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Abstract

In this thesis a conjecture of Okounkov, a conjecture of Fomin-Fulton-Li-Poon, and
a special case of Lascoux-Leclerc-Thibon’s conjecture on Schur positivity of certain
differences of products of Schur functions are proved. In the first part of the work
a combinatorial method is developed that allows to prove weaker versions of those
conjectures. In the second part a recent result of Rhoades and Skandera is used to
provide a proof of actual Schur positivity results. Several further generalizations are
stated and proved. In particular, an intriguing log-concavity property of Schur func-
tions is observed. In addition, a stronger conjecture is stated in language of alcoved
polytops. A weaker version of this conjecture is proved using a characterization of
Klyachko cone and the theory of Temperley-Lieb immanants.
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1. INTRODUCTION

This thesis is based on [LP, LP3, LPP, DP].

The ring of symmetric functions has a linear basis of Schur functions sy labelled
by partitions A = (A\; > A2 > --- > 0), see [Mac]. These functions appear in repre-
sentation theory as characters of irreducible representations of GL,, and in geometry
as representatives of Schubert classes for Grassmannians. A symmetric function is
called Schur nonnegative if it is a linear combination with nonnegative coefficients of
the Schur functions, or, equivalently, if it is the character of a certain representation
of GLy. In particular, skew Schur functions sy/, are Schur nonnegative. Recently, a
lot of work has gone into studying whether certain expressions of the form sys, —s,s,
are Schur nonnegative. Schur positivity of an expression of this form is equivalent
to some inequalities between Littlewood-Richardson coefficients. In a sense, charac-
terizing such inequalities is a “higher analogue” of the Klyachko problem on nonzero
Littlewood-Richardson coefficients. Let us mention several Schur positivity conjec-
tures due to Okounkov, Fomin-Fulton-Li-Poon, and Lascoux-Leclerc-Thibon of the
above form.

Okounkov [Oko] studied branching rules for classical Lie groups and proved that the
multiplicities were “monomial log-concave” in some sense. An essential combinatorial
ingredient in his construction was the theorem about monomial nonnegativity of some
symmetric functions. He conjectured that these functions are Schur nonnegative as
well. For a partition A with all even parts, let % denote the partition (%’-, 322, ce)e
For two symmetric functions f and g, the notation f >, g means that f — g is Schur

nonnegative.

Conjecture 1.1. Okounkov [Oko, p. 269] For two skew shapes M/ and v/p such
that A+ v and p + p both have all even parts, we have (39%2/9%&)2 >s S\/u Su/p-

Fomin, Fulton, Li, and Poon [FFLP] studied the eigenvalues and singular values
of sums of Hermitian and of complex matrices. Their study led to two combinatorial

conjectures concerning differences of products of Schur functions. Let us formulate
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one of these conjectures, which was also studied recently by Bergeron and McNa-
mara [BM]. For two partitions A and g, let AU u = (v1,1,,v3,...) be the parti-
tion obtained by rearranging all parts of A and p in weakly decreasing order. Let

sorty (A, 1) := (v1, v, Vs, ... ) and sorte(A, p) == (v2,v4, Vs, .. . ).

Conjecture 1.2. Fomin-Fulton-Li-Poon [FFLP, Conjecture 2.7] For two partitions

A and [, we have Sort) (A ) Ssorta(Ap) s SASu-

Lascoux, Leclerc, and Thibon [LLT] studied a family of symmetric functions Qf\") (g,x)
arising combinatorially from ribbon tableaux and algebraically from the Fock space
representations of the quantum affine algebra U, (;L,,) They conjectured that g,([;) (g,%) >
Qf:f\) (q,z) for m < n. For the case ¢ = 1, their conjecture can be reformulated, as fol-

lows. For a partition A and 1 <4 < n, let A™ := (M, Aign, Aigon, - - - ). In particular,
sort;(\, p) = (AU )2 for i = 1,2.

Conjecture 1.3. Lascoux-Leclerc-Thibon [LLT, Conjecture 6.4] For integers 1 <

m < n and a partition \, we have [ [}, Sxin =5 [[1m; Sxtimi-
Theorem 1.4. Conjectures 1.1, 1.2 and 1.3 are true.

Our approach is based on the following result. For two partitions A = (A, Ag, ..., Ap)
and o = (@1, po, - - -, iin), let us define partitions AVy := (max(Ay, p1), max(Az, pg), - - )
and A A p := (min(\;, g1), min(Ag, g2), . ..). The Young diagram of AV p is the set-
theoretical union of the Young diagrams of A and y. Similarly, the Young diagram of
A A i is the set-theoretical intersection of the Young diagrams of A and p. For two
skew shapes, define (M) V (v/p) = AVrv/uVpand (A/u) A W/p) :==AAv/uAp.
We call this operation of forming two new skew shapes out of two old ones the cell

tranfer operation.

Theorem 1.5. Let A/ and v/p be any two skew shapes. Then we have

SO\ V(v/p) SONwAw/p) Zs SA/u Sv/p-

We begin however with proving weaker versions of Theorem 1.5. Namely, one can

ask for inequality in terms of monomial and fundamental quasisymetric functions.
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Okounkov for example has provided a proof of monomial version of his conjecture in
[Oko]. It appears that when we ask for a weaker versions of positivity we can start
with objects more general than Schur functions. Namely, we can derived monomial
positivity for generating functions of so called T-labeled posets, and fundamental
quasisymmetric function positivity for Stanley’s P-partitions. We summarize the

results we obtain in the following table.

Ring Z([x1, xo, . . ]| QSym Sym
Basis ¢ L, S
Skew fens. Kpo Kpy S\ /u
Posets || T-labeled posets (P, O) | Stanley’s (P,8) | Young diagrams A/u

In all three cases, the difference of products of “skew functions” arising from the
cell transfer operation on the “posets” is positive in the corresponding “basis”. The
definition of cell tranfer must be generalised to convex subposets of any poset. For

example in case of P-partitions we study positivity of expressions of the form

(1) Koaro Kqure — Kg,o Krye

where Kpy denotes P-partition generating function of poset P with labeling 6.

The methods employed differ for the case of Schur-positivity statements. For the
case of monomial and fundamental quasisymmetric function positivity we use purely
combinatorial cell transfer injection. The Schur positivity results rely however on the-
ory of Temperley-Lieb immanants, developed by Rhoades and Skandera in [RS1, RS2].
Thus, the whole work is split into more combinatorial part dealing with monomial
and fundamental quasisymmetric function positivity, and more algebraic part dealing
with Schur positivity. The question of finding purely combinatorial proof of the Schur
positivity version of cell transfer remains open.

The thesis proceeds as follows. In Section 2 we give some background on quasisym-
metric functions. In Section 3 we recall basic notions related to posets and tableaux.
We define T-labelled posets and corresponding tableaux generating functions. In
Section 4 we define cell transfer operation on convex subposets of an arbitrary poset.
Then we state and prove monomial version of the Cell Transfer theorem. In Section

5 we briefly review the main definitions in the theory of symmetric functions. Then
11



we relate the definition of cell transfer from Section 4 to the definition given above in
terms of min and max operators. Is a result we deduce the monomial version of The-
orem 1.5. In Section 6 we describe cell transfer injection as an algorithm. In Section
7 we remind the reader basic notions from the theory of P-partitions. Then we state
and prove fundamental quasisymmetric function version of the Cell Transfer theorem.
In Section 9 we study in detail the meaning of cell transfer on chain poset. This leads
us to defining in Section 10 wave Schur functions, generalising the usual Schur func-
tions. We prove a Jacobi-Trudi like formula for wave Schur functions, where the role
of complete homogenous symmetric functions is played by (more general) fundamen-
tal quasisymmetric functions. In Section 11 we prove certain algebraic properties of
QSym which are useful to know for some of the posed questions. In Section 12 we give
a review of results of Haiman and Rhoades-Skandera on Temperley-Lieb immanants
and their properties. In Section 13 we apply the theory of Temperley-Lieb immanants
to prove Theorem 1.5. In Section 14, we present and prove more general versions of
Conjectures 1.1, 1.2 and 1.3. In Section 15 we state a general conjecture on comparing
products of sl,, characters. In Section 16 we review Horn-Klyachko theory. In Section
17 we give a proof of a weaker version of conjecture from Section 15. Remarkably,
the main tool used is again theory of Temperley-Lieb immanants. In Section 18 we
study a poset on pairs of partitions defined by Stembridge, and describe its maximal

elements.

12



2. QUASISYMMETRIC FUNCTIONS
We refer to [Sta] for more details of the material in this section.

2.1. Monomial and fundamental quasi-symmetric functions. Let n be a posi-
tive integer. A composition of n is a sequence a = (@, ag, ..., ax) of positive integers
such that a; + az 4 -+ - 4+ o = n. We write |a] = n. Denote the set of compositions
of n by Comp(n). Associated to a composition a = (ay, s, ..., o) of n is a subset
D(a) = {a1,a1 + az,...,01 + ag+ - - + ag—y of [n — 1]. The map a — D(a) is a
bijection between compositions of n and subsets of [n — 1] = {1,2,...,n - 1}. We
will denote the inverse map by C : 2(*~1 — Comp(n) so that C(D(a)) = a.

Let P = {1,2,3,...} denote the set of positive integers. A formal power series
f = f(z) € Z[[x1, 2, ...]] with bounded degree is called quasi-symmetric if for any

ay,as,...,a; € P we have
- ate] £ = [ ] S

whenever 4; < --- < 4 and j; < --- < jg. Here [z*]f denotes the coefficient of % in
f. Denote by QSym C Z[[z1, 2, . . .]] the ring of quasi-symmetric functions.

Let o be a composition. Then the monomial quasi-symmetric function M, is given

by
= E T
M, = ;) Tk

11 <<l

The fundamental quasi-symmetric function L, is given by

La= Y Mj,

D(B)CD(e)

where the summation is over compositions 4 satisfying || = |a|. The set of funda-
mental quasi-symmetric functions (resp. monomial quasi-symmetric functions) form a
basis of QSym. We say that a quasi-symmetric function f € QSym is L-positive (resp.
M -positive) if it is a non-negative linear combination of fundamental quasi-symmetric
functions (resp. monomial quasi-symmetric functions). Note that L-positivity implies
M-positivity.

Two fundamental quasi-symmetric functions L, and Lg multiply according to the

shuffle product. Let u = ujuy---ur and v = v1v2 - - - v; be two words. Then a word
13



w = ww; - - - Wiy is a shuffle of u and v if there exist disjoint ordered subsets A, B C
[k + 1] such that A = {ay,as,...,ak}, B = {b1,ba,..., b1}, wo, = u; for all 1 <4 <k,
wp, = v; forall 1 <i<land AU B = [k +1]. We denote the set of shuffles of v and
v by u®w.

For a composition a with |a| = n let w(a) = w = wyws - - - w, denote any word
with descent set D(w) = {i : w; > wi41} C [n — 1] equal to D(c). Suppose w(a) and

w(B) are chosen to have disjoint letters. Then

Lalg= > Lcw,

ucw(a)Ow(B)

where C(u) is by definition the composition C(D(u)) associated to u.

2.2. Two involutions on QSym. f D C [n— 1 welet D={ie[n—1]|:¢ D}
denote its complement. For a composition a, define & = C(D(a)). Let w denote the
linear endomorphism of QSym given by w(L,) = Lg.

Let o* denote a read backwards: o* = (ak,...,a;). Let v be the linear endomor-

phism of QSym which sends L, +— L.

Proposition 2.1. The maps w and v are algebra involutions of QSym, and we have

V(Ma) - Ma* .

Proof. We will check the first statement for v; the proof for w is similar. Let w =
wyws - --w, € S, be a permutation with descent set D(w) = D(a). Then w* € S,
given by w* = (r + 1 —w,)(r + 1 — wy—_1)--- (r + 1 — wy) has descent set D(w*) =
D(a*). If u € Sp4; is a shuffle of w € S, and v € Sj, where v € S uses the letters
r+1,7+2,...,7+1, then u* is a shuffle of v* € S; and w* € S, where w* € S, uses the
letters [ + 1,1+ 2,...,7 + 1. Thus v(Lcw)) ¥(Lew)) = Lew)s Lew)ys = v(Lew) Lew)),
showing that v is an algebra map. That v is an involution is clear from the definition.

The second statement can be deduced from the fact that v commutes with the map

a— {f|D(B) C D(a)}.
|

14



3. POSETS AND TABLEAUX

Let (P, <) be a possibly infinite poset. Let s,t € P. We say that s covers t and
write s > ¢t if for any r € P such that s > r >t we have r = s or r = t. The Hasse
diagram of a poset P is the graph with vertex set equal to the elements of P and edge
set equal to the set of covering relations in P. If ) C P is a subset of the elements
of P then @ has a natural induced subposet structure. If s,¢ € Q then s <t in Q if
and only if s <t in P. Call a subset Q@ C P connected if the elements in @ induce a
connected subgraph in the Hasse diagram of P.

An order ideal I of P is an induced subposet of P such thatifs€ I ands>te P
thent € I. A subposet Q C P is called convez if for any s,t € Q and r € P satisfying
s < r <t we have r € (). Alternatively, a convex subposet is one which is closed
under taking intervals. A convex subset @) is determined by specifying two order
ideals J and I sothat JC T and Q={s€l|s¢ J}. Wewrite Q=1/J. If s ¢ Q
then we write s < @ if s < t for some ¢ € Q and similarly for s > Q. f s€ Q or s
is incomparable with all elements in Q) we write s ~ Q. Thus for any s € P, exactly
one of s <@, s> @ and s ~ @ is true.

Let P denote the set of positive integers and Z denote the set of integers. Let T

denote the set of all weakly increasing functions f: P — Z U {o0}.

Definition 3.1. A T-labelling O of a poset P is a map O : {(s,t) € P? | s>t} - T
labelling each edge (s,t) of the Hasse diagram by a weakly increasing function O(s, ) :
P — ZU{oo}. A T-labelled poset is an an ordered pair (P,O) where P is a poset,
and O is a T-labelling of P.

We shall refer to a T-labelled poset (P, O) as P when no ambiguity arises. If Q C P
is a convex subposet of P then the covering relations of @ are also covering relations
in P. Thus a T-labelling O of P naturally induces a T-labelling O|q of Q. We denote
the resulting T-labelled poset by (Q, 0) := (Q, Olg).

Definition 3.2. A (P, O)-tableau is a map o : P — P such that for each covering

relation s <t in P we have

o(s) < O(s, 1) (o (t))-

If o : P — P is any map, then we say that o respects O if o is a (P, O)-tableau.
15



O, g)(x) =z -1
O(p, r)(z) = 23

q T — 3 2
O(g. s)(z) = o0

o(r,s)(z)=xz+2
14 2

FIGURE 1. An example of a T-labelled poset (P, O) and a (P, O)-tableaux.

Figure 1 contains an example of a T-labelled poset (P,0) and a corresponding
(P, O)-tableau.
Denote by A(P, O) the set of all (P, O)-tableaux. If P is finite then one can define

the formal power series Kpo(z1,Z2,...) € Q[[x1,22,...]] by

-1 —
Kpo(a,aa,..)= Y a7 Wz ..
o€ A(P,0)

The composition wt(c) = (#071(1),#071(2),...) is called the weight of o.
Our (P, O)-tableaux can be viewed as a generalization of Stanley’s (P, w)-partitions

and also of McNamara’s oriented posets; see [Sta, McN].

