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ABSTRACT

This thesis classifies the admissible nilpotent orbits,
in the sense of Duflo, in the following groups: SL(n,R),
Sp(2n.R). O(p.q). U(p.q). SO(p.q) and SU(p.q). The
philosophy of coadjoint orbits suggests that the
admissible orbits should be the ones to which one can
attach representations.
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INTRODUCTION

This thesis is a study of the connection between
representations of a semisimple Lie group and the
partition of the dual of its Lie algebra gz into orbits
under the coadjoint representation. Kirillov first
introduced this method in the study of simply connected
nilpotent groups and it was generalized by
Auslander-Kostant and Duflo to simply connected type I
solvable groups. In these cases the orbit method has
been successful in setting up a correspondence between
equivalence classes of irreducible unitary
representations and coadjoint orbits of G on g: .  The
connection between the algébraic picture of the unitary
dual and the more geometric orbit picture has provided
useful insight and added coherence to the representation
theory.

To implement the correspondence discussed above,

Duflo introduced a method for picking out a subset of

orbits he calls admissible orbits in g: . He describes
a bijection between admissible orbits and unitary
representations for nilpotent and Type I solvable groups.
In the case of a real semisimple Lie group it is not at
present understood which nilpotent coadjoint orbits

should correspond to representations of the group.
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Moreover, there isn't a general technique for attaching
representations to nilpotent coadjoint orbits --
geometric quantization has not been applied successfully
to nilpotent orbits except in special cases. The
admissible nilpotent orbits are good candidates on which
to attempt quantization.

We have classified the nilpotent orbits and
determined which of them are admissible in the following
real classical groups: Sp(2n.R) ., O(p.q) and U(p,q)
-- the first two are the groups preserving a symplectic
and a symmetric form, respectively, on a real vector
space, and the latter is the group preserving an
Hermitian form on a complex vector space. In addition,
we have determined the admissibility of the nilpotent
orbits in the followihg semisimple groups: SO(p.q) ,
SU(p.q) and SL(n,R)

Chapters 1, 2, and 4 describe the method used to
determine whether an orbit is admissible. In Chapter 3
we recall how the real nilpotent orbits under each of the
real classical groups above are parametrized by
equivalence classeé of representations of SL(2,R) on a
vector space preserving the appropriate non-degenerate
sesquilinear symplectic or Hermitian form (Springer,
Steinberg). In Chapter 6 we do the same in the case of

SL(n,R) , except we look at representations of SL(2,R)
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preserving a multilinear n-form. A nilpotent orbit under
a complex group may break up into a disjoint union of
several nilpotent orbits under a real form of the complex
group, but it turns out, in the cases we have studied,
that the issue of admissibility of a nilpotent orbit
depends on its orbit under the complexification of G
The final two Theorems in Chapter 5 show which complex
nilpotent orbits are admissible in terms of the
parametrization discussed above. In Chapter 6, we show

all nilpotent orbits in SL(n,R) are admissible.
PRELIMINARIES

When G 1is semisimple, we can make use of the
Killing form, B (or any nondegenerate G-invariant
bilinear form on go), to identify g, with g: , and
this identifies adjoint orbits on g, with coadjoint
orbits on g: . We denote the orbit of X € g, by OX =
{Adg(X)|g € G} . We will call the isotropy subgroup of

X , the subgroup of G which fixes X, GX ;

X X

G" = {g € G|Adg(X) = X} . The Lie algebra of G will
be called g): = {F € gol [X,F] = 0} . The adjoint

representation gives us a smooth, transitive action of G
on OX ; thus OX is a homogeneous space isomorphic to

the coset space G/GX
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We now introduce an example which shows why
integrality of an orbit is not a discriminating enough
criterion to use to pick out orbits which should
correspond to representations. An orbit 0x is called
integral if there exists a finite dimensional,
irreducible unitary representation v of GE satisfying

the following condition:

E

iB(E,X)*I = dv|e(X) VX € g

If E 1is nilpotent, then B(E, gE) = 0 (Chapter 1,
Lemma 1). It follows immediately that E is admissible
for all nilpotent orbits -- take v to be the trivial
representation. But an orbit and the representation
attached to it should match in dimension in the following
sense. The representation attached to a nilpotent orbit
should have Gelfand-Kirillov dimension equal to one half
the dimension of the orbit. Howe and Vogan [9] have
shown that there are no such representations associated
to the minimal nilpotent orbit in Sp(2n,R) . This
example points out the need for an extended notion of
integrality. Duflo’s definition of admissibility is

closely related to integrality, but it makes use of the

symplectic structure of the orbits. We now describe this
structure.
Ox is a symplectic manifold, i.e. there is a closed

2-form which is non-degenerate on each tangent space.
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For a fixed E € 0X , we construct a skew-symmetric
bilinear form on TE(OX) as follows: consider the
smooth mapping ¢ : G — OX given by g — Adg(E)
Then the map d¢|e I P TE(OX) is onto and has

E . . :
kernel g, - Thus we have a canonical isomorphism:

and carry it over to 0X by means of this isomorphism.

To begin, define the skew-symmetric mapping

/gE . VWe define our bilinear form on go/gg

(o] (o]

w g xg, — R as follows: wE(V,W) = B(E,[V.W¥])

E
The radical of Vg is gE , and therefore Op makes

sense when it is considered as a form on the quotient

space QO/QE . Clearly, wp is non-degenerate on

go/g . We will omit the verification that W gives us
a closed 2-form on OX . (See Guillemin-Sternberg).
The group GE acts on the symplectic vector space

gO/gE via the adjoint representation and preserves the

E E E :
form ©p - For g € G and Y + g, € golgo , we define
g'(Y+gE) = Adg(Y) + QE . It is easy to check that this
action pfeserves Wgp and thus we get a map from GE

into Sp(go/gE) , the group which preserves wp on the

E

vector space go/go

The symplectic group of any vector space V, Sp(V) ,
has a well-known two-fold cover called the metaplectic
cover, Mp(V) (Shale [6]). Let =w : Mp(V) — Sp(V) and

let T
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denote our mapping G~ — Sp(golgo) . We define
(GE)mp , the "pullback” cover of GE , as follows:
E E E
(6™ = {(x.y) € G x Mp(g /g ) |7(x) = w(y)} . The
mapping Py ¢ (GE)mp — GE defined by projection on the

first factor is a two-fold cover of GE

E\m E

(6)"P = — — > Mp(g,/a,)
|

Pyl T l
!
E T E
G* —— Sp(g,/a,)

We say a representation "P of (GE)mp is genuine if

it is not trivial on the kernel of the map

P, ¢ (GE)mp —_ GE Finally, we say a genuine
representation »"P  is admissible if dumple(X) =
i*B(E,X)*I for all X € gE . The group GE and the
orbit are said to be admissible if (GE)mp admits an
admissible representation. It is not difficult to see
that 1i+B(E,X) = O for every X e‘gE if E 1is
nilpotent. Thus »™  nust be trivial on

(GE)Bp , and GE will be admissible if and only if

z € (GE)mp , where z is the nontrivial element of the

kernel of the map Py ¢ (GE)mp e GE

For E € 8, nilpotent, the algebraic group GE can

be decomposed as follows: GE =L x U, where L 1is
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reductive and U 1is unipotent, normal in GE , and
simply connected. It follows that (GE)mp is isomorphic
to L™ x U , which reduces the question of admissibility
to the subgroup L and its two-fold cover L™P
Possibly after replacing E by another element of OE R
we can embed E in a 6-stable copy of s{(2) inside
g, - where 6 1is the Cartan involution of g, - Then we

may take Io = &g (s1(2)) . or L = ZG(SL(2)) , as the
o

reductive subgroup in our decomposition of GE . The

polar decomposition enables us to write G = Kexp(po)
Because L 1is O-stable and algebraic, we can decompose

L as L = (LﬂK)exp(loﬂpo) , and, as above, the question
of admissibility reduces to a question about the two-fold
cover of LNK . We recall that this cover is constructed
by mapping LNK 1into Sp(go/gg) . Hence the question of
admissibility of an orbit finally reduces to analyzing a
representation of a compact group on a finite dimensional

vector space.



Chapter 1

We begin by showing how the question of
admissibility for the nilpotent orbit OE is equivalent
to a topological question about the two-fold metaplectic
cover (GE)mp of the subgroup GE C G . We begin with

an easy Lemma.

Lemma 1. Let E € g, be nilpotent. Then B(E.,X) = 0

for all X € 95 , where B 1is the Killing form on e,

Proof: We must show that [E,X] = O implies that

B(E.X) = 0 . Use the Jacobson-Morosov Theorem to embed
E in a standard sl(2)-triple ({E,F,H} . We decompose
g, = ? [go]i under this sI(2) , where [go]i is the

H-eigenspace with eigenvalue i . The g, invariance of
B implies B([go]i’ [go]_j) = 0 unless i = j . The

sl (2)-theory tells us that E € [go]2 and

E E

g, C ® [go]i i therefore B(E, go) =0 . @O

i<0

. Proposition 1. A nilpotent orbit UE C g, is admissible

if and only if the kernel of the map = : (GE)mp — GE

is not in the identity component (GE)rgp of (GE)mp
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Proof. Let M = {e,z} denote the kernel of w7 -- an
order two subgroup of (GE)mp . If =z € (GE)gp it is
clear that GE is not admissible, because if there were
an admissible representation v"P  of (GE)mp then, by
the Lemma, dvmpl = 0 . Hence vmpl =1 . 1In
e (GE)mp
o)
particular, vmp(z) =1 and »™ is not genuine.
Now assume 1z € (GE)gp , and we construct a genuine
representation v"P of (GE)mp such that
vmp| E = I ; that is »"™P 1is admissible.
mp
(6P

Let M = {z,e} denote the image of M 1in the

component group (GE)mp = (GE)mp/(GE)gp . Then

M C (GE)mp , an order 2 normal subgroup, is contained in

the center of the group, hence M C Z((GE)mp) . Let o
be the non-trivial one dimensional representation of M

Let p denote the right regular representation on

E,mp E.mp
Ind(G_) (¢) . For f € Ind(G_) (o) we calculate
M M
p(z).f : Let g € (GE)mp , then
p(z)E(g) = f(g z) = £(z g) = z.f(g) = -f(g)
Thus p(;) # 1 . We define a representation »™P  of

(GE)mp by setting vmp(g) = p(g) where g € (GE)mp and



-10-

(GE)mp It is clear that

E is the image of g 1in

™P  jis an admissible representation of (GE)mp . o

D
We now show GE is admissible if and only if a

reductive subgroup L C GE , which we define below, is

admissible. Use the Jacobson-Morosov Theorem to embed

E € g, in a standard s{(2)-triple {E,F,H} C g,

Proposition 2. GE is isomorphic to L x U where
E

L = ZG(sI(2)) , U 1is the closed subgroup of G
corresponding to the Lie subalgebra u, = QE n [E.go] .

U 1is unipotent, connected and simply connected.

