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Abstract

As for toric varieties, with any projective spherical variety is associated a convex polytope,
and any facet of this polytope is defined by a prime divisor stable under a Borel subgroup
[4]. In this paper we use the moment map to prove, for certain smooth projective spherical
varieties, two characterizations of the facets that are defined by divisors stable under the full
group action. As a corollary we get a necessary criterion for certain symplectic manifolds with
multiplicity-free Hamiltonian group actions to admit invariant compatible Kahler structures.
In cases when the group acting is SO(5), we prove that the criterion is sufficient as well as
necessary, and show that the existence of a compatible Kahler structure invariant under the
action of a maximal torus implies that there exists a compatible Kahler structure invariant
under the action of SO(5).
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1 Introduction

Most of the standard examples of Hamiltonian actions arise from projective varieties in the
following way: Let K be a compact connected Lie group acting on projective n-space P"
via a unitary representation K — U(n + 1). If one gives P* a symplectic structure via the
Fubini-Study form, then the action of K on P" is Hamiltonian, and any smooth K-invariant
sub-variety M C P" inherits the structure of a Hamiltonian K-manifold from P". Naturally
one wants to know what class of Hamiltonian actions arise in this way, and to phrase a
related question, what class of Hamiltonian actions admit an invariant, compatible Kahler
structure.

One expects the answers to these questions to depend on the “degree of symmetry” of



the symplectic manifold in question. For instance, by the results of Thurston, McDuff, and
Gompf and Mrowka (see e.g. [13],(14]), we know many examples of symplectic manifolds
without group actions that admit no compatible Kéhler structure. On the other hand, as
observed by Kostant and Souriau, transitive Hamiltonian actions of compact groups are
coadjoint orbits, and therefore Kahler. Coadjdint orbits are examples of multiplicity-free
Hamiltonian actions, which are a class of symplectic manifolds with very high symmetry.
Multiplicity-free torus actions were studied by Delzant (under the name completely integrable
torus actions) who showed that, under certain assumptions, each of these actions admits an
invariant compatible Kahler structure.

The idea of this paper is to study the existence of invariant Kahler structures on a class of
Hamiltonian actions which in a previous paper [40] we more or less classified: multiplicity-
free actions whose moment maps are transversal to a Cartan subalgebra (which we call
transversal multiplicity-free actions.) Under certain assumptions, these actions are in one-
to-one correspondence with a collection of convex polytopes which we call reflective Delzant
polytopes. The correspondence is given by assigning to a compact connected Hamiltonian
K-manifold M with moment map ® : M — ¢ its Kiﬂan (or moment) polytope, which is
the intersection

A=d(M)Nt,

of (M) with a closed positive Weyl chamber t}. In [41] we show that not all of these actions
admit invariant, compatible Kahler structures.

The main result of this paper is a necessary criterion, in terms of the polytope A, for
certain transversal multiplicity-free actions to admit invariant compatible Kéhler structures.
Let A be’a convex polytope in t}, and lef V(A) denote the set of inward pointing normal
vectors to facets of A. (The elements of this set are unique up to multiplication by positive
scalars.) We say that a facet F' C A with inward-pointing normal vector vr is negative if
vr lies in —t;. For each simple root a € t*, let H, C t* denote the hyperplane defined by

(a,+) = 0, where (-,-) is an invariant inner product on ¢. Our criterion is
Theorem 1.1 Let K be a compact connected Lie group with center Z, and let M be a com-
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pact, connected, transversal, multiplicity-free Hamiltonian K-manifold, with discrete princi-
pal wsotropy subgroup. Let A C ¢ denote the Kirwan polytope of M, and assume that ANH,
18 non-empty for all simple roots . If M admits a compatible invariant Kdahler structure,
then a facet F 1s non-negative if and only if F' contains A N H, for some simple root a.

Furthermore, the number of non-negative facets is less than or equal to 2 rank K/Z.

Since many Hamiltonian actions do not satisfy this criterion, the Theorem implies that
the symplectic category is much larger than the Kahler category in this highly symmetric
situation.

The idea of proof is to show that after perturbing the symplectic form, and replacing the
complex structure, we can assume that M is a projective K-variety. By an observation of
Brion [4], any smooth multiplicity-free projective K-variety is spherical; that is, if G denotes
the complexification of K, then a Borel subgroup B C G has a Zariski-open orbit. In this
case, each facet F' of the polytope A corresponds to a (not necessarily unique) B-stable
prime divisor in M. The main idea is to identify the B-stable divisors that are not G-stable

in two different ways: !

Theorem 1.2 Let M be a smooth projective K-variety satisfying the assumptions of Theo-
rem 1.1. A facet F' C A corresponds to a B-stable prime divisor that is not G-stable if and
only if

1. F contains AN H, for some simple root «; if and only if

2. F 1is non-negative.

We should emphasize that because of the assumptions this result does not apply to many
spherical varieties. However, Theorem 1.2 does apply to several well-known examples that
arise in representation theory, such as the flag variety GL(n + 1,C)/B under the action of

GL(n,C) (Gelfand-Zetlin system) and similarly the generalized flag variety of SO(n + 1,C)

! Another way of identifying these divisors begins with the knowledge of the generic stabilizer H C G.
However, because we want to deduce results about the existence of complex structures, we will always work
without knowledge of H.



under the action of SO(n,C) (at least for a generic projective embedding.) Other examples
will be given later.

The main ingredients in the proof of characterization (1) are Brion’s expression for the
polytope associated to a line bundle over a spherical variety [4], and the stability of the
transversality condition under perturbation. Characterization (2) is derived from Knop’s
definition of the little Weyl group of a G-variety [25]. The bound in Theorem 1.1 follows
from the fact that for a simple, reflective polytope A and simple root o, there are most two
facets F of A satisfying Fi, D AN H,.

In -the second half of the paper we prove a sufficient criterion for the existence of an
invariant Kéhler structure. For certain actions of SO(5), we show that our existence and
non-existence results combine to give a complete answer, and that our criterion is equivalent
to a criterion for the Kahlerizability of Hamiltonian torus actions due to S. Tolman {39]. The

main result is

Theorem 1.3 Let K be SO(5) with mazimal torus T C K, and M a Hamiltonian K-
manifold satisfying the assumptions in Theorem 1.1, and assume that M is torsion-free.

(This term will be defined in the next section.) Then the following conditions are equivalent:

1. M admits a compatible K -invariant Kdhler structure.
2. M admits a compatible T-invariant Kahler structure.

3. The Kirwan polytope A of M satisfies the necessary criterion in Theorem 1.1.

In particular, in this case the criterion in Theorem 1.1 is sufficient as well as necessary.

We hope that the results of this paper might be extended in several ways. First, under
the assumptions of Theorem 1.2 one might hope to identify the generic stabilizer H, and
perhaps even compute the colored fan from the polytope. This would give alternative proofs
to many of the results in this paper. In particular, one would like to show that any two invari-
ant complex structures compatible with the symplectic form are related by an equivariant
complex automorphism. One would also like to know whether the criterion in Theorem 1.1

is sufficient for actions of higher rank groups.
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2 The definition of a spherical variety

Let G be a connected complex reductive group, with Borel subgroup B C G. A G-variety
X is called spherical if B has a Zariski open orbit.

Recall that to any connected G-variety X and G-line bundle L we can associate a convex
set A(L) C t} as follows. For émy dominant weight A € t| we denote by V), the corresponding
irreducible representation. (Here we assume that we have chosen the chamber ¢} so that
it contains the weight of any B-eigenvector in a finite-dimensional representation of G.)

Following Brion [4] we define

A(L) = i [ Vg C H(L7), some nE€Z,}. &)

One can show, by tensoring highest-weight sections, that the set A(L) is convex. Now let
K C G be a maximal compact subgroup with.maximal torus T as before. If X is smooth
and compact, w € Qb'(X) is an invariant positive form representing the first Chern class
of L, and ® is a moment map for the action of K on (M,w) then up to a central constant
A(L) equals the Kirwan polytope ®(X) N t;. This is an easy consequence of “quantization
commutes with reduction” (Guillemin-Sternberg multiplicity formula) [36, 34].2

If X is spherical, then it follows from work of Brion [5] that the facets of A(L) are defined
by B-stable prime divisors in X:® For any B-module V let V(B) be the set of non-zero B-
eigenvectors in V. For any element v € V(B), we denote by x(v) : B — C* the associated
character of B, which we identify with a weight in t*. Let C(X) denote the field of rational
functions on X. The set of B-eigenfunctions C(X)(®) has the structure of an abelian group

under multiplication, and since X is spherical, we have an exact sequence

c* — c(X)B % ¢,

2Similar results should hold for non-compact X, provided the map ® is proper.
3This was pointed out to me by F. Knop.



The image A = x(C(X)®) is a lattice in ¢*. The rank of X is the dimension of A.
Now let D(X) denote the set of B-stable prime divisors in X. Each element D € D(X)
defines a valuation

vp:C(X)—>1

measuring the order of vanishing of any rational function at D. By restriction to C(X)(®),

the divisor D defines an element of Homgz(A, Z) which we also denote by vp.

Remark 2.1 The map D(X) — Homz(A,Z) given by D — vp is not in general injective,
e.g. for X =P! x P! and G = SL(2,C).

