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Abstract

The main result of this thesis is the computation of TR% (F,; p) for @« € RO(S!). These
RO(S')-graded TR-groups are the equivariant homotopy groups naturally associated
to the S'-spectrum THH(F,), the topological Hochschild S*-spectrum. This compu-
tation, which extends a partial result of Hesselholt and Madsen, provides the first
example of the RO(S')-graded TR-groups of a ring. In particular, we compute the
groups TR (F,;p) for all even dimensional representations «, and the order of these
groups for odd dimensional . These groups arise in algebraic K-theory computa-
tions, and are particularly important to the understanding of the algebraic K-theory
of non-regular schemes.

We also study RO(S!)-graded TR-theory as an RO(S!)-graded Mackey functor.
Using Lewis and Mandell’s homological algebra tools for graded Mackey functors,
we provide examples of how Kunneth spectral sequences can be used to understand
RO(S")-graded TR.
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Title: Associate Professor of Mathematics
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Chapter 1

Introduction

Algebraic K-theory groups are generally very difficult to compute, but Bokstedt,
Hsiang, and Madsen (7] developed a homotopy-theoretic approach to algebraic K-
theory computations that has been quite fruitful. For every ring A, they defined a

cyclotomic trace map
tre : Kg(A) — TCy(A)

relating algebraic K-theory to topological cyclic homology. This map is highly non-
trivial, and thus one can often understand algebraic K-theory by understanding topo-
logical cyclic homology (see, for instance, McCarthy [20]).

As an approach to computing topological cyclic homology, Hesselholt and Madsen
studied TR-theory [12, 13]. For a ring A and a fixed prime p,

TR (4;p) 1= mg(T(A)%) = [S7 A §/Cpnos,, T(A)] 51

where T(A) denotes the topological Hochschild S!-spectrum of A and T(A)%"~! de-
notes the Cpn-1 fixed point spectrum. These TR-groups come equipped with several
operators and relations which provide a rigid algebraic structure, making computa-
tions possible. Topological cyclic homology is defined by a homotopy limit construc-
tion that involves these operators. Thus understanding the TR-groups of a ring helps
us to understand its topological cyclic homology, and hence its algebraic K-theory.

The topological Hochschild S*-spectrum also has naturally associated equivariant
homotopy groups which give a TR-theory graded by the real representation ring of
the circle, RO(S'). These groups arise naturally from the computational method
outlined above.

Elements in the representation ring are given by formal differences of isomorphism
classes of representations. For every a € RO(S') we choose representatives 3 and
7 such that @ = [B] — [y]. Let SP denotes the one-point compactification of the
representation 3. Then the RO(S!)-graded TR-groups are defined as

TRE(A;p) = [SP A S /Cpn-1 [, ST AT (A)]s1.

Lewis and Mandell [18] have proven that this definition gives a well-behaved theory
of RO(S')-graded homotopy groups.
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These RO(S!)-graded groups first arose in computations of the algebraic K-theory
of non-regular schemes. For instance, for an F,-algebra A, Hesselholt and Madsen [9]
expressed the K-theory of A[z]/(z¢) in terms of the RO(S!)-graded TR-groups of A.
While RO(S')-graded TR-groups have been used in computations, there are no fully
computed examples for all @ € RO(S*). The first computation to be done is that of
TRY (Fp; p). This is the main result of this dissertation.

Before stating the result of this computation, we introduce some notation. Let
pp:S' = S8'/Cp

be the isomorphism given by the pth root. Then we define a prime operation as
follows: for & € RO(S?),

o = pi(a).
Recall the ring structure of RO(S?).
RO(SY) = Z[ty, ta, . . |/ (tit; — tin; — tizs)

where ty = 2. The generator t; corresponds to the representation A; given by the i-fold
power map. When we use RO(S?) for grading TR-groups, only the additive structure
is used. If p divides i, then ¢; = t;/,. If p does not divide ¢, then ¢; = 0. This prime
operation is additive. We use the notation a{¥) to denote the prime operation applied
k times to a. We denote the dimension of « as a real vector space by |a|. Note that
every sequence of integers can be realized as the dimensions |a], |/, ..., |a®D),...
for some virtual representation a € RO(S!).

Our main result shows TR, ,(Fp; p), is isomorphic to a direct product of groups
Z/p"%n, 1 < i < n, where the exponents l; , are explicit recursively defined functions

of the integers g, |al, |&], ..., |a™ D).

These recursively defined functions are based on an inductive argument which

computes the group TRy, , (F; p) from the group TRZ;;, (Fp; p) using the fundamental

long exact sequence of TR-theory:

e > Hq(Cpn—l, T(]Fp) A S-—a) - TRZ+a(IFP;p) =T Z_’__;,(IFp;p) e

Here, H,(Cyn-1,T(F,) A S™®) denotes the group homology spectrum. In order to
determine this extension we use information about a map

Tno1: TRYL(Fpp) = H™9(Cpn1, T(Fp) A S™%)

q+a’

fitting into a diagram of long exact sequences

oo > Hy(Cpnmr, T™%) —> TRZ+Q(IFp;p) _ TRZ;;‘,(FP;I?) —

” lrn_l lf‘n._l

c+ o= Hy(Cpn-1, T7%) = H™(Cpn1, T™%) > H9(Cppnes, T~) >+ -+

12



We use the notation 77 to denote T(F,) A S~*. The spectra H*((Cpn-1,T~%), and
H*(Cyn-1,T~*) are the Tate and group cohomology spectra respectlvely We have
spectral sequences which allow us to compute the groups in the bottom row of this
diagram. If we compute the map [',_;, then we can identify TRy, o(Fp; p) as the
pullback of the diagram

TRq+a’ (IF P )

lr,n—l

H9(Cyros, T~2) — B 9(Cpor, T

In our argument, we induct down on the number of prime operations applied to
a. Thus we compute TR’ rta (n_J,(IFp, p) from TR; +‘11(,,_J +1)(Fp; p) using the method
outlined above. When j = n this computes TRy 1o(Fp;p). At each step of the
induction we need to compute the group TR} (._; (Fp;p) and the map [; on that
group.

To do this we recursively define integers I, ; = ln (g, ) indexed by pairs of
integers 1 < j <nand 1 <m < j. These values l,, ; give the orders of the summands
of the group TR’ +a("‘—1)(IFp’ p). The recursive definition also uses auxiliary integers
kmj = km,j(q, @), r; = rj(¢,a) and gm; = gm (g, @) indexed by integers 1 < j < n
and 1 < m < j. The values k,, ; store information about the map f‘j. The recursive
definition is as follows.

We begin by setting our initial conditions. Let

po_ [ 1 ifg2 e
LI=Y 0 else

and set k17, = 0.
Let j = 2. We compute the values [, ; as follows, incrementing j by 1 after each

iteration and stopping after the iteration where 7 = n.

Define r; = min(j, gjl«x‘_’)_l+1) and g; ;1 = l; j_1—k; j— for integers 1 <7 < j—1.

Let w=#{1<i<j— llkm 1 > 7;}. We choose a permutation 7 € ¥;_; satisfying
the conditions that

i < kryi-1 < kr2)j-1 < - < kr(w) jo1

75 > Krw+1),j-15 Br(ws2),j-15 - - > Kr(5-1) -1,
Irw+1),j-1 2 Jr(w+2),j-1 2 - -+ 2 Gr(j-1),j-1-

We can choose any permutation 7 € X;_; satisfying these conditions. If w = j — 1
we define g, (y.41)-1 = 0.
We now give a recursive definition of the values li; and k; ;. We set

l._{max(O,rj) ifw=j-1
b min(j, 7 + gr(w+1),j-1) else

13



and k; ; = 0. For each integer 1 <m < w, set lmy1; = lrm),j-1-

k = min(lm+1,ja k‘r(m),j—l - 'rj) if gr(m),j-1 > gr(w+1),j-1
m+1.j lm+1,j else

For each integer w + 2 < m < j — 1, let 7(z) be the smallest number such that
w+ 1<z <m. Then set:

I = br(m).j-1 if 7(v) < 7(m) for some w+1<v<m
™ Gr(m),j—1 + kr(z)j—1 else

Then we set kpy,j = I ;. Finally, [;; = k;; = 0if w < j — 1. If j <n we increment j
by 1 and iterate.
We now state our main result

Theorem 1.0.1. For q even there is an isomorphism of abelian groups

Z/pll,n @ Z/pl2,n @ . Z/pln;:t L) TRZ+Q(]FP; p)
where the l; , are the recursively defined numbers above.

This extends the result of Hesselholt and Madsen ([12], Propostion 8.1) for repre-
sentations of the form o = ¢ — v, 7 a real representation of S* and ¢ € Z. We also
compute the orders of the groups indexed by odd dimensional representations:

Theorem 1.0.2. For q even, the order of the group TRy ;. (Fp;p) is p where d,
is given as follows. Letd, = 0. For2 < j < n, define r; = min(y, gjﬁgﬂ+1). Then:

di =d;_;+ max(0,r; — 1) _ if 7j + grw+1),j-1 < J
7 Tj + grw+1),j-1—J e€lse
We make a few observations about the results of these computations. If ¢ <
min(—|al, —|d/],...—|a™1|), then TR}, ,(F,; p) = 0. For ¢ > max(—|a|, —|e/],...—

la®™=D]), TR}, (Fp; p) = Z/p". Thus the TR-groups are easily understood outside
a finite range. For any even g, each of the values l;, given in the computation of
TRy, o(Fp; p) satisfies l;, < n since TR} ,(Fp; p) is a TR](Fp; p)-module. However,
the sum I(n) = l;, + lyn + -+ + lnn can be greater than n. Note also that the
computation of the [;,, is independent of the prime p.

If the virtual representation o is of the form X\ or 0 — A for an actual real S'-
representation A, then the groups TRy, (Fy; p) are cyclic for g even. The computa-

tions of the TR-groups in these special cases is presented in Chapter 7.

1.1 Organization

In Chapter 2 we recall G-spectra and review the basic definitions of equivariant ho-
motopy theory. In Chapter 3 we discuss a homotopy-theoretic approach to algebraic

14



K-theory computations. In particular, we recall the definition of TR-theory, and the
operators and relations on it. We then define the RO(S!)-graded TR-groups of a
ring A. In Chapter 4 we study the fundamental long exact sequence of TR-theory,
and its relation to the norm-restriction sequence. Chapter 5 focuses on applying this
relationship to execute the first half of the induction step needed to prove Theorem
1.0.1. In Chapter 6 we finish the induction step by studying the map I In Chapter
7 we put our earlier results together to prove Theorem 1.0.1 and several corollaries.
Finally, in Chapter 8 we study TR-theory as a Mackey functor using the homological
algebra tools developed by Lewis and Mandell [18] for Mackey functors.

1.2 Notation and conventions

Throughout this dissertation, A denotes a commutative ring, and p a fixed prime.
The symbol o always denotes a virtual representation in RO(S!). Every virtual
representation can be written uniquely as a sum of a trivial representation q and a
virtual representation o with no trivial summands. We use g+a to denote this unique
decomposition.
We use the convention a = b for a = ub, where u is a unit.

15
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Chapter 2

Equivariant Homotopy Theory

2.1 (G-spectra

We begin by recalling some of the basic definitions of equivariant stable homotopy
theory. Let G be a compact Lie group.

Definition 2.1.1. A G-universe U is a countably infinite-dimensional G representa-
tion containing the trivial representation, which also contains infinitely many copies
of each of its finite-dimensional subrepresentations. The G-universe U is said to be
complete if all irreducible G-representations occur in U.

Definition 2.1.2. A G-prespectrum Y indexed on a complete G-universe U associates
to each finite dimensional sub-inner product space V' C U a based G-space Y (V),
together with G-equivariant structure maps

oY (V) — Q¥VY (W)

for V.C W. Here W — V denotes the orthogonal complement of V in W and
OVX = F(SV,X). The prespectrum Y is a G-spectrum if the maps o are all G-
homeomorphisms.

These G-spectra are the objects of the G-stable category. The set of homotopy
classes of maps between two G-spectra Y and Y’ is denoted by [Y,Y’]g. Let 8 be
a finite dimensional orthogonal G-representation. The G-stable category is stable in
the sense that the suspension homomorphism

[Y,Yle = [Y ASP,Y' A SPg

is an isomorphism.
We introduce two notions of fixed point spectra associated to a G-spectra. Let C
be a subgroup of G. Let Y be a G spectrum. We first define the G/C-spectrum Y.
For each V C U® we define
YO(V) =Y(V)C.

We refer to this as the fixed points of Y. We now define the second notion of a fixed
point spectrum, written ®°Y" and referred to as the geometric fixed points. For each

17



V c U€ we choose a W C U such that W¢ = V and as V runs through the finite
dimensional sub-inner product spaces of U, the union of the associated W’s is all of
U. Then

(@°(YV)(V) = Y(W)°.

While the first fixed point construction gives a G/C-spectrum, the geometric fixed
point construction gives only a G/C-prespectrum, and thus to get the spectrum
®C(Y) the construction above is followed by spectrification.

For the rest of this discussion, we consider the group G = S! and fix a universe
U: Let C(n) = C with S? acting by g-z = g"z, g € S. These 1-dimensional complex
representations give 2-dimensional real representations of S?, which generate the real
representation ring. Let

U= P CH.

n€Z,acN

In other words, we have countably many copies of each representation C(n) in U.
Let C,, C S* be the cyclic group of order m in S*. We have an isomorphism of
groups
pm : St — S/Cp

given by the m’th root. Let X be an S!/C,,-space. Then we write p}, X for the
S'-space associated to X via pp,. If we have an S*/C,,-spectrum Y, indexed on U™,
then we can associate to it an S'-spectrum indexed on U, denoted pﬁmY. We do this
as follows: Consider the S'-spaces

PnY (o) (V)
where V C p% U, These spaces form an S'-spectrum indexed on p},U%". The
identification
U= @ Cl/m.= @ Cn).=U
nemZ,aeN n€Z,aeN

gives us an S'-spectrum indexed on U. We write pﬁmY for this spectrum.
We also need the definition of a cyclotomic spectrum.