Proof: Assume E 1is the nilpositive element in the
sl(2)-triple {E,F,H} C gy - First we show that every
element g € GE can be decomposed g = &*u with & €L

and u € U . Fix g € GE

Then ({E,F,H} and
{E,Adg_l(F),Adg_l(H)} are both s{(2)~-triples with the
same nilpositive element. By Kostant (1959), all triples
with the same nilpositive are conjugate by an element of
U . Furthermore, the set of neutral elements for all
triples with nilpositive E 1is the linear coset H+uo ,

where u, = [E,goj n gE and there is a 1-1 onto mapping:

U — H+u = which sends u — Adu(H) . Hence there is a
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unique u € U such that

(E. Adu(Adg '(F)) . Adu(Adg l(H)) = (E.F.H}

Thus u~g-1 € ZG(sI(Z)) = L , and we have decomposed

g = (g°u—1)°u € LU
Now we show that L N U = {e} , U 1is unipotent

connected, simply connected, and U 1is normal in G

We will show below that uy is a nilpotent Lie algebra.

The exponential map: u, — U 1is 1-1 and onto. To see
the exponential map, exp : n — N , for a connected
nilpotent group N , is onto we use induction on the
dimension of n . This statement is true for

dim n = 1 because the exponential map is onto for a
connected abelian group. n has a nontrivial center

3 ,» therefore we may assume exp : n/3 — N/Z 1is onto.

Thus for n € N there exists X+3; € n/3 such that

1

22 € 3 , such that exp Z2 = z ; therefore

exp(X+Zl)°exp(—Z2) = n and this gives

exp(X+Zl) = nez with z € Z , Z. € 3 . Also we can find

exp(X+Zl—Z2) =n . To see exp 1is one-to-one, we find a
basis for the matrices n in which they are strictly

upper triangular (Engel’s Theorem). It is easy to see by
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direct computation that exp 1is one-to-one on those
matrices. Therefore U 1is homeomorphic to Euclidean
space, i.e. U 1is connected and simply connected.

Let [go]k be the H-eigenspace with eigenvalue k
under the adjoint representation of s{(2) on g . As

o}

an easy consequence of the sI(2)-theory, we get

u C & [aga ], . Let u€U and W € u such that
o] o-k o]
k>0
exp W = u
If X € & [go]k . then Adu(X) = X+Y with
k>0
Y€E & [go]k ; thus U 1is unipotent. By the same
k>0

argument, if X € [go]o then Adu(X) ¢ [go]o . On the

other hand, for € € L , Ade(X) € [QO]O , because Ad¢®

commutes with the sI1(2) action on g, - This shows
that L N U = {e} . We now show U 1is normal in GE
and thus GE =L x U . Since U 1is connected it is

enough to show Adg(X) € u for all g € GE and

X € u - We have [E,Adg(x)] = Adg[E,X] = 0 , hence
Adg(X) € gE . We know there is a W € g, such that

[E.W] = X , so:
Adg(X) = Adg([E.W]) = [Adg(e).Adg(W)] = [E.Adg(W)] .

hence Adg(X) € [E.go] and we get Adg(X) € gE n [E.go]

= uo as desired. We note that L 1is reductive, because



-13-

the centralizer of a reductive algebraic subgroup of an

algebraic group is reductive. 0O
; . E,mp E
Recall the covering map w7 : (G7) — G . We
have shown that GE is isomorphic to L x U . Define
L™P - w_l(L) and we prove
C s . E.mp .
Proposition 3. The metaplectic cover (G7) is
isomorphic to L™ x U

Proof: Let U be the analytic subgroup of (GE)mp with

Lie algebra u, - Since U 1is simply connected, w7 is

an isomorphism of U onto U . Since uy is normalized

~

by L , U 1is normalized by L™P
We have an injective map 1 : L™"Pxy — (GE)mp and
must show this map is onto. Let ™ and T denote the

covering maps as in the diagram:

L™"Pyy — (cE)"P

T m

2 1

E

~

E\m ~oor -1 ~ .
Choose X, € (G7) P and {yl,y2} =T, owl(xl) . We will

show that either i(yl) = x, or i(y2) = X4

i(yl) # i(y2) but they both maps to Xy under Lo}
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Since wl(xl) = % and m, 1is a two-to-one map, we

conclude either i(yl) or i(y2) equals X, - O

Proposition 4. Let {E,F,H} C g, be a standard

sl (2)-triple and 6 a Cartan involution on g, - Then
there exists a g € G such that the sI(2)-triple ({E' =

Adg(E)., F' = Adg(F), H' = Adg(H)] satisfies the

relations O6E' = -F' and ©6H' = -H'

Proof: We define a Cartan involution 6' on the
subalgebra spanned by {E,F,H} as follows: 6'E = -F
and 6'H = -H . This corresponds to a Cartan

decomposition of s((2) = fé ) pé with !é = R(E-F)

9 L)
and pé = RH & R(E+F) . One can extend 6' to a Cartan
involution 6" on the whole Lie algebra g, so that
g =1t"® p" (the Cartan decomposition with respect to

o o gv

6") and 26 c t; and pé C p; (Mostow, p. 277
Helgason). Since all Cartan decompositions are
conjugate, we can find g € G such that Adg(t;) = !o
and Adg(p;) =P, where g, = to ® P, 1is the Cartan
decomposition on 2, with respect to 8 . We have B8 =

Adgoe"OAdg"1 and the triple {Adg(E),Adg(F).Adg(H)}

satisfies the desired relations. o
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We recall the polar decompositions for a reductive
group G . We can write G =K exp(po) which comes from
the Lie algebra decomposition of g, = !o ® Po - !0 is
the l-eigenspace and Po the(-1)-eigenspace for a Cartan
involution 6 defined on g, - and K the maximal
compact subgroup of G corresponding to the subalgebra

fo . The following two Lemmas give this decomposition

for L

Lemma 2. The centralizer of a 8-stable subgroup H C G

is B6~-stable.

Proof: It suffices to show that Ad(f6g) = 60oAdge6 . Let
cg : G — G Dbe defined by cg(x) = g°X°g—1 , X € G

We observe that C(Gg) = GOCgOB because ceg(x) =
(6g)-x+(6g) " = 0(g)-x-0(g” ') = 8(g(6x)g™ ") = 8(cg(6x))
for x € G . Differentiating this equation gives us what
we want. O

Lemma 3. Suppose H 1is a O6-stable subgroup of G and

|[H/ZH,| =n . Then H = (HN K)exp(p, N § ) where

ol =
b, = Lie(H)

Proof: It is clear that H1 = (HnNn K)exp(po n eo) CH

and we want to show H1 = H . Assume for a moment we
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know H0 = (HnN K)O exp(po n 50) . Fix h € H , then we
can write h = k exp X , with h € k and X € Po - We

1

calculate (6h) “+h = exp2X € H . Since |H/HO| =n , we

get (exp 2X)n = exp(2nX) € H Then

0
exp(2nX) € H0 N exp Py = exp(po n bo) and, therefore,
2nX € P € bo , and hence X € Po n bo . So
exp X € exp(po n bo) and k € HNK

So it remains to prove that Ho = (HnN K)O exp(po n
bo) . H' = (HDN K)O exp(p0 n bo) is an open set in Ho
because it contains a neighborhood of the identity,
therefore, assuming it’'s a group, it is both open and
closed which implies H' = HO . Now we show H' 1is a
group. The following argument shows that it is
sufficient to show for X,Y € bo n Po

expX expY € exp(pO N bo) . Let kl'expxl,k2-expx2 € H' ,

then

-1
(k1 exp Xl)'(k2 exp X2) kl(k2k2 )°epr1°k2(epr2)

kl'k2 epr3'epr2

which is an element of H' if

epr3°epr2 € exp(p0 n 60)

So we set ¢(t) = exptXeexptY = k(t)exp(Z(t)) .
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k(t) € K, Z(t) € Po and k(t), Z(t) are analytic in
t . We want to show that Z(t) € bo n Po for all t ,
but it is enough to show for small t . It is enough to
show that the coefficients in the power series expansion
of Z(t) Dbelong to bo . We have
(04(£)) ™! #(t) = exp(22(t)) . hence
log((8¢()) " o(t))

log(exptY- exptX+-exptXsexptY)

Z(t)

N|— Nj—

By Campbell-Baker Hansdorf this last expression can be
written as a power series in t whose coefficients are
bracket in X and Y . Since X and Y belong to

50 . these coefficients do as well. 0O

Proposition 5. We have L = (L N K)exp(po n IO) where

Io=LieL

Proof: Follows directly from Lemmas 2 and 3. O

Proposition 6. The group L"P = (Ln K)mp exp(pO n IO)

Proof. Apply the same argument used in Proposition 3. O

Recall that an orbit is admissible if and only if
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the non-trivial element in the kernel of the map
T (GE)mp — GE is not in the identity component. Let
z be the non-trivial element in the kernel of =w . By
Proposition 3, (GE)mp = L™P.U and U 1is connected.
Therefore, z € (GE)gp if and only if z € (me)O . By

Proposition 6, L™

P - (LﬂK)mp~exp(poﬂIo) and exp(poﬂIo)
is connected. Thus, 1z € (me)O if and only if
z € (LnK)gp . We conclude that the admissibility of an
orbit can be decided by considering the compact subgroup
LAk c cF

We have seen that GE maps under the adjoint
representation into Sp(2n) , where 2n = dimR(go/gg)
The image of the compact subgroup LNK C GE must be a
compact subgroup of Sp(2n) . Since all maximal compacts
are conjugate in Sp(2n) , we can map LNK into
Sp(2n) N 0(2n) , a maximal compact subgroup of Sp(2n)
isomorphic to U(n) . The following Proposition, which

we will not prove, enables us to compute the metaplectic

cover U(n)mp of U(n) explicitly.

Proposition. The group U(n)mp is isomorphic to

((x,e'®) € U(n) x s! | det(k) = 219

Define a character x on LNK by composing the
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following maps:

LNK —I— Sp(2n)N0(2n) —— U(n) 2&t, gl

We construct the pullback cover (LﬂK)mp from the
metaplectic cover U(n)mp as described in the
Introduction. The next Corollary follows directly from

the description of U(n)mp given above.
Corollary. The pullback cover (LﬂK)mp is equal to
{(g.2) € (LK)xs'| x(g) = 2°)
The next Theorem shows that an orbit is admissible

if and only if the character x 1is a square, that is,

there is another character ¢y of LNK such that

2
X = ¥
Theoremn. Let 2z be the non-trivial element in the
kernel of the covering map 1w : (LﬂK)mp — ILNK . Then

z € (LﬂK)gp {=> the character x of LNK 1is a square.
Proof: First, assume x = ¢2 and we show there cannot
be a path from the identity to =z in (LﬂK)rgp , that is

z € (LDK)PP . Let {(g(0).e'%) € (LnK)xs'| 0 < 0 < )
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be a path from (e,1) to (e,-1) 1in (LﬂK)gp . We have

£(0) = e ., g(r) = e . and x(g(8)) = v(g(0))2 = &21°
Therefore y(g(8)) = 0 or w(g(8)) = -e*® . But
¥(g(0)) = ¥(e) = 1 . hence ¥(g(8)) = ' . Thus
¥(g(m)) = eI™ = -1 which is impossible because

g(r) = e

Conversely, assume 2z ¢ (LﬂK)gp and we show x 1is

a square. Define a character ¢y by setting, for
g € LNK , v¥(g) = {w| (g.w) € (LnK)gp} . It is easy to
check this is a well defined character of LNK . For