Let C(L) denote the space of rational sections of L, and assume that H°(L) C (L) is non-
trivial. Since H°(L) is locally finite [28, p. 67], there exists a B-eigensection o € H°(L)(B)

which defines an isomorphism
c(X) B =c(L)B), fmr fRo.

For any element D € D(X) we denote by vp(o) the order of vanishing of o at D. An element
f®0o € €(L)B is a global section if and only if

vp(f) +vp(o) > 0 for all D € D(X).
One sees that

A(L) = x(o)+{z € A®z1R|vp(z) > —vp(o),for all D € D(X)} (2)
= {z € A®zR | vp(x) > —vp(o) +vp(x(c)) forall D € D(X)}. (3)

Since X is spherical, the set D(X) is finite so that (3) expresses A(L) as a finite intersection
of half-spaces. It follows that if F is a facet of A(L) then there exists a divisor D € D(X)



such that FF = AN Hp where
Hp={z € A®R | vp(z) = —vp(o) +vp(x(0))}. (4)

We call any D with F' = AN Hp a divisor corresponding to F.

Remark 2.2 There are two important differences from the toric case:
1. The divisor D is not necessarily unique, and

2. Not every set of the form (4) is a facet, even if the line bundle L defines a projective

‘embedding of X. See the example in Section 8, and also Lemma 5.3.

2.1 An example from representation theory

To get an idea of how these definitions work in practice, we give in the simplest case Brion’s

proof of “Pieri’s formula” (see [6, Section 2].)

Theorem 2.3 Let G = GL(n,C), let V denote the standard representation of G, and
S(V*) denote the representation of G on polynomials on V. For any dominant weight
A=A, ) €%, N > Mgy for i = 1,...,n — 1, let V) denote the irreducible rep-
resentation of G with highest weight A. Then

S(VHeW= D Vi
=1, sltn)

B12A1Zp22A22 . 2 U > An

Let B (resp. B.) denote the Borel subgroup of lower (resp. upper) triangular matrices
in G. Let X be the variety V' x G/B, and L the line bundle 73 L), where Ly = G xp, Cy is
the line bundle over G/B, with H%(Ly) = V), and my : V x G/B, — G/By is the projection
onto the second factor. The global sections H°(L) of L form the representation S(V*) ® Vj.
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H1 = H2

Figure 1: The case n = 2

We will consider the simple case n = 2, in which X = €% x PL. In this case there are
three B-stable prime divisors. Let (z, w) where z = (21, 23) and w = [w;, w;] be coordinates

for C2 x P!. The three B-stable divisors are
D, ={z =0}, D;={w; =0}, and D; = {z € w}.

Only the divisor D3 is G-stable. One checks that the corresponding valuation vectors v; € t
are

v = (1,0), v2=(0,-1), and w3 =(0,1)

and that the B-eigenvector o € H°(L)®) with x(o) = ) is given in homogeneous coordinates

by

o(z,w) = wMPwy?.

We have

v1(0) =v3(0) =0, and vy(0) = A1 — A2
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which implies that

X(HYL)®) = {pez? | v(u) > M, va(p) > =Xy, v3(p) > Ao}

= {pel® | m > > u> N}
as required. The hyperplanes
Hi={p € R | vi(y) = —vi(0) + ui(x(0))}, i=1,2,3

are drawn in Figure 1.
One can prove Theorem 2.3 for any n in a similar way. To get a compact example one
could replace X = V' xG/B, with P(V@®C) xG/B,. The flag variety GL(n+1,C)/B,(n+1)

is also a G-equivariant compactification of X.

3 Multiplicity-free Hamiltonian actions

In this section we will review the symplectic geometry needed to prove Theorems 1.1 and 1.2.
A complex representation V of a compact connected Lie group K is called multiplicity-free
if each irreducible representation appears at most once in V, or equivalently, if the algebra
Endg (V) of K-equivariant endomorphisms is abelian. A Hamiltonian K-manifold M is
called multiplicity-free if the set C¥ (M) of K-invariant smooth functions forms an abelian
Poisson algebra [17]. That is, for any fi, fo € CR (M) we have {f1, f2} = 0. Let G be the

connected complex reductive group that is the complexification of K. Brion has noted that

Proposition 3.1 (Brion [4]) Let M C PV be a smooth projective G-variety. Then M is a
multiplicity-free K-manifold if and only if M is a spherical G-variety.

There is an important, alternative definition of multiplicity-free in terms of symplectic
reduction. Recall that if M is a Hamiltonian K-manifold with moment map ¢ : M — ¢,

then for each coadjoint orbit Kz C ¢,z € ¢ there is an associated Marsden- Weinstein
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symplectic reduced space M, defined by
M, = '(Kz)/K.

If z is a regular value of ® then M, is a symplectic orbifold.

Proposition 3.2 (Sjamaar) A compact connected Hamiltonian K-manifold is multiplicity-
free if and only if M is a point for any z € . If the principal isotropy subgroup is discrete,
then M 1is multiplicity-free if and only if dim M = dim K + rank K.

That this holds not only for generic z is a consequence of the fact that singular reductions
have the structure of “stratified symplectic spaces” as in [37]. See also [40, Proposition A.1].
By Proposition 3.2, a compact connected Hamiltonian K-manifold M is multiplicity-free if
and only if the map ® induces a homeomorphism M/K = A. (See [4] for the proof when
Misa prbjective K-variety.) The decomposition of M/K into orbit-types is related to the

face decomposition of A:

Lemma 3.3 (Delzant) Let M be a compact, connected multiplicity-free K-manifold with
discrete principal isotropy subgroup, and F C A an open face contained in the interior (t,)°
of .. Then the Lie algebra &, of the isotropy subgroup K, of any point m € ®~1(F) equals
the annihilator F° C t of F. Furthermore, if the principal isotropy subgroup is trivial then

K,, is connected.

For a proof see [12] or [40, Lemma 3.2]. In particular, a face F C AN (t})° is a vertex of
A if and only if ®~!(F) is a T-fixed point.

Remark 3.4 Describing the orbit types of points in ®~!(F) C 8¢} is in general an open

problem. For the transversal case, see [40, Theorem 7.2].

Note that if M is a connected Hamiltonian G-manifold, then the principal isotropy sub-
group (which in general is only defined up to conjugacy) is fixed by the choice of maximal

torus and positive chamber ¢*. Indeed, there exists a face o of t} such that ®~'(Ko) is
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connected and dense (see [30, Theorem 3.7]), and we define the principal isotropy subgroup
of M to be the isotropy subgroup K, of any point z in the principal orbit-type stratum for
‘the action of K, on ®~*(0). Since K, contains the semisimple part of K, (see [30, Remark
3.10]) K, is independent of the choice of z. The following conjecture has been proved in

many cases [11, 23, 12, 40]:

Conjecture 3.5 (The Multiplicity-free or Delzant Conjecture) Let M, and M, be
compact connected multiplicity-free Hamiltonian K-manifolds with the same Kirwan polytope
dnd the same principal isotropy subgroup. Then My and My are equivariantly symplectomor-

phic.

Remark 3.6 A. Knutson points out that the statement fails if one allo§vs M and M, to have
singularities. Also, F. Knop has observed that a multiplicity-free Hamiltonian K -manifold
may admit invariant complex structures that are not equivariantly isomorphic. The simplest
examples are the SL(2, C)-spherical varieties P! x P! and SL(2,C) x g P! which are SU(2)-

equivariantly symplectomorphic for suitable choice of symplectic forms.

If the conjecture holds, it suggests that geometric properties of multiplicity-free actions
should be “translatable” into the language of convex polytopes. We call a Hamiltonian K-
manifold ¢ransversal if the moment map is transversal to a Cartan subalgebra. There is a

characterization of transversality in terms of isotropy subgroups (see [40, Lemma 2.2]):

Lemma 3.7 (Guillemin-Souza) Let M be a Hamiltonian K-manifold, and o C & any
face of the positive chamber. Then ® is transversal to t* at ®~'(o) if and only if for any
z € o the semisimple part (K., K;) of K, acts locally freely on ®~1(z), or equivalently, if ®

18 transversal to o.

The main result of [40] is that transversality has the following description in terms of convex
polytopes: For each z € A we denote by H(x) (resp. V(z)) the set of hyperplanes in t*
intersecting A in facets meeting z (resp. inward pointing normal vectors to these facets.)
The polytope A is called simple if V(z) is linearly independent, for all z € A. We call A

reflective if

14



1. the set H(z) is W-invariant, for all z € A, and

2. the intersection A Nt} is a union of faces of codimension at least 2.

Here W denotes the Weyl group of T' C K, and W, the isotropy subgroup of z.

Theorem 3.8 [40] Let M be a compact, connected multiplicity-free K -manifold with Kirwan
polytope A and discrete principal isotropy subgroup. If M is transversal then A is simple

and reflective.

In fact the converse is also true, but at this point our proof is too technical to publish.
For the proof of the bound in Theorem 1.1 we will need the following combinatorial
result on reflective simple polytopes. For any convex polytope A, let H(A) denote the set

of hyperplanes intersecting A in facets.

Proposition 3.9 [{0, Proposition 5.1] Let A C ¢, be a simple reflective convez polytope and
o a simple root such that A meets the hyperplane H,. Then there are ezactly two elements
H, € H(A) such that Hy contains AN H,. The corresponding normal vectors vy € t satisfy
(va, @) > 0, and the intersection AN H, N H_ equals AN H,. Any other element of H(A)

meeting H, N A intersects H, transversally.