Definition 2.1.3. An S'-spectrum T, indexed on U, is a cyclotomic spectrum if it

comes with a S*-equivalence
TC, pﬁl@C’T - T

for all finite C; C S, such that for all pairs of finite subgroups, Cj, Cy, the following
diagram commutes:

pg[ @Cl pgm @CMT —_— pﬁlm @Clm T
lpgl QCI TCm lrclm

)
o, 29T —— T

In particular, a cyclotomic spectrum 7' comes equipped with an equivalence of

18



Sl-spectra )
r:pp((EA T)% - T.

Here E denotes a free contractible S'-space, and E is the cofiber of the map E, — S°
given by projection onto the non-basepoint.

The topological Hochschild S*-spectrum T'(A) is a cyclotomic spectrum. This fact
is essential to the construction of the long exact sequence of TR-groups. For a more
detailed exposition on cyclotomic spectra, see [12].

2.2 RO(G)-graded homotopy

Let RO(G) denote the real representation ring of G. Elements o € RO(G) are virtual
real representations of G and hence can be written in the form

a=[6] -l

a formal difference of isomorphism classes of G-representations. The real virtual
dimension of a virtual representation @ € RO(G) is denoted |a|. The trivial repre-
sentation of real dimension ¢ is denoted by g, where ¢ is a nonnegative integer.

For every a € RO(G) we choose representatives 8 and 7 such that a = [8] — [v].
Then to any G-spectrum Y, we have naturally associated RO(G)-graded equivariant
homotopy groups defined by

Ta(Y) = [SP, Y A Sg.

This definition gives a well-behaved theory of RO(G)-graded homotopy groups [18].
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Chapter 3

Introduction to TR-Groups

3.1 Overview of the approach

Let p be a fixed prime and A a commutative ring. In this section we outline a
homotopy-theoretic approach to algebraic K-theory computations. In particular, we
recall the definitions and properties of TR-groups, studied by Hesselholt and Madsen
(see [12, 13]).

The Hochschild homology of a ring A is given by a cyclic abelian group HH (A),
with k-simplices

with k£ + 1 tensor factors, and structure maps:

d(ap®...®ar) =a®...0:8,41 Q... QR ag 0<r<k
=00 R a1 Q... ar_q r==%k

(@ ®...Q0ar) =00R®ae, ®1R0a,11®...Qa, 0<r<k

tk(a0®...®ak) =0, Qa1 Q... ar_1

Then the Hochschild homology groups can be defined as the homotopy groups of the
geometric realization of the underlying simplicial set

HH(A) = |[K] — HH(A)|.

The topological Hochschild homology space THH(A) is defined in an analogous man-
ner by replacing the ring A in the Hochschild complex with an Eilenberg-MacLane
spectrum for A, and the tensor products with smash products over the sphere spec-
trum. This was carried out by Bokstedt [5]. Bokstedt’s topological Hochschild ho-
mology is naturally an S'-space. However, in order to use topological Hochschild
homology to study topological cyclic homology, we need a topological Hochschild S!-
spectrum, T'(A). Furthermore we want 7'(A) to have the structure of a cyclotomic
spectrum. For a detailed construction of this spectrum, see [10].

The S'-spectrum structure of T(A) allows us to take Cpn-fixed point spectra of
T(A) for Cpn C S* the cyclic group of order p™. Then inclusion of fixed points induces

21



a map
F:T(A)%" — T(A)%

called the Frobenius. We also get a map
R:T(A)%" — T(A)%

which we define in Section 4. Using these operators, we can define the topological
cyclic homology spectrum of A. Let

TC(A; p) = [holimT'(A)%"]"F

where the homotopy limit is take across the maps R above, and X" denotes the
F-homotopy fixed points of X, i.e. the homotopy fiber of id —F'.

It is possible to repeat the above, working with all natural numbers rather than
just powers of one prime. The resulting spectrum TC(A), however, does not carry
much more information than the product of the TC(A; p) spectra. In particular, after
profinite completion

TC(A)" ~ [[ TC(4;p)".

For every ring A, we have a cyclotomic trace map [7] from algebraic K-theory of
A to this topological cyclic homology spectrum of A

trc: K(A) — TC(A).

We can often understand algebraic K-theory by understanding topological cyclic ho-
mology and this cyclotomic trace map. For example, for I C A a nilpotent ideal,
McCarthy’s theorem [20] says that after profinite completion, there is an equivalence

tre : K (A, I) = TC(4, I),

where K (A, I) and TC(A, I) denote relative K-theory and relative TC respectively.

3.2 Z-graded TR-groups

As an approach to understanding topological cyclic homology, Hesselholt and Madsen
studied TR-groups. For a ring A and a fixed prime p, let

TR™(A;p) = T(A)%

and
TRy (A;p) = Wq(T(A)CP"_l ).

These TR-groups come equipped with several operators. Again, inclusion of fixed
points induces the Frobenius map

F : TRZ(A;p) — TRZ'(4; p).
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This map has an associated transfer, the Verschiebung
V: TRZ”I(A;p) — TR7(4;p).

There is also a derivation d : TRy (4;p) — TRy, ,(A;p) induced from the circle action
on T(A). Lastly, we have a restriction map

R : TRy (A;p) — TRy ™' (A;p)

which we define in Section 4. These maps satisfy the relations FV = p, FdV = d, and
VF = V(1), where 1 is the multiplicative unit [1], with Witt coordinates (1,0,...0) €
W,(A) = TRy (A; p). For a more detailed introduction to TR-theory, see for instance
[12, 13].

We can define TC™(A;p) as the homotopy equalizer of the maps

R,F : TR"(A4;p) — TR™ (4;p).

Then TC(4;p) is the homotopy limit of the spectra TC"(A;p). Thus understanding
the TR-groups of a ring helps us to understand its topological cyclic homology, and
hence its algebraic K-theory.

Computations are possible on the level of TR because the operators on TR-groups
and the relations between them give TR-groups a rigid algebraic structure. Indeed
they have the structure of a Witt complex over A. Let A be an F,-algebra.

Definition 3.2.1. A Witt complex over A is
(i) A pro-differential graded ring E* and a strict map of pro-rings

A:W(A) — E°

from the pro-ring of Witt vectors on A.
(ii) A strict map of pro-graded rings

F:E"—>FE",
such that AF = F) and such that for all a € A
FdX([a]) = M[a]n-1)"""dA([a]n-1)

where [a], = (a,0,...0) € W,(A) is the multiplicative representative.
(iii) A strict map of graded E*-modules

V:FE" | — E*

such that A\V =V, FdV =d, and FV = p.

The pro-differential graded ring E* = TR,(A;p) is an example of such a Witt
complex. In this example, the restriction map R is the structure map in the pro-
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system. We have a map
A : W, (A) — TRG(4;p)

as in part (i) of the definition of a Witt complex. In the case of TR this map is an
isomorphism. For more about Witt complexes, and TR as a Witt complex, see [11].

Via standard category theoretic arguments, one can show that the category of Witt
complexes over A has an initial object, which we write as W.{2}. This is the de Rham-
Witt complex of A. Hesselholt and Madsen [11], [13] have given a construction of
the de Rham-Witt complex for Zy)-algebras which extends the Bloch-Deligne-Illusie
[3], [16] construction for F,- algebras. Since W.2% is initial, we have a map

W, — TR.(A; p).

This can then help us understand TR in terms of the de Rham-Witt complex of A.

3.3 RO(S')-graded TR-groups
Recall that TR-groups is defined as
TR (A; p) = ma(T(A)%)

or equivalently
TR7(A4;p) 2 [STA Sl/Cpn-l_l_,T(A)]Sl.

To any S!-spectrum there are naturally associated equivariant homotopy groups
graded by the real representation ring of the circle, RO(S"). To further understand
the S'-equivariant structure of T(A), we look at these groups.

Recall that elements in the representation ring are given by formal differences of
isomorphism classes of representations. For every a € RO(S!) we choose represen-
tatives 8 and v such that @ = [8] — [y]. Then the RO(S!)-graded TR groups are
defined as

TRL(A;p) = [SP A S"/Cpn-1,, 8" AT (A)]s1.

For each positive n these groups form an RO(S!)-graded ring. These RO(S')-
graded TR-groups arise naturally in computations. For example, suppose we wanted
to study the algebraic K-theory of a pointed monoid algebra A(II). To use the method
outlined above, the first step is understanding the topological Hochschild homology
of A(IT). There is an equivalence of S!-spectra [10]

T(A) A N¥(IT) = T(A(IT)).

where N(IT) denotes the cyclic bar construction on II. For instance, in their study
of the algebraic K-theory of truncated polynomial algebras, Hesselholt and Madsen
[9] used this equivalence to study T'(A[z]/(z¢)) for A an F,-algebra. Let II. denotes
the pointed multiplicative monoid {0, 1, z,...2¢" !} where z¢ = 0. Then

T(A) A N¥(IL) ~ T(A(IL)) = T(Alz]/(z°)).
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So, to study the TR-theory of A[z]/(z¢), one should look at
TRy (Alz]/(2%),p) = [ST A 81 /Cpn-1 , T(Afz] /()] s1
which by the equivalence above, we can rewrite as
TR} (Alz}/(2°),p) = [STA S [Cpn-1,, T(A) A N¥(IL.)] 5.

Hesselholt and Madsen then demonstrated how the S-equivariant homotopy type
of N%(Il.) can be built from representation spheres. Replacing N%(II,) by these
representation spheres in our definition of the TR-groups above, we end up in the
RO(S")-graded TR-groups of the ring A. So this expresses K(A[z]/(z°)) in terms of
the RO(S!)-graded TR-groups of the ring A.

By considering different pointed monoids II, one can use the RO(S')-graded TR-
groups of A to understand the algebraic K-theory of a variety of rings A(IT). Using
the pointed monoid IT = {0,1,z,z?%,...y,9% ...} with zy = 0, Hesselholt [14] has
similarly computed the algebraic K-theory of the coordinate axes k[z, y]/(zy) in terms
of the algebraic K-theory of k.

In the non-equivariant case, the initial example completely describes the algebraic
structure of the integral graded TR-groups. We would like to define a new alge-
braic structure embodying the structure of RO(S*)-graded TR. The initial object in
such a category of RO(S")-graded Witt complexes would serve as an RO(S')-graded
de Rham-Witt complex.

The first step in developing such an algebraic structure is completely understand-
ing an example of TR (A; p) for some ring A and all @« € RO(S'). Then it should be
possible to formalize these structures to define the RO(S!)-graded Witt complex. In
this dissertation we compute TR?(FF,; p) to provide such an example.

To study these RO(S')-graded TR-groups, we first consider the operators and
relations that we have in this RO(S*)-graded version of TR (see [12]). Again, inclusion
of fixed points induces the Frobenius map, a map of RO(S')-graded rings

F : TRG(4;p) — TR (4;p).

As in the integer graded case, this map has an associated transfer, the Verschiebung
Vi TRy (4;p) — TRG(4;p)

which is a map of RO(S!)-graded abelian groups. There is also a derivation
d: TR;(A;p) — TR 1(4;p)

These maps again satisfy the relations FV = p,VF = V(1), and FdV = d. In fact,
they satisfy the projection formula. For w € TR2(A;p),y € TRg“l(A; D) :

w-V(y) =V(F(w)-7)
While these maps F, V and d look similar to the Z-graded case, the restriction map
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is different. In the RO(S")-graded setting we have
R: TR™(A;p) — TR% }(4;p).

We explain in Section 4 how this restriction map is defined.
For a fixed representation a, TRy, ,(A;p) is a module over TR} (A;p), where * is
an integer-grading. In Section 6 we see that understanding this module structure is

essential to our main result.
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Chapter 4

Norm-Restriction Sequence

4.1 Construction of norm-restriction diagram

Throughout this section, we use the notation 77 for T(A) A S~*. Our main tool
in doing computations is the fundamental long exact sequence of TR-groups and its
relation to the norm-restriction cofiber sequence. Consider the cofibration sequence

E, -S> E

where E denotes a free contractible S* space and the first map is given by projection
onto the non-basepoint of S°. We can smash this cofibration sequence with 7-* to
get

E,NT TS EAT™,

If we then consider the map from 7"~ to the function spectrum F(E,,T~*) induced
by E, — S° we get a diagram of cofiber sequences

E, NT™™ T~ ENT

| | |

Ey AF(E4, T~%) > F(E, T~*) > E A F(E,, T~°)

where for typographical reasons we have written 7~ for T(A) A S™®. We can then
take the homotopy groups of the Cyn-1 fixed point spectra of these spectra to get a
diagram

mq((Es AT) %) mg((T~) %) ng((B AT~2)%n1)

| | |

7q((Es A F(Es, T))%) > mg((F(E3, T~)) %) > mo((E A F(Ey,, T) %)

We see that the group in the center of the top line of our diagram is the definition of
TRy, ,(A; p). We would also like to identify the top right group as an RO(S")-graded
TR-group. The spectrum 7T'(A) is a cyclotomic spectrum, which means, in particular,
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that we have an equivalence of S'-spectra
r: p;((E AT - T

Using this, we can identify the term 7,((E A T~*)%"-") as TR;‘_:;, (A;p). The map

R:TR"

q+a(A;p) - TRn—l (A;p)

q+a’

in the top row of our diagram is the restriction map. We now turn our attention to
the bottom row of our diagram. We define

H9(Cpn-1, T™%) := my((F(Ey, T~%))% ).