Example 3.3. Any Young diagram P = A can be considered as a T-labelled poset.
Indeed, consider its cells to be elements of the poset, and let O be the labelling of the
horizontal edges with the function f¥2%(z) = x and label the vertical edges with the
function f5M%(z) = x — 1. A (), O)-tableau is just a semistandard Young tableaux

and Ky o(x1,22,- -+ ) is the Schur function s\(x1,%2,---).

Example 3.4. Another interesting example are cylindric tableaur and cylindric Schur
functions. Let1 < k < n be two positive integers. Let Cy,, be the quotient of Z? given
by
Cin=27%/(k—n,k)/Z.

In other words, the integer points (a,b) and (a+k—n,b+k) are identified in Cy,. We
can give Cy,, the structure of a poset by the generating relations (i,7) < (i +1,7) and
(4,7) < (4,5 +1). We give Cr,, a T-labelling O by labelling the edges (i,7) < (i+1,7)
with the function f¥®%(z) = z and the edges (i,7) < (i,5 + 1) with the function

frict(x) =z — 1. A finite convez subposet P of Cip is known as a cylindric skew
16



shape; see [GK, Pos, McN]. The (P, O)-tableau are known as semistandard cylindric
tableauz of shape P and the generating function Kpo(x1, Z2, - - - ) is the cylindric Schur
function defined in [BS, Pos].

Example 3.5. Let N be the number of elements in a poset P, and letw : P — [N] be
a bijective labelling of elements of P with numbers from 1 to N. Recall that a (P,w)-
partition (see [Sta]) is @ map o : P — P such that s <t in P implies o(s) < o(t),
while if in addition w(s) > w(t) then o(s) < o(t). Label now each edge (s,t) of
the Hasse diagram of P with fvee* or fstri  depending on whether w(s) < w(t) or
w(s) > w(t) correspondingly. It is not hard to see that for this labelling O the (P, O)-
tableaur are exactly the (P,w)-partitions. Similarly, if we allow any labelling of the
edges of P with f** and fs'"*, we get the oriented posets of McNamara; see [McN].

4. THE CELL TRANSFER THEOREM

A generating function f € Q[[x,x,,...]] is monomial-positive if all coefficients in
its expansion into monomials are non-negative. If f is actually a symmetric function
then this is equivalent to f being a non-negative linear combination of monomial
symmetric functions.

Let (P,O) be a T-labelled poset. Let @ and R be two finite convex subposets of
P. The subset Q@ N R is also a convex subposet. Define two more subposets Q A R
and Q V R by

(2) QAR={seR|s<Q}U{seQ|s~Rors< R}
and
(3) QVR={seQ|s>R}U{s€eR|s~Qors>Q}.

Observe that the operations V, A are not commutative, and that QN R is a convex
subposet of both @ V R and @ A R. On Figure 2 an example is given for Q =
(6,5,5,5)/(3,3) and R = (6,6,4,4,4)/(6,1,1,1,1) being skew shapes.

Recall that if A and B are sets then A\B = {a € A | a ¢ B} denotes the set

difference.
17



(QARNQVR)
FIGURE 2. An example for semistandard Young tableaux.

Lemma 4.1. The subposets Q A R and Q V R are both conver subposets of P. We
have (QAR)U(QVR)=QUR and (QAR)N(QVR)=QNR.

Proof. Suppose s <t liein Q AR and s < r <t for some r € P but » ¢ @ AR. Then
t € Q A R implies either t < Q or t € (). Then r < ¢ implies that either r < @ or
r € @. If r <@ then s < @ and therefore s € R. Then either r € Rorr > R. If
r € R thensince r < @, we get r € QAR - contradiction. If r > R, then ¢ > r implies
t > R which contradicts t € @ A R. Now, if r € Q then 7 ¢ Q A R implies 7 > R, and

we proceed as above. The second statement of the lemma is straightforward. U

Note that the operations A and V are stable so that (QAR)A(QV R)=QAR
and ( QAR)V(QVR)=QVR.

Let w be a (Q, O)-tableau and o be a (R, O)-tableau. We now describe how to
construct a (Q A R, O)-tableau w Ao and a (Q V R, O)-tableau w V 0. Define a subset
of @ N R, depending on w and o, by

QNRF={ze@QNR|w(x) <o(x)}

We give (Q N R)* the structure of a graph by inducing from the Hasse diagram of
QNR.

Let bd(R) = {x € QN R | z > y for some y € R\Q} be the “lower boundary” of
Q N R which touches elements in R. Let bd(R)* C (Q N R)* be the union of the

connected components of (Q N R)* which contain an element of bd(R). Similarly,
18



let bd(Q) = {x € QN R | z <y for some y € Q\R} be the “upper boundary” of
Q N R which touches elements in Q. Let bd(Q)* C (Q N R)* be the union of the
connected components of (Q N R)* which contain an element of bd(Q). The elements
in bd(Q)* Ubd(R)* are amongst the cells that we might “transfer”.

Let S C QN R. Define (wWAcg)s:QAR—Pby

(WA )s(z) = o(z) ifreR\Qorzes,

w(z) otherwise.

Similarly, define (wVo)s: QV R — P by

(Vo)) = U@ HrE@Rorzes,

o(x) otherwise.

One checks directly that wt(o) + wt(w) = wt((w A o)) + wt((w V 0)s).

Proposition 4.2. When S = S* :=bd(Q)* Ubd(R)", both (w A o)s+ and (wV o)g-
respect O.

Proof. We check this for (wAo)s+ and the claim for (wV o)s« follows from symmetry.
Let s <t be a covering relation in @ A R. Since o and w are assumed to respect O, we
need only check the conditions when (w A o)g+(s) = w(s)(# o(s)) and (w A 0)s:(t) =
o(t)(# w(t)); or when (w A 0)s+(s) = o(s)(# w(s)) and (w A 0)g«(t) = w(t)(# a(t)).
In the first case, we must have s € Q and ¢t € R. If t € R but ¢t ¢ Q then by
the definition of @ A R we must have t < @ and so t < # for some ¢ € Q. This
is impossible since @ is convex. Thus ¢t € @ N R and so t € S*. We compute that
w(s) < O(s,t)(w(t)) < O(s,t)(o(t)) since w(t) < a(t) and O(s, t) is weakly increasing.
In the second case, we must have s € R and ¢ € Q. By the definition of Q A R we
must have t € R as well. Sot € QN R but t ¢ S* which means that w(t) > o(t).
Thus o(s) < O(s,t)(c(t)) < O(s,t)(w(t)) and (w A o)s+ respects O here. O

For each (w, o), say a subset S C S* is transferrable if both (w A ¢)s and (w V o)g
respect O.

Lemma 4.3. If S’ and S” are both transferrable then so is S'N S”.

19



Proof. Let s <t be a covering relation as above. Then pair ((w A 0)gns» (), (w A
0)gns(t)) coincides with one of the two pairs ((w A 0)g/(s), (w A o) (2)) or ((w A
0)gr(8), (wAa)s(t)), depending on which of S, 5" elements s, do or do not belong.
Since both those pairs agree with O, so must ((w A 0)gns»(8), (w A o)sing»(t)). Same

argument applies for ((w V 0)gns»(8), (W V 0)sns~(t)). O

The Lemma implies that there exists a unique smallest transferrable subset S° C
S*. The set S° is going to be the key ingridient in the proof of Cell Transfer theorem

below.

Define 7 : A(Q,0) x A(R,0) - A(QAR,0) x A(QV R,0) by
(w,0) — (WA 0)ge, (WV T)go).

Note that S° depends on w and o, though we have suppressed the dependence from
the notation.

We call this n the cell transfer procedure. The name comes from our main examples
where elements of a poset are cells of a Young diagram. For convenience, in this paper
we call elements of any poset cells. We say that a cell s is transfered if s € S° The

map 7) is applicable to any two tableaux (w,o) in A(Q, O) x A(R, O).
Lemma 4.4. The map 7 1s injective.

Proof. Given (a,8) € n(A(Q,0) x A(R,0)), we show how to recover w and o. As
before, for a subset S C Q N R, define wg = w(a, B)s : @ — P by
B(x) ifxe(Q\R)N(QVR)orzeS,

ws(z) =
a(x) otherwise.

And define 65 = o(a,B)s : R — P by

(z) = a(z) ifze (R\QIN(QAR)orzeS,
’ B(x) otherwise.

Note that if (a, 8) = ((WAd)se, (WV0o)so)) then w = wse and o = o0 Let S5 C QNR

be the unique smallest subset such that wgn and ogo both respect O. Since we have
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assumed that (a, 8) € n(A(Q, O) x A(R,0)), such a S must exist. (As before the
intersection of two transferrable subsets with respect to (a, 3) is transferrable.)

We now show that if (o, 8) = ((w A 0)se, (WV 0)se)) then SH = S°. We know that
SO ¢ §° since we’ve chosen ST to be the smallest (by containment) in the set which
contains S°. Let C C S°\S® be a connected component of S*\SY, viewed as an
induced subgraph of the Hasse diagram of P. We claim that S°\C is a transferrable
set for (w,o); this means that changing a|¢ to w|c and B|¢ to o|¢ gives a pair in
A(QAR,0)x A(QVR,O). Suppose first that ¢ € C and s € SP is so that c<s. By the
definition of SY, we must have a(c) < O(c, s)(8(s)) and B(c) < O(c, s)(a(s)). Now
suppose that ¢ € C and s € Q\ R such that c< s. Then we must have O(c, s)(w(s)) =
O(c, s)(B(s)) > a(c) = o(c). Similar conclusions hold for ¢>s. Thus we have checked
that S°\C is a transferrable set for (w, o), which is impossible by definition of S°:
it is the minimal set with this property. Therefore the set S°\SU is empty and thus
S° = S5,

Thus the maps wgo and ogo, which are well-defined in the sence that they depend
only on a and §, provide an inverse to 7. This shows that the map (w,0) — ((w A

0)se, (wV g)se)) is injective, completing the proof. O

We call a map between pairs of tableaux weight-preserving if the multiset of their

values over all s € P is not changed by the map.

Theorem 4.5 (Cell Transfer Theorem). The difference

KgaroKovro — Kg,0KRro

is monomial-positive.

Proof. The map
n: AQ,0) x A(R,0) — A(QAR,0) x A(QV R,0)

defined above is weight-preserving. Indeed, in fact for each element s € PU(Q we have
{w(s),o(s)} = {(w A 0)se(s),(wV g)se(s)} as multisets, where the value of tableaux

is zero outside of its range of definition. Then since the map 7 is injective and since
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FIGURE 3. An example for semistandard Young tableaux, cells in S® are marked
on the left, the cell in S*/S° is marked on the right.

KonroKouro and KgoKRo are the generating functions of common weights of

pairs of the tableaux of corresponding shapes, the statement follows. O

On Figure 3 an example of cell transfer is given for the tableaux shapes we have
seen on Figure 2. Note that S°® does not contain one cell which is in S*: the cell
labelled 5 in @ and 6 in R.

Note that (w,0) — ((w A o)s, (w V ad)g+) also defines a weight-preserving map
n* : A(Q,0) x A(R,0) — A(Q A R,0) x A(Q V R,0). Unfortunately, n* is not
always injective.

Suppose P is a locally-finite poset with a unique minimal element. Let J(P) be
the lattice of finite order ideals of P; see [Sta]. If I,J € J(P) then the subposets
IANJand IV Jof P defined in (2) and (3) are finite order ideals of P and agree
with the the meet Ajp) and join Vyp) of I and J respectively within J (P). In
fact, by defining QAN R={s € R|s < Q}U{s€ Q|s € Rors < R} and
QVVR={s€Q|s~Rors>R}U{s€ R|s~Qors>Q}, the order ideals
INJ=1AypyJ and I V' J =1V ypyJ agree with the meet and join in J(P) even

when P does not contain a minimal element.

Corollary 4.6. Let P be a locally-finite poset, let I,J be elements of J(P), and let
O be a T-labelling of P. Then the generating function

KI/\J(p)J,OKIVJ(p)J,O - K[,OKJ,O

is monomial-positive.
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Proof. The elements altered going from (Q A R) to Q A’ R are exactly the elements
s € @ which are incomparable with elements of R. Those cells end up in Q@ V' R
instead of Q@ A R. In both cases those cells respect O since they respect it in @ and
are never compared with cells in R. They also do not make the difference in defining
7' since they are never compared with cells in @ N R C R. In fact, the definition of

the map 7' extends verbatim from that of the map 7, and so do all the proofs. O

5. SYMMETRIC FUNCTIONS
Define two functions f¥ek  fstrict . P NU {oo} by f*2(n) = n and f*it(n) =
n— 1.
Proposition 5.1. Let (P, O) be a finite T-labelled poset. Suppose
O(s, 1) € { freak, fotrict)
for each covering relation s <t. Then Kpo(z) is a quasi-symmetric function.

A T-labelled poset satisfying the conditions of the proposition is called oriented
in [McN]. Stanley’s (P,w)-partitions are special cases of (P, O)-tableaux, for such
posets. If f € Qsym then f is m-positive if and only if is a non-negative linear

combination of the M,,.

A formal power series f = f(x) € Q[[x1,22,...]] with bounded degree is called

symmetric if for any a1, ag, . ..,ar € P we have
a1 || p0k — [0, 0k
["Bh xlk] f [xh x]k] f

whenever i,...,% are all distinct and ji,...,jx are all distinct. Denote by A C
Q[[z1,x2, - . .]] the algebra of symmetric functions. Every symmetric function is qua-
sisymmetric.

Given A = (A, Ag, . ..), the monomial symmetric functions m, is given by
ma(@) =)o -2t
43

where the sum is over all distinct permutations « of the entries of the (infinite) vector

(A1, A2,...). As )X ranges over all partitions, the my form a basis of A. If f € A
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then f is monomial-positive if and only if is a non-negative linear combination of
the monomial symmetric functions. If f € A is a non-negative linear combination of

Schur functions then we call f Schur-positive.
Theorem 5.2. The symmetric function suaxSuva — 545x 48 monomial-positive.

Proof. This follows immediately from Theorem 4.5. a

Let Mpu= (A1, , M)/ (@1, -+ k) and v/p = (1, ..., vk)/(p1,-- -, pr). Define
ma‘x()‘/ﬂ) V/p) = (ma‘x()‘l) Vl)) s 7max(/\ka Vk))/(max(ﬂl,Pl), R 7ma‘x(/1'k’pk))

and
min(A/p, v/p) := (min(Ay, v1), . .., min(Ag, vg))/(min(pr, p1), - - ., min(ug, pr))-

These shapes are nearly but not always the same as A/u Vv/p and A/ Av/p respec-
tively. This is because occasionally we may for example have A\; = p; = a for some
i and then the shape \/y does not depend on the exact value of a. However, the
shapes max(A/u, v/p) and min(A/u, v/p) do depend on the choice of a. The event of
Ai = p; for some i-s is however, as it is not hard to see, the only possible reason for

MpVuv/pand A pAv/pto be different from max(A/p, v/p) and min(A/u, v/p).

Theorem 5.3. The symmetric funclion Smax(s/uv/p) Smin(A/uv/p) —5X/uSv/p S monomial-

positive.