Finally in Section 8 we will need the foll(;wing definitions. We call a transversal Hamilto-
nian K-manifold torsion-free if (K, K,) acts freely on ®~!(z) for all z € A. If (K,, K,) is
simply-connected, we call A Delzant at z if V(z) extends to a basis of the lattice exp~!(Id),
where exp : t = T is the exponential map. Otherwise, we say that A is Delzant at z if the

conditions in [40, Remark 10.2] hold. We call A Delzant if A is Delzant at all z € A.

Theorem 3.10 A compact connected transversal multiplicity-free K-manifold with trivial

principal isotropy is torsion-free if and only if A is Delzant.

This is proved in the case m ((Kz, K;)) = {1} in [40, Theorem 6.2].
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Theorem 3.11 [{0] The map M — A(M) induces a bijection between compact connected
transversal torsion-free multiplicity-free K-manifolds with trivial principal isotropy and re-

flective, Delzant polytopes.

In particular, Delzant’s conjecture 3.5 holds for these actions.

4 Algebraization

The main goal of this section is to show that in the proof of Theorem 1.1, we can assume
that M has the structure of a smooth projective variety. Proposition 4.4 is also used in the

proof of Theorem 1.2. QOur first result in this direction is

Proposition 4.1 Let (M,w) be a compact Hamiltonian K-manifold and J an invariant
compatible Kdhler structure. Suppose that the fized points of a mazimal torus T are isolated.
Then there exists a perturbation @ of w, an integer n € N, and an invariant compatible

Kahler structure J such that (M, nw, J) embeds in projective space.

Proof - Since M admits a C*-action with isolated fixed boints, then by the results of Carrell-
Liebermann [10] or Carrell-Sommese the cohomology H"/(M) vanishes unless i = j. In
particular, H>%(M) = H%%(M) vanishes, so there exists an invariant perturbation of @ of
w such that @ € QM (M) and [@] € H2(M, Q). Since w € Qb the pair (@, J) defines an
invariant Kahler structure on M. Let n; € Z be an integer such that [n,@] € H*(M,1Z).
Let L be a holomorphic metric line bundle with invariant connection and curvature @ [15,
p. 149]. By the Kodaira embedding theorem, there exists an integer no € N such that the
sections of L™ give an equivariant embedding i : M — PV of (M, J) in projective N-space.
Let wrg denote the Fubini-Study 2-form. Unfortunately, i*wrg will not usually equal nyn.w.
However, the metrics i*wrg(-, J-) and nin,w(-, J-) are positive definite. If w, is the invariant
closed 2-form defined by

wp = ti'wps + (1 — t)ninew
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then for ¢ € [0,1] the metric w(-, J-) is also positive definite, and so w; is symplectic for
t € [0,1]. Furthermore, wy is cohomologous to wy, so by Moser isotopy (see e.g. [33, p. 91])

there exists a K-equivariant symplectomorphism
¢ (M,i"wrs) = (M, nin,w).

Defining J = ¢*J and n = n,n, completes the proof. O

To apply this result to Kahler multiplicity-free actions, we need to note that if M is a
compact multiplicity-free K-manifold, then any maximal torus T C K acts with isolated
fixed points. Indeed, let M7 denote the T-fixed point set. Let m € My and let N C Mr be
the connected component of My containing m. The image ®(N) lies in t*, by equivariance of
@, and because N is a smooth connected symplectic submanifold on which T acts trivially,

in fact ®(N) equals &(m). Since M is multiplicity-free,
~H(®(m)) = Ko(m)/Km

and it is known that the fixed point set of the action of T on any K-homogeneous space is
finite.* In case M is transversal, one can argue alternatively that ®(Mr) C treg and so Mr
is discrete by Delzant’s Lemma 3.3.

Combining with 4.1 and 3.1 we have proved that

Corollary 4.2 Any compact connected multiplicity-free K-manifold which admits an in-
variant Kdhler structure admits (after a perturbation) the structure of a projective spherical

variety.

Remark 4.3 These arguments work only if M is compact. For results in the general case,
see [21].

We want to check that certain properties and invariants of the Hamiltonian K-manifold

M are invariant under perturbation.

4In fact the fixed point set has a transitive action of W, as was pointed out to me by F. Knop.
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Proposition 4.4 Let (M,w) be a compact connected Hamiltonian K -manifold, and t — w,
an (affine) linear map of R* into the space of closed, K -invariant 2-forms on M, with wy = w.
There exists a linear map t — ®; such that each ®; : M — € is a moment map for the action

of K on (M,w;). There also ezists a neighborhood, U, of 0 € R™ such that fort € U
1. the form wy is symplectic.
2. If ®q4 s transversal to t*, then

(a) ®; is transversal to t*;
(b) if ®o(M) meets a face o C t} then (M) does; and

(c) if M is multiplicity-free and has discrete principal isotropy then V(4A;) = V(A,).

Proof - The existence of ®, follows from the discussion on [2, p.23], by which the contraction
1(Xar)w; is exact for any X € ¢ and t € R*. It follows that for any ¢ there exists a map
®, : M — ¢ such that ¢(Xp)w; = d(®, X). The map ®; may be made equivariant by [20,
Section 26]. To construct a linear map t — &, choose a basis ¢, ..., t, for R*, construct @,
as above, and define ®, for arbitrary ¢ by linearity. .

Statement (1) follows from the compactness of M, and the fact that the set of non-
degenerate 2-forms on T,,M is open, for any m € M. Statement 2(a) follows from a similar
argument. By Lemma 3.7 ® is transversal to o, and so any perturbation of ®; also meets
o, which shows 2(b).

The proof of 2(c) uses the correspondence between lines perpendicular to facets of AN(t? )°

with one-dimensional isotropy subgroups of T acting on

Yy = 076,
For any subset S C M let I(S) C P(t) denote the set

I(S) = {t; | s € S,dimT, = 1}

18



of Lie algebras of 1-dimensional isotropy subgroups of T acting on S. Let
N(A)={H°ep(t) | He H(A),HNAN(¢})° # 0}

denote the set of normal subspaces to hyperplanes meeting A in interior facets. By Delzant’s

Lemma 3.3,

I(Yy) = N(A). (5)

The following lemma, shows that one can replace Y, in (5) by a small neighborhood of Y,
in ®71(g,,). If M is transversal, even more is true: one can replace Y, by a neighborhood

of Y, in M.

Lemma 4.5 Let M be a compact connected multiplicity-free K-manifold with polytope A

and discrete principal isotropy subgroup. Then

1. for a sufficiently small neighborhood U of Yy in @~ '(tr,), we have I(U) = I(Yy) =
N(A), and

2. if ® is transversal to t* then for a sufficiently small neighborhood V of ®}(¢%) in M
we have I(V) = I(Yy) = N(A).

Proof - Let m be a point in U with dimt,, = 1 and ¥ € K an element such that km € Y;.
By definition of Y., we have that T}, = kT,,k~! is contained in T'. Let v be a non-zero vector
in tgm. Then Ad(k)v € t which implies that Ad(k)v € Wv. Since &' (£,,) is isomorphic to
K x7Y,, we can assume that U is of the form UxY,, where Ux C K is a neighborhood of
T such that Ux N N(T) = T. Thus Ad(k)v = v and t¢y, = t,, which shows (1).

Now assume that ® is transversal to t*. Let o C t} be a face and let K, denote the
isotropy subgroup of any point in o, K?*° its semisimple part, &’ the Lie algebra of KJ°,
and 7, : ¢ — (¢2°)* the projection. A simple check shows that & is transversal to €}, so

that ®~1(¢%) is a smooth submanifold of M. Lemma 3.7 implies that the restriction of ® to
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®~1(e2) is transversal to the center 2} of €. That is, the map
7o © Blo-1(t3)

is transversal to 0.‘ Since 7, o tI>|q,—1(,;) is K, -equivariant, its fibers are K,-diffeomorphic in
a neighborhood of (7, o ®)~1(0).

Let m be a point in V' such that dimt,, = 1, and k € K be such that ®(km) € t}. Then,
as before, ti,, = wt,, for some w € W. We can assume that V is a union of sets of the form

VoY, 2V, Xk, Y,, where

1..V, is a neighborhood of K, in K such that V, "N N(T) = K, N N(T),
2. Y, is a K,-invariant neighborhood of a point z € ®~1(o) in ®~1(¢}),
3. the fibers of the map (7, o ®)|y, are K,-equivariantly diffeomorphic, and

4. the image ®(Y;) N ¢} meets only those faces H, such that H, contains o.

Suppose that m lies in V, Y, so that w has a representative k' € K,. The point k'km lies in

Y, and tgkm equals t,,. By definition of Y, there exists a point m’ € Y, NY, such that
tm = tkm = tm

as required. O

Now we finish the proof of 2(c). Let

(Vi)e = 27 1((€)°),

let U; be a neighborhood of (Y}); in ®;'(#,,) = K(Y,); and V; a neighborhooa of (Y,),
in M. Since (Y, )¢ contains only a finite number of orbit-types, we can choose a compact
subset Z C (Y, )o such that I(Z) = I((Y,)o). For t sufficiently small, Z C U; and so by (1)
of the Lemma,

N(Qo) = I(Z) C I(U;) = N(Ay). (6)
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On the other hand, for ¢ sufficiently small (Y, ), C V; and so by (2) of the Lemma
N(A¢) = I((Y4):) € I(Vo) = N(Ao). (7)

Since the polytopes A, are reflective RV (A;) = N(A:) so by (6) and (7) RV(A;) =RV (Ay).
That is, given any facet F' of A we can find a facet F; of A, such that F° = F?, and vice-
versa. By taking ¢t small we can assume that F; is close to F', and in this case F; and F must

have the same normal vector.