(g.w) € (LﬂK)mp we have x(g) = w2 ; therefore

x(g) = w(g)z' as desired. O

In the next Chapter we develop the machinery

necessary to compute X
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Chapter 2

In order to construct a map from LNK into U(n)
we will find an (LNK)-invariant hermitian form on golgE
considered as a complex vector space with respect to a
complex structure J . The vector space golgg is
endowed with the natural GE-invariént symplectic form
Vg - We seek an (LNK)-invariant inner product b and a
complex structure J such that T = Db + in is a
Hermitian form on 30/95 ., that is, the following

relation must be satisfied by J and T

it(x.y) = 7(Jx.,y) all x,y € QO/QE

Equivalently, the compatibility condition can be

expressed in terms of J, b , and wp as:

| E
b(x.,y) = wE(Jx.y) all x,y € go/go

If b and o are (LNK)-invariant then so is T

tm

"

T(x.Yy) b(x.y) + in(x,y)

b(¢.x,8.y) + imE(e.x.e.y)

1

T(2.x,2.y)
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Assume we have found an endomorphism J on g /g

satisfying the following four properties:

1) J° = -1

E
2) wE(Jx,y) = —wE(x,Jy) all x,y € go/go
3) mE(Jx,x) 2 0 with equality if and only if x = O
4) J commutes with the action of LNK

Then we define a symmetric bilinear form b on QO/QE

def
by setting b(x,y) = wE(Jx,y) and we make the

following

Claim. 7 = Db + in is a (LNK)-invariant hermitian form
on go/gg viewed as a complex vector space with complex

structure given by J

Proof: The necessary compatibility among J ., g and
b is built into the definitions. b 1is symmetric by
property 2.) as follows: b(x,y) = wE(Jx.y) = —mE(x.Jy) =

b{(y.x) . b 1is positive definite because

0 (J7.%)
b(x.x) = wE(Jx,x) >0 if x # 0 . Finally, 7 is
(LNK)-invariant because J commutes with LNK . For

¢ € LNK we have:
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T(x.¥) = op(Jx.y) + tog(x.y)
= wE(e-Jx.By) + in(e.x.E.y)
= wE(J(e.x),e.y) + in(e.x.e.y)

= T1(2.x,8.y) . o

We now exhibit a complex structure on gO/gE which

satisfies properties (1)-(4). Decompose g, into

N .
isotypic subspaces under sI(2) ; 8, = ® W' where
i=1 '

Wi = miVi . Vi an irreducible s{(2)-module, dim Vi =1
Let [Wi]e be the H-eigenspace with eigenvalue ¢

Define J on [Wi] for =-i-1 ¢ & { i-3 as follows;
2

Definition. For x € [Wi]e , define J(x) =

-1/

(je i) 2°B(adE(x)) where je ; 1is a constant

depending on i and ¢ , and defined as follows. Since
i

the weight spaces of V are one dimensional, there are

constants such that for x € [Vi]e

Jg. 4
[F.[E.x]] = §, 4*X

We compute Je.i by looking at the action of E
and F in the sI(2) representation on homogeneous
polynomials of degree i-1. In this representation, the
operator w((g é)) corresponds to the differential

a 00 a 1 O
operator X gz . m({ o) to ¥y 3z . and w(y _;) to
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a .
X 3= =¥ 3y - So we have:
i-1+8 i-1-2 d i-1+8 i-1-¢
5 5 efn 5 p)
Jg 4(x y ) = F.E.(x y )
i+1+8 1i-3-2
-1-¢ 2 2
= [12 ]'(F X y )

= [i—l—e]°[i+l+e] and note that

We conclude that je,i = 5 5

Jo,1 = dop-2,4

Proposition. J , defined above, satisfies properties
(1)-(4).

Proof: 1.) We check J2 = -1 . It is enough to check

this on a basis, and we choose a special basis made up of
. . - . i
eigenvectors spanning each isotypic component W~ C g,

Pick x € [W'], ;

Px = 33,012 0(adE()) = (35]3)-J(0LE.x])
= (357 - J(o[E. x])

- (j;fgz)-(j:éfg'i)e[E.[eE,ex]] since O[E.x]e[W']_, ,

-1 . _ .
('Jg.i)’[F-[E.XJ] since j, ; = J_, o 4 and 6E = -F

i}

= -X
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2.) Check wE(Jx,y) = -wE(x,Jy) : We check this
equality on a basis of eigenvectors chosen as in 1.). We
note that wp([g,]y.[8,];] = B(LE.[g,];1.[g,];) which
equals O wunless j = -i-2 . Since J[[go]i] = [go]_i_2

we conclude that for x,y 1in different eigenspaces

0g(Jx.y) = -og(x.Jy) = O . Now take x,y € [wi]e . Then
og(Jx.y) = B([E.Jx].y) = -B(Jx.[E.y]) =

-(35 12 *B(O[E.x]. [E.y]) = (3, {%)*B([E.x].0[E.y]) =
~op(x,Jy)

3.) Check mE(Jx,x) > 0 if x # 0 : wE(Jx.x) =
-1/2

~op(x.Jx) = -B([E.x]. (35 (%) -6[E.x]) =
(j;1§2)'B9([E.x],[E.x]) which is always positive and

E
non-zZero on go/go

4.) Finally we must see that J commutes with
LNK C GE . Certainly adE commutes with LNK , so we
want to see why 6 commutes with LNK . Since K is
fixed by 6 and 60Ad(g) = Ad(Bg)o8 for g € G we

conclude for k € LNK , 60Ad(k) = Ad(k)o6 as desired. O

n
Now we decompose 8, = ® [goji into a direct sum
i=n

of eigenspaces under the H action of the sI(2)

representation. Because L = ZG(sI(2)) , L preserves
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the eigenspaces [go]i for all i . Thus for & € L we

have:

n
detp (Ade) = 121 det{Adel[go]i]

E we let Adg denote the action induced by

E
o

For g € G
Adg on the quotient space go/g We will consider

Ad{LNK) as a group of complex linear transformations of
the complex space go/gﬁ . This is possible because J
commutes with Ad(LNK) . The complex structure J maps

[go]i onto [go]—i—2 for all i , hence

« II det

detm(AdB)zdetm(Ade|[go]—1) I C[Adelcgo]iQJ([go]i)]

Proposition. Let V = [go]ie[goj_i_2 , h € LNK ,

i # -1 . Then detc(hlv) = £1 (+1 if h € (LNK),)

Proof: V = [g 1,8[s 1_; o = [g,1,0J([s 1) =
([go]i)m . Since h preserves [go]i and commutes with

J . we have detc(hlv) = detm{hl[goji] € R . But LNK

is compact, therefore its image under the determinant map

must be *1 (and +1 on the identity component). O
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By the discussion leading up to the Proposition and

the Proposition we can conclude:

det (Adh) = % detm[Adhl[go]_l]

Our goal is to calculate this determinant. We begin this
task by finding a parametrization for the nilpotent in

a (under certain groups). The next chapter addresses

o

this problem.
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Chapter 3

Classification of Nilpotents

Let G be a real classical Lie group with real Lie
algebra g, - We describe a correspondence between Lie
algebra maps from sI(2) into g, and nilpotent orbits

for which we need the following

Definition. A Lie algebra map ¢ : sI[(2,R) — g, 1is
equivalent to another such map ¢' : sI(2,R) — g, if
there exists g € G such that ¢(X) = gcj)'(X)g—1 Vx €

sl(2,R)

Proposition 1 (Kostant). There is a bijection between
equivalence classes of maps from sI(2) into g, and

nilpotent orbits under G

Proof: By the Jacobson-Morozov Theorem we can embed any
nilpotent E € g, in a subalgebra of g, isomorphic to
sI(2,R) . Thus there is at least one equivalence class
of maps corresponding to each orbit. To see there is
only one, we use the fact that any two copies of

sI(2,R) C g, with the same nilpositive element are

conjugate by an element of the subgroup U C GE C G
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(Kostant, 1959), where U 1is the closed, connected
subgroup of GE corresponding to the Lie subalgebra ug
= [E.go] n QE . this establishes the bijection. O

Thus, we conclude that the classification of
nilpotent orbits under (for the moment) an arbitrary real
group G 1is equivalent to the classification of
equivalence classes of maps from sI(2,R) into g,

Now we assume G 1is a real linear Lie group which

preserves a non-degenerate sesquilinear form wy on a

vector space VO defined over a field [F . We denote
G = G(wo) . Then g, is a real matrix algebra contained
in Mn(F) (for some n) preserving Wy - Because Lie

algebra maps from s((2,R) — g, lift to Lie group maps
from SL(2,R) — G , the classification of nilpotent
orbits under G 1is equivalent to the classification of
maps from SL(2,R) — G(mo) up to conjugacy by an
element of G(wo)

We introduce a notion of equivalence among pairs

(0,.V) where ® 1is a non-degenerate sequilinear form on

a vector space V/IF

Definition. We define (wl,V1)~(w2,V2) if there exists

an F-linear isomorphism T : V1 —_ V2 such that

wl(v,w) = wz(Tv,Tw) for all v,w € V1
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This isomorphism is unique up to left multiplication
by an element of G(m2) or right multiplication by an
element of G(ml) . Let (wl.V1)~(w2.V2) and
T : V1 —_— V2 implement the equivalence. Then the
isomorphism T induces an isomorphism of groups
¢ G(wz) — G(wl) defined as follows: for

g € G(uy) let ¢-(g) = T

ogoT € G(wl)

Fix an equivalence class (mO.Vo) , and let (wo,Vo)
be a representative of (wo,Vo) . We consider the set of
all maps SL(2,R) — G(mi) such that (wi,Vi) € (wo.Vo)

and define an equivalence relation on this set as

follows.

Definition. Let T : SL(2,R) — G(wl) and

"¢ : SL(2,R) — G(wz) . We say T ~ ¢ if and only if
there is an isomorphism T : V1 — V2 preserving the
forms Wy and Wo and T-1°¢(x)°T = 7(x) for all

x € SL(2)

We observe that the set of equivalence classes of
mappings of SL(2) — G(mi) , 1 €1, is in bijection
with the set of equivalence classes of mappings from

SL(2) — G(w for the fixed group G(mo) where the

o)

equivalence is defined by conjugacy within G(wo)
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Now consider the set of all triples {(w,w.,V)| 7 is
a representation of SL(2) on V leaving invariant the
form o and (w,V) € (GBTVET} . Define an equivalence

relation on this set as follows:

Definition. (vl,wl,V1)~(v2,w2.V2) if there is an
isomorphism T : V1 ey V2 which intertwines the SL(2)
action and preserves the forms h and Wy in the sense

already explained.

Clearly, the following two sets are just
descriptions of the same thing: {(7.w0,V)|r is a
representation of SL(2) on V preserving « and
(0.V) € W} and {¢ : SL(2) — G(wi)l(wi,Vi) €
TESTVET , i € I} . As we’'ve noted, the set of
equivalence classes of the latter set is the same as the
set of equivalence classes (under conjugation in G(mo)),
{¢ : SL(2) — G(wo)} . Therefore, the classification
of nilpotent orbits under G reduces to understanding
the partition of the set of triples {(m,w.V)|r is a
representation of SL(2) on V preserving o and
(w,V) € TGSTVET} into equivalence classes.

