealed that this particular

scheme actually does well in terms of selecting a pair of users.

Note that as P | 0, we have
P 2 2
RBF“EE“ <hgg, b > P4 < g, 02> P] =
PE[| < hiy,¢1 > ] < PE [||h)||*] = Rrpaa-
Denoting g;; := | < hyr,¢; > |2, we find that Rgr approaches

E [log (1 + &) + log (1 + 223)} =2E [log (1 + @M
912 921 912
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as P — oo. This shows that for any fixed number of users, the sum rate of the BF
scheme saturates at a finite value as the transmit power becomes large, as is shown in
Figure 5.1(b). In contrast, the TDMA sum rate Rrppy 4 grows without bound, albeit

slowly.

5.2 Heterogeneous case

Background for the numerical results

The simulation results which are provided below are for a two-antenna, two-class
system. The weights are taken to be w; = 2, wy = 1 (although we usually equivalently
normalized these to sum to 1 over the users), and the coefficients 8, = 0.5, 5, = 1.0
determine the mean SNR’s. The two populations of users are of equal size, K; =
K, = 10. Under these circumstances, the asymptotically optimal power values are
P} =1/3, Py = 1/6, scaling out P, which is varied in most of the results below. We
will state its value when necessary.

We now describe the schemes themselves. As far as the list and cone schemes are
concerned, these are detailed in the text. Throughout, the asymptotically optimal
power settings will be used, no power optimization is being employed. We will also
consider TDMA, by which we mean the scheme that picks the user which has the
maximum weighted rate when assigned full power, over all the users. Thus, it selects

the k-th class-c user which maximizes

)12y — 2
 max_ max w,log(1+ Pllh| ) = max_wclog(1+ Pllhg)|I%).

Finally, we consider two BF versions. The first version (referred to as BeamForm 2
in the figure) schedules one user in each beam, with the powers equally split and the
user with the maximum weighted rate as determined by the SINR being the one
selected for each beam. The second version (referred to as BeamForm 4) schedules
one user from each class in each of the beams. In this case, each user is assigned its

asymptotic power. Note that the latter scheme generalizes the BF technique proposed



in [18] to a class-based system. However, this scheme is not expected to perform
well as the interference between users on the same beam cannot be resolved except

by using DPC or some equivalent approach.

Graphs for basic schemes

Figure 5.2(a) shows results for all the main schemes as well as the upper bound and
the average maximum weighted capacity limit. L = 5 was set for the list scheme
and 0 = 0.2 for the cone scheme. (Further numerical experiments indicated that the
performance of the list scheme is quite robust with respect to the list size L, so that
the exact value is not that critical.) As expected, the upper bound (4.5) is loose and
the list and cone schemes perform well at high SNR values. For low SNR values,
TDMA outperforms these schemes. The BF schemes fall off at very high SNR as the
figure shows.

As far as the list and cone schemes are concerned, good performance at high SNR
is expected. However, at low SNR TDMA is close to optimal. (This latter conclusion
follows from the linearity of the log.) Thus for low to moderate SNR’s, one could make
up for the loss of rate in the list scheme by optimizing the powers, instead of assigning
asymptotically optimal powers to each user. Similarly, the cone scheme does well at
high SNR but not at low SNR. This loss in performance can also be addressed by
assigning the powers optimally. This is a concave optimization in three independent
variables, and is therefore potentially a time-consuming calculation, since we have no
explicit formula for determining the optimal powers.

Figure 5.2(b) shows the same results, but gives the ratio to TDMA. Note that
unlike the homogeneous case, BF is not asymptotically optimal in terms of differences
as the number of users is increased at fixed SNR. However, at low SNR’s (below 0 dB)
BeamForm 2 does better than cone or list. Figure 5.2(b) shows that BeamForm 2
performs consistently worse than TDMA, which was also observed in the homogeneous
example which had a similar number of users. The results for BeamForm 4 are worse

than those for BeamForm 2 as expected.
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Additional compound schemes

We now look at simpler enhancements to avoid power optimization among the four
selected users. One such enhancement to the list scheme is to identify the best possible
pair among the already selected four users. Consider the two-user weighted sum rates
obtained by scheduling all possible pairs of these users. The power is split equally
while scheduling two users of the same class, but when scheduling one user from each
class, we allocate them powers 2P} and 2P; respectively. The two-user scheme picks
the pair that corresponds to the highest weighted sum rate among the six possible
pairs.