Remark 4.6 Using 2(c) one can simplify the proof of Proposition 4.2 in [40].

5 Review of the Luna-Vus_t classification

In this section we review the Luna-Vust classification theorem and related results of Brion.
In fact, the results in this section are not needed for the proofs of Theorems 1.1 or 1.2, but
they provide an important background for the results about the little Weyl group covered in
the next section.

Let G be a connected complex reductive group and X a spherical G-variety. Let z € X
be any point in the open B-orbit, and H = G, its isotropy subgroup. Then X is an
equivariant embedding of the homogeneous space G/H. The Luna-Vust theory classifies
such embeddings by a combinatorial invariant of X called the colored fan. Let D(X) denote
the set of B-stable prime divisors in X. For each G-orbit Y C X, let Cy C Homgz(A, Q) be
the cone on the vectors vp, for D € D(X) containing Y. Let Ey denote the set

Ey={DeD(G/H)|D>oY}

The pair
Clcf = (CY7 EY)
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is the colored cone associated to Y. The set
F(X)={Cy |Y c X}

is the colored fan of X. Note that if D C X is a G-stable divisor, then the corresponding
valuation vp is G-invariant. Let V¢ C Hom;(A, Q) denote the image of the set of G-
invariant discrete valuations (with rational values) on C(G/H) 2 ¢(X )- It is a convex cone
containing Homgz (A, Q) N —t; (see [24, Corollary 5.3].) A pair (C, E) with C C Hom,(A, @)
and E C D(G/H) is called a colored cone if -

1. C is generated by vectors vp with D € E, together with finitely many elements of VC.
2. The interior C° of C intersects VC.

A colored cone (C, E) is called strictly convez if C is strictly convex, and vp # 0 for D € E.
A colored cone (C’, E') is called a face of (C,E) if C'isaface of C,and E' = {D € E |vp €

C'}. A colored fan is a non-empty finite set F of colored cones such that
1. If C° € F, then every face of C* lies in F.
2. For every v € VC there is at most one (C, E) € F such that v € C°.

A colored fan F is called strictly convez if each colored cone in F is strictly convex. For the

following see also [24, Theorem 3.3].

Theorem 5.1 (Luna-Vust [31]) The map X — F(X) induces a bijection between iso-

morphism classes of embeddings and strictly convezr colored fans.

Define
cx)y= U ¢

(C.E)eF
The variety X is complete if and only if C (X ) contains V€ [24, p.12].

For projective spherical varieties, the colored fan is related to the fan of the polytope of

the hyperplane bundle. Recall that if A is a convex polytope, its associated fan F(A) is the
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set of dual cones to faces of A. Here the dual cone to a face F' of A is the cone generated
by normal vectors vr to facets F' of A containing F'. The following results are due, in a

somewhat different form, to Brion [4].

Lemma 5.2 Let X be a projective spherical G-variety of mazimal rank with polytope A,
generic stabilizer H, and colored fan F. Then the set C(X) of cones Cy such that (Ci, E,) €
F for some E, C D(G/H) equals the set F(A,VC) of cones Cy in F(A) such that C3 N VE

1S non-empty.
For the proof we will need the following Lemma.

Lemma 5.3 Let X be a projective spherical G-variety with polytope A = A(L), wizere L is
the hyperplane bundle, D € D(X) a divisor corresponding to F, Hp C A®zR the hyperplane
defined by D as in Equation (4), and Y C X a G-orbit. Let Ay = Ay(L) denote the
polytope of the restriction of L to Y as in Equation (1). Then D contains Y if and only if

Hp contains Ay.

Proof - This follows from Brion’s [6, Theorem p.409]. Alternatively, by Equation (4) Hp
contains Ay if and only if any element s of H°(L")(B) zero on D also is also zero on Y, for
any n € N. By [24, Corollary 1.7] (where we let vy be a valuation with center Y'), this holds
if and only if any global section s of L™ vanishing on D vanishes on Y, for any n € N; that

is, Y is contained in D. O

Proof of Lemma &.2 - First, note that Ay is a face of A. Indeed, the locus of vanishing of a
section s € HY(L™)(®) is the union of D € D(X) such that vp(s) > 0. Since D(X) is finite,
s does not vanish identically on Y if and only if vp(s) = 0 for every D € D(X) containing
Y. Therefore,

A7=Aﬂ n Hp.
DY

It follows from Lemma 5.3 and Equation (3) that the dual cone to Ay equals Cy, which
implies that C(X) is contained in F(A, V®). Conversely, since X is complete, C(X) must

contain V¢ and so any Cy; € F(A, V®) of maximal dimension must be contained in C(X).
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Any other cone in F(A, V) is the face of a cone C; € F(A, V) of maximal dimension and

so contained in C(X). O

Remark 5.4 The proof of Lemma 5.2 shows that if X is a projective spherical variety with
polytope A and G-orbit Y, then Ay is a face of A. If X is smooth, transversal, and maximal
rank, then the face Ay intersects the interior (t} )° of the positive chamber. Indeed, let o C ¢
be a face of maximal dimension intersecting ®(Y’), so that Y is locally contained in ®~!(o).
Letye¥ N ®~!(o) be any point; then the tangent space to the orbit (K,, K, )y lies in T,,Y,
since Y is K-invariant, but also lies in the symplectic orthogonal to 7,Y, by definition of
the moment map. By Lemma 3.7, T, ((K,, K,)y) is of positive dimension, which contradicts

that Y is a complex and therefore symplectic submanifold of X.

6 Little Weyl groups and collective functions

In this section we will make an application of Brion and Knop’s theory of the little Weyl group
ofa projective G-variety to the smoothness of invariant collective functions. This application

was suggested by Knop [26]. For the following, see Brion [7] or Knop (25, Theorem 1.3].

Theorem 6.1 (Brion, Knop) Let G be a connected complez reductive group, X a spherical
G-variety and V¢(X) C Homgz(A,Q) the cone of invariant valuations. There is a finite
reflection subgroup Wx C W such that V4(X) is a fundamental domain of Wx acting on
Homgz(A, Q).

Brion and Knop’s definitions of Wx are quite different, and one of the main results of
[25] is that the definitions agree. For simplicity we present Knop’s definition of Wy in the
case that X is maximal rank. The variety X need not be spherical. Recall that the rank of
a G-variety is the dimension of the lattice of characters x(C(X)(E)).

Let Ty X denote the bundle of holomorphic cotangent vectors. The action of G on X
induces a holomorphic moment map ®; : 7)) — g*. Let | C g be the complexification of the

real Cartan subalgebra t C ¢&. Composing with the quotient map g5, : g* = g*//G = I*/W we
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get a morphism &; : Ty — */W. We form the fiber product

T’:(X) X('/W [*

BN

*/

Ti(

Because X is maximal rank, one can show that the inverse image Ty 1(l:eg) is non-empty, and
that the morphism 7, is a ramified cover with generic fiber W. The fiber p.roduct T X X ywl*
may have several irreducible components, which are closures of the components of 75 1(l;‘eg)
and are permuted transitively by W. By [25, p. 317] there is a distinguished component T,;‘
of Tg X X-/w 1*, called the polarized tangent bundle. The little Weyl group Wx C W is the
set of elements w € W such that wT = T?.

Now let M be a Hamiltonian K-manifold with moment map ® : M — ¢, and let
®: M- t} be the composition of ® with the quotient map q : & — ¢} which assigns to any
T € t* the unique point of intersection Kz Nt}. A collective function on M is a function of
the form ®* f, for some continuous function f on ¢*. A K-invariant collective function can
be written ®*f. Our application of the little Weyl group is the following theorem which was
suggested by Knop [26].

Theorem 6.2 Let M be a smooth projective K -variety of mazimal rank, i.e., with Kirwan
polytope of mazimal dimension. If f € C®(¢')"™ is a Wys-invariant smooth function, then

the function &* f is smooth.
Remark 6.3 If f € R[t"]" then this follows from Chevalley’s theorem.

Proof - First, we consider the case when f € R[¢*]"™ is polynomial. Let o = @1In|z|? be the
Fubini-Study 1-form on L\O, the geometric realization of the pull-back of the hyperplane
bundle, minus its zero section. The variety L\0 is a spherical G x C* variety, and the Weyl

groups of the complex maximal torus T¢ in G and T¢ x C* in G x C* are naturally identified.
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Under this identification, the little Weyl groups Wi\ and W), are isomorphic [27, p.11]. Let
7 : L\O — M denote projection onto the base.

