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Abstract

Gravitational lensing is an important tool for determining the matter content of the
universe. The locations of gravitationally lensed images tend to give us information
about the overall structure of a lensing galaxy, whereas the magnifications of the
images tell us about small scale structure of the galaxy such as the abundance of
stars and dark matter condensations. In particular, flux ratio anomalies- dispari-
ties between predicted and observed magnifications of images- have led astronomers
to study the role of perturbations in determining image brightness. In this paper,
we explore the limits of demagnification due to point perturbations. We look at
configurations of perturbations that are extremely improbable but that nonetheless
illustrate interesting patterns in magnifications. Ultimately, we prove that for any
number of point perturbations the total one dimensional magnification along the axis
of curvature is constant and independent of perturbation size and location.
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Chapter 1

Introduction

Local perturbational corrections to the gravitational potentials of lensing galaxies

have been shown to be a promising explanation for the puzzling flux ratio anoma-

lies exhibited by many quadruple systems. However, as of yet this subject has only

been investigated for physically reasonable situations involving random distributions

of many perturbations and small numbers of deliberately placed perturbations. In

this paper, we look at large, deliberately placed configurations of perturbations that

are extremely improbable but that nonetheless illustrate exciting and useful patterns.

These patterns in turn give us new insight into the more physically reasonable con-

figurations of perturbations.

In chapter two we calculate the limits of demagnification due to a single pertur-

bation and prove that the maximum demagnification occurs when the perturbation

lies directly over the image, reproducing the 2002 work of Schechter and Wambsganss

[13]. We then arrange point masses in a pyramid of direct hits. We show that with

thus configuration we can demagnify a saddlepoint by any arbitrary amount, and we

observe that a distinct pattern arises in the one dimensional magnifications.

In chapter three we prove more generally that the total one dimensional magnifi-

cation along the axis of positive curvature is 1 for n=1,2,3 and 4 point perturbations.

Finally, in chapter four we show that for any number of point perturbations,

and regardless of the placements and masses of these perturbations, the total one

dimensional magnification along the axis of positive curvature is a constant.



1.1 Scientific Context

1.1.1 Gravitational Lensing as a Tool

The study of dark matter is one of the most important areas of research in astronomy

today. Mapping out the distribution of dark matter in the universe will verify or

disprove current models of galaxy formation, and finding the total amount of dark

matter in existence will allow us to piece together the beginnings of the universe--and

the nature of its end. In short, the currently accepted model of the universe will be

made or broken by our observations of d(lark matter in the coming years.

However, because by definition dark matter does not absorb, reflect, or emit pho-

tons of any frequency, we must observe it indirectly through its gravitational potential.

Dark matter makes its presence known by distorting spacetime and consequently al-

tering the path of any passing photons. In particular, when a photon-emitting body

such as a quasar passes behind a galaxy containing dark matter, the photons will be

deflected around the galaxy on their way to our telescope in a way that tells us about

the distribution of mass in that galaxy. This effect is known as gravitational lensing.

In gravitational lensing, most of the light deflection occurs when a photon is within

a distance +B of its point of closest approach to the galaxy, where B is the photon's

impact parameter (capitalized here to distinguish it from the Einstein radius, b). Since

B is small compared to distance the photon is traveling, we can treat the galaxy as

thin and replace its 3D gravitational potential with a two dimensional projection.

In situations where the 2D-potential is perfectly circular (and the photon source lies

directly behind the galaxy), the photons will be deflected in such a way that we

observe a bright ring, called an Einstein ring. More commonly, the 2D-potential will

be oblong due either to a gravitational tide or to the intrinsic flatness of the galaxy

and the photons will be deflected in such a way that they form multiple images of

the photon source; in the case of four images this is known as a quadruple system.

The locations of the images in these systems can be found by calculating the

stationary points in the time delay surface, T. The time delay surface gives the travel

time from the photon source to the observer as a function of angular position in the



sky:
1 ] 1 + zL DLDs= 12[(O )2 - 0 2 D] K - zLts (1.1)

Here 02D is the 2D-potential of the lens, 10 is the angular position of the photon

source, 0 is the angular position of a given image, c is the speed of light, Zz is the

redshift of the lensing galaxy, DL, Ds, and DLS are the distance to the lens, the

distance to the source, and the distance between the lens and source respectively. In

the case of quadruple systems, two of the observed images correspond to saddlepoints

in the time delay surface, two correspond to minima, and a, typically unobservable

fifth image behind the lens itself corresponds to a steep maximum.

The magnification of a given image, /t, can likewise be found by calculating the
a(3.inverse magnification matrix, 0:

d 21 '2D O2•,2D
P-1 Io Ox 

2  &t1r(y

Where 4 2D is again the 2D-potential of the lensing galaxy.

Since the time delay surface and the inverse magnification matrix both depend on

the 2D-potential, by experimentally determining the location and brightness of the

images in a quadruple system we can work backward to find an simple but accurate

model of the 2D gravitational potential of the lensing galaxy. In this way gravitational

lensing can be used as a tool to determine how much of the mass of a galaxy is in

a smooth dark matter portion and how much is found in stars and compact stellar

mass objects such as white dwarfs, black holes, and neutron stars. However, added

complications arise when the simple 2D-potential that correctly predicts the image

locations fails to reproduce the image magnifications. These inconsistencies in image

brightness are known as flux ratio anomalies, and are the subject of this paper.

1.1.2 Flux Ratio Anomalies and Small Scale Structure

Gaudi and Petters (2002) [10] give a proof of a theorem that in a quadruple system

two closely spaced images will be of similar brightness. This theorem relies on the



assumption that the 2D gravitational potential is smooth on the scale of the image

separation. The quadruple system PG 1115+080 (Weymann et al. 1980) [7] was origi-

nally cited as experimental verification of this theory. In 2002 Zhao and Metcalf [14]

explored an extensive suite of models of PG1115 and predicted that the difference

in brightness between the two images should be approximately 10%. However, in

2006, Pooley et al. [1] noted that the difference in brightness between the two images

in PG1115 seems to have varied with time, ranging from a 5% to a 50% difference

(Vanderriest et al. 1986; Kristian et al. 1993; Courbin et al. 1997; Iwamuro et al

2000)[8][5][3][4]. This was well beyond what Zhao and Metcalf's models of the system

could account for. Furthermore, it is unlikely that the discrepancy in image brightness

came from the difference in travel time between the images since travel time would

only vary by a few days between the images, whereas the brightness of the quasar

acting as a photon source would vary much more slowly. [11]

This discrepancy between the observed and predicted image brightness is not lim-

ited to the PG1115 system.The system SDSSO924+0219 looks very much like PG1115,

with a close pair of images where one is nearly an order of magnitude brighter than

the other (Inada et al. 2003) [6].

At the same time, these simple models for the lensing potentials predict the image

locations very nicely. This suggests that the discrepancy between the observed and

predicted brightness might be due to small scale structure in the lensing potential. In

fact, we will see that these flux ratio anomalies arise from the incorrect assumption

that the 2D gravitational potential is smooth on the scale of the image separation. In

reality, the 2D potential of the intervening galaxy is "grainy" due to the deep local

wells of stars and compact objects perturbing the smooth 2D gravitational potential

of the dark matter.

This graininess becomes significant when one observes that saddlepoints and min-

ima in the travel time behave differently when the lensing potential is perturbed.

In 1979 Chang and Refsdal [2] demonstrated that a saddlepoint can be strongly de-

magnified by micro-lensing, whereas a minimum cannot. In 2002, Schechter and

Wambsganss [13] calculated that hypothetically one could strategically place stars in



the 2D potential such that the saddlepoint would appear fainter than the unlensed

photon source.

Thus, it has been established that small scale structure in the 2D-potential could

account for the flux ratio anomalies exhibited by many quadruple systems. However,

as of yet this subject has only been investigated for random distributions of perturba-

tions [12][9] and situations involving one or two perturbations to the 2D-potential.[11]

In this paper, we build on previous work by taking an analytic look at the effects of

multiple perturbations.

1.2 Topics Covered in this Paper

In this paper we seek to explore the limits of demagnification due to small scale

structure. We create a hierarchy of successively smaller perturbations, each one placed

directly over the images spawned by the previous tier. The hierarchy begins with a

photon source directly behind a macro-lens, which creates two macro-saddle images

and two macro-minimum images. A milli-lens is placed in the line of sight to one

of the two macro-saddles, creating two mnilli-saddles. A micro-lens then put in front

of each milli-saddle, creating four micro-saddles, and so on. Thlough these situations

are highly contrived, they allow us to see interesting patterns in demagnification. We

will find that by strategically placing stars we can demagnify a macro-saddle by any

arbitrary amount, but that the total one dimensional magnification along the axis of

curvature will be constant. We will prove that this is the case for one, two, three,

and four perturbing masses. Finally we will show that it is constant for any number

of perturbations and regardless of the mass of those perturbations.

1.3 A History of this Project

This project was started by Lucia Tian who worked on it as an undergraduate re-

search project in 2005. Tain proved that the total 1D magnification along the axis of

curvature is 1 for the special cases of n=1 and n=2, and her work led to the general



conjecture proved in this paper. Tian's work was continued by Stephanie Chan in

the summer of 2006. Chan succeeded in verifying Tian's work but she did not have

time to document the progresses she made.
T he present author began work in January of 2007.



Chapter 2

Demagnification of a Macro-saddle

with a Hierarchy of Perturbations

We begin our exploration of demagnification by creating a typical macro-saddle. We

macro-lens a point photon source (for instance a quasar) with a macro-lens of smooth

mass distribution (typically a galaxy), creating a. standard quadruple system. In the

vicinity of one of the four resultant macro-images the 2D-potential can be approxi-

mated to second order as:

KO0(2 +2• N + ( 2 2), (2.1)
2 2

where ro represents the convergence (the dimensionless local mass density) and Yo

represents the shear (the combined effects of all tides). Typical values for a highly

magnified saddlepoint macro-image would be:

n0 = yo = 0.53. (2.2)

We can find the magnification of a given unperturbed macro-image using the inverse

magnification matrix:
-C ( 1-~ o a 2-

Ox1y 7 y2

17



To find the matrix elements we take the derivatives of the unperturbed local potential

(Equation 2.1):
020.2 = Ko + Yo

Ox y

= 20 ,2  0 0Oy 2 = Ko -'YO

(2.3)

(2.4)

(2.5)

Plugging these derivatives into the inverse magnification matrix we get:

1 _ 0

1cy2

1 - (KNo + Yo)

-,-

a8.

0

= mnacro

macro - ((1 - No)

1 0(o-o)
1 -(o --yo)

(2.6)

(2.7)

A typical unperturbed macro-saddle will therefore have magnification:

(2.8)Itmacro = - = -16.67
-. 06

2.1 Demagnification of a Macro-saddle:

Single Perturbation Case

To find the maximum demagnification achievable with one perturbation we optimize

the perturbation position and then calculate the demagnification for that position.

2.1.1 Optimizing Perturbation Placement

In this section we present, in brief, a calculation of the optimum perturbation location

to demagnify a saddlepoint image. The full calculation is available in appendix A.

We optimize perturbation placement by perturbing the macro-saddle with a point

D9,13 1- 2

a-v

N

- /0)((1 - No) + -o)



mass at position a along the y-axis and then minimizing the magnification of the two

resultant, milli-images with respect to a.

To perturb the local potential of a, given macro-image with a point mass we add a

term that goes as In(r) to the local 2D-potential (equation 2.1). We center this point

mass at some unspecified point y = a:

(2.9)mni = f(2 ) + (2 - y) + b i(( + (y - ))1/2)2 2

where Ko represents the convergence, ½o represents the shear, and b represents the

Einstein radius, a constant that depends on the mass of the perturbation, M:

4GM 1Dds, 1/2
C2 DdDs (2.10)

To minimize the magnification, ,min.ii, we must maximize the determinant of the

inverse magnification matrix, pm- 1 .

r 2-m = (1 02
• lm~il iOx )(1 - 02Oy;l

02 Onli 2

)YO (2.11)

To maximize this we find the derivatives and plug them into equation 2.11, giving us:

-1 b
P .= 1 - o - 7o - (x2 + (y - a)2 )

(1 - K0 + 'o -
X2 + (y - a)2

-2b 2x 2

(x2 + (y - a)2)2
-2b 2 (y - a)2

( 2 + (y - a) 2)2

(-2b2X (y - a))2
WB + (y- a)2)4)

(2.12)

We cannot yet maximize with respect to a because (x,y) is image position and

will clearly depend on a. Thus we must find y(a) and x(a) for the two images. We

find (x,y) by finding the stationary points in the time delay surface:

SL 1 + ZL DLDs)2('illi I K DLS (2.13)



where 0',iji is the 2D-potential of the milli-lens, 13 is the position of the source,

is the position of a given image, c is the speed of light, and ZL, DL, Ds, and DLS

are geometric factors having to do with the distances between the source, lens, and

observer.

We plug in for /minji and find the gradient, VT, noting that since the source here

is the macro-image, the source location will be f3~ = ,y = 0. Since the gradient of

the time delay is zero at the image positions, we set VT equal to 0 and find:

0 = x(1 -Ko --o - )

I (xIb+ (y -- a)2
0 = y(1 - Ko +,To) - 2 p) (2.14)

(X2 + (y -a)2)

By symmetry the images are expected along the y-axis. Choosing x = 0, we find two

solutions:

b
2

0 = y(1 - n0 + 0 ) - (2.15)
(y- a)

Rearranging and applying the quadratic formula we find:

x(a) = 0 (2.16)
a 2a2 + 4b2

a ± Va2 _ +Yo(.7
y(a) = 1-2 + (2.17)

Since perturbed saddlepoints produce only two milli-images, it is safe to assume these

are the only two real answers. Now we can continue with our minimization of the

magnification. Equation 2.12 becomes:

P1 1b2
milli - - 7O - )(y - a)2

x 1 - +o + Yo + (2.18)
(y - a)2



After rearranging equation 2.18 and taking the derivative with respect to a we find:

Opm ui/Oa = 7y0 + b (-2 + a (2.19)ath1 a (y-a)2 (y-a)3 (±-j• ) (2.19)

To minimize the total magnification with respect to a, we must minimize the mag-

nifications of the two images. Adding p,•1 1ti/Oa at the two image locations, setting
a2+_ 4b

2

the sum equal to 0, and defining 2"""" Y= for convenience, we get:

0 a -y (T1 - a /2) 2 + b 2(-+a
0 = 9oL/&a - ((2r -)(y - a/2)5 (Tl)(7(- - +/2 b2  Na+ o((. a/2) 2 + b2(-2 + ) (2.20)(-r; - a/2)1 (-r+ )

Guessing a = 0:

OI(1 ' yo(0) 2 + b2

K(7(77)2 + b2) (2.21)

And therefore a = 0 is a solution. Looking at equation 2.20, we see that OpToaL/&a

is third order in a, and therefore there will be two more solutions. However, the

term that is third order in a is positive, which means that Op•,ta/Oa goes to negative

infinity as a goes to negative infinity and positive infinity as a goes to positive infinity.

Therefore, at the two remaining solutions, itoa-I will go from a negative slope to a

positive slope, which means they are both minima. In contrast, at a=0, P•oal will

go from negative slope to positive slope, implying a is the maximum in the inverse

magnification we have been looking for. Thus the maximum demagnification with

one perturbation will occur when the perturbation is placed at a = 0, directly in the

line of sight to the macro-image.

Now that we know to put the perturbation in the line of sight we can find the

maximum demagnification of the macro-image attainable with two different types of

perturbations: perturbation with a point-mass and perturbation with an isothermal



sphere.