We thus arrive at the following heuristic schemes. Compound scheme I selects
the better among TDMA and the list schemes. Compound scheme II goes further
and selects the best among TDMA, the two-user scheme above, and the original list
scheme.

A three-user heuristic scheme was also considered, but since it did not provide
any appreciable improvement, it has been omitted from the results.

In Figure 5.3, we compare the list scheme with the two heuristic schemes, Com-
pound I and Compound II. These results are more clearly seen as a ratio to TDMA
rather than the absolute rates which are difficult to distinguish. Since Compound I
takes the best of TDMA and the list scheme, it cannot do worse than TDMA at any
point and list at any point. Hence, it does well at low SNRs and at high SNRs. There
is nevertheless a significant rate gap for this scheme for moderate SNR’s, roughly in
the range 0-5dB. Here TDMA falls off, but the list scheme is not yet in its most
advantageous range. However, Compound II closes most of this gap as can be seen.

The results in Figures 5.2 and 5.3 were averaged over 50 channel realizations.
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Chapter 6

Conclusions

We studied the problem of maximizing the expected (weighted) sum rate in a Gaus-
sian broadcast channel with multiple transmit antennas and K independent users
each with a single receive antenna. We first focused on a scenario with two transmit
antennas and statistically identical users, and analyzed the gap between the full sum
capacity and the rate that can be achieved by transmitting to a suitably selected
pair of users. In particular, we considered a scheme that picks the user with the
largest channel gain, and selects a second user from the next L — 1 strongest ones
to form the best pair, taking channel angles into account as well. We proved that
the expected rate gap converges to 1/(L — 1) nats/symbol when the total number of
users K tends to infinity. Allowing L to increase with K, it followed that transmit-
ting to a properly chosen pair of users is asymptotically optimal, while dramatically
reducing the feedback overhead and operational complexity. Next, we addressed the
problem of maximizing a weighted sum rate in a scenario with M antennas and het-
erogeneous user characteristics. We established a novel upper bound for the weighted
sum capacity, which we then used to show that the maximum expected weighted sum
rate can be asymptotically achieved by transmitting to a properly chosen subset of
at most MC users, where C denotes the number of distinct user classes. Numerical
experiments showed that the asymptotic results are remarkably accurate and that the
proposed schemes provide near-optimal performance, even for a moderate number of

users.
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Appendix A

A.1 Some useful determinant identities

In preparation for some of the subsequent proofs, we first establish a few useful

determinant identities.

Lemma A.1.1 For any K, M,

K
det (1M + ZQkh;hk) = det(Ix + J),

k=1

with Jy = VQrQihgh), k1 =1, K.

Proof

Define the K x M matrix H by Hyp, = VQrhim, k=1,..., K, m=1,... M.
The proof then follows easily from the identity relation det(Iy, + H'H) = det(Ix +
HHY).



Indeed,

K
det(Iy + ) Quhihy)
k=1
T
V Ql h'l Vv thl
= det | Iy +

VQihi V@i hi

= det(Iy + H' H)
= det([K+HHT)
VQih VQihy
= det | Ix +
VQrhg VQrhk
= det(IK+J).

Lemma A.1.2

K K
det(fy + 3 Pihihe) = 1+ " Fellhel [P + 3 PuRi| bl byl Vi,
k=1 k=1 k£l

with V}cl =1 U(hk,hl).