The restriction 771|T,;( L\0) is a ramified cover with generic fiber W,;, and the quotient
Ty (L\0)/ Wy equals Ty (L\0). Indeed, since 7y is W) -invariant, its restriction to T3 (L\0)
induces an affine birational morphism T} (L\0)/Wys — T;*(L\0). This map has finite fibers
and normal target space, and is therefore an isomorphism by Zariski’s Main Theorem. Hence

772}74}: induces a morphism
o/ Wi : T (L\O) = 1" /Wy x C* — 1" /Wy

The last map is just projection onto the first factor. Let f, € C[I*]"™ be the analytic
continuation of f, so that f = fu|-. We write f, as a polynomial h € C[1*/ Wy,] in the
generators of C[I*]"™ so that fy is the pullback of & by the quotient map map I* — 1*/Wjy.
The function

O{*(ﬂ'g/WM)*h

is a smooth function on L\0 and we claim it equals 7*®* f. This follows from the commuta-

tivity of the following diagram.
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T2/Wn

T, (L\0) > /Wy
Yh
g* ahn , (*/W
L\0 : > —(VE)
Y
nd
¢ - >t

In the top square we have left off extra factors of C; for example, ®, denotes the holomor-
phic moment map for the action of G x C* on L\0, composed with projection onto g*. The
notation (Vg)* denotes the fundamental domain of W), acting on ¢, containing —t.. Note
that ¢ denotes Homg (¢, R), while g* denotes Home(g, C). Since g is isomorphic to ¢ @ i, an-
alytic continuation defines an inclusion & — g*. The map r is the restriction of * — 1* /W),
to —(V§)*. The map p is defined as follows. Let 7; denote the restriction of m; to Ti(L\0).
Since ®,(a(L\0)) is contained in ¢*, we have that

(1~ (a(L\0))) C ¢

Since my is Wjs-equivariant, we can quotient by the action of Wy, to obtain a continuous
map

a(L\0) = — (V)"
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whose composition with o we define to be p. By definition por equals a o 7y /Wy,. The map

7y, is the polynomial map obtained by expressing a set of generators of C[I*]"V in terms of a

set of generators of C[1*]""#. The map = is the restriction of ¢ to —(V)*.
Lemma 6.4 The restriction of v to p(L\0) is the identity.

Proof - We first show that there exists an element w € W such that v(z) = wx for all

x € p(L\0). Recall the

Lemma 6.5 (see e.g. [30]) Let M be a compact connected Hamiltonian K-manifold with
moment map ® : M — ¢ such that ®~1(¢*,) is non-empty. Then ®~1(¢*,.) is connected and

reg reg

dense.

By the Lemma, 7~'®~!(t,,) is connected and dense. Hence, the image p(77'®7(er,)) is
connected and therefore contained in some chamber w (£} )° in t,,. By continuity, 7(z) = wz
for all z € p(L\0). '

To see that w = Id we need to invoke Knop’s definition of T. We will use freely
the notation developed in his paper [25]. Let n € (t})° be a generic point in A and let
| € m71®71(n) be a point in its inverse image. It suffices to show that p(l) = 1. In the
notation of [25, p.5], there exists an element b € A$ such that Xpp = M- The image
¥(1,b) € Tr(L\0) is therefore

1]}([,5) = ("»[)* (la E)a 77)

and

Cn(v* (b)) €nto

where b is the Lie algebra of B. Now let

G = tag + (1= t)p*(1,b)

for ¢t € [0,1]. The image ®,(¢;) lies in  + b, and in particular the coadjoint orbit of 7.
Therefore the path

((t’ 77): te [07 1]
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lies in the fiber product T} (L\0) X+ ;w [*, and so (ay,7) is contained in T}*(L\0). It follows
that p(a;) = 7, as required. O

By Lemma 6.4 the pullback 7*®* f equals p*f. By commutativity of the diagram above

we have

T'®"f = p"f = o (ms/Wn)"h

as claimed.
 Now let f € C®(¢*)"™ be any smooth Wy-invariant function. By a theorem of G.
Schwarz (35], f can be written as a smooth function of the generators of the W),-invariant

polynomials on t*, so the result follows from the previous case. O

Theorem 6.6 Let M be a smooth projective K -variety of mazimal rank with moment map
®: M — ¢*. Suppose that ® is transversal to a face 0 C ¢, and let W, be the Weyl group
of T in K,. Then W, C Wy.

Proof - Let W' C W be the subgroup of W generated by reflections contained in both W, and
Wi It suffices to show that W’ equals W,. Let o' C ¢ be the subspace perpendicular to
. First, we show that R[o*]"" is contained in R[c+]"~. Let 7, : ¢* — oL denote orthogonal
projection- onto o, and let f be any element of R[o+]"".

The following argument, provided by E. Lerman, shows that the pullback ®* 7, f is smooth
at any point m € ®~!(0). Let p € C*(¢*) be a cutoff function supported near ®(m), with

p =1 in a neighborhood of ®(m). Let

h= 3 w'(p-m;f)
weWw
which is a W-invariant smoofh function equal to 7% f near ®(m). By Theorem 6.2 ®*h is
smooth at ®(m), which shows that &*x*f is.
Since @ is transversal to o, we can choose a submanifold U C ®~!(¢}) such that & is
a diffeomorphism on U and ®(U) meets o transversally at ®(m). The function ¢*7%f is

therefore smooth on ®(U), and since the restriction of ¢*x% f to ¢ is locally constant on the
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fibers of 7% near ®(m), this restriction is smooth at ®(m). Let V be a small K, -invariant
neighborhood of ®(m) in €. Since KV C & is isomorphic to K Xg, V and ¢*n}f is K-
invariant, it follows that ¢*7% f is smooth at ®(m).

We claim that f is W,-invariant. Let R(o) be the set of simple roots perpendicular to
o. For any « € r(0), let ro € W, denote the corresponding reflection. The function ¢g*7 f
is even with respect to r,, and therefore

(Dag’7; £)(®(m)) = (Dgmz £)(B(m)) = 0

(o4

for n € N odd. Since f is polynomial, this shows that f is itself even with respect to =, for
each a € R(o), and therefore f is W,-invariant.

That W' equals W, is now a simple application of the theory of finite reflection groups.
By [22, Theorem 3.9] the order |Wgg| of any finite reflection subgroup Wrg C W is the

product of degrees of generators of
C[r*]"Vrr = R[¢*]"V"R @4 C.

It follows that |W,| = |W’'| and since W, contains W', the two groups are equal. 'O

Corollary 6.7 Let M be a smooth projective transversal K -variety with polytope A of maz-

imal dimension that meets the hyperplane H, for each simple root . Then Wy = W.

7 Proof of the criterion
Characterization (1) in Theorem 1.2 follows from

Theorem 7.1 Let G be a connected complex reductive group, and M a smooth projective
transversal spherical G-variety of mazimal rank, with moment polytope A such that AN H,

is non-empty for all simple roots a. Let F C A be a facet and D € D(M) a corresponding
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B-stable divisor, and assume that the action of G lifts to the line bundle [D].5 Let op €
HO([D))® be the canonical section, and x(D) = x(op) the corresponding character of B.

Then for any simple root «, the pairing (x(D), @) is non-zero if and only if
FDANH,. (8)

In particular D is G-stable if and only if (8) holds for no a.

Proof - The proof follows from considering the variation of the moment polytope as L varies
by multiples of [D]. Let wp € Q¥(M) be a curvature form of [D], and let € < 0 be a rational
number sufficiently close to zero so that we. = w + ewp is symplectic. By taking a sufficiently
high multiple of w,, we can assume that ¢ is integral. Let L be the line bundle L + ¢[D).
First we consider the effect of the perturbation in terms of the description (3). If ¢ is a

B-eigensection of the hyperplane bundle, then o ® 0%, is a B-eigensection of L.. By (3)
A(L) = x(c®05) + {z € ¢ | vp(z) > —vp (0 @ 0p), for all D' € D(X)}.
Since vpr(op) = 1if D' = D, and vpr(op) = 0 otherwise, we have that
A(Le) = ex(D) + A,

where

A= {z € A | vp(z) > —vp(0) + vp(x(0)) + €}

On the other hand, w, € Q'!(M) represents the first Chern class of L, so up to a central
constant A(L,) equals the Kirwan polytope A, = ®.(M) Nt} where @, is a moment map
®, for the action of K on (M,w,). By Proposition 4.4 the polytope A, meets H,, for €
sufficiently small. Therefore,

min(z, a) = —¢(x(D), a)
TEA,

SThis is always possible up to finite cover of G [28].
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and so (x(D),) vanishes if and only if A, meets H,. But this happens exactly when
equation (8) holds: If F D> AN H,, then since A, does not contain F, the polytope A, does
not meet H,. On the other hand, suppose that there exists a point r€AN H, - F. Then

for € sufficiently small, A, contains z as well. O

Example 7.2 Let K = SO(4), and M is a generic coadjoint orbit of SO(5), on which
K acts via the inclusion SO(4) — SO(5) given by A — diag(A,1). With respect to the
standard basis for t C ¢, the polytope A of M equals [\, u] x [=A, A] for A, & € R such that
0 < A < p. Let F be the top facet of A, and D a d;visor corresponding to F. By the above
argument, x(D) is proportional to (—1,1). See Figure 2.

......

.....

