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Abstract

In this thesis, we consider several parabolic equations for which the minimum principle
fails. We first consider a two-point boundary value problem for a one dimensional
diffusion equation. We show the uniqueness and existence of the solution for initial
data, which may not be continuous at two boundary points. We also examine the
circumstances when these solutions admit a probabilistic interpretation. Some partial
results are given for analogous problems in more than one dimension.
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Chapter 1

Introduction to Our Parabolic

Equations

1.1 Introduction

The main purpose of this chapter is to introduce the family of parabolic equations we
are interested in, where the minimal principle fails. We will review the main results
from [12], {13} and summarize the main results we will discuss in later Chapters. In
[12] and [13], Stroock and Williams studied a 1-dim diffusion equation on half line
with a one point boundary condition, for which the minimal principle fails. They
also tried to elucidate the general case with a Markov chain analog. Later, in [17),
Williams and Andrews studied a special case of 1-dim diffusion equation with two-
point boundary case by using the indefinite innner product method. In section 1.2,
we will recall the equation and the main result in [12] and [13]. In section 1.3, we

introduce the equations we will consider and the main results we get.

Note: All the content and notation in Chapter 2 and Chapter 3 are self-contained

and we will specify all the notation in each chapter to avoid possible confusion.



1.2 Results from [12] ,[13]

Let F be the space of bounded functions on [0, 00) that are continuous on (0, 0o) but
not necessarily continuous at 0. Convergence of f, to f in F' means that {||fnll.}°
is bounded, f,,(0) — f(0), and f, — f uniformly on compact subsets of (0, 00). (We
write f, — f u.c.c. (0,00) as a shorthand for the last requirement.) Note that we
use probabilist conventions, writing u(t, ), instead of u(z,t). As usual,

ﬁ'—a—u u = Ou u"'—@

ot T o T Ox?

Now let U be the space of functions u on (0, 00) X [0, 00) such that u is bounded on
(0,1] x [0,00) and whenever 0 < T} < Tp < oo we have

U [ ([T],TQ] X [0, OO)) € C;’z([Tl,Tg] X [0,00))

This last statement means that u, %, u’, and u” are all bounded continuous functions
on [T}, Ty] x [0,00). Observe that we insist that u is C*? right up to the boundary
where (t,z) € (0,00) x {0}.

THEOREM 2.1021 (i) Let p,0 € R and let f € Cy(0, 00). Suppose that u € U
and that u satisfies the PDE

(2.1a) a=1u"+pu' on (0,00)?
(2.1b) u(t,0) = ov'(t,0) for t € (0,00),
(2.1¢) ltz\rﬁ u(t,z) = f(z) wu.c. (0,00).

Then f(0) := u(0+,0) := limy o u(t, 0) exists, and we note that the extended func-
tion f isin F.

(ii) There exists a unique one-parameter semigroup {Q;} of continuous operators
on F such that for f € F, u(t,z) := (Q.f)(z) is the unique element of U solving (2.1)
with u(0+,0) = f(0).
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It is helpful to think of @; as exp(tH) where
Hf=3f"+uf', DH)={f € C*: L"(0) + uf (0) = o (0)}.

If 0 >0, then u(-,-) > 0 if and only if f > 0, so that {Q;} is a semigroup of nonneg-
ative operators on F. If o < 0, then the minimal principle is lost, and indeed {Q:} is
a semigroup of nonnegative operators only on a certain invariant subspace of F. The

precise statements are given in the following
THEOREM 2.202 Assume that o < 0. Then
u(-,+) >0 if and only if both

f>0 and f(0)> (J’"i",f> = / J™"(z) f(z)dz,

(0,00)
where
(2_2) Jmin(x) _ 2|0.|e—2|a|a: ’Lf u > o,
2ole=Mz if 4 <o

The function J™" may be characterized analytically as the minimal solution of

the Riccati equation

(2.3a) 37" (@) = uJ'(@) + {37'(0) — nJ(0)}J(z) = 0,
(2.3b) J(0) = —20,
(2.3¢) J(-) >0, J(0,00):= /oo J(z)dz < oo.

0

The significance of Riccati equation is that for J € CZ([0,00)) satisfying (2.3c),
{Q: : t > 0} acts as a nonnegative semigroup on F” := {f € F: f(0) = (J, f)} if and
only if J satisfies (2.3a) and (2.3b).

Clearly the 0 < 0 case, where the minimal principle fails, is the most interesting

case. In [13], the long-term behavior of solutions was discussed.
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THEOREM 2.313] Assume that o < 0. Given f € F, set Df = £(0) — (J™", f).
Then, ast / oo,

p< o= ustz)— Df,

w—o
p=0=>t"lust,z) - 20°Df,

w— 20

p> o= e Ab=ly (¢ 1) — e 2=zt

w—a

the limits being uniform over x in compact subsets of [0, 00).

1.3 The Generalized Problem

A natural question is what is the picture if one generalize the problems discussed
in [12] and [13]. Two generalizations will be discussed in this thesis: one is to add
more boundary, the other one is to consider high dimension problem. In the following
Chapter 2, we will consider the following two point boundary value problem .

Let F be the space of bounded functions on [0, 1] which are continuous on (0, 1)
but not necessarily continuous at the boundary {0,1}. Convergence of {f,}3° C F
to f in F means that {||f.||u}$° is bounded, f.(x) — f(z) for each z € [0,1] and
uniformly for z in compact subsets of (0, 1).

Now let U be the space of functions u € C*2((0, 00) x [0, 1]; R) with the properties
that u is bounded on (0, 1] X [0, 1] and, for each 0 < T} < T3 < o0, @, v’ and u” are
bounded on [T}, T3] x [0, 1]. Note that we are insisting that u be C'? right up to, and
including, the spacial boundary (0, 00) x {0,1}. We consider the following boundary

value problem:

1,/

(3.1) u = zu” +pu’ on (0,00) x (0,1),
. u(t,0) = —ou'(t,0) and u(t,1) = ou'(t,1) for t € (0, 00).

In Chapter 2 we will show that there exists one ungiue solution to (1.3) with any
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initial value f € F. The minimal principle also fails when o > 0. To clarify how far
this problem is from satisfying the minimum principle, we need to understand the

following Riccati system:

%Jil(m) —I'LJI(:U) + B(J)J(g;) =0 on [0, 1]

(R) 20 0
J(0)=( 0 ) andJ(1)=(2a>

where J : [0,1] — R% o > 0 and p € R, and

= (5% )=o) (1)

O,

J,
We will prove that there exists exactly one solution J7* = ( J(‘)’ ) ) which satisfies
1

1 <1 ifo>pucothpu
(3.2) max / |Jk(z)| dx
k€{0,1} Jo <1 ifo < pcothy.

and that this solution is non-negative(which means each component is a nonnegative
function).

Now we introduce the vector

pon g = (f(O) — (£, o)

f(l)—(f,J1>> Jorfek

There is an intimate connection between the representation of Df in terms of the

eigenvectors of B* and the properties of uy. Namely, we have the following theorem:

Theorem 3.1 Assume that o > 0, and, for f € F, define

pokg = (f(O) - {4, Jg’“>) |
f(l) - <fv Jiy,“>

where (p, V) = fol o(z)Y(x)dx. Thenus > 0 if and only if f > 0 and D7*f = aVy*
for some a > 0. Moreover, if Fo* denotes the subspace of f € F with D7*f = 0,
then F™* is invariant under {Q, : t > 0} and the restriction {Q, | F™*: t >0} is a

13



Markov semigroup which is conservative (i.e., Q;1 = 1) if and only if o > pcoth p.
Finally, if f € F and D" f = aoVy" + a1V, then, uniformly for z € [0, 1]

a #0 = tlim e up(t, 1) = a,g7*(x)
—00
and

limy o €20 us(t, ) = aggy™(z) if 0 > pcothp
ar=0# a0 = {limy oot us(t,z) = apgy”(z)  if o = pcothpy

limy 00 uf(t, ) = aogo™(x) if 0 < pcothpu,

H is al-

where g7* takes both strictly positive and strictly negative values whereas gg’
ways strictly positive and is constant when o < pcothp. (Ezplicit expressions are

gwen for gi'*, k € {0,1}, in Chapter 2).

Theorem 3.1 is in agreement with the guess made in [12] on the basis of the Markov
chain situation. Moreover, it gives us some hints for the higher dimension case, where

we will give some partial results.

Now we re-define the notation for higher dimension case. Let F be the space
of bounded functions on E := [0, +00) x (—o0,+00) that are continuous on E*t :=
(0, +00) x (—00,+00) but not necessarily continuous at the boundary £~ = {0} x
(—00, +00). Convergence of f, to f in F means that {|| f»||.}$° is bounded, fn(z,y) —
f(z,y) for each (z,y) € E, and uniformly for (z,y) in compact subsets of E*. Now,
for T > 0, let Ur be the space of functions u on (0,7") x E such that u is bounded
on (0,7/2] x E and whenever 0 < Ty < T < T we have

u | ([T}, Ty] x E) € Cy*([Th, To) x E).

We let Uoo = ﬂ UT.
TeR*
As usual,

ou ou &%u ou *u

. ! " ! n " "

U= —, U =, U =, U=, U = ey, AU= Uy, Uy,
9t’ or’ ¢ 9r2’ Y oy’ W Oy?’ zz vy

We consider the following parabolic equation:

(3.3) U= 1Au+ poul, + pmu;, on (0,0) x EY,
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u(t,0,y) = ou'(t,0,y) forte€ (0,0),y € (—oo,+00),

. — + » —
limu(t,z,y) = f(z,9) we ET. and limu(t,0,y) = £(0,y)

To state our results, we need to introduce nonnegative finite measures {J(z,-)} by

J(0,-) = —206(-) and J(z,dy) = JoH#2(z,y)dy for z > 0, where JoHoH1(z y) =
—727‘:26(”0""7)5”"2“19 f0°° exp{_[("—ltoéz‘f'%'f] _ (zz—;yz)f }df

In fact, z € [0,00) — J(z, ) is a convolution semigroup of finite measures over R.

Let Df = f(0,9) — [5° Jp(z,*) * f(z,-)dz. Suppose uy(t,z,y) is the solution of
our PDE with initial data f, then we can get the following important equation:

(3.5) Df = —==¢e*" J,(—at,-) x Duy(t, ).

—40

By subordination, it is equivalent to:

Df(:) = et (Duy(t, -)).

where K = \F% + 2010, + (0 + o)? in a sense we will explained in Chapter 3.

From this equation, we can observe and show that the existence of the solution of
our PDE depends on the behavior of Df. The solution may only exist in finite time,
which is quite different from the one dimension case. We give the following necessary

and sufficient condition for the existence and uniqueness in finite time.

THEOREM 3.2 Ifo < 0, for © € R*,f € F, the following statements are
equivalent:

(i) There is a unique uy € Ue which satisfies (1.1) with u(0+,0,y) = f(0,y) for
y € (—00,400).
(it) There ezists h € Cy(R) such that Df = J(©,-) x h(-), where
-+oc
Df(y) = f(0,y) - fz,) » J(z, )dz,

0

{=J(z,") : x €[0,00)} is a convolution semigroup given by: J(0,-) = —206,(-) and
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J(z,dy) = JoH#2 (g, y)dy for z > 0,

JOHosk1 (IE, y) _ _22;"17 e(uo+a)x—2u1y /°° exp{— [(0—M022+2Iﬁ] _ (:tz-l;yz)f }df,
0

and J(z,-) = -e¥7 J(~0z, ).