First we choose a standard model for an irreducible
s1(2) representation over R , (vi,Vi) ,  where vl s

the vector space of homogeneous polynomials of degree
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i-1 1in two variables (irreducible sl(2)-representations
/R are determined by their dimension). The action
of SL(2) on a monomial XiYJ is given by substitution
of variables; that is, for (a b) € SL(2) , (a b).XiYj =
c d c d
(aX+cY)1°(bX+dY)J . On the Lie algebra the elements H =

1 0 01 00
(0 _1) , E = (O O) and F = (1 O) of sI(2) correspond

a a a a
to the operators x % y 5; , X 5; , and y 3%
respectively. Also, we fix an s{(2)-invariant bilinear

form on V! by setting ml(Xl-l,Yln1

) =1

We fix TEETVET and we will determine all triples
(up to equivalence) (wi,mi,Vi) where L is a
representation of SL(2) on Vi ., ® an SL(2)-invariant
form and (mi.Vi) € TESTVST .

Now we use the semisimplicity of sI(2) to break up

a representation (vO.VO) into its irreducible

components.

Lemma. V. = & Viex! as sl(2)~-modules (Vi is as above)

0 i R
and H' = Homgx(2)(V1,V) , where H' 1is a vector space
over [
Proof: Define a map 1 : @ VieH' — v by

i

; defn. i i i

T(® (vi®T1)) = ® T (vi) where Vi®T € V' ®H
i i

It is clear that T 1is 1-1 and since dim V =
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dim(® ViQHi) ., T 1is an isomorphism. We consider
i

® ViGHi as an sl(2)-module by making sI(2) act on the
i

first factor alone, and then it is clear that T 1is an

intertwining map. 0O

We want to find all s{(2)-invariant forms on

VO = 6 ViQHi . We fix our canonical s{(2)-invariant form
i

ui on each of the V' and put an arbitrary

nondegenerate sesquilinear form h' on H'

Definition. Let ® wIth be a nondegenerate
i

sesquilinear form on @& ViGH1 given by
: i

© v ,8h (8(v,8T'). & 0.8s') = @ ol(v,.w,)-n'(Tl.s?)
{ i g 1 i i i i’7i

where vi®Ti . wi®Si € ViQHi

The form & wi®hi on © ViQHi gives a form ©wy on
i

Vo as follows:r

w((® v,8T') . (8 w 8s'))
i i
=® o ®h' (6 v.OT , @ wiQSl)
i i i

(wo,wb.vo) and (v, ® wlenl , @ ViQHi) are equivalent
i i

triples in the sense defined previously. A choice of
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nondegenerate sequilinear form h' on H' , for each
i , fixes an s((2)-invariant form on & V'@H' . The next
i
Proposition shows this gives all sI(2)-invariant forms
on & V'®H
i

Proposition. Fix the canonical sl{(2)-invariant form o'

on V! . Then the SL(2)-invariant forms on @& viga! are
i

all of the form @& w1®hi where hi is an arbitrary
i

sequilinear form on Hi

Proof: SL(2) invariant forms on & ViQHi are in 1-1
i

correspondence with intertwining operators,

1,1 Joudy*
Homsl(z)(? V'eH" , (? VY@HY) ) . We have

Homsr(2)(?(vi®ﬂi)’ ?(VjQHj)*)

R

Homsr(2)(?(vi®Hi). o((v)*e(ud)™))
J
)(vi@Hi . (vHXewd)®)

IR

® Hom
i, ]

| i yiy* QP

in Homsr(z)(v +(V')") ® Hom(H", (H")")

= ® Hom
i

sl(2

iR

51(2)(vi.(vi)*) ® HomF(Hi.(Hi)*)
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But we have fixed an s({2) form wi on Vi which

identifies Homs[(g)(Vi,(Vi)*) with [F , and we conclude

IR

® Hom(H', (H)™) . @
i
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Chapter 4

We have seen that nilpotent orbits of G -- the group
which preserves a nondegenerate sesquilinear form on a
vector space V -- on its Lie algebra are in one to one
correspondence with equivalence classes of
representations of s{(2) on a vector space with an
sl(2)-invariant sesquilinear form. We fix a

. i1 i1 .
representative (w, ® (V'®8H ), ® w ®h" ) (same notation
i
as in previous section), where we choose h! to be
s, <. i i
Hermitian or skew-Hermitian so that the form ® w'®h' on

1

the vector space & vien' is Hermitian or symplectic.
i

This gives us the nilpotent orbits in sp(2n,R) and
o(p.q) or wu(p.q) if V 1is real or complex,

respectively.

Definition. We say that a basis {T{} ; lis a
1{j<dim H

standard basis for H' with respect to the sesquilinear

i

form hi on H if 1.) for hi skew-Hermitian and

Hi complex, 2.) for hi symplectic and Hi real, or
3.) for nt Hermitian, the matrix (H)jk = (hl(T§,T;))

equals
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In order to find a representative of the orbit OE

corresponding to the equivalence class (w.®V1®H1,®w1®h1)
i i

. i, 1 .
we choose a standard basis on ® V' ®H and we realize
i

the linear transformation w(E) as a matrix (E)ij with

respect to this basis. E).. € is a representative
ij go P

-1 -1
of OE . Let g = (g)ij € G and g = (g )ij € G
Then Adg((E)ij) is realized by writing w(E) with

n
respect to the basis {e; =
j=1

251%5t1¢i¢n
We now show how to construct a Cartan involution

® , and a 6-stable copy of sI(2,R) C g, whose

nilpositive element is a representative of 0

E
We define an inner product Q = & bi@b; on ® Vi®Hi

1 1

which satisfies the following two properties.

1.) There is a standard basis of @ ViQHi with
i

respect to the G-invariant form ® w'®h’ which is
i

orthonormal with respect to Q = @ bi@b;
i
2.) Q(w(E)v.,w) = Q(v.m(F)w) for all v,w € V
Assume these two conditions are satisfied. Let (E)ij
be the matrix corresponding to #(E) 1in this basis;

(E)ij € g, - The adjoint with respect to Q of a linear

map L is given by conjugate transpose when L is

%
written in an orthonormal basis; hence (E)ij = (E)ji
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But condition 2.) gives us the following equation, W(E)*

= w(F) . Hence we conclude that (E)ji = (F)ij or, in
other words, 6((E)ij) = -(F)ij and the sI(2) spanned
by {(E)ij'(F)ij’(H)ij} Cg, Iis 6-stable.

We now define Q . Choose the following basis for
vieg! : {(i;1)1/2 Xi-l-sYs ® Ti}

0<s<i-1,1<k<dim H!

Define an inner product bi on V' by setting

b (V(IThH xPTESyS vty xRy b

and an inner product b; on H' by:

i,.4 iy
b2(Tm’Tn) - 5mn

We define an inner product bi@b; on ViQHi as follows:

for v8T,w8S € VI8H' , bleb2(veT,w8S) = bl(v.w)bi(T.S)

Claim I.) Let w'8h' be a symplectic form on ViQHi

Then the basis {('J1)1/2 x!™17%y%erl)

0<s<i-1 1<k<dim HI

up to the sign and order of the elements is a Darboux
basis with respect to wi@h1 and orthonormal with

respect to bini on ViQHi

1772
ITI.) Let miGhi be an Hermitian form on V1®Hi
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a) If i 1is odd then (up to order)

i-1 i-l1-s 5,1 Syi-1-s_ .1
{(J( S )/2)(X Y @Tk + XY @Tk)}
0¢s<i-1, 1<k<dim H  1is a standard basis
with regard to mith and orthonormal with

respect to bi@b;

b) If i 1is even and Hi real, then (up to

order)

i-1, L ei-1- i i-1-sg .1
(V1) ) (X7 73yt £ X°Y S@Tk+mi)}

0¢s¢i-1, 1¢k<m, . where dim H' = 2m  , is
a standard basis with respect to miﬁhi
and orthonormal with respect to bi@b;

c) If i 1is even and Hi complex then

(up to order)
CAGr R V2 IR ¢ St & TR &

0¢s<i-1 , lgkgmi , where dim Hi =m, ,

is a standard basis with respect to mieh

+ x5y'717%rl))

1

and orthonormal with respect to bi@b;

Proof: Obvious. 0O

Hence we have shown that Q satisfies condition
(1), and we now show that it satisfies property (2). It

suffices to check this on a basis for Vi®Hi . For



-40-

k#82 and m # n both

i-1,1/72,,i-1-(k+1) k+1_..1 i-1,1/72,,i-1-8,8_ .1
QU Ptttk lykrlgriy g (171172 (y1-1-8y orl))
equal zero. Thus, it suffices to check:
i-1,1/2,,i-1(k+1) k+1 i i-1,1/72,,i-1-k k,..i
QE. () 2xiT e ykelgrly (171172 (yi-1kykgrlyy _
i-1,1/2,,i-1(k+1) k+1_..i i-1,1/72 ,i-1-k ki
Q((p 2t e ykrlgrly p (i-1y1/2 (g1l kykgrl)),
kel (pr1)0 72
The left hand side equals - and the right
i-1,1/72
¢t
, (i-1)1/2
. (i-1-k)‘ k .
hand side is - . It is easy to check
(1-1)1/2
k+1
1/2

these are both equal to (k+1) (i—l—k)ll2 . o
We now describe an explicit realization of L as

matrices. Let V = @ ViQH1 be the decomposition of V
i .

under a 6-stable copy of sI1(2) which has E as its

nilpositive element. Any g € L = ZG(sI(2)) gives a

linear isomorphism V — V . Furthermore, since the
linear transformation g commutes with s{(2) , g
intertwines the action of s1(2) on V . By Schur's

lemma this implies that g preserves isotypic components
of V . Hence, L can be characterized abstractly as

the group of intertwining operators T : V — V where
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T preserves the bilinear form on V . We realize these
intertwining operators as matrices with respect to the
basis chosen on V to determine the 6-stable copy of
sl(2) 1in 8, - This gives L as a O-stable matrix

group.

Proposjition.

a.) L = Sp(2m1)xO(pz,qz)xSp(2m3)X°-- if G
preserves a symplectic form on a real vector space V ,
where 2mi = dim Hi and pj+qj = dim Hj

b.) L = O(pl.ql)xSp(2m2)x0(p3.q3)xo-o if G
preserves a Hermitian form on a real vector space V ,

where 2mi = dim Hi and pj+qj = dim Hj

iR

c) L U(pl,ql)xU(pz,qz)x-°- if G preserves a
Hermitian form on a complex vector space V , where

Py+ay = dim HJ

R

® V'@H' with G-invariant bilinear
i

form & mith on ® VieH' . As we have observed g € L
i i

Proof: We know V

preserves isotypic components, therefore we can write

i

g =® g' where g viggl — vien! . Recall that H!
1 3

i
can be thought of as Homsr(z)(v , V) ; g defines a

linear transformation gi of H' by acting on the range

of each map. But g € L preserves the sesquilinear form
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i sy
on V and therefore g must preserve the sesquilinear

1 N

! On the other hand, an element (g ,<***,g

form on H

)

€ Sp(2m1)x--- specifies a linear transformation

g =3 (Id)®’ of ® VI®H! [as follows: let
i

(gl . eV (e v,®T!) = o(v,8g’(T)) with v er' e vien
i i
i i i, dim ' i
where g = (g )ke and g (Tj) = k?1 gijk ].