(1) (2) (3)
Figure 2: The polytopes (1) A (2) A, and (3) A,

Proof of Theorem 1.2 - Let F' C A be a facet. By Theorem 7.1, it suffices to show that F
corresponds to a G-stable divisor D if and only if vp € —t,. By Corollary 6.7, W), = W,
so V¢(M) = —t, and if vp does not lie in —t;, then D cannot be G-stable. On the other
hand, if D is not G-stable then by Theorem 7.1 F contains A N H, for some simple root c.
By Proposition 3.9, (v,a) >0,s0 v ¢ —t,. O

Proof of Theorem 1.1 - By Corollary 4.2 and Proposition 4.4, we can assume that M is a

smooth projective K-variety, and the result follows from Theorem 1.2. O

Remark 7.3 The bound in Theorem 1.1 is not in general sharp, because a facet F may

contain A N H, for more than one simple root a. See Figure 2.
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8 Eiample: Blow-ups of a product of coadjoint orbits

of SO(5)

In this section we describe an example: symplectic blow-ups of a product M of coadjoint
orbits of SO(5). The Hamiltonian K-manifold M contains exactly two symplectic K-orbits,
and we can symplectically blow-up either one. Depending on which orbit we choose, the
biow-up admits (resp. does not admit) an invariant, compatible Kahler structure.

Let K C SO(5) and T C K the standard choice of maximal torus. The usual choice for

a basis for t gives isomorphisms t & R? and
. ={zy er’|0<y<a}

Let A, u be positive real numbers, and define

A=(A2) and 7= (u,0)

so that A, T lie in the boundary 8¢,. Let ©),0, C so(5)* be the coadjoint orbits through X
(resp. T.) Let
M =0, x @”

denote the product, with the diagonal action of K, which has moment map ® : M — ¢
given by
O(v,w) =v+w.

Theorem 8.1 The Hamiltonian K-manifold M 1is multiplicity-free with trivial principal
isotropy subgroup, and its polytope A equals

A={(z,y) eR’|y<A<zand z—y<p<z+y}

If p does nbt equal A or 2\ then ® is transversal to t*.
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)

0

(3)

Figure 3: The polytopes A for (1) p > 2\, (2)A < p<2X and 3) p< X

Proof - The fixed point set My equals

MT = WXXW_ﬂ
= {((FA£), (£, 0)), (A £2), (0, £4))}

so that
O(Mp) = {(£A £ p, £1), (£A, £A £ )}

and

®(Mr) Nt ={(p£ AN} if u > 2X
={(A =2, A+ A} A< p<2)
={(AA-p), (A+pmA)} Hp<A

For simplicity we will consider only the case A < u < 2X. The weights of T on TxmM are
the negative roots of ¢, and the negative roots (—1,0), (=1, —1) which annihilate neither A

nor 7z appear with multiplicity two. Since for any m € Y,
T.M=2T,Y, & (¢/)"
the weights of T on T(» )Yy are (—1,0) and (-1, —1). It follows that ®(Y,) = AN (t})° is
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locally the cone on the vectors (—1,0) and (-1, —1). By similar arguments, near (A, u — A)
the polytope A equals the cone on (0,1) and (1, —1). If M is any Hamiltonian K-manifold,
and = € (t})° is a vertex of A, then ®(z) C My. Therefore, (A + p,A) and (A, p — A) are
the only vertices of A lying in (t})°. By the description of the local cones, the only possible
additional vertices are X and 1. |

Since the weights (—1,0) and (-1, ~1) of T on T(5; Y are a lattice basis, the map

is injective, so the principal isotropy subgroup of T acting on Y., which equals the principal
isotropy subgroup of K acting on M, is trivial.
The assertion on transversality follows from Delzant’s list of local models [12], and can

also be verified directly.

8.1 Symplectic blow-ups of M

We will define symplectic blow-ups as a special case o.f Lerman’s symplectic cuts [29]. Let
M be a Hamiltonian K-manifold, 4 : M — R a K-invariant continuous function, and a € R
a real number such that in a neighborhood U of u~!(a), the function p is a moment map for
a Hamiltonian circle action. Let M, = u‘l-(a) /S! be the Marsden-Weinstein reduced space

at a, and let M5, = p~'(a,00). Then the disjoint union
Mza = Ma U M)a

is called the symplectic cut of M at a. If S* acts freely on p~'(a), then M>, has the structure

of a smooth Hamiltonian K-manifold as follows: Define v : M x C — R by

v(m, z) = u(m) — |2*/2
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so that v is a moment map for the diagonal action of S* on U x C (where C has the opposite
symplectic form). Let

Usa = v (a)/S"

be the symplectic reduction of U x C at a. Then
UZa g Ua U U>a

and the map ¢ : Us, & M, given by inclusion defines an equivariant symplecto.morphism
Usq = ¢(Usg). Let M>, be the union of Us, and M, modulo the identification of Us, with
P(Usa)-

In case X is the minimum of y, and S* acts on the normal bundle of X with weight one,
then for € > 0 small M, . is a symplectic blow-up of M along the symplectic submanifold

X ([29],[32]). We will need one further fact: -

Proposition 8.2 (see [88, 18, 40]) Let M be a Hamiltonian K -manifold with moment map
®: M — ¢. The composition ® : M — t) of ® with the quotient map is a moment map for

the K -equivariant action of T on KY.,, which equals the usual action of T on Y,.

This is a consequence of the functoriality of symplectic induction, in the sense that the
Hamiltonian action of T on Y, induces a K-equivariant action of T on the symplectic induced
space K X1 Y,. We call this densely-defined, K-equivariant action of T" the Thimm action.

We now come to the main result of this section:

Theorem 8.3 The Hamiltonian K-manifold M = ©) x ©, contains two symplectic K-
orbits: Km; and Kmy where my = (A, ) and mg = ((A, =), (0, 2)). Only the symplectic

blow-up of Km; admits an invariant compatible Kdhler structure.

Proof - For any Hamiltonian K-manifold M, an orbit Km C M is symi)lectic if and only if
Km = Kg(m). If M is transversal and multiplicity-free, then ®(z) can be a symplectic orbit

only if z € (t;)° by Lemma 3.7, and then z must be a vertex of A, by Lemma 3.3.
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Now let v; = (—1,0) and v, = (2,1), and for : = 1,2 let S} = exp(Rv;) be the corre-

sponding one-parameter subgroups, and let u; = (<i>, v;). Since
(Ul, (_1’0)) = (’Ula (“1’1)) =1

(’Ug, (0’ 1)) = ('027 (1’ _1)) =1

the Thimm action of S} on K'Y, has weight one on the tangent space T},,Y,, and therefore

on the normal bundle to K'm;. Let
Bly(M) = M (@(m;)vi)+e
be the corresponding symplectic blow-ups, which have polytopes (see Figure 4)

Al ={z €A (v,z) > (B(m;),v) +¢€}.

Figure 4: The polytopes Al and A2

The polytope A? fails the bound in Theorem 1.1, so Bl?(M) admits no invariant com-
patible Kéhler structure. On the other hand, K'm, is a subvariety, since, if Py, P, C G are
barabolics such that _

0,~G/P. ©,=G/P,
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then the isotropy group G, equals P,N P, = B, so Gm; = Km;. By the equivalence
of Kéhler and symplectic blow-ups of subvarieties, BI!(M) admits an invariant compatible

Kahler structure. (See [32] and, for another argument, the next section.)

9 Existence results

The main result of this section is a sufficient criterion for a multiplicity-free action to admit
a compatible invariant Kahler structure (Theorem 9.7), assuming Delzant’s Conjecture 3.5.

First, we review a few more topics from the theory of spherical varieties.

9.1 Local structure theory

We recall Knop’s version [26, Theorem 2.3] of the local structure theorem of Brion-Luna-
Vust. Let G be a connected complex reductive group, X be a normal G-variety, and D a
B-stable Cartier divisor, whic_h we assume for simplicity is effective. The divisor D induces
a line bundle [D] with canonical section o, and we assume that the action of G lifts to [D].
(This is always possible after taking a finite cover of G.) The parabolic subgroup P[D] of D
is the normalizer of the line Co, and the éhar'acter x(D) of D is the character of the action

on Co. One has a morphism
* f o
’(/)D : X\D —g ,TH> lz where la;(f) = 7 (.’E)

Theorem 9.1 (Knop) Let X be a normal G-variety with effective B-stable divisor D. Then
the image of ¢p is the P[D]-orbit through xp, and if we set & = ¢;'(xp) and L = G,
then there is an isomorphism

X\D = P[D] x. £.

Typically one uses the local structure theorem to obtain information about X near a G-
orbit Y, and so one wants to choose a D not containing Y, but containing enough B-stable

- prime divisors so that L is as small as possible. In the case that X is a smooth transversal
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projective spherical variety of maximal rank there is a particularly good choice of D. By
Proposition 3.9 and Theorem 1.2, for any simple root o there are two divisors Dy such
that Hp, contains AN H,. Not both D4 contain Y, since Hp, N Hp_ NA = H, N A and
by Remark 5.4 Ay is not contained in H,. Therefore, for any « there is exists a divisor
D,y € D(G/H) such that D,y does not contain Y, and (vp,,,a) > 0. Define an effective
B-divisor by

Dy = Z naDay- (9)

a

For some choice of n, € N, the divisor Dy has character x(Dy) € t,, so that P[Dy] = B.
By Theorem 9.1 there is an isomorphism X\Dy & B X1, L. Since X is spherical the
variety ¥ is a toric variety, and Y N X is a T¢-orbit in £. Furthermore, there is a one-to-one
correspondence between B-stable divisors in X\ D and T¢-stable divisors in ¥, and the cones
Cyns and Cy are equal. By the smoothness criterion for toric varieties, we have the following

result, which is a special case of Brion’s criterion for smoothness in [8].