We refer to this spectrum H* as the group cohomology spectrum of Cpn—1. It is also
known as the homotopy fixed point spectrum. Similarly, we define

H™9(Cpn-1,T7%) := m((E A F(By, T7%))% ).
We refer to this spectrum as the Tate spectrum. From [12], Proposition 1.1,
1o((By ANT™%)%1) 2 1 (B4 A F(Ey, T7%))% 1)

and we write Hg(Cyn-1,T7%) for both of these. This spectrum H, is referred to as
the group homology spectrum, or the homotopy orbit spectrum. Returning to our
diagram above, we have a diagram of long exact sequences:

= Hy(Cpn1, T™%*) —> TRZ+Q(A; p) — TR™} (A;p) —

q+a’

“ lr [famr

- Hy(Cpn1, T %) > ]H[_q(Cpn—l ,T7%) - H“q(cpn_l ,T—%) -

The top row of this diagram is the fundamental long exact sequence of TR-groups.
The bottom row is the norm-restrcition sequence. We see that the bottom row de-
pends only on the dimension of @ and not on the representation itself, and is thus
easier to compute. In particular, there are spectral sequences that allow us to compute
the groups on the bottom row. We have spectral sequences

B2, = H(Cpn-1, m(T™)) = H*H(Cpn1, T™),

B2, = Hy(Cpoor, (T™2)) = Hyyo(Cpnr, T™),

and
E?, = H*(Cpn-1,m(T™)) = H*"(Cpn1, T™%).
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4.2 Computations for [,
We now turn our attention to the case A =T,

Proposition 4.2.1. For q even, the norm-restriction diagram of long ezact sequences
is of one of two forms. If ¢ > —|a|, the diagram is of the form

25 7/p —X> TRY, ,(Fp; p) —&> TR L (Fp; p) — Z/p'» ! —

g+o
[T
_0_ Z/prn Z/pn Z/pn—l Z/prn—l S

where 1, = min(n, izl"—l +1). If g < —|a|, the diagram is of the form

0, oY TR, (Fp;p) —&> TR?.L (Fp; p) —> 0 —

q+o q+a’
B
£>0 Z/p" Z/p" 0

We prove this proposition by using the above spectral sequences to evaluate the
homotopy groups of the Tate spectrum, the group homology spectrum, and the group
cohomology spectrum. We start with the Tate spectrum.

4.2.1 The Tate spectrum

Lemma 4.2.2. Letting [S™%] denote a shift in degree by —|c|,
B (G, T(Fy) A 5™) & S5, 67}(57),16] = 2.

To prove this lemma, we recall some results of Hesselholt and Madsen. Hesselholt
and Madsen ([12], Section 4) have computed that the spectral sequence

Esz,t = ﬁ—s(cp"’ m(T(Fp))) = H—s_t(c n, T'(Fp))

has E? term A
E? = Ap,{un} ® Sr,{t,t '} ® Sk, {0}

where the classes u,,t,o are in bidegrees (—1,0),(—2,0),(0,2) respectively. The
notation Sg,{¢,¢™'} denotes a polynomial algebra over F, with generators ¢ and t*.
Hesselholt and Madsen also computed that the non-zero differentials are given by

d2n+1un — tn+10n
and the spectral sequence converges to
H*(Cpn, T(Fp)) = Sgypm {6,671}, 16| = 2.

29



In our case we would like to look at the spectral sequence
E?, = H™*(Cpn, m(T™%)) = H*7(Cpn, T™*).

We now verify that the E2-term and differentials in this spectral sequence depend
only on the dimension of @, and not on which virtual representation it is of that
dimension. We first observe that we can write the E?-term as

E?, = H=*(Cpn, m(T(Fp) A S™)) 22 H™*(Cpm, Ty 1oy (T(Fp)))-

Since the Cpn-action on T'(F,) comes from an S* action, it is trivial on homotopy,
and hence this E?-term doesn’t depend on any information about the representation
o other than its dimension. Thus we write

EX(T(Fp) A 5~%) = EXT(F,))[S~°] = (Ar,{un} ® S5, {t,t '} ® Sr,{0})[S ]

where [S~%] denotes a shift in bidegree by (0, | —@|). We now look at the differentials
in this spectral sequence.

Lemma 4.2.3. Fori,j € Z,j > 0, the classes t'07[S~*] € E2(Cypn,T™®) are perma-
nent cycles.

Proof. By [13] (Section 4),
E*(S", T(F,)) = Sp,{t,t '} ® Sr,(0).

Thus,
E*(SY, T(F,) A S™) = E*(S*, T(F,))[S™

is also concentrated in even total degree. Hence there are no differentials in this
spectral sequence. The canonical inclusion induces a map of spectral sequences

E2(SY, T~%) = E?(Cpn, T™2).
By [13] (Section 4) this map has image
(Se,{t,t7'} ® SF,(0))[S™] € E*(Cpr, T™®)
and hence these classes are permanent cycles. |
So we conclude that either
d" (unt'o?[S™) £ 0

for some r > 2, or all differentials are zero. Suppose for some 7,1, j this differential is
nonzero. Note that

E‘sz,t(cp"’T(]Fp) NS~ = ﬁ—s(Cpn’ Tt+|al (T(]Fp))) =0
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if t is odd. Hence r must be odd. So, we rewrite our non-zero differential as
& (0,1 09[S 7)) = d+ (w07 [0,
Hesselholt and Madsen prove in [12] Lemma 4.4 that
42+ (uy) # 0
only when r = n and in that case
A2 () = g™,

Thus the only nonzero differentials in the spectral sequence we are studying are

generated by
d2n+1(un[s—a]) — tn+10n[5—a]

and hence from [12], Section 4, this spectral sequence converges to
H*(Cpn, T(F,) A S™%) 2 Sz/pn {6,671 }[S™°), 6] = 2.

This proves Lemma 4.2.2.

4.2.2 The group homology spectrum

We now turn our attention to the group homology spectrum.

Lemma 4.2.4. For q even

oy~ J L[ if g >~
Hy (Gt T7%) = { 0 if g < —|af

o - Z/p™' ifq>—|o]

g1 (Cprt, T7°) = { 0 if g < —||
where r, = min(n, q—+7'°‘—| +1).
Proof. Recall from above that we have a spectral sequence

Ef,t = Hy(Cpn-1, m(T(Fp) A S7%)) = Hoyt(Cpn1, T(Fp) A S79).
We can see easily from the spectral sequence for H, that
Hy(Cpn—1, T(Fp) A S™*) =0 for ¢ < —|a|.

We now compute these groups for ¢ > —|a|. Note that

Es2,t = HS(Cp"‘laWt(T(Fp) A S_a)) = Hs(cp"-la Ti+al (T(]Fp))-
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Bokstedt and Breen ([6], [4]) calculated that m,(T'(F,)) & Sf,(01),|o1| = 2. So our
E? term is
g2 = { H'@Z/p"Z[p) = Z[p if t+]a|>0,even,s2>0
st 0 else

Viewing this E? term as the shifted first quadrant part of the E? term of the spectral
sequence computing the Tate cohomology, we have names for these classes. We have

E2 (Con, T(Fp) A S™) = (Sk,(t™") ® Sk, (0) ® Ap, (t'un))[S7.

In our discussion of the Tate spectrum above, we saw that the differentials in the
spectral sequence are generated by

d2n+lun — tn+10.n.
Using this and the fact that the extensions in the passage from E* to homotopy

groups are maximally nontrivial, we can compute the groups we need for our long
exact sequence above. They look like:

q Hy(Cp, T™%) Hy(Cpz, T~*) Hy(Cps, T™%)

—|a| +0 Z[p Z[p Z[p
—la| +1 Z/p Z/[p Z/p
—laf +2 Z/p® Z/p* Z/p?
—|a] +3 Z/p Z/p? z/p?
~laf +4 Z/p® Z/p® Z/p*
~l|a] +5 Z/p Z/p? Z/p°
~la| +6 Z/p? Z/p® z/p*
This gives the stated result. O

4.2.3 The group cohomology spectrum

Finally we look at the homotopy groups of the group cohomology spectrum.

Lemma 4.2.5. The homotopy groups of the group cohomology spectrum are given by

Z/p™! g¢> |- al, even
H™Y(Cpn, T™%) = Z/p" q<|-—al, even

0 else
Proof. Recall that we have a spectral sequence

E:,t = H_S(Cp"v T‘-t(T—a)) = H—S_t(cp"a T-a)-
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If we look at the spectral sequence
Es2,t = H_S(Cp"a 7Tt(T(le)) = H—S_t(cp"’ T(Fp))

we see that the E? term of this spectral sequence is the second quadrant part of the
E2-term for our Tate spectral sequence. In other words, the E?-term for this group
cohomology spectral sequence is

E? = A]Fp(un) X S]]rp(t) & S]FP(O').

Again, the differentials in this spectral sequence are generated by d***lu,, = ¢"+lgn.
Hence we have

E® = Sg,(t) ® S5, (0)/t" o™,

As above, in our case this is shifted by the dimension of our representation a. It
follows by [12] Section 4 that

Z/p"t q>|—-al, even
H™((Cpn, T(Fp) AN S™) = Z/p" q<|-al, even
0 else

The results of Lemmas 4.2.2, 4.2.4, and 4.2.5, prove Proposition 4.2.1.
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Chapter 5

Inductive method

The main result of this dissertation is the computation of TRy, ,(Fp; p), for alln € N,
q € Z even, and @ € RO(S!). For a fixed virtual representation o, we make this
computation inductively on n.

5.1 Base case

The base case of our induction is the computation of TR; +atn-1) (Fp; p). Note that

= ~ ] Z > —|a=1|, even
TR;+a("*1) (vap) = q+|a(n-1|(T(Fp)) = { ép q= | I

else
This is a shift of the homotopy groups
TR, (Fp;p) = mu(T(Fp)) = Sz/p{o1}
where |o;| = 2. For a fixed representation 3, we can consider TR! +8(Fp;p) as a

TR, (Fp; p) module, where * denotes an integer grading. The module TR} +8(Fp;p) is
a free TR, (F,; p)-module of rank one with a generator in degree —|3|. Multiplication
by o, gives an isomorphism

0y TR;-f-ﬂ(Fp;p) ;*TR;+2+5(]F1;;P), for ¢ > —|B], even.

Understanding the structure of the RO(S')-graded TR-groups as modules over Z-
graded TR is essential to our computations.

Note that the groups TR; +p depend only on the dimensions of 3. Similarly, TRy, 5
depends only on the dimensions of 3, &, ... 3"V,
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5.2 Method for inductive step

In order to compute TRy +o(Fp; p) we use the norm-restriction diagram of long exact

sequences to work inductively. Given the group TRZ;;, (Fp; p) and the map

Poms s TR (Byip) — H9(Cpns, T(Fy) A S7°),

n

in the inductive step we compute the group TRy,

(Fp; p) and the map

I, : TR®

g+a

(Fp;p) — H—Q(C n, T (Fp) A S_ﬁ)-

Here 3 is any virtual representation in RO(S!) such that 8’ = a.
We first discuss how to compute the group TRy, ,(IFp; p) and then how to compute

the map I,
Recall 7, = min(n, 21%). Then for ¢ + |a| > 0 the diagram

---—"—»H,,——’—V—»TR" (Fp; p) _R_TRr-! (Fp;p) —-H, } — - -

9+ g+’
“ 11-‘"-1 lf‘n—l
0 o A
Hq ]H[ q H—q Hq—l —— e e

is of the form

_o_ Z/p™ N TRZ+a(FP;p) _R_ Z/pll,n_l ®...® Z/pzn_l,n_l — > Z/pl —
“ lr‘n—l lf‘l,n—l+-..+f‘n—l,n—1

_o_ Z/an Z/pn Z/pn—l Z/prn—l -

where the map f‘,-,n_l maps
f‘i,n—l : Z/pl"v"‘1 — Z/p" !

We let X
ki,n—l = lengchp (ker Fi,n—1)~

Without loss of generality, we suppose the summands are ordered such that k;,—1 <
kon-1<... <kn_1n-1-

The following proposition computes l;, = length, (Z/p"~), the lengths of the
summands as Z,-modules. This computation gives half of the induction step for
proving Theorem 1.0.1.

Proposition 5.2.1. For q even, there is an isomorphism of abelian groups
Z/ph~ ®Z/pn & ... ® L[pn —2> TRy, (Fp; p)
where the lengths Iy, », are given as follows: Let gin—1 = lin_1—kin—1 and w = #{1 <
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i <n—1lkjn-1 >rn}. We choose a permutation 7 € £,_, satisfying the conditions
Tn < k‘r(l),n—l < k’r(2),n—1 <...< k‘r(w),n——la
Tn > k'r(w+1),n—11 k-r(w+2),n-1, v kr(n——l),n—lv

Gr(w+1),n—1 2 Jr(w+2),n—1 2.2 9r(n—1),n—1-

We can choose any permutation T meeting these conditions. Then

r fw=n-1
min(n, 7n + grwt+1)n—1) else

Forl1<m<w, lptin=lLmmn-1- Forw+2<m<n—-1:

L = { Lrmin-1 if 7(v) < 7(m) for some w + 1 <v<m
i Gr(m)n—1 + k'r(z),n—l else

Here 7(2) is the smallest number such that w+1 < z < m. Finally, l,n = kyn_1 if
w<n-—1.

Before proving the proposition, we recall some general facts about diagrams of
exact sequences. Suppose we have a diagram of the form

0—A4A C—D—

0 A B ' D'

The pullback
R——=C

|

B —C'

makes the above diagram commute, and the sequence

0 A R C D

is exact. Any group B making the diagram of exact sequences commute factors
through the pullback, giving a diagram of exact sequences

0 A R C D

Then, by the five lemma, R = B. So, up to isomorphism there is only one group
fitting into such a diagram of long exact sequences.
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To calculate TRy, ,(IFp; p) we use the diagram of long exact sequences

_.L). Z/pr ——L TRg+a —R> Z/pll,n-l @ . @ Z/pl"—lyﬂ—l o Z/pr_l
I] lrn—l lf‘l,n—1+---+fn_1,n_1

sz Nz pn R Z/p"! o Z/p - —

The maps in the bottom row are given by N"(1) =p"", R*(1) =p"~! and 9(1) = 1.