Proof. This follows using a minor modification of the proof of Theorem 4.5. Write
A = min(M/p,v/p) and B = max(\/u,v/p). As mentioned above, if \/uV v/p and
M Av/p are different from max(M/u,v/p) and min(A/u,v/p), then for some i-s we
must have \; = p;. Let i = p,...,q be indexes such that A; = y; for each, however
Mp—1 F Mp—1, Ag+1 F Hg+1- Obviously, the set of such i-s can be split into such
segments [p, q]. The result of the map (A\/u,v/p) +— (max(A/p, v/p), min(A/u,v/p))
then depends on the sequence A\j41 < Ay = g < -+ < Ap = iy < pip—;. Note that
we get pair (max(\/u,v/p), min(A/p,v/p)) to be equal to (M uVv/p,A/uAv/p)if
Ag+1 = Ag = g = - -+ = Ay = ip. Then for general sequence Agy1 < Ay =pg < -+ <
Ap = ptp < pap—1 cells of max(A/u, v/p) form a proper subset of cells of A/uVv/p, and
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therefore are consistent with semistandard labelling of the letter. As for the cells of
min(\/u, v/p) in rows from p to g, all of them are former cells of v/p and neither of
them is comparable with any cell in A/uAv/p. Therefore when we form min(\/u, v/p)
as a union of those cells and A/u A v/p, we never violate the semistandard property
of the tableaux.

Thus the set of such sequences Ajy1 < Ay = g < -+ < Ay = pp < pip_y, one for
each enterval [p, q], produces an altered map 7 which consists of 7 and cut and glue
map . The map « is charactrised as follows: we cut cells (together with their fillings)
in min(\/u,v/p)/(A/uAv/p) from A\/uVv/p and glue them to A\/uAv/p. As shown
above, the map 7 = k o 7 always produces a valid pair of semistandard tableaux. It
is also invertible since so is k, as it is easy to see. Therefore, the map 7 allowes us to

conclude the needed inequality same way as we used 1 to prove Theorem 4.5. (1

Conjecture 5.4. The symmetric function Smax(:/uv/p)Smin(A/uv/p) — Sr/uSv/p 1S Schur-

positive.
This conjecture is proved in joint work with Alex Postnikov [LPP].

6. CELL TRANSFER AS AN ALGORITHM

Let (P, O) be a T-labelled poset. We now give an algorithmic description of cell
transfer. Let @ and R be two finite convex subposets of P. We construct step-by-step

an injection
n: A(Q,0) x A(R,0) — A(Q AR,0) x A(QV R,0)

which is weight-preserving. Let w be a (Q, O)-tableau and o be an (R, O)-tableau.
Let us recursively define o : QAR —>Pand 5: QV R — P as follows.

(1) Definew: QAR—Pand 5:QV R — P as follows:

r

w(s) ifseq,
w(s) = ¢
Lcr(s) if se€ R/Q.
(
o(s) if
5(s) = | (s) s € R,
\w(s) if s € Q/R.
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Note that w and & do not necessarily respect O. Indeed, the parts of w and
o which we glued together might not agree with each other, e.i. a covering
relation s < ¢ might fail to respect O, where label of one of s,¢ comes from w,
and that of the other - from o.

(2) We say that we transfer a cell s € Q N R when we swap the values at s of w
and . We say that a cell sin Q N R is critical if one of the following condition
holds
(a) for some t € R and s >t we have O(s,t)(@(s)) < @(t),

(b) for some t € @ N R and t > s we have O(s,t)(G(t)) < 7(s),

(c) for some t € Q and t > s we have O(s,t)(a(t)) < a(s),

(d) for some t € @ N R and s >t we have O(s,t)(@(s)) < @(t),

and s was not transferred in a previous iteration. We now transfer all critical
cells if there are any.

(3) Repeat step (2) until no critical cells are transferred.

Theorem 6.1 (Cell Transfer Algorithm). The algorithm described above terminates
in a finite number of steps. The resulting maps w and & are (P,O)-tableauzr and

coincide with (w A o)se and (w V o) ge defined in the proof of Theorem 4.5.

Proof. As for the first claim, there is a finite number of cells in @ N R and each gets
transferred at most once, thus the process terminates.

We say that an edge a < b in the Hasse diagram of P respects O if w(a) <
O(a, b)(w(b)) and 7(a) < O(a,b)(a(b)), whenever these inequalities make sense. Note
that a cell s is critical only if the cell ¢ (from the definition of a critical cell) was
transferred in previous iteration of step (2), or if it is the first iteration of step (2)
and t belongs to {s€ R |s < Q} or {s € Q | s > R} - the parts which were “glued”
in step (1). Indeed, if s,¢ have both not been transferred then s < ¢ must respect O
since w and o were (P, O)-tableaux to begin with. Similarly, two cells s < t which
have both been transferred must also respect O.

We thus see that after the second step every edge between {s € R | s < Q} and
QNR, as well as between {s € Q | s > R} and QN R respects O. After the algorithm

terminates every edge in QN R must respect O, since if there exists an edge s <t which
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does not then one of s and ¢t must have already been transferred, and the other has
not been transferred and thus is critical. This contradicts the termination condition
of the algorithm. Therefore, the only possible edges which might fail to respect O are
the ones between {s € Q | s < R} and @ N R, and the ones between {s € R | s > Q}
and @ N R. However, it is easy to see that during the whole process values of @ on
@ N R are increasing, and therefore cannot be not large enough for values of @ on
{s € @ | s < R}. Similarly, values of @ on Q N R are decreasing and cannot be too
large for values of 6 on {s € R | s > Q}. Thus, we do obtain two (P, O)-tableaux @
and 7.

Let S C Q N R be the set of cells we transferred during the algorithm. The fact
that values of @ on @ N R increase and the values of & on @ N R decrease implies
that S is contained in S* (as defined in the proof of Theorem 4.5). We claim that
all transferrable sets contain S. Indeed, in each iteration we transfer only those cells
that must be transferred in order for the result to respect O. On the other hand,
as shown above the set S is transferrable itself. Thus, it is exactly the set S° — the

minimal transferrable set. This completes the proof of the theorem. O

The algorithmic description above provides another way to verify injectivity of 7.
Let w: QAR —->Pand & : @V R — P be in the image of . Then one can define
maps ' : QQ — Pand ¢’ : R — P by

((D(s) ifse QN (QAR),
W'(s) = {
\ a(s) otherwise.

5) Jc‘r(s) ifs€e RN(QV R),
o(s) =

w(s) otherwise.

We now iterate step (2) of the cell transfer algorithm with ' and ¢’ replacing @ and
g.

One can verify that for each step the set of transferred cells is identical to the
corresponding step of the original algorithm for @ and . This produces the inverse

of n.
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FIGURE 4. An example of the cell transfer algorithm. The critical cells are marked
with squares.

We now give an example of the cell transfer algorithm for semistandard Young
tableaux. Recall that we consider all horizontal edges to be labelled by f¥¢**(z) = ,
and all vertical edges by f**(z) = x — 1. Convex subposets in this case are skew
shapes. Recall the Figure 2 on which it is shown how the shapes @ A R and Q V R
are formed. On Figure 4 we give an example of step-by-step application of 7 for a

particular pair w and o.

7. P-PARTITIONS

7.1. Labeled posets. Let P be a poset. A labeling 6 of P is an injection 0 : P — P
into the positive integers. A descent of the labeling 6 of P is a pair p < p/ in P such
that 0(p) > 6(p'). Let us say that two labeled posets (P,0p), (Q,0¢g) are isomorphic
if there is an isomorphism of posets f : P — @ so that descents are preserved. That
is if p < ¢/ then 8(p) < O(p') if and only if #'(f(p)) < O'(f(p')). We say that two
labelings #; and 6, of P are equivalent if the identity map on P is an isomorphism of

(P, 91) and (P, 92)

Let (P,6) be a labeled poset. If Q@ C P is a subposet, then it inherits a labeling 6|q
by restriction. When no confusion can arise, we will often denote 8|g simply by 6.
Note however, that the descents of 6|g are not completely determined by the descents

of 0, unless @ is a convex subset of P.

Let (P,0p) and (Q,0q) be labeled posets. Then the disjoint sum (P ®Q, 0%) is the

labeled poset (defined up to equivalence of labelings) where 6% has the same descents
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as the function

fa) = fp(a) ifa € P, and
Op(a) ifaec@.

Example 7.1. Let P be the diamond poset with elements a < b,c < d and labeling
Op given by Op(a) = 2, Op(b) = 1, Op(c) = 3, and Op(d) = 4. Let Q be the chain
with elements e < f < g and labeling g given by fg(e) = 1, Oo(f) = 3, and
0o(9) = 2. The one possible labeling 0% for the disjoin sum P @® Q is given by
6®(a,b,c,d.e, f,g) = 4,3,5,7,1,6,2. In Figure 5, the three labeled posets (P,0p),
(Q,00), and (P& Q,0%) are shown. Note that we have some freedom in choosing the
labelling 6°.

2 [/ 2
1 3 3 3 6
2 1 4 o1
(P,0p) (Q,9q) (P Q,0%)
FIGURE 5

7.2. P-partitions.

Definition 7.2. A (P,0)-partition ts a map o : P — P such that for each covering
relation s < t in P we have

o(s) < o(t) if 0(s) < 0(t),

o(s) <a(t) if 0(t) < 0(s).

If o : P — P is any map, then we say that o respects 6 if o is o (P,0)-partition.

Denote by A(P, §) the set of all (P,#)-partitions. Clearly A(P,#) depends on (P, )
only up to isomorphism. If P is finite then one can define the formal power series

Kpg(z1,22,...) € Z[[z1,x2,...]] by

KP,O(xl,x2, .. ) = Z xl a"‘l(l)xz#a"‘l(2) o

c€A(P,H)
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The composition wt(o) = (#o71(1), #0571(2),...) is called the weight of o.

Let P be a poset with n elements. Recall that a linear extension of P is a bijection
e: P — {1,2,...,n} satisfying e(z) < e(y) if z < y in P. The Jordan-Holder set
J(P,0) of (P,0) is the set

{6(e™1(1))8(e~ (1)) - - -8(e"*(n)) | e is a linear extension of P}.

It is a subset of the set G(8(P)) of permutations of §(P) C P.

Example 7.3. Suppose C is a chain ¢; < ca < ... < ¢, with n elements and w =
wiwz ... wy, € 6, a permutation of {1,2,...,n}. Then (C,w) can be considered a

labeled poset, where w(c;) = w;. In this case we have K¢y = Legw)-

Theorem 7.4 ([Sta]). The generating function Kpy is quasi-symmetric. We have

Kpo= Ewej(P,O) LD(w)-

In particular, Kpg is L-positive. This motivates our treatment of Kpg as “skew”-
analogues of the functions L,. Let @ and R be two finite convex subposets of (P, §).

The following is the direct consequence of Theorem 4.5
Theorem 7.5. The difference KoaroKqvre — K,6Kre ts M-positive.

8. CELL TRANSFER FOR P-PARTITIONS

By Theorem 7.4, the expression KoareKovre—Kg,0K re is always a quasi-symmetric
function. We now show that this difference is L-positive.
Let (P,0) be a labeled poset and let @ and R be convex subsets. In Section 4, we

gave a weight preserving injection
n: AQ,0) x A(R,0) — A(QAR,0) x A(QV R,0).
Let SC QN R. Then (wAo)s: QAR — P was defined by

o(z) ifzeR\Qorzel,
(wAo)s(z) =
w(x) otherwise,
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and (wVo)s: QV R —Pby

w(z) fze@\RorzeS,
(wVo)s(z) =

o(xz) otherwise.
Let S° be the smallest set such that ((w A 0)ge, (w V 0)se) is an element of A(Q A
R,w) x A(QV R,w). In [LP], we showed that a smallest such set exists. Now define
n(w, o) to be (WA 0)go, (wV 0)go).

The injection 7 satisfies additional crucial properties. First let us say that i # j

are adjacent in a multiset T (of integers) if 4,7 € T and for any other ¢ € T both
1 <t <jandj <t <1 fail to hold.

Proposition 8.1. Suppose w € A(Q,0) and o € A(R,0) and n(w,0) = (wAo,wVo).
Letp e QUR.

(1) Ifp € QNR, then {w(p),c(P)} = {(wAc)(p), (wVa)(p)}. Furthermore, suppose
w(p) and o(p) are adjacent in the multiset w(Q)Ua(R). Then (wAc)(p) = w(p)
and (wV o)(p) = o(p).

(2) Ifp € QAR butp & QNR then (wAa)(p) = w(p) if p € Q and (wAo)(p) = o(p)
ifpeR.

(3) Ifp € QVR butp € QNR then (wVo)(p) = w(p) if p € Q and (wVo)(p) = o(p)
ifp e R.

Roughly speaking, Proposition 8.1(1) says that if p € QN R, then one obtains ((wA
o)(p), (w V o)(p)) by possibly “swapping” w(p) with o(p); in addition, no swapping
occurs if w(p) and o(p) are adjacent in w(Q) Ua(R).

Proof. All except the last statement of (1) follows from the fact that n{w, o) has the
form ((w A 0)sge, (wV 0)so) for some set S°.

The last statement of (1) follows from the fact that S° is defined to be the smallest
set such that ((wAo)se, (wVo)se) is an element of A(QAR,w) X A(QV R,w). More
precisely, if p € Q N R is such that w(p) and o(p) are adjacent then p ¢ S°. a

Now consider the labeled posets (Q @ R, 6®) and ((Q V R) ® (Q A R), V"), where

we shall pick ® and 6" as follows.
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For each p € Q N R, we “duplicate” 6(p) by picking 8(p)’ > 6(p) so that for every
z € QU R such that z # p we have 0(p)’ < 0(z) if and only if §(p) < 0(z); also the
duplicates satisfying the same inequalities as the originals so that 6(p)’ < 6(x)" if and
only if 0(p) < 6(x). This describes a total order on {#(p) | p€ QUR}YU{0(p)' |p €
QN R}. Note that we may need to replace 6 with an equivalent labeling so that there
is enough “space” to insert the primed letters.

Now suppose p € QN R. Denote the copy of p inside Q@ C Q® R by pg and the copy
of p inside R C Q @ R by pg. Similarly, denote the elements of (Q V R) ® (Q A R).
We define

0(p) ifp¢QNR,
6°(p) =  0(p)’ if p = po,
0(p) ifp=pr
and
0p) ifpgQNR,
0" (p) = 4 0(p)’ if p= pon,
6(p) if p=pqvr.
Clearly the descents of 6% (or V) on either component agree with the descents of

that component as a convex subposet of (P,0).

Theorem 8.2. The difference KoargKqure — KgoKRre is L-positive.

Proof. Let |Q|+|R| =n=|QV R|+|Q A R| and suppose o : Q & R — [n] is a linear
extension. Then o in particular gives an element (alg,a|r) of A(Q,0) x A(R,0).
Using Proposition 8.1, we see that n(alg, a|r) = (Bloar, Blovr) arises from a linear
extension 8 : (Q AR) ® (Q V R) — [n] (in other words the union Bloar U Blgur is
exactly the interval [n]).

We claim that the two words

te = 6%(a”'(1))0%(a7'(2) ... 6%(a" (n))
by = 0¥ (B71(1))0V(B71(2)) .0V (B~ (n))

32



have the same descent set. Again by Proposition 8.1, the word bg = bybs... b, is
obtained from a, = a;a; . ..a, by swapping certain pairs (a;,a;) where a; = 6%(pg)
and a; = 6®(pg) for some p € QN R.

By definition 8% (pg) = 6V (poar) and 6%®(pr) = 6V (povr) so swapping occurs if
and only if (a(pg), a(pr)) = (B(povr), B(Poar))- By the last statement of Proposi-
tion 8.1 (1), this never happens if a|g(pg) and a|r(pgr) are adjacent in [n], which is
equivalent to |¢ — j| = 1. Thus swapping (a;,a;) is the same as swapping a pair of
non-neighboring letters (8(p), 0(p)’) in the word a;as ... a,, which preserves descents
by our choice of 6(p)’.