Clearly, g intertwines the SL(2) action on V , and g

preserves the form on H' , therefore g preserves the
invariant form on V . These two observations show that
g € ZG(sI(2)) . mo

We’ve seen that the question of admissibility comes

down to the subgroup LNK . We now prove the following

Lemma.
a.) LMK & (Sp(2m )N0(2m, ))x(0(Py.a5)N0(Py+ay)x=--
(V symplectic)
b.) LMK 2 (0(p;.q;)N0(p,+q;))x(Sp(2my)N0(2my))x= -+
(V real hermitian)
c.) LMK =
(U(py.aqy)NU(p;+a;)) x(U(py.a5)NU(Py+ag))xe -

(V complex Hermitian)
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Proof: GNK 1is the linear group which preserves the

sesquilinear form o = ® @8’ on V as well as the
i

inner product Q = & bi@b; . The proofs of all three
statements are the same, therefore we only do a.). So we

must show that (gl,--~,gN) € (Sp(2m1)x0(2m1))x---
determines an element of L which preserves the inner

product Q . But this is clear because {T%} i
1{j<{dim H
i

is an orthonormal basis of H for b

i
2

On the other hand an element & € LNK determines an
element (g1,°°°,gN) € Sp(2m1)xO(p1.q1)x0-' which must

preserve the form b; on H'

(gl,...,gN)e(Sp(2m1)ﬂO(2m1))x(O(p2,q2)ﬂo(p2+q2))x eee . @O

for each i . Hence
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Chapter 5

We now consider the case where g, is a matrix
algebra C Mn(F) which preserves the standard symplectic
or Hermitian (with signature (p.q)) form on F® . We
will show g, is isomorphic in these two cases to the
space of symmetric or antisymmetric homogeneous
polynomials in V of degree two. We begin with the

following:

Definition. Let V be a vector space over [ . Then we

define V to be equal to V as sets, but when F = C
we let € act on V as follows: for v € V and
c € C, set c.v = c*v , where ce°v is the

multiplication in V

IR

Lemma. HomF(V.V) ~ vov™* VOV as G modules and g
F F °

modules where V 1is a vector space over [F with a
nondegenerate G-invariant sesquilinear form  , and v
inherits the G-module structure and invariant form o

from V

Proof: First, observe that the G-invariant form  on

- %
V gives a G-equivariant, F-linear, mapping V — V
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defined as follows; for v,w €V , v — v* where

x def.
v (w) = w(v,w) .
Now define a map ¢ : VeV — V@V* by setting, for
v.w €V , ¢(v8w) = v®w: . The adjoint actions on V
give rise to the contragredient actions on V* . If we

take the representation on the tensor products arising
from these actions on V and V* it is easy to check
that ¢ is a G (or go) equivariant isomorphism.
Finally, define a map 7 : VoVt —s Hom(V,V) as
follows for v.w €V , £ € V' let
[T(v®f)](w) = f(w)ev . It is easy to check that this map
defines an isomorphism which intertwines the adjoint
action of the group G as well as the adjoint action of

the whole algebra End V . O

We now want to consider the symmetric or
antisymmetric elements in V®V , by which we mean the
real span of elements of the form <vOw+w®v> or
<v@w-w®v> , respectively, in V®V . This makes sense
because V and V are identical as sets. We note that
such elements are not closed under scalar multiplication
by elements of the field F = C . We introduce the

following notation.
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Definition. Let A2(V) and Sz(V) be the set of

antisymmetric and symmetric elements in VOV .

Proposition 1. Let 8, c Hom(V.V) be a Lie algebra
preserving o« . Under the identification Hom(V,V) = VOV
described above we have:

a.) if ® 1is skew-Hermitian, then 8, corresponds
to S2(V) C V&V .

b.) if ww 1is Hermitian, then g, corresponds to

A2(V) c VeV .

Proof: Let T € VOV and we define T2 to be the unique
element of VOV such that o(Tx,y) = -w(x.Tay)
Vx.y € V. We want to find {T € VOV|T = T?)}

Write T = 2 vi@wi and we compute T2
i

w(? viewi(x). y) w(f w(wi,x)vi,y)
i

= ? U(Wi,X)°w(vi .Y)

= 2 (.)((d(Vi .Y)Wi ,X)
i v

= 53 w8V, (v) . %)
1

= e*0(x.3 w,8v, (y))
i

1 if @ 1is Hermitian Thus

where e = {-1 if w 1is skew-Hermitian

T = (-e) = wiﬁvi and the Proposition follows. O
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We need the following additional notation:

Definition. Let S(V,W) be the symmetric elements in

VoW & wev .
Let A(V,W) be the antisymmetric elements
in VoW @& Wwev .
We note that S(V,W) and A(V,W) are both
isomorphic to V®W , but it is the natural way each sits

inside (VW) ® (VBW) that is of interest to us.

Proposiition 2. Suppose (w,V) 1is a representation of

sl(2) on V and V = V1®V2 the direct sum of s((2)

submodules. Then

a) s2(v)

s2(v1) ® S(V,.V,) ® s2(v2)

2 2 2
b) AS(V) = A%(V,) @ A(V,.V,) ® A%(V,)
Proof: Obvious. n|
Corollary. Let V = ® V®H! ., v} the standard

i
irreducible s((2)-module over R with canonical
sI(2)-invariant form o' , H' a vector space with the
standard Hermitian or skew-Hermitian form hi defined

with respect to a
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basis {T%} ' i Then
1<i<dim H
. dim Hi . .
a) s2(evienl) = s?@ o (vier-T!))
i j=1 J
= o s®(vier-1})e

ik
® S(V'®F-T. , VI®F-TJ) ©
. k 2
i>j
k, 2

© (S(V'OF-T. , V'OF-T,))
i
k>e
2

b) A2($Vi®Hi) *+++ replace 82 by A and

S by A

Now we use the Clebsch-Gordon formula to decompose

vievl | s2(vl) . ana AZ%(vl)

Proposition 3.

a) VeV = M(i+3-1)8M(i+3-3)@-+-0M(1-j+1)

b) s2(vl) = P(21-1)8P(2i-5)8-++0P(q)
c) A2(v}) = N(2i-3)8N(2i-7)®-+-8N(p)
q=1 and p =3 if i odd .
where {q =3 and p=1 if i even and M(r) 1is an

irreducible s{(2)-module C Vi®VJ with dimension r , P(r)
an irreducible sI(2)-module C Sz(Vi) of dimension r ,
and N(r) an irreducible sY(2)-module C A2(Vi) of

dimension r.
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We let {Ti} be the basis for H' described in
Chapter 4 and we introduce the following additional

notation:

5 . G _— i

A (V1®R-Ti) = Ni;(21—3)®N;;(21—7)®---@Nkk(p)
2 i i ii . ii . ii

S (V1®R-T;) = P;;(21—1)®Pkk(21—5)®"°®P;k(q)

i i ' iy nide s 1§,.. . ij,. .
A(V'8R-T, v3®m-T3)=Nk3(1+J-1)eng(1+J-3)e--~meg(1-J+1)
i i ' i§,.. . 13,0 . i§,. .
S(V'®R-T,, VJ®R.T3) =sz(1+J—1)$sz(1+J—3)$’"@sz(l—J+1)

(for i#j or k#é)

(vier-Tl)®(vIer-T)) = mJ(1+j-1)0- - omld(i-j5+1)

First, assume V = ®V'®@H' 1is a vector space over
R . Then, using the Corollary to Proposition 2 above, we

get:

s2(v) = .Qk[P;i(2i—1)$~°°$Pii(q)] ®

1,

® [P, J(i+j-1)0: 0P J(i-j+1)] 0
i>]
k.2

® [P;z(2i—1)®~~°$P;z(l)]

1
k>8

and
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A2(V) = @ [N, (2i-3)6---0N!1(p)] o
i,k
ij,. . . ij,. .
.e.[ng(1+3—1)e~ooeng(l-J+1)] ®
i>j
k, 2

ii,,. ii
? [N, (2i-1)8--8N ,(1)]

k>
with q and p as in Propositioﬁ 3.

N .
Now let V =® V'®H' be a complex vector space,
i=1

i.e. H' 1is complex. We want to decompose A2(V) =
u(p.q) as an SL(2)-module. We define a real form VR

of V as the real span of a subset of V

cos s _ i-1-s,s i
Definition. VR = <X Y™ ® Tk>lgigN

1<k<dim HI

Proposition 4. A2(V) = A2(VR) + i'Az(Vm)

Proof: Let vOw-w®v € A2(V) . We can write v = v1+iv2

and w = w1+iw2 with vl,vz,wl,w2 € V[R . Then

vew - wlv = (v1+iv2)®(w1+iw2) - (w1+iw2)®(v1+iv2)
= v1®w1 - w1®v1 + v2®w2 - w2®v2
+ i[v2®w1 - v1®w2 - w2®v1 + w1®v2]
e A%(Vp) + 1(s3(vp)) . ©
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Thus for V complex, we have

A%(V) = ® [N_ (2i-3)@---@N l(p)] @

i,k
® [Nﬁz(i+j~l)$°°°®Nﬁg(i—j+1)] ®
i>j
k,®
ii . - ij

? [N, ,(2i-1)@-- 8N 5(1)] ®
k>

S S ii
1$k i [Pkk(21 1)8 @Pkk(q)] ®
® i-[P(i+j-1)@---0P1d(i-j+1) @
0> ke ke
k.2

. ii . ii
? 1-[Py,(20-1)0- 0P, ,(1)]
k> e

with p and q as in Proposition 3.

Proposition 5. Let (w,V,0) Dbe a representation of

s((2) be with an s((2)-invariant sesquilinear form o
Then V = ®W' where WJ is isomorphic to mj copies of

Vj and w(Wi,Wj) =0 for i # j

Proof: Let [V]k be the eigenspace with eigenvalue k
under the H-action. By the sI(2)-invariance,
w([V]k,[V]_e) = 0 unless k = & . Assume i > j and

let v € [wi]j—l and w € [Wj Then w(v,w) =

1y

cw(F.E.v,w) = -c*w(E.v,F.w) = 0 for some <c¢ € R

because w 1is a lowest weight vector in wi
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Proposition 6. The Killing form B considered as a map

B: s%(V) x s2(V) > R or B : A2(V) x A2(V) — R

is given in terms of the canonical G-invariant
L]

sesquilinear form w on V as follows: for v@w,v'®w

€ VRV

B(vBw,v'®w') = co(v,v')cw(w,w') (c € R)

Proof: Up to a multiple, there is a unique nondegenerate
G-invariant sesquilinear form on a simple Lie algebra. O

We recall that we want to find the determinant of

the linear map induced by the adjoint representation of

(LﬂK)O on the quotient space go/gE . By our earlier
results, for ¢& € (LﬂK)0 , it suffices to restrict our

attention to the (-1)-eigenspace of g,

v E
deto(AdZ|g /a ) = det (Ade|[g 1_;)

We now describe an explicit basis for [go]—l using the
identification of e, with S2(V) or A2(V) explained

above.
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The only irreducible submodules in SZ(V) or A2(V)
which contribute to the (-1) eigenspace (under the
H-action) are those of even dimension; namely those
composing S(V1®Hi , Vj®Hj) or A(ViQHi,VjQHj) with i > j

and i #Z j (mod 2)