From above, the group TRy '+o(Fp; p) is the pullback of the diagram

Z/pll,n—l D...0 Z/pln—l,n—l
lfl,n—1+...+f’n—1,n-1

h
Z/pn R Z/pn—l

The following proposition evaluates this pullback.
Proposition 5.2.2. Let f’i,n_l be a map of abelian groups
f‘i,n_l : Z/phnt — Zfp

Suppose ki1 = lengtth (ker f‘i,n_l), and k1 p—1 < kopn-1 < ... <kp_1n-1. Then the
following square is a pullback diagram
Z/pll,n o) Z/plz,n D...0 Z/pln,n _B_ Z/pll,n—l @ Z/plz,n—l D...0 Z/pln—l,n—-l
j lf‘l,n—1+---+f‘n—l,n—1

Z/pn Rk Z/pn—l

where the map R is given by R*(1) = p"! and the integers l;,, 1 < i < n are defined
as follows: Let g;n—1 = lin—1 — kin—1. We choose a permutation T € ¥,_; satisfying
the conditions
r< k’r(l),n—l < k‘r(2),n—l <... k‘r(w),n—la
r> kr(w+1),n—1, k‘r(w+2),n—la s kT(n—l),n——ly

Or(w+) =1 = Gr(w+2)m—1 = - -« = Gr(n—1)m—1

- r fw=n-1
Ln min(n, 7 + grw+1),n—1) else

Then

For1<m<w, lpt1np =bmyn-1. Forw+2<m<n—1:

- by (m)n—1 if 7(v) < 7(m) for some w+1<v <m
" Gr(m)m-1+ Kr(z)n-1 else

Here 7(z) is the smallest number such that w+ 1 < z < m. Finally, l,, = k1pn_1 if
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w<n-1.

Proof. Let G denote the pullback of the above diagram. We would like to prove that
GEZ/poZ/p©...0Z/p"".
By definition
G (291,92 Yn-1) EZ/P" D Z/p" ' @ ... D Z/p'1n1
such that
Pl = gty IRy L p Ty
We let g;n—1 = lin—1 — kin—1. We choose a permutation 7 € ¥,_; such that
r < krayn-1 L kr@n-1 < - < krw)n-1,

T > kr(w+l),n—l < k‘r(w-f—?),n—l <... k‘r(n—l),n—la
97 (w+1),n—1 2 Ir(w+2),n—1 .2 9r(n~1),n—1,

For each 1 < m < w the element
Crim) = (p9remm-17Tn 01,0, ... 0) € Z/pn ® Z/pll,n—l D...0 Z/pln_l,n_l

where the 1 is in the y,(m) coordinate, generates a subgroup of G of order plrimin-1,
Note that the different m give linearly independent elements of G. The element

(p"",0,...0) € Z/p" ® L/p" & ... ® L/pi-1m?

generates a subgroup of G of order p". If w=n—-1,k;,_1 >2rpforall1 <i<n—-1,
so this element is linearly independent from the elements (;. So in the case w =n—1
we have computed

G2Z/p @Z/p" @ ... ®L/p" 1,

Suppose then that w # n —1. For w+1 <m < ¢, if ky(m)n—1 = lr(m)n—1, then the
element

Meemy = (0,0...1,0...0) € Z/p" ® Z/p" ' @ ... ® Z/p1m
which is non-zero only in the y,n)-coordinate, generates a subgroup of length I, () n—1.
For k‘r(m),n—l < l‘r(m),n—la w+l<m<n-—1, if l‘r(m),n~1 - kr(m),n—l +rn < n, we
consider the element
'()bT(m) = (pn_gr(m),n—l_"'n’ 0, . 1, O’ L 0) I Z/p‘n @ Z/pll,n—l @ . @ Z/pln—l,n—l

where the 1 is in the y,(,)-coordinate. This generates an order p"*9rtm.n-1 subgroup
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of G. If instead g;(m);n—1 + Tn > M, We consider the element
¢T(m) = (1, 0, .. .pg‘r(m),n—l'f"!‘n—’n, 0... 0) c Z/p'n oy Z/pll’"_l D...0 Z/pl"-l’""l

where the second nonzero entry is in the y(m)-coordinate. This generates a subgroup
oflengthn. Forw+2<m<n—-1,w+1<m' <m, consider also the elements

Vr(m!),r(m) = (0, 0, . ,pgf(m’%"-l‘g*(m)-"“l,o o= 1, 0, . 0)

Here, the first nonzero term is in the y,()-coordinate, and the second nonzero term is
in the y,(m)-coordinate. These generate subgroups of length max(l;(m)n—1, 9r(m)n—1+
kr(m/)m-1). Since we have ordered the summands such that kr(m)n—1 < Krm)n—1
exactly when 7(m) < 7(m'), we conclude that the length of this group is l;(m)n—1 if
7(m') < 7(m), and gr(m)n—1 + kr(m/),n—1 otherwise. Finally, consider the element

Up_1= (0’p91,n‘-1’070. . '0)

which generates a subgroup of order p*i=-1.

Together, the elements above generate the group G. In order to identify this
group, we need to find a linearly independent set of generators that spans. For a
fixed w+2 <m <n—11let m' be given by 7(m’) = min(7(¢)|w +1 < i < m). Our
set of generators is the following:

{¢T(w+1)}a {C'r(m)|:l S m S ’l.U},

{nr(m)lw +2<m<n- 17 k‘r(m),n—l > l‘r(m),n—l},
{VT(m),‘r(m’)lw +2<m<n- la k’r(m),n—l < l‘r(m),n—l}a {Vn—l}-
The summands in the proposition correspond to these generators in the following
way:
Yrwt1) = L/, Cogmy — LD, Neimy — LD,
Vr(m),r(m') Z/plm'na Up.1 = Z/pln'"-

Then the values of the lengths [; , follow directly from our analysis above. O

Proposition 5.2.1 then follows from Proposition 5.2.2. The proof of Proposition
5.2.2 above also determines the restriction map:

Z/phn @ ... DL P = TRy o(Fp;p)

o |

Z/pll,n—l D...0 Z/pln—~l,n—] Ln:l TRZ;;;' (]Fp;p)

Note that we can write the isomorphism ¢,, as
bn =lin+ ...+ lnn
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where
Lim * Z./pim — TRy, o (Fp; ).

Then we can express the composite Ri; ., as

Rijn(@) = Y tin-1(Ri;a(a))

1<ign—-1

where
Rt :Z/pln — Z/phin-t,

i,5,m

We now determine the map R by specifying the maps R; ; .

Theorem 5.2.3. The maps R:

1,J:m

are given by the following. Ifi = 7(w + 1):

L) = 1 if Ty + Grawinyn-1 <1
i,1,n pr+g"'("’+l)‘"_1—n if rp, + Ir(w+l)n—1 > N

Fori# t(w+1), R;;,(1)=0. Forl<m<n, ifm—-1< w:

L L1 ifi=r(m—1)
Rimn(1) = { 0 else

Forw<m-—1<n:

1 ifi= T(m), k‘r(m),n—l > l-r(m),n—l
R ()= -1 if i = 7(m), krgmyn-1 < lrm)n—1
tm,n pg‘r(m/)’n_l—gr(m)'n_l ifi = T(m’), k‘r(m),n—l < l'r(m),n—l
0 else
Ifw<n-—1:
. . =t jfg=1
Ripnn(1) = { 0 else
Proof. This follows directly from the proof of Proposition 5.2.2. g

n—1

Given the group TR,

calculated the group TRy, ,

need to compute the map I, We study this map in the next section.

(Fp; p) and the map I',_1 on this group, we have now
(Fp; p). In order to complete the induction step we also
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Chapter 6

The Map T

In this section we study the map

I : TR, (Fp;p) — H™YCpr, T(F,) A S7P)

q+a

for 3 € RO(S') with ' = a. Hesselholt and Madsen have proven the following
proposition about this map ([12], Addendum 8.1).

Proposition 6.0.4. The map I, above induces isomorphisms on homotopy groups
in dimensions ¢ > —min(|a/, |a”|, ... |a™ D).
Thus we are left to understand the map I, for values of
g < —min(|a], [&"],...]a*7V)).

We need to understand the module structure of TR}, (Fp; p) as a TR} (Fp; p)-module.
We first recall from [12], Proposition 4.4, that

TR:—I (Fp; p) = SZ/p"‘l {O'n—l}

where |0n—1l = 2,F(0n-1) = On-2, V(0n-2) = pon-1, and R(0n-1) = pAn_10n-2,
where \,—; € Z/p"~! is a unit. It follows from [15], Theorem B (iii), that this unit
A1 = 1.

There is a commutative diagram

TR:;—{—a (F P D) o TRZ+2+a (F P D)

I I

H~9(Cpn; T(F,) A S7P) H-92(Cpn; T(F,) A S—F)

f‘11(0'n)

If we understand the maps given by multiplication by o, we can use this commutative
diagram to understand the map I';, by inducting down on gq.

To study multiplication by o, we consider several commutative diagrams. Since
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F is a map of RO(S?)-graded rings, we have a commutative diagram

TRg+a (IFP; p) —ﬂ) TR’;+2+0 (]FP; p)

o
TRIZL(Fp; p) ==> TR, o (Fyi )

Using the identity R(o,) = po,_1, we get a commutative diagram

TR a(Fpi p) —"— TRy 240 (Fpi p)

| J
TRy a0 (Fpi ) ———— TRyY3. oo (Fpi p)

Finally, the projection formula
w-V(y) =V(F(w)-7)

applied to w = 0, € TR(F,; p), and v € TR}, (Fy; p) gives a commutative diagram

TRZ—i—a (]FP; p ) > TR‘Z+2+a (FP; p )

I I

TR (Fyi ) 2 TR A, 0 (Fpi )

We use these commutative diagrams to aid in our computation of the maps oy,
and hence the map [',,.

6.1 Completion of the inductive step

We divide our study of the map I, into four lemmas, which we then use to prove
Theorem 1.0.1. In the remainder of this section we state and prove these four lemmas.
Let 8 € RO(S') be a representation such that 8/ = a. Recall that for a summand
Z[p"~ of TRy, ,(Fp;p), ¢ > —|cf even, we have

Dip : Z/phm — HYCpn-s, T(F,) AS™P) = Z/p"

given by composite f‘nL,-,n. Recall also that we defined k;, = lengtth( ker f‘i,n). All
four lemmas focus on the computation of these values k; ,,. The first lemma computes
kl,n
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6.1.1 Computation of k; ,,

Lemma 6.1.1. Let ¢ > —|a| even. Then the map
Tin:Z/p™ — Z/p"

is injective, and hence ki, = 0.

We recall by Proposition 6.0.4 that there exists a v € Z such that
TRg o(Fp;p) = H—q(c n, T(Fp) A SAY=7/p"

for all s > v even. Thus if we iterate the map o, sufficiently many times, we get a
map

(o) : TR, o(Fp; p) — Z/p".
We would like to study this map.

Proposition 6.1.2. For ¢ > —|a| even, the map
(0n)i : Z/P"" — Z/p"

given by the composite (0,)1, 15 injective.

Before proving this proposition, we demonstrate that if the proposition holds,
Lemma, 6.1.1 follows easily. To see this, we assume the result of Proposition 6.1.2 and
consider the commutative diagram

TRZ+a (Fpa p) = TR‘3+2+a (IF]H p)

I i

H~9(Cyn; T(F,) A S~F) H~9-2(Cpn; T(F,) A S77)

f‘n(o'n)

Iterating the map o,, as in the above proposition, we get the commutative diagram

(on)t

Z/p @ ... Z/p*n Z/p"
J'f‘l,n-l—...f'n,n 1fn

(Fn(on))t "
Z[p" Z[p

Since each map I',(0,) is an isomorphism, the bottom composite (I'y(0y)) is an
isomorphism. By Proposition 6.0.4 we can choose ¢ large enough that the map I';, on
the right is an isomorphism. The map (o), is injective by the above proposition,
and hence the composite f‘n(an)tl,n is also injective. By commutativity, it then follows
that the map f‘l,n is injective. We now prove Proposition 6.1.2.

Proof. We induct on n. We have seen that for any « and ¢ > —|a| even, the map
oy TR;+a(]Fp;p) - TR;+2+a (Fp; D)
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is an isomorphism, and hence the composite (01)™ for any positive m is also an
isomorphism. This is the base case for our induction. Suppose we have chosen an
isomorphism

Z/p'n1 @ ... Z/p'n1n1 == TR (Fpi )

We assume by induction that for any «, ¢ > —|a| even, and appropriately chosen ¢,
the map

(On-1)i s : Z/pim-1 — Z/p"
is injective. We would like to see that the map
(0n)in  Z/P" — Z/p"
is injective. We can choose ¢ large enough such that we have a map

(On-1): Z/pin-1 @ ... Z/p-1-1 — Z/p"

Then we have the commutative diagrams

on)t
Z/phm®...L[p"r o) Z/p"

I l' (on—1)* n—1
Z/pl,n——l @.__Z/pn—l,n—l Z/p

and

(Un)t n
Z/ph @ ... Z[pmn Z/p

[ T‘”

on-1)t
Z/plll’"‘l D ... Z/pl:"'lﬂl—l ( 1) Z/pn—l

The relations FV = p and VF = V(1) imply that the Verschiebung map on the
right, V' : Z/p"~! — Z/p" is injective. We have assumed by induction that on the
bottom the map (opn-1)},_; injects. Since the map V* is injective on the right side,
it follows that the composite

VL(O'n_l)th_l : Z/plll,n—-l — Z/p’n,

is injective.
By commutativity, this implies that the composite (0,)*V* applied to Z/ plin-1 is

injective. This map factors through at least one summand of TRy, ,(Fy; p). We want

the following simple lemma:

Lemma 6.1.3. If the composite map

f

Z/p* ——Z/p*—>Z[p°
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is injective, then the maps f and g are both injective as well.

Proof. 1t is clear that the map f is injective, so f(1) = p®®. Suppose g is not
injective. Then g(1) = vp°~>*! for some v € Z/p°. Then the composite gf is not
injective, which is a contradiction. O

We now prove that the map (,)*V* must factor through the first summand of
TR?, ,(Fp;p), Z/p"*~, and hence by Lemma 6.1.3, the map

q+a
(™)in: Z/p"m — Z/p"

is injective. Suppose we have specified the isomorphisms
Z/phnr @ ... ®Z[p-1m-t === TR, (Fp; )

and
Z/plln -2 Q. @Z/p n-—2 n—2 -——>TR +a,(]Fp,p)

The Verschiebung and restriction maps give a commutative diagram

TRy, o(Fp; p) B, TR (Fp; p)

q+a q+a’

V‘[ VT
TRZ+01;( pap) - TR¢1+C¥'( p;p)

We can rewrite this diagram as

Z/pll,n D...0 Z/pln,n Z/pll,n—l D...0 Z/pln—l,n—-l

| &

Z/plll,n—l @ ...0 7 pn1nm1 R, Z/pl’l,n—Z D...0 Z/plﬁ—z,n—z
We express the map

Vi Z/pfint - Z/ph @ ... @ T/p

lfjl:n—l(a’ Z V,]n i\a

1<i<n

as

where
Vijnor : Bfplin-s = Z/pn.