(iit) There exists v(t,y) € C([00,00) x R)) [ C>®((¢0, 00) x R)) satisfies:

(1.2) Fu(t,y) + 2(uo — 0)du(t, y) + Giv(t,y) — 2mByu(t,y) = 0,
with v(0,-) = Df(:), sup [[v(¢,")[l. < oo,

t>00

im [[ot, e =0 if po > o.
t—oo

In particular, if Df € HP(0©, —0©), for some p € {1,2], then for any 0 < T <
©, there is a unique uy € Ur which satisfies (1.1) with u(0+,0,y) = f(0,y) for
y € (—00,+00).

Thus we have the following corollary for infinite time:

COROLLARY 3.2 Ifo <0, for f € F, the following statements are equivalent:
(i) There is a unique uy € U which satisfies (1.1) with u(0+,0,y) = f(0,y) for
y € (—00,400)

(i1) For any © € (0,00), there ezists hg € Cy(R) such that Df = J(8,-) * ho(-).
(ii3) There exists v(t,y) € C*°(R?) satisfies:
8}v(t,y) + 2(uo — 0)d(t, y) + 85v(t, y) — 2mdyu(t,y) = 0,
with v(0,-) = Df(-), sup lv(t, )|« < 00 for any T € R,

lim ||v(t, )| =0 if uo > o.
t—o0

In particular, if Df € HP(R), for some p € [1,2], there is a unique uy € Uy, which
satisfies (1.1) with u(0+,0,y) = f(0,y) fory € (—o0, +00).

16



The following criterion for non-negativity is obtained:

THEOREM 3.3 Assume that 0 < 0, and u € Uy, satisfies our parabolic equation
with u(0+, z,y) = f(z,y) for (z,y) € E*. Then

u(., . .) Z 0
if and only if
f(-,-) =2 0 and Df(y) = C for some constant C € [0, 00),

where
400

Df(y) = f(0,y) - f(z,-) * J(z,-)dz.

0

The proof of this theorem will rely on the equation (3.5) and a representation formula
for positive solutions to Au — u = 0 in R?, proved in [4].
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Chapter 2

A Two Point Boundary Problem

2.1 Introduction

In this chapter!, we continue the study, started in [12] and [13], of a diffusion equation
in one dimension with a boundary condition for which the minimum principle fails.
The main distinction between the situation here and the one studied earlier is that
we are now dealing with a problem in which there are two boundary points, not just
one, and the addition of the second boundary point introduces some new phenomena
which we find interesting.

Although the relationship is not immediate apparent, related considerations ap-
pear in [7] and [8].

2.1.1 The problem and a basic result

Let F be the space of bounded functions on [0, 1] which are continuous on (0, 1) but
not necessarily continuous at the boundary {0,1}. Convergence of {f,}° € F to f in
F means that {||f.||.}$° is bounded, f,(z) — f(z) for each z € [0, 1] and uniformly
for z in compact subsets of (0,1).

In the next definition, and hereafter, we use the probabilistic convention of writing

u(t, ) where analysts would use u(z,t). As usual,

ou ,_ du 8%u

pre u =30 and u =5

U

Now let U be the space of functions u € C12((0,00) x [0, 1]; R) with the properties
that v is bounded on (0, 1] x [0, 1] and, for each 0 < T} < T < 00, @, v’ and u” are

!Chapter 2 has the same content as the paper [14], which is a joint work with Daniel Stroock.
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bounded on [T}, T3] x [0, 1] Note that we are insisting that u be C12 right up to, and
including, the spacial boundary (0, 00) x {0, 1}.

Because its proof is more easily understood after seeing the proofs of the other
results in this article, we have put the derivation of the following basic existence and

uniqueness statement into an appendix at the end of this article.

Theorem 1.1 Let (u,0) € R? be given.
(i) Suppose that u € U satisfies

u=su"+pu on (0,00) x (0,1),

(12) u(t,0) = —ou/(¢,0) and u(t,1) = ou'(t,1) fort € (0,00).

If, ast \, 0, u(t,-) converges uniformly on compact subsets of (0,1), then both u(t,0)
and u(t, 1) converge as t \, 0, and so u(t,-) converges in F'.

(ii) Given f € F, there is a unique uy € U which satisfies (1.2) and the initial
condition that, as t \, 0, u(t,-) converges to f in F.
In particular, if Qif = us(t,-), then {Q; : t > 0} is a semigroup of bounded, contin-
uous operators on F. (See (3.2) below for more information.)

For semigroup enthusiasts, it may be helpful to think of the operator Q; as exp(tH)
where Hf = 3 f” + pf’ with domain

dom(H) = {f € C*([0,1;;R) : Lf"(k) + pf'(k) = (-1)"*of'(k) for k € {0,1}}.

For probabilists, it may be helpful to remark that, unless o < 0, {Q; : ¢ > 0} is not

a Markov semigroup.

2.1.2 Non-negativity and growth of solutions

If ¢ < 0, then ug(-,-) > 0 if and only if f > 0, and therefore {Q; : ¢t > 0} is a
Markov (i.e., non-negativity preserving) semigroup. This may be proved by either
an elementary minimum principle argument or the well-known probabilistic model.?
However, when ¢ > 0, the minimum principle is lost, and, as a consequence {Q; : t >
0} is no longer Markov. Nonetheless, we will show that there is a certain {Q; : t > 0}-
invariant subspace of F' on which the @;’s do preserve non-negativity. In order to

describe this subspace, we need the following.

2The corresponding diffusion is Brownian motion in (0,1) with drift g which, depending on
whether o = 0 or o < 0, is either absorbed when it hits {0, 1} or has a “sticky” reflection there.
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Theorem 1.3 Given a continuously differentiable function J : [0,1] — RZ, set

—ouo + 20 L) 1, 10
B<J>=< S e O COO)
2

J;0
2 20
Then, for each o > 0 and p € R, there exist a unique solution Jo* to

LJ"(z) — uJ'(z) + B(J)J(z) =0 on[0,1]

(R) 20 0
J(0) = ( 0 ) and J(1) = ( 20)

which satisfies

1 <1 ifo>pucothy
(14) max [ |Ji(a)|do
ke{0,1} Jo <1 ifo < pcothpy.

Moreover, J%* > 0 in the sense that both of its components are non-negative. Finally,
set B7* = B(J%*). Then B> has real eigenvalues A\T" < A\J* < 0, A\§* < 0 if
and only if o > pcothu, and the corresponding eigenvector V" can be chosen to be
strictly positive with (Vy'*)o+ (Vy*)1 = 1, whereas the eigenvector V" corresponding
to AT can be chosen so that (V{"*)o > 0 > (V{"*); and (V{*)o — (V7*)1 = 1. (See

Lemmas 2.9 and 2.10 below for more information.)

Referring to the quantities in Theorem 1.3, we have the following. When p =
0, some of the same conclusions were obtained in [17] using an entirely different
approach, one which is based on the use of an inner product which is not definite.
Also, the criterion given below for non-negativity is analogous to, but somewhat more
involved, than the one given in [12], where the same sort of problem is considered on
half line [0, c0),

Theorem 1.5 Assume that o > 0, and, for f € F, define

Da,pf - (f(o) - (f’ Jg’“)) ’
.f(l) - (fa ‘];7’“>

where {p, ) = fol o(z)(z) dz. Then ug > 0 if and only if f > 0 and D7*f = aV*
for some o > 0. Moreover, if F* denotes the subspace of f € F with D7*f = 0,
then Fo# is invariant under {Q; : t > 0} and the restriction {Q; | F** : t >0} is a
Markov semigroup which is conservative (i.e., Q;1 = 1) if and only if o > pcoth p.
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Finally, if f € F and D7 f = aoVy* + a1V, then, uniformly for x € [0, 1]
(1.6) a; #0 = lim e us(t, 1) = ay g7 (x)

—00
and

limy0 €20 us(t, 2) = aggd*(z) if o > pcoth
(1.7) ar=0#a0 = { limo0t ™ up(t,z) = aggy*(z)  if o = pcothp

limy_o0 uf(t, ) = aogg™(z) if o < pcothy,

where g7* takes both strictly positive and strictly negative values whereas gg* is always
strictly positive and is constant when 0 < pcothpu. (Ezxplicit expressions are given
for go*, k € {0,1}, in section 3 below).

Remark: It should be mentioned that the Harnack principle discussed in §5 of [13]
transfers immediately to the setting here. Namely, if v is a non-negative solution to
4 = v’ + pu' in a region of the form [T}, T3] x [0, R] and 4(t,0) = —ou/(t,0) for
t € [T1,T5], then, for each T} < t; < t < T and 0 < 7 < R, there is a constant
C < oo such that u(s,z) < Cu(t,y) for all (s,z), (t,y) € [t1,t2] % [0,7], and an
analogous result holds when the region is of the form [T7, T3] x [R, 1]. The surprising
aspect of this Harnack principle is that, because of the boundary condition, one can
control u(s, z) in terms of u(t,y) even when s > ¢, whereas usual Harnack principles

for non-negative solutions to parabolic equations give control only when s < ¢.

2.1.3 The Basic Probabilistic Model

The necessary stochastic calculus may be found, for example, in Revuz and Yor [6] or
Rogers and Williams [9]. In particular, the second of these also contains the relevant
“Markovian” results.

The probabilistic model associated with our boundary value problem can be de-
scribed as follows. First, let X be Brownian motion with drift 4 and reflection at the
boundary {0,1}. That is, if B a standard Brownian motion, then one description of

X is as the solution to the Skorohod stochastic integral equation
0< Xy= Xo+ By + ut + (Lo)s — (L1): < 1,

where Ly and L; are the “local times” of X at 0 and 1, respectively. In particular,

for k € {0,1}, t ~ (Ly,); is non-decreasing and increases only on {¢ : X; = k}. Next,
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set

b, =t—o Y L) — 0 (L), G=inf{r>0: &, >t}

(18) and Y; = X(¢,).

When o = 0, the interpretation of (; is that it is equal ¢ A inf {7' >0: X, € {0, 1}},
and so Y is absorbed at the first time it leaves (0,1). When ¢ < 0, Y is Brownian
motion in (0, 1) with drift 4 and a “sticky” (i.e., it spends positive time) reflection at
{0,1}. When o > 0, (; may be infinite, in which case we send Y; to a “graveyard” 0
(i.e., an absorbing state outside of [0, 1]).

The connection between (1.2) and these processes is that, for each f € F and T >
0, an application of standard It6 calculus shows that (note that X, € {0,1} & o >
0 = (>0as.)

(1.9) us(T — @, X;) € R is a continuous local martingale in ¢.

In particular,

uy bounded and P (CT =00 —> tl}rgl uf(T — CI)t,Xt) =0
T

X0=£L‘)=1

(1.10)

= uy(T,z) = E[f(Y7), {r < 00| Xp = z].
Similarly,
(1.11) up >0 = uy(T,z) > E[f(Yr), (r < 00| Xo = z].