2.1.2 Maximum Demagnification of a Macro-saddle:

Point-Mass Perturbation

Repeating the calculation of Schechter and Wamibsganss [13], we now find the max-

imum demagnification achievable with one point mass perturbation. iTo perturb the

local potential of a given macro-image with a point-mnass (star or black hole) placed

directly in the line of sight, we modify the potential as follows:

2icro = +( ± 2) .2 y2 ) + b21n((x 2 + y2)1/2), (2.22)
2 2•

where b again depends on the mass of the perturbation. The image locations can

again be found by setting the gradient of the time delay surface equal to zero:

# [ ) (xb2
0 = V7 = K (x - x;3) - (Ko x + "oX + y2

+K (y - yo) - (Koy - 0oy + ('2 6y 2 ) (2.23)

Since the source is the macro-saddle, 8. = d' = 0, and VT becomes:

0 = x (1 - o - 0 - (x2 + y2)))]

0 = y(1 - o + - x +) JY (2.24)
(X2 + 2

One trivial solution to this equation is:

S= y = 0. (2.25)

which corresponds to a maximum in the time delay surface.

If the macro-image we are perturbing has values of Ko and Yo corresponding to a

macro-saddle, we will find only three images (this maximum at (0,0) and two addi-



tional saddlepoints), but if the values of to and 'o are chosen such that the macro-

image is a macro-minimum, we will find a total of five images (this maximum as well

as two minima and two saddlepoints). In this section we will solve for the case of a

general macro-image and wait until the end to choose values for K0 and Yo-

Rearranging equation 2.24 we get:

x 3
( b2Io -(0( byx2 Y
(I - KO + Tio

Sy2)

- 2)

(2.26)

(2.27)

Since 7yo 0. it is impossible to solve this system of equations unless either x or y is

zero. This gives solutions:

x = U, y= (1 - )1/23-(1 - No + To) / (2.28)

(2.29)x = (1 - ,o - To)1/21 y

We find the corresponding magnifications by taking the appropriate derivatives of

?,icro and plugging them into the inverse magnification matrix. This gives us:

tO# 1- +( 2 + ± -2b2x2

- K 0 70 +(Y 2 •2 )
(x2+y2) 2

2b2xy N
(2 2 2+y2)

1 + b2  -2b2y2
S 10 + (x2+2) + (:r2+y)2)2

For the two images on the x-axis at y = 0, x = ± b , the inverse magnification

matrix will then become:

0 -

00

2 - 2;o: - 270

0

Finally, to find the magnification of the two images on the x-axis we take the inverse

of the determinant of o and find:ao

fmicro = (4-/o)(1 - no - io)

L

(2.30)



For tile two images on the y-axis at x = 0, y = (+o b)/2 the inverse magnifi-
(1-t•.o+-o)1/72 '

cation matrix will become:

O (- 2 0 0
-0 0 2 - 2Ko + 270

rrb solve for the magnification of the two images on the y-axis we take the inverse of

the determinant of 2 and find that:d0

1
11micro =-- (2.31)t'ni (-47o)(1 - N0o + o)' (2.31)

which successfully reproduces the 2002 calculation by Schechter and Wambsganss.[13]

A minimum is defined by values of the local convergence and shear where (1- No -

To0) > 0. Furthermore, for macro-lensing by galaxies, typically Ko will approximately

equal 'yo and therefore (1 - No + 2o) = 1. Under these conditions the macro-minimum

will be split into in four mnicro-images, two micro-minimna on the x-axis (equation

2.29) with magnifications given by equation 2.30, and two micro-saddles on the y-

axis (equation 2.28), with magnifications given by equation 2.31.

If the perturbed macro-image is a saddlepoint, Ko will still approximately equal 70To

and therefore (1 - N0o + /o) will still equal one, however by definition (1 - ,o - 7o) will

negative, and the perturbation of the potential will result in only two micro-saddles.

We can see why by looking at the equations we found for the image locations. Since

(1 - No - To) < 0 for a saddlepoint macro-image, x = (1_,Koo) 1/ 2 ,y = 0 (equation

2.29) is imaginary, and thus these images will not exist. By the same argument,

x = 0, y = ± (1+ / (equation 2.28) will still be a valid image location since
' 1-o+-_,o)1/2 (qain22)wl tl eav

(1 - tio + To) is still positive. Thus, when saddlepoint macro-image is micro-lensed

there will only be two saddlepoint micro-images, and they will both be on the y-axis.

Their magnifications are given by equation 2.31.

The images locations and magnifications are summarized in table 2.1.

Plugging in typical saddlepoint values of To = •0 = 0.53, we find that for the

macro-saddle case both micro-images have a magnification of micro = -1/2.12 =



Tint Mass

-0.47. Thus, the perturbed macro-saddle has a miagnification of Potal = 2 /lmicro =

-0.94, a factor of 16 dimner than the unperturbed macro-saddle (fmac,, = -16.67)

and, remarkably, even dimmer than the original source! Since observed flux ratio

anomalies typically involve saddlepoints about an order of magnitude dinimer than

predicted, this result is in line with experimental evidence.

2.1.3 Maximum Demagnification of a Macro-saddle:

Isothermal Perturbation

An interesting variation on the point perturbation case is the isothermal perturbation

case. Whereas the presence of point perturbations in the 2D-potential implies a

galaxy rich in stars and black holes, the presence of isothermal perturbations implies

the lensing galaxy contains dark matter condensations.

To perturb the local potential of a. given macro-image with an isothermal sphere

placed directly in the line of sight, we modify the potential as follows:

mill (X2 -+ y2 ) + (X2 2) + b(2 2)1/2,(2.32)

where KO is the convergence, To is the shear, and b is a constant that depends on

the mass of the perturbation. As before, we can find the image locations by solving

for the stationary points in the time delay surface, r. We plug in for 'mi/n, take the

gradient of T, and set the whole thing equal to zero, giving us:

0 = VT = K [(x - f3) - (K,,o(x) + 7o(x) + b(x)(X 2 + •2)-1/2)] .
+K (y - /,) - (Ko(y) - io(Y) + b(y)(X ' + y+2)-1/2)] (2.33)

Table 2.



Since the source here is the macro-image and the macro-image is defined to be at the

origin, as before the source location is 3, = /3 = 0. This gives us a system of two

equations and two unknowns:

0 = [x(1 - no - o - b(x 2 + y22)-1/2)]

0 = [y(1 - No + -o - b(x2 + y2)-1/2)] y (2.34)

Again, one trivial solution is the maximum:

x = y = 0, (2.35)

As with the point mass case we can also find two minima and two saddlepoints. By

symmetry we expect y = 0, reducing equation 2.34 to:

0 = [x(1 - no - /o - b(x2) -1/2)]

0 = y

Which has solutions:

S= U, x = -
-1 - Ko - 7o

(2.37)

Guessing x = 0 equation 2.34 becomes:

0 = OU

0 = [y(1 - No + To - b(y)-1/V2] ^ (2.38)

Which has solutions:

(2.36)

x = 0, y = (2.39)
I - no + 7o

If the perturbed mnacro-image is a minimum in the time delay surface, (1 - No -

-Yo) > 0. This allows all four image locations (equations 2.37 and 2.39).

In contrast, if the perturbed macro-image is a saddlepoint in the time delay sur-

face, (1 - No - -o) < 0. Looking at equation 2.34 we see that equation 2.39 is still a

r`



valid solution, but that equation 2.37 results in the system of equations:

0 = ( - )(1 - o - 'To - 1 - o - 'ToD)I
0 = (O _ -o _7 0o T

0 = Oý

(2.40)

(2.41)

Since two negative numbers can never sum to zero, this system of equations cannot

be solved. Thus. only two milli-saddles are created by perturbing a macro-saddle.

We find the total magnification of these milli-images by taking the appropriate

derivatives of .,,'miu and plugging them into the inverse magnification matrix. We

find:

1 - (No + o + (x•+ 2)1/2  (2+.3/2)

bxy
(x2+y2 )3/2

bxyN
(x2+y2 )3/2

0 (x2+ 2 )_1/2+ by2b 3/2

(no - 7 + (x2+y2)1/2 (x2+y2)a/2

For the two milli-images on the x-axis at y = 0, x = the inverse magni-

fication matrix becomes:

-000 K
00-4

- (no + -o)
1 - (no - To + 11 - ho - -yol)

Taking the inverse of the determinant we find the magnification of the two images on

the x-axis:

i = ((1 - no - -yo)(1 - KO + To - 1 - ho - 'To)) (2.42)

For the two milli-images on the y-axis at x = 0, y = the inverse magni-
1-K.o+yo

fication matrix becomes:

1- (Ko + o + I1 - o + jo)
0

0 )
1 - o-/o)

Taking the inverse of the determinant we find the magnification of the two images on

O90a/i (

a.13
-4ao



the y-axis:

1
m = (1 o -70 -11 - n io + ol)(1 - O +O) (2.43)

If the perturbed macro-image is a minimum, (1 - no- 0o) > 0 and (1- o+7o) = 1,

so for the two images on the x-axis we get:

1
#mInii = (2)(1 - 0- ) (2.44)(2-y0) (I no - Týo)

and for the two images on the y-axis we get:

1Pmill = (2.45)It" = (-2-,o)(1 - no + 'To) (2.45)

If the perturbed macro-image is a saddlepoint, (1 - no- To) < 0 but (1 - no + to0)

will still be approximately equal to 1. There will only be two images, both on the

y-axis, and they will have magnification:

1Anmili = 1 (2.46)i = (-27o)(1 - no + -to)' (46)

which is the same value we found for the milli-images on the y-axis when the macro-

image was a minimum. (Mathematically, this comes from the fact that I1 - n0o - ToI

only appears in the magnifications of milli-images on the x-axis.) Plugging in standard

saddlepoint values o = K.o = 0.53, we find that both milli-images have a magnification

of jiniju = -1/1.06 = -0.94. Thus, the saddlepoint perturbed with an isothermal

sphere directly in the line of sight has a magnification of Ptotal = 2 tmnilli = -1.89. This

is a factor of 2 brighter than the micro-lensed macro-saddle (PttotaI = -0.94), but still a

respectable factor of 8 dimmer than the unperturbed saddlepoint (Ymacro = -16.67).

The positions and magnifications of the images are summarized in table 2.2:



hermral Mass

2.2 Demagnification of a Macro-saddle:

Hierarchies of Point Perturbations

Now we explore the limits of deminagnification of a macro-saddle by creating a hier-

archy of perturbations. As described in the introduction, we create a pyramid of

successively smaller perturbations, each one placed directly over the images spawned

by the previous tier. Since a perturbed saddlepoint produces only two images, each

successive tier of the pyramid doubles in size.

We begin by creating a macro-saddle with local potential:

K0  2 _0

Xmacro = Y}(2 ± y2) + 2 _ y2 ). (2.47)
2 2

A milli-lens point perturbation is then placed directly on top of it so as to maximally

demagnify it (see section 2.1.1), changing the local potential to

+ Y(2) ± 10 ±i(2 - 1i/2 ±bl((X 2 ± 212
macro = 2 2 _ 2) + bil((2 1/2) (2.48)

and creating two milli-saddles. This process is repeated for two point mass micro-

lenses, creating four micro-saddles, which are in turn perturbed with four point mass

nano-lenses, producing eight nano-saddles, and so forth. Each time a saddlepoint is

perturbed with a point mass, a new local shear and convergence are defined in the

vicinity of the two resulting images, according to the formula:

(1- Kn+I - Tin+l) 0 otnai t) - 1i(K,,,) 2a Oh e ( w r'." in)=-i I- (-, , ,/n,,) (9 2• oXo.
0 (1 - ,,+ ± + ±' .+m ) _/ -~)1- % (K,, i-In)

And the equation for the potential in the vicinity of each of the two resulting images

Table 2.2:



will be:

= +1 ( + y2)+ (x+ 2 _ 2) (2.49)

2.2.1 One Perturbation Pyramid

We can use our work from section 2.1.2 to find the new effective K and 7 after the

macro-image is milli-lensed once with a point mass. In the immediate vicinity of each

milli-image, we define an effective convergence, tK. and and effective shear, -,/ such

that:

(1 - - 71) 92021 --• (•o, o)
1---- (K-o, -yo)- ( o•, Yo)

1-2

From section 2.1.2 the inverse magnification matrix is:

(Tj30 04 =
-2"`o 0

0 2 - 2o + 20yo

so we can set up the equality:

(1 - l - ,)

0
-27o

0
2 0- 2o 2

2 -2Ko+ 270

This gives us a system of two equations and two unknowns:

1 - ,, - 71 = -20/

1 - St + o = 2 - 2H,0 + 2/0

Solving this system we get:

l I= K:0

71 = 1 - .o + 2 yo

(2.50)

0
(1 - <, + 71)

0
(1- 1 + 1)+

(2.51)



And the total magnification for our typical macro-saddle is ,1o01 = -0.94 as we found

in section 2.1.2.

2.2.2 Three Perturbation Pyramid

Now in the immediate vicinity of each milli-saddle the potential will be:

mIui = (X + y) + 212 X _ 2).
2 2 2

(2.52)

If we then use a micro-lens to perturb each milli-saddle, the potential in the vicinity

of each milli-image will become:

(2.53)K1( 217- + ((c±+y)12)1mi(u = (2  2 1) + -2 2 f 2 ± 2 1 .2 2

and four micro-images will be created. Now in the immnediate vicinity of each micro-

image we can define an effective convergence, K2 and an effective shear, 72, such

that:

0

(1K- 2 + 2)
-micro(K,71)

27-( 0

0 2 - 2tq + 2- 1

Where we have reused use our work from section 2.1.2 by replacing K, 70,o bo with

Ni, 71, b, in the potential. This gives us a system of two equations and two unknowns:

1 - n2 - 12 =-72

1 - K•2 +7 2 = 2- 2K1 + 271  (2.54)

Solving this for K,2 and 72 we find:

K 2 =

72 = 1 - Kr + 2(71

(1 - K2 - 72)

(2.55)



And with Ko = -o = .53 the magnification of each micro-saddle will be:

1
tnir = (-4'yi)(1 - Ki + /1) -0.082 (2.56)

Which gives us a total magnification of Ittotal = 4Tmicro = -0.33, fifty times dimmer

than the unperturbed saddlepoint (totaz = -16.67).

2.2.3 Seven Perturbation Pyramid

Now in the immediate vicinity of each micro-saddle the potential will be:

mro =K2 ( (2 +  2) +  2 2).
2 2

(2.57)

If we then use a nano-lens to perturb each micro-saddle, the potential in the vicinity

of each micro-image will become:

micro = -(X 2  y 2)2 + (2 ( - Y+ 2

and eight nano-imnages will be created. In the immediate vicinity of each nlicro-saddle

we can define an effective convergence, n3 and and effective shear, /3:

(1 - n3 - 73) 0

(1- 3 + 73)

, -12)tL mou,,o (K2, 72)= -272

0
2 0- 2 2  2)

2 -2K2 +2-/2

This gives us a system of two equations and two unknowns with solutions:

K3 ••2

73 = 1 - K2 + 272

With K' = o = .53 the magnification of each nano-saddle will be:

1
tinano = (-42)(1 - 2 + 2) -0.018

(-4ý2) ( K2 +72)

(2.58)

(2.59)

(2.60)

(2.61)



Which gives us a total magnification of Pftotal = 8 pnano = -0.14, two orders of mag-

nitude dimmer than the unperturbed macro-saddle (Ptota•, = -16.67).

2.2.4 Infinite Pyramid of Perturbations

We can conclude that, in general:

Kn-1 = Kn (2.62)

(2.63)1 - ,j.-1 + 2 y7n.-1 = in

for n > 0. Thus, i% remains constant while ,, increases without limit. Since, for this

particular configuration of perturbations, the magnification is:

-n
t1n =

27n 0

0 2 - 2n,, + 2-,

n" -2(2- 2tKn + 2'y)(Q)

2n+l
l.,total = ( I +

(2.64)

(2.65)

for n > 1.