%,j,n—1

By Lemma 6.1.3, since the composite (7,)*V* is injective on the summand Z/p B
the map V', ,,_; must be injective for some 1 < i < n, and for that i, the map (an)
must also inject. We now show that this value of 7 is 1.
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Suppose first that the extension forming TRZ;;(]F »; D) is non-trivial. We look at
the element

/

1€ 2/t —22  TRIAByp).

Let L denote 77,y + {74 1) n—2 — Kr(uwr1),n— BY Theorem 5.2.3,

1 ifi=7r(w+1),L<n-1
i1n-1(1) = ptt ifr(w' +1),L>n—1
0 else

Suppose the map V}, ,,_; is injective for some j > 1. Using Proposition 5.2.1 we can
categorize the summands of TRy, (Fp; p) into several categories.
First suppose that for this 7,  —1 < w. Then, by Proposition 5.2.1 and Theorem
5.2.3, we have an isomorphism
RL

T(j—1).4.m

. Z/pljm - Z/pl‘r(j—l),n-l‘

o+a(Fp; p) hits the summand Z/p'rG-1n-1
via the restriction map. So, we conclude that the composite R'V} , ; maps

Note also that no other summand of TR"

pl‘r(j—l),n—l“L ifi — j’ L < n— 1
Vitno1(1) = plro-nm-1mtif =5 L >n—1
0 else

By commutativity,

L = plrG-1)n-1—L
Vrj,'r(w’+l),n—2(1) =pruThesiTE,

However, since k; 1), < Tp_; there is no such map. Hence the map V},,_;
cannot be injective for 7 > 1 and j — 1 < w. So we now assume j — 1 > w.
The next case we consider is k-(j)n—1 = l+(j)n—1- Then by Proposition 5.2.1 and
Theorem 5.2.3 we have an isomorphism
RL

T

Grim * /D" — Tfphrorn-i,

Applying the same argument we used in the case above, it follows that the map
V}f1,n—1 cannot be injective for j > 1 such that k;(jyn—1 > l;(j)n-1-

The last case to consider is j —1 > w and kr(jjn—1 < lr(j)n—1. By Proposition
5.2.1 either

Z[p" = Zfphon

or

Z/plj,n ~ Z/pgr(j),n--1+kr(z).n—1

where 7(2) is the smallest number such that w4+ 1 < z < m. In both cases we have

-1 if § = 7(j)
R;,j,n(l) — pg‘r(z),n—l—'g-r(j),n-—l ifz = T(Z)
0 else
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In the situation where Z/phn = Z/p'-ti)n-1] the argument used in the earlier cases
applies directly, since no other summand hits the summand Z/p'rt~-1 via the re-
striction map. So, we are left to consider when Z/p"n & Z [p9rn-1Fkr@n-1,

We note from Proposition 5.2.1 that if l;, = gr()n-1 + kr(z);n—1, then either
lin = Tn+Gr(z),n—1 OF there exists some 1 < m < j such that l, » = gr(z)n-1+FKr(z)n-1
for some 2. Thus TRy, ,(IFp; p) has a subsequence of summands of the form

Z/pg-r(zl),n~1+k-r(w+1),n—1 sy Z/pg"'(zz)yn~l+k1'(=1)~"-1 D...

@Z/pg‘r(zs),n—l'i'kzs_l @D Z/pg-r(z),n—l'f'k‘r(zs),n—l @ Z/pgr(j),n—1+kr(z),n—l

for some s.
Suppose the map

L . lll,n_l — lj,n o Z r(j),n—l+k'r(z),n—1
Vy,l,n-l : Z[p Z[p o

is injective. Then the composite (R*(V};,_1))i1,n-1 is given by

pgru),n—l+’fr<z),n~1-li,n_1 if i = 7(§)
(R'(V}1n-1))itn-1(1) = § phr@n-17ln if i = 7(2)
0 else

We produce a contradiction by studying the Z/p'r=»~1 summand of T Z;;, (Fp; p).

Our argument for the earlier cases relied on the fact that only one summand of

TRy o(Fp; p) mapped to the summand of T ;‘;i, (Fp; p) we wanted to study, but that

is not true in this case. The summand
Z/p'sn &2 7, [porm=1thr (o) n-

surjects onto the summand

lr(z),;n—1

Z[phem- TRg+o (Fp; p)
via the restriction map. So if

. l 1Y
zl‘,l,n—l(l) = —p7EniT a1,

the composite (R*(V}; ,—1 + V}1n-1))r(z),1n-1(1) = 0. Indeed

—pl"(z.!)-"—l_lll,n—l le = T(zs)
(R (Vo1 + Viip-1))iim-1(1) = § porovm-1tbe@n-1=hn-r if § = 7(5)
0 else

Again, we are in the situation where either the argument we used from the earlier
cases is now applicable, or else another summand maps to the Z/p'rzs)»-1 summand
via the restriction. If we are in the latter case, we continue as above. Iterating this
argument, either the argument we used for the earlier cases applies at some stage, or
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else the composite of maps

¢=R(V1n1+Voinat -+ Vi 1+ Viia 1)

maps as
_plr(w+1),n—1—l'1,n—1 if i = 7(w+1)
Binn-1(1) = prrOmHhe@nhaoyif = 7(j)
0 else

Now, we can either apply the argument used in the earlier cases, or else there is
another term mapping to the Z/p'~(»+1.n-1_coordinate to cancel the —phrasnn-1=ln
By Theorem 5.2.3, the only other term mapping to that summand is the first term,

Z[ph~ X Z[pTorwsin-t,
But noting that
lﬁ,—(w+1),n_1 - l,l,n—l < Tp+ Griw+l)n-1— lll,n—l’

it follows that Z/p»-1 cannot map to the summand Z/p"+9-+d=-1 in a way that
would cancel the —plrw+D.n=1"ln-1 in the 7(w + 1)-coordinate. Thus, we apply the
argument we used in the other cases to show that the diagram cannot commute, and
hence Z/pi»-1 cannot map injectively to a summand of the form Z/p9n-1+krn-1,

If w < n— 1 we need to check the case j = n separately. In this case the map

. . ! +g’ /
Vi 1n—1 cannot inject because p' " 9rw+nn-2 the order of the summand Z/p'in-1,

is greater than the order of the summand Z/p™n, p*in-1.

We have verified that the map V!

*1n-1 can only be injective if j = 1. Thus the
injective map

(o-n)t(‘/lb,n_l) . Z/pl,l,n-—l — Z/p’n

can be written as (0a) (Via-1)(1) = ((0n)in)(Vi1n-1)(1) and the map (0n)i, is
injective.

We now consider the case where the extension

0 Z/p'r:l_] —_— Z/pla,n—l Ga . Z/pl;;—-l,n__l R Z/pl;'""—z @ . Z/pl:‘_z'"—z

forming TR ,(F; p) is trivial. Then l{,_, = 7,,_, where r;,_; = min(n—1, atlel 4 7).

We again use the diagram relating V* and R* to compute the maps

Viinos: 2/ 2 2ot — Z/ghn

Suppose the map V}; ,_; is injective for some 1 < j <n. We consider the case j =n
separately. By Theorem 5.2.3, the map Rf, , is the zero map. Thus the composite
(V*R")1n—1 = 0. Hence, by commutativity the composite

RV}, 1 : Z/pm 2 L[t > Zfp" @ @ Z/phr
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is zero. If j — 1 < w, we have an isomorphism

RL

Hi-1gm © L/PO™ = T[pre-vast,

Since no other summand hits the Z/p'r¢-»»-1 summand under the restriction map,
this implies that the composite R‘Vy,_; is non-zero. This is a contradiction, and
hence the map V}; ,,_; cannot be injective for such a j. We consider next the case
w < j — 1 and k;()n—1 = lr(j)n—1. In this case the restriction map

R‘Lr(j)vjyn : Z/pl],n — Z/plf(j)yn—l

is again an isomorphism. As above, this gives a contradiction, so the map V},_,
cannot be injective for such a value of j.
Suppose j — 1 > w and k;(j)n-1 < lr(j)n—1.- Then the composite

(RL(Vf,l,n_J)r(j),l,n—l : Z/pri,-l o Z/pl,l,n—l N Z/pl-r(]')m—l

maps by (RY(V}1,-1))rG)1n-1(1) = —pYn~Ta-1. No other summand maps to the
Z] plr@n-1 summand under the restriction map, so we must have

—plin~Tn-1 = 0 € Z/phrn-1,

Hence l;, — 1;,_y > l;(j)n—1. However,

lin = Tho1 = b1 = krGyn—1 + Kr(yn—1 = Tnos.

Since kr(z)n-1 < 7n it follows that k.(;)n—1 < 7;,_;, and hence the left side of the
equality above is less than l.(j),—1. This is a contradiction, and hence the map
Vi1 n—1 is not injective.

As above, if w < n—1 we need to check the case j = n separately. Again, the map
Vi 1n—1 cannot inject because pT;"1+glf(W'+1)'"-2, the order of the summand Z/p'i~-1,
is greater than the order of the summand Z/p'n, pktn-1,

We have verified that the map V};,_; can only be injective if j = 1, and hence
the map (0,)} , is injective.

This completes the proof. O

6.1.2 Computation of k;,, for k) n_1 <7

Lemma 6.1.4. Let r, = min(n, ﬁ2l°i| +1). Let2<m <n—1. Ifkygnyn-1 < Ty then
k‘m,n > lm,n - ll,n-

Proof. From Proposition 5.2.1, if k;(m)n—1 < 7, the restriction map

L : Z/plm,ﬂ — Z/pl‘r(m),n—l

T(m),m,n

is surjective. We would like to compute k&, ,. It follows by the definition of 7(w + 1)
that gr(m),n—1 < gr(w+1)n—1- By PI‘OpOSitiOl’l 9.2.1 lm,n = l-r(m),n—l or lm,n = g’r(m),n—l+
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kr(z),n—1 for some z with k,(;) n—1 < kr(m)n-1. In either case
lin = min(n, Tm + graw+1)n-1) = lmn
since kr(z)n—1 < kr(m)n—1 < T, implies that
Grm)m—1 + krz)n-1 < Tn + Gr(wt1)m—1-

It follows that the nonnegative integer kmpn > lmn — lin.

6.1.3 Computation of kp 1, for kr(myn_1 >

We now look at the case where krn)n_1 2> 7n.

Lemma 6.1.5. If kT(m),n-—l 2 Tn and 9r(m),n—1 < gr(w+1),n-1, then km-{-l,n > lm+1,n -
lip.

Proof. 1t follows from the commutative diagram relating the maps R and o that
km+1n = krgm)n—1 — Tn. The hypothesis gr(m)n-1 < grw+1),n—1 implies that

kT('m),n—l - Tp 2 l'r(m),n-—l — Tn — Gr(w+1),n—1-

Since 1y n = Tn + gr(w+1),n—1, the inequality kmy1n > lmy1n — 1, follows.
a

Lemma 6.1.6. IfkT(m),n—} > Ty and 9r(m),;n—1 > Gr(w+1),n—1, then km+1,n = k’r(m),n—l‘
Tn.

Proof. We compute ky,+1,, inductively using the commutative diagrams

(on)*

Z/p"" & ... ZL/pnn Z/p"

| | 1FL

Z/plll’"'l ... 0 Z/pl:'l—l,n—l (on-1) Z/pn—l

(on)?

Z/p" @ ... Z/pn Z/p"

TVL TVL
on_1)
Z/pl,l,n—l D...0H Z/pl"n—-l,n—-l (on-1) Z/p"‘—1

We induct on the value of n and within each n we induct on the value of g,m)n-1—
gr(w+1),n—1- Thus, we need as base cases, the cases where

gr(m),;n—1 — Gr(w+1),n—1 = 1.
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for all n. We also need to verify the lemma for the smallest n such that the hypotheses
of the lemma can be met. Recall that we have chosen an isomorphism

Z/ p — TRr11+a (Fp; p)

where /31 = 0 or 1. The conditions of the lemma can only be met if r; = 0, k;; = 0,
and l;; = 1. In this case g1,1 — g-(w+1),1 = 1, so we handle this case with the rest of
the base cases, which we now address.

Suppose kr(myn-1 = 7 and grgm)n—1 — Gr(w+i)n-1 = 1. We want to prove that
km+1,n = kr(m)n—1 — Tn. We consider the commutative diagram

TR}, o(Fp; ) ——— TRy, 51 o(Fp; D)

I |
TRy 3 (Fp; p) ————> TRy 5, o0 (Fp3 p)

Using the chosen isomorphisms, we rewrite this diagram as

On

Z/p" ... ZL[pn Z/pMn & ... ® ZL/pn

| |»

Z/pll,n—-l D...0 Z/pln—l,n—l Pon-1 Z/p‘h'"‘1 h...D Z/pd"‘l’"‘l

where to minimize confusion we use d;, to denote the orders of the summands of
TR, 2. (Fp; p) in the same way we used ;, for TRy, ,(Fp; p).
We compute the map R* in Theorem 5.2.3. It follows from this explicit computa-
tion, and the commutativity of the diagram above, that k10 = krgnyn—1 — n-
Now, assume that the lemma holds for all TR" !-groups and the TR™-groups and
values of v where

9r(v),n—1 — Gr(w+1),n—1 <j-L

We demonstrate that it holds for TR"-groups and values of m where

gr(m);n—1 — Gr(w+l),n-1 = ]

We do this using the commutative diagram relating maps F' and o,. We need to first
understand the relationship between the structure of TRZ;;(IF,,; p) and the structure

of TRZ_;E (Fp; p). We summarize this in the following proposition.