Proof



Expanding the determinant, we obtain

p
det(I + Y Pchlhy)
k=1
K K K K
= (1 +y th,tlhkl) (1 +y th,tzhm) - (Z th,12th) (Z th;;lhm)
k=1 k=1 k=1 k=1
K K K
= 14 Plbll?+ Y BePlhl iy blyhiy — hlohia by o)
k=1 k=1 I1=1

K
= 14 Y Pl + Y BRI, hiahlyhis + bl hnhfyhee — bl hiahf by — hlyhihdy byl
k=1 1£k

In order to complete the proof, it remains to be shown that
hly bkt hlyhis + By hnhlohio — hlohin bl hio — Rlohu bl hko = | Rl Pl |l *Vaa,
which follows from

hi Rkl b + Bl R hlohig — BLohga bl by — Bl Ry hL s
= Rl haahl b+ B i bl his + hloheohl i + hioheohlhus
— Bl bk ey = Bl b Bl iy — Rk hl ke — Bl hishl B
= [hlyhes + Rlpha] (B by + hlyhia] = (AL Puy + BLyhao] (Rfy by + hlyhic]
= [lhl PllPl)? — | < b, by > [
S ARIARE

A.2 Some results from extremal theory

Here, we quickly collect some useful results from the theory of extremal order statis-
tics. The interested reader is referred to [1] for a detailed treatment.

Extremal theory deals with the behavior of the largest and smallest among K i.i.d.

o4



random variables. In many cases, the centered versions of these variables have weak
limits. For instance, consider K i.i.d. unit exponential random variables Dy, ..., Dg,
let V") := max (D, ..., Dx), and define Z§’ := Y5") — log K. Then the distribution
function of Z\), F)(z) converges to FP(z)— e, 2.

A similar result holds for ii.d Erlang(M) random variables which are a sum
of M unit exponentials. In this case, the limiting distribution for the centered
maximum remains the same as in the exponential case, but the centering constant
log K is replaced by B(K) = logK + (M — 1)loglog K — log(M — 1)!. Specifi-
cally let, E,, F,, ..., Ex be i.i.d Erlang variables with M degrees of freedom. Let
Y := max (Ey, ..., Ex), and define 7 .= vV ~B(K). Then, Z{) = =", where
= denotes convergence in distribution. This weak convergence result is straightfor-
ward to verify. Note that the sequence B(K) is distinct from the sequence of the
means myg := E[Yg]. Similar results can also be derived for the centered second
largest variable, third largest and so on.

A further useful fact that can be shown regarding the sequence of centered maxima
Zy () is that they are uniformly integrable [2]. Tt is a well known fact that a sequence
of uniformly integrable random variables that have a weak limit also converge in the
mean [2, p. 338]. Thus we can conclude that the sequence of means E [Zf{l)] converge:

lim E [Z}P] = lim my — B(K) =E|Z], (A1)

K—o0

where E [Z] is the mean of the limiting distribution function e¢"". Interestingly, the
mean of this distribution function turns out to be equal to the celebrated Euler-
Mascheroni constant [14]:

E[Z] =~ =05772. ..

Finally, we state without proof another interesting and useful fact regarding the
largest few realizations in a set of ii.d Erlang random variables. Specifically, the
following lemma states that for 0 < § < 1, the largest K? random variables are

unlikely to take values that are significantly lesser than the centering constant B(K).
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Lemma A.2.1 Givene,§d >0, 6 < €/2, define
6
Phe = B{Y") < (1-9B(K)},

where Y,(<K6) is the K® order statistic among a set of K i.i.d unit Erlang(M) random

variables. There exists a constant Cs. such that

Cé,e

Poe < (log(K)

Note that as a consequence of (A.1), the statement of the above lemma also holds

when B(K) is replaced by the sequence of means mg in the definition of pj,.

A.3 Lemmas and proofs for the homogeneous case

A.3.1 Additional bounds for the sum capacity

Here we gather a few further bounds for the sum capacity that will be used in estab-

lishing Theorems 3.3.1 and 3.3.2. We first prove a simple lower bound.
Lemma A.3.1 For any 1,7,

Clhi by, P) > 2iog (14 5 ) +log(Vy).
with ||hin;|* == min{||h;||?, | [hy]|*}.

Proof
From Equation (3.4),

C(hi, hy, P)

> tog ( (14 Zme) (1+ Sl v )

P
> 2log (1 + Ellhi/\j“2) + log(V;).
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We now state a few upper bounds. Define
, P 4
Fhi by, P) 2= 1+ Pllhas |+ =i 1V,
with [[hiv;|[* == max{|[hi] %, || ;] *}.
Lemma A.3.2 For any 1,7,
o (hi, hy, P) < log(F(hy, hy, P)).