Corollary 9.2 Let X be a smooth transversal spherical projective variety with polytope Ax
of mazimal dimension such that Ax N Hy # O for all simple roots o. Then for any G-orbit

Y C X, the set of valuations vp € Cy such that D DY form part of a lattice basis.

9.2 Line bundles over spherical varieties

We now review several results of Brion [6] on line bundles over spherical varieties. Let
d = ¥ pepx)npD be a B-stable divisor and Y C X a G-orbit. For each divisor D € D(X)
containing Y, set lyy(vp) = np. If d is Cartier, then l5y extends to a linear map lyy :
Cy — Q and these maps patch together to form a piecewise-linear map I; : C(X) — Q. In
the case X is a projective variety and d is a B-stable hyperplane section, the function I; has

a simple expression in terms of A:

Lemma 9.3 Let X be a projective spherical G-variety with polytope A and d any B-stable
hyperplane section. Then for any v € C(X) we have l4(v) = — mingea v(z) + v(x(d)).
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Proof - Suppose that v € Cy for some G-orbit Y C X and let D € D(X) be a divisor
containing Y. Note that if ¢ is the canonical B-eigensection of [d] then l4(vp) = vp(o). By

Lemma 5.3 Hp meets A so by (3)

la(vp) = —min(vp(z)) +vn(x(d))

Since 4 is linear on Cy, the same equation holds with vp replaced by v. O

As for toric varieties, the association d — [l is functorial in the sense that

Lemma 9.4 (Brion [9]) Let G/H be a spherical homogeneous variety, and ¢ : X1 = X,
be a .morphism of embeddings of G/H. Then l,q is the restriction of Iy to C(X;) C C(Xy).

Proof - By [6, Section 2] we can assume that X, is simple (i.e. contains a unique closed

G-orbit) and that

d= [¢] + Z nDE
DeD(G/H)
where ¢ € C(X,)® is a rational function, and np = 0 if D contains a G-orbit in X. If D
does not contain a G-orbit, then ¢*D = D, since D does not contain the exceptional locus

of ¢. Therefore,

g'd— Y npD=[pd] = Y vp(e*$)D

DeD(G/H) D'eD(X,)

so if D' € D(X,) contains a G-orbit then the coefficient of D' in ¢*d is vp (p*@) = la(vp)

as required. O

9.3 Existence theorems

Recall that a fan F; is a subdivision of a fan F; if any cone in F;, is contained in a cone
in F;. We say that a fan F is rational if any cone C' € F is spanned by vectors that are
rational with respect to the lattice exp~'(Id) C t. If a convex polytope A has rational fan,

then there is a canonical choice of V(A): we can require that each v € V(A) is a primitive
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lattice vector.

Theorem 9.5 Let X, be a projective spherical G-variety with polytope A, and A, C A, a
convez polytope with rational fan F(Ajz) such that

1. H(A,) is contained in H(A,),
2. V(A,) is contained in V(A;) UVC(X,), and
3. F(Ay) is a subdivision of F(A,).

Then there ezists a spherical variety X, such that C(X2) = F(A2,VC) and a morphism
@ : Xo = Xi. Furthermore, if X5 is smooth, and for each v € V(A3) — V(A;) the difference

c(v) = min v(z) — min v(z)
is an integer, then there exists an ample line bundle Ly over X, with polytope A(Ly) = A,.

Remark 9.6 The polytope A(L) of a G-line bundle over a G-variety has rational, but not

necessarily integral vertices [4].

Proof of Theorem 9.5 - For any cone Cy € F(Ay, V°) let C; € C(A;, VC) be the cone in
F(A;) whose interior contains the interior of C;. By Lemma 5.2, there exists a subset
E, C D(G/H) such that (C1, E;) € F(X;). Let E; denote the set of divisors D € E, such
that vp € Cy. We claim that (C3, E5) is a colored cone. Indeed, suppose that v € V(A,) is
an extremal vector of C, that does not lie in VC. Then v lies in V(A;) and C;. By Lemma
5.2, C, is the dual cone to some face F; of A;. The vector v is normal to some facet of A,
containing F, so that v is extremal in C;. Since (Ci, E;) is a colored cone, there exists a
divisor D € E; such that vp equals v, and by definition E, contains D as required. If we
let F, be the set of all such pairs (C5, E5), then it is straightforward to check that 7, is a
colored fan for G/H. By the Luna-Vust Theorem 5.1 there exists an embedding X, of G/H
* with colored fan F; and (see [24, Section 4]) a morphism ¢ : X; = X.
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Now assume that X is smooth. For each v € V(A;) — V(A,) let D, € D(X;) denote the
corresponding G-stable divisor. Let d; be a B-stable hyperplane section of X, and define

dy = p*di+ Z c(v)D,
’UEV(AQ)—V(Al)

DeD(X>)

Since X3 is smooth, any Weil divisor is Cartier and so d; defines a line bundle [dy] over X,.
We claim that A([ds]) = A,.

Suppose that di = Y pep(x,)n1(D)D. By Proposition 9.4, for any v € V(A;) — V(Ay)
we have that

na(Dy) = g, (v) + ¢(v).

By Corollary 9.3

11, (v) = = min(o(2)) +o(x(dh)

and since x(d;) equals x(d2)

nz(Dy) = — min(v(z)) +v(x(d2))-

€A,

It follows that

A(Ly) = {y€A;]|v(y) > minv(z) for all v € V(A,) — V(A))}.

€A,

Since H(A;1) C H(A3), A(L,) equals A, as required.

We now show that L, is ample. Let Y; C X, be a G-orbit. There exists a section
s € H°(L;)®) non-vanishing on Y; if and only if the intersection Ay N (A N x(dz)) is non-
empty. Since the vertices of A, are rational we can choose an integer n € N such that
F N (A/n + x(ds)) is non-empty for any open face F C Ay. Let s € H°(L})®) be a section
with x(s) in the interior of Ay. By work of Brion [6, Section 2], it suffices to show that
vp(s) > 0, for any D € D(X3) not containing Y;.
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Suppose that vp(s) = 0 for some divisor D € D(X;). The vector vp must lie in Cy,,
since Hp is a supporting hyperplane containing Ay. If D is G-stable, then D contains Y,
by [24, Lemma 2.4].

If D is not G-stable, let D; € D(X;) be the closure of D N G/H in X;, and Hp, the
hyperplane defined by D; as in Equation (4). By definition of dy, n;(D;) equals ny(D) and
since x(d1) = x(dz) the hyperplanes Hp and Hp, are the same. Let Y; C X; be the G-orbit

such that Cy contains Cy, . It suffices to show that
Hp, D Ay, (10)

since in this case D; contains Y; by Lemma 5.3 and so D € Ey, by definition. Equation (10)
holds if and only if n;(D,) = l4,(vp,). Since ly, > l4, on C(X;) and d, is ample we have that

n1(D1) 2 lg,(vp) 2 la,(vp) = na(D)

which, since ny(D;) = ny(D) implies the claim. O

Consider a compact, connected multiplicity-free K-manifold (M, wys) with polytope A for
which Delzant’s Conjecture 3.5 applies. To construct a compatible invariant Kahler structure
on M, it suffices to construct a compact, connected Kahler multiplicity-free K-manifold M’

with the same polytope and principal isotropy.

Theorem 9.7 Let (M,wy) be a transversal, multiplicity-free, compact, connected Hamilto-
nian K -manifold with trivial principal isotropy and polytope Ap. Let (X,wx) be a Kdhler,
transversal, multiplicity-free, compact, connected Hamiltonian K-manifold with trivial prin-
cipal isotropy and polytope Ax = ®(X) Nt} with Ax N H, non-empty for all simple roots

«.

1. Suppose that [wpr] and [wx] are rational and that Ay C Ax satisfies (1)-(8) in Theo-
rem.9.5. Then there exists a multiplicity-free, compact, connected, Kihler Hamiltonian

K -manifold M, with trivial principal isotropy and Kirwan polytope Ap.
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2. In the general case, suppose that for any invariant 2-form W', near wy there exists an
invariant compatible symplectic form W on wx such that the corresponding polytopes

A, and Ay satisfy (1)-(3) in Theorem 9.5. Then the same conclusion holds.

Proof of (1) - By taking a sufficiently high multiple of [ws] and [wx], we can assume that X
is a projective spherical variety and the c(v)’s are integral. Let X; be the variety given by
Theorem 9.5. To prove that X, is smooth, let Y C X; be any G-orbit. The image ¢(Y) is
a G-orbit in X and by Remark 5.4 the face Ay intersects the interior (¢})°. Let D5 be
the B-stable divisor in (9), and Dy the B-stable divisor in X, defined by taking the closure
of each Dg vy in X5. Since the support of D?;(?)' does not contain ¢(Y'), the support of Dy
does not contain Y, and Dy is an effective B-stable divisor with P[Dy] = B. By Theorem
9.1 we have an isomorphism X;\Dy = B X7, ¥. The cone Cyns equals the cone Cy of
Y, which is the dual cone to some face F' of Ay such that F'N (t})° is non-empty (since if
F C H, then F C Hy and so Cy N —t; = () which is a contradiction). Since M has trivial
principal isotropy, the polytope A, is Delzant at F' (see [12]). Hence, the extremal vectors
of C‘y form part of a lattice basis, which implies that Y N X consists of smooth points. This
shows that X, is smooth, so by Theorem 9.5 there exists a Kahler structure on X, with
boiytope Ap.