Proposition 6.1.7. Suppose we have chosen isomorphisms
Z/pl’l,n—l D...0 Z/pl:;—l,n—l Snoy TRZ;;(Fp;p)

Z/pln-2 @ ... ® Z/p'-2n-2 > TR 2(Fp; p)
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Then there is a permutation v,_o € X,_o such that lfy’n_z(i),n_2 =ln 07 l’ly/n_z(i),n—2
I, 1—1forl1<i<mn-—2. Further kfy’n_z(i),n_2 = min(k} I

in— m—=11 Py _a(i)n—2/"

Proof. By our induction hypothesis, Lemma 6.1.6 holds for all TR" !-groups. Thus
the recursive definition in the main theorem has been proven through TR™!. So
we can assume that the lengths [, ; and [, _, above are given by this recursive
definition. We then show inductively that the claim of the proposition holds. Recall

that /o ifg> ~|alD)|
1 . ~ Z D i q 2 —lo™”
TR gtn-2 (Fp; P) = { 0 else

We also computed earlier that k7, = 0. Applying the recusive definition we find that
if —[a®-2)| > —|a™-D|:

Z/p*®0 if g > —|a*?)|
TRZ, yn-2(Fpip) 2 { 00Z/p if — o] > g > —|aD)
060 else

If —|a™ 2| < —[a V)|

Z/p2®0 lqu —'a(n_2)|+2
TR'2+a(”—2) (Fp;p) S Z/p®d0  if g= —|a"?)]
060 else

In the case where —|a(" )| < g < —|a™?| -2, k] , = 1. Otherwise &}, = kj, = 0.
So we have computed /] 5, k] 5,17 ;, and k7 ;, and observed that i, =}, or If, =

li, — 1. Further k{; = k},. So the proposition holds in this case when +y; is the

1,2 1,1 1,2

identity permutation. We now assume that the conclusion of the proposition holds

fOI‘ . ’
TR s (Fpip) & Z/pli2 @ Z/plirom

g+an—i+1)

and . "
TR) o nmson (Fpi P) 2 Z/p-2 @ ... Z[p5-24-2

g+aln—i+l)

n .
Yj—1(i),j—1

" =1
’7]'—1(1')1.7._1 1,]

and show that there exists y;_; € ¥;_; such that / -1

fOI‘ 1 S Z S ] - 1, and k:;j—l('i)yj_l = min(k:,], l'{;j—l(i),j*l).

Let 7/ = min(7, gﬂg_;"_"’_’l +1) and rj_; = min(j - 1, q—ﬂ‘—’;—n_—m + 1). Observe that
ri_y=rjorri_;=j—1andr}=j In the latter case, the value w' = #{1 <i <
J—=1ki;y 27} =0and w” = #{1 <i < j—2|k{!;_5 > rj_1} = 0 since the values
ki ;_, and k{;_, are bounded by j — 1 and j — 2 respectively. We continue to analyze

this case and then return to the rj_, = r; case. By the recursive definition

=1 orl

<

1; = min(j, 7‘;' + 9;'(1),1'—1)

and
llll,j~—1 = min(j, 7‘;!_1 + g:"(1),j—2)-
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By hypothesis, g;'; » = gi;_1 or gi;_3 = gi;—1 — 1. In either case it follows that
l; =1l orlf; , =1;—1, and in both cases ki, ; = kj; = 0. So we let
vj-1(1) = 1. For 2 < m < j—1, let 7(2') be the smallest number such that
1< 2 <m. Then

yo— { Lt my -1 if for some 1 < v < m,7'(v) < 7'(mM)

m,j  Grt(m),j-1 Tt kv—’(z’),j-—l else
We choose v;-1(m) = v;-2(7'(m)). It follows that Il ., . ; =In io1(m)g-1 =
l%l — 1 and k7 m)g1 mm(km],lﬁ;] Lm)j—1)- Flna.lly Uy = kj 11 = U=
k;;=0.

We now look at the case rj_; = r}. The arguments for m = 1 and v’ +2 <
m < j — 1 are the same as above So we want to look at 2 < m < w’ + 1. Since

l‘:n,j = T'(m 1),j—1> W€ choose 7yj_1(m) = 7j_2(7'(m — 1)). Then lmJ 1 l;n’j or
byj—1 = lm; — 1. We now look the values k" (m)jm1 and k;, ;. By the recursive
definition

Koo mln(lmJ, T'(m—1),j—1 j) if g;-'(m-l),j-—l >9;'(w'+1),j—1
m,j [y else

We are either in the case where 2 < ;_ 1( ) < w” + 1 or we are in the case where
w” +2 < yj_1(m) < j — 1. Since 7} = rj_; we only would arrive in the later case if
krrim—1),j-1 = Kgnm;_y(my)j—2 T 1- By our induction hypothesis, this only occurs if

[ I /| —_
Ir(m-1),j-1 = Ir#(y;_1(m)),j—2 = O-

— lll

i1 (m).j—1" In the case 2 < v;_1(m) <

In this case ,,; = I, ; and k7
w” + 1, we have

j—1(m),j—1

"
Ky, (myg—1 = DLy i1 Koy _p(my-1)-2 — Ti-1)

lf, g.’.u (75 12(m) 1),j— 2”> ng(wu_'_l) ], 9 OtherWlSE‘, k;’ (m),}; 4= l[i;j-—l(m)vj"r . ThU.S,, if
ki, =1 . then kAy Camyj-1 = l»,, L(m)j—1- Otherw1se km, k 5_1(m),j—1 Since 15 =
'r'”_ and 7' and 7" are chosen in such a way that &/, = k This
Jj-1 7/(m—1),j—-1

a

T (7j-2(m)~1),j—2°
completes the proof.

Throughout the rest of the discussion, we drop the permutation v (from Propo-
sition 6.1.7) from our notation, but we should keep in mind that the ordering of the
summands of TR}, (Fp; p) and TRy ~2(F,; p) may not correspond exactly.

Now suppose we have k. (myn—1 > ™o and gr(m)n-1 — Gr@w+)n-1 = J. We are
interested in the map

((0n) )ma1n : Z/pemn — Z[p".

We prove below that ((04)%)r(m)n(1) = p* 9rtmm-1"" and hence kmn = kr(m)n-1—Tn-
If gr(m)n—1 — Gr(w+1)n—1 = 2 then g7 .y 2 = Griwri1m_2 = 1. S0 we can proceed
inductively.
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By the induction hypothesis

’
—Tn-1

(Jn—l)fn+1,n—1(1) = pn_l—g

‘Ir(m),n-2
We argue below that it follows from this that

(O-'n)f‘n+1,n(1) = pn—g"'(m),n—l —Tn_

We analyze the map (0,)7,,1, by carefully studying the maps F* and V*. Recall the
commutative diagram

(on)t

Z/p & ... Z/pr Z/p"

e B

Z/ fn D...8 Z/pl':t—l,n—l ._.Efn__l_)t_>. Z/pn—l
By induction, the composite
(VL(Un—l)t)m+1,n_1(1) = pn_g"r(m),n—z'ra—l.

Hence , ’
((Un)tVL)mH,n_l(l) = p" T Irm)m-2""n-1,

Recall that 7/,_; = min(n — 1, 1“52‘3[ + 1) and r, = min(n, q—’%ﬂl +1). But 7/,_; cannot
equal n — 1 since &/ > 1, and the hypothesis g7 . o — Grri1ya—e = 1

T(m),n—2

implies that k’T(m)m_2 < l,r(m),n—z- So, r,_; = Tp.
Also note by Proposition 5.2.1 that [, .\, o = U4y, since kjh 0, 0 > 17,

Finally, note by Proposition 6.1.7 that I .\ . s = lrm)n-1 0T [ 1y o 0 = lr(m)n—1— 1

and k! = kr(m),n—1 since by hypothesis k;(m)n—1 < l;(m);n—1. This implies that
!

T(m),n—2
Intine1 = bns1,a O Ly yy 1 = lmy1n — 1. So we can rewrite the above composite as

((Un )tVL)m+1,n—1 (1) - pn_lm+l,n+k‘r(m),n—1 —Tn

H !
if ly1n-1 = lmt1n, and

(00 V Imita(1) = primettbrmncrret

if l;n+1,n-1 =lpy1n — 1.
We now study the map

Vi iinet : Lfpmrin-t S Z/p @ L @ Z/p.
Assume first that [, , 1 = lny1,4- Suppose

‘/il;m+1,n—1(1) = pai € Z/pli’n'

We analyze for which ¢ the composites o,—1(V}',,11,-1) could contribute to the term
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plmtintkeimn-1=" In order for the composite

b

g = n—l i +k‘r —_1—T
On 1 (Vg i) (1) = pP-lmsthrim i
we must have
al + Tl - li,n < 7’L - lm+l,n + kT(m),n—l —_— Tn-

So a; must satisfy the inequality

a; S li,n —Th — gT(m),n—l

First consider ¢ > w + 1, and hence k;; -1 < 7, By Proposition 5.2.1 either
lin = lr)n—1 OF lin = 97(i),n—1 + kr(z),n—1. In either case, since

9r(m);n—1 > Gr(w+1),n—1 > gr@i);n—1,

the inequality above says that a; < 0. This is a contradiction, and hence for these
values of 4, the composite 0,1 (Vi1 ,_1) cannot contribute to p"~tm+tnthremn-a=rn,
We now look at 2 < ¢ < w+ 1 such that g--1)n—1 < gr@w+1)n-1. By the argument
above, the composite oy,_1(V;,1,_1) cannot contribute to p it theen)no1=Tn - We
are left with 2 <4 < w + 1 such that g;-1)n—1 > gr(w+1),n—1- These are exactly the
i satisfying the hypotheses of the lemma. We now look at 2 < ¢ < w + 1, satisfying
the hypotheses of the lemma. By the induction hypothesis, the lemma already holds

for those 7 where
gr(m),n—1 > gr(i—-1),n—1-

Hence
()t (1) = bt
i,n

It follows that

ai < (lin — kT(i—l),n—l) — (b1, — kT(m),n—l) < 0.

This is a contradiction, so no such value of i can contribute to p~m+1ntkr(m)n-1-"n
So, the only values of 4 for which the composite op_1(V},,;1,-1) can contribute to

pImatntke a1 gre those 2 < ¢ < w + 1 such that Gr(i—-1)n—-1 = Gr(m)n—1 >
Gr(w+1),n—1-

We now go through the values of 5 from 2 to m + 1, which satisfy the hypotheses
of the lemma, and show that k;, = k;(j_1)n—1 — rn. Suppose that for these values of
7 the summands are ordered such that

gr(1),n~-1 > gr(2),n—1 > ... gr(i)m—1--- > Gr(w),n—-1

where if ;i) n-1 = gr@i+1)n-1, then b n1 < lri41)n—1. If the summands are not
ordered in this way, we temporarily permute them to meet these conditions. Let
J = 2. Suppose that

L RPN ¢ 73
i2n-1 =P
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for 2 < ¢ < w+1 such that gri—1)n-1 > Grw+1),n-1- Recall the commutative diagram
relating the maps V and R

13

Z/pll,n D...0 Z/pln,n Z/pll,n—l D...H Z/pln—»l,n—l

[ Iy

Z/pl,l,nAl @ . EB Z/pl:w—l,n—l - Z/plll,n—z ED . @ Z/pln—Z,n—2

Since the restriction maps R;(i—l),i,n-—l and R;(i_l)vm are identity maps, this implies
that the Verschiebung map on the left has

aq

Vf(i—l),r(l),nq =p.
We look at this map in the commutative diagram

(Un—l)t

Z/pll,n—l D...0 Z/pln-l,n—l . Z/pn—l

& TVL

Z/pns @ ... @ Tz — e T

The composite
(Un‘l)t(v‘:(l),an)(l) = anfl‘g’("“”'""ﬁa’}
i

By commutativity, this also equals

Vt(o-ﬂ—2)i(1)’n_2(1) = pn_ 1-g-(1)n-1 .

For all i > 2, g,(i—1)n-1 < gr(1),n—1, and in the cases where they are equal l;(;_1)n-1 >
l+(1);n—1 and hence a; > 1. Thus it follows that in order for the diagram to commute,
we must have a; = 0.

We return to the composite

() (Vi )(1) = 3 p oo

i
By commutativity this equals
Vi (0not)sy(1) = pi e e,
For the summands above to contribute to the term p"~!~2nThrmn  we must have
a; < gin — (lon — kr(iyn-1) = Tn-

However, it follows from the diagram relating o and R that kin > kr(i-1)n-1 — Tn-
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Thus this inequality implies that

a; < Gr(i-1)n — 9r(1)n-

The right side of this inequality is less than or equal to zero if 7 # 2. Further, when
it is zero, l;(i—1),n—1 > lr(1);n—1 and hence a; > 1. This is a contraction, so no such
a; exist. Thus we conclude that ky, = k;(1)n—1 — 7. We then suppose that we have
shown that k;, = k-(j—1),n—1 — 7, and prove that k,, = k;(y_1)n—1 — 7 for the next
largest 7 < v < w + 1 satisfying the hypotheses of the lemma. Again assume that
‘/il:v,n—l = pbi

for some values b;. The commutative diagram relating V' and R shows that b, = 0.
For 7 > v the same argument as above shows that these terms cannot contribute to

the composite
V(0nm1)lpon(1) = priton e,

We now restrict our attention to the terms where ¢ < v. The diagram relating V' and
o gives us the relation

i=v

E pn_gi,n+bi _ p'n/"lu,n‘l'kf(u_l)m_l—rn

=2

where ¢ only takes the values such that g;(i-1)n-1 > gr(w+1)n-1. We have assumed
that for such ¢ < v, ki n = kr(i—1)n—1 — Tn, SO We can rewrite the above equality as

i=v—1
Z pn“li,n+kf(i—1),n-1_'r'n+bi +p'n—g~u,n = pn“lu,n‘i‘kr(v—l),n—l_rﬂ.
=2

The diagram relating R and V in conjunction with the diagram relating V and o
gives the relation

1=v
E p"—li,n+kr(i—1),n—1+0-z‘ = pn—lvyn'i'k'r(v—l),n—l.
=2

Together these two equalities imply that k,, = k;-1)n—1 — T». Thus by induction
Km+1n = krm)n—1 — Tn- In the case where ly11, = I;,4;,; + 1, we find that
Vitimein-1(1) = p and Foy 00 ,1(1) = 1. Then we proceed with the same
argument as above. |
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Chapter 7

Computation of TRy, ,(Fp; p)

7.1 Proofs of main theorems
We now give a proof of the main theorem.

Proof. The computation of TR; +amn—1 (Fp; p) is discussed in section 5. Suppose

'TRi:-zl)z(n—J’-i-l) (Fp;p) = Z/p"~ @ L[> & ... @ Z/p'i—r
and k;j_, = lengchp(kerf‘i,j_l). The lengths [;; follow directly from Proposition
5.2.1 and we have

TR , oo (Fpip) 2 2/ @ Z/p"* & ... @ Zp5.
In order to proceed inductively, we need to compute k; ; for 1 <14 < j.