Definitions. 1.) If V 1is real, then we set:

wtd oo (vienhye(viend) = e MlJ(i+jri-2s)
k.8
1<{s<j
ij 1j
M7 (t) = & M v(t)
oy ke
15,
® M J(i+j+1-2s)
1{s<j

i
Mke

2.) If V 1is complex, then we set:

Mid = (vienye(viend)

1§, . ST P
® [ng(1+3+1—2s)$1-ng(1+3+1-2s)]

k,?2
1<{s<j
o . ey
M (t) = k@e [M, 5(t) & i-M 5(t)]
il o o mld(i+jei-2s)@i-MEI(i+5+1-26)7
ke Tl ke ke

For the remaining calculations in this Chapter we

will make use of the isomorphisms

{a i VW — S(V, W)
B : VW — A(V, W)



defined by:

{a(v@w)
B(vew)

= vBw + wl®v
= vOw - wlv

We get:
(vienlye(viend) = {S(V?QHT’ vien’)
A(V'eH', vieHY)

and
ij ~
Mke(r) =

We will often suppress the distinction between
(V'eH')®(VI®HY) and A(V'®H', VI®HI) or

s(vien!, viend)

Claim 1.
a.) wE(MiJ.Mi J ) = 0 unless i=i' and j=j'

b.) wg(MI(t). M (")) = 0 unless t=t’

Proof: We have V = ® V'@H' with invariant sesquilinear
i

form o . Proposition 5 implies that w(ViQHi,VJQHj) =0

unless i = j . We observe that wE(Ml‘].M1 J ) =

B([E.M*97,4* J') . since [E.M'9] c ¥'J we conclude
op (M1 Iy = 0 if and only 1f B T ) =0
But,

putd w3y 2 Bovienlye(viendy, (vient ye(vi eni 'y))

co(vien!, vl enl y.o(viend,vi enl )
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and

i
[S

and this last expression is O wunless i

j=13 by Proposition 6. 0O

1

Claim 2. Fix V = ® VI@H' and i > j ., and let

i
lgk,k'gmi, and 1§8,B'$mj

1f M'J c s%(V) . then

a) for i even, j odd, m, = dim H' and 2mj = dim HJ

ij ij _ ' .
B(Mk.e.,Mk‘g+mj) # 0 <=> k'=k and &'=¢

b) for i odd, j even, 2mi = dim H' and my = dim HY

B(M Y, .My ) %0 <=> k'sk and £'=e
i i

If Mig - A2(V) and V real, then

c) for i odd, j even, m, = dim H! and 2mj = dim HY

B(M Y, M9, ) #0<=> k'sk and &'=e
’ J

d) for i even, j odd, 2mi = dim H' and L dim HY

B(M M) ) 20 <> k'sk and e'=e
i 1 ]

1r Mid oc A2(V) ., V complex, dim H' = m and

ke i
dim HY = mj , then

e) B(Mi?e.,Mig) £0<=>k' =k and &' = &
Proof: Use Proposition 6. O

In order to compute J on [go]_1 we will need to

know how 6 looks on Sz(V) and A2(V)
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Proposition 7. The Cartan involution 6 : X — —ft for

X € g, is given on Sz(V) and A2(V) by: for

(XSYi_l_s®Ti)®(Xj—l-th®Tg) e mlJ

o((xy' ' %eryo(xI 71y teTdy) =

i

. vV, . -~
(-1)s+t+1(XtYJ 1 t@Tg)@(Xl l—sYngk)

pm » PI(TL.T) = 6, and nl and

hY are the appropriate forms on H' and HY ,

LV,
where hJ(T;,Tg) =06

respectively.

Proof: The Cartan involution 6 is given by negative
conjugate transpose on g, = sp(2n,R) , so(p,q) or
su(p,q) . We use the inner product Q = ® bi@b;

1

(defined earlier) on V = ®V1®Hi to compute 6 on
S2(V) and A2(V) . If we write a linear transformation

X € Sz(V) (or A2(V)) with respect to an orthonormal

basis on V (under Q) then X' = X¢ . hence 60X = -X"
So we now compute X* . We take the usual orthonormal
basis {(i—1)1/2°Xi—1_SYS®T;} i for W' under
S 1<k<dim H
0¢s<i-1

Q and set:
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i-1,1/2 ,s,i-1-s_..1

vy = ( S ) X°Y ®Tk
j-1,1/2 j-1-t,t ]
vy = ( ¢ ) X Y ®TE
i-1,1/2 ,i-1l-s,s_2i
vy = ( s ) X Y ®Tk
\"
J-1,172 t j-1-t ]
Vy = ( ¢ ) XY ®Te

Let {Vi} be the complete orthonormal basis (renamed),

and L = v1®v We must demonstrate that L. = (—1)S+t

2

. »
v4®v3 , that is, we want Q(Lvi,vj) = Q(vi,L Vj) for all

i and j . To begin, observe that L*vi =0 if

i # 1,2 and ij =0 if j # 3,4 . Therefore,

Q(Lvi,vj) =0 for i # 3,4 , and since the image of
»* * .

L = <v3.v4> , Q(vi,L Vj) = 0 for i # 3,4 . Also,

Q(Lvs,vj) = Q(VB,L*VJ) = 0 1if and only if j # 2
Likewise, Q(Lv4,vk) = Q(v4,L*vk) = 0 1if and only if
k # 1 . Thus it remains to show that Q(Lv3,v2) =
Q(VB’L*V2) and Q(Lv4,v1) = Q(v4,L*v1) . We have
Q(LV4,V1) = (-l)tQ(vl,vl) and Q(v4,L*v1) =
(-l)tQ(v4,v4) . hence Q(Lv,.v,) = Q(v4,L*v1) . Finally,
we break the verification that Q(Lv3,v2) . Q(v3.L*v2)

into two cases:

1.) g, Preserves a symplectic form:
i+1. i i 2
Q(Lvgy.vy) = (-1)%(-1)*? hl(Tk,Tk)Q(vz,v2) and

V.
Qvy.Lv,) = (-1)t+s(-1)t(—1)3+1hJ(TJ,Tg)Q(vs,vs)
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s e A . . V.. .
Since hl(T;.Tﬁ) = (-1)" and hJ(Tﬂ,Tﬂ) = (-1)3 . we

*
conclude Q(Lv3,v2) = Q(v3.L v2)

11.) g, Preserves an Hermitian form:
s i+1,. 1,1 2i
Q(LV3,V2) = -(-1)"(-1) h (Tk’Tk)Q(V2’v2) and
. VL.
Q(vy.L7vy) = —(-1)t+s(—1)t(-1)3+1hJ(TJ,Tg) . Now
i i 21 i+1 J Vj J j+1
h (Tk,Tk) = (-1) and hY(T .Te) = (-1) and thus

Q(Lv3,v2) Q(VB,L*V2) and we’'re done. 0O

We know that 68 preserves the isotypic parts of g,

under the action of a B6-stable sI(2) C g, i.e.

6 : Wk — Wk . Our formula for 6 on Sz(V) and

A2(V) tells us, in addition, that 6 preserves

Mij(k) C Wk . We have already observed that
J = c6BoadE : [go]_l —_— [go]_l , and thus we get
J : [Ml‘](k)]_1 e [Ml‘](k)]_1 (of course k must be

even or [M'I(k)]_, = {0}).

Our description of the action of L on Sz(V) and
A2(V) shows that L preserves Mij Moreover, since
L commutes with sI(2) , L preserves Mij(k) and also
the (-1)-eigenspace [Mi'j(k)]_1 . Putting all of this

together we get the following conclusion: for

e € (LNK),
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1 det (AdZ| .. )
i>j e [M”]_1
i2j(2)
m det (Ade| .. )
1> (M7 (e)1_
i£j(2)
t

>

det de)

We want an explicit basis for [Ml‘](t)]__1 . Ve
begin by finding a basis for the irreducible submodule
1, .1 ij
Mke(1+3+1 2s) C M
We define a basis on M;g(i+j+1—2s) which is
isomorphic to the standard basis for an sI(2)

representation on homogeneous polynomials of degree

i+j-2s (= Si+J-2S(X.Y)) . Let ¢ be an intertwining
operator, ¢ : SI+J_25(X,Y) — MlJ(i+j+1—2s) . We set
i+j-2s

Xig(i+j—2s) = ¢(X } and this fixes a canonical

: ij, ., .
basis on ng(1+3+1—25)

i+j-2s-m

Definition. X.J(i+j-2s-2m) = ¢(X ™y

0 {m( i+j-2s

Lemma 1. The highest weight vector Xig(i+j-2s) in

Mig(i+j+1—25) is a multiple of

s . . 4 _ .
3 (-1)P T (STly(xiPyPlgriyg(xiT1-S*Pys-Pgrd)
p=1 p-1 k £
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Proof: We know Xig(i+j—2s) must be a linear
combination of eigenvectors under the H-action with
eigenvalue 1i+j-2s ; that is, a sum of the following

. ij,.. .
vectors in Me§(1+3+1—2s)

i-pyp-1,+1 j-l-s+pys-pPorj
{(X Y ®Tk)®(X Y ®Te)}1§pgs

cp(Xi_pr-1®Ti)®(xj_1_s+st_p®TJ

1§, ...
Set xkg(1+3—2s) = ’

n ™Mn

p=1

where cp are some constants. Use the fact that

adE(X;g(i+j—2s)) = 0 to solve for cp in terms of ¢4

_ 1§, .
0 = adE(Xke(1+J 2s))
s-1 . . . ]
- 3 [(s-p)cp(Xl_pr-1®T2)®(XJ tostprlysTeoigrd)
p=1
i-pyp-1,-1 j-l-s+p+1l,s-p-1_..]
+ pe, (XTTPYPTR0T )8 (X Y 8T3) ]
Therefore (s--p)*cp + p°cp+1 =0, 1 <¢p <€ s-1, which

implies that <y = (-l)p_l(;:}) as desired. O

We normalize so that X;z(i+j—2s) =

-0PTHEI D (xITPYP T e e (x T TPy S TPeT])

I Man
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Lemma 2. X;z(-i—j+2s) , the lowest weight vector in our

canonical basis on M;g(i+j—1—2s) equals

s
(-1)%+ 3 (-DPTICID Iy Per) ) (x® Py I TS ey
p=1
. . 01 .
Proof: Consider the element (_1 O) in SL(2) . It
sends X'vJ to (-1)i.xdy! | 5o

( 1 O) (x1 PyP~lgri 1)e(xIT17S*Pys P ) zoes to

(-1)iriTims (xpo 1Y1 PoT. )8 (x5 Pyi 1" S+p®Tg) . and

(-'1)i+j—1_S = (—1)S because i # j (mod 2) . O

We will also need a basis for the irreducible

., vigR.Td

submodule i+M J(i+j*+1-2s) C 1-s(vieR-T! 9

k
Set x13(1+j-2s)

s (- 1)P~1 (s 1)[(x1 PyP~lg;.pd L)@ (xI ISt Pys- PoTd)]
p=1

The same reasoning used in Lemmas 1 and 2 shows that
X;j(i+j—2s) is a highest weight vector in
M;g(i+j+1-2s) and that Xig(—i—j+2s)
s 2 p-1,s-1 p-l,i-p,. i S=pPyj-1=-s+p .. j
(-1)"- 21(—1) (p_l){(X Y ®1°Tk)®(X Y ®Te)]
p:

is a lowest weight, where we define a canonical basis

{Xltg(i+j—25—2m)}0<m<i+j—25 as in the previous case.