We have K gKro = Y o, LD(as) a0d KoaroKqure = Y 3 Ly, where the sum-
mations are over linear extensions of @ @ R and (Q A R) & (Q V R). Since 1 induces
an injection from the first set of linear extensions to the second, we conclude that

KonroKoure — KgeKRye is L-positive. 0

Example 8.3. Let P be the poset on the 5 elements A, B,C, D, E given by the cover
relations A< B,A<C,B<D,B<E,C<D,C <E. Take the following labeling
6 of P: 0(A) =2, 6(B) =1, 0(C) =4, (D) =5, (F) = 3. Take the two ideals
Q={A,B,C,D}, R={A,B,C,E} of P. Form the disjoint sum poset Q ® R. The
elements A, B,C € Q N R have two tmages in the newly formed poset: Agq, Bg,Cg
and Ag,Bgr,Cgr. The labels of Q ® R are formed according to the rule above: for
X = A, B,C we have 69(Xg) = 0(X)" while 6°(Xg) = 0(X). The resulting labeling

is shown in Figure 6, with 6% taking the values {1 <1 <2< 2 <3 <4< 4 <5} .

D(5) E(@3) / Bn(l)’ 'CQ(M

B() cw) D(5)"R‘2}Z 4q)

A(2) BQVR(I) A )Q/\R(l )Conar(4)

AQvr(2) AQar(2)

FIGURE 6. The labelings 6® of Q @ R and 6"V of (Q A R) ® (Q V R) formed from
a labeling @ of P. Labels are shown in parentheses.

33



Similarly, we obtain the labeling 6™V of (Q A R) & (Q V R), as shown on Figure 6.
Clearly each edge in the Hasse diagrams of Q® R and (Q AN R) ® (Q V R) is a descent
if and only if it is in the Hasse diagram of P.

Now, to illustrate the proof of Theorem 8.2 take a particular extension of Q &
R, namely a defined by o' ([8]) = (Ag, Ar, Bg, Co, E, Br,Cr, D). Performing cell
transfer we get 8 = n(a) such that

B ([8)) = (Agar, Agvr, Bovr, Covr, E, Boar, Conr, D)

In this case a, = (2/,2,1',4/,3,1,4,5) and bg = (2/,2,1,4,3,1',4',5). The pairs that
got swapped are (1,1') and (4,4"). Note also that the pair (2,2') did not get swapped,
which we know cannot happen since those labels are neighbors are in the word a,,. It

is clear that the descents in a, are indeed the same as in bg.

8 5 8 5
6 ¢ —_—3 6 7
2 1 2 1

FIGURE 7. The linear extension a of Q@ R and the linear extension § of (Q A R)®
(Q V R) obtained by cell transfer.

Comparing Theorem 8.2 and Theorem 7.4, we obtain the following question.

Question 8.4. When is the difference KoaroKovre — KoeKre itself of the form
Ksyg for some labeled poset (S,€)?

In other words, we are asking for another (hopefully natural) operation § on convex

subsets @ and R of a labeled poset (P, #) so that

Koiret = KoaroKoure — KgoKRre-

We will give an affirmative answer to Question 8.4 for the case of chains in Section 10.

As the following example shows, Question 8.4 is not true in general.

Example 8.5. Let P be the poset with four elements {a,b,c,d} and relations a <
b,a < c,a <d. Give P the labeling 0(a) = 4, 0(b) = 1, 0(c) =2, and 6(d) = 3. Let Q
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be the ideal {a,b} and R be the ideal {a,c,d}. Then the difference KoareKqure —
KQ’QK’R,G 18 given by

(4) d = Ly(Ly111 + 2L112 + 2Ly9y + Lyz) — Ly (Lyg + Lin).

We will argue that d is not equal to Kggs for any (S,0s). First we claim that no
term L, in the L-expansion of d has a; > 1. It is not difficult to see directly from
the shuffle product that the expansion of each term in d has six Ly terms with oy > 1
(in fact cy = 2) and these cancel out by Theorem 8.2.

Thus using Theorem 7.4 we conclude that if d = Kg g, then S must be a five element
poset with a unique minimal element. Also one computes from (4) that S must have

exactly 10 linear extensions. No poset S has these properties.

Remark 8.6. By carefully studying the cell transfer injection n of [LP], one can also
give an affirmative answer to Question 8.4 for the case where P is a tree, and Q) and

R are order ideals so that both Q/Q N R and R/Q N R are connected.

Remark 8.7. Question 8.4 can be asked for the T-labeled posets of [LP] and also for
the differences of products of skew Schur functions studied in [LPP]. However, we

will not investigate these questions in the current article.

Remark 8.8. Let K}, denote the generating function of Stembridge’s enriched P-
partitions of a labeled poset (P,w) ([Ste]). Then

Kb/\R,w Ké)VR,w - Ké),wK;?,w

is positive in the basis of peak functions. This follows immediately from [Ste, Theo-

rem 3.1] and Theorem 8.2.

9. CHAINS AND FUNDAMENTAL QUASI-SYMMETRIC FUNCTIONS

9.1. Cell transfer for compositions. Let (C,,,w) be the labeled chain correspond-
ing to the permutation w € &,. Let us consider C, to consist of the elements
{c1 <2 <--- < cp}, so that w : C, — P is given by w(c;) = w;. The convex subsets

C[i, ] of C, are in bijection with intervals [z, j] C [n].
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Let Q = [a,b] and R = [c,d] and assume that a < c. Then we have the following

two cases:
(1) fb<dthen QAR=Q and QV R=R.
(2) If b > d then Q AR =a,d] and Q VR = [b,|.
Thus to obtain a non-trivial cell transfer we assume that a < ¢ < d < b. Let w[i, j]

denote the word w;wi41 . .. w;. Theorem 8.2 then says that the difference

(5) Le(wiadl) Lewied)) — Lewias) Lewled)

is L-positive.

QAR=[1,7] QVR=[59

FIGURE 8. An example of the cell transfer operation for chains, here w =
(2,1,5,4,3,7,8,9,6),a=1,=9,¢c=5,d="7.

We now make the difference (5) more precise by translating into the language of
compositions and descent sets. Let a = (a1, 00,...,0k) and 8 = (61,02, -.,0;) be
an ordered pair of compositions. Say 8 can be found inside « if there exists a non-
negative integer m € [0, |a| — |8]] so that D(8) +m coincides with D(a) restricted to
[m+1,m+ |B| — 1]. We then say that 3 can be found inside o at m. A composition
can be found inside another in many different ways. For example if § = (1) then one
may pick m to be any integer in [0, |a| — 1].

Now for a composition o = (ai, g, ..., ak) - n and an integer z € [1,n] we define
two new compositions o, a®~ I x as follows. We define o*~ = (a1, 02, ..., r—1,0)
where a, r are the unique integers satisfying 1 < a < a, and a;+as+: - +a,_1+a = .
Similarly, define a®~ = (b, @441, - - -, @) Where b, s are the unique integers satisfying
1<b<a;and b+ g+ -+ ap =2z If §can be found inside a at m, we set
a Ap B = o™t and a V,, 8 = alld-m—,

The L-positive expressions in (5) give the following theorem.
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Theorem 9.1. Let o and 3 be compositions such that B can be found inside o at m.
Then the difference
Lonmp Lavms — La Lg

is L-positive.

Example 9.2. Let us take chain (Cy, w) withw = (2,1,5,4,3,7,8,9,6) and Q = [1,9]
and R =[5,7] sothata=1,b=9,c=5,d=7. Then we get the situation shown
in Figure 8, the thinner edges indicating descents. If o = (1,2,1,4,1) and 8 = (3)
then there are two ways to find 3 inside a, and Figure 8 shows the way to find it at

m =35. In this case Theorem 9.1 says that L 21,3 L(a,1) — L(1,2,,41)L(s) @5 L-positive.

Remark 9.3. The operation (a, B) — (@ Am B, a Vi, B) interacts well with the invo-
lutions v and w of QSym. More precisely, if B can be found inside o at m then B*

can be found inside o* at m and B can be found inside o* at |a| — |B| — m.

9.2. The L-positivity poset. Fix a positive integer n. Now define a poset structure
(PCy, <) (“Pairs of Compositions”) on the set PC, of unordered pairs {a, 3} of
compositions satisfying |a| + |G| = n by letting {a, 8} < {v,6} if L, Ls — Ly Ly is
L-nonnegative. The following result relies on factorization properties of QSym which

we prove in Section 11.

Proposition 9.4. The relation {a, B} < {v,0} if Ly Ls >, L, Lg defines a partial
order on the set PC,,.

Proof. Reflexivity and transitivity of < are clear. Suppose we have both {a, 3} <
{7,0} and {v,6} < {a,B} then we must have L, Ls = L, Lg. By Corollary 11.6
and Proposition 11.11 we must have {a, 8} = {~,d}. Thus < satisfies the symmetry

condition of a partial order. [l

For an unordered pair of compositions {a, 3} we unambiguously define another
unordered pair {a V §,a A B} as follows. Suppose |a| > |B]. If B can be found
inside of &, we pick the smallest m € (0, |a| — |8]) where this is possible and set

aAB=aA,Band aV B =aV,, . Otherwise we set {aVB,anp}={a,B}.

Conjecture 9.5. The mazimal elements of PC,, are exactly the pairs {o, 8} for which
{o, 8} ={aAB,aV g}
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Note that Conjecture 9.5 is compatible with the two involutions w and v of QSym.

Remark 9.6. (i) Conjecture 9.5 has been verified by computer up to n = 10.
(11) A result similar to Conjecture 9.5 holds for the case of Schur functions: the
pairs of partitions corresponding to Schur-mazimal products sy s, are exactly those

partitions fized by “skew cell transfer”; see [LPP2].

Example 9.7. In Figure 9 the poset PCy is shown, compositions being represented
by corresponding oriented line posets. The elements of the bottom row are single

compositions of size 4 since the second composition in this case is empty.

FIGURE 9. Partial order PCy on pairs of compositions, descents are drawn as thin edges.

One can see that mazimal elements are exactly the ones for which one of the two

compositions cannot be found inside the other. In this case those are ezactly pairs

(o, B) such that |a] = |B] = 2.

10. WAVE SCHUR FUNCTIONS

In this section we define new generating functions called wave Schur functions. We

first show that they are L-positive, and then prove a determinantal formula for them.

10.1. Wave Schur functions as P-partition generating functions. The poset
(N2, <) of (positive) points in a quadrant has cover relations (¢,3) > (¢ — 1,7) and
(4,5) > (i,7 — 1). To agree with the “English” notation for Young diagrams the
first coordinate ¢ increases as we go down while the second coordinate j increases as

»

we go to the right. Let us fix a sequence of “strict-weak” assignments p = (p; €
{weak,strict} | i € Z). Let weak = strict and strict = weak. Define an edge-labeling

(or orientation in the language of [McN]) Op as a function from the covers of N? to
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~

FIGURE 10. An edge labeling Op,.
{weak, strict} by

Op((4,7) > (i = 1,5)) = pj=in

Op((3,5) > (2,5 — 1)) = pji.

An example of an such an edge-labeling Oy, is given in Figure 10, where

<« P-3,P-2,P-1,D00,P1,P2,P3,04,P5,P6, P07, P8, - - - =

.. .strict, strict, strict, weak, strict, weak, weak, strict, strict, weak, strict, weak. . . .

The lines show the diagonals along which O alternates between weak and strict
edges. We have labeled weak edges thick and strong edges thin (agreeing with the
way we labeled chains in Section 9).

In the following definition, A/ denotes a Young diagram {(i,7) | s < 7 < N}

considered as a subposet of (N?, <).

Definition 10.1. A wave p-tableau of shape A\/u is a function T : X — P such that

for each cover s <t we have

T(s) < T(t) if Op(s < t) = strict,

T(s) < T(t) if Op(s < t) = weak.
The wave Schur function s‘;/u is given by the weight generating function

Sf\)/u(wl y T2y ..) = Z xfT“(l)x;ﬁT—l(z) N
T

of all wave p-tableauz of shape \/u.
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We use the name wave since the pattern of strict and weak edges visually resembles
waves. The standard “strict-weak” assignment is given by p = {p;} where p; = weak
for all 7. In this case a wave p-tableau is a usual semistandard tableau, and the
wave Schur function is the usual Schur function. Note, however, that in general a
wave Schur function is not symmetric. However, wave Schur functions are always

(P, 6)-partition generating functions.

Proposition 10.2. Let A\/u be a skew shape. There exists a (vertex) labeling 6y :
A — P such that (s < t) is a descent of 0y if and only if Op(s < t) = strict. Thus

Sy = Kajubp-

Proof. We shall prove the result by induction on the number of boxes in A/u. Let
(1,7) be any outer corner of A/u. In other words there are no boxes to the bottom
right of (4,7), and if we remove (¢,j) from A/p we still obtain a valid skew shape
(M p)~. Suppose 65 has been defined for (A/u)~. If at most one of (i —1,4) or
(i,5 —1) is in (A/u)~ then one can define 6, by making 6, (¢, j) either 1 or a very big
value, letting 65 (#,5') = 65 (¢, ') for other boxes (7, ;') (we may have to shift the
values of 67 to be able to set O,(¢,7) = 1).

So assume that (1—1,7), (i,j—1) € (A p)~.  Op((i—1,5)<(¢,5)) = Op((4,5—1)<
(i,7)), then 8, can be defined as in the previous case. So assume Op((i—1,5)<(4,7)) =
Op((3,7— 1)< (3,7)- f (i—1,5—1) ¢ (A/p)” then (A/u)~ is disconnected. In this
case, we may pick labelings 0},02 for the two components Cy, Cz of (A/u)~ so that
we can set Op(C1) = 0L(Ch) > 0p(4,7) > 0p(C2) = 0,(C2).

Finally, suppose that (i — 1,5 — 1) € (A/u)” and assume without loss of generality
that Op((i — 1,7) < (¢,5)) = strict = Op((¢ — 1,5 — 1) < (4,5 — 1)) and Op((4,j — 1) <
(3,7)) = weak = Op((i — 1,5 — 1) < (i — 1, 7)) (we have used the definition of Op).
Suppose 05 is defined. Then 05 (i—1,7) > 6,(t—1,5—1) > 65 (7,7 —1). It suffices to

define 0, (i, §) to be an integer very close to 65 (i — 1,7 — 1) and 6,(¥', ') = 05 (¢, 5')
for other boxes (i, j), possibly shifting the values so that 6P (3, j) can be inserted.
O

Example 10.3. In Figure 11 an edge-labeling Oy of the shape A = (2,2,1) is given.

Note that here the vertices of the poset correspond to centers of bozes of the Young
40



diagram. Here p_; = weak, py = strict, p; = weak. The corresponding wave Schur
function s§ can be computed to be equal to L(a1,2) + Lz,1,1,1) + Lz 2) + L3,1,1) + L2.2.1)-
It is easy to check that this edge-labeling does come from a vertex labeling of the

underlying poset.

FIGURE 11. An edge-labeling Op of the shape A = (2,2,1)

Remark 10.4. Proposition 10.2 implies a formula for sf\’/u(l,q, g%, q3,...) similar to
that of Proposition 7.19.11 in [Sta]. Indeed, we can consider the descent set Dp(T) of
a standard tableau T with respect to 8. Then if we define a generalization of comajor
index comaj,(T) = > ;cp, () (n — 7), we obtain the formula

qcoma_jp(T)
Sg/u(17q7 q2aq3a"‘) = ET 2 n\ "
1-g)(1-¢%)---(1—g")

However, it seems unlikely that an analog of hook content formula (see [Sta71, Theo-
rem 15.3]) exists because the number of wave p-tableauz filled with entries from 1 to
n does not appear to factor nicely. In Example 10.8 the number of wave p-tableaus

with entries from 1 to 4 is the prime number 23.