To find Ptotal in terms of no and 70 we look at the cases of n=0, 1, and 2, and we

quickly see a pattern emerge:

l1ototal -4(1 - no + xo)(7o)
(2.66)

(2.67)-2(1 -Ko + yo)(7"o)

4
-4(1 - j, + ')(71) (2.68)

(2.69)-4(1 - r;o + (1 - no + 2/o))(1 - no + 2/o)

IPultotal



(2.70)

112total
-4(1- n 2 + 72)(/2)

-(1 - Ko + (1 - o + 27o))(1 - ':o + 2(1 - ho + 2yo))
1

-2(1 -ho + yo)(3 - 3o + 4o70)

We can easily extrapolate to the case of n tiers of perturbations:

1
ftntotal - -2(1 - no + .'o)((2n' - 1)(1 - no) + 2n'to)

(2.71)

(2.72)

(2.73)

(2.74)

Therefore we can conclude that, by increasing the number of tiers of perturbations,

the magnification can be made arbitrarily small. Furthermore, for large numbers of

tiers the 1 in the (2" - 1) term becomes negligibly small and we can say that the total

magnification will look like:

tintotal l (2n+1)( - Ko + 70)2 . (2.75)

The information from sections 2.2.1, 2.2.2, 2.2.3, and 2.2.4 is summarized in table

2.3:

Table 2.3: Summary of Pyramid Data
Perturbations: n=1 n= 3 n=7

-1. -1 -1
Ptotal (2,o)(1-•(I+- ) 2(_-K+27,O)(l-Ko+-o) 2(3-3K+4,7O)(1-•,o+,( )

A1  -27_ 0 -2(1 - K + 2-/o) -2(3 - 3n + 4 70)

A2  2(1 - no + yo) 4(1 - No + /o) 8(1 - no + yo)
Kn 0  0 o no

S1 - no + 270 3-3Ko + 4/o 7-7 7Ko+8/o

In this table ittotal is the total magnification of the macro-image after all the lens-

ing events, A, is the one dimensional inverse magnification along the axis of negative

curvature, and A2 is the one dimensional inverse magnification along the axis of pos-

-2(1 - Ko + /o) (1 - no + 2-/o)



itive curvature. For the limiting case of infinite magnification (no = o = 0.5) table

2.3 becomes table 2.4.

Table 2.4: Summary of Pyramid Data for Limiting Case of no = 0 = 0.5
Perturbations: n=1 n=3 n=7

ltotal(NO = o = 0.5) -1 -3 -1
AI(Ko = 0o= 0.5) -1 -3 -7
A2 (0 = 70 = 0.5) 2 4 8
Kn(no = 70 = 0.5) 0.5 0.5 0.5

7,(no = %o = 0.5) 1.5 3.5 7.5

Looking at the two tables we begin to notice interesting patterns in the magnifi-

cations. Whereas the total one dimensional magnification along the axis of positive

curvature is a constant, The total one dimensional magnification along the
1-K-.o+7o ,

axis of negative curvature is getting smaller by about half with each new tier. In fact,

this is true no matter where the masses are placed and no matter how large they are,

as we will prove in the following chapters.





Chapter 3

Total 1D Magnification Along the

Axis of Curvature for n=1,2,3,4

In this chapter we will explicitly solve for the total one dimensional magnification

along the axis of positive curvature for the cases of n = 1, 2, 3, and 4 perturbations.

We will accomplish this by first finding a general equation for the 1D magnification

at a given image position (xj, yj), and then, looking at the case of each value of n

separately, by summing uip the 1D magnification given by the geineral equation at all

image locations.

3.1 Deriving a General Equation for the 1D Mag-

nification

To find a general equation for the 1D magnification at a given image position (xj, yj)

we begin with the 2D-potential:

O= (2 2) 2_ )22) (2 2112 2112 2+ 22)112) b23 2+ 321/2±l...
__-20 (x+y) ,+O -y)bln(( -q)))+b (2 -(y-q2))/2)-ln(( (y-a332 2

(3.1)



Here (0, qj) is the perturbation location and bj is the Einstein radius, a constant that

depends on the mass, MAj, of perturbation j:

b 4GMj Dds : 1/2
C2 DdD,

(3.2)

Without loss of generality we can set no = 0 = 0. Then:

' = bI1n((x 2 + (y - q) 2 )'1 2) + b211((x 2 + (y - q2 ) 1/ 2) + ... (3.3)

To find the total one-dimensional magnification along the axis of positive curvature

we must find the positive eigenvalue, A2, of the inverse magnification matrix, pj-1, for

the two images:

A2 = 1 - 2.
(3.4)

ItlDtotal will then be the sum of the inverses of the eigenvalues:

IlnlDtotal = (A2 (xl, yl)) - + (A2 ( 2 , y 2 )) - 1 (3.5)

The time delay surface will be described by the equation:

1+ L DLDs
c DLS (3.6)

The potential ', has been constructed such that the source is at the origin, so = 0

7 = K [1( 2

S= K (X2 + y2) - (bln((x2 (y - q)2)1/ 2 ) + b 2n,((x 2 ± (y - q2 )2 ) 1/ 2 ) +

(3.7)

(3.8)
Differentiating:

bf(y-qj)( + (y - qj)2)
Or

0y
b (y - q2)+

2( + (y - q2)2)
(3.9)

y -

T = K 2 (0-) -/



Since every perturbed saddlepoint will split into two saddlepoints images, both on

the y-axis, after a macro-saddle has been split by n arbitrarily placed perturbations

all the resultant images will lie along the y-axis. Therefore we can set x = 0:

Oy- 8- K[C = K 9y= Ky -
b(

(y - qi)
( q2 ) (3.10)

Next we multiply both sides by the product of the denominators:

d7-- (y - qj)(yOy = Ky((y - q)(y - q2)...(y - q,))

- Kbl(y - q2)(Y - q3) ...3(Y - )
- Kb2(y - ql)(Y - q3).--(Y - qn)

(3.11)

Conveniently -(y - qi)(y - q2)...(y - q,) is a polynomial, which means we can also

write it as a product of its roots:

Od
(3.12)

where we have included the factor of K on the right side to account for the fact that

the highest order term in the left side is Ky"1+'. Plugging in we get:

(3.13)(y - ql)(y - q2 ... qn) = K(y - yi)(y - Y2) (Y 3)... n+i )

The K's cancel, and differentiating equation 3.13 we get:

+ [1 - 2  ((y q)(y - q2)...(Y - qn))

= ((Y - Y2)(Y - Y3)...(Y - Yn+)) ((Y - Y)(Y 3)...( - Yn+1)) + ... (3.14)

- q2)...(Y - q,)

Ky -

- Oyj ((y - q2) (Y-q3) ...(Y-qn)+ (y- ql)(y -q3)... (y -q,)+



Now to find 1I - we simply need to evaluate this at root yj. Conveniently, since

Y- 2 is the gradient of the time delay, it will be zero for all yj, since yj is, by

definition, a stationary point in the time delay surface (so long as yj # any qj). Thus

we can effectively say:

2 ((Y - Y2) (Y - Y3) ... (Y - Yn+1)) + (( - i(Y - Y3) ... (Y - Y.-1)) -
1- [ 2 y  ((y - ql)(y - q2)...(Y - q,,n))

(3.15)

To find ttlD,total we evaluate the inverse of equation 3.15 for all yj and sum the results.

Now we use equation 3.15 to find the total 1D magnification for the cases of

n= 1,2,3 and 4 perturbations.

3.2 Total 1D Magnification: One Perturbation Case

We can use our results from section 3.1 to find the total 1D magnification for one

perturbation.

With just one perturbation (n = 1) equation 3.15 becomes:

_2__ 112) ± (y
1(- ( 2) + (Y - ) (3.16)
1 y I (y - qj)

To find HID,total we evaluate the inverse of equation 3.16 at image positions yi and y2

and sum the results. We get:

IiD,total = 1 - y2 ( y) 2 (2, Y2) -1(3.17)

(yl 2 a) (2 91(y - q) + (Y2 - q) (3.18)
(Y1 - vl) + (y1 - vY2) (Y2 - Y)+ (y2Y ) - Y2)

(yr -qi) (y2 -v1)
1D,total - q + (2 - I) (3.19)

(YI - Y2) (Y2 - Y1)

1Dtotal ((yi - qj) - (Y2 - q1)) (3.20)
(Y1 - Y2)

(yi -Y2)PD,total = ( - Y2)= 1 (3.21)
(Yl - Y2)

40



And therefore the total 1D magnification along the axis of positive curvature for one

perturbation will remarkably be one- a constant completely independent of pertur-

bation location and size.

3.3 Total 1D Magnification: Two Perturbation Case

To find the total 1D magnification for two perturbations we follow the same basic

procedure. With two perturbations (n = 2) equation 3.15 becomes:

2< (y - Y2)(Y - Y3) + (y - YY - Y3) + (Y - y)(Y - Y,2)
OY2 (y - qi)(y - q2 )

(3.22)

To find 11 1D,total we evaluate the inverse of equation 3.22 at image positions Yl, Y2,

and Y3 and sum the results. We get:

•I1D,total
2 (x1 , 0D2Z/,x 2y-- (9 xy -1 [Y21 -+ 1

Oy2 (X3

(yl - ql)(yl - q2)

(I - Y2)(Y - Y3) + (Yi - )(Y- Y3) + (Yi - Y1)(Y1 - Y2)

(Y2 - 1)(Y2 - q2)
(Y2 - Y2)(Y2 - Y3) (Y2 - Y I)(Y2 - Y2) ± (Y2 - Y1)(Y2 - Y2)

(y3 - ql)(y 3 - q2)

(Y3 - Y2) (Y3 - Y3) + (Y - Yl)(Y3 - Y3) + (Y3 - - Y2)

-1
, Y3 .23)

(3.24)

For convenience we define:

o(y) - (y - ql)(y - q2) (3.25)

PlD,total = + Q(Y2) + Q(Y3) (3.26)
(Y1 - Y2)(Y - Y3) (Y2 - Y1)(Y2 - Y3) (Y3 - YI)(Y3 - Y2) (3.26)

SO(Yl)(Y3 - Y2) - Q(Y2)(Y3 - Y) + O(Y3)(Y2 - Yl) (327)= (3.27)
(Y1 Y2)(Y2 - Y3)(Y3 - YI)

Looking at just the numerator:

numerator = g(Y1)(Y3 - Y2) - Q(Y2)(Y3 - YI) + (Y3)(Y2 - YI) (3.28)

ii



To show that the total 1D magnification is one, tile first thing we must show is that

the numerator does not explicitly depend on perturbation location.1 To do this we

look at the powers of y in 0(y) one at a time and show that all terms containing

factors of qj will cancel out. Expanding g(y) we see that it will have terms of order

y0, y, and y2 :

0(y) = (y - ql)(y - q2)

= y 2 - qly - q2 Y + qlq2

(3.29)

(3.30)

Looking at just the yo terms:

(qlq2)(Y2 - Y3)+ (qlq2)(Y3 - YL) + (qlq 2)(YI - Y2) (3.31)

(3.32)

(3.33)

= (qlq2)(y2 - Y3 -Y3 1- Y 1 + Y - Y2)

= 0

So the terms containing qlq 2 will cancel.

Now looking at just the yl terms:

(q, + q2)y(y2 - Y3) (q1 + q2 )Y2(• - YLI) (q1  q2)Ya(Yl - Y2)

= (q, + q2))(Y1 (Y2 - Y3) + Y2(Y - l) + Y3 (1, - Y2))

=0

So the terms containing (qi + q2) will also cancel, leaving us with:

ItiD,total -
(Y3 - 2) 2- (3 - LYI) + 3(Y2 - YI)

(Y3 - Y2)(Y3 - Y)(Y2 - Y1)

As expected, we have found that the 1D magnification does not explicitly depend on

'To be more precise, we miust show that the total ID magnification can be reduced to a fraction
such that the numerator and denominator are each a polynomial in image position of order n(n+1)/2,
where n is the number olf perturbations. But for the sake of brevity, henceforth we will simply refer
to this form of the D magnification as "a form where the numerator does not explicitly depend on
perturbation location."

(3.34)

(3.35)

(3.36)

(3.37)



q. Now we must show that the remaining expression is equal to one.

To show that the numerator and the denominator are equal in equation 3.37, we

use a Taylor expansion proof. We choose to expand (Y3 - y2) (Y3 - Y) (Y2 - Yl) with

respect to y = y3:

f (Y) = (y - Y2)(Y - Y1)(Y2 - YI) (3.38)

We take the appropriate derivatives and write out the Taylor expansion, g(y), which

will be exact since f(y) is a polynomial:

2 (y2 - Yl)Y29(Y) = •2 .(Y2 - Y1) 2+(21 2 - + 22 (3.39)

Rearranging and plugging in y = Y3 we get:

g(y) = y1(Y3 - y2) - y2(y3 - Yl) + y (y2 -- 21) (3.40)

And therefore we can return to equation 3.37 and say that the total 1D magnification

along the axis of curvature is 1.

3.4 Total 1D Magnification: Three Perturbation

Case

Now we outline the calculation of the total 1D magnification for n=3 p)erturbations.

The complete calculation can be found in appendix B.

With three perturbations (n = 3) equation 3.15 becomes:

2 1
1 - 2 11

(Y -Y2)(Y- Y3) Y4)+ +(y - qi) (y - q2)( - q3)

(Y - Y)(Y - Y2)(Y - y4)

(y - qi)(y - q2)(y -q 3 ) +

(Y1- )(y -y3)(Y -Y4)
(Y - qI)(Y - q2)(Y - q3 )

(Y- Y1)(Y- Y2)(Y- Y3)
(y - qj)(Y - q2)(Y - q3)

(3.41)

(3.42)

(3.43)



To find 11lD,total we evaluate the inverse of equation B.1 for image positions y = Y1,

Y2, Y3, and y4 and then sum the results. Defining a function g%(yj) - (yj - qi)(yj -

q2)(Yj - q3) for convenience, the 1D magnification can more simply be written:

111D,total =

9(yi)

(Y2 -Y1)(Y3 -Y1)(Y4 - 1)
Q(11a)

0(Y2)

(Y2 - Y1)(Y3 - Y2)(Y4 - Y2)
e(•).

(1Y3 - Y1)(Y3 - Y2)(Y4 - Y3) (Y4 - Yl)Y4 - Y2)Y4 - Y3)

Combining these fractions and looking at just the numerator we get:

numerator =

- go(yI) (y4 - y3) (y4 - y,) (y3 - y2)

+ 0(y2)(Y4 - Y3)(Y4 - 1Y)(Y3 - Yl)

- o(Y3)(Y4 - 12)(Y4 - YI)(Y2 - Y1)

+ e(Y4)(v 3 - Y2)(Y3- Y3)(Y2 - Y1)

Where the denominator is equal to:

denominator = (y4 - Y3) (Y4 - y2)(Y4 - y) (Y3 - Y2)(Y3 - YO)(Y2 - 1Y).

We can simplify this further using relation 3.37 derived in section 3.3:

(c - b)(c- a)(b - a) = +a'(c- b) - b 2(c- a) +c 2(b- a)

This gives us:

numerator =

(3.44)

(3.45)

(3.46)

(3.47)

- O(yl)(y2(y4 - 13) -_ y2(y14 - 11) + y2(y2 - 12))± 2(11)(Ti4 - Y3) 3(Y4 - Y2) y(Y3 - Y2))

- L3)(12(( 14 - Y3) - •40 - 41) ± y 3 - 1))
-gy 2(y?(y_ Y2) 2(4-1 I( 2

[ \ [ \ [ \ · ·\f •l



+ p(y4)(Y(y 3- Y2) - y - Ym) + Y((Y2 - Y1))

To simplify this we must compare the different components of p(yj) in the numerator:

g (yj) - (yj - qi)(yj - q2)(Yj - q3)

= y3 - (q + q 32 + q3)y2 + (q9q2 ± qlq3 + 2q3)YJ - (qlq 2q3)y (3.49)

First looking at the yO terms in the numerator:

S y9terms =

qlq2q3( +(Y2 _ 2
S(Y(y4 - Y3) -y3(Y 4 -Y2) +± (Y3 - Y2))

- (Y( 4 - Y3) - Y(Y4 - Yl) + Y(Y3 - YI))

+ ( Y 2 ( Y 4 -- Y 2) -Y ( n - l T • Y -Y
± •( Y2) -2y(y4 - yi) + (Y2 - YI))

- (Y( - Y2) 2(Y3 1 ± (Y2 - 1)))

We find they will sum to 0 if we group them by the squared coefficients:

5yterms = qiq 2q3(y (0) + y2(0) + y2(0) + y4'(0)) = 0

So the terms containing qlq2q3 in equation 3.48 will cancel.