Lemma 3. Fix V =® VP@HP , i > j . ®w'®h' canonical
p

form on V , and let lgkgmi and 1gegmj
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1+ M9 c s2(v) ., then:

a) for i even, j odd, m, = dim H 2mj = dim HY

P o id iy i L
B(Xke(1+3 2s)) = -h (Tk'Tk)(Xk,e+mj( 1-j+2s))
b) for i odd, j even, 2m = dim H' , m, = dim HY

ij,.. . jpnd Jd ij c
e(xkg(1+J-2s)) = hJ(TJ,Tz)(inmj,e(—1-J+2s))
ij 2 . .
If M C A"(V) and V 1is real, then:
c) for i odd, j even, m, = dim Hi , 2mj = dim Hj
S P R UES S IR e
G(Xke((1+3 2s)) = -h (Tk'Tk)(Xk,e+mj( i-j+2s))
d) for i even, j odd, 2mi = dim H' > My = dim HI

B(XL)((i+j-25)) = hj(Tj,Tg)(Xiimi’e(—i-j+2s))
If Mi'j c A2(V) , V is complex, m., = dim Hi and
mj = dim Hj then:
(e) (X, )(i+i-2s)) =
—i-hj(Tj.Tg)hi(Ti,Ti)(iig(—i—j+2s))
8(X ) (1+5-25)) =

i-nd (1) TRt (L Ty (X (-i-e2s))

Proof: By Lemma 2 we have
ij, . .
ng(—1—3+2s) =

s . . i1l .
(-1)° 3 -DPTEIDLEPTY Per e (x*TPYIT T Rey .
p=

Compare this expression with:
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B(Xy 5 (1+5-25)) =

(_1)i+s+1 §1( 1)p l(s 1)[(Xs ij—1—s+p®¥g)®(xp-lYi—p®%;)]
P=
a
Lemma 4. (Same setup as Lemma 3)
i+j+1-2s
a) J(X(-1) = (-1 2 wialrhedd,, 1)
i+j-1-2s
b) J(Xp3(-1)) = (-1) 2 ndcrd, TJ)(xk+m L(-1)
i+j+1-2s
) J(Xp(-1) = (-1 2 wierlrhedd,, 1)
i+j-1-2s
d) JXpi-1)) = (-1 2 hj(Ti.Tg)(X§imi,e(-1))

e) J(Xpi(-1))

i+j+1-2s
2

It

(-1)
JXLI(-1)) =

i+j-1-2s
2

i+h?(Ty. TYR (T T ) (X 5(-1))

(-1) i-hj(Tg,Tg)hi(Ti,Ti)(Xig(—l))
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Proof: (for Case a) only)
ij . -1/72
J(Xp(-1)) = (3_))
ij
B(Xke(l)) ,
because [E,X;g(—l)] = j1;2'Xig(1)

i+j-1-2s
2

i

.
~eoadE(xkg(—1))

8(c,(adF) (Xig(i+j—25))

(i+j;1—2s)!

where ¢, = —735-5s)1
i+j-1-2s i+j-1-2s

> cy(adE) 2

(-1)
Apply Lemma 3-a.):

i+j-1-2s i+j-1-2s
> cyladE) 2

B(X, ) (1+5-25))

- (-1)
—hi(Ti,Ti)(x;f8+mj(-i—J+2S))

i+j+1—2s

- (-1) 2 hi(Ti,Ti)(Xi?e+mJ(—l)) .o

Lemma 5. In each of the cases in Lemma 3, {Xig(—l)}k 2
is a complex orthogonal basis for [Mi‘j(i+j+1-—2s)]_1 and
all the vectors in this basis have the same length with

respect to the inner product b on 30/35

Proof: The orthogonality follows from Claim 2. The
basis elements all have the same length because we
constructed them the same way on each submodule

13,00 cin
Mke(1+3+1 2s) . 0O
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We recall the following identification described in
a previous section:

If L C Sp(V) ,
then LNK = (Sp(2m1)ﬂ0(2m1))x((O(pz)xO(q2))x~o-

If L C O(p.q) .,
then LNK = (O(pl)xO(ql))x(Sp((2m2)ﬂO(2m2))X°°°

If L C U(p,q) ,
then LMK 2 (U(p,)xU(a;))x(U(py)xU(ay))x-->

The product of two elements on the left side of the
isomorphisms above is the usual product on a Cartesian
product of groups. Therefore, if & € LNK corresponds
to

(gy.°°.2y) € (Sp(2m )NO(2m;})x(0(py)x(0(ag))x ==+

we conclude

Ad¢) = q detC(Adgj) ,
J
and we can compute the determinant of any element in LNK

detm(

if we know detm(Adgj) for all j . Since M'J s

Adg ., invariant we must compute det, (Adg.| ..) for all
J C J iyl

i 2 j mod (2)



-66-

Proposition 8. Assume i > j

I. Symplectic Group

a) For i even, j odd, let g € Sp(2mj) n 0(2mj)
AB
-B A

B are mjxmj matrices) with respect to the

be given by the matrix ] (where A and

standard symplectic basis on the 2mj

dimensional space H) . Then

det(A+1B)°99 POYET ¢ odd
det@(Adgjl ij) = even power
M det(A+iB) if m, even

b) For 1 odd, j even, g, = [_g i] € Sp(2mi) n

O(2mi) with the same conventions as above, then

detc(Adgi|Mij) = 1

c) For i even, j odd, let g5 € [O(pi)xO(qi)]O ,

then

detc(AdgiIMij) =1

d) For i odd, j even, let g € [O(pj)xO(qi)]O ,

then
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detm(AdgiIMij) =1

IT. Group preserving a symmetric form on a real vector

space.

a) For i even, j odd,

AB N
g, = [—B A] € Sp(2mi) n O(2mi), dim H® = 2mi .

dim HJ = mj , then

det(A+iB)°dd power . m, is odd

detC(AdgiI ij even power
M det(A+iB) if mj is even

. . AB
b) For i odd, j even, g = [—B A] € Sp(2mj)00(2mj)

det (Adg.| ..
ety gJIMIJ

) = 1

c) For i odd, j even, g; € [0(p;)x0(qy)], -

detc(Adgi|Mij) =1

d) For i even, j odd, gj € [O(pj)xO(qj)]O .

detm(Adg.I ) =1

J yid
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III. Group preserving an Hermitian form on a complex

vector space.

a) For i even, j odd
g, = A € U(p,)(or U(q;)) . dim H' = p_+q, .
dim HJ =m, ,
J

l (detA)®dd pover 4, m, is odd
det (Adg. |, ,ij) =
c 1M (detA)even POWEL  jf m, is even

b) For i even, j odd

g; = A €U(p,) (or U(qy)). dim i = p

(detA)Odd power ir m, is odd

det . (Adg,|,ij) =
c i (detA)even power ;¢ m, is even

For i odd, j , . € [U(p.)xU(q.
c) For i o j even, g, € [U(p;)xU(a )],
detc(Adgj|Mij) =1
d) For i odd, j even, g5 € [U(pi)xU(qi)]o

detC(Adgi|Mij) =1
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Proof: We will only prove the statements for the

Symplectic group because the proofs for the other groups

are very similar. L preserves isotypic submodules of
8, ° hence g, Ppreserves MIJ(i+j+1-2s) . We compute
detc(AngI i ) which equals

[ (1+5+1-25)]_,

det (Adg.| ..
C J MIJ(i+j+1—2s)

I I R J
Case (a): We have gj(Te) = 3 amBTm + 3 (—bme)Tm+m.'
m=1 m=1 J
1 ¢ & (< mj . Therefore
m m
— ij,_ _ ij,_ _ ij _
Adgj(Xke( 1)) = = ameka( 1) + 3 ( bme)xk.m+m.( 1)
m=1 m=1 J
m m,
- 3 ax )+ 3 (b ye, Jxii-1))
- m=1 mé km mel me¢’"k,s km
i+j+1-2s
2 i i
where €x.s = (-1) hi(Tk'Tk)
m,
I (a_,-i b ,)xid(-1)
T =1 me "%k, s me’ “km
Thus
—_— J
dety Adgjlzm = 1=r det(A—1ek’sB)

03 1j,,
[Mke(1+j+1--2s)]_1
=1

and
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mi .]
i3 i I det(A-ie
(M1, k=1 s=1

detg Adgj| k. sB)

Since j 1is odd and e we get:

k,s = “k,s+l1

m.
1

detc(AdngMij) kzl det(A-ie

k,18)

Case (b): Same reasoning as part (a) leads to the

equation,

m

J
= I I det(A-ie

det (Adg.| .. )
C S 2=1 s=1

B)

J
_ ,s

In this case j 1is even (ee's = —ee’s+1) ,therefore

i
Case (c): Set U= 6 @& @ [M;z(i+j+l—2s)]_1
s=1 k=1 £2=1

Lemma 2-c.) we get [Ml‘]]_1 = U®J(U) . Since

Adgi(U) CU ., and Adgi(JU) C JU we conclude
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detm(Adgi| i ; ) = detp(A gi|U) € R
(M -1_,

In fact detR(AdgiI equals 1 Dbecause we are looking

u)

at the image in R of a connected, compact set

containing the identity and det(Ad(e)) =1
Case (d): Use the same reasoning as in part (c). O
Theorem.

(I) Let G be the symplectic group with same notation

as above, then

1 if j is even

odd power if j is odd and there
are an odd number of
even dimensional

det(A+iB)

detm(Adg.) = irreducibles of
J dimension > j in
o vien!

1

even power

det(A+iB) otherwise
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(II) Let G be a group preserving an Hermitian form on

a real vector space, then

1 if j is odd
det(A+iB)Odd power if j is even and there
Adg.) = are an odd number of
i’ - odd dimensional

irreducibles

of dimension

< j in o v'eu'

i

det

even power .
P otherwise

det(A+iB)
III.) Let G be a group preserving an Hermitian form on

a complex vector space, then

(det A)Odd power ¢ j is odd and there

are an odd number of even
dimensional irreducibles
of dimension >j in

o vien?
i

detc(Xagj) ={(det A)Odd POWET jf j is even and there
are an odd number of odd
dimensional irreducibles
of dimension
¢ j in ® vien?