Corollary 10.5 (Cell transfer for wave Schur functions). Let A/ and v/p be two skew
shapes and p be any “strict-weak” assignment. Then the difference s§ o sy Juv)p
sf\’/u sf/p is L-positive.

Proof. Follows immediately from Theorem 8.2 and Proposition 10.2. O

In [LPP] it is shown that the difference in Corollary 10.5 is in fact Schur-positive

when p is the standard assignment.

10.2. Jacobi-Trudi formula for wave Schur functions. Let A = (A, Ay, ..., \))
and p = (u1,p2,...,m) be two partitions satisfying 4 C A. Now, for each pair
1 <4,5 <lsuchthat u; — 5+ 1 < \; — i, define the set

Dig0m) = {ps = j+1<a < M —i | po = strict} — (uj — j +1),
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where the notation means that we subtract the number (u; —j+1) from each element
of the set. Set ay;j(A, pu) = C(D;;(A, 1)) to be the corresponding composition of
Ni—pj—i+g Hpj—g+1=XNA—1iset oA\ p) =(1). fp;—j5=x—1set
aij (M, 1) = (0). Finally, if p; —j > A — @ set ay5(A, 1) = 0. Let Lgy =1, Ly = 0.

Theorem 10.6 (Jacobi-Trudi expansion for wave Schur functions). Let A/ be a
skew shape. Then
8%/, = det(Lag; 0w =1

where n is the number of rows in A.
Example 10.7. Let A = (7,6,6,4), up = (2,2,1,0). Then for p given by

- P-3,P-2,P-1,P0,01,P2,D03,P4,P5,P6,P7, P8 - - - =

.. .strict, strict, strict, weak, strict, weak, weak, strict, strict, weak, strict, weak . . .

we get the shape in Figure 10, and

Ligp2) Lizaz2 Lesiz Laizsig)

35\)/ _ Loy Ly Lesy  Lapesy
m

Loy La  Lesn  Laies

0 1 L(2) L(],1’2)

Proof of Theorem 10.6. Let us construct an oriented network N,, which depends on
the choice of p. Namely, we begin with the square grid built on the points in the
upper half plane, with row 1 being the bottom row, and orient all edges to the right or
upwards. Then we alter the all the crossings in each column Cj such that p; = strict
as shown in Figure 12. Namely, we arrange these crossings so that it is impossible to
move from left to right through them, but other directions that were possible before
are still possible (see Figure 13). We assign to each edge in row ¢ weight z;, and every
other edge weight 1. Now mark the points M} with coordinates (ux —k+ 1, 1) on our
grid. Mark exit directions Ny in the columns numbered A\ — k + 1.

Now we apply the Gessel-Viennot method to this path network; see for exam-

ple [Sta, Chapter 7] for the application of this method in the case of Schur functions.
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FIGURE 13. A family of paths on the altered grid corresponding to the wave p-
tableau in Figure 14.

For each pair 1 <4, < n the weight generating function of the paths from M, to N;
is equal to L, (A, 1t). Thus the determinant det(La; ()7 =1 1s equal to the weight
generating function of families of non-crossing paths starting at the M;-s and ending
in the columns N;. These families of non-crossing paths are in (a weight-preserving)
bijection with wave p-tableau of shape A/u. The bijection is obtained by placing the
row numbers of the horizontal edges of the path from M, to N; in the i-th row of the

wave p-tableau. This is illustrated in Figures 13 and 14. O
1 1 2 4 4
2 2 2
3 4 4
2 3 4

FIGURE 14. A wave p-tableau of shape \/p = (7,6,6,4)/(2,2,1,0) and edge label-
ing Op as in Figure 10.
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Remark 10.8. (i) We have w(sf/u) = sf_\’/ﬂ where p = (..., D=2,D—1,D00,P1- - -)-
(i) Let us denote m the rotated on 180 degrees p-tableau \/u with p; = p_;. Then

P \_ P
v(sy)) = S
The following theorem, combined with Proposition 10.2, answers Question 8.4 for

the case that @ and R are convex subsets of a chain.

Theorem 10.9. The differences Lon,,p Lav,,5 — La Lg of Theorem 9.1 are equal to

wave Schur functions.

Proof. We may suppose that m > 1 for otherwise the difference is 0. Pick a sequence
p = p* such that p; = strict if and only if ¢ € D(a) (this determines py, pa, . . ., Pjaj-1)-
Then set A = (Ja|,m+|6]) and p = (m — 1,1).

We can compute that

Loyoow) = Lavms Loyyop) = La
Loy (0w = Lonms Log(am) = Lg-

Theorem 10.6 tells us that s} ) 15 exactly det
Lg  Lanms

O
We illustrate the choice of p®, A and y of Theorem 10.9 in Figure 15. Here p® is

such that .. -P1,P2,P3,04,P5,P6, 07,08, - - - =

..., strict, weak, strict, strict, weak, weak, weak, strict,

a=(1,2,1,4,1), 8= (3), m =5. Then A = (9,8), u = (4,1) and the corresponding

1=

Sl/\)/u is equal to L(1,2’1,3)L(4,1) — L(3)L(1,2’1,4’1).
11. ALGEBRAIC PROPERTIES OF QSym
We prove in this section some algebraic results concerning QSym used earlier.

11.1. A factorization property of quasi-symmetric functions. Denote by K =
Z[[x1, T2, T3, - - ]] the ring of formal power series in infinitely many variables with
bounded degree. Clearly the units in K or in the polynomial ring in n variables K )

are 1 and —1. In this subsection, we prove the following property of QSym.
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[ ]

FIGURE 15. The skew shape corresponding to the difference L(y,2,1 3yL(4,1) — L(3)L(1,2,1,4,1)-

Theorem 11.1. Suppose f € QSym and f = [, f; is a factorization of f into
irreducibles in K. Then f; € QSym for each i.

Now let a= (1 < a; < az < ... <) be an increasing sequence of positive integers
and let A denote the set of such sequences. Define the algebra homomorphism A, :
K — K by

Aaf = f(za) == f(0,...,0,21,0,...,0,25,0,...)

where z; is placed in the a;-th position. For a sequence a, we shall also write a(i) = q;
in function notation. Thus a : N — N is a strictly increasing function.

As an example, take a = (2,3,4,---), b = (1,3,5,---). Then we have A,f =
F(0,2z1,22,...) and Ayo Ay f = A(Auf) = f(0,21,0,25,0, 23, -+ ).

The following lemma is essentially the definition.

Lemma 11.2. An element f € K is quasi-symmetric if and only if f(xa) = f for
each a € A.

Let k > 1 be an integer. Define a(® by

i if 1 <k,
a® (5) =
i1+1 ifi>k.
Lemma 11.3. Suppose f € K has degree n. Then f is quasi-symmetric if and only
if f(za) = f for the sequences a®) for 1 < k <n.

Proof. The only if direction is clear. Assume that f(za) = f for each a® for 1 < k <

n. To show that the coefficients of z{' - - - z;» and x}) - - - 23" in f are the same we use
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the (coefficient of z{' - - - z& in the equality)

b‘n"b'nvl b2—b1 bl—l .
A A AN f= T

a(n)

The following lemma is a simple calculation.
Lemma 11.4. We have Ap 0 Ay = A. where c(i) = a(b()).

Lemma 11.5. Let f € K. Suppose f has finite order with respect to Aa for every
ac A. Then there exists b € A so that Apf € QSym.

Proof. Given f € K invariant under A, for 1 < k < ¢, with ¢ possibly 0, we will
produce an f' = Ay f invariant under Ay for 1 < k <t+ 1. Using Lemma 11.3 and
the fact that f has bounded degree this is sufficient.

So let f be invariant under A, for 1 < k < t. By assumption A,¢+y has finite
order d on f. Define b € A by b(i) =1+ (i — 1)d and let f' = Apf. We claim that
f' is invariant under A ) for 1 <k <t -+ 1. We have
1+ (G —1)d ifi<k,
ba® i) =

1+ if ¢ > k.
In the following we will repeatedly use Lemma 11.4.
Define b € A for 1 < j < k by
, i if i< 4,
b(-’)(i) —
j+G-qd i>].
Note that Apu) 0 (Aai)* ! = Apg-n. Similarly define ¢ € A for 1 < j < k by
i if 4 < j,
D@ =i+ @G—-j)d  j<i<k,
j+li—j+1)d i>k
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Note that Ay o (Ay»)* ! = A.y-1. We also have the equalities

Ac(k—l) = Ab(k—l) o (Aauc))d,
Apay = Ap,
Acy = Ay 0 Ap.

Finally using our assumptions and 1 < k < ¢+ 1, we have
Apf = Apr f == Ay f = Ac-vf == Acv f = Aawy 0 Ap f.

O

Proof of Theorem 11.1. Let a € A. Applying A, to f = [[, fi and using Lemma 11.2,
we have f = [, Aafi- By Lemma 11.7, each A,f; must be equal to ;. In other
words, A, has finite order on each f; and application of A, to f; produces (up to sign)
another f;. Using Lemma 11.5, we see that f; must lie in QSym for some j. Now

divide both sides by f; and proceed by induction. O
Corollary 11.6. QSym is a unique factorization domain.

Corollary 11.6 also follows from work of Hazewinkel [Haz], who shows that QSym
is a polynomial ring.

Proof. If f € QSym then two irreducible factorizations of f in QSym will also be irre-
ducible factorizations in K, by Theorem 11.1. The theorem follows from Lemma 11.7,

proven below. (]
Lemma 11.7. The ring K is a unique factorization domain.

Proof. We start by recalling the well known fact that the polynomial rings K™ =
Z{zy,x3, . . .,x,] are unique factorization domains. An element f(x,Zs,...) € K is

determined by its images
™ = f(z1,72,. .., 20,0,0,...) € K™,

We may write f = (f™) for a compatible sequence of f™ ¢ K™,
We first claim that f is irreducible if and only if there exists NV > 0 such that f™

is irreducible for all n > N. Let f =[] f; be a decomposition of f into irreducibles.
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Then there exists M > 0 so that deg( fi(")) = deg(f;) for all ¢ and n > M. Thus
o =T] fi(n) is reducible for n > M if f is. Conversely, suppose that f™ is reducible
for infinitely many values of n. If n > M and f™ is reducible then f™ is also
reducible for n > m > M. Thus we may assume f™ is reducible for all n > N for
some N > M. Restriction of f™ to f™ for n > m > N will not change the degree
of any of the factors. Thus the factorizations of f™ are compatible for each n > N.
For sufficiently large n >> N, the number k of irreducible factors of f™ will be
constant and greater than 1. Ordering the irreducible factorizations f™ = Hf:] fi(")
compatibly, we conclude that f = Hf=1 fi where f; = ( ,-(")) is irreducible.

Now suppose that f =[[. fi = Hj g; are two factorizations of f into irreducibles.
By our claim, there exists some huge N so that []; fi(n) =1, g§n) are factorizations
of f™ into irreducibles in K™, for each n > N. Since K™ is a UFD, these
factorizations are the same up to permutation and sign: g,,f") =€ fy(”i)). If N is chosen

large enough the same permutation o and signs ¢; will work for all n > N. This shows

that gi = Eifo-(j,). 0

Remark 11.8. (i) Note that Corollary 11.6 is not true in finitely many variables.
For example, in the two variables x; and xo we have (x3xs)(x123) = (z122)%. The
quasi-symmetric functions T3y, T125 and x5 are all irreducible.

(1) It seems interesting to ask whether the r-quasi-symmetric functions defined by
Hivert [Hiv] also form a unique factorization domain. The m-quasi-invariants [EG]
occurring in representation theory do not in general form unique factorization do-

mains.

11.2. Irreducibility of fundamental quasi-symmetric functions. In this sec-
tion, we show that the fundamental quasi-symmetric functions {L,} and the mono-
mial quasi-symmetric functions { M, } are irreducible in QSym and in K.

Let o = (ay,,...,0x) and 8 = (B, Bs, ..., 0) be two compositions. Define the
lezicographic order on compositions by a > § if and only if for some ¢ we have a; = J;

for 1 < j <i—1and a; > B;. Using this order, we obtain lexicographic orders on
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monomials {z®}, monomial quasi-symmetric functions { M, } and fundamental quasi-
symmetric functions {L,}. Note that the lexicographically maximal monomial in M,
or L, is x°.

In the following proofs we say that a quasi-symmetric function f contains a term
L (and similarly for M,) if the coefficient of L, is non-zero when f is written in the
basis of fundamental quasi-symmetric functions. The following lemma is immediate

from the definitions.

Lemma 11.9. The lexicographically mazimal monomial in the product f g of two
quasi-symmetric functions f and g is the product of the lexicographically mazimal

monomials in f and g.

Proposition 11.10. The monomial quasi-symmetric function M, is irreducible in

QSym and in K = Z[[x1,z2, .. .]].

Proof. We proceed by induction on the size n = o5 + a2 +--- + a,. For n =1 the
statement is obvious.

Assume now that M, = fg is not irreducible. Note first that f and g must be
homogeneous. Otherwise, the homogeneous components of maximal and minimal
degree in the product would not cancel out, and thus we would never get the homo-
geneous function M,. Also note that according to Theorem 11.1 both f and g must
be quasi-symmetric. First we suppose that k£ = 1.

Now, take the specialization x; = ¢*~!. It is known ([Sta, Proposition 7.19.10])
e(a)
(1-¢)(1—¢?)--(1—glel)’
e(a) is the “comajor” statistic. That means that if deg(f) = p, deg(g9) = a1 — p and

that under this specialization we have L,(1,q,¢%,...) = where
0 < p < aq, fg will never have a pole at primitive a;-th root of unity. On the other
hand M,(1,q,...) = Iﬁ’ and thus M, has a pole at a primitive a;-th root of unity,
which is a contradiction.

Now suppose that k % 1. We write each of the participating functions as polyno-

mials in z;:

Mazx?ll\%-i-”', f=xq.fl+7 g=x<111—7‘g1+,,,
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Here the leading term is the one with the highest power of z;, and the notation f
denotes a power series f(xa,Z3,...) quasi-symmetric in the variables xq, 23, - -.

Note that M; = Moy, ar) (T2, %3, - - -) is the monomial quasi-symmetric function
corresponding to the composition obtained from a by removing the first part. Since
M, = f g, we must have M; = f; g;. By induction one of f; or g; is equal to a unit,
+1. Without loss of generality we can assume f; = 1. Thus the monomial quasi-
symmetric function M,y occurs in f. By Lemma 11.9 above we conclude that the
lexicographically maximal monomial quasi-symmetric function in g is M(q, —r.as,,a)-

Now apply the involution v of Proposition 2.1 to the equality M, = f g to obtain
M« = v(f)v(g). By Proposition 2.1, v(M,)) = M, and so the monomial M is still
the lexicographically maximal monomial in v(f). Similarly, the monomial symmetric
function My, a2,01—r) OCCUrs in v(g) with non-zero coefficient. Since k # 1, the
lexicographically maximal monomial in the product v(f)v(g) is at least as large as
Moy 47, ,a1—r)- This however is lexicographically larger than My» = M(q,... o) unless
r = 0.