Now looking at just the yJ terms of equation 3.48:

E yjterms =

(3.50)

(3.51)

(3.52)
= (q1q3 + q22q3 + qiq2)( - (Y 4 -( Y3) Y(Y4 - Y2) - y2dy(Y3 1- Y2))

± (YY2 (Y4- Y3) - 3Y2(Y4- Yl) +Y14Y2(Y3 - Y1))

- (y •(yu - 1,g2) - Y3y(y4 - yI) + y$Y(• - Y1))

+ (ylb 4(y3- Y2) 4 13 - ) + Y4(Y2

(3.48)

-y1))03.53)



We find that they too will sumn to zero if we group them by the squared coefficients.

SyJ terms = (qiq3 + q2q3 + qlqq)(y2(O) + y2(0) + y2(0) + y2 (0)) = 0 (3.54)

So the terms containing (q, q3 + q2q3 + qlq2) will also cancel out in equation 3.48.

Now we look at just the y? terms of equation 3.48:

y) terms

= (q, + q2 q3)(

(3.55)

SyY2(yY4 - Y3) - (Y4 - Y3)

+ y y (y - Y2) - Y2 W 3  Y2)

- Y (Y4 - Y2) + 3Y(4 - Y2)

+ yy3 (y4

-- Y)2 ±-d(Y3 -- (l - )
2Y2 _ I 2Y2

+ 3 4(Y2 - 1) - -2 Y1))

= (ql + q2 + q3)(0) = 0 (3.56)

So the terms containing (qi + + q3) will also cancel to zero and we are left with:

numerator = - y(13 - y2)(4 - 2)(14 - Y3)

+ vY(Y3 - Yv)(Y4 - Y1)(4 - Y3)

Y- 3(Y2 - Yl)(Y4- Y1 ) (Y4 - Y2)

+ y3(y2 - Yl)(Y3 - Yl)(Y3 - Y2)

Notice this leaves us with an equation for the 1D Magnification that does not explicitly

depend on perturbation location or size.

By inspection we see that the yj terms cannot cancel to zero; If we expand the

expression y4 only appears once for each j and the coefficient of a given y is only zero

when yj = yi for i # j. So now to prove that the total 1D magnification is one, we

must show that the numerator of ttotai (equation 3.57) is equal to the denominator

(equation 3.46). We can see this by Taylor expanding the denominator with respect

(3.57)

- ,3- y) 2 (Y4 -- Y)



to y = Yl. (The complete proof that equation 3.57 is equal to equation 3.46 is given in

appendix B, equations B.32 through B.66.) After a lengthy calculation we find that

the numerator equals the denominator, and therefore that the total 1D magnification

is equal to 1 for the case of three perturbations.

3.5 Total One-Dimensional Magnification: Four Per-

turbation Case

Now we outline the calculation of the total 1D magnification for n=4 perturbations.

The complete calculation can be found in appendix C.

With four perturbations (n = 4) equation 3.15 becomes:

I O2 1

+ Y- Y2)(Y - Y3)(Y -Y4)(Y -y,5)

1 - =
Oy2(y-qi)(y- q2)(y-q 3)(y-q 4)

(y - YI)(Y - Y2)(Y -Y3)(Y - Y4)
+ q)(yq2)(q 3)(q 4)(Y -qz)(Y - q)(Y - q)(y -q4)

+ ( (Y -Y)(Y - Y3 )(Y - Y4)(Y - Y5)
(y -q)(y - q2)(y - q3)(Y - q4)
((Y -Yl)(Y - Y2)(Y - Y3)(Y - Y5)
(y -q)1(y - q2)(Y - ()(Y - q34)

(3.58)

To find PlD,total we evaluate the inverse of equation C.1 for image locations yj, y2, Y3,

y4 and y5 and sum the results. We get:

5 - r 1
Y iý Yi)

i= 1

((Y, - qi)(y - q2)(yI -

(Y5 - YI)(YU4 - Y)(Y3 -
((Y2 - q)(y2 - q2)(y2 -
(uY5 - Y2)(Y4 - Y2)(Y3 -

((Y3 - qj)(Y4 - q2)(Y 3 -
(y5 - y3)(y4 - y3)(y3 -

((Y4 - q)(Y4 - q2)(Y4 -
(y5 - y4)(y4 - Y3)(Y4

+ ((Y5 - q)(Y5 - q2)(y 5 -
+

(y5 - Y4)(Y5 - Y3)(Y5 -

47

q3)(YI - q4))
YI)(Y2 -Y•)
q3)(Y2 - q4))

Y2)(Y2 - Y1)
q3)(Y3 - q4))

Y2)(Y3 - YI)
q3)(Y4 - q1))
Y2)(Y4 - Y1)

q3)(Y 5 - q4))

Y2)(Y5 - Y1)

J1lD,total

(3.59)



We define (yi - q) (yi- q2)(yi - q3)(yi 4) -q4 ) (yj) for convenience and combine these

fractions into one large fraction with numerator:

numerator =

O(YO1)(Y5 - Y4) (Y5 - Y3) (Y5 - W)(Y4 Y3) (Y4 - Y2) (Y3 - 2)

- (y2)(Y5 - Y4)(Y5 - Y3)(Y5 - )(Y - Y3)(Y4 - Y1)(Y3 - y)

+ P(y3)(y5 - Y4)(Y5 - Y2)(Y5 - Y)(Y4 - Y2)(Y4 - Y1)(Y2 - YI)

- Q(y4)(y5 - y3)(Y5 - Y2)(Y5 - YM1)(vY3 - Y2)(Y3 - Y1)(Y2 - YI)

+ (Y5) (Y4 - Y3)(Y- - Y2)(Y4 - Y1)(Y3 - Y2)(Y3 - Y1)(Y2 - y1), (3.60)

and denominator:

(Y5 - Y4) (Y5 - Y3)(Y5 - Y2)(Y5- Yl )(Y4 - Y3) (Y4 - Y2) (Y4 - Y)(Y3 - Y2)(Y3- Y1)(Y2- -Y).

(3.61)

Since we proved in section 3.4, that equation 3.46 is equal to equation 3.57), we can

say that:

(d - c)(d - b)(d- a)(c - b)(c - a)(b - a)

- a3(c-b)(d - b)(d - c)

+ b3(c( - a)(d- a)(d - c)

- c•(b-a)(d - a)(d - b)

+ d3 (b - a)(c - a)(c - b), (3.62)

and since we proved in section 3.3,. that equation 3.37 was equal to one, we can say

that:

(c - b)(c - a)(b - a) = +a2(c - b) - b2( - a) + c2(b - a).

Therefore, we can rewrite the numerator (equation 3.60) as:

numerator

(3.63)



(11(Y1(,Y4_ - 13) -_ '(Y5 - Y3) + Y'(Y5 - YO))

2 5 4+ Y3 5 ((Y4 - 12) - Y (Y5 - 12) + y (Y5 - Y1))
-1(3 (( . y - Y2) - - ) + -( 14 5 (Y3( -- Y2) 5 - - 1,2) 2 Y111 - 13

3 (.2 , 3 _ 2 y+ y5(Y (va - Y2) - 3 - )2 + (!-4 1 13-- (2)[ -- 1 5(( -11)- Y3- 4( ) 53 (Y5 - Y4))

:3 ( 2 _Y+ 3 (5 (Y4a( -- 11) - Y(Y5 - 1I) + Y- (Y5 - 11))
-3 - Y)2- _ -! 12) + Y(2, - y'))

+ 5 (Y (13 - YI) 5 - Y) 1(Y5 - Y3)
- 3((2 - ) -2- + Y 4

+ Y (Y4ý (Y3 - Y1) - 3 (Y4 - •1) ± (Y4 - 3))]

-Q(iX Y(11 (i3 - 112) - ( - 112) ± v (ya - 113)

S 3 (,Y(2 - _ - y(y5 - +) + (Y5 -_ 2))

S3(y) T •y3 - Y2) - Y( - Y2) y2(y- 13)
+ j(y1] (113 - 1I1) -_ (v1 - +1) + (u2 -113))

- 5 ( Y(2 - 111) - y ( y4 - i) + I (11 - 12))+ Y5 (Y2 -- Y.1 2 (Y4 I 1 - U - Y2))](.4

(yU) E (i - q)(Yi - q2)(y - q3 )(y - q4) has terms of O5rder , y O y, y. , and y7. To

ultinmately prove that the stun of the one dimensional magnifications is one, we must



look at these groups of terms one at a tnime and show that all but the y4 terms will

cancel to zero. This is an algebraically involved process, and so we have relegated

the details of the calculation to the app)I)endix. We refer the reader to appendix C,

equations C.18 through C.39.

At the end of a lengthy calculation we will find that the y1, y?, y1, and y? terms

will all cancel to zero, and we will be left with only the y4 terms. Therefore the total

one dimensional magnification will be:

tlDtotal -

Y4)( 3)( - Y)(Y5 - Y)(Y5 - Y2)(Y4 - Y23)(Y4 - Y2)(Y3 - Y2)

- - 5 - Y4)(Y5 - 3 - Y)(Y4 - Y2)(Y41 - Y1)(Y2 - 1/i(Us - 945593 -- Y4))5 - Y3)(Y5 -Y) ( -4 - Y2 (Y4 - 1 - )(3 - Y2) 3 - (2 -

Y2)(Y5 - Y4)(Ys - Y1)(Y4 - Ya)(Y4 - Y2)(Y4 - y1)(y/ - y)

(y5 - Y4)(y5 - Y3)(Y5 - Y2)(Y5 - 1l)(Y4 - Y3)(Y4 - Y2)(Y4 - Y1)(Y3 - Y2)(Y3 - Y1)(Y2 - 1)

Y3 (Y5 - Y4)(Y5 - y2)(Y5 - 41)((Y - 2) (4 - Yl) (2 - 1)

(Y5 - u4)(0s - Y3)(Ys - Y2)(Y5 - Y1)(Y4 - Y3)(14 - Y2)(Y4 - Y1)(Y3 - 12)(Y3 - 11)(12 - Y1)

(Ys - Y4)(Y5 - /3)(1(5 - 12)(15 - 11)(14 - 13)(14 - 12)(14 - 1i)(3 - 12)/3a - 1/)(12 -YO

(Y5 - Y4)(Y5 - Y3)(Y5 - Y2)(Y5 - Y)(Y4 - Y)(Y - Y2)(Y4 - Y)(Y3 - Y2)(Y3 -1Y)(Y2-Y

Which again does not explicitly depend onil the perturbation location qj.

Taking a step back, we notice that this looks very similar to the 'q-independent

form'2 of the 1D magnifications for the cases of one two and three perturbations. In

each case, the 1D magnification took on the form of:

J (yi - yj), foralliuniquecominbinationsof (i,j)wlherei, je[1, 2, 3...n, I + 1]andi # J.

= + y(•((yv - yj), foralluniquecombinationsof (i, j)whlerei, jC[2, 3...n, n + 1]andi # j.)

- y(1( (yi - yj), f oralluniquecombinationsof (i, j)wherei, jc[1, 3, 4...n, n + 1]andi # j.)

+ yI ((- (yi - ,y), forall uniquecomnbinationsof (i, j)wherei, je[1, 2, 4...n, na + 1]andi =A j.)

- y4(f (yi - yj), foralliwniquecombinationsof (i, j)wherei, jc [1, 2, 3...n + 1]andi $ j.)

2Here q-independent means not explicitly dependent on the perturbation location, q. In this form
the total 11) magnification will still depend implicitly on q through the image locations.



+ Y,±+1(i (yi - yj), foralluniquecombinationsof (i, j)wherei, jc[1, 2, 4...n]andi # j(Q.66)

We show in the next section that not only does this relation hold for n=4, complet-

ing the above proof that for four perturbations the total 1D magnification (equation

3.65) is 1. but that this pattern will allow us to prove this relation holds for all n.

3.6 Mathematical Patterns

A pattern had begun to emerge in the q-independent 1D magnifications. Each time we

have cancelled out the q-terms and shown that the 1D magnification does not depend

explicitly on perturbation location, the remaining terms have followed equation 3.66.

We summarize this pattern for n = 1,2,3 in section 3.6.1 and prove that the pattern

continues for n=4 in section 3.6.2.

3.6.1 A Summary of the Pattern for n = 1, 2, 3

So far we have proven relation 3.66 for the case of n=1,2,3.

In the case of one perturbation, we proved that:

(y2 -•1)(Y2 -yI

- Yi

+Y 2(3.67)

In the case of two perturbations, we proved that:

(y3 - Y2)(Y3 - y )(Y2 -Y)

= (Y3 - y2)

-y (y3 - yI)
+y2(y2 - Yl) (3.68)



In the case of three perturbations, we proved that:

(Y4- Y3) (Y4 - Y2)(Y4- Y1)( Y3 - Y2) (Y3 - Y)(Y2 -Y1)

- - u(Y3-u2)(Y4-Y)(u4-y3)
+ Y (Y3 - 2) • u4 - Y)(Y4 -3)
+ Y2 (Y3 - Y1) (Y4 - YO (Y4 -3)
- Y: (Y2 - )(Y - Y1)(Y4 - 2)
+ Y (Y2 - Y1)(3 - Y1 )( Y3 - Y2)

And for four perturbations we found but did not prove that:

1 1Dtotal =

(3.69)

I (Y5 - Y4) (Y5 - Y3) )(Y5 - 2).- Y3)(Y4 - Y2)(Y3 - Y2)

(Y5 - Y4)(W5 - Y3) (5 - Y2) (Ys - YI) (Y4 - Y3) (4 - Y2) (Y4 - Y1) (Y3 - Y2)(Y3 - YI) (Y2 - Y1)

S(YU5 - Y4) (UY5 - Y3) (1U5 - Y1) (Y4 - Y3) (Y4 - Y1) (Y3 - 1Y)

(Y5 - Y4)(Y5 - Y3)(Y5 - Y2)(Y5 - YI)(14 - Y3)(Y4 - Y2)(Y4 - Y1)(Y3 - Y2)(Y3 - Y1)(2 - Y1)

Y3 (Y5 - Y4) (Y5 - Y2)(Y5 - Y1)(Y4 - Y2)(Y4 - Y1)(1Y2 - Y1)

(Y5 - Y4)(Y5 - Y3)(Y5 - Y2)(Y5 - YI)(Y4 - Y3)(Y4 - Y2)(14 - Y1)(Y3 - Y2)(Y3 - Y1)(Y2 YI)

Y4(U5 - Y3)(Ys - Y2)(Y5 - Yl)(Y3 - Y2) (Y3 - YO)(Y2 - Y)

(US - Y4)(Y5 - Y3)(Y5 - Y2)(Y5 - YI)(U4 - Y3)(Y4 - Y2)(Y4 - Y1)(Y3 Y2)(Y3 - Y1)(Y2 -1')

Y'(Y4 - Y3)(Y4 - '2)(Y4 - Y1)(Y3 - Y2)(Y3 - Y1)(Y2 - I)

(Y5 - Y4) (Y5 - Y3) (Ys - Y2) (Y5 - YI) (Y4 - Y3) (Y4 - Y2)(Y4 - Y1) (3 - Y2) (Y3 - Y)(1 (2 - Y1

(3.70)

We will prove this in the following section.