Proof
Using Equation (2.3) and Lemma A.1.1,

Cii(hy, by, P)
_ P oy f
= ET}%}EP log det <_[2 + g(h%hl -+ hjh])>
= Piffggplog(1+Pillhi(|2+Pthj||2+PinHhiIIQthHQVU)

< Pffl%}éplog (1 + (P + ]DJ>”h'z\/]HQ + HPJ‘HIHVJHZIVU)

2 P2 4
= tog (14 Pllb 1P+ Sl

Lemma A.3.3 For anyi,j, € € (0,1),
1 P :
F(h; hy, P) < (g + gﬂhiw‘HQ) max{e, V;;}.

Proof
By definition, for any € € (0, 1),

2 P2 4 1 P 2 ’
Pl . P) = U+ Pllhos |+ THllmaslVs < (4 Glbl?) maxte. i)



Lemma A.3.4 For anyi,j, € € (0,1),

1 P
C(h;,h;, P) < 2log (; + 5||hiw‘||2) + log(max{e, Vi;}).

Proof

Follows from Lemmas A.3.2 and A.3.3 and observing that C(h;, h;, P) < C3&(h;, hj, P).
0

A.3.2 Proof of Lemma 3.2.2

Proof

First note that the difference is bounded from below by

= [ox (- a5 g |

so the liminf is non-negative since ||h)||2 — oo almost surely as K — oco.
We now show that the limsup is non-positive.

Denoting mg := E [||h(1)||2] and applying Jensen’s inequality, we obtain

E [log (A + Qllh)|1?)] < log(A + Qm).

For any € > 0,

E [log (B + Qllhw)ll?)] >

log(B) + [log (B + @mk (1 — €)) — log(B)|P{||h,||* > mx(1 - €)}.

Since L(K) = o(K?) for any § > 0, it follows that

li}gnﬂ:infI[”{llh,(L)H2 >mi(l—¢€)} > liénianP’{||h(Ke/4)||2 > mg(l—e)}.
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We now use a fact that is derived using the theory of extremal order statistics. As

stated in Lemma A.2.1, it can be shown that there exists a constant C. /4 for which

06/4,6

P{|| b syl < mg(1—€)} < Tog(K))

Combining the above inequalities and observing that log(1+Qm(1—¢)) = o((log(K))?)

as K — oo, we deduce that the limsup is bounded from above by

lim sup log(A + @mg) — log(B + Qmg(1 — ¢€)).

K—o0

The latter quantity is no larger than

: A-B
I}l_r)noolog (1 + m) — log(1 —€) = —log(1 —¢),

because mg — o0 as K — oo. Letting € | 0, the result follows.

A.4 Lemmas and proofs for the heterogeneous case

The following lemmas are useful in proving Theorem 4.3.1.

Lemma A.4.1 Forallc=1,...,C,

limsup E [log (1 + ZPJ(K)HhaF)J —log(B(K)) < log (Z Pjﬂﬁ) :

K—o0 d=—1

Proof

Since Hh,E‘li;H2 is a scaled version of a unit Erlang(M) random variable, we can write
d : .
IR = BB + Z40(K)).
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This is in view of Section A.2 above.

Then,

E log 1+ZPd(K)Hh§‘f§H2)] — log(B(K))

1

- ZW(K
B +ZPd(K ﬁd (1+ B(}(;()))>jl

=1

= E |log (l—i—in ﬂd(B(K)-s—Z(d)(K)))] — log(B(K))
= E log(

IA

c d)
E |log (‘B_+Zﬁd (Pd(K) QL‘B(—‘E(I‘@))}

c (d)

where the last step follows from Jensen’s inequality. We see from (A.1) that

IN

E[(Z“(K))]
B(K)

—

as K — oo. Hence,

lim sup E [log (1 + Zpd (K)||h‘d)[|2)} ~log(B((K))) < lim 1sup log (ZE [P}(K)] @,) .

As stated earlier, the powers (Py(K),...,P5(K)) converge to (Py,...,P&) in
probability, as K — oo. Also, since the powers are bounded above by P/M, P*(K)
is a sequence of uniformly integrable random variables for each class c. Using these
two facts, one may deduce that limg_. E[Pj(K)] = P; for d = 1,2,...,C, see [2].