Remark: It should be emphasized that, although the process Y is a familiar, con-
tinuous diffusion when ¢ < 0, it is discontinuous when ¢ > 0. Indeed, when o > 0,
although Y behaves just like X as long as it stays away from {0, 1}, upon approaching
{0,1}, Y either jumps back inside or gets sent to 9. In particular, even though it is
right-continuous and has left-limits, Y is not a Hunt process because its jump times

are totally accessible.

In order to make the connection between Y and the functions J;* in Theorem

1.3, we will need the following lemma about the behavior of ®; as ¢ — oo.

Lemma 1.12 Assume that 0 > 0 and take pcothpy = 1 when u = 0. Then, al-
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most surely,

oo ifo > pcothu

(1.13) lim &, =
t—o0 —00 ifo < pcothp
and
(1.14) o= pcothy = tﬁ +®; = co.
—00

In particular, for all T > 0, 0 > pcothy = (r < © a.s. and o0 < pcothy —

lim;_ oo ®; = —00 a.s. on {{r = co}.

Proof Assume that y # 0, and set

e—2u:z:

Y(z) =~ <z + m) coth .

Then, 34" + pyy’ = —pcoth p and ¢'(0) = 1 = —¢/(1), and so, by 1t6’s formula,

M, = / W(X2) dBr = (X,)+(p coth pm)t—(Lo)—(Ly); = $(X,)—(0—pcoth p)t+0,.

Since lim;_,o, ¢} M;| = 0 a.s., this proves that

) h
Jim — =1-— preoth p a.s.,
t—oo ¢ g

which completes the proof of (13) when p # 0 and o # pcothu. In addition, when
p # 0 and o0 = pcothy, the preceding says that ¥(X;) + o®; = M;, and so the
desired result will follow once we check that lim; ., £M; = oo a.s, which, in turn,
comes down to showing that [;°4'(X,)®dr = oo a.s. But, by standard ergodic

theoretic considerations,

2 ”e2uy
e —1

dy

t—oo

t
lim %/ V(X)) dr = ¥ (y)*v(dy) >0, where v(dy) =
0 {0,1)

is the stationary measure for X. Thus, the case when p # 0 is complete. The case

u = 0 can be handled in the same way by considering the function ¥(z) = z(1—z). O

As a consequence of Lemma 1.12, we can now make the connection alluded to

above.
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Theorem 1.15 Assume that o > 0. For all bounded, measurable ¢ : (0,1) — R,
(1.16) E[p(Xe), o < 00| Xo = K] = (0, J7*), k€ {0,1}.

In particular, P({ < oo|Xo = k) = (1,J*) and HJ_E,;“—) is the density for the
distribution of Yo = X, given that Xo = k and (o < oo.
Proof Clearly, it suffices to treat the case when ¢ is continuous as well as

bounded. Given such a ¢, define f € F so that f [ (0,1) = ¢ and f(k) = (o, Jo*)
for k € {0,1}. Then, by Theorem 1.5, uy is bounded and, as t — oo, us(¢,z) — 0
uniformly for z € [0,1] when o < pcoth u. Hence, by Lemma 1.12 and (1.10),

(o, Jg*) = f(k) = E[p(X,), Co < 00| Xo = k]. O

2.2 The Riccati Equation

In this section we will prove Theorem 1.3 and the connection between solutions to
(R) and solutions to (1.2). Throughout, we assume that o > 0.

2.2.1 Uniqueness of solutions to (R)

Theorem 2.1 Suppose that J € C*([0,1];R?) is a solution to (R), and define B(J)
accordingly, as in Theorem 1.2. Next, for f € F, set

Dif = (f(O) ~{f, Jo>> |

Then, for any f € F, D'us(t) = e *BYD'f and so D'f =0 — D7ug(t) =0 for
allt > 0. In particular, if m(J) = fol |Jo(z)|dx V fol |Ji(z)|dz < 1, then D/f =0
implies that ||uglly < ||fllu, and, if m(J) < 1, then D’ f = 0 implies ||us(t)||, — O
as t — oo. Finally, if J > 0, then for any non-negative f € F with the property that
D’ f is a non-negative eigenvector of B(J), up > 0.
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Proof If J is any solution to (R), then,

<uf(t) J) = (quy(t) + p, J)

= (ug(t), 3J" — pJ) + 3 (u}(t, 1) J (1) — u}(t,0)J(0))
(up(t,1)J'(1) = up(t,0)J'(0)) + pug(t, 1)J (1) — uy(t,0)J(0))

(0 )
— _B()u d [uy(t,0) 40
= —B(J){u;s(t), J) + ( (1 ) + B(J) ( (t,1)>

) Uy
and so 4 D7u;(t) = —B(J)D”uy(t), which is equivalent to D7uy(t) = e *#() D’ f.
Now assume that m(J) < 1 and that D7f = 0. To see that ||uslla < ||fl]l, let
e > 0 be given and suppose that |[ug(t)||y > || fllu + € for some t > 0. We can then
find a T > 0 such that [|ug(T)|ly = ||fllu +€ > llus(t)]ls for 0 < ¢ < T. Clearly,
there exists an = € [0,1] for which |ug(T,z)] = ||f|| + e If z € (0,1), then, by

the strong maximum principle for the parabolic operator d; — %8% — 0y, |us| must

be constantly equal to |[f|[s + € on (0,7) x (0,1), which is obviously impossible.
Thus, it remains to check that z can always be chosen from (0,1). To this end,
simply note that if |us(T,z)| < ||fllu + € for all € (0,1), then, for k € {0,1},
lug (T, k)| = [{ug(T), Ji)| < [[fllu + € also.

Next assume that m(J) < 1 and that D’f = 0. To see that |jus(t)|lu — 0 as
t — o0, it suffices to show that {jus(1)|l, < 6|/ f]lu for some 6 € (0,1) which is inde-
pendent of f. Indeed, by the semigroup property and the fact that D7u(t) = 0 for
all t > 0, one would then know that ||us(t)||, < 6| f|lu for t > n. To produce such a
6, let p denote that first time that the process X leaves (0,1). Then

up(l,z) =E[f(X1), p> 1| Xo=x] + E[us(1 - p,X,), p<1 IXO = z].

Because ||uslly < {[flla and |ug(t, k)| = [(us(t, ), Je)| < m(J)||f|lu, this leads to
s (D)fle < Ol flw with @ = 1=n(1—m(J)), where n = inf ey P(p < 1] Xo = z) > 0.

Finally, assume that J > 0 and that D”f is a non-negative eigenvector for B(.J).
If f > 0 and u; ever becomes negative, then there exists a 7 > 0 such that uz(t) > 0
for t € [0,7) and us(7,z) = 0 for some = € [0,1]. Again, from the strong max-
imum principle, we get a contradiction if x € (0,1). At the same time, because
ur(T, k) > (ug(T), Jy) for k € {0,1}, we see that the only way that uy(T") can vanish
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somewhere on [0, 1] is if vanishes somewhere on (0, 1). Thus, when f > 0, us > 0. To
handle the case when f > 0, define g € F so that g = 1 in (0,1) and g(k) = (1, J;)
for k € {0,1}. Next, apply the preceding result to see that us + eug = ugiey > 0 for
all € > 0, and conclude that u; > 0. O

Corollary 2.2 Let J be a solution to (R) which satisfies (1.4). Then
(f, Jk) =E[f(X¢) Qo< 00| Xo=k] for f€ F and k € {0,1}

if either o > pcoth u and (cf. the notation in Theorem 2.1) m(J) <1 oro < pcoth
and m(J) < 1. In particular, in each of these cases, there is at most one such J, that
J must be non-negative, and (1, Ji) = P({p < 00| X = k) for k € {1, 2}.

Proof Given the results in Theorem 2.1, there is no difference between the proof

of this result and the proof given earlier of Theorem 1.15. O

By combining Theorems 1.15 and 2.1 with (1.11), we have a proof of the first asser-
tion in Theorem 1.5. Namely, if uy > 0, then (1.11) says that f(k) > E[f(X¢,), Co <
00| Xo = k] and Theorem 1.15 says that E[f(X,), (o < oo|Xo = k] = (f, J7*).
Hence, we now know that uy > 0 = D%*f > 0, and, by the semigroup prop-
erty, this self-improves to uy > 0 == D% uy(t) > 0 for all t > 0. Now sup-
pose (cf. Theorems 1.3 and 1.5) that D%*f = agV; + a;Vi. Then, by Theorem 2.1,
DoPus(t) = age 2 "tVy + a1e”"tV,. Thus, if a; # 0, then the ratio of the compo-
nents of D% uy(t) is negative for sufficiently large ¢ > 0, and so a; = 0 if uy > 0.
Hence, uy > 0 = 0 < D" f = ayV}) and therefore that ag > 0.

2.2.2 Existence of Solution to (R)

In order to find solutions to (R), we will first look for solutions to

1
2 0 20
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for any non-singular matrix B, and we will then see how to choose B so that B =
B(J). For this purpose, set Q = /2 — 2B and

ot sinh(1 - z)Q (1 _,8inhzQ (0
(2.4) J(z) = 20e [————sinhﬂ 0 +e sone L1/ 1

where we take SBAZY = 7 when w = 0. It is clear that the J in (2.4) solves (2.3). In

sinhw
addition,

-1 0 Q 0 e#
B(J)—a[u(o 1)—QcothQ-|-SinhQ (e‘“ O)}

Hence, we are looking for B’s such that the corresponding 2 satisfies

2 2

w?l — ) -1 0 Q 0 e
2. = — Qcoth _ .
(2:5) 20 H (0 1 cot QJrs,inhQ e * 0

To solve (2.5), suppose that W = (wp, w) is a left eigenvector of 2 with eigenvalue
w. Then

2_ 2 —u
Y —w e Hw
= - th
5 Wo (1 + wcoth w)wg + el
2 __ 2 "
pe—w efw
wy = (U — wceothw)w, + Wo,
20 1= (u Jur sinhw °
and so ) ) b i
w —w e sinh w
= (IL +wcothw+u) —_—
Wo 20
2,2 ~E ginh
Lo _ (/l d +wcothw—,u> ¢ ame
wn ag w

In particular, w must be a solution to

2,2 2
ue—w w
. thw = 4/ 2
(2.7(%)) o + wcothw p? + o

3Because of potential problems coming from nilpotence, this assignment of {2 should be thought
of as an ansatz which is justified, ex post facto by the fact that it works.

28



and

e’ sinh w
+4/p2 +
( K smh2 )
e “smhw
/2 +
( o smh2 )

(2.8(%))

Lemma 2.9 There is a unique w > 0 which solves (2.7(-)). Moreover, if w, de-
notes this unique solution, then wy > |u|. On the other hand, |u| is always a solution
to (2.7(+)), and there is a second solution w € (|u|,w1) if 0 > pcothp.

Proof Without loss in generality, we will assume that p > 0.

Clearly, w > 0 solves (2.7(-)) if and only if ¢g;(w) = 0, where

3
91(w) = w’ — 20w cothw — 204/ pu? + .wz — 2.
sinh® w

Since ¢1(0) < 0 and lim, o g1(w) = o0, it is clear that g; vanishes somewhere on

(0,00). In order to prove that it vanishes only once and that it can do so only in
(u, 00), first note that

2
g1(w) >0 = (w—ocothw)? > o?coth® w + 204/ u? + .w + u?,
2
sinh®w

which is impossible unless w > o cothw, in which case w > (20 cothw) V y. Further-

more, if w > 20 cothw, then

1
$¢i(w) =w—ocothw —o , w2 (1 — wcothw)
u? + = sinh” w
sinh“ w
> o cothw — LA (coshw — 1) > 0.

sinhw  sinhw

Knowing that ¢;(w) > 0 = ¢{(w) > 0 and that w > u, the first part of the lemma
is now proved.