3.6.2 Extending the Pattern to n=4

To prove that equation 3.70 is equal to 1, we begin with the denominator and arrange

it in a revealing form:

denominator =

[(Y5 - Y4) (Y5 - Y3) (Y5 - Y2)(Y4 - Y3) (Y4 - Y2) (Y3 - Y2)][(Y5 - Y1)(Y4 - YI)(Y3 - Y1)( Y2 - 1)]



(3.71)

In this form it becomes clear that we can substitute in the relation we found for n=3

perturbations (equation 3.69). This gives us:

numerator = [ - (Y4 - 3 5 -3 5 - 4)

+ Y (Y4 - Y2)(Y5 - Y2)(Y5 - Y)

- ( - Y2)(Y5 - Y2)(Y5 - Y3)

± y (Y3 - Y2)(Y4 - Y2)(Y4 - Y3)][(Y5 - YI)(Y4 - Y1)(Y3 - 1Y)(Y2 - Y1)I

(3.72)

Next we move all terms with the same subscript as the leading factor, y4, to the front

and rearrange the equation:

numerator =

- Yi(Y2 - i) [(VY4 - Y3)(Y5 - Y3) (Y5 - Y4) (Y5 - Y)(Y4 - YO)(Y,3 - Y1

+ Y3(Y 3 - Yv)[((Y - Y2)(Y5 - Y2)(Y5 - Y4)(Y5 - Ym)(Y4 - YI)(Y2 - Y1)]

- '!(N4 - Y1 [Y3 - Y2) (Y5 - Y2) (Y5 - Y3) (Y5 - Y(Y3 - YO(Y2 - 1

+ Y5(Y 5 - Y)O[(Y3 - Y2) (Y4 - Y2) (Y4 - Y3) (Y4 1- Y(Y3 - Y(Y2 - Y1)] (3.73)

Distributing the front term we get:

numerator =

+ Y2R4 - Y3) (Y5 - Y3) (Y - Y4) (Y - YI)( 4 - YO)(Y3 - Yl)

3 [(Y4 - Y2)(Y5 - Y2)(Y5 - Y4)(Y5 - Y)Y4 -Y-1)(Y2 - Y)1

5 Y(3 - Y2)(Y4 - Y2)(Y4 - Y3)(Y4 Y1)(Y3 - Y1)(Y2 - Y1)]

" YlYl(N4 - Y-3)( 5 - Y3)(Y 5 - Y4)(Y5 - Yj)(Y4 1- Ym)(Y3 - Y1)]

- Y1[ - Y2)(Y5 - Y2)(Y5 - Y4)(Y5 - Y1)(Y4 - Y1)(Y2 - Y1)]



+ •1Y4[(y3 - Y2)(Y5 - Y2) (5 - Y3)(Y5 - Y (Y3 - Y) (Y2 - Yi)]
- 1 3

- Y1 Y5[(Y 3 - Y2)(Y4 - Y2) (Y4 - Y3) (Y4 - Yl)1(Y3 - Y1)(Y2 - Y1)] (3.74)

In section 3.5 and in appendix C (equation C.37), in the process of showing that the

sum of the 1D magnifications was not explicitly dependent on perturbation location

for n=4, we already proved that:

- yf[(y5 - Y'4) (Y5 - Y3) (Y5 - Y2)(Y4 - Y3)(Y4 - Y2)(Y3 - Y2)]

+ y2[(Y4 - Y)( (Y - Y3)(yW - y4)(Y - ) (Y4 - Y1 )(Y3 - YI)]

3 [ [(Y, - Y2) (Y5 - Y2) W5 - Y4) (Y5 - (Y- - 1 (Y2 - 1I~
- y [(y3 - Y2) (Y5 - Y2)(Y5 - Y•3)(YS - Y)(Y3 - Y1)( Y2 - y)]± yi[(y 3 - y0(ys -y0_,(y - y3)( - yl)y3- yl)(y - y')]

- y [(Y3 - Y2)(YM - 2) (Y1 - Y3) (4 - 3 - Y)(Y2 - y)] (3.75)
= 0 (3.76)

Therefore we can say that:

+ Y1y [(Y4 - Y3)(Y5 - Y3) (Y5 - Y4) (Y5 - Y)(Y4 - Y1)(Y3 - Yi)]

- 1Y3 [(4 - Y2)(5 - Y2)(5 - Y4) 5 - YI)(Y4 - 1Y)• 2 - )1

+ yUy,[( - 2)( - Y2)(5 - Y3)(y- - )( -Y1)(Y2 - YI)]

- Yd,[(Y - Y2)(y - Y2)(Y4 - y)(Y4 - YI)(Y3 - y1)(Y - Y1)I

= 05(y - Y4) 5 - Y3)(y - Y2)(Y4 - Y3)(Y4 - Y2)(Y3 - Y2) (3.77)

and thus:

numerator =

+ Y [(Y5 - v/)(Y5 - Y3)(Y5 - Y2)(Y4 - Y3)(Y4 - 2) (3 - Y2)]

- [(,- Y3)(Y5 - Y3)(•5 - '4)(0s - Y1)(Y4 - Y1)(Y3 - 1i)]

+ Y3 [(Y4 - Y2) (Y5 - Y2) (5 - Y4) (5 - 1/1 (Y4 - Y1)(Y2 - 1Y)]

- y[(y4 - /2)(1s - Y2)(u1s - uY3)(Y5 - Y•)(Y3 - Y1)(Y2 - /I)]



SyU[(y3 - Y2) 4 - Y2)(Y4 - 1- Y(Y - Y1)(Y2 - YI)]
= denominator (3.78)

And we have proven that relation 3.66 holds for n=4, which completes our proof from

section 3.5 that for n=4 perturbations the total 1D magnification is 1.





Chapter 4

Total 1D Magnification: N

Perturbation Case

Now we outline the calculation of the total 1D magnification for n perturbations. The

complete calculation can be found in appendix B.

As the cases of one, two, three, and four perturbations have demonstrated, the

proof that the total 1D magnification is 1 can be broken down into two parts: a

proof that the total 1D mniagnification does not explicitly depend on the locations,

qj, of the perturbations, and a proof that the numerator of the q-independent 1D

magnification is equal to the denominator. We prove these two parts in sections 4.2

and 4.1 respectively. Note that the order of the two parts of the argument is inverted

in this chapter.

4.1 Proof: The Perturbation-Position-Independent

Total 1D Magnification Sums to 1

Now we show that the q-independent total 1D magnification sums to 1 for n pertur-

bations. The argument we just made in section 3.6 for four perturbations informs

how we can extend the proof to n perturbations. Following the pattern described in



equation 3.66, we guess that the n perturbation case will look like:

Sf1 lDtotal -

((Yn+ - Yn)(Yn+1 - Yn-1)...(Yn+1 - Y2)(Yn+ - Y))

X ((yn - Y n-1) (Yn- Yn-2)...(Yn - Y2)(Yn- Y))

x ((v,_- - Yn-2)(Yn-, - Yn-3)(Yn-1 - Y2)(Yn-1 - Y1))
X ...

X ((Y4 - Y3) (Y4 - Y2)(Y4 - Y))

" ((Y3 - Y2)(Y3 - Y1))

x (y2 - YI)

(-1)"( +y1'((un+i - Yn)(Yn+1 - u Yn-i)...(Yun+l - Y2))((Yn- Yn-1)(Yn - Yn-2).(Yn - Y2))( "((Y3 -

-Y2'((Y.+I - Yn)(Yn+l - Yn-1i)...(Yn+l - Yl))((Yn - Yn-1)(Yn - Yn-2)...(Yn - Y1))(...)((Y3 -

+Y3((Yn+l - Yn)(Yn+1 - Yn-1)...(Yn+I - Y2)(Yn+1 - Yl))((Yn - Yn-1)(Yn - Yn-2)...(Yn - Y2)

l" ((vY+1 - Yn-1)...(Yn+1 - Y2)(UYn+1 - Y1))(... ) ((Y3 - Y2)(Y3 - Y1))((Y2 - Y1))
y.nl((Yn - Yn-1)...(Yn - Y2)(Yn- Y1)) )((Y3 - Y2)(Y3 - Y1))((Y2 - Yl)))

For odd and even nii, respectively. This can be written more compactly using product

and summation notation:

f=2 j=-1

l H (Ye - Y) =
£==n+1 j=t-1

(4.3)
i=1 ( \e=2 j=1- ve) 0 x I (ye - g)y)i=+.l- i- f f=7+1 j=-+ £-1

In this compact form we can more easily prove that it is true for any n. As is suggested

by the proof for the case of n=4, one way to prove this is with a recursive argument-

in other words by showing both that equation 4.3 is true for n=1 and that if it is true

for n=k, it, will be true for n=k+1.

=n+l /

=1 l



First we will show that the base case is true. For n=1 equation 4.3 becomes:

(Y2 - Yi) =

(- (YI (YI

+ (Y2(Y2

1 )
- Yi)(I(Y2 - 1(Y -1 YO)

Y2) )
(Y2 - 2)(Y -Y2)) x ((Y2- Y1)) (4.4)

(Y2 - Y) =

- (Yi)

Which is certainly true.

Now to complete the proof we must show that if equation 4.3 holds for n = k, it

will hold for n= k+1. In other words, we want to show that for n = k+1

£=2 j=1

= H+2 (- -yj)1
f=k+2 j=E- 1

E=k+2

t=1( (_~I)k±1

i=1
- yt) HI

i=k+2

given that for n=k:

£=2 j=l

17 H17 (-yj)=
f=k+1 j=e-1

(- 1)k

£=k+1

f=1-

i=1 e=2 j=
- yf) H x H (ye - y,)

i=k+l \i -y) )=k+1 j=f-1

To begin, we use equation 4.7 to rewrite the left side of equation 4.6 as:

le fiside =(Tj=1 ) =2 j=1
(1+2 -k ) - j - yj)

j=k+l f=k+1 j=f-1

+ (Y2) (4.5)

. (4.7)

(4.8)

t=2 j=1x j H (yt - yj) (J4.6)
(y - e £x(=k+2 j= t-1



( (_) k
i=k+li - YE) \£=k+1 j=--1

j=E t

II=1 (Yk+2 - Yj)
j=k+1

Expanding the sum:

le fi tside =( =

(+ (~( i2) 1 y)

i=k+l (i 2)

+ Y (Y3 -Y3) I )
i=k+ I i YA3)

" Yk (Yk - Yk) r
i= 1+l

i=k+1 (yi- yk)

:=2 j=l

(t=k+l j=e-1

j= 1

(y - Yj) ( (Yk+2 -
)j=k+l

Pulling out a factor of (Yk+2 - Yj), distributing, and simplifying with summation

notation we get:

leftside =

( ( + 1 -,
, +1 y1 )

i=1 y l )
i= k+2 W 1

( kY' (iY
i=1 1-Y2)

i=k+2 (Yi Y2)

i-=1 ( )
-3Y) H

i=k+2 (i Y3)

( Y+1Yk Yk)

i=l 1

i=k+2 k)

+ (Yk+I(Yk+l
i=1 1

Yk+1) 1H ) Y+l)
i=k+l (Y

Yj)) (4.10)



i=1 1I

& -++1(Yk+1 - Yk+1)Hi=- Y k+2) (Yi Yk+1)

p=k+l (i=1 )
-Yk+2( p ý( p- y 1

p=1 i=k+2 P

/ E=2 j=1
xl(-1) k+1 l(y - yj) (4.11)

\==k+2 j= o-1

Following our strategy for n=4, we now attempt to show that:

p=k+2 i=1 f=2 j=1
E2 (y,( -y_ ) H1 1 YPx) x H (ye -yJ) = 0 (4.12)
p=1 i=k+2 P) £=k+2 j=f- 1

If we expand out equation 4.12, we see that the pt1 term of the sum is independent of

yp, except for the leading yk factor, and that furthermore the coefficient of yk Contains

only k + 1 distinct variables. Therefore we can write the coefficients of y' in the form

of equation 4.7:

1

Y1[ ± (Y(2uI2) ,+2 32

i=k+2k+1 ...3,2 2)

1" (Y3f (Y3 - Y3) 11)
i=k+2,k+1,....3,2 i )

1
i=k+2,k+l,...3,2 i - 4)

1
i=kT2,k~l .... 3,2 Y Yk" (k+](Y k+1 - k+1)(- )

i= k+2,k+1,...3,2 (i - Yk+1)

+ k+2,k+2 - lk+2 ..3,
i~k2.~l!..,2 Yi-Uk+2)

t=k+2,k+1...4,3j=£-1,f-2...3,2

1
+?k[ -(, k(y, -yl) H (ryl)

-+92 Y1)i=k+2,k+1,...3,1 i 1
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1
- (vi(Y3 - Y3 ) 1l )

i -= k 2.k 1....3,1
1

i=k+2Sk+l ... 3,1

1

i--+ (2A - ..) . )1
- (+ 2,( .k+ 1 3,1 Y i k1

- (Yf (k+±1 -k+1)

- ( 'i2(k+2 ]k+2

x fl=k+2,k+1...43 j=-
t'~k-l2,k± t...4.3 jit-I I

+vi/ + (y(yi -_i)

+ (Y (Y2 - Y2)

+ (yk(yv -_ Y')

+ (Yl(Yk- _Yk)

1

i=k+2,k ... 3,1(Yi 1 )

i= (e, - yj)) k+)

, t-2...3jt

i=k+2k+l ... 4,2,1

1

1

i=k+2,k ... 4,2,1 - Y2

I 2
i= k+2, k+1I.....4,2, I

i=k+2,k+l,...4,2,1

+ (yk± (Yk+1 - Yk+1)

• k 1-+ (Y32( k+-2 - 'Yk-2) jk,- .l(
i=k+2,k+ ,....4,2,1 k+2)

= +2 k1- .I (..t -- -2 2
e'=kl-2,k+ 1 .. L,2 j=f.- I ,f-2 ... 2j

a: (yk(yi- J )
1

H ( ) - y1) )

i=k+2,k+L...3,2,1

(Yi - Y4)

1 ) U
(4.13)

\

1

i= k+2,k+l ....4,2,1 k 1

I



(y+ (,t] - 3 2 ) I 2 1i=±: +2,k+1 .... 3,2, C•i :)

=E ( Y -(k1

± k (Y+2 (YAj+1

x(U|+2(Uk+2

x ( I
I-=k+2,k+1...

S: ((yI - Y)

P (Y3'(Y:3 - Y33)

1

i=k•-+•2,k-t ...3. ,2,1 (Yi k- 1k

i= k+2,) 1-...3.2,1 (Yi A+)

-A+2) 1 )
i= -+2.k 1, ....3,2,1 (Yi- Yk+2)

3,2 j= f- 1,-2...2,1

H 1

i--+2.A ...4,21 i ( 1

i= k+2k, ...4. 2.1i2

i2 4 1
I-f-=J,21t:..,,: 121 - '•

i=1k+2
/=.+-2.1 4..:21,(Y - 1k:-)

(,Y(yk YA)

T (Y{ 2(Y:+2 -

x ( 4
t= k+2,k...4,2 j

(0 (!(y - ,I)

± (Y2(!/2 - !1)

±(Y3"01:3 11:3)

H I
i=k+2,A .... 4,2,1 1

Yk+2) H
i=kA+2,k 1.. 2,1 i k+2)

I (I- !/))
=--1U -2...2,1

1

1(+ 1, .. , •

l (i - Y2)

i=k+ l,k, ...4,2.1 3
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+(Y'-I(Uk-1 - i/k-i)

± (y (yk - Yk)

(U +i(ik+1 - ik+1)

x (

i=k+1,k,...4,2,1 i k-1)

IIkk..4,2, (i - k)
i=k+1 k,..4,2,1

i=k+1,k,...4,2,1 i -

H (y, -y))
£=k+1,k...4,2 j=e-1l,t-2...2,1

If we look at only the -yJ•y factors, we see that each combination of i and j will

appear exactly twice.