Lemma 6.1.1 determines the value k;; = 0. We now determine values k,, ; for
1 < m < j. We divide our analysis into three cases:

kr(m),i-1 < T

Er(m),j-1 = Tj and gr(m)j-1 < Gr(w+1),j-1»
kr(m),j—l 2> Tj and 9r(m),j-1 = Gr(w+1),j—1-

Lemma 6.1.4 determines that in the first case, kp j > I j —l1,j. Since we determined
above that k;; = 0, this implies that g, ; > gm ;.Similarly, Lemma 6.1.5 determines
that in the second case ki1 > lmt1,; — l1,; and consequently g1 ; > gm+1,5-

In the first case, in the computation of TR; il n-j—1)Fpi D), 91,; = gm,j- Hence we

«
do not need to know the exact value of &, ; to compute the group TRg Itlx("‘j—l) (Fp; ).
In particular, although Proposition 5.2.1 assumes by hypothesis that the summands
are ordered such that the values of k;; are non-decreasing from left to right, if we
know that k;; < kp,; and g1 ; > gm,j, Wwe don’t need to know the relation of &, ; to
the other k; ;, 2 <7 < j.

Further, the inequality g;; > gm,; implies that we are again in case 1 or 2 when
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we compute the value k;-1(p);+1. Thus, knowing that ky; > I, ; — 1 ; is all the
information we need to proceed inductively. Although we don’t necessarily need to
specify a value for ky, ;, for simplicity we set k, ; = [, ;. In the second case we apply
the same argument and set ki1 = lmg1,-

In case three above, Lemma 6.1.6 determines that kj41; = kr(m);j—1 — ;. This
completes the proof of the theorem.

O

We now compute the orders of the groups TRy, +a(Fp;p) when ¢ is even. These
are the groups indexed by the odd-dimensional representations in RO(S?!).

We denote by |T Rq 1+a(Fp; )| the order of the group TRy |, (Fp;p) With the
notation introduced in Theorem 1.0.1, we have the following proposition

Proposition 7.1.1. The group TRq 1+am-1(Fp;p) = 0. The order of the group
TRy _14a(Fp;p) is given by

ITRq 1+a( 10’ )l - SITR'q 1+o/( P;p)l

where S is
S = max(O, Tn — 1) if rp, + Gr(w+1),n—1 <n
Tn + Gr(wtl)n—1 — N else

for r, = min(n, g%a‘ +1).

Proof. The first claim follows from the discussion of TR!-groups in Section 5. In
Proposition 5.2.1 we classified the possible extensions that arise in the long exact
sequence of TR-groups for ¢ even. We consider what happens with the adjacent odd
groups in each case. Recall the long exact sequence is

O H, M- TR! ., —E-TR%L 2~ H, , Y+ TR, %~ TR, , 2

q+a' q—1+

where we have omitted some arguments in the interest of readability. Recall that for
q even,
Hg(Cpn—1, T(IFp) A S™%) = Z/pma"(ofn)’

and
Hy1(Cynor, T(Fy) A S70) & Z,/p™=xOrah),

So if r, < 1, we have an exact sequence

0——>TRq_1+a———>TRq It _O_> ce

and hence |TRy_,,,(Fp;p)| = |TR;” “1w(Fp;p)|, and S = 0. In the cases of our
classification where r + gf(w+1),n_1 < n the map 0 is zero. Hence |TRj_ 1o Fpip)| =

P TR o (B ).

In the case where r + gT(wH),ng > n,
8(1) - pngl_gﬂ'(w+l),n—lk
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It then follows that p™¥9rw+nn=1""|TRP |, (Fp;p)| = |TRPZ}, ./ (Fp; D).
O

From this proposition we get the following recursive method for computing the
orders of the groups indexed by odd-dimensional representations.

Theorem 7.1.2. For q even, the order of the group TRy, (Fy;p) is p™ where dy,
is gien as follows. Let dy = 0. For 2 < j < n define r; = min(j, q""a;"—J)l +1). Then:

d;=dj1+ max(0,7; — 1) ‘ if 7 + grws1),j—1 < J
Tj + grw+1),j—1 —J  else

Proof. The theorem follows from iterated applications of Proposition 7.1.1. W

While this theorem computes the order of the abelian group TR;_,,,(Fp;p), it
does not compute which abelian group it is.

Remark 1. Recall from the computations in section 4 that for g even,
HI-(Cpn, T(Fp) A S7) 2 HI(Cpn, T(Fp) A S™) = 0.

So the norm-restriction diagram of long exact sequences is of the form

9 Hg—: N TR" 1+a(IFp’ )—"TRq 1+a'( Fp;p) Hg—2

Jr‘n—l 11‘,._1

Hy—1 0 0 Hy-»

Thus, while we can use our computation of the map 0 to determine the order of the
group TRy, (Fp; p), we cannot use the map I',_; to determine the extension as we
did in the case of q even.

7.2 Special cases
We now interpret the main theorem in a few special cases.

Corollary 7.2.1. Let a be a virtual representation of the form a = 3 — 0. Then for
all q¢ even we have

TRy, o(Fp;p) = Z/p*
where L is given as follows: Let m be such that —|a™™| < ¢ < —|a»™ V)|, Let
r; = min(J, q+|°‘(" o1y 1). Set lym = rm. Letting j range from m + 1 to n,

ll,j = min(j, ll,j—-l + ’f‘j).

Then L =1 .
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Proof. For a representation a of this form,
—lo| < —|| < ... < —|a{"Y)]
and given the hypotheses of the corollary,
M<rm<.tmma<0<r,<...m

From the recursive definition in Theorem 1.0.1 we know that for j < m, all [;; = 0,
1 <i<j. It follows that ly;m, = T, k1m =0,and b, = ki, =0 for 2 < i < m. We
show by induction that for all j from m ton, l,; # 0, ki; =0, and [;; = k;; = 0
for 2 < 4 < j. We have already noted that this holds for j = m. If it holds for j
it holds for j + 1 by the recursive definition. Thus TRy, ,(Fy;p) is a cyclic group.
The order of this group as stated in the corollary follows directly from the recursive

definition. O

Corollary 7.2.2. Let a be a representation of the form a = 0 — . Then for all q
even

TRy, o(Fp; ) = Z/p™

where m s the number such that
o] < g < —|an-m-D)]
Proof. For a representation a of this form,
oV < ~ja" P < ... < —|a
and

TnSTn-1S---S7‘m+1S0<Tm5---S7”1-

Following the recursive definition in Theorem 1.0.1, {; ; = 1 and k; ; = 0. We show
inductively that I; ; = j and k; ; = 0 for 1 < j < m. We have just observed that this
holds for 7 = 1. Now suppose it holds for j — 1. Then by the recursive definition

l,j = min(j, 75 + gr(w+1),j-1) = min(f, r; + i j-1) = j.

It is also clear that [;; =0 forall2<i<j. Soli;m =mandli,; =0for 2<7i<m.
Continuing the recursion, we see that the group is unchanged for j > m, since in those

cases w = j—1, and r; < 0 so the summand [, ; = 0. Thus TRy, ,(Fp;p) = Z/p™. O

The second corollary agrees with the result given by Hesselholt and Madsen in
this case ( [12], Proposition 8.1). We have now seen that if o is an actual real
representation of S!, or zero minus an actual representation, the TR-groups we are
calculating are all cyclic.
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Chapter 8
TR as a Mackey Functor

We can also consider TR-theory as a Z-graded or RO(S')-graded Mackey functor.
Then we are able to exploit the homological algebra tools developed by Lewis and
Mandell [18] for Mackey functors to further study TR-groups.

For a G-spectrum Y, the homotopy groups of Y form a Z-graded Mackey functor.
To a coset G/H we associate the abelian group

(x,Y)(G/H) ==Y =[S AG/H,,Y]c.

Let K C H be a subgroup. Inclusion of fixed points gives a map 7Y — XY and
an associated transfer 7Y — 7Y, Similarly, for such a G—spectrum Y, there is an
associated RO(G)-graded Mackey functor with abelian group

(rY)G/H)=rlY =[S AG/H,,Y A 8]¢.

for @ € RO(G), a = [8] — [v].
These homotopy Mackey functors allow us to consider the TR-theory of I, as an
S'-Mackey functor. We write TR, for the Mackey functor:

TR, (S'/Cpn) = TRI(Fyp; p).

We can consider this as either a Z-graded Mackey functor or as an RO(S')-graded
Mackey functor, depending on which version of the TR-groups we are interested in
considering. To simplify matters we also want to look at the C,-Mackey functor TR?
which is our Mackey functor TR, restricted to the subgroup C, of S*.

Lewis and Mandell have developed a theory of homological algebra for Z and
RO(S")-graded Mackey functors. In particular they have developed universal coeffi-
cient and Kunneth spectral sequences for graded Mackey functors.

The categories of Z-graded Mackey functors and RO(S')-graded Mackey functors
each have a symmetric monoidal product, the box product, denoted . They also
have an adjoint function object functor, denoted (—,—). Then for R, a graded
Mackey functor ring, and L,, M, Mackey functor modules over R,, one can construct
derived functors of O and (—, —). Let TorZ+(N,, M,) be the sth left derived functor
of N,UUgr M,. Let Exty (L,, M,) be the sth right derived functor of (L,, M, )%
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8.1 Tor computation

To demonstrate the computational tools that this viewpoint provides, we want to
consider the following spectral sequence of Lewis and Mandell ([18], Theorem 1.3).

Theorem 8.1.1. Let X and Y be G-spectra indexed on the same universe. There is
a naturally strongly convergent homology spectral sequence of R, - modules

E?, = Tor®:(R,X,R,Y) = R, (X NY).

Here we have the convention that Tor—* (R, X,R.Y) = (Tor%(R,X,R.Y)),. The
homological grading s is a nonnegative 1nteger and the grading 7 can be in Z or
RO(SY). We consider this spectral sequence when X = S, Y = §%, R, = TR*?
and the grading 7 € Z. Note that we are considering this spectral sequence as a
spectral sequence of Z-graded Mackey functors.

We introduce some notation, and then do an example of how this spectral sequence
can be used to study TR-theory. Recall that elements of RO(S?) are formal differences
of isomorphism classes of S!-representation, or virtual representations. Let Ay, k.
denote the real 2n-dimensional representation of S* given by C(k;)®C(k2)®. . .©C(k,)
where C(k) denotes the representation of S on C by the k—fold power map. Then a
general element o of RO(S?) can be written in the form

Q= Ny, kp = Myp,de T G5

for some q € Z.

Example 8.1.2. As an example, we study the spectral sequence

Tor™ (TRS?, |, TRE?, ) = TRE2.

In order to do this we need to form a projective resolution of TRS;‘),\L1 as a TRS? -
module. We first recall the Mackey functor TR=?

Z/plo] Z/p (o]

where o is a polynomial generator in degree 2. The Frobenius map is determined
by F(1) = 1, and F(o) = 0. The Verschiebung is determined by V(1) = p, and
V(o) = po. We next need to determine the structure of TR:? . 88 @ Mackey functor
module over TRS?. Applying the recursive method before Theorem 1.0.1 to the
representation a = —A;,; computes the groups TRy_, | (Fy; p) and the action of o on

TR™_,, . (F,;p). In particular, for TR' we get:

q—A1,1
TR}sa(Fpi P) —> TRisa(Fpi p) —> TReya(Fpip) —> -
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is given by

O Z/p id Z/p id Z/p id
For TR? we compute that
TRO o (Fp; p) = TR3, o (Fp; p) —=> TR}, (Fp; p) —2> TR, (F,; p) 2> - - -

is given by ‘ .
Llp—~1[p —>1L/p* > L/p* 1

Thus, if we rewrite our above Mackey functor E? as

\%
TR! __~ TR?
F

: <
then we can write TR*—E/\1 . as

1%
TRi [U4] -— TRi[eo, €2, 64]/(1)60, 0€p, Pp€a, 0€2 — p€4)
F

where |ug| = |eq| = 4, ]es| = 2, and |eg| = 0. The maps F,V are given by F(e;) = uy,
and F(eo) = F(ez) = 0, V(us) = pes. We would like to resolve this Mackey functor
module via projective TRS? Mackey functor modules. We first need to ask what such
a projective module looks like. Lewis and Mandell determine that if R, is a Mackey
functor ring, then an R,-module is projective if and only if it is a direct summand
of a direct sum of R,-modules of the form R,[J, ST Ef/ H  Here, BY is the graded
Mackey functor concentrated in degree zero, such that in degree zero it is given by
Bg(—, X), maps in the Burnside category. Lewis and Mandell prove that
OCTBIOM,)e ™ M_. (X xY)

==—-71+a

so we are able to undertand these projective modules fairly easily. Let us consider
the two Mackey functor modules Y " B¢/, TRS? and 37 B/ *O0,TRS?. We can
see that

(X7 B0, TREY),(Cy/%) =  TR=2, (C,/+) = TRL

=—=—T+q T+g
(37 B/ OOLTRE)(Cy/Cy) = TRZ2,(C,/C,) = TR,
Similarly,
(7 ﬁgp/*m*ﬂf)qu/*) = IRZ, (G x xCp/x) = ®,TR;,,
(X7 B OLIRE)(Cp/Cp) = TRE2,,(Cyf * xCy/Cp) = TRE,,

We use projective modules of these two forms. The first form gives us shifts of the
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Mackey functor ring that we are resolving over. We can write this as
17 —1—> 2r .
TR, [im] ~— TR, [jm

where |iy| = |jm| = m, and F(jm) = im and V(im) = pjm. The second type of
projective module can be written

v
®p TRi [vm] -— TRi (W)
F

Here the Frobenius map is the diagonal map and the Verschiebung is the fold map.
Now we would like to resolve the Mackey functor TR:? ALl 88 @ TR=*module. Fig-
ure 8-1 is such a projective resolution.