Turning to the second part, set

2
go(w) = w? — 20w cothw + 2m 2
sinh® w
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Then w satisfies (2.7(+)) if and only if go(w) = 0, and clearly go(n) = 0. In ad-
dition, since g;(w) > 0 = go(w) > 0 and ¢g; > 0 on |w;,00), we know that go
can vanish only on (0,w;). Finally, to show that it vanishes somewhere on (u,w;)
if ¢ > pcothu, note that, since go(wy) > 0 and go(p) = 0, it suffices to check that
o > peothpy = gj(p) < 0. But gj(u) = (pcothy — o) tanh i, and so this is

clear. 0

From now on, we take w; as in Lemma 2.9 and wyp to be a solution to (2.7(+)) which

is equal to |u|if 0 < pcothp and is in (|p|,w;) if 0 > pcothpu. The corresponding

2geh*

solution J to (R) is given by ;—*&"—— times
— i sinhzwo _ sinhzw; sinh(l-z)wo sinh(1—x)w;
e " worwn ( w0 w1 ) + Woown1 =, — WorWio— o

)

sinh(1—x)wo sinh(l—x)w1 - sinh zwo - sinh zw
—WooW1o ( e — e Hwg w = 0 + e Fwgown

where Wy, = (wgo, wk1) is a left eigenvector of 2 with eigenvalue wy.
Remark: For those readers who are wondering, the reason why, when o < pcoth ,

we take wy to be the solution to (2.7(+)) which is greater than |u| is to get a solution
to (R) which satisfies (1.4).

Lemma 2.10 The preceding J is a non-negative solution to (R). In addition, (1, Jo) =
1={(1,J1) ifo > pcothp and (1,Jo) V (1,1) <1 if 0 < pcothu. The eigenvalues

of B(J) are A\, = £ 2;“’%, k € {0,1}, and associated right eigenvectors Vi, = ’Uko)
Uk1

R 2 .
) sinh w et sinh w
Jﬂ:(—l)k \/N2+ ( k) +H ==
Vko Wk Wk

Hence, they can be chosen so that vgg A vo; > 0 with vy +ve1 = 1 and vip > 0 > vy

satisfy

with V19 — V11 = 1.

Proof To check that J is non-negative, we begin by remarking that u(y) =
Sinhywo _ smi‘,i"”‘ > 0 for y € [0,1]. Indeed, u(0) = 0 = u(1) and v” < wiu. Hence, if

wo

u achieves a strictly negative minimum, it would have to do so at some y € (0, 1), in

which case we would have the contradiction 0 < u”(y) < w?u(y) < 0. Because of this
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remark, it suffices to show that all the numbers

WeoW11 — Wo1W10 WooW11 — Wo1W10 WepW11 — Wo1Wi0 and
b b] 7
We1W11 —WooW10 WooW11 —Wp1Wi0

WeoW11 — Wo1W10

are positive. But, using (2.8(+)), this is an elementary, if somewhat tedious, task.

Next, from B(J) = ’LI;E, the identification of the eigenvalues of B(J) is clear.

-1
W
In addition, if Wy and W] are left eigenvectors of B(J), then the columns of WO)
1
are associated right eigenvectors of B(J). Hence, the calculation of :’)Jk% is a conse-

quence of (2.8(+)).

Turning to the calculation of (1, Ji), observe that, by integrating (R), one sees that

Hence, if wg > ||, and therefore B(J) is non-degenerate, 1—(1, J) = 0 for k € {0,1}.
1-— (1, J())
1-(1,J1)
particular, this means that either (1, Jy) and (1, J;) are both equal 1, both strictly

greater than 1, or both strictly less than 1. To determine which of these holds, note

On the other hand, when wp = |ul, must be a multiple of V. In

that, when wp = |u], 15”’-186 = e?* and therefore that

?

1 : 1— 1 : YT
(1, Jo)+e% (1, Jy (z)) = 20 ] ewsmhg z)u dx—i—e"/ ewm.nhxp _ 20e sinh
0 sinh 0 sinh 7

and so

20e!sinhp  2e¥sinh p (

1—(1,Jo) +e*(1~ (1, 1)) = 1+ € — .

pcoth p — a).

Thus, 0 = pcothpy = (1,Jx) = 1 and 0 < pcothpy = (1,Ji) < 1 for
ke {0,1}. O
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2.3 Growth of Solutions

In this section we will give the proof of the final part of Theorem 1.5. To this end,

set
(—l)k\ﬂﬂ cosh® wi + w} — p? — pcoshwy
cp = for k € {0,1},
W+ @
and define hg* and hT" by
(
(e“’o + coe(l‘””)“"’)e‘“”‘ if o > pcothp
B (2) = ﬁ + 2+ #(1 + tanh p)e™™* if o = pcothp & p#0
(3.1) 1-z(1-2x) fo=1&u=0
1 if 0 < pcothp,

\
hT*(z) = (e’““"‘ + cle(l_“’)“’l)e_““.

k h ?
k

e hIH(x) if o > pcoth
ug(t,z) = { t + hi*(z) if o = pcothpu
1 if 0 < pcoth ,

and
uP(t, z) = e M hDH ().

In addition, because ug* > 0, the first part of Theorem 1.4 says that D%*hg* is a
non-negative, scalar multiple of V5. At the same time, because, ug* is unbounded
when o > pcoth u and when o < pcoth p it does not tend to 0 as t — oo, this scalar
cannot be 0. Hence, there exists a Kg* > 0 so that Kg*D%*hJ" = V5. We next
want to show that K7* # 0 can be chosen so that K7*D?*h{* = V;. It is clear (cf.
Theorem 2.1) that

d
—BTRDURYH = ZDuTH(t) | = AT/ D7 AT

Thus D7*h* is a scalar multiple of V;, and, because u{* is unbounded, this scalar
cannot be 0. That is, K7"* # 0 can be chosen to make K7*D?#h]* = Vi. Finally,

h{* must take both strictly positive and strictly negative values. If not, u{* would
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have to take only one sign, which would lead to that contradiction that D”*hJ* is a

multiple of V.

To complete the program, set

Ky*hgt  if 0 > pcoth p
K+ if o < pcothp

o _

9o

and g7* = K7*hT". Given f € F, determine ap and a; by D7*f = aoVp + a1V4,
and set f = f — aogd* — ayg7*. Then u; = uf + aoKg ug® + a1 K7*ul*. Because
Do#f = 0, as t — o0, uf(t, -) tends to 0 if ¢ < pcothy and, in any case, stays

bounded. Clearly, the last part of Theorem 1.5 follows from these considerations.

As a consequence of the preceding, we see that —A\{* is the exact exponential rate
constant governing the growth of the semigroup {Q; : t > 0}. That is, there is a
C < oo such that

(3.2) 1Qeflla < Ce™|f L,

and there are f’s for which lim,_,., €1 ||Q;f|lu > 0.

2.4 Proof of Theorem 1.1

This appendix is devoted to the proof of Theorem 1.1, and we begin by introducing
a little notation. First, let g(¢,z) = (27rt)‘%e’% be the centered Gauss kernel with
variance t, and set G(t,r) = Y_,c, 9(t,z+2k). Clearly, G(¢,-) is even and is periodic
with period 2. Next, set

(4.1) Q°t,z,y) = eHly—2)— 15t [G(t,y—z) -G, y+2)], (tz,9) € (0,00)x][0,1]%

As one can easily check, Q° is the fundamental solution to @ = %u" + pu’ in [0, 00) x
(0,1) with boundary condition 0 at {0,1}. Equivalently, if 7, denotes inf{t > 0 :
X: =k}, then

P(Xtedy&ro/\rl >t|X0:x) = Q%(t, z,v) dy.
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Next, set

1d
£kt % o
@0y ke{o)

Then, by Green’s Theorem, for hy € C(]0, 00);R),

q(t, z) = (-1)

w(t, ) = /0 go(t — T)ho(7) d7 + /Ot q1(t — 7)hy(7) dT

is the solution to @ = ju” + pu’ in [0,00) x (0,1) satisfying limyou(t,-) = 0 and

lim, ., u(t, ) = hg(t). Equivalently,
]P’(Tl > 19 € dt | Xo= x) = qo(t, z) dt and IP’(TO >1 €dt |X0 = :c) = q(t, x) dt.

In particular, these lead to gx > 0 and

QG+tzy)= [ Q%sz2,2)Q° 2y)dz
o

(4.2) (s +1t,2) = ( )Q”(s, z,y)ak(t,y)dy for k € {0,1}
0,1

¢ ¢
Q%t, z,y) dy + / go(T, ) dT +/ ¢ (7, z)dr =1,
0 0

(0,1)

and

2 2
(4.3) Qw(t,z) = —e M T'Q(t,z) and q(tz)= —e“(l‘m)—&z‘tG'(t, 1-1z),
where the second of these comes from G'(¢t,1+z) = -G'(t, -1 — z) = -G'(t,1 — z).

Clearly,

1

Vv 2rt '

In order to estimate g(¢, z), first note that, from (4.3), it is clear that G'(¢,z) < 0.

Second,

(4.4) 0<Qtz,y) < glt,iz—y) <

G'(t,z) = -%G(t,x) + % Z m(g(t,2m —z) — g(t,2m + z)) > —%G(t, z).

m=1
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Hence,

(45) G'(t,2)| < TG(t,2) < CFg(t AL 2)

and so

(4.6) 0<gq(t,z) < C’%g(t Al,z) and 0<q(t,z) < C—l——;——x-g(t AL 1—1x).
for some C < oo.

In what follows, we will be using the notation

e2u:t _ e2u e2p:r _

wo(z) = wi(zx) = P and f, = (f,wx) for f€F.

1—e2 ’

Note that if u € U satisfies (1.2), then, after integrating by parts, one finds that

2u 2u
; He HE
Qo(t) = —3u/(t,0) + - 1u(t, 1) — . 1u(t,O)7
A 1. _ H /l
ul(t) - 2’U, (ta 1) 62“ _ 1U(t, 1) + 62“ _ lu(t, O))

and therefore

d (u(t,0)) _, d () u(t, 0)
dt (u(t, 1)) ~¥a (ﬂl(t)) i (u(t, 1)) !

2u L 2u
where A = 2op (e ¢ )

Solving this, we see that
o—tA u(t, 0) sA u(s, 0)
u(t, 1) u(s, 1)
~ ~ t A
= 20e™t4 ?O(t) — 20e™%4 ?0(8) + 20/ e ™A ?O(T) dr,
a1 (1) (s) s aa(7)
from which it is clear that if, as s \, 0, u(s,-) | (0,1) converges pointwise to a

function f : (0,1) — R, then lim o u(s, k) exists for k € {0,1}. Thus, the first part
of Theorem 1.1 is proved, and, in addition, we know that

u(t7 O) - etA f(O) - 20f0 o 'LAL()(t) o te(t_T)AA (’&0(7’)) dr
(1) (u(t,l)) (f(l) - 20f1> e (ﬁl(t)> 2 /0 a(7)
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ifu(t,) — fin F.

