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Lagrangian Formulation of Equations  Sm——.
of Motion

& Life Support

» Describes the behavior of a dynamic system in terms of work and
energy stored in the system

» Constraint forces are automatically eliminated (an advantage and
a disadvantage), called the “closed form” dynamic equations

« Equations are derived systematically (easier to use)
q,,'**,q, = generalized coordinates of a dynamic system
T = total kinetic energy
U = total potential energy
Define Lagrangian: L(q,,4,)=T—-U
Equations of motion are then derived from :

d oL L . (2-1)

=0 i=1---,n

dt g, _aqi |

(. = generalized force corresponding to generalized coord g,




Lagrangian Formulation Space Bometical Engincer
» Compute the velocity and angular velocity of an individual link i

(think of the link as an end effector with coord sys at the link c.m.)

Vei :J(Lil)% +“‘+J(Lii)q.i :J(Li)q
. . . (2-2)
o, =I5 +...+35q, =T

where J) andJ') are the j-th column vectors of the 3xn Jacobian
matrices J% and J% for the linear and angular velocities of link i,
l.e.,

JO=[30 39 0 ... 0]

JO=[Jo . J9 0 ... 0] (2-3)

Note: Since the motion of link i depends on only joints 1 through i,
the column vectors are set to zero forj >




Lagrangian Formulation Space Bometical Engincer

« Each column vector is given by:

o |PjaXT i, (revolute jt) r. . = Position vector of centroid
=1 "4 S of link i wrt inboard link
-1 (prismatic jt) )
(2-4) coordinate frame
o b (revolute jt) b, , = 3x1 unit vector along joint
JAf 1 o0 (prismatic jt) axis j-1

T= (mv v+ iTIi(’)i) (2-5)

i ci’oci
i=1

where m; =mass of link i

I. = 3X3inertia tensor at the centroid, wrt base coord frame

Note: I. varies with the orientation of the link wrt the base coord frame
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Lag rangian FormUIation &16 S'::]El[;;l.;lbdl LIIUiiecii

- . N 5 (i) - . Y A . .
T=1> (ml-qTJ DIq+q" I 1Y fﬁq)=%qTHq (2-6)
i=1

where

L T : ~T .
H= Z (miJ(L’) JO+JO 1Y ): systeminertia tensor (nXn)  (2-7)
(H is symmetric positive definite)

Note: I.can be obtained from I, the inertia tensor defined relative to
the coord frame fixed to the link, using

I,=RLR"  (2-8)
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Lagrangian Formulation 2 o Support

Potential Energy

U= Z migTrO,ci (2-9)
i=1

Generalized Forces

Q=1t+J'F_ (2-10) t=jointtorques J'F  =external forces and moments

Lagrange’s Equations of Motion (see Asada & Slotine for derivation)

oH. 0H,
: _ /S Jk
Zszq]-l_ZZhl]kq]qk—l_G Q (1219...9’/2) hl]k_ aq 2 aq

j=1 k=1 k i
Ty e v e (2-11) )
Inertia  Centrifugal/ Gravity Generalized G, = ijg J;
torques  Coriolis trqs torque Forces =
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Example: 2 dOf planar arm &fe SDLIILF;IF;;L;Nm chgineerin

» Velocities of centroids ¢, and c,

—[,sm6b, 0|
vV, =
“ |1, ,cos8 O 1

_ —l, s, —1,sm(6,+6,) —I[,sin(6,+6,) |
27| [ cosB, +1,cos(6,+8,) 1,cos(6,+6,) |

12
« These 2x2 matrices are the J" 1
. J% associated with the angular velocities Yo p— § ; 0,,7,
are 1x2 row vectors in this planar case [ .
w, = 91 — [1 O]q - HI,TI
Xo

. I,
w, =6 +6,=[1 1]q 7, v’
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Example: 2 dOf planar arm &fe SDLIILF;IF;;L;Nm chgineerin

» Substituting the linear and angular Jacobians into egn (2-7) gives

| il Lm0+ L 20, 0086,) + 1, moll,, cosO, +myl,” + 1, 4

myll ,cos@, +m,l," +1, myl >+ 1,
» Centrifugal / Coriolis term coefficients
hy, =0, My =—myll,,s1n0,, M+ =—2myll ., sin 6,
h211 — mzlllcz sin 029 hzzz =0, h212 T h221 =0

* Gravity terms
G, = gT[mlJ(Lll) + sz(Lz1)]
G, =g [mdy; +m,J;;]
» Substituting the above into (2-11) gives
Hllél + H12é2 + h122922 + (h112 + h121)9192 + Gl — 7’-1
H.,.0,+H,0 +h, 06 +G, =1,