1

even power

(det A) otherwise
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Corollary. Fix E € g, and 0 the orbit of E under
G . Let g = (gl,o--,gN) € LNK . Then
N n,
detm(Adg) = I (detcg.) and E 1is admissible <{=> n,
i=1 i i

is even for all i

Proof: The proof follows directly from the Theorem above

and the last Theorem in Chapter 1. 0O

Theorem. Fix a nilpotent E € su(p,q) . Then the orbit
of E wunder SU(p,q) 1is admissible <=> 1.)the orbit of
E wunder U(p.q) 1is admissible, or 2.) If for all odd j
with Hj # {0} the number of even dimensional irreducibles

of dim ) j in ® vigu! is odd and for all even j with i #
i

{0} the number of odd dimensional irreducibles of

dimension < j in @ VIQHi is even.
i

Proof: Fix a nilpotent element E € su(p,q) . The orbit
of this element under U(p,q) 1is the same as the orbit

under SU(p.q) . and, as we've seen, this orbit
corresponds to a decomposition of cP'9z2 o vien

under the action of sI(2) . Let the set {(g1.°°-,gN) €

N

i) (U(pi)xU(qi))} be the subgroup LNK C U(p.q)
i=1
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determined by E (see Chapter 4). Then the subgroup

LNK C SU(p,q) determined by E is

N N

(Cggooeevgy) € T (Up)xUa)) | T (dec(e ) = 1)
1= 1=

By the preceding Corollary we know that there is a
sequence of integers (n1,°°',nN) which determine the

determinant character:

N n,
. i
detm(Adg) = igl (det gi) where g = (gl. .gN)

For g = (g,.°**.gy) € LNK C SU(p.q) . T (det gi)i =1,
1

therefore on this subgroup the character has the

following form:

ni+ki
detm(Adg)

T (det gi)
i

where k is an arbitrary integer.
Thus E € su(p,q) 1is admissible if and only if this

character is a square, which is true if and only if n2j

is even for all j and n23+1 is either odd for all j
or even for all j . O
Theorem. Fix a nilpotent E € so(p,q) . Then the orbit

of E under SO(p,q) 1is admissible <=> the orbit of E

under O(p,q) 1is admissible.

Proof: The SO(p.q) case follows directly from the next

lemma because SO(p,q)O = O(p.q)o
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Lemma. The orbit of a nilpotent E € g, is admissible

for G if and only if it is admissible for G

0
Proof of Lemma: E 1is admissible for G if and only if
z € (GE)ISp We have the following coverings of groups:

(65)™ 2 (cg)"P

l |
¢* 2 cf

Since Lie(GE) = Lie(Gg) , it follows from the inclusions

above that (GE)8P= (Gg)gp Therefore z ¢ (Gg)gp if

and only if z € (GE)Sp . a
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Chapter 6

SL(n,R)

In Chapter III we analyzed nilpotent orbits under a
group which preserves a nondegenerate symplectic or
orthogonal bilinear form on a vector space V . We now
consider nilpotent orbits under a group which preserves a
nondegenerate, multilinear, alternating top-dimensional
form on a vector space Vo ; that is, we are considered
nilpotent orbits in s{(n,R) wunder SL(n,R) where n
is the dimension of VO

As before, Kostant’'s 1959 results give us a
bijection between nilpotent orbits in sI(n,R) under
SL(n,R) and equivalence classes of mappings from
SL(2,R) 1into SL(n,R) (where two maps are equivalent if
they are conjugate by an element of SL(n,R)).

We have a notion 6f equivalence among vector spaces
with non-zero top dimensional multi-linear alternating

forms. Let the pair (w,V) be a vector space with such

a form.

Definition. (ml,Vl) ~ (wz.Vz) if there exists a linear
) =

m2(Tv1.°°-,Tvn) where {vl,'--,vn} is a basis for V1

isomorphism T : V1 —_— V2 such that wl(v1,°°°,vn
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The isomorphism T is unique up to right or left
multiplication by an element of SL(n,R) , and the map T
induces an isomorphism ¢T : G(w2) e G(ml) where
G(wi) is the group preserving the form CP i=1,2

(We note that G(ml) = G(w = SL(n,R)).

9)

Fix an equivalence class TGETV;T and let (wO,VO)
be a representative of TGSTVST with dimension of VO
equal to n . We consider the set of all maps
SL(2,R) — G(wi) where (wi.Vi) € (ESTVST . Define an
equivalence relation on this set in the same way we did
for the orthogonal and symplectic groups (see Chapter
III). The same reasoning used in the earlier cases shows
that the classification of nilpotent orbits in sI(n,R)

under SL(n,R) reduces to understanding the partition of

the set of triples

{(r.0.V)] m is a representation of SL(2,R) on V
which preserves a (dimension of V)-nondegenerate,

multilinear alternating form, and (w,V) € (wO,VO)}

into equivalence classes (where the notion of equivalence
is analogous to the equivalence in Chapter III).
Let (m,V) be a representation of sI(2,R) on V

We recall that V = & VI®H! (see Chapter III for
i

notation).
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Proposition.

a.) If Hi # {0} for some odd i, then there is one
(up to equivalence) non-zero SL(2,R)-invariant

multilinear alternating form on & vien’
i

b.) If H' = {0} for all odd i, then there are two

equivalence classes of such forms.

Proof: Let V = @& Vi®Hi and Wi = Vi®Hi . Any
i

intertwining operator T : V —— V preserves isotypic
components and eigenspaces. Therefore T(Wi) c Wi and
T(wil) c [wip .
(1) e 'y, -
First, assume HJ {0} . VWe take
-—j-—l j —'j—2 j... —j_l j e o 0
{vl_X @Tl, vz-X Y®T1. , vj_Y ®T1, Viel ,vn}
to be a basis for V . If w 1is an n-form on V then
w(Tv1.°°°,Tvn) = (det T)w(v1,°'°,vn) . Also by the

observations above

det T = II det(T| .)
i
i W
=1 i) det(T| g2 )
i, ,i-1 i-1 (W]
i-( S ) <p<( p) ) P
Let Wor ¥y be two n-forms on V defined by putting
wo(vl.'°',vn) = 1 and m(v1.°°°,vn) = c¢c , for an
arbitrary constant ¢ . We want to show that

(w,V,wO)~(v,V,w1) . To do this we define a linear
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isomorphism T : V — V as follows:
L
T(ve) = elc nlve for 1 {2 < j and e = sign of c
T(vk) = vy for j+1 < k ¢ n

It is clear that T 1is an intertwining operator, and we
calculate: wl(Tv1,°'°.Tvn) = (det T)wl(v1,°°-,vn) =
|[ec =1 = wo(vys***.v ) . Thus we've shown
(W.V.wo)~(w.V.m1)

Now assume Hi = {0} for all odd i. An argument
similar to the one above shows that (W.V.wo)~(w.V.wl)

where wo(v1.°°°,v ) =1 and wo(v1,°'-.vn) =c >0

n
So we assume (w,V.wo)~(v.V.m1) , mo(vl.'°°.vn) =1
wl(v1.°'°.vn) = c < O, and we derive a contradiction.
Assume that T : V1 _— V2 intertwines the
sl(2)-representations and preserves the forms. Because
T is an intertwining operator, det(T] i ) does not
W',
depend on the eigenvalue p . Thus,
det(T| ) = T det(T]| )
28 2¢
Ll P w1,
28
= (det T} )" > 0, for all @
22
(w241,

Since (W.V.wo)~(w,V.w1) we must have
1 = wo(v1.°°°,vn) = wl(Tvl.'°-.Tvn) =

(det T)owl(vl’ooo.vn) = (det T)'C = [g (det le2£)].c
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But this is impossible because M(det T| 28) is positive
4

and ¢ is negative. We conclude there are two
equivalence classes of n-forms on V if H' = {0} for

all odd 1i. a

N .
Fix (w,V= & V1®H1,w) (notation as above) and, as
i=1

we’'ve shown, this triple corresponds to a nilpotent orbit

OE in s{(V)

We construct a nondegenerate s((2)-invariant

C 1 i, 1 i .
bilinear form T = & w ®h on V , where w is our
i

. . . i i
canonical sl(2)-invariant form on V and h is an

inner product on Hi defined as follows: let
{Ti,'”,Ti .} be a basis for Hi and set
. i
dim H
i i i
h (Tj’Tk) = 6jk

The form T gives us an SL(2)-equivariant mapping
Vv — V* . This map gives us an SL(2)-equivariant
isomorphism V8V — VOV

Now we decompose gl(V) Z VOV under the action of

SL(2,R) . Using the notation introduced in Chapter 4, we

have:
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o (vien')e(viend)
i,
o MJ
i,

IR

gl (V)

® & & M (i+j+1-2s)
i,j &,k s=1

We want to compute the detc((LnK)O)[gl(V)]_l) . In

order to do this we must see how s[(V) sits inside the

decomposition of gI(V) given above.

Proposition. [gI(V)]p = [sI(V)]p for p # O

Proof: We write gal(V) = ; & [g((V).al(V)] . where ;
denotes the center of gal(V) . Clearly both summands are

ad(gl(V))-invariant. Therefore we may decompose the pth

eigenspace under adH as follows:

[e1(V)1, = [31, ® ([e1(V).g1(V)1], .

Since [gl(V).,al(V)] = sI(V) and [g]p = 0 when

p # 0 , we conclude [gI(V)]p = [sI(V)]p for p# O . 0O

So we may now restrict our attention to [gI(V)]_1 =

[sI(V)]_1 . In order to compute detc(Adhl[sI(V)]_l)

for h € LNK , we construct a basis for ([sI(V)]_I)C
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. =172

To do this we want to know how J = j_; "+6°adE looks on

our canonical basis for [go]_l

The calculation of 6 made in Chapter 4 goes

through here, and we have:

o((xSyiL- s@Ti)®(xj‘1‘th®Tg) -
(-1)S*ttHlxtyd-1- ‘er])e(x 71" “SySet))
We will need the following:
Lemma. G(X i+j-2s) = —1)i in -i-j+2s)
2k

Proof: G(Xij(i+j—2s)

o 3 (-1)P" 1(S 1)(x1 PYP~lot, )o(xI ™1 S*PyS Pery)

p=1
. s
_ (_1)1+s+1 s (_l)p l(s 1)(Xs pYJ 1- s+p®TJ)®(Xp 1 i- pQTk)
p=1
s-1 i+s+l 3 P-1l,.pPp-1,j-p Ss-pyi-s+p
= (-1 -1) 2 (-1 X Y @T ®(X Y oTl )
p=1 k
= (-1)' xJi(-1-j+2s) . o
3i+j-1-2s
2

Proposition. J(X.3(-1)) = (-1) X3 e (-1)
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Proof:

J(xie-1)) 12

(i_y) /% 80adE(X, I (-1))
8(X,3(-1))
because [E.X J(-1)1 = 172 x1d(1)

i+j-1-2s
2

i s
ng(1+3—2s)
where co = i+j-0s :
i+j-1-2s i+j-1-2s
2 co(adE) 2
i+j-1-2s i+j-1-2s
2 2
co(adE)

2i+j-1-2s
2

] co(adF)

= (-1) 0(XL)(i+j-25))

= (-1) (-1)'x) L (-i-j+2s)

i

= (-1) ~xgk(-1) . O

Corollary. J([M'I]_)) = [mit]_
Proof: Clear. 0O

An argument analogous to the one given in
Proposition 4.1 shows L 1is isomorphic to a subgroup of
GL(1)x+++xGL(N) and that LNK 1is isomorphic to a

subgroup of O(1)xe+++x0O(N)

Theorem. The determinant character is trivial on

(LnK)0 , therefore all nilpotent orbits are admissible.
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Proof: We know ([M'71 ) = (™31 ety -
[Mij]_IQ[Mji]_l . Fix gj € 0(j) . Because XEEJ
preserves [MiJ]_1 and [M‘ji]_1 and LNK commutes with

J we conclude:

detm(Adg.I ) = det_(Adg

. | ) € R
(R SR I R

J [MIJ]_l

I ):1.D

If g, € (LNK), . then detq(Adg, L
([M°°1_1)¢
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