Proof of (2) - Choose a linear K-invariant family of 2-forms w; € Q*(M), t € R", with

Wy = wyy, such that the cohomology classes
{Oilwe]Fiy
span H%(M). Since H?(M, Q) is dense in H?(M), there exist K-invariant symplectic forms
Wi, ..., wn € Q% (M)

such that

1. [wl,...,[wa] € HX (M, Q),

44



2. each w; lies in the neighborhood U of wy, in Proposition 4.4, and
3. wys is contained in the convex hull of the w;’s.

Let A;,i = 1,...,n denote the polytopes of (M,w;). Let cy,...,c, be such that 3 ¢; =1

and

n
Z Ciw; = Wp.

i=1
By assumption, the sets V(A;) are the same, so by the preceding case there exists a single
smooth sp'herical embedding X, of G/H and invariant symplectic forms wy, ; such that the

Hamiltonian K-manifold (X, wx, ;) has polytope A;. The form
Wx, = Z Cin2,i
i=1

is symplectic and compatible with J, since the set of such forms is convex. Let ®; (resp.

®x, ;) denote the moment map for the action of K on (M,w;) (resp. (X2, wx,,;)) so that
n i
Bx, =) ci®xy,
i=1
is a moment map for the K-action on (X»,wyx,). We claim that the polytope
sz = ‘I’XZ(XQ) M t:_

equals A.
We will prove this using localization. Since (M,w;) is a transversal multiplicity-free |
Hamiltonian K-manifold, for any T-fixed point m € My and any i € {1,...,n}, the image
®;(m) lies in the regular part t;,,, and by Delzant’s Lemma 3.3 ®;(m) must be a vertex of
wi;, for some w € W.
Similarly, the image ®;(x) for any z € (X3)r is a vertex of wA; for some w € A and

contained in the regular part t,,. Indeed, the orbit Gxr C X, is closed and the polytope

Agq is a vertex of A. If Ag; is contained in a hyperplane H, then the dual cone, which is
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generated by normal vectors to facets containing Ag,, has interior which meets —t, trivially
by Proposition 3.9 which is a contradiction.

Since the classes [wx, ;] are close in H?(X5) and ®x, ;|(x,), depends only on the cohomol-
ogy class of the symplectic form, we can assume that for any = € (X3)7, the images @y, ;(z)
are arbitrarily close. Therefore, for any m € My, there must exist an element x € (X,)r

such that ®x, ;(z) = ®;(m), for each i = 1,...,n, so that

Ox,(X2)r) = {d c®x,i(z) |z e (Xa)r}
— o(My).

On the other hand, it is clear that the weights of T' at m are the same as the weights of T
at z, since, for ®(m) € (t,)° these are the edge vectors of the polytope wA; at the vertex
®;(m) = Py, i(x), plus some subset of the roots determined by w. Therefore, by localization

(see e.g. [16]) the push-forward measures
P.wp = (Bx, )swx

are equal, which implies that (X, wx,) and (M,wys) have the same Kirwan polytope. O

We now apply our existence theorems to the case K = SO(5).

Theorem 9.8 Let K = SO(5) and M a compact, connected, torsion-free, transversal,
multiplicity-free K-manifold with polytope A that meets both codimension 1 faces of t|.. Then
M admits an invariant compatible Kahler structure if and only if every non-negative facet

contains AN H, for some a.

Remark 9.9 Similar results hold for other rank 2 groups. For rank greater than 2 the

question of sufficiency is open, even for K = U(3).

Proof - By Theorem 9.7 and the Delzant Conjecture 3.5 in the case rank (G) = 2 [12] it

suffices to show that the spherical variety X = O, x ©, has a symplectic structure wx such
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that A C Ax satisfies (1)—(3) in Theorem 9.7. First we note that Lemma 5.2, Corollary 6.7
and Theorem 8.1 imply that the colored fan of X consists of a single (non-trivial) colored
cone (C, E') where C is the cone on the vectors (—1,1), (0, —1) € t. (That is, X is a two-orbit
variety.) Let

a; =(1,-1) and ay =(0,1)

be the simple roots.

Let A, 1 be real numbers such that
A=M\AN=ANH, and 7= (u0)=ANH,

First, we show that H(A),) C H(A) where A, , denotes the polytope of X. Let vy € V(})
be the normal vectors to facets of A meeting A. By Proposition 3.9, we have (vs,a) < 0,

and since A is reflective, we must have
V4 = Ny + mﬂl
for some 3, € H,, and n,m € Z/2 with n+ m € Z. Since A is Delzant,

(1’ 1)7 (1’ _1) € Spanl{vd:}

and so n = m = 1/2, in which case V(}) = {(1,0),(0,-1)}. A similar argument (using
the complicated definition of Delzant [40, Remark 10.2] in the case (K, K) is not simply
connected) shows that V() = {(£1,1)}.

Since A satisfies the criterion in Theorem 1.1, V(A) C V(A,,). Clearly F(A) is a
subdivision of F(A, ,), which completes the proof. O

10 Equivalence to Tolman’s criterion in the SO(5) case

In this section we will use a criterion of Tolman [39] to show

47



Theorem 10.1 Let M be a compact connected torsion-free transversal multiplicity-free SO(5)-
space with moment polytope A that meets both codimension 1 faces of ;. If A fails the

criterion in Theorem 1.1, then M admits no T-invariant Kdhler structure.

Together with Theorem 9.8 this proves Theorem 1.3.

10.1 Tolman’s criterion

Let T be a real torus and Y a compact connected Hamiltonian T-space with moment map
® .Y — t*. Let Yr denote the fixed point set. For simplicity, we will assume that the

restriction ®|y,. of ® to Y7 is injective. For any subgroup H C T let
Y ={yeY|T,=H}

be the corresponding orbit-type stratum. Let x denote the set of connected components of

the Y(pys. Tolman defines:
X-ray(Y) = {®(X) | X € x}.

By the convexity theorem of Atiyah and Guillemin-Sternberg, X-ray(Y) is a finite set of

convex polytopes whose vertices lie in ®(Y7).

Theorem 10.2 (Tolman Extendibility Theorem) LetY be a compact, connected Hamil-
tonian T-space with a compatible, invariant Kdhler structure. Let y be a point in Yr and
ai,...,ox a subset of the weights of T on T,Y such that the cone C on ay, ..., ax_ts strictly

convez. Then there exists a conver polytope P € X-ray(Y) such that
1. there is a neighborhood U of ®(y) such that PNU =CNU, and

2. for each face F of P there ezists a polytope Pr € X-ray(Y) of the same dimension as

F, containing F'.
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Tolman proves the above Theorem by constructing an orbit O of the complex torus T¢

such that P = ®(O) has property (1). The other properties follow from a theorem of Atiyah
[1, Theorem 2].

Proof of Theorem 10.1 - As in the proof of Theorem 9.7 there exist A, 4 € R such that A
is contained in the polytope A, ,. Let V. (A) (resp. V_(A)) denote the normal vectors to
facets of A appearing clockwise (resp. counterclockwise) between A and 7.

‘Case 1: V_(A) =V_(Ax,) ={(1,0),(1,1)}. Let z equal (A, u— ) and let yi,...,ynm be the

vertices of A appearing between X and i, moving clockwise. (See Figure 6.)

'lel
. A Y1
Y2
Y3
4
z
T2Y4

Figure 5: An example with V~=(A) = V(A ,)

Let a; = (1,-1) and a3 = (0,1) be the simple roots and r,7, € W the corresponding

reflections. Let C be the cone at z on (0,1) and (1,—1), which are the weights of T on
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To-1()Yy C To-1(;yM. Let P C ¢* be the polytope guaranteed by Theorem 10.2, and
pi,...,p € ¢ the vertices of P, starting with p; = x and moving clockwise. Since 7y, is

the only element of ®(M7) lying in z + R (0, 1), we must have

P2 ="

and by the same argument

Dt = T2Ym.

The weights of T' on Tg-1(r,,)M are the elements of
rnNU{(-1,1),(0,-1)}
where N is the set of negative roots. By convexity of P, we must have
p3 € p2 + Ry (1, —-1).

Similarly,

Pm-1 € Pm +R4(0,1).
Since A fails the bound in Theorem 1.1, either v; ¢ —t, or vy,41 ¢ —t;. Assume the latter.
If a vertex y; with k£ # m — 1 lies in

Toys + R4 (0,1)

then yj is contained in a facet F' C A which lies in the interior (t)° of ¢,. By adding tow a
small multiple of the dual class of the submanifold ®(F), we can assume that such a vertex

does not exist. Hence,

Di-1 = Ym-
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By a similar argument, we can assume that no vertex of A lies in
P +R (=1, 1)

which implies that

DPi-2 = Ym—-1.

But then v, is a normal vector to P lying clockwise between (—1,—1) and (0, —1) - that
is, v € —t,. which is a contradiction. The other case is similar.

Case 2: V_(A) # V_(Ax,). Let z1,...,2¢ € A be the vertices of A appearing clockwise
between ﬂ and X. (See Figure 7.)

T

Figure 6: An example with V= (A) # V~=(Ax,)



Let C be the cone at z; on (0,—1) and (1, —1). The proof that there is no polytope P
satisfying the requirements of Theorem 10.2 is similar to the proof for Case 1, and left to

the reader.
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