In fact, the Yfyi/ pairs will always cancel. We can see this by noting that out

of the k+2 possible variables, the coefficients will each contain only k variables, and

that neither coefficient will contain the variables yi or yj. Since all the pairs cancel

we can say:

El)=k+2= (

= 0

and therefore:

i= U 1 )

i=k+2 P

ki=1 1 )= (+2Yk+2 - Uk+2) *i 1
i=k+2 (Yi - Uk+2)

The left side of equation 4.6 will therefore equal:

(4.15)

(4.16)

leftside =

(ik+l (i-2 /i

(2 - 2)
2

i=k+2 i 91)

i= 1 i

=k+2 (i - 92)

(4.14)

·rr

·rr

i=12=2 j= 1

i=k+2 (Yi YP t=k+2 j=f-1

p- -=p l h.



Yk+Y 1 (Y3 - Y3)

(k k+l(y)

-k (Y i-Yk

i=1 1

i=1
i=k+2 (Yi Y3)

z=A+2 (Yz Yk/)

k& Uyk+l I+11' i=1 1Yk+l - Yk+l) (Yi - Yk+1)
i=k+2 (i-Y:l

Yk+2 (Yk+2
i=1

Yk+2)ik
i=k+2

1

(yi - Yk+2)

/ t(i-=7 1 £\ /Xf (=2 e= - \

i=k+2 \(i Ut =k+2 j=e-1.

Which completes the proof that equation 4.6 holds for any n.

4.2 Proof: 1D Magnification Does Not Explicitly

Depend on Perturbation Position

To prove that the total one dimensional magnification does not explicitly depend

on perturbation position for n perturbations, we write another recursive proof. The

numerator of the total 1D magnification for n perturbations can be written as:

numerator =

(-1)n ( + p(yI)(y -yi)

+ (Y2) (2 - Y92)

+ (vY)((Y) - vY)

i=1

i=n+1 (i -1

i=1

i=n+

1

(Yi Y2)

Fe+

/ f=2 j=l
H H (ye - "yj)

f=k+2j=f-1



i=l 1

+ 0(Un)(Y - Y-) - n)

+ Q(Yn+1)(Yn+i - t,,+1) I( =2 j=( -y) ,
=n+1 ( j=e -1

te=n+1 j=f-1

1
(yj -- Y+)

(4.18)

where y(yj) - (yj - qi)(yj - q2)...(yj - q,).

We have already proven the base case in section 3.2, now we need only show that

what holds for n=k-1 holds for n=k. Let's say that we have proven equation 4.18

does not explicitly depend on perturbation location qj for n=k-1 perturbations:

(-1)k-1 ( + I1(Y - i) a,.
i=k WYi - Y1)

+ y•U 2 - y2) f
i=k
i=l+ i(y3a - ya)
i=k

(Yi - Y2)

(yi - y3)

i=1 1

i=k (i Yk-1)
i= 1

+ Y1' (Yk - Yk) H
i=k (i Yk)

f(=2 j=1)
\o=k o =e-<t

= O, for(O < mn, < k - 1) (4.19)

Then we must show that for n=k perturbations equation 4.18 also does not explicitly

depend on perturbation location:

(-1)k (
i=1

+ Y, (Y1 - Y) - 1
i=k+ l(i - )

+ Y'(Y•2 - Y2)
i= l

i=k+1 (i 2)



+± 3" r(Y3 - Y-3)

+ Y7(Yk -Yk)

i=1 1

i=k+l (- Y3)

i=1

i=k+1 i - Yk)
i=1

+ Y+I(Yk+l -Yk+1) 11 )
i=k+1 (yi - Yk+)1)/f=2 j=1X× H H (yf- -y)

0 £=k+1 j=F-1

= , for(0< m < k) (4.20)

Looking at expression 4.20, we see that a given y7 will have a coefficient that contains

all possible y terms except ya itself. For this reason each coefficient can be rewritten

using identity 4.3 from section 4.1. This gives us:

numerator =

(-1)k(--)k-l(

+ my ( Z y-(ye - ye)
f=2,3...k,k+1l

+ yl ( -y)(y y)
f=1,2...k,k+1

± M,

A 1

1(IIx (yr)x iI I (ye - uj)
i=k+1,k...3,2 (i - Y e=k+1,k..4,3 j=£-1...3,2

I I H H 11 (Ye Yj
i=k+l,k...3, ( ) =k+lA....4,3ij=,-1..3.13)

1 ( (e-yj)

i=k+l,k...2,1 -Y )J =k+l,k..4 ,2 j=£-1...2,1

tKk-l ... 2.1 (yi ) (=k±1.A-l 4,2 1=e-I.2,1

i=kk-l...2,1 (y

Ye-l y)
i=k+t

Ye-'(e - Yf)

For k odd and k even respectively. Expanding and grouping this by leading factor,
k-i

y 1 , we get:

numerator =

T-r X

i*Y.I)

fl ,- .



[I - 1 [ -I( Y,22)-1121
i=k+1,k...3,2 Y2)

-Y3" (Y3 Y3v) fj

( 1

i=k+l ,k....3,2 (Y - i)+;kv1 (Yk•, - Yk+1) H(_ Yk+1)

i=k+1 k...3,1 9) k)
i= k+1 . ...3,2 (1=k+1,k...,3 j=£-I1...32

( 1
+Y2' -  [+y,? ((,,- Y,) I (j_•

i=k+ 1 ,k ... 4371

+_,I (y- -( s-) I7
i=k+ I k...-3,1 (i -Y )

+k ((Yk - Y) 1

( 1

i=k+ 1,k...43,1+i -k Uk+ ! 3.,1 -! I). ., x (y . yji= k+1,k-...3,1 (Y - k+1) (f=Ak+1,k...41,3j=1,-1 ... 3, 1/
+y3 [+Y AA 41i=k+1,k.421 (y y1d

+' (Y2 Y2) 1I
i= k+1,k... 4,2.1 ( i Y2)

± (Yk - lk) 1
i=k A1,k...4,2,1 i )k)

TU 1 (Yk+1 - YV+1) 1 I -I+LA x 4) (w -4,42)
i=k+1-,k..4,2I9ý1 (Y +1 ( =k+1I k ... 4,2 j =f-1I... 4,2,1/



±y~' ')i~k+ii.

i=k±J .A

+Y3'(Y3 Y-

y+Yi7 (Yk - Yk±1)

1
,k-1...2.1 i 1)

(Yi Y2)

k-1 ...2.1 yi 3)1)
k-1...2.1 i 3

1 ) ( lfl 1 1 ]1 1 (Ye - yj)
i=-k+1,k-1...2,1 i --k+1 £=k+lk-l1...4,2 j=f- 1,k+],k- 1...2,1

k+Y I ( ±y77
- -i ...12,1 -

+vY2 ((Y2 - Y2)
i=k,.k--1 .2.1. (m -Y2))

i=k,k-1...2. .(Y - •3

+9k (Yk- Yk)(_11 ] 1 (ye- yJ) )
i=k,k-1...2.1 (Y A )) (e=k.k-1...4,2j=P-1...2,1

Written in this form, we see that each coefficient of yj- is in the form of equation

4.19 and that we can therefore say that for any 0 < m < k - 1 they will be zero.

But we already showed in section 4.1, equation 4.15 that the m = k - 1 terms will

be zero! So equation 4.20 will be zero for any 0 < m < k and we have completed the

recursive proof. This proves that the 1D magnification does not explicitly depend on

perturbation location for n perturbations.

Together sections 4.1 and 4.2 prove that the total 1D magnification will be 1 for

n perturbations.

(4.23)





Chapter 5

Conclusions

In this paper we showed that the greatest demagnification is achieved when the per-

turbation is placed directly on top of the saddlepoint. Following Schechter et al.

[13] we showed that for a single point mass perturbation a macro-saddle could be

demagnified by a factor of sixteen from Imacro = -16.67 to total = -0.94. We also

showed, as an interesting variant, that an isothermal sphere perturbation can demnag-

nify a macro-saddle from P/nacro = -16.67 to Iptot,l = -1.89. Next we looked at the

case of infinite point perturbations, and showed that with enough direct hits we can

make the magnification of a macro-saddle arbitrarily small. We also found that in

our hierarchy of point perturbations each time a saddlepoint image is split, the new

local values of the shear and convergence are n' = n and /' = 1 - K, + 2/. We then

showed that with ,o and yo set to zero for convenience, the total 1D magnification

along the axis of curvature is one for any number of perturbations and irregardless of

perturbation size and location.

In this study, the assumption that K0 and Y0 can be set to zero without loss of

generality was taken as a given, but for future study we suggest that this assumption

be investigated. Another useful extension to the project would be to derive an expres-

sion for the total 1D magnification along the axis of negative curvature. Finally, we

suggest statistical studies of small numbers of randomly distributed perturbations, in

particular focusing on the likelihood of various magnifications for a given number of

perturbations.





Appendix A

Optimizing Milli-lens Placement

In this section we calculate where along the y-axis a point perturbation should be

placed to maximally demagnify a macro-saddle. This is accomplished by minimizing

the sum of the magnifications of the two images, Ntotal, with respect to the perturba-

tion location.

We begin by modifying .'mijli to include a, point perturbation centered at some

unspecified point y = a:

mii = 2 2 2 y 2) + b2((x + (y a)2)/ 2 )2 2 (A.1)

To minimize the magnification of one image, tlmilii, we must maximize the determinant

of the inverse magnification matrix, -
. Milli -

-- (1 2 milli
7mn=., ( - )(1 (A.2)Oy2

To maximize this we must first find the derivatives:

= KoX + fox + (x)(x2

Dx (x 2 + (y - a)2)1/2
+ (y - a)2)-1/2 (A.3)

(A.4)
Dyniiii b2 xD0x = r 0x + -o + (X + 2

OX(x + (y - a)2)

( 2 mii )2



2 milli b2  -2b 2 x2

aX2 (x 2
+ (y _ a)2) (x2 + (y - a)2)2

2  ).milli
OxOy

-b2x(2(y - a))
(x 2 + (y - a) 2)2

00mii = Khoy - 7oy + b ((X2 + (y - )2)-ý2)(y - a)
Dy (x + (y - a))2 11

(A.5)

(A.6)

(A.7)

D)mrnili
= Koy

Dy
b2 (y - a)

x2+ (y a)2

02 Jmilli
Oy

2
b b2

SKo- T + 2  + a) (-2(y - a))+ (y -a)2 (X2+ (y - a)2)2

mi i  -2bb2

2  - + 2 + (y - a)2 2  (y a)2
)2

Plugging in the expressions for the derivatives we get:

-( b2 + -2b 2x2

iri =(X 2 + (y -() 2) (X2 + (y - a.)2)2)

( b2 -2b2(y- a)2

\(2 + (y -+ () - a)2)2

(- b2x(2(y -a)) 2

-1

-(X
2 ± (y - a) 2)2

i i  1(X 2 + (y - ,a)2) (x2 + (y a)2)2

1X _-_o+_o- b_2_ _ -2b 2(y - a)2

x2 +(y -a) 2  (X2 + (y -1)2)2

(((-2b2X(y -a) )2
S(x2+ (y - a)2)4)

We cannot yet maximize with respect to a. because (x, y) is the image position and

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)



will clearly depend on a. Thus we must find y(a) and x(a):

L')Intili]I

-3 )2 +2(y_ )2 2 ( ( 2) 70 2 _ 2)2 2

x - ) - (Kox + oX ( + (y a)2 ) 2

+K [(1yf(y) -( -, y+
(x2 + (y )2)1/2- (Y - a)(x2 +

Sb21n((x 2 + (y - a)2)1/2))]

(A.14)

(y -a))1)/2)j]

(y - a)))-1/2)] {A.15)

0=VT= [(x - ,)-(Iox+7x +

- (".oy - lYoy

b2x+y(x 2 +(Y - a)2) )J

b2(y - a)
(x2 + (y - a)2)

Since the source here is the macro-image, the source location is simply:

3 = ,6y = 0.

n

(A.16)

(A.17)

2.,

(y a2)= Ix- Kox -7x- + (
b2

0= y- noY+o- +

0= Ix(1 - no - 'o -

b2

-K o + o - a )2)
(x2 +y )2

(y)2)

b2

(x2 + (y -a))

b2a+ (x + ( - a)' )

If we choose x = 0, we find one solution:

0 y(I /ro+-O(2

-,+ DLDs
c L

(A.13)

VT

(A.18)

0 = [(1 (A.19)

b2a
(y - a)2

K '(

t
b

>+ (A.20)
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S(y - a)2

b- y( - 0o + - ) (A.22)
(y -a)

b2
= y(y - a) (A.23)

1 - ao ± 7
bb 2

0 = y2  ay - (A.24)
1 - .o + Yo

x(a) = 0

a ± a2 + 4b2

y(a) = 1-so+-fo (A.25)

Since perturbed saddlepoints produce only two milli-images, it is safe to assume these

are the only two real answers. Now we can continue with our minimization of the

magnification. Setting x = 0, equation A.12 becomes:

flmrilli 0 , - % ( - - )b2=i ( K0O - (y a)2

( b)2 2b2 \× 1 - o + T)o 2+ (A.26)
(y - a)2 (y - a)2

x I 1- o -o - 27)
bb2

(y - a)2

Let Yo + V 7', then:

Si= (1 - Ko - Y) (1 - KO + 7') (A.28)

= (1 - Ko) -(7')2 (A.29)



a

A ((o-0 ((-/.Oa

(A.30)

b2 2
+(y -- a))

oa = -2 ((70 + (b2)(y - a)-2)) (-2)(b2)(y -a)- 3(dy/da - 1)

(p li/8a = 4 (Yo + b2) b (dy/da - 1)

(A.31)

(A.32)

(A.33)

We can simplify this expression by finding 2v aws a function of y. Starting with equation

A.25 we get:

ay I1

Da 2

b2 ±)1/2

1 - o + -0o

b2 -1/2

1 - Ko + -o)

Using equation A.34 we can say:

a-1

2

and therefore

1=2

(A.34)

(A.35)

(A.36)

(A.37)
a

(y --)-1 .2

Plugging this in to equation A.33 we get:

(a)
+ - 1)- /Oa = 4 (o +1 (y -a)2 6 (A.38)

Op-illilaa =mi

Opý,.O

a 22

(a 2+ - 2 -1/2

b 2

2\l.



8.,,li/Oa = ('o + b 2 b" a
(y - a)2 (y - a)' (y - 2))

(A.39)

To minimize the total magnification, Iltotal, with respect to a, we must minimize the

magnifications of the two images. We add derivatives at the two image locations and

set this equal to 0:

0 = Doial,,/oa =, -1 -

O m.il.(li , yI) p Illi (x2, Y2)
Oa Da

-a- )2 + b)
O - a)5

(-2+ 2 )b2
a+ a

2  42
( 21 - K0+ 0

a- a2 +-  2t

Yo( -K-y - a) 2 + b2
2  - (-2 +( a2+ - 5 _ )

Letting + =

(A.40))a
a- Va2+ _b2

2 2)

0 = Op.tota,/Oa =
io(Tr - a/2)2 + b2

(- - a/2)-
+ (-o(-, - a/2)2 + b

(-,q - /2)5

(-2 + )

a(-2 + )
(-;q)

Guessing a = 0:

o = Pt./ot a / (,)( + (-2)(+ 0 ( 1-7) )5

+)(_,) (-2)± 62r)

0 = a'to$l/Oa = ()(.1) 2 + b2(,)5
- /o (7) 2 + b2•

-\ r •), 5

(A.41)

(A.42)

(A.43)

\



And therefore a = 0 is a solution. Looking at equation A.41, we see that O••i/Oa

is third order in a, and therefore there will be two more solutions. However, the

term that is third order in a is positive, which means that O•p7a0/Da goes to negative

infinity as a goes to negative infinity and positive infinity as a goes to positive infinity.
-1.Therefore, at the two remaining solutions, pto-ti will go from a negative slope to a

positive slope, which means they are both minima. In contrast, at a=0, pJ•I, will

go from negative slope to positive slope, implying a is the maximumn in the inverse

magnification we have been looking for. Thus the maximum demagnification with

one perturbation will occur when the perturbation is placed at a = 0, directly in the

line of sight to the macro-image.