We conclude that f =1 and that M, is irreducible. O

Proposition 11.11. The fundamental quasi-symmetric function Ly is trreducible in

both QSym and in K = Z[[z1,%2,Z3,...]]-

Proof. The trick used for the case k = 1 in the proof of Proposition 11.10 also works

here. O
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12. IMMANANTS AND SCHUR POSITIVITY

In this section we give an overview of some results of Rhoades-Skandera [RS1, RS2],
mostly paraphrasing [RS2, Sections 2-3]. The only new ingredient of this section is

an alternative proof of one of their results.

12.1. Haiman’s Schur positivity result. Let H,(q) be the Hecke algebra asso-
ciated with the symmetric group S,. The Hecke algebra has the standard basis
{T, | w € Sp} and the Kazhdan-Lusztig basis {C,,(q) | w € Sy} related by

dO2Cg) =3 Pon(@ T and Ty =3 (—1)!*™Q,,,(q) V/2C,(q),

w<vy vw

where P, ,(q) are the Kazhdan-Lusztig polynomials and Qy4(q) = Pyoww.v(q), for
the longest permutation w, € Sy, see [Hum| for more details.
For w € S, and an n x n matrix X = (z;;), the Kazhdan-Lusztig immanant was

defined in [RS2] as

Imm’w (X) = Z (_ l)l(UW)Qw,U(l) Z1,vQ1) " Tnu(n)-

’UESn

Let hy = Zils-«s@‘k xi, - - - @, be the k-th homogeneous symmetric function, where
he = 1 and hy = 0 for k < 0. A generalized Jacobi-Trudi matriz is an n X n

n

matrix of the form (hm_,,j) for partitions g = (uy > pg > -+ > p, > 0) and

ij=1’
v= (v > v >- > v, >0). Rhoades-Skandera reformulated Haiman’s result as

follows.

Theorem 12.1. Haiman [Hai, Theorem 1.5], Rhoades-Skandera [RS2, Proposition 3]

The immanants Imm,, of a generalized Jacobi- Trudi matriz are Schur nonnegative.

Haiman’s proof of this result is based on the Kazhdan-Lusztig conjecture proven
by Beilinson-Bernstein and Brylinski-Kashiwara, e.g., see [Hai, Proposition 7.1] and
the references following. This conjecture expresses the characters of Verma modules
as sums of the characters of some irreducible highest weight representations of sl,
with multiplicities equal to P, ,(1). One can derive from this conjecture that the
coefficients of Schur functions in Imm,, are certain tensor product multiplicities of

irreducible representations.
51



12.2. Temperley-Lieb algebra. The Temperley-Lieb algebra TL,(§) is the C[£]-
algebra generated by ¢1, . . ., t,_; subject to the relations t? = £¢;, t;t;t; = ¢; if [i—j| =
1, tit; = tjt; if |i — j| > 2. The dimension of TLy(£) equals the n-th Catalan

number C,, = ;—h(z:) A 821-avoiding permutation is a permutation w € S, that
has no reduced decomposition of the form w = - - - s;s;58; - - - with |i — j| = 1. (These

permutations are also called fully-commutative.) A natural basis of the Temperley-
Lieb algebra is {t,, | w is a 321-avoiding permutation in S,}, where t,, := t; ---1;,
for a reduced decomposition w = s;, - - - 8;;-

The map 6 : T, — t;—1 determines a homomorphism 6 : Hy(1) = C[S,] = TLn(2).
Indeed, the elements t; — 1 in TL,(2) satisfy the Coxeter relations.

Theorem 12.2. Fan-Green [FG] The homomorphism 0 acts on the Kazhdan-Lusztig
basis {C.,(1)} of Hn(1) as follows:
ty if wis 321-avoiding,
0(Cy, (1)) =
0  otheruwise.

For any permutation v € S,, and a 321-avoiding permutation w € Sy, let f,(v) be
the coefficient of the basis element ¢, € TL,(2) in the basis expansion of §(T,) =
(tsy —1)---(ti, — 1) € TLn(2), for a reduced decomposition v = s;, - - - s;,. Rhoades
and Skandera [RS1] defined the Temperley-Lieb immanant Imm, “(z) of an n x n
matrix X = (z;;) by

Imm " (X) = fu(©) Zru) -~ Znum)-
VESR
Theorem 12.3. Rhoades-Skandera [RS2, Proposition 5| For a 321-avoiding permu-

tation w € Sy, we have Imm“(X) = Imm,,(X).

Proof. Applying the map 0 to T, = ZwSU(—l)l(”’”)Qw,v(l) C! (1) and using Theo-
rem 12.2 we obtain §(T}) = S (=1)"*")Q,, (1) t,,, where the sum is over 321-avoiding

permutations w. Thus f,(v) = (=1)!*»)Q,, ,(1) and Imm1" = Imm,,. O

A product of generators (decomposition) ;, - - - ¢; in the Temperley-Lieb algebra
TL, can be graphically presented by a Temperley-Lieb diagram with n non-crossing

strands connecting the vertices 1, ..., 2n and, possibly, with some internal loops. This
52



diagram is obtained from the wiring diagram of the decomposition w = s;, ---s;, € S,
by replacing each crossing “ X ” with a vertical uncrossing “ ) (”. The left endpoints
are assumed to be labeled 1,...,n from top to bottom and the right endpoints are
assumed to be labeled 2n,...,n + 1 from top to bottom. For example, the following
figure shows the wiring diagram for s1s2525352 € S4 and the Temperley-Lieb diagram

for t1t2t2t3t2 € TL4

W N =
oy ®
W N -

“So =

Pairs of vertices connected by strands of a wiring diagram are (2n+ 1 — ¢, w(7)), for
¢ =1,...,n. Pairs of vertices connected by strands in a Temperley-Lieb diagram form
a non-crossing matching, i.e., a graph on the vertices 1,...,2n with n disjoint edges
that contains no pair of edges (a,c) and (b,d) with a < b < ¢ < d. If two Temperley-
Lieb diagrams give the same matching and have the same number of internal loops,
then the corresponding products of generators of T'L, are equal to each other. If the
diagram of a is obtained from the diagram of b by removing k internal loops, then
b= ¢*kq in TL,.

The map that sends t,, to the non-crossing matching given by its Temperley-
Lieb diagram is a bijection between basis elements ¢, of TL,, where w is 321-
avoiding, and non-crossing matchings on the vertex set [2n]. For example, the ba-

sis element ¢1t3ty of TLy corresponds to the non-crosssing matching with the edges

(1,2),(3,4),(5,8), (6, 7).

12.3. An identity for products of minors. Following [RS1], for a subset S C [2n],
let us say that a Temperley-Lieb diagram (or the associated element in TL,) is S-
compatible if each strand of the diagram has one end-point in S and the other end-
point in its complement [2n] \ S. Coloring vertices in S black and the remaining
vertices white, a basis element ¢,, is S-compatible if and only if each edge in the
associated matching has two vertices of different colors. Let ©(S) denote the set of

all 321-avoiding permutation w € S, such that t,, is S-compatible.
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For two subsets I, J C [n] of the same cardinality let A; ;(X) denote the minor of
an n x n matrix X in the row set I and the column set J. Let I := [n]\ I and let

" ={2n+1-iliel}.

Theorem 12.4. Rhoades-Skandera [RS1, Proposition 4.3], cf. Skandera [Ska] For

two subsets I, J C [n] of the same cardinality and S = J U (1), we have

Ars(X)-Apy(X)= ) Immy“(X).
wed(S)
The proof given in [RS1] employs planar networks. Here we give an alternative

proof directly from the definition of Temperley-Lieb immanants.

Proof. Let us fix a permutation v € S,, with a reduced decomposition v = s;, - - - s;;.
The coefficient of the monomial %1 4(1) - - Tpy(n) in the expansion of the product of
two minors Ay j(X) - Aj 5(X) equals

(_1)inv(1)+inv(l) if ’U([) — J’
0 if v(I) # J,

where inv(I) is the number of inversions 7 < j, v(Z) > v(j) such that 7,5 € 1.

On the other hand, by the definition of Imm;5L , the coefficient of z1,01) - - Tnn)
in the right-hand side of the identity equals the sum ) (—1)" 2% over all diagrams ob-
tained from the wiring diagram of the reduced decomposition s;, - - - s;, by replacing
each crossing “ X ” with either a vertical uncrossing “)(” or a horizontal uncross-
ing “>2” so that the resulting diagram is S-compatible, where 7 is the number of
horizontal uncrossings “ >X” and s is the number of internal loops in the resulting
diagram. Indeed, the choice of “)(” corresponds to the choice of “¢;,” and the
choice of “ =" corresponds to the choice of “~1” in the k-th term of the product
(tiy = 1)+ (t;y = 1) € TLp(2), for k=1,...,1.

Let us pick directions of all strands and loops in such diagrams so that the initial
vertex in each strand belongs to S (and, thus, the end-point is not in S). There are
2° ways to pick directions of s internal loops. Thus the above sum can be written as

the sum Y (—1)" over such directed Temperley-Lieb diagrams.
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Here is an example of a directed diagram for v = s3531838283 and S = {1,4,5,7}
corresponding to the term tsta(—1)t3(—1)t3 in the expansion of the product (3 —
1)(ty — 1)(t1 — 1)(t3 — 1)(¢2 — 1)(t3 — 1). This diagram comes with the sign (—1)2.

—

oSS

ts t2 -1 t3 -1 t3

(S B )

Let us construct a sign reversing partial involution ¢ on the set of such directed
Temperley-Lieb diagrams. If a diagram has a misaligned uncrossing, i.e., an uncross-
ing of the form “)¢”, “Y{”7, “XX7, or “37”, then ¢ switches the leftmost such
uncrossing according to the rules ¢ : }{ < 37 and ¢ : Y{ < X . Otherwise,
when the diagram involves only aligned uncrossings “Y¢”, “3{”, “3X7, “>{7, the
involution « is not defined.

For example, in the above diagram, the involution ¢ switches the second uncrossing,
which has the form “Y{”, to “ > ”. The resulting diagram corresponds to the term
ta(—=1)(—1)ts(—1)ts.

Since the involution ¢ reverses signs, this shows that the total contribution of all
diagrams with at least one misaligned uncrossing is zero. Let us show that there is at
most one S-compatible directed Temperley-Lieb diagram with all aligned uncrossings.
If we have a such diagram, then we can direct the strands of the wiring diagram for
v =, ...5; so that each segment of the wiring diagram has the same direction as
in the Temperley-Lieb diagram. In particular, the end-points of strands in the wiring
diagram should have different colors. Thus each strand starting at an element of J
should finish at an element of I, or, equivalently, v(I) = J. The directed Temperley-
Lieb diagram can be uniquely recovered from this directed wiring diagram by replacing
the crossings with uncrossings, as follows: X — 7, X — Y, X — }{, X— .
Thus the coefficient of 1 (1) - - - Tp y(n) in the right-hand side of the needed identity
is zero, if v() # J, and is (—1)", if v(I) = J, where r is the number of crossings of
the form “ )" or “ )" in the wiring diagram. In other words, r equals the number of
crossings such that the right end-points of the pair of crossing strands have the same
color. This is exactly the same as the expression for the coefficient in the left-hand

side of the needed identity. a
55



The following result of Rhoades-Skandera follows immediately from Theorems 12.1,

12.3, and 12.4.

Theorem 12.5. Rhoades-Skandera [RS2], cf. [RS2, Theorem 9], [RS1, Corollary 4.5]
Let I,J,K,L C [n] be subsets such that |I| = |J|, |K| = |L|, let S = JU (I)" and
T = LU(K)", and let X be a generalized Jacobi- Trudi matriz. If ©(S) C O(T), then
the difference

Ap,(X) - Ag (X)) — Arg(X) - A 5(X).

is Schur nonnegative.

Actually, Rhoades-Skandera proved a stronger result [RS2, Theorem 9] saying that
the above difference is a nonnegative combination of Temperley-Lieb immanants if

and only if ©(S) C ©(T).

13. PROOF OF THEOREM 1.5

For two subsets I, J C [n] of the same cardinality, let A ;(H) denote the minor of
the Jacobi-Trudi matrix H = (h;_i)1<i j<n With row set I and column set J, where h;
is the i-th homogeneous symmetric function, as before. According to the Jacobi-Trudi

formula, see [Mac], the minors Ay j(H) are precisely the skew Schur functions

Apg(H) = sx/,

where A= (A > -+ > N >0), u= (1 > -+ > px > 0) and the associated subsets
are | = {up+1 <pp1+2<---<pr+k}, J={M+1 <1 +2<--- <A +k}
For two sets I = {17 < --- < g} and J = {j) < --- < ji}, let us define I V J :=
{max(i;,1) < --- < max(ig, jx)} and I A J := {min(i;, 1) < --- < min(ix, ji) }.
Theorem 1.5 can be reformulated in terms of minors, as follows. Without loss of
generality we can assume that all partitions A, i, v, p in Theorem 1.5 have the same
number k of parts, some of which might be zero. Note that generalized Jacobi-Trudi

matrices are obtained from H by skipping or duplicating rows and columns.
Theorem 13.1. Let I,J,I', J' be k element subsets in [n]. Then we have

Apvr, avi (X)) - Apar, ans(X) 26 Ar (X)) - Ap, (X)),
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for a generalized Jacobi- Trudi matriz X .

Proof. Let us denote I := [n]\ I and S := [2n] \ S. By skipping or duplicating
rows and columns of the matrix X, we may assume that I’ = I and J' = J. Then
IVI'=TAT and JVJ' =JAJ. Let S:=JU(D)  and T := (JV J') U (TV I\
Then we have T =SV S and T =S A S.

By Theorem 12.5, the containment ©(S) C ©(T) implies the desired inequality.
Thus we must show that every S-compatible non-crossing matching on [2n] is also
T-compatible. Let S = {s; < --- < s,} and S = {§; < --- < §,}. Then T =
{max(sy, 3,),...,max(s,,3,)} and T = {min(s;, 31),...,min(s,, 3,)}. Let M be an
S-compatible non-crossing matching on [2n] and let (a < b) be an edge of M. Without
loss of generality we may assume that a = s; € S and b = §; € 5. We must show
that either (a € T and b € T) or (a € T and b € T). Since no edge of M can cross
(a,b), the elements of S in the interval [a + 1,b— 1] are matched with the elements of
S in this interval. Let k= #(SN[a+1,b— 1)) =#(SN[a+1,b— 1]). Suppose that
a,b €T, or, equivalently, 5; < s; and s; < ;. Since there are at least k elements of S
in the interval [3; + 1,35; — 1], we have ¢ + k + 1 < j. On the other hand, since there
are at most k — 1 elements of S in the interval [s; +1,s; — 1], we have i + k > 5. We

obtain a contradiction. The case a,b € T is analogous. (|

14. PROOF OF CONJECTURES AND GENERALIZATIONS

In this section we prove generalized versions of Conjectures 1.1-1.3, which were
conjectured by Kirillov [Kir, Section 6.8]. Corollary 14.3 was also conjectured by
Bergeron-McNamara [BM, Conjecture 5.2] who showed that it implies Theorem 14.4.

Let |z]| be the maximal integer < z and [z] be the minimal integer > z. For
vectors v and w and a positive integer n, we assume that the operations v + w, g
|v], [v] are performed coordinate-wise. In particular, we have well-defined operations
|24 | and [2£%] on pairs of partitions.

The next claim extends Okounkov’s conjecture (Conjecture 1.1).