Because, for any u € U satisfying & = ju” + pu’ and, as ¢ \, 0, u(t,") — f
pointwise on (0, 1),

u(t, z) = E[f(X:), 0o A o1 > t| X(0) = z] + E[u(t — 00,0), 0o <t Aoy | X(0) = z]
+E[’U,(t— 0'1,0), o1 < t/\O’olX(O) = 15]
= Qo(t, z, y)f(y) dy + / QO(T7 .'D)U(t -7 0) dr + /t )1 (7—7 $)U(t =T, 1) dT,
(0,1) 0 0
(4.7) tells us that if u € U satisfies (1.2) and u(t,-) — f in F), then
(4.8) u(t, x) = rs(t, ) +/0 k(t —T,x) (UOET;> dr,

(T

where t A
ors e 51

k(t,) = 20q(t,z) + 20 /0 ot — 72 Adr

with hy(t,z) = f(o,1) Q°(t,z,y)f(y) dy and q(t,z) = (qo(¢, z), 1 (¢, 7).

Our proof of the existence and uniqueness statements in Theorem 1.1 will be based
on an analysis of the integral equation (4.8). Clearly, given f € F, finding a solution

t
u to (4.8) comes down to finding a t € [0, 00) — v(t) = UOEt) € R? which satisfies
1
(4.9) v(t) = 7(t / K(t — 1)v(r) dr,
where

sy (et wo) e (KRG wo)
10 (<rf<t,-),w1>) ¢ K0 (<k<t,->,w1>)'

Indeed, if v solves (4.9) and u is defined by

u(t,z) =re(t,z) + /0 k(t — T, x)v(T) dT,
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to(t)

i (1)

(4.9). Thus, existence and uniqueness for solutions to (4.8) is equivalent to existence

then u satisfies (4.8). Conversely, if u solves (4.8) and v(t) = ), then v solves

and uniqueness for solutions to (4.9).

To prove that, for each f € F, (4.9) has precisely one solution, we use the fol-

lowing simple lemma.

Lemma 4.10 Suppose that M : (0,T] — R ® R is a continuous, 2 x 2-matriz-
valued function with the property that L(T) = suptE(O,T]t%HM ()|lop < 0 and that
0 : (0,T] — R? is a continuous function for which ||v°|a,r = sup,cr t*[0°(t)] <
oo, where o € [0,1). If {v" : n > 1} is defined inductively by

™ (t) = °(t) + /Ot Mt — 7" Y 1)dr, te(0,T],

then

L(T "T(1 — 0 n
sup I’Un(T) __,Un—l(,r)l < ( ( )\/7—1-)” ( a)||v ”a,T T3«
re0 ] F(3+1-0)
In particular, {v*—v° : n > 1} converges uniformly on (0,T] to a contiguous function
which tends to 0 ast \, 0. Finally, if v®° = v° + lim, _,o,(v" — v°), then v™® is the
unique v : (0, T] — R? satisfying

¢
v(t) = v°(t) +/ M(t —1)v(r)dr  with ||v|ler < 0.
0
In fact, there is a Cy < 00 such that |[v™°||q7 < CoL(T)||0°||areC>L™T.

Using the estimates in (4.5) and applying Lemma 4.10 with @ = 0, we now know
that, for each f € F, there is precisely one solution to (4.9), which, in view of the
preceding discussion, means that there is precisely one solution to (4.8). Moreover,
because every solution to (1.2) with initial data f is a solution to (4.8), this proves
that, for each f € F, the only solution to (1.2) is the corresponding unique solution
to (4.8); and, for this reason, in spite of our not having shown yet that every solution
to (4.8) is an admissible solution to (1.2), we will use u; to denote this solution. Note

that, from the last part of Lemma 4.10 and our construction,

(4.11) lus(t, )l < Cllfllue
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for a suitable C' < oo.
What remains is to show that solutions to (4.8) have sufficient regularity to be an ad-

missable solutions to (1.2) and that their dependence on f is sufficiently continuous.
To this end, return to (4.9), set v° = 7;(¢), and

o™ (t) = 00(t) + /0 K(t— )" (1) dr.

Then
() = hy(t) + a(t) (;(1’ :;Zf‘l’> /K oL(r) dr,
where
7 (hf(tv )vw0>
iy = (Y - d
(0 (U”(t, W)) /(01) dt,v) fw) dy
with

NO — <Q0(tv '7y),w0>
@) (<Q°<t,-,y>,wl>) '

Using integration by parts, one sees that

: eG'(t,y)
Qv = | oty ,
etV NG (t, 1 — y)
and therefore that the estimate in (4.5) together with Lemma 4.10 guarantee that

U t
Us(t) = (7)o (¢) is continuously differentiable on (0, 00) and that
(@s)a(?)

(4.12) s (2)] < Ct%|| fl|ue

for some C < oo. Combining this with (4.8), it follows that u; is continuously
differentiable with respect to ¢ € (0, 00) and that

as(t, ) = hy(t,z) + k(t, z) f + q(t, )(;8;:3;;?) +/0 k(t — 7)dis(7) dr.

Since elementary estimates show that sup,., [tQ°(, z,y)| < oo, we have now shown
that

(4.13) vy ()l < CEY|f)lue
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for a suitable C < oco.

It is clear from (4.8) that u; is differentiable on (0, 00) x (0, 1) and that
t
u(t, z) = ri(t, z) —I—/O K'(t —r,z)as(r)dr for (¢,z) € (0,00) x (0,1).

The contribution of A to r’f poses no difficulty and can be extends without difficulty to
(0, 00) x [0, 1] as a smooth function. Instead, the problems come from the appearance
of integrals of the form f(; q.(t — T)¢¥(7)d7T as x — k. To handle such terms, we use
(4.3) to write

2
dp(t, ) = —pge(t, z) + (—1)*keH D=5 G"(t, k - z)

2
= —uge(t, z) + (~1)}*2e DT G (8, k — ).

The first term causes no problems. As for the second, we can integrate by parts to
see that

1 t
/ Gt — 7, 2)b(r) dr = G(t, 2)b(0) + / Gt — 7, 2)d(r) dr.
0 0
Hence, by (4.12), the preceding expression for u%(t,z) on (0,00) x (0,1) admits a
continuous extension to (0,00) x [0,1]. In addition, one can easily check from our
earlier estimates, especially (4.12), that

(4.14) (¢, )llw < Ct72]|f]| e

for an appropriate C' < co. Finally, because uy is smooth and satisfies u; = Ju” + pu’
on (0, 00) x (0, 1), we now see that u” extends as a continuous function on (0, 0o)x [0, 1]
satisfying

(4.15) lu” (¢, Mlu < CE| fllue

for some C < o0.

In view of the preceding, all that we have to do is check that uf (2, k) = (—1)'*ou(t, k).
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To this end, observe that (4.8) is designed so that its solutions will satisfy

<u(t, 0)) Y (Wt)) L (u(t, 0))
at, 1) i (t) u(t, 1)

su’ 4+

2 (w)) . (—u'(t,m) 4 (u(t,m) |
ty (t) u'(t, 1) u(t, 1)

and that, because U =
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Chapter 3

A Generalization to Dimension
Higher than One

3.1 Introduction to Our PDE Case

3.1.1 Owur Main PDE Result

Let F be the space of bounded functions on E := [0,+00) x (—00,+00) that are
continuous on E* := (0,+00) X (—00,+00) but not necessarily continuous at the
boundary E~ = {0} x (—o0, +00). Convergence of f, to f in F means that {||fa|lu}
is bounded, f,(z,y) — f(z,y) for each (z,y) € E, and uniformly for (z,y) in
compact subsets of E*. (We write f, — f u.c. E* as a shorthand for the last

requirement.

In the next definition and hereafter, note that we use probabilistic convention of

writing u(t, z,y), not u(z,y,t). As usual,

ou ou %u ou o%u
) c— — / e —— " = — / I e " = — == " "
b= G Ya 'S Gy e T G Uy T G Yy T G DU U Ty

Now, for T' > 0, let Ur be the space of functions u on (0,7] x E such that u is
bounded on (0,7] x E and whenever 0 < T} < Ty < T we have
u | ([T}, To] x E) € C}*([Th, Tz) x E).

Recall that this last statement means that w, 1, u;, u, uy,, and uy, are all bounded

continuous functions on [T}, T3] x E. Note that we insist that u is C*? right up to

41



and including the spacial boundary (0,00) x E~. We let U, = [ Ur.
TeR+
Denote by HP(—a,a)(for 1 < p < 2) the Hardy space over the band [Imz| < a,

i.e., the space of functions g analytic for |Imz| < a such that (let z = a + i)

1/p
sup (‘/R lg(a +iﬂ)|”da> < +00.

|Bl<a

We denote HP?(R) = [ H?(—a,a).
acRt
THEOREM 1.1

Let g, 1,0 € R,0 € RT [ J{oo}, and let f € Co(E™). Suppose that u € Ug and
that u satisfies the PDE

(1.1a) U= 1Au+ poul, + pyu, on (0,0) x EY,

(1.1b) u(t,0,y) = ouy(t,0,y) for t € (0,0),y € (—00,+00),
: _ +

(1.1¢) 11\1Jréu(t, z,y) = f(z,y) w.c. E™.

Then f(0,y) := u(0+,0,y) = limppou(t,0,y) exist, and we note that the extended
function f is in F.

THEOREM 1.2 Ifo < 0, for © € RY,f € F, the following statements are
equivalent:

(i) There is a unique u; € Ug which satisfies (1.1) with u(0+,0,y) = f(0,y) for
y € (—o0,+00).

(ii) There exists h € Cy(R) such that Df = J(©,-) * h(-), where
+o0

Df(y) = f(07y) - f(xa ) * J(.’II, )dx,

0
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{==J(z,-):z €[0,00)} is a convolution semigroup given by: J(0,-) = —2080(-) and

—20

J(z,dy) = JoHo#2(x, y)dy for z > 0,

[o.@]
!]U,IJOy/Jl(I.’y) _ —_22026(uo+a)x—2my/ exp{—[(o_“(’g?““%] _ (xz_zyz)g}d&
T 0

and J(z,-) = -_—é—;ezw“OJ(—ox, ).

(111) There exists v(t,y) € C([00,00) x R)) N C*®((00, 0) x R)) satisfies:

(1.2) OFv(t,y) + 2(uo — 0)0w(t, y) + 2u(t,y) — 2md,v(t,y) = 0,
with v(0,") = Df(), sup [Jo(t, ) < oo,

t>00

fm ot )l =0 if po > o

In particular, of Df € HP(0©,—00), for some p € [1,2], then for any 0 < T <
©, there is a unique uy € Urp which satisfies (1.1) with u(0+,0,y) = f(0,y) for
y € (—00, +00).