Appendix B

Total One-Dimensional

Magnification:

Three Perturbation Case

Here we prove that the sum of the one dimensional magnification along the axis of

curvature is 1 for 3 perturbations. To prove this we find Itotai show that all the terms

involving perturbation location, q, will cancel out, and then show that the remaining

terms sum to 1.

With three perturbations (n = 3) equation 3.15 becomes:

[ (92 11 2 P1 ] =Sy 2

(Y-Y2)(Y - Y3)(Y-Y4)+
(y -qi)(y- q2)(y- q,3)
(Y -Yl)(Y -Y2)(Y -Y4)+(y -q)(yq 2)(yq 3)(Y - ql) (Y -- 2)( -- q

(Y-Y1)(Y-Y3)(Y- Y4)+
±(y-ql)(y-q2)(Y-q 3 )

±(Yy-)(YY2)(Y-Y3)(y+ -q)(y-q 2 )(-q. 3 )
(Y -q)(Y - 2)(Y -q3)"

(B.1)

(B.2)

(B.3)

To find PlD,total We evaluate the inverse of equation ?? for image positions yi, Y2, Y3,

and y4 and then sum the results. This gives us:

02 '01 -1 1 2 [1 - /- 1y2 (x!, y1) +( X2- Y2)O y *O y 2f1lD,total =



+ I - 02,1" ,) -1 2 (11a2 4) ] - 1+ 1 o2 32 (:4, Y4)]

(yi - qj) (yi - q 2 ) (yi - ( 3 )

(Yi - Y2)(Y1 - Y3)(Y1 -11)

(y3 - ql)(y3 - q2)(y3 - q3)
(Y3 - )( - Y2)(Y3 - Y4)

S(y -q)(y2-
(Y2 - Yl)(Y2 -
(Y4 - ql)(y4

q2) (Y2 - q3)
Y3)(Y2 - Y4)

q2)(y4 - (3)
Y2) (Y4 - Y3)

/11D,total =

(y - ql)(yi

(Y4 -Yl)(Y3

+ (Y - qi)(y 2

(Y4 - Y)(Y3
(Y3 - ql)(Y2

(Y4 - Y2 (3

± (Y4 - qi)(Y4
+ ( 4 - Y)(Y

(va4- v)(va

We can simpli)fy this by defining a function o(yj):

V(yj) - (yj - qi)(yj - q2)(yj - q3)

Then the 1D magnification can more simply be written:

1lD,total -

p(y1)
( Y)( - ) Y)(Y4 - Y1)

Q(Y2)

(Y2 - YI)(Y3 - Y2)(Y4 - 2)

(Q(Y3)

(Y3 - Y1)(Y3 - Y2)(Y4 Y3)

(Y4 - Yl)(Y4 - Y2)(Y-1 - Y3)
e(u•)

Rewriting:

- ql)(Y2
- Y2)(Y2
- q2)(Y3

- Y2)(Y3
- q2)(y4
- Y2)(Y4

(B.6)

(B.7)

(B.8)

(B.4)

(Y4 -Yl)(4 -

- q2) (1



Combining these fractions we get:

11D,total -

O(YI)(Y4 - Y3)(9.4 - Y2)(Y3 - Y2)

(4 - y3)(4 - 2) (Y4 - )(Y3 - Y2)(Y3 - YM)(Y2 - :11)
e(3Y2)(Y4 - Y3)(Y4 - Y1)(Y3 - YI)

(Y4 - Y3)(Y4 - Y2)(Y4 - YI)(1Y3 - Y2)(Y3 - Yl)(Y2 - Y1)

O(Y3)(Y4 - Y2)(Y4 - Y1)(Y2 - 11)

(Y4 - Y3)(Y4 - Y2)(Y4 - Y1)(Y3 - Y2)(Y3 - Y1)(Y2 - Y1)

±+ O(Y)(v - )43 -Y2)(Y3 - 1)(Y2 - ) (.9)
(Y4 - Y3)(Y,4 - Y2)(Y4 - Y1)(Y3 - Y2)(Y3 - Y1)(Y2 - Y1)

We can simplify this further using the relation 3.37 derived in section 3.3:

(a - b)(a - c)(b - c) = c2 (a - b) - b2 (a - c) + a2 (b - c) (B.10)

1l1D,total =

(y4-)(Y~(y4 - 3) Y3(Y4 - Y2) ± Y(Y:.3 -Y(2))

(Y4 - Y3)(Y4 - Y2)(Y4 - YI)(Y3 - Y2)(Y3 - YJ)(Y2 - Y1)

+ o(Y2)(Yi(Y4 - Y3) - y(y4 - Yi) 4 Y(Y - Y))

(Y4 - Y3)(Y4 - Y2)(Y4 Y)(Y3 Y2) (Y3 - Y1)(Y2 - Y)

( - ( )- _y2(y4 - ) + y•(4 - Yl))
(Y4 - 3 - Y2) (4 - Y1)(Y3 - Y2)(Y3 - Y)(Y2 - Y1)

+ (Y4)(Y3 - Y2) 2 ± (Y2 -11)) (B.11)
(Y4 - Y3)(Y4 - Y2)(114 - Y1)(Y- Y2)(Y3 - 2 -11)

Now, looking at just the numerator:

numerator =

- O(yY)(y2(y1 - Y3) - y(y4 - Y2) + Y (Y3 - Y2))

+ L,(12)(Y2 ( -13) _- Y2(Y4 - I) + Y('u4 - Y))

- o(y3)(y2(y4 - Y2)- Y(Y4 - YI) + Y4(Y2 - Y1.))

+ o()(y(4 1 - 12) - (y3 - ) + ( 1- )) (B.12)



TIb simplify this we nmust complare the different conmponenits of )(y4) in the numerator:

3

3

L)(ym) (yj - qI) (y/j - 12) (j - q 3 )

2- q2  + (IIq2Yj - y 3 q 3  + qI q:jyj + q2 q3 )j - qI q2 I3

(q1 + 12 + qi)y3 + (p12 + q1(3 ± 1(]23 )yy - (qIq2q)y

(B.13)

(B.14)

(B.15)

First looking at the y) terns in the numnerator:

Y tcrlms

q q2q 3

(Y2 ( I

(Y2 (v4

(Y2 (yvi

- y3 - y 4 /y- y_) + y/f((y - y2))

- !2) (- , - Y2) + y2 (Yi - YI))- i 3 4Y3 - Y)

- Y2 ( 4 4() + Y2 - Y1))

Y2) - 2 (Y3 - 'I) + 3(Y2 -1)))

Grouping by the squ•llared coefficients we get:

>3 293(
q q2q3 (

= qlqq3(

- y (y12

+ Y2 ('Y4

32 (Y2

+-1 y (Y2

y3)

Y3)

yi)

9')

Y2j (Y4n

yi (y3-2 (va
Y I

Y2 )

Yi)

Yi)

yi)

+ Y(Y:i+ y2 (Y3

Y 3

S-(_ -IY:) + (Y1 - Y2) - (Y3 - Y2))

((v4- Y:3) - (Yn - Y) + (93 - )

ii3(-(Y2 - Y1) + (94 - 1)- (94- 2))

4 ((Y2 - 1) - (93 - 9l) + (93 - 92)))

2 (0) + y2 () + y2 + y2())

84

(B.16)

-Y2)
-9 •1)

- 2)

-'2)) (B.17)

(B.18)

(B. 19)xq• qqa (



=0

So we can get rid of the ternms containing qlq 2q3 in equation B.12, and our new

expression will be:

numerator =

- (Y_ - (ql + q2  q3)y (q,3 + q2q3 + q, q2) Y)1 (3 - Y2)(Y4 - Y2)(Y4 - Y3)

+ (Y - (_ +q2 +q 3)Y + (qq13 ±q2q3 + qqy(2)2)(Y3 - Yl)(Y 4 - -Y3)

- (Y - (q1 + q2 q3)Y + (q1 q3 + q2q3 + qq 2)Y3)(Y2 - Yl)(Y4 - Y)(Y4 - Y2)

+ (yý - (q + 2+ q3)Y42 + (qlq3 + q2q3 + qlq 2)Y4)(Y 2 - YYa - YI)(Y3 - W)20)

Now looking at just the yj terms of equation B.12:

yjterms =

( q3 + q2q3 + qlq2) Yl1 ( 4 - 3) - 4 3 - 2))-- (2(Y4 Y3)- . _ +

S(qq 3 q+ q2q3  q1q 2)Y2(Y (Y4 - Y3) 1 3 - 1)

- (qq 3 + q2q3 + qlq2 )Y3( 1(y4- Y2) - Y4 - Yi) + Y4(Y2 - 1))

+ (qlq3 + q2q3 + qtq 2)Y4(l (Y3 - Y2) - 2 (Y3 - Y) (Y2 -1 Yi)))

(B.21)

= (qlq3 + q2q3 + qlq2)(

- (21(14 -1/3) - 41/1(14 - 1/2) +Y42Y(Y/3 - Y2))
+(2 _ 2

( Y2Y(Y4 - Y3) ,3Y2(Y4 -- YO + y2y2(Y3 - Y1))± (4/2•(1/4-1/3) -/a1/(1/4 1/,)±+4qy2(ya y1))

- (y3(•Y - Y2) - Y'23(Y4 - Yi) + YY3(Y2 - Y/i))
+ (y2yy 3

y)

+ 4(Y - 2) - Y2Y4(Y3 - YO)+ Y3Y4(Y2 - 1YI))) (B.22)

Again grouping by the squared coefficients:

E yJterms =



(q 1q3 + (12q(3 + qlq 2 )(

+ y Y2(Y1 - Y3) - " 3 12) I 14 (13 Y2)

- 2 - I2,! - Y3) (y - )/ 2?/4 (Y - 9/1) + / #3(-14 21 J 1 (Y4 3
2 (•,2 , 2
Y+ /yY (y - Y) -Y 3Y2( (4 -1Y) + y yI(y1 - y2)

- y4y (Y3 - 112) + Y2/2(Y3- l)- 2y:3(Y12 - 1•1)) (B.23)

= (q1q3 + q2q 3 + q'2)(

+ 1(2(I2 - 113) -13(114 112) + Y14("113 - 12))

+ y2 (-yIy4 (Y3 1Y1 + Y3 (d4 - Y') Y1(Y4 - Y3))

+ i (1Y4 (Y2 -Y I 12(111 Y4 I )+Y1 14 Y2))

+ Y4(-YI (Y3 - 'Y2) + Y2(M3 -) -I Y3(1•2 - ))) (B.24)

Ca nceeling:

~3y~lerms -

(q11(13 + q2q13 + q1q2 (y2(O) + y (0) + y2(0) + y2(0)) = 0 (B.25)

So the termns containing (q, q: + q2q:(3 + (12) will a lso cancel out in equation B.20. This

leaves us with:

7II' , ITI I,(T (ZI, oT -(.Y u'inert 01

- (1/ - ((h + ( 2 + q3 )(1 - Y2) -( 12)(/ - W3)

+ (y' - (q, + 2 q3))(y - YI)(14 - YI)(Y - 3)

(Y - (q1 + (2 + 3) )(Y2 - Y1)411 -Y(Y4 Y2)

(4 - (q(1 + (2 + 3)Y2 1(Y2 - Y)(J3- 11)(3 - '12) (B.26)

Now we look at just the 15 terms of equation B.12:

SterIs



(+

- 3 (Y4 - Y2) (Y3 - 2))

Y3 _ 1 23 , y

Y2 2(y:- Y) +Y(Y2 - YI))

(B.27)

(qi + q2 + q3)1 2(Y4

),,] (,y,,(q,1 + q2 + q,3) • ( (
(qi) Y29 ( Y3 4

(q1 + q2• q- 3)3
(q2 + q2 + '

- (q, + q2 + (3)

2 y (i - !:i) - Y2v (

2~~eu 2~ + y~1i2(Q

'93 v (y -I 2) - 2

Y0v(1: -( 12) + 2 v (

(B.28)

11~11•(YI2 2

Y2 Y2I(Y 114 1/ (Ut
2 2

Y9 Y] (1142 & (t/ý

Iy3 (114
IY2 1(1122 2Y4 Y3 (Y2

Y:3)

12 )

112)

1i)

1/)) (B.29)

(B1.30), •/,.,.S = (q, + q2 + q3:))(0) = 0

So the terms containing (q, + q2 + q:) will also cancel and equation B.26 will become:

'-,"1,?1ICr' -OT, =

-3 (Y3 -U2 ) - Y2 ) (Y4 13,

+ Y2:03 - I1)(Y4 - Yl)(I - Y3)

/I - 12) + 112,! (13 ,)2

4 - YY(Y3 -1 )

14 - yt) + 1:4 (2 - Y1

!] -I) - .y (,y2 - y))

2 2+ yt'I (4.

S2 2 (Y:+ yI 94(y:- yj2Y2 (41 3 (ý4

72 2

+ Y23 (P 422,Y,2 (Y3
3 4 /(.12

Can.celing:

= (qt + q2 +- q3)(



- Y(3,2 - 1)(Y4 - Y I )(I - 92)
+ Y(92 - Y91)(Y:3 - 1,)(93 - '2,) (B.31)

By inspection we see that. the yg termns cannot cancel to zero; if we exp)and the

expression only appears once for each j and the coefficient of a given yJ is only

zero when yj = ym for i # j. Notice this leaves us with an equation for the 1D

magnification that does not explicitly depend on the p)erturbation locations or sizes.

We can derive an even more interesting result if we continue simplifying. We will

find that equation B.31 is in fact equal to the denominator, (y2 - YL ) (Y - Y I)(Y3-

Y2) (Y4 - Y1) (94 - 12) (Y4 ), - whii we (CIan see by Taylor expanding the denominator

with respect to 9 = yi.

Let f(y) = (y2 - Y)(9 Y)(Y3 - 2) 9(Y4 - Y)(9 - Y2)(Y4 - Y3). Instead of just

expanding f(y) directly as we did last time, here we must be sneaky to avoid excessive

algebra. We will exp)and F(y), a function defined to be f(y) minus the last three terms

in the numerator. Since F(y) is a polynomial, our Taylor expansion will be exact.

If we find that F(y) equals the first term in numnierator, we will have shown that the

(leloninator f(y) is equal to the numerator.