Theorem 14.1. Let \/p and v/p be any two skew shapes. Then we have

SLAgr/ e 1A /ru52) 255X/ Su/pe
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Proof. We will assume that all partitions have the same fixed number & of parts, some

of which might be zero. For a skew shape A\/u = (Ar,..., A\c)/(u1,-- -, pg), define
—
A/#’: (Al‘!‘l,,)\k‘l‘l)/(,lll"‘l,,/ik"‘l),

that is, m is the skew shape obtained by shifting the shape A\/u one step to the
right. Similarly, define the left shift of A/u by

A/“:=()‘1*17"'>>‘k_1)/(’*"1"la"'yu’k_l)a

assuming that the result is a legitimate skew shape. Note that s/, = s s

Nu = ONw
Let 6 be the operation on pairs of skew shapes given by

0 (M, v/p) — (M) V (v/p), (/) A (v/p)).

According to Theorem 1.5, the product of the two skew Schur functions correspond-
ing to the shapes in O(A/u,v/p) is >s syusu/p- Let us show that we can re-
peatedly apply the operation 6 together with the left and right shifts of shapes
and the flips (A\/u,v/p) — (v/p,A/u) in order to obtain the pair of skew shapes
(124217182, 221 /T21) from (A, /).

Let us define two operations ¢ and v on ordered pairs of skew shapes by conjugating

0 with the right and left shifts and the flips, as follows:

.y "
¢ (Mp,v/p) — (M) A w/p), M)V (v/p)),
. —

¥ (Mp,v/p) — (M) YV w/p), (M) A (v/p))-
In this definition the application of the left shift “—” always makes sense. Indeed,
in both cases, before the application of “~", we apply “—” and then “V”, which
guarantees all parts of the partitions to be positive. Again by Theorem 1.5, both
products of skew Schur functions for shapes in ¢(\/u,v/p) and in Y(A/p,v/p) are

25 SX/u Sv/p-



It is convenient to write the operations ¢ and v in the coordinates \;, y;, v;, p;, for

i=1,...,k. These operations independently act on the pairs ()\;, ;) by

¢ : (A, v3) — (min(A;, v + 1), max(\;, v; + 1) — 1),
1/) : (/\7,, I/i) — (max()\, + 1, I/,;) - 1,min(/\,- + 1, Vi)),

and independently act on the pairs (u;, p;) by exactly the same formulas. Note that
both operations ¢ and v preserve the sums A; + v; and p; + p;.
The operations ¢ and 9 transform the differences A; — v; and u; — p; according to

the following piecewise-linear maps:

_ T ifzx <1, _ T ifx > -1,
o(z) = and  P(z) =

2—z ifz>1, —2—z ifz < -1.

Whenever we apply the composition ¢ o1 of these operations, all absolute values
|Ai — 14| and |u; — p;| strictly decrease, if these absolute values are > 2. It follows
that, for a sufficiently large integer N, we have (¢ o¥)¥(\/u,v/p) = (M ji, 7/5) with
N+ 0= N+ v, i+ i = s+ g, and [N — 5] < 1, i — 3| < 1, for all 4. Finally,
applying the operation 6, we obtain O(\/fi, 7/p) = ([2£%]/[Lte], | 2]/ 452]), as
needed. O

Example 14.2. Let us illustrate the proof above. Let A = (4,3), v = (12,0), p =
p = (0,0). So A/ and v/p are reqular Young shapes (non-skew). Note that the
maps 0, ¢, ¢ send a pair of non-skew shapes to a pair of non-skew shapes. We
have ((4,3),(12,0)) 5 ((11,3),(5,0)) %> ((6,1),(10,2)) % ((9,1),(7,2)) >
((8,1).(8,2)) = ((8,2),(8,1)). Thus sxs, <, 5118 S0) s+ <o 562 S81) =

iy S|y

The following conjugate version of Theorem 14.1 extends Fomin-Fulton-Li-Poon’s

conjecture (Conjecture 1.2) to skew shapes.

Corollary 14.3. Let \/u and v/p be two skew shapes. Then we have

Ssort; (A,v) /sort1(1,0) Ssorta(Av)/sorta(u,0) =s SA\/u Sv/p-
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Proof. This statement is obtained from Theorem 14.1 by conjugating the shapes.
Indeed, [2$£]’ = sort, (X, 4') and |23 |" = sort, (X, i'). Here X' denotes the partition

conjugate to A. O

Theorem 14.4. Let XV /p® .. X®/u(™ be n skew shapes, let A = |JAD be the

partition obtained by the decreasing rearrangement of the parts in all \¥), and, simi-

larly, let pp=Jpu®. Then we have [Ti-, syiniuim =5 [Tiey $x0 /0 -

This theorem extends Corollary 14.3 and Conjecture 1.2. Also note that Lascoux-
Leclerc-Thibon’s conjecture (Conjecture 1.3) is a special case of Theorem 14.4 for the

n-tuple of partitions (AlV™, ... Almml g 0).

Proof. Let us derive the statement by applying Corollary 14.3 repeatedly. For a
sequence v = (v1,vy,...,u) of integers, the anti-inversion number is ainv(v) :=
#{(4,5) | i < 4, vi <wv;}. Let L = AD/u® . X0 /uM) be a sequence of skew
shapes. Define its anti-inversion number as

ainv(L) = aimv(X?, A%, AP M0, 0D AP, )

2 1
+di(l$§ )7/1*(1 )7 e nu(ln)’,uQ )’ e 7ugn)a/1/;(3 )a s ap':gn)v e )

If ainv(L) # 0 then there is a pair k& < I such that ainv(A®) /u® A® /D) £ 0. Let L
be the sequence of skew shapes obtained from L by replacing the two terms AE) /()
and A® /u® with the terms

sort; (A®, AD) /sort; (u®, u®@)  and  sorto(AE, XO) /sorty (u® | u®),

correspondingly. Then ainv(L) < ainv(L). Indeed, if we rearrange a subsequence
in a sequence in the decreasing order, the total number of anti-inversions decreases.
According to Corollary 14.3, we have s; >, sr, where s := H?:l SA) /0) - Note that
the operation L — L does not change the unions of partitions | JA® and |J u®. Let us
apply the operations L — L for various pairs (k, ) until we obtain a sequence of skew
shapes L = (A® /M, ... X /™) with ainv(L) = 0, i.e., the parts of all partitions
must be sorted as ALY > - > AW > A0 > o> AW > AP > o> A >

and the same inequalities hold for the A(’). This means that A® /a® = \bnl /yn)

fori=1,...,n. Thus s; = []syun/uum >s 5L, as needed. O
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Let us define Albn} == (W)Y for i = 1,...,n. Here X again denotes the
partition conjugate to A. The partitions A"} are uniquely defined by the conditions
[2]1 2 At ... D Al D 2] and 357 A" = A In particular, A(12 = [3]
and A22} = |2]. If 2 is a partition, i.e., all parts of A are divisible by 7, then

AGnt = 12‘1- foreach 1 <i<n.

Corollary 14.5. Let XV /™, ... XM /4™ be n skew shapes, let A = XD 4. .. 4\
and = pV + -+ u™. Then we have [T syem jutm s TIimy Sx /-

Proof. This claim is obtained from Theorem 14.4 by conjugating the shapes. Indeed,
U )\(i))’ = SOy, 0

For a skew shape A/u and a positive integer n, define s%_"/) L= [T satimy timy- In

n
particular, if % and £ are partitions, then s(%"; L= (s A /%) .

Corollary 14.6. Let c and d be positive integers and n = c+d. Let A/u and v/p be

two skew shapes. Then s(ﬁ) dv jeurds >, Si/u s,‘f/p.
n n

Theorem 14.1 is a special case of Corollary 14.6 for c = d = 1.

Proof. This claim follows from Corollary 14.5 for the sequence of skew shapes that

consists of A\/u repeated ¢ times and v/p repeated d times. O

Corollary 14.6 implies that the map S : A +— sy from the set of partitions to

symmetric functions satisfies the following “Schur log-concavity” property.

Corollary 14.7. For positive integers c¢,d and partitions \, u such that %’i s a

partition, we have (S (C—’z—ii‘c-il/i))c+d > S(A)ES ()l

This notion of Schur log-concavity is inspired by Okounkov’s paper [Oko].

15. COMPARING PRODUCTS OF s, CHARACTERS

Let A, u be two dominant weights of sl,. Recall that the weight lattice in this
case is Z"/(1,...,1). Thus dominant weights can be viewed as partitions with n-th
part equal to zero. Equivalently, dominant weights can be associated with Young dia-

grams with n — 1 rows. Let V) denote the highest weight module corresponding to .
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Recall that as A runs through all dominant weights, the V)-s constitute the set of irre-
ducible sl,-modules. Since sl, is semisimple, the tensor product VA ® V,, = P, c§ Vo
decomposes into a direct sum of V,-s. The coeflicients 5 , which appear in this de-
composition are the celebrated Littlewood-Richardson coefficients - the same ones
that appear when we multiply Schur functions. Let sy denote the polynomial charac-
ter of irreducible representation V). Then sy = sy(x1,...,%s,0,...) is the evaluation
of the Schur function sy modulo the relation z;---x, = 1. For the background on
representation theory of sl, and Schur functions see [Hum], [Sta]. Note that under
the substitution z,4+; = --- = 0 the Schur functions s, with v having more than n
parts vanish. This causes a subtle difference between multiplication of sy-s and mul-
tiplication of the usual Schur functions: some terms appearing in the latter vanish in
the former.

Thus, instead of asking of when product of two Schur functions is bigger than the
product of different two Schur functions, one can ask when V) ® V, is contained in
V., ® V, as an sl,-module.

The first thing to note is that the highest weight appearing in VA ® V, is A + p.
Thus, in order for Vy®V), to be a submodule of V, ®V,, we need to have Au <v+pin
dominance order. It is natural to investigate what happens if we restrict our attention
to the case when equality holds, i.e. A+ p = v + p. For this situation, we make a
conjecture concerning a sufficient condition for V3 ® V), to be a submodule of V,, ® V,,,
or equivalently for s, s, — sxs, to be Schur-nonnegative.

Let ay; = €; — e; be the roots of the type A root system. Call a polytope alcoved
if its faces belong to hyperplanes given by the equations {(w;;,7) = m, where (,) is
the standard inner product and m € Z. Given two weights A, 4 one can consider the
minimal alcoved polytope Py, containing A and p. P, is always a parallelepiped in
which ) and p are a pair of opposite vertices. An example for s[; is shown in Figure
15. The weights 7 inside Py, can be characterized by the following condition: for all
1 < 4,5 < n, the number 7; — 7; lies weakly between A; — A; and p; — p;. Let v and

p be another pair of weights.

Conjecture 15.1. [LPP2] IfA+pu=v+p and v,p € Py,, then 5,5, — 5\8, 1s

Schur-nonnegative.
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Example 15.2. It is easy to see in Figure 15 that points p = (11,7,0), v = (5,2,0)
lie inside marked Py, with A = (12,7,0), u = (4,2,0). In this case

SuSp — SASu = 8(13,12,0) T 5(6,4,0) T S(7,6,0) T 5(8,8,0) T 5(7,3,0) T 5(8,5,0) T 5(9,7,0)
+5(10,9,0) + S(11,11,0) T 5(8,2,0) T 5(9,4,0) T 8(10,6,0) T+ S(11,8,0) T 5(12,10,0)-
We prove the following weaker statement.

Theorem 15.3. If \+u=v+p andv,p € Py, then every s, occuring in sxs, with

a non-zero coefficient does also occur in s,s, with a non-zero coefficient.

16. HORN-KLYACHKO INEQUALITIES

For a finite set I = {4; > --- > 1i,} of positive integers, define the corresponding
partition A(I) by
M) = (iy —rda— (r—1),...,4 — 1).

Definition 16.1. Define T to be the set of triples (I,J, K) of subsets of {1,...,n}
of the same cardinality v such that the Littlewood-Richardson coefficient cj\\ggi( 5 s

positive. A Horn-Klyachko inequality for a triple of partitions o, 3,7y has the form

YD) i+ B

keK iel jeJ

for a triple (I, J,K) in T* and some r < n.

The following fact was proved in [Kl, KT}, see also [Ful] for a survey:
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Theorem 16.2. For a triple of partitions a, 3,y of length n, the Littlewood-Richardson
coefficient ¢z is positive if and only if Y3 % = Y o + Y, B and Horn-
Klyachko inequalities for a, 3,7 are valid for all (I,J,K) € T} and allT < n.

Let partitions A, u, v, p with at most n parts satisfy the conditions of Conjecture

15.1, and +y be a partiton such that c] ., > 0. Consider a triple
(I= (i],...,’ir),J= (j],...,jr),K: (kl;---;kr))

in T". Given permutations {ly,...,l;} of I and {m,...,m,} of J, switch I, and m,
in some of the pairs {l,,m,}. This operation yields 2" possible pairs (I', J').

Lemma 16.3. Assume there exist permutations {ly,...,l;} of I and {m1,...,m,}
of J such that all possible triples (I',J',K) are in T'. Then the Horn-Klyachko
inequality corresponding to the triple (I, J, K) holds for v, p,~.

Proof. Since v, p € Py, for i,j > 1 both v; — v; and p; — p; are between A; — A; and

i — pj, which implies

[(vi = v3) = (pi = P < 1N = Ag) = (i — ).
Rearranging terms, we obtain

| + p5) = (v + p)] S NN+ ) — (A + i)l

This inequality combined with the equality (v;+p;)+ (Vi +pi) = (Ai+p;) + (A +3)
following from \ 4+ p = v + p, shows that v; + p; and v; + p; are between \; + u; and
Aj + pi- We use the fact that for all 4,5 > 1 we have

vi +pj = min{A; + pj, A + pi}-

For every p in {1,...,r}, choose (I, m}) to be a permutation of {},,m,} such that
)\1‘30 + pmy, = min{)\lp + ,Ump,)\mp + llflp}; and let I' = {l},...,ll}, J' = {m,... ,mh}
be the corresronding subsets of {1,...,n}. By the assumption of the lemma, cJ, > 0

and (I',J',K) is in T". Therefore, by Theorem 16.2 the Horn-Klyachko inequality
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for A, u,~v and the triple (I, J', K) holds:

r r
Z)\z;, +Z/~tm;, > %
p=1 p=1

keK

Observe that

T T

r
ZVi +ij = ZVl,, + mep = Z('/lv + Pm,) >
p=1

iel jeJ p=1 p=1

r r
Z min{\y, + tmys Amy, + 1, } = Z()\lp' + tmy) = Z k-

p=1 p=1 keK
Therefore, the Horn-Klyachko inequality for v, p,y and the triple (I, J, K) holds. O

17. PROOF OF THE CONJECTURE

The symmetric functions hy = Eh <oz, Tia ** Tiy, A€ called the homogeneous sym-
metric functions. For background on them, see [Sta]. Given two sets V = (v; >
vVor-+ > v, > 0)and U = (u; > uy--- > u, > 0) one can construct the general-
ized Jacobi- Trudi matriz Xyy = (hw—w)ZFr For example, for V = (4,3,3,2) and
U=(3,2,1,0) we get

By hy hs hy |
XV’U_ 1 h1 h2 h3
1 hy hy hs
0 1 Ry hy

Note that for the operation A = A(f) = (¢; —7,...,%, — 1) defined in Section 16 we
2,1} (See [Sta]).

We begin by proving the following lemma, which shows that the condition of Lemma

have the Jacobi-Trudi identity sy = detX; ¢,

yeen

16.3 can be achieved.