The maps ¢; are given as follows. The map ¢y is determined by:

14 > Uy 1;2D—>0 iol—)o

Jareq J2 > € Jo > €o
The map ¢, is given by:

i4l'—'>—0'i2 (U2,0,...,0)Hi2 (’UQ,O,...,O)D-—)io l2+—>ai0

Ja > (pjs, —0J2) Wy — PJa wo — PJo ke — o0
The map ¢, is generated by:

(v4,0,...,0) = ((009,0,...,0), (—vs,v4,0,...0)) iy — (vg, V2, Vs, ..., U2)

(1'2, 0, N ,0) = ((0”00, 0, ey O), (—xz,xg,O ey 0)) 7:0 = ('Uo,’Uo,’Uo, v ,’Uo)

wy — (pJa, oWa) wy — 0
wo +— 0 ya — (owo, —pk2)

The map ¢3 is generated by:

(v4,0,...,0) = ((002,0,...,0),14) (v9,0,...,0) — (v, —09,0,...,0)
(0,0, ...,0) — (vo, ~vp,0,...,0) (22,0,...,0) — ((ovo,0,...,0),32)
Wy — OWo Ja > Wo
Jo — wo Y2 > oW

Finally, the map ¢, is determined by:

ig — (012, —(vg, vy, ... ,Vs)) 19— 0 io— 0 Ja > (072, —wa)

ly — (oo, — (2, T2, . . . T2)) J2 — DJ2 Jo — PJo Y2 — (0jo, —Y2)

On any coordinates we have omitted in the images, the mappings above go to zero.
Observe also that for maps from terms of the form P, TR:[v;m] we have only spec-
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TR [uy] TRZ(eo, €2, e4]/(peo, geo, pe2, gez — pes)

$o )

TR, [i4] © TR.[i2] ® TRulio] . TRI[ja] ® TRZ[j2] © TR [jo]

1 1
TR, [i4] ® @, TR, [v2]®
TR2[j4] ® TR, [ws] ® TR, [wo] & TR2([k,]

s

@, TR, [vo] ® TR, [lo]

¢2T b2

@, TR.[vs] ® D, TR, [v2]®
TR, [wa] ® TR, [w2] ® TR, [wo] ® TR, 1]

-~

@, TR.[vo] © @, TR, [z2]

¢3 T b3

@, TR.[v4] © TR, [iz]®
— TR}wd ® TRZ[j2] ® TRZ[jo] ® TR.[ys]

TR, [io] ® @B, TRi[z5]

¢4 T b4

TR, [i4] © TR, [i2]®

TR2[j4] @ TRZ[j2] ® TR2[jo) ® TR2([k]

B

TR, [io) © TR, [la]

¢1T 1

TR, [i4] ® @, TR, [v2]®
" TR[js] ® TR;[w2] ® TR, [wo] © TRI[k2]

@, TR, [vo] ® TR, [lo]

|

Figure 8-1: Projective resolution of TR

<2
*—A1,1

ified the maps on the first summand of this direct sum. All maps in the projective
resolution are required to be Cp-equivariant. On most terms C, acts as the identity,
but on terms of the form B, TR.[v,,] it permutes factors. Thus we need only specify
the above maps on one of the summands.

In figure 8-2 we rewrite this projective resolution using the notation
%7, TRS? = %7 BS/Cr [, TRS?
p———% =k * ok
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and
S7IRS? = £" B/ 90, TR

T¢ TR @ % TRE? @ ¥ TR

£}, TRS? o 22, TRS? & X9, TRS? @ £, TRS?
4 <2 2 <2 <2 2 <2
4, TRS? @ ¥2, TRS? © ©9, TRE? @ 12, TRS

£{oIRF ® T TRS? @ £, TR © 27, TR

»¢,TRE? © T3, TRE” © 5, TRE? ® £, TR

¢, IRS? © 23, TRS? @ 1Y, TRS? © £2, TRS?

Figure 8-2: Projective resolution of TR (revisited)

*—A1,1

(TR* ALt ,TszA ,) that we are interested
in, we need to take the box product of the above resolutlon Wlth the Mackey functor
module TR=? Ay, Over the Mackey functor ring TR We can write this Mackey
functor module as

1
TR: [w_4] ~— TRE [f -4,9-2, m_3]/ (Pf —4,PM_3,0m_3,0f_4 — pg—z)

where the subscripts indicate the degrees of the generators. The maps F,V are
given by F(f_4) = F(m_3) = 0,F(g—2) = ow_4 and V(w 4) = f_4. We take the
box product of the above projective resolution with TR* A, OVer TRS?. Using the
property that

TR=? Urg <2TR<2 ~ TRS?

==*+A1,1 ==2%+A1,1
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we get the complex in figure 8-3

<2 <2
£t TRSZ,  ©%% TRY, o TRSY, |

*4+A1,1

<2
® 2%, TR,

s¢ TR, , © 53, TR, | @ XY, TR, |

*+A1,1

<2
TR, , ® 5}, TRS?

<2 <2
DN e ® 0, TR, , © 51 IRT

{e} w4+ 1,1

<2 <2
24B}TR*+A1 1 @ 2 TR’*-}-)\I 1 @ 20 TR*+X 1,1 {e}TR*-i—)q 1

<2 <2
T TR, . ® X% TR

<2
® 22 TR*+)\1 1 ® 20 TR_ k41,1

==4A1,1

<2
TR =St An ® £t }TR*+>\1 1 ® =3 }TR*+)\1 ® 22 TR*+>\1 1

Figure 8-3: Complex computing Tor

The maps are induced from the maps described above.

We then compute the groups Tor— (TRu Aa? TR§2)‘1 ,) by computing the ho-
mology of this complex. It is easy to verlfy that if we evaluate the complex above at
Cp/{e}, it has homology only in degree 0, and there we find that

Torg™* (TREZ,, , TR, )(Cp/{e}) = TR} = Z/p[o]

*+/\11’—* )\11

where |o| = 2. Thus, the spectral sequence we are interested in collapses at the E2-
term in this case. We now evaluate the complex at Cp/Cyp. For ease of notation we

write TorZ®* (C,/C,) B (TRZ,, , TR, | )(Cp/Cy). We find that

T TRS? C ~ 2
_OIO,* ( p/Cp) = TR*[ang%mlagOam—lag—27m—3]/ ~
where the relations ~ are given by
(Pg-2, pfo, pma, pm_3, pm_1, pgo, 090, 0g—2, M_3,0My, 0M_y1, 7 fo — Pga).
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We compute .
<2
Tor; & (Cp/Cp) = TRZm_y, m1]/0,p,

Tort® (C,/C,) = TRY[t_s,t_s)/o,

and

<2
:[‘LI';I:E' (Cp/op) = TRf[m—la m_s, f—-4a f~—2a (g—2 - t—2)1 (gO - to)]/ ~

where the relations ~ are given by

PM_1,0M_1,PM_3,0M_3,0 f_4,0f_2,0(9-2 — t_2),0(g—2 — t_2),p(go — t0), 0(go — to)

Finally, we compute

Mf‘_ (Cp/Cp) & TREmy, m_1,m_3,h_i1]/0,p.

Since the projective resolution repeats, the remaining TorT—s,l,:t*SZ (Cp/C,) groups are
given by

TorE(Gy/Cy) = Torf G,/ Cy)

for s > 1.
These computations give the E2-term of the spectral sequence we are interested
in. This E?-term is shown in Figure 8-4.

Figure 8-4: E%-term of the Tor- Kunneth spectral sequence

The pattern continues to repeat to the right. Knowing that the spectral sequence
converges to TRS? = Z/p? [o] forces the differentials as shown in the spectral sequence
above.
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8.2 Ext computation

Similarly, we can study the T'R-Mackey functors via the Ext Mackey functor. Lewis
and Mandell give a spectral sequence ([18], Theorem 1.3)

Theorem 8.2.1. Let X and Y be G-spectra indexed on the same universe. There is
a natural conditionally convergent spectral sequence

E3"™ = Ext}I(R_,X,R'Y) = R (X AY).

By convention I_E‘,_x_tzf (R_.X,R'Y) = (Exty.(R_,X, R'Y))_, where s is a nonneg-
ative integer and the grading 7 is either in Z or RO(S"), depending on which version
of the spectral sequence we are using.

In our case we consider the spectral sequence of integer-graded Mackey functors
where R, = TRS?, X = S~11, and Y = S°. Then we have a spectral sequence

Ey" = Extfr; (TR<2S>‘1 ! TR225'°) = TR”;;T(.S")‘l 1.
Written differently, we have

ES = Ext”<2(TR s TRED) = TR ) .

More generally, given the input of a Mackey functor TRS?_, this spectral sequence
converges to the Mackey functor TR*+a In our example, we use the projective
resolution of TR?, ., above. We then apply Hom(—, TR5?) to this resolution to get
the complex in Figure 8-5.

Here the gradings are negative in the sense that a class indexed by the number m
is in degree —m, and |o| = —2.
The maps ¢; are given as follows. The map ¢7 is given by:
iy —0 i3 — —oiy + (v3,v3,...03) l3—0 Ji—pis

Js = ws —oj; iy — —oly + (v§, 3, ... v5) ng — w§ — ok’ k3 — pk3

The map ¢; is generated by:

(v3,0,....0) — (0v},0...0) + (v}, —v3,0...0) iy — (v5,v],...0})
(v3,0,...,0) — (023,0...0) + (v§, —v3,0...0) I (25,5, ...23)
i o0l uj o ouj
wg — ow; ky = wy
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0

J

TR, [i;] ® TRL,[i5] @ TRL, [ig]

I

TRL,[ij] ® @, TRL, [v3]®

_— > 2
, TRZ

@, TRL, [v] & TRL, 3]

s

@, TR, [v;] ® @, TRL, [v}]®

——— 2
TRZ

.lii] & TRZ, [j3] ® TR?, [jg]
#}
.1l © TRL, [w3] & TRL  [w§] @ TRZ, k3]

b3

—  TR!,[wi] ® TR., [wj] ® TRL[wi] & TRL, [y3]

@, TRL,[vj] @ @, TRL, [z3]

|+

@, TRL,[v;] ® TRL, [i3]®

—_—
e

TRL,[i5] © @, TRL,[x3]

Js

TR, [i;] ® TR, [i3]®

T "TR?

TRL,[if] ® TR, [13]

Jo

TRL,[i;] & @, TRL, [v3]®

—
e

@, TRL, [v3] ® TR, [i5)

J

e

#3
TR, [w}] ® TR?,[j5] ® TRZ,[5] ® TRL, [y3]
é1
7] ® TRZ [j3] @ TR2, 53] @ TRZ, [k3]
o7

TR?,[j5] ® TRL, [w}] @ TRL, [w§] ® TR, [k3]

Figure 8-5: Complex computing Ext

The map ¢j is generated by:

(v3,0,...,0) — (v;, —v},0...
(v§,0,...,0) —i§ + (023,0. ..
wy — 0

wg = Plg + 0Ys
Finally, the map ¢, is determined by:

(v3,0...0) — —3}

* -k
Wy — PJy

15 > 01y

Ja = Pjp +0J;

(v3,0,...,0) — 3% + (0v},0...0)
(x3,0,...,0) — (23, —25,0...0)
ws — 0
Y = Pz + 0wy
15— oTh (23,0...0) — —zx}
7o — pis + ok3 Y5 — pki
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We then compute Ext”’;ﬁ2 (TR=*2_ A1t TR=?) by computing the homology of this com-

plex. When the complex above is evaluated at C,/{e}, it has homology only in degree
0. There we find that

E)(to ;<2(TR-—-* Al 1’ )( P/e) TRI—* [22]

Thus the spectral sequence we are interested in collapses at the E%-term in this case,
giving us the result

~ | Z/p if g> —4, even
TR"I+)\1 1(]Fp;p) = { 0/ else

We now evaluate the complex at C,/C,. We find that

'E—-?r;t<2 (TR_* A1 I’TR )( Cp/Cp) = TRz_*b)jZ,pj; — ajil,

Ext o, (TRZ,, |, TR2)(C,/Cy) & TRZ[pks].

Forall s> 1

EXtS*Q(TR_* )\117T )( P/C)

So the E%-term of our spectral sequence is given in figure 8-6

Figure 8-6: E2-term of the Ext- Kunneth spectral sequence

«=2/p v =2/p?

For degree reasons there are no differentials. Hence it follows that

Z/p* if ¢ > -2, even
TRy, (Fpip) & Zlp ifq=—4
0 else

Further, the descriptions of these classes in the Ext computations determine the action
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of 0 on TRZ, ,, , (Fp; p). Thus, we can describe TRZ, ,, | (Fy; p) as a TRZ(F,; p)-module
as follows:

TRZ, 5. & TR(f-4,9-2,m3]/(Df-4,pm_3,0m 30 f_4 — pg_2)

Note that this agrees with the computation in Theorem 1.0.1.

8.3 Future directions

While the above examples demonstrate the extra tools that this viewpoint provides,
they only recreate results we could compute using other methods. However, these
tools can hopefully be used to better understand the TR-groups indexed by odd-
dimensional representations. Further, we would like to use these Mackey functor
methods to study the product structure on RO(S!)-graded TR, and a possible duality
between the TR-groups for the representation a and the representation —a.
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