By theorem 1.2, we immediately have:

COROLLARY 1.2 Ifo <0, for f € F, the following statements are equiva-
lent:

(i) There is a unique uy € Uy which satisfies (1.1) with u(0+,0,y) = f(0,y) for
y € (20, +00)

(i) For any © € (0,00), there exists ho € Cy(R) such that Df = J(O,-) * he(-).
(iii) There exists v(t,y) € C°(R?) satisfies:
Ofv(t,y) + 2(po — 0)0v(t, y) + O2v(t,y) — 2mdyu(t, y) = 0,

with v(0,-) = Df(-), sup |lv(t,)||l. < oo for any T € R,

t>T

tlim lo(t, Mlw=0 if o> o.
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In particular, if Df € HP(R), for somep € [1,2], there is a unique us € Uy, which
satisfies (1.1) with u(0+,0,y) = f(0,y) for y € (—oo, +00).

3.1.2 Non-negative Solutions

If o > 0, then u(:,-,-) > 0 if and only if f > 0, so that {Q: : ¢t > 0} is a semigroup of
nonnegative operators on F'. This may be proved either by the use of the minimum
principle or via supermartingales. We emphasize that by nonnegative operator we
mean an operator which is non-negativity preserving in that it maps nonnegative
functions to nonnegative functions(not a nonnegative definite operator).

Now assume that o < 0. Then we lose the minimum principle, and, as a conse-
quence {Q; : t > 0}} is no longer a semigroup of nonnegative operators on F. We
are interested in certain {Q; : ¢ > 0}-invariant subspaces of F' on which each Q; is
non-negativity preserving.

We will show that:

THEOREM 1.3 For each 0 < 0 and po, 1 € R, there exists a unigue non-negative

finite measure J(-,-) on E, which satisfies the Riccati equation(in the sense of tem-

pered distribution)

%AJ(:E, y) + %(610‘](07 ) * J(CIJ, ))(y) + 20/1'0J(x’y) - .U'O‘]é(x’ y) - /*Ll‘];(x’y) = Oa

(R) for (z,y) € E, and

J(0,-) = —2060(")

+0o0 +o00 — 1 ' <
[ [ s if o< ko
0 —oo <1 if o> o,

In fact, J(dz,dy) = Jo+oM (z,y)dzdy for x > 0, where

which satisfies

oC b
(1'3) ']a,uo,M(m’y) - —fame(uwa)w—?my/ eXp{_[(UﬂtoézwL?u%] _ (9324;112)6 }d§
2T 0
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and f_+;° Jokok (1 1)) dy = (—20)e2H0N) for € (0,00). Therefore, we have a con-

volution semigroup of finite measures € [0, 00) — —-J(z,-) over R.

We use the following Fourier transform definition:

+o0

F(H)E) = fly)e ¥ dy,

—00

and F~! is the corresponding fourier inverse transform. If f € S'(R)\L!, F(f) is
defined in the distribution sense. That is for any g € S(R),

(F(f),9) = (f,.F(9))-

For any ¢ € CZ(R), we define linear operators J(z) as following;

T (@)(e)(y) = (¢(-) * J(z,-))(y) for any z € [0, 00).

Let K = \/—35 + 2010, + (0 — po)? in the sense that: for any ¢ € S(R) (Schwartz
class),

F(K(9))(€) = /€ — 2 + (0 — p10)2F () (€)

where we choose the right branch of square root such that Re(1/€2 — 2ipi€ + (0 — po)?) >
0.

By subbordination, F(Jo#o#1 (1, .)) = (—20)6("°+°_‘/("_“°)2+€2_2i“1£)m. Since { 5=J(z, ") :
z € [0,00)} is convolution semigroup of finite measures and by Lévy-Khinchine for-
mula(see Theorem 2.1.9 in [11]), we can extend the domain of operator K in the
following sense: for any ¢ € CZ(R),

(=20 (po + 0) + 20K )p = lim J(@)e - (—20)"0.
\,0 T

We immediately have the following corollary:
COROLLARY 1.3 J(z) = —2ge*(t#)=2K 'and for any ¢ € CZ(R),

(14)  SBIT@E) - BT @) =~ T @) + 1T (2)(3p)
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—o T (2)(K(9)) + (0° — poo) T (z)().

Now, we have the following result:

THEOREM 1.4 Assume that 0 < 0, and u € Uy satisfies (1.1) with u(0+,z,y) =
f(z,y) for (z,y) € E*. Then
’u,(-, . ) >0

if and only if
f(-,-) > 0and Df(y) = C for some constant C € [0, 00),

where
+00

Df(y) = f(0,y) - f(z,-) * J(z,-)dz.

0

3.1.3 The Basic Probabilistic Model

The probabilistic model associated with our PDE is the following: Suppose that X
is Brownian Motion on [0, co) with drift po and reflection at 0. That is, with B a

standard Brownian Motion,
Xt=X0+Bt+M0t+LtZO,

Here L are “local time” of X at 0 given by L; = maz{(Xo + Bs + tos)” : s <t}. In

particular, it is a non-decreasing process which satisfies

t
LO = 03 / 1{0}(X€)dLS = Lt7
0

and so L grows only when X is at 0. Let ¥ be Brownian motion on (—oo, +-00) with

drift p; and independent of X.
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Let

(1.5) ®,:=®g+t+o0 'Ly 7, :=inf {r: &, >t}, X} =X(r,"), ;=Y (r]).

If ;7 = oco(equivalently, if sup ®, < t), we set (X;,Y;") = 0 as usual, where 9 is
an absorbing point not in [0, 00] X [-00,400]. In the case when o = 0, we define
7.7 := Hy for t > Hy, where Hy := inf{t : X, = 0}.

The connection between (1.1)(with © = oo) and these processes is that, for each
f € Fand T > 0, an application of standard It6 calculus shows that(note that
Xo=0&0<0 =7 >0as.)

(1.6) te0,7)— up(T — &, X;,Y:) € R is a continuous local martingale.
In particular,

(1.7) If P(lim us(T —®;,X;,Y:) =0|Xo=12z,Yo=y,7 =00) =1

t/‘n}'
and u; is bounded, then us(T,z,y) = E[f(XF, Y1), 74 < 00| Xo=2z,Y, = y].

Similarly,

(1.8) If uf >0, then uy(T,z,y) > E[f (X, Y7), 78 < 0o|Xo=z,Ys =y

Remark: It should be emphasized that, although the process(X;",Y;") is a familiar,
continuous diffusion when ¢ > 0, it is highly discontinuous when ¢ < 0. Indeed,
when ¢ < 0, although (X;",Y,") behaves just like (X;,Y;) as long as it stays away
from {0} x (—o0, +00), upon approaching {0} x (—o0, +00), (X;",¥;") either jumps
back inside or gets sent to 0. In particular, even though it is right-continuous and
has left limits, (X;',Y;") is not a Hunt process because its jump times are totally
accessible.

In order to make the connections between (X;", ¥;") and the function J in Theorem

1.3, we will need the following result from [12] about the behavior of ®; as t — oo.
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Lemma 1.5 Assume that o < 0, then almost surely,

=400 if 0 < o
=—00 if0'>,u0,

t—o00

and

(1.10) o=u0-——>tl?n_:i:<1>t = 00.

As a consequence of Lemma 1.5, we can now make the connection alluded to above.
Theorem 1.6 Assume o < 0. For all bounded, measurable ¢ : E* — R,
(111) ]E[(p(XTg" YTJ-)'IT(;'— < OO|X0 = O, YO = yO] = / (‘70(1.7 ) * J(.’L‘, ))(yO)dTa
0

for ¥V y € (—o0, ).

In particular, P(ty < 0o|Xo = 0,Yy = yo) =

oo and HoAT Jowobr (. yo — -) is the
density function for the distribution of (XTO+,Y70+) gwen that Xo = 0,Yy = yo and

T < 00.

3.2 Proof of Theorems and The Riccati Equation

1 z2
Let g(t,z) = (2mt)"2e” 2 be the centered Gauss kernel with variance ¢, and set

, RN Pt
(2.1) Qo(t, x,y,x’,y') — euo(z —z)+p (¥ —y) - 2°t_. 21t[g(t, x'——x) ——g(t, :C'+:c)]g(t,y'—y)

for(t,z,y, 7', y) € (0,00) x E%.

As one can easily check, Q° is the fundamental solution to & = 1Au + peul, + pyu,

in [0,00) x E* with boundary condition 0 at £~. Equivalently, if p denotes inf{¢t >
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0: X, =0}, then
P[(X., ;) € (da',dy’) & p > t|(Xo, Yo) = (z,9)] = Q°(t, 2,y, 7',y )dz'dy'.
Next, set

1d
(22) q(t7 x,%yl) = 5%‘,@0(@%%3«"’7(0/) laz’:O

Then by Green’s Theorem, for h € Cy(]0, 00) x (—00, 00); R),

t [ele]
w(t,z,y) = / / q(t — 7,2, 9,y )h(r,y )drdy'
0 —00

is the solution to @ = 3 Au+ pguy, + pyu;, in [0, 00) x EV satisfying limeyou(t, -, -) = 0
and lim,_ou(t, z,y) = h(t,y). Equivalently,

P[Y, edy’ & pedt|(Xo,Yo) = (z,y)] = q(t,z,y,y )dtdy’.

In particular, this leads to ¢ > 0 and

(240') QO(S + t7 T,Y, lj’ yl) = / . QO(Sa Z,Y, CC”? y”)QO(ta SL'”, Z/ll, :EI? y,)d$lld.7/"
E

(2.4b) q(s+t,z,y,vy) :/ X Q°s,z,y, 2",y )q(t, 2",y v )dz" dy”,
E

t ptoo
e [ [ @eepewd s [ sy -1
JE 0 J—oo

Moreover,
PR N 27113 L G Vi Eu TS
(2'5a) q(t? :C, y?y) - \/_27T_t3€ 2t 27Tt€ 2t
43
= —e "7 (¢, 2)g(t, Y — y + )

o< 400 L

(2.50) [ ety < oot
0 —00
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Proof of Theorem 1.1 In what follows, we will be using the notation f(-) =
f0°° f(x,-)e *dx for f € F and set 3 = % + po. Note that if u € Ug (© € RT |J{o0})
satisfies (1.1), then after integrating by parts, one finds that

u(t,y) = Bult,y) — suy(t,0,y) — Bult,0,y) + 50, (£, y) + pa®, (¢, y)

and therefore

d 1! — P
Et-(u(t, 0,y)) = 205u(t, y) — 200u(t,0,y) + oy, (t, y) + 20T, (t, y) — 207(t,y)

Solving this, we see that

e7Pu(t,0,y) — Pu(5,0,y) = —20(*a(t, y) — e*Pu(s, y))

t t
+20(20 + l)ﬁ/ e¥PTu(r, y)dr + a/ e2ohT [y, (T, ) + 2uT, (T, y)]dT
5 5

But since u(d,y) — f(y) as § \, 0, it now follows that u(0+,0,y) := limp~ o u(t,0,y)
exists. Thus Theorem 1.1 is proved. a

Because, for any u € Up (© € RT [J{oo}) satisfying u = 5Au + pouj, + i, and, as
t\, 0, u(t,-, ) — f pointwise on ET,

u(t, z,y) = E[f(Xy),p > t[(Xo, Yo) = (2, )| +E [u(t — p,0,Y,), p < 1|(Xo, Yo) = (2,9)]

(2.6)
t +o0
=/ Qo(t,x,y,rc’,y’)f(x’,y’)dm’dy’+// q(r, 2,9,y )u(t — 7,0,y )drdy’.
E+ 0 —00

Theorem 2.1 For f € F, suppose there exists uy € Uy which satisfies (1.1). We
define Df = f(0,y) — [ f(x,-) * J(z, )dz. Then we have

—Jo

(2.7) Df(:) = ettt B Duy(t, ),

o
—
<~



where K = /=82 — 2110 + (0 — po)2. So Df = 0 = Duy(t) = 0 for all t > 0.
In particular, if m(J) = 0+°° fj;o J(z,dy)dz = 2 <1, then Df = 0 implies that

Nuglle < 1 fllu. If m(J) < 1, then Df = 0 implies |ug(t, z,y)] — 0 as t — oo uni-

formly over x in compact subsets of [0,00) and over y in (—00,4+00). Finally, for any

non-negative function f € F with the property that Df = C € [0, 00), we have uy > 0.