Lemma 17.1. In the setup preceding Lemma 16.3, there exist permutations {ly,...,l.}
and {my,...,m,} of I and J respectively such that all possible triples (I',J', K) are

) n
in T,

Proof. Let Xy be the generalized Jacobi-Trudi matrix for column set U = (r,r,r —

I,r—1,...,1,1), and row set V = I U J in some chosen non-increasing arrangement.
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Let #1I and #J denote the sets of numbers of the rows of I and J in the chosen non-
increasing arrangement of / U J. Since (I, J, K) € T, we have ciggg‘( 5 > 0. Hence
Sa(k) is present in the decomposition of sx)sis), which by Jacobi-Trudi identity

,,,,,,,,,, 1} of complementary minors of
Xvyy. This product, in turns, by Theorem 12.4 equals to 3 g5 Imm>“(Xvy),
where S = #J U {4r,4r — 2,...,2r + 2} is the subset of the vertices 1,...,4r of the
Temperley-Lieb diagram which are colored black.

Since sy(k) is in the Schur function decomposition of Zwee(S) ImmgL(XU,V), it is
present in the Schur function decomposition of one of the immanants ImmL"“(Xyy)
for some 321-avoiding permutation w € ©(S). For this 321-avoiding permutation
w, the basis element ¢, and the corresponding non-crossing matching M, of the
Temperley-Lieb diagram with columns V' and U are S-compatible. Therefore, all
edges of M, have endpoints of different color in the Temperley-Lieb diagram on
vertices {1,2,...,4r} where S is colored black and [4r]/S colored white.

We proceed now to construct the needed permutations {1, ...,I.} of I and {m,, ..., m,}
of J based on S and M,,. We go along V from top to bottom (see Figure 17(¢)) and
label vertices in I that are connected to vertices in J by edges in M, (suppose that
there are k such vertices in I') with variables [y, ..., [ as we meet them. We also label
the vertex in J connected to I; (1 < k) by m;.

Next, we remove the vertices Iy, ...,lg, my,...,mg from V and call the remaining
set V~. We also go along U and discard every pair of vertices in U connected by an
edge in M, and call the remaining set U~. We go along V'~ from top to bottom
and label the white vertices that we meet by lgy,-..,l., and the black vertices we
meet by mgi1,--.,my from top to bottom. For f > 1, we also label the vertices
in U~ connected by edges in My, to lg4fs by pk+s, and those connected to my s by
qr+s- (See Figure 17(i5)). Note that every vertex in V between adjacent vertices of
V' is connected by an edge in M,, to another vertex between the same vertices of V'~

because M, is a non-crossing, and the same is true about U. Therefore, in building

V~ and U~ we discarded segments of even lengths from V' and U.
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Claim. For f > 1, vertices lpys and gx4s are white and odd-numbered in the
Temperley-Lieb diagram for S and M,,; vertices pr4s and my, s are black and even-
numbered. Also, lktpr1 > Migs > leyp and pryge1 < Grts < Drts- (See Figure
17(i1))

Proof. Since we discarded segments of even lengths from U to obtain U~ and the
colors in U were alternating from top to bottom beginning with the black even vertex
4r, the colors in U~ are also alternating from top to bottom beginning with a black
even vertex. Therefore, vertices in U~ from top to bottom are pg1 > gry1 > Pryo >
... > pr > qr, where py ¢ is black and g is white for f > 1. Because the restriction
of the matching M,, to U~UV ™ is non-crossing, the inequalities px41 > gkt+1 > Dry2 >
... > pp > qr for U™ imply that lpy1 < mg1 < lgge < ... < . < m, for V~. The
colors in V'~ alternate and have a white odd vertex at the top because the colors in
U~ alternate with a black even vertex at the top. Therefore, Iy is white and my
is black for f > 0. The statements about being odd/even now follow from the fact
that we discarded segments of even lengths from U and V to obtain U~ and V.

We now build a new coloring S’ of U UV based on the transpositions (I,,m,) that
may have occured in going from 7, J to I’, J'. We only allow ourselves to recolor both
elements in a pair {2m,2m—1} € {2r+1,...,4r} of vertices in the second column of
Temperley-Lieb diagram for Sj = #J' U{4r,4r —2,...,2r + 2}, because the columns
4r+1—2m and 4742 —2m of Xy,y are identical and hence such a recoloring produces
the same pair of complementary minors Agp (4r—1,...2r+13, Dgs far,...2r+2) Of Xyu as
Sp does, and therefore by Jacobi-Trudi identity the product of these complementary
minors is Sy(;1)Sx(.r)-

Rule of recoloring. For every pair lis and mgys (f > 1) that exchanged colors
in transition from I, J to I’, J', recolor the pairs (prts,Pk+s — 1), (Pkss — 2, Pkts —
3),---:(gk+s +1,qr+y). The recoloring is permissible because the vertex pg4 is even
by the Claim. (See Figure 17(i11))

Why the rule produces a coloring compatible with M,,. The vertices between py. s
and gy either all changed color or all stayed the same, so an edge in M,, that
connected two vertices in U between pi. s and g4 now has its endpoints changed or

not changed simultaneously, so they are of different color in the new coloring.
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A pair (lg+f, mk+s) changes color simultaneously with the pair (pr4y, gr+£), SO lky s
and pg+s , and my4s and g4y change or do not change their color simultaneously, so
the endpoints of the edges between U~ and V'~ remain colored differently in the new
coloring.

A pair of vertices (I,,m,) in V connected by an edge in M,, changes color simultane-
ously when the corresponding transposition occurs, so the endpoints of such an edge
remain colored differently. Finally, a pair of vertices in U between gx4p and pi s
connected by an edge in M, never changes color, so such an edge has its endpoints
colored differently in the new coloring. We considered all possibilities for an edge in
M, relative to U~ and V'~ in a non-crossing matching, so M,, is compatible with the
new coloring.

We already noticed that the new coloring produces the product of complemen-
tary minors of Xy equal to syynsawr). The fact that the new coloring is com-
patible with M,, implies that the immanant Imm_“(Xyy) is present in the de-
composition syysxr) = Zwee(s') Imm,r,f:L(XV,U). Since syk) is in the decomposi-
tion of ImmEL(XV,U) which is Schur-nonnegative by Theorem 12.1, sy(k) is present
in the Schur function decomposition of sy(sa). Therefore cigf)),\( gy > 0 and
(I''J',K) € T," for all I', J' that can be obtained by transposing pairs (I,,m;) in
1,J. O

We are ready to prove Theorem 15.3.

Proof. From Lemma 16.3 and Lemma 17.1 it follows that whenever the Horn-Klyachko
inequality for triple (1, J, K) holds for A, i, 7, it also holds for v, p,y. Thus all possible
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~-s for which all needed Horn-Klyachko inequlities hold or, equivalently, cj\, x> 0, also

have the property that ¢J , > 0. ]

18. STEMBRIDGE’S POSET

John Stembridge introduced the following partial order ¥,, on pairs of partitions
of fixed total size n. We say that (A, u) < (v,p) iff sxs, < sus,. An example of T4
is given on the Figure below. A natural question to ask is to describe all covering

relations in ¥,,. This question seems to be hard, however certain partial results can

be obtained. In particular, we classify completely the maximal elements of X,,.
5282 $2,181 81451,1

S 81,1
54 531 S2,1,1 S1,1,1,1

Lemma 18.1. The equality sys, = sxs; can hold only when (unordered) pair (A, p)

is the same as (X, [i).

Proof. The ring of symmetric functions is a UF D since it is isomorphic to k[e;, es, . . ]
- the free ring in elementary symmetric functions. Thus, it is enough to show that
Schur functions are irreducable in this order. Assume on the contrary that sy =
fifa-...f, where k > 2. Then each f; is a linear combination of Schur polynomials.
Let us pick the lex. maximal partition A* such that sy occurs in f; with a nonzero
coefficient. Then the product f;...fr contains sy, _,y+ with a nonzero coefficient.
Thus A = A! + ... + Ak, Applying the same argument to the conjugate partitions, we
obtain X = (')’ +...+ (u*), where ! is lex minimal partition such that s, occurs in
fi (In particular, 4" is less than or equal to A\'.) This is a contradiction since adding
partitions horyzontally always produces result larger in lex. order than adding them

verically.
O

Call A and p similar if one can be obtained from the other by adding some outer

corner squares.
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Theorem 18.2. Pair (A, ) is mazimal iff A and p are similar.

Proof. First, observe that if one of the two diagrams is not contained in the other,
than a non-trivial cell transfer can be performed. According to Lemma above and the
cell transfer theorem, this implies that original pair was not maximal - contradiction.
Thus, we can assume that say p is contained in A. Next, if the difference is not a
horyzontal border strip we can perform shift ;1 one raw down and have a non-trivial
cell transfer - contradiction as above. Thus the difference is horyzontal border strip.
Similarly it is a vertical border strip. Then it must be just a callection of single cells
in outer corners of .

Now we show that each such pair is indeed maximal. If it is not, it would be
smaller than another such pair, say (A, u) < (v,6). Let p be defined by p; = po =
A1+ 1, p3 = pa = A2 + o, ete. Similarly define o out of v and 4. We claim that
p < o and p' < ¢’ in dominance order. This would imply that p = &, and for our
specific type of pairs that would mean that (A, u) = (v, 9).

Since (A, u) < (v,6), we know that A+ u < v+ ¢ in dominance order. Then for
even k-s we have Z 0= 2(21 LA+ ) < 2(21' (Vi) = Zle ;.

To obtain needed enequality for odd k-s we just take the half-sum of the enequalities
for k—1and k + 1.

To see that p' < ¢', note that for even k-s the enequality again follows from the
fact that N +pu' <V + 4.

For odd k = 2j+1 we can still take half sum of inequalities of the form above for k-1
and k+1. What we get is (Z(k b i)+ (Pt Plpyn)) /2 < (Z‘k b o)+ (0% + 00 y1y) /2-
Note that pj, is either equal to (pf+p(s41y)/2 (if A = ;) or greater by 1 (if A; = pi41).
Same for o}.

Then the only case when Zz-—l oi > Zl_l ! is if we had an equality in (Z(k D )+
(Pk+Plpr1)) /2 < (D 0{)+(0%+0{(41))/2 [and thus, in both D g = S Vg
and Y280 o = 57D 7] and at the same time if N =y + 1, while if v; = &7.

This is a contradiction however since that means that 2 = v} +4; = (Z(k'H)

SV a2 = (S5 A - TG ) /2= + X =25+ 1.

70



Bibliography

[BM]

[BBR]

[BS]

[DP]

[EG]

[FFLP]

[FG]

[Ful]

[GK]

F. BERGERON AND P. MCNAMARA: Some positive differences of

products of Schur functions, preprint; math.CO/0412289.

F. BERGERON, R. BIAGIOLI, AND M. ROSAS: Inequalities between
Littlewood-Richardson Coefficients, preprint; math.CO/0403541.

N. BERGERON AND F. SOTTILE: Skew Schubert functions and the

Pieri formula for flag manifolds, with Nantel Bergeron. Trans. Amer.

Math. Soc., 354 No.2, (2002), 651-673.

G. DOBROVOLSKA AND P. PYLYAVSKYY: On products of sl, char-

acters and support containment, arXiv: math.C0/0608134.

P. Etingof and V. Ginzburg, On m-quasi-invariants of a Coxeter group,

Mosc. Math. J., (2) (2002), 555-566.

S. FoMmIN, W. FurLroN, C.-K. L1, AND Y.-T. PoON: Eigenval-
ues, singular values, and Littlewood-Richardson coefficients, American

Journal of Mathematics, 127 (2005), 101-127.

K. FAN AND R.M. GREEN: Monomials and Temperley-Lieb algebras,
Journal of Algebra, 190 (1997), 498-517.

W. FuLTOoN: Eigenvalues, invariant factors, highest weights, and
Schubert calculus Bull. Amer. Math. Soc., 37 (2000), 209-249.

I. GESSEL AND C. KRATTENTHALER: Cylindric Partitions, Trans.
Amer. Math. Soc. 349 (1997), 429-479.

71



[Hai]

[Haz]

[Hiv]

[Hum)]

[Kir]

K]

[LP2]

[LP3]

[LPP]

M. HAIMAN: Hecke algebra characters and immanant conjectures, J.

Amer. Math. Soc., 6 (1993), 569-595.

M. Hazewinkel, The algebra of quasisymmetric functions is free over

the integers, Adv. Math., 164, (2001), 283-300.

F. Hivert, Local action of the symmetric group and generalizations of

quasi-symmetric functions, Proc. of FPSAC, Vancouver, (2004).

J. HUMPHREYS: Reflection Groups and Cozxeter Groups, Cambridge

Studies in Advanced Mathematics, Cambridge University Press, 1992.

A. KIRILLOV: An invitation to the generalized saturation conjecture,

Publications of RIMS Kyoto University 40 (2004), 1147-1239.

A.A. KLYACHKO: Random walks on symmetric spaces and inequali-

ties for matrix spectra Linear Algebra Appl., 319 (2000), 37-59.

A. KNUTSON, T. TAO: The honeycomb model of GL,(C) tensor
products I: proof of the saturation conjecture, Journal of American

Mathematical Society, 12 (1999), 1055-1090.

T. LaM: Affine Stanley Symmetric Functions, preprint;
math.CO/0501335.

T. Lam and P. Pylyavskyy, Cell transfer and monornial positivity, J.
Alg. Combin., to appear.

T. Lam and P. Pylyavskyy, Temperley-Lieb Pfaffinants and Schur Q-

positivity conjectures, preprint.

T. LAM AND P. PYLYAVSKYY: P-partition products and fundamen-

tal quasi-symmetric functions, arXiv: math.C0/ .

T. LAM, A. POSTNIKOV AND P. PYLYAVSKYY: Schur positivity

conjectures: 2 1/2 are no more!, preprint; math.CO/0502446.

72



[LPP2]

[LLT]

[Mac]

[McN]

[Oko]

[Pos]

[RS1]

[RS2]

[Ska]

[Sta]

[Sta]

T. Lam, A. Postnikov and P. Pylyavskyy, Some Schur positivity con-

jectures, in preparation.

A. Lascoux, B. LECLERC, AND J.-Y. THIBON, Ribbon tableaux,

Hall-Littlewood symmetric functions, quantum affine algebras, and

unipotent varieties, J. Math. Phys., 38(3) (1997), 1041-1068.

I. MACDONALD: Symmetric Functions and Hall Polynomials, Oxford

University Press, 1995.

P. McCNAMARA: Cylindric Skew Schur Functions, preprint;
math.CO/0410301.

A. OkKOUNKOV: Log-Concavity of multiplicities with Applications to
Characters of U(o0), Adv. Math., 127 no. 2 (1997), 258-282.

A. PosTNIKOV: Affine approach to quantum Schubert calculus, Duke
Math. J., to appear; math.CO/0205165.

B. RHOADES AND M. SKANDERA: Temperley-Lieb immanants, An-

nals of Combinatorics 9 (2005), no. 4, 451-494.

B. RHOADES AND M. SKANDERA: Kazhdan-Lusztig im-
manants and products of matrix minors, to appear in Jour-
nal of Algebra; preprint dated November 19, 2004, available at

http://www.math.dartmouth.edu/ skan/papers.htm.

M. SKANDERA: Inequalities in products of minors of totally nonneg-
ative matrices, Journal of Algebraic Combinatorics 20 (2004), no. 2,

195-211.
R. STANLEY: Enumerative Combinatorics, Vol 2, Cambridge, 1999.

R. Stanley, Ordered structures and partitions, Memoirs of the Ameri-

can Mathematical Society, 119 (1972).

73



[StaT71] R. Stanley, Theory and applications of plane partitions: Part II, Stud-
ies in Appl. Math., 50 (1971), 259-279.

[Ste] J. Stembridge, Enriched P-partitions, Trans. Amer. Math. Soc., 349
(1997), 763-788.

74