The result easily follows now since

lim sup log (Z]E [P (K)] ,83) = log (Z PJ,G(%) :
d=1

K—o00 d—

Lemma A.4.2 Forallc=1,...,C, if Ly(K) = O(K?®), § > 0, foralld =1,...,c,
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then

. . - * d p - - *
h;?LloIle {log (1 + ZPdHhEL)d(K))HZ)} —log(B(K)) > log <Z de§§> +log(1—26).

d=1 d=1

Proof
Take € > 24.

Define the event

C d
LE, = Ui { 1A I < (1 = BB}

and its complement

LE, =y {IB e I = (1= BB}

In view of Lemma A.2.1, it is easy to deduce that

P{L¢} = o((log B(K)™)).

Next,
£ [log (1 n iP;HhEiL(K»H?)} ~ log(B(K)

L d=1
> E |log (1 + ip;uhgi{m)nZ) ;Eii} — log(B(X))

L d=1
> log (1 +(1—¢) iPJAﬁB(K)) (1= P{L}) — log(B(K))

d=1
> [108(1 —€) +log(B(K)) + log (X(: PJ@?) [1 = P{L{}] — log(B(K))
d=1
> log(1 - ) +log <Z P;ﬁﬁ) — | tog(B()) +log <Z P;ﬁs) P{LK}.
=1 =1
Since P{LE } = o((log(B(k)))™"), the statement of the lemma follows. O
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Lemma A.4.3 Letuj,uy € CM be two orthonormal vectors. Let g be A-aligned with

u; aend h be A-aligned with uy, for some A < % Then, g and h are 3\-orthogonal.

Proof
Let g = [g1,90,-..,9m]) and h = [hy, hy, ..., hy]. Without loss of generality, we may
assume u; = [1,0,...,0] and u; = [0,1,...,0]. By hypothesis, we have,

2
———Lgll e
Zj:l lg.')l
and
2
__T,/I_2,__2_ >1-A
Ej:l thI
Now,
M
Ulh g) = | 251 95h41°
J = M
Z]’:l 9512 Z;il lhj|2
M
< > i1 1gi P hs?
— M M
2;‘:1 lg;1? Zj:l |l
o 9 PUME + 35 1R P) + lgaPlhol?
|91 13| hal?
- [l? + 5 1 g
|2 g1/
2\

In the above, step 2 follows from triangle inequality and step 5 from the hypothesis.
O

Lemma A.4.4 Consider the MC users chosen by the List scheme described earlier.
For any c,d =1,2,...,C, and any i,j = 1,2,..., M,i # j there exist constants &ed
and n.q such that

P{U(h{?, h¥) < —9‘—’?—} >1-— ’7"’;‘ .
WY gmmen K
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Proof
As shown in Lemma 3.2.1, the normalized inner product between any arbitrary chan-

nel vector and the unit vector w; has the distribution function
Fy(u)=1-(1—-u)ML

For the special case of M = 2, this corresponds to a uniform distribution. Now, recall
that hS:) is chosen as the vector which is most collinear with u; from among a group
of L. = K¢ class c users. In other words, the normalized inner product U(h{?, w;)
is chosen as the maximum among L, = K? i.i.d variables, distributed according to

Fy(u) above. The distribution function of U(h{, u;) can therefore be written as
]P’{U(hffi),’ui) <u}=(1-(1- u)M—l)LC

from which it is easy to deduce that

1
VL.

_ )
P{UMRY, w) <1-K. "™V} =(1- )Ee.

We now use the fact that the function f(z) = (1 — 1/z)*,2 > 1 is bounded above by

1/e, to upper bound the above probability as
s
P{U(RY, u) < 1— K, ™} < e VIe,

Even though this is a sharp bound on the above probability, the following loose bound

will suffice here:
s
P{UAS,w)>1 - K. ™ P} >1-1/L.=1-K]°.
Similarly, we can write, for j # 1,

_ é
P{UMRY, w) >1- K, P} >1-1/Lg=1-K;°.
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Using the above pair of inequalities, and invoking Lemma A.4.3, we get

3 ,
P{U(R, b)) < — — > 1- K- K%
min(K,, K )T-D

Finally, noting that each K. = a.K, with «a, constant, the result follows.
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