Proof. First, we notice J(z,-) = (—20)eloto=lo—mbz pr (1), Since JoHo#1 satisfies
(1.2), thus lim, . J(z,R) = 0 and lim, o, 9, J(z,R) = 0.
By Theorem 1.3, Corollary 1.3 and J(z)(¢)(y) = (¢(-) * J(z,-))(y), we have

d +00

G [ st dey=ds = UGB Vol (o Fintug) o), (=)o

= —L{(up),(t,0,-), J(0,y—)) + (0 (K — 0 — po)us(t,0,))(y) — polus(t, 0, )% J(0,)) (%)
+/(;w(uf(t,:v, ) (305 STz, ) = po0p JTHOH (@, ) (y)da + /Ooo(%aiuf(t, z,)
+myug(t,z, ) * J(z, ) (y)dz
=us(t,0,y) + o (po — o)uy(t,0,9) — o(uo — 0) T () (ult, z,))(y)
+o K (ug(t,0,))(y) — 0T () K (us(t, 0,-)) ()

and so £ Duy(t,y) = o(0 — po)Duy(t,y) — o K(Duy(t,-))(y), which is equivalent to
Df() = et ) (Duy(t, -)).

Define v(t,y) = (J(t + 7,-) * Dug(r,-))(y) if t > —7, where 7 > 0. The definition of
v(t,y) is consistent with any 7 > 0, so it’s well-defined. Note that

v(0,y) = Df(y) and v(—t,y) = Duy(t,y), fort>0.
Fix y, v(t,y) is analytic w.r.t. t. If Df = 0, then
v(t,y) = J(t,-)* Df(-) =0 for t > 0.

So v(t.y) = 0 for any t € R. We have Df = 0 = Duy = 0.

Now assume that m(.J) < 1and that Df = 0. We have |uy(t,0,y)| = | ‘/6+00(Uf(t, T, )*
J(x, ) (y)dz| < ||lup(t)|lye+. To see that [lus]ly < || flles let € > 0 be given and sup-
pose that ||us(t)[lua > I fllu+e > || flluq+e for some ¢ > 0 and some bounded domain
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Q € E* such that the closure € E*. (|| f|luq means the uniform norm of f on do-
main §2.) We can then find a T > 0 such that ||us(T)|luo = [[fllu + € > Jus®)|ug
for 0 < t < T. Clearly there exists a point P € Q for which |uf(t, P)| = ||f|lu + €.
Since P ¢ E—, it is contradictive to the weak maximum principle for the parabolic
operator 9, — 1A — o8y — 110,

Next assume that m(J) < 1 and that Df = 0. By (2.6), to see that |us(¢, z,y)| —
0 as t — oo uniformly over z in compact subsets of [0, c0) and over y in (—o0, +00)
, it suffices to show that |us(¢,0,y)| — 0 as t — oo uniformly over y in (—oo, +00).
Indeed, by the semigroup property, (2.6), and the fact that Dus(t) = 0 for all
t > 0, one would then know that ||us(t,0)|l, < Bf(t) + M(J) fg lug(,0)||udr where
By(t) = supyex [ [ [ (@07, @, tf) + J00 (2, )) () £ (&', of)dada'dy’ —> 0 as
t \\ 0. By Gronwall’s inequality, ||us(t,0)|l, — 0 as t — oo.

Finally, assume that Df = C € [0,00). If f > 0 and us ever becomes nega-
tive, then there exists a T' > 0 such that us(t) > 0 for t € [0,T) and us(T,z,y) =0
for some (z,y) € E. Again, from the weak maximum principle, we get a contra-
diction if (z,y) € Et. At the same time, because us(T,0,y) > [ (us(T,z,-) *
Jo#ob (g, ) (y)dz, we see that the only way that us(T') can vanish somewhere on E is
if vanishes somewhere on E*. Thus, when f > 0, uf > 0. To handle the case f > 0,
define g € F so that g = 1 on E* and g(0,y) = [;°(1*J(z,-))(y)dz for y € R. Next,
apply the preceding result to see that us+eug = ugi, > 0 for all € > 0, and conclude
that us > 0. O

Theorem 2.2 Let J be the same as Theorem 2.1. Then
—+o0
(28) / (f(xa ) * J(x’ ))(y)dx = E[f(X'rJ> YT{,")a 7-(;,' < OO|X0 =0, Yo = y]
0

for f € C(ET) and all y € (—o0, ).

In particular, [[7(1% J(z,-))(y)dz = P(1g" < oo|(Xo, Yo) = (0,y)) for any y € R.

Proof. Given such an f € C,(E"), define f € F such that f [g+= f and f(0,y) =
f0+°°(f(x, ) * J(z,-))(y)dz for y € R. Then by Theorem 2.1, u; is bounded and,

as t — oo, |uf(t,0,y)] — 0 uniformly over y in (—oo, +00) when m(J) < 1. By
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(1.6), Lemma 1.5 and note that X, keeps reaching {0}, we have P(r{ = co =

lim us(—®, X:,Y:) = 0|Xo = z,Yp =y) = 1. Hence by (1.7) and Lemma 1.5,
t/‘-ro

/0 ()T, D@ = F0,5) = B (X, Yg) i < oolXo = 0% =y O

Let ¢(z,&) = F(J(z,-))(€). In order to find solutions to (R), we look for solutions

to the Fourier transform(w.r.t. variable y) of (R):

1 1
(29) Sl + 20,600 — L€+ 20pto0 — o, + i€ = 0
with ¢(0,8) = —20

Notice there is no derivative term for £, so we can fix £ and consider (2.9) as an ODE

for variable z. It’s easy, if somewhat tedious, to verify that

(2.10) ¢ = (_.20-)6(“0+‘7_\/(‘7‘#0)2+€2—2iu1£)z.

satisfies (2.9).

By subordination,

Sy gy — 20T (uoroye-guy [ [(0—po)®+2u3] _ (@4y2)¢
(2.11) FH¢) = 5 ¢ exp{— £ — AL
0
So let J(0,:) = —206o(-)) and J(dz,dy) = JoHo#1(x,y)dzdy, for = > 0, where
Jokow (g y) = ——gzme(uow)w—ww f0°° exp{—[(o_” °22+2“ il _ (z2gy2)§}d§ is our desired
solution to (R), and obviously is nonnegative finite measure when o < 0.
=1 1 <
Furthermore, f+°° f+°° JoHor (g y)dxdy = f #(z,0)dr = 2 i o< po
BTl <1 if 0> po,
Combining with Theorem 2.2, Theorem 1.3 is therefore proved. a

Proof of Theorem 1.6: Clearly, it suffices to treat the case when ¢ is continu-
ous as well as bounded. Since if ¢ > ug, m(J) < 1, and if o < pg, we have m(J) = 1.
there is no difference between the proof of this result and the proof given earlier of
Theorem 2.2. O
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We need the following simple lemma to prove Theorem 1.2 later:
Lemma 2.3 Suppose M(t) : C(R) — C(R), where 0 < t < T are linear operators,

which is continuous over t, with the property that
1
L(T) = supreo,rt2 || M (t)lop < 00

and that v° : (0,T] — C(R) s continuous and |[v°]|a,r = supreomt®|v°(t)] < oo,
where a € [0,1). If {v" : n > 1} is defined inductively by

(2.12) V™ (t) = °(t) + /t M(t — 7)o" (7))dr, te€ (0,T),
0
then

. LT)yA)" T — o)) ez rn o
(2.13) supefo,ry|v"(t) — v" T (¢)] < = )\/F%()% +( 1 —Z))”v lots-e

In particular, {v"—v° : n > 1} converges uniformly on (0, T] to a contiguous function
which tends to 0 as t \, 0. Finally, if v™° = v° + lim,_o(v" — 1°), then v™ is the
unique v : (0, T] — C(R) satisfying

(2.14) o(t) = °(t) + /0 M(t — 7)(o(r))dr, with |[v]jar < oo.

In fact, there is a C, < 00 such that ||[v®°|q7 < CoL(T)||v°||areC* T,

3.3 Proof of Theorem 1.4

By combining Theorems 1.3, 2.1, 2.2, (1.8) and (2.10), we have a proof of the “if”
part of Theorem 1.4. Now, we need to show the “only if” part.
Let J(t,-) = ——e%740 J(—ot,-). Then by Corollary 1.3 and (2.7), we have

(3.1) Df = J(t,-) * Duy(t, ).
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For any ¢ € CZ(R), let J(t)() = J(t,-) * ¢(-), then we have J(t) = e'7(-otuo+k)

and

(3.2) 0 J(t,) % p(+) = 0 (=0 + po + K)J(t, ) * (),

(3.3) OI(t,) () = 0% (o — 0)2J (t,-) * ()

+202(po — o) K J(t,-) % () + o K2 J (¢, ) * ().

Combining (3.2) and (3.3) and notice K? = —92 + 2,9, + (10 — 0)*, we have
(3.4) ORI (t,) * () = 20(so — 0)Bu(J (¢, ) % 9(-)) + T (J(t, ) % ()

—2p110%9, (J(t,) * o(-)) = 0.

Define 4(t,y) = (J(t +7,-) * Duy(r,-))(y) if t > —7, where 7 > 0. By (3.1), we
know if we fix 7, 9(¢,y) is well-defined for any t > —7. Now let 7 — oo, we get a
well-defined 9(¢,y) for (¢,y) € R% By (3.4), we have

&Po(t,y) — 20(po — 0)80(t,y) + 02850(t,y) — 2pm0°8,0(t, y) = 0.

with 9(0,4) = Df(y).
Let v(t,y) = o(—%,y), then

(3.5) Ov(t,y) + 2(uo — 0)ow(t,y) + ajv(t, y) — 2 0yv(t,y) = 0.

with ©(0, ) = Df(y).
Notice J(t,R) = ¢?%e=#0)™ by the definition of v(t,y), we have

(3.6) sup [[v(t, )|y < 00 for any T € (—00,+00),
t>T

(3.7) t_ljinoo lo(t, Nu=0 if po>o.

Let w(t,y) = eWo=o)t=muy(t y), then

(3.8) Aw = ((po = 0)* + pw,
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with w(0,y) = e ™Y D f(y).

To prove the “only if” part of Theorem 1.4, we need the following representa-

tion theorem from [4]:

Theorem 3.1(4 If w is a positive solution of the equation Aw — w = 0, there exists

a unique measure i defined on the unit sphere of R", such that

= N .
w(z) = / o)

If Dug(t,-) > 0, then w(t,y) is positive. By Theorem 3.1, there exists a unique

measure v on the sphere of R? with radius /(o — 0)2 + p? , such that
w(t,y) =/ e dy((A, Ae)).
AP+AS=(po—0)?+ui

By (3.6), sup,ege™CTHOFRYy(t ) < oo, thus v must concentrate at two points:
(£(pmo — o), —p1). Assume v have nonnegative mass C; at (—(up — 0),—pu1) and
Cy at ((uo — 0), —p1) then w(t,y) = Cre~Wo=o)t=my 4 Chelo—o)—my In particular,
Df(y) = eMYw(0,y) = C1 + C2 > 0.

For uy > 0,(1.8) says that f(0,y) > E [f(XT;,YT;),TcT < 00|(Xo, Yo) = (0, y)]
and Theorem 2.2 says that E [ F(X 4, Yoa), 7 < 00l (Xo, Yo) = (o,y)] = [(f ()
J(z,-))(y)dz. Hence, we now know that uy > 0 => Df > 0, and by semigroup prop-

erty, this self-improves to us > 0 == Duy(t) > 0 for all ¢ > 0.
Assume Df is not nonnegative constant. Let

1 if =0,

0 otherwise.

fO(zay) = {

By the “if” part of Theorem 1.4 and Theorem 2.1, we have us, > 0 and Duy =
e~o(~otnotlo—polt 5 0. By the linearity of our PDE, we have Duy, s, = Dus+ Dug, >
Oand D(f+ fo) = Df + Dfy = Df + 1 is not constant. This is contradictive to our

previous argument. So the “only if” part of Theorem 1.4 is true. O
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3.4 Proof of Theorem 1.2

(i) => (i41) is already shown at the proof of Theorem 1.4.

(#41) = (4): Let B} and B? be two independent standard Brownian motions. Then
U = Uy + B + (uo — o)t and V;, = Vy + BZ — p;t are two independent Brownian
motions with drift. Let Uy =ty > 00, Vo =yo € R and n, = inf{t > 0: U, = 7}. By
a simple application of Itd’s formula, v(U;, V;) is a continuous martingale w.r.t. for

t € [0,m50). Since limy o |[v(t,-)|la =0 if po > o, thus we have
P(n.e < o0) =1 if po <o,

P( lim |jv(t,")]la =0 | nse =00) =1 if o > o.
t/ Moo

So

(4.1) v(to, %) =E[v(00,V,, ), nse < 00U = to, Vo = o),

which means v(t,y) (for ¢ > 0©) is uniquely determined by v(c©, -). Therefore,
(4.2) u(t,y) = J(t — 00,-) xv(0O, "),

from which it is clear that, for each y € R, v(:,y) admits a holomorphic extension to
(00, 00). Assume Df(y) = 0, then for t > —00, J(t,-) * v(60,-) = v(t + 00, ) =
J(t+00,)*v(0,-)=0.Sov(t,-)=0. fort € [0©, 0).

By linearality, we now know that there is at most one v with v(0,-) = Df(-). By

(4.2), we have

Df(y) =v(0,y) = J(=0©,) *v(c0,-),

where v(00, ) € Cp(R). Statement (ii) is true.
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By (2.6) and u(7,0,y) = Du(7,y) + [, (us(7, z,-) * J(z,-)(y)dz, we have

t +00 ¢}
u(t,a:,y):rf(t,x,y)+// q(t—T,a:,y,y')(/ (ug(r, o', )xJ(',-))(y)dz')drdy .
0 —00 0
where
t +o00
re(t, z,y) = / Q°(t,z,y,2,y) f(z,y)dz'dy’'+ / / q(t—T,z,y,y")Du(r,y)drdy’
Et 0 J—o0o

Let 4(t,y) = [y (us(t, @', -) * J(',-)(y)dz’, then

i “+00
(4.3) ult,z,y) =re(t,z,y) + / / q(t — 7, z,y,y)a(r,y')drdy'.
0 —00

Our proof of the existence and uniqueness statements (i) in Theorem 1.2 will be based
on an analysis of the integral equation (4.3). Clearly, given f € F, finding a solution
to (4.3) for t € [0, T] comes down to finding a ¢t € [0,T] — v(t,y) which satisfies

(4.4) olt,y) = 7y(t,y) + / K(t - )(u(r, ) (w)dr.

where -
K(t,z)(9)(y) = / q(t, ,y,9")9(y")dy’ for any g € C'(R).

—00

Indeed, if v solves (4.4) and u is defined by

u(t,z,y) = rs(t, z,y) + /; K(t —7,z)(v(1))(y)dT,

then u satisfies (4.3). Conversely, if u satisfies (4.3) and v(¢,y) = 4(t, y), then v solves
(4.4). Thus, existence and uniqueness for solutions to (4.3) is equivalent to existence
and uniqueness for solutions to (4.4).

By the expression of ¢, (3)c in [12], and (2.10), we can easily know that

£ K (t)]lop < 00,

If there exists h € Cy(R) such that Df = J(O,) * h(-), then we can define

(4.5) Duf(t,-) = J(© — t,-) * h(+),
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which is consistent with (2.7). So by (2.4) and notice that

| [ [o: @t 2,9, 2, 9) f(&',y)dr'dy’| < ||f|l« and J(¢,R) = e74°~#)” < 1, we have
74(t,y) is bounded. By applying Lemma 2.3 with & = 0, we now know that, there
is precisely one solution to (4.4), which, in view of the preceding discussion, means
that there is precisely one solution to (4.3). Moreover, because every solution to (1.1)
with initial data f is a solution to (4.3); and, for this reason, in spite of our not
having shown yet that every solution to (4.3) is an admissible solution tp (1.1), we
will use u; to denote this solution. Note that, from the last part of Lemma 2.3 and

our construction,

(4'6) ”uf(tv ) )”u < C“f”ueCt,

for a suitable C < oo.

Now we need to show that solutions to (4.3) have sufficient regularity to be an
admissible solutions to (1.1) and that their dependence on f is sufficiently continuous.
To this end, return to (4.4), set v°(¢) = 74(¢), and

+ /Ot k(t — T)('v"_l(v'))d'r. te(0,0—¢, e>0

Then
() = %) + Ry / Kt — )@ (r)) (y)dr

o0

= / . Q(t,y, 7, v f(«', v )dz'dy’ + / 4(t,y,y")Df(y')dy'

t +o00 . . . t
+ [ [ at = ry)Dutrrardy + KO + / K(t - 1) (7) (v)dr.
0 —00 0
By integration by parts, (R) and (2.2), we have

T I Caa ) LA B e T ke

Qo(t’ y7 x’? y,) = 20‘»\/27‘(?6 2 \/_2?te 2t - 20"‘LOQAO(t’ y, x’?y/)
1 A0 ro 1
_i(Q (t’ ’x7y)*‘]x(0a ))(y)

By (2.1) and (1.3), one can easily check that the last two terms are bounded. We
also can easily check that

+o0 ' _'-pg? 1 W y+u1t) ’
l — = e~ dde<Ct2 some C' > 0.
0 27Tt3 V 27t
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Combining with (2.5) and (4.5), we have

16°(t)] < Ot 7| f..

Lemma 2.3 guarantee that %y is continuously differentiable with respect to ¢ € (0,0 —
€) and that

(4.7) [if ()] < C(e)t2|f[lue "

for some 0 < C(€) < oo. Combining this with (4.3), it follows that uy is continuously
differentiable with respect to ¢ € (0,© — €) and that

us(t, ,y) // Q°t, z,y, =, y) (', )dz'dy Jr/_oc> q(t,z, 9,9 ) Df(y)dy’
/ /+oo t—7,7,9,Y )Du(T y)drdy’ + K(t, z)( / K(t—r1,z (uf(T))(y)

Some element estimates show that supeo|t2Q°(t, z,y, 2, y’)| < co, we have shown
that

(4.8) g (t, )l < CleN2 e

for a suitable C(e) < oo.
It is clear from (4.3) that uy is differentiable on (0,© — €) x (0, 00) X (—00, +00)
and that

0 0 bt g Nar ,
@Uf(t, T,y) = @Tf(t,iv, y)+/0 /_m 8—ya(t - 7,2,,9)i(r,y)drdy’.
The contribution of [ [, Q°(t,z, y,a: y)f(,y)dz'dy’ to Zr; and rf poses no
difficulty and can extends to (0,0 — €) x [0,00) X (—00, +00). And ayq(t) also poses
no difficulty as z — 0. Instead, the problems come from the appearance of integrals
of the form fot %q(t — 7)(7)dT as x — 0. To handle such terms, we use (2.5) to
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write

t a 2
-/ _3; (t» T,Y, yl) = —NOQ(tv z,y, yl) — e HoT t ”(t .’L‘)g(t y -y+ Mlt)
0

2

] d o
= —poq(t, z,y,y)—2e " 2 %(t, x)a(g(t, Y —y+pit))+2e "

“4,d ,
2 = (g(t, 2)g(t, y'—y+m))
The first two terms ause no problem. As for the last term, we can integrate by parts
to see that

i

; %(g(t —1,2)9(t —7,¥ —y+ m(t —7)P(r)dT = g(t, 2)9(t,y' — y + at)(0)

+ /Ot gt —7,2)g(t ~ 7,y —y+ p(t — 7)Y ()dr.

Hence by (4.7), the preceding expression for Zu; and 2 3y us on (0,0 —¢€) x (0, 00) x
(—00, +00) admits a continuous extension to (0,0 — e) X [0,00) x (=00, +00). In

addition, one can easily check from our earlier estimates, especially (4.7), that

(4.9) max{“ 0 uf“u, “ uf” } < OOt f[lueC!

for an appropriate C(e) < oco. It’s also easy to check that gguf is continuous on
(0,0 —¢€) x (0,0) x (—00, +00) and can extends continuously to (0,0 —¢€) x [0, oo) X
(—00, +00). Flnally, because uy is smooth and satisfies iy = —Auf + Lo axu IR ay“ fi
we now see that 62 s—us extends as a continuous function on (0,0 — €) x [0, 00) x
(—00, +00). Then by letting ¢ — 0, we established the desired regularity.

In view of the preceding, all that we have to do is to check that u(¢,0,y) =
ou/(t,0,y) forte(0,0),y € (—o0,+00). To this end, observe that (4.3) is designed
so that its solutions will satisfy

a(t,0,y) = Dus(t,y) + s (t,y)
and because & = $Au + pouy, + puy, ,(R), and (4.5), we have
a5(t,y) = ou/(t,0,y) — Duy(t,y).
So (i2) = (7) is true.
For © € R*, if Df € H?(0©, —00) for some p € [1, 2], then by Theorem 10.4.1 in
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[10], we can say F(Df)(£) = e”®¥ln(£), where h € LP (R)(if p € (1,2], 1/p+1/p = 1;
if p=1, p’ = 00). Then by (2.14), in the sense of distribution, we have

.7-'(Duf(t ))(f) _ e[—ouo+02—a\/(a~uo)2+£2~2iu1§Jt+a@l§|h(§)
By Holder’s inequality and Theorem 10.4.1 in [10], F(Du)(t, £) exists and is bounded

if t < ©. Now we have Df = J(T,-) * Du(T,-) for any 0 < T < ©. Since (ii) = (),
Theorem 1.2 is proved. O
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