F(y) = f (y) - y (Y2 - 'U)((3 - Y)(Y3 - 92)

+ Y1 (92 - 4- !) (Yi - 92)

- 3(Y4 - Y)(Y3 - Y)(Y- - 93) (B.32)

We find the values of the derivatives of F(y) at y=0:

1(y) = (Y2 - 9)(Y3- y) (Y3 - Y2)(Y- - Y) (Y - 2)(Yi - •3) (B.33)

f(0) = Y2Y:3Y.I(Y3 - Y2)(Y - y2)(9y - Y3) (B.34)

F(U) = 92Y3U4(Y3 - 92)(14 - 2)(Y-i - 93)
-'919293(93 92) + 919294(1 92) - Y 24193(94 Y3) (13.35)



c(y
dy

-(93 - y)(y - j)(J 3 - 'Y2)(YJ - • )(•4 - :3)
- (92 - Y) (Y4 -Y)(3 -2) (Y4 - 2) (Y-4 93)
- (Y2 - )(3 - Y03 - 2 ) 4 (t2) (Y4 - Y30 (B.36)

d(F
(I -(_ - 01)( ,1 - 0 )(1 3dy

-(12 - Y)(y - Y) (Y3 -

-(Y - 9) (3 - Y)(Y3

+vI(Y3 - Y) (93 - Y2) -:
3  -94 94 )- 2)

+Y4(12 - Y)3 - 12) 3 (Y2 - 1)(YI - Y2)

F(O) -Y:4(3 -Yv2)(Y -

dy

12)(114 - Y2)(•4

Y2 (Y4 - Y2 (Y4

Y2) (Y, - !2) (Y-4

93+ Y2(11•- -)(

+ 3,(,4 _-Y)(,4

12)(Y4

-,214 (93 - J2)(Y4 - Y2)(Y4

-1123 ((Y:3 - Y2)(9-4 - 1Y2)( I

+y 3 Y33(.Y3 - Y2) - 131Y4 (Y4 - Y2 ) + 11Y3 (41

+14'I2(!/3 - Y2) - ! 3Y2(!T1 1 2) + Y 4(

d(2

±1y2(1
+(Ua

+(U4

+(U2+ (Y23

"U (Y2 -

+(y3+Y4(Y3 -
+Y4(Y3 -

- 3)

- 3)

Y- 3)

- Y)

Y:3)

13)

-13)- Y:3)

- Y3)

- y:3)

Y3)

Y3)11:3)

Y: 3

Y13)

Y13)

(B.37)

(B.38)

- U)(Y3 - Y12 )(!4 -2 )

- ) (,Y3 - 'Y2)(Y. f 1-2) (4

-Y) (3 - 12) (I4 Y2) (Y4

- Y)(Y3 - Y2)(Y4 -12)(Y14

-2) (Y3 - Y2(94 - Y2)(Y4

`2) - (Y 3 4 -Y 2) +l - (Y4 (B.39)



d'2 F
dy2 = 2(y4 - Y)(Y3 - Y2)(YA - Y2)(Y4 - Y3)
dy

2

+2(Y3 - )(- Y2)(Y4 - Y2)(Y4 - 3)

+2(y2- Y)(Y - Y2)(Y4 - Y2)(Y4 - Y3)

+2y (y - Y2) - y 4 - Y2) 2 y(y 4 - Y3) (B.40)

d2F(0)
d12 = 2Y4 (Y3 - Y2) (Y4 - Y2) (Y4 - i3)dy 2

+2y3(y3 - Y2)(Y4 - Y2)(Y - Y)

+2y2 (y3 - 2Y)(Y - Y2)(Y4 - Y3)

±2y.(ya - y2) - - Y2) ± Y(2 - Y3) (B.41)
d F3(y3 (93 - Y2) (-Y3(4 -- Y2)- 3(Y4 -- Y3) (B.42)

d3F

dy- = -6(ya - y2)(y4 - y2)(y4 - y3) (B.42)

Using the Taylor expansion formula and our results from equations B.35, B.38, B.38

and B.38 we write out a Maclaurin series for Fy:

G(y) = [y2Y3Yi4(3 - 12) (4 - 2)(14 - 3)

-y4y2Y3(Y3 - Y2) + 3y2Y4(Y4 - Y2)- y2y4Y3(Y1 - Y3)1

Y [-2y3y4(Ya - Y2)(4 y- 2) (Y4 - Y3)

-Y214 (Y13 - Y) (••4 Y2 )(Y - 3)

+±43 Y3(Y3 -2 4(4 - 12) ± 3(4 -+33)

+±4112(13 - 12) - 132 (4 - 12) ± 94(4 - 3)]

+y2/2[2y4 (3 - 12) (4 - 12)(14 - 3)

+2y3(y~ - y2)(Y4 -Y2)(Y4 - 3)

+2y2(Y3 - Y2)(Y4 - Y2)(Y4 - 3)

+2yi~ (y3 - Y2)- (Y4 - 12) (y - Y13)]



+±y/6[-6(y3 - Y2)(Y4 - Y2)(Y4 - y3)] (B.43)

G(y) = [-Y2Y3Y4(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)

Y2 Y3Y4 (Y4 3 - Y2) + Y3 2 - 2 Y.I4 - Y3))]

- y [yY(y - Y2)(Y2 - Y4)(Y4 - Y3)

+Y2Y4(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)

+Y2Y3(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)
3 + Y3 3 2 2 9

+y4y3(Y3 - Y2) 3 Y4(Y2 - 94) + Y2Y3(Y4 - Y3)

+±4Y2 (Y3 - Y2) + Y3Y2(Y2 - Y4) 2 (Y4 Y3)]
2 43 2 34

+y [-Y4 (y3 - y2)(Y2 -Y4)(Y4 - Y3)
-:Y3(Y:3 - Y2)(Y2 - Y4)( -Y)

-Y2( Y3 - Y)2 - Y4)(Y4- Y3)

'01(3 - '2) + Y3(W2 - Y4) + Y3(Y4 Y3)]

+y [(, - Y2)(y2 - )(Y4 - Y)] (B.44)

Plugging yj back in for y and looking at just the coefficients of yo:

[-Y2Y3Y4(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)_ 24 2 Y2 + 3,

Y2Y3Y4(Y4 (Y3 Y2) Y(Y2 - Y4)+ Y(Y4 - Y3))] (B.45)

= [-Y2Y3Y4(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)

-Y2Y3Y4(-(Y3 - Y2)(Y2 Y4)(Y4 Y3))] (B.46)

=0 (B.47)

(Here we used relation B.10) So now G(y) is:

G(y) = -y [y(y - Y2) (Y2 Y4) (Y4 Y3)

+Y2Y4(Y3 - -Y4)(Y4 Y3)

+Y2Y3(Y3 - Y2)(Y2 - Y4)(Y4 Y3)
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+y I 4Y3(3 - Y2) + ',11'4(92 - Y1) + !YY3(Y- Y3)

+±J Y2('Y3 Y12) + 4Y32( 2 - YI) +1 Y! Y(Y4 Y3)]

+y [-Y4(Y3 - Y2)(Y2 - Y4)(Y4 Y3)

-Y: (Y3 - Y2 )(Y2 -Y4)(Y - Y3

-Y2 Y3 - Y2) (Y2 - Y1)(Y4 -3

+ -4 Y2) +2 Y/(2 -4) (Y4 Y3)]

+y 3 - Y2) (Y2 - 1)( (4 Y3)] (B.48)

Looking at just the coefficient.s of y:I

- Yl [Y3 Y4 (Y3 - Y2) (Y2 - 141)(Y4 - !3)

+ Y2Y21(Y3 - Y2)(Y2 - Y1)(Y4 - Y3)

+ Y2 Y3( 3 - Y2 )(Y2 )94(YI - Y3)

+ yYý3 (Y3 - Y2) + (2 - i!) I+ Y2 -( - Y3)

+ 1/Y2(Y3 !- + 02 (Y2 Y1) Y414 - Y3)]

(B.49)

- I [1Y2Y + 3Y1 +4 Y12) (Y3 - Y2) (Y2 - Y4)(Y4 - Y3)

± (Y4Y2 ± Y1Y3) 4(3 - Y2) + (Y3Y2 + Y3Y4)Y 3 Y2 Y4)

+ (Y2'Y3 + Y21)Y24 (Y4 - Y3)] (B.50)

- il [(-Y2Y/3 - YI - Y4Y2) ((2 Y3 - 12) + !2(Y2 4Yi) ± Y2(Yi4 13))

+ (Y0 2 ± Y/IY:i) ('Y3 - Y2) + (Y302 ± 3 92 Y4)

+ (Y 2Y/3 !2+4)( -1 - Y3)] (B.51)

- Y 2 [(-Y23 - Y3 Y4 - YY42) (4 (113 - Y2) ± y3 (Y2 y4) +2 Y3))

+ (Y49i2 + Y1Y3)y /(Y3 - Y2) + (Y3Y2 + 3iY4) 3(Y2 Y-1) ± ( 2 + y2Y4- 1)y(Y4 VA

- y' [(y-2Y/3 - 1/3Yi - Y1/Y2)Y I(Y3 - 12)

92



(-Y2Y3 - Y3Y4 42 2 4

(-Y2Y3 - Y3Y4 - Y4Y2)Y2(Y4 - Y3)

(42 43 3 2 32 34)Y2 34 2 2  (Y4 B4
(Y4Y2 + Y4Y3Vy2(3 -- Y2)-J+ (Y3Y2 + Y3Y4)Y3(Y2 -- Y4) "+ (Y2Y3 +• Y2Y4)Y2(Y( .

S- Y1[[(-Y2Y3)Y(1(3 - Y2)

+ (-y4y2 (Y2 - 4)

S(-y 3y4)y2(y4 - Y3)]

S422 2 3 24 22 4 3
-- Yd[-Y2Y3Y4 + 2Y - 4YY ± Y4Y2Y 2 

- Y34Y + Y2 Y4Y2]

S 0

So now G(y) is:

G(y) = + y2 [-y4(y 3 - Y2)(Y2 - Y4)(Y4 - Y3)

- Y3(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)

- Y2(Y3 - Y2)(Y2 - Y4)(Y4 - y:)
+ 3 + 3(

+ y(Y3 - Y2) Y(y2 - Y4) y(y4- Y3)]

+ yU[(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)]

Finally, looking at just the coefficients of y 2

yterms = y [

= Yv[(-Y4 - Y3 - Y2)

- Y4(Y3 - Y2)(Y2 Y4)(Y4 - Y3)

- Y3(Y3 - Y2)(Y2 Y4)(Y4 - Y3)

- Y2(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)

± (y 2) ± (2 4) y 4-3 )]

+ Y43(Y, Y2,) + Y,3(Y2 - Y4) +204(. - YA)

(Y3 - Y2)(Y2 - Y4)(Y4 - Y3)

Y4(Y - Y2) + Y3(Y2 -Y4) + yý'(y 4-Y3)]

(B.54)

(B.55)

(B.56)

(B.57)

(B.58)

(B.59)



= y[(Y4 + 3 + Y2) X (Y( - 2y) 2 4  4y(y -2 3))

+ y((y - Y2) + Y(y2 - 94) + y(y4 - 3Y)] (B.60)

Y 2[(Y4 +Y3 + Y2)y(y3 - Y2) +(Y4 Y3 Y2)y(y2 - Y4)

+ (y4 ± + Y4)Y2 - Y3))

+ y(y3 - Y2)+ Y3 (Y2 - Y4) + (y4- Y3)] (B.61)

= y1[ + 4(Y - Y2)+ (y3 + Y2)Y4(Y3 - Y2)

+ Y• (Y2 - Y4)+ (y4 + Y2)Y3(Y2 - Y4)
Sy(y4 - Y3) + (y4 + Y3)y2(Y - Y))

+ (y3 -Y2) + - Y4)+ y3(y4- Y3)] (B.62)

= y,[ - Y(- Y2)- Y(Y2 - Y4) (Y4 - Y3)

+ y3(y 3 - Y2) + y3(y2 - Y4) +y(y4 - Ya)] (B.63)

=0

Thus the coefficient of y2 is also 0, and G(y)=F(y) is simply

F(y) = y3[(y3 - y2)(Y2 - y4)(y4 - Y3)], (B.64)

which is the fourth term in the numerator. Thus:

F(y) = [(Y3 - Y2 2 - Y- Y3

= .f() - Y(2 - ) - y1)(Y3 - Y2)

+±y(Y2 - 14 - Y1)(Y4 - Y2)

-3(y4 - Y1)(Y3 - Y1)(Y4 - Y3) (B.65)
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Y (Y2 - YI) (Y3 - Yl)(Y3 - Y2)
3

-Y3(y2 - Y1)(Y4 - Y1)(Y4 - Y2)

+Y2(Y4 - YM) - YI)(Y4 - Y3)
_3

-1Y(Y3 - Y2)(Y4 - Y2)(Y4 - Y3) (B.66)

Which proves our original claimn and finishes the proof that the total 1D magnification

is equal to 1 for the case of three perturbations.





Appendix C

Total One-Dimensional

Magnification:

Four Perturbation Case

Here we prove that the sum of the one dimensional magnification along the axis of

curvature is 1 for 4 perturbations. To prove this we find Ltotal, show that all the terms

involving perturbation location, q, will cancel out, and then show that the remaining

terms sum to 1.

First we find ptotal. With four perturbations (n = 4) equation 3.15 becomes:

o2]1
Sy 2

(Y - Y2)(Y - Y3)(Y - Y4)(Y - Y5)

(u - Vu)(v - VV - )( - UI)

(Y - y) - Y:3)(Y -y4)( y-y5)
(y - q1)(y - q2)(y - q3)(y - q4)
(Y - Yl)(Y - Y2)(Y - Y3)(Y - Y5)
(y -qj)(y -q2)(y - q3)(Y - q4)

To find tl1D,tolal we evaluate the inverse of equation ?? for image locations yl, Y2, Y3,

(y - qj y- q2) (Y - q3) (y - q4)

(Y - Yi)(Y - Y2)(Y - Y3)(Y - Y4)
(y - q) (y - q)(Y - q3)(y - q4) (C.1)

\u
-c-



y4 and Y5 and sum the results. We get:

tllD,total "- 2 1 i Yi)i= 1 Y

((Yi - ql)(yi - •2) - q3)(yI - q4))
(YI - Y2)(YI- y3)(y1 - Y4)(YI - YO)

+ ((Y2 - q1)(y2 - )(Y2 - q3)(Y2 - q4))

(Y2 - Y l)(Y2 - Y3)(Y2 - Y4)(Y2 - Y5)

S((Y3 - ql)(Y3 - q2 )(Y3 - q3 )(Y3 - q4))

(y3 - Y)(vY3 - Y2)(Y3 - Y4)(Y3 - Y5)
((Y4 - ql)(VY4 - 2 - q3)(Y4 - q4 ))
(Y - YI) (Y - Y2) (Y4 - Y3)(Y4 - Y5)
((Yv - ql)(Y5 -q2)(Y5 -q3)(Y5 - q4))+§ (C.2)
((Y5 -YM)(u -Y2)(Y5 -Y3)(Y5 - Y4)

Rewriting:

1lDtotal

((Yi - ql)(y, - q2)(Yl - q3)(YI - q4))

(Y - Y)(Y - Y)(Y3 - Y)(Y2 - y)
((Y2 - - q2 )(Y2 - q3)(Y2 - q4))

-(Y - Y2)(Y4 - Y2)(Y3 Y2)(Y2 - Yi)

((Y3 - qi)(Y3 - 2 - q3)(Y3 - (14))

± -(Y5 - Y3)(Y4 - Y3)(Y3 - Y2)(Y3 - YI)+ ((Y - q)(vY - vq2)(Y4 -q3)(Y4 - q4))

- (Y - Y4)(Y4 - Y3)(Y4 - Y2)(Y4 -Y•)
S((y5 - qi)( 5 - q)(Y - q3)(Y5 -q))(C.3)+ (C.3)

(Y5 - Y4)(Y5 - Y3)(Y5 - Y2)(Y5 - Y1)

Defining (yi - q)(Yi - q2 )(Yi - q3 ) (Yi - q4) o(yi) and combining these fractions we

get:

PlDtotal

+ Q(Yi)(Y5 - Y4)(Y5 - Y3)(Y5 - Y2)(Y4 - Y3)(Y4 - Y2)(Y3 - Y2)

(Y5 - Y4)(Y5 - Y3) (Y5 - Y2)(Y5 - Y1 )(Y4 - Y3)(Y4 - Y2)(Y4 - Yl)(Y3 - Y2)(Y3 - Y)(Y2 - Y1)

Q(Y2)(Y5 - 4)(Y5 - Y3)(Y5- Y1)(Y4 - Y3)(Y4 - Yl)(Y3 - Yl)

(Y5 - Y4) (Y5 - Y3)(Y5 - Y2)(vY5 - YI) (vY4 - Y3) (Y4 -2 4 1 - - Y2)(Y3 - Y1)(Y2 - YI)
+ O(Y3)(Y5 - Y4)(Y5- Y2)(Y5 - Y.)(Y4 - Y2)(Y4 - Yl)(Y2 - Yl)

(y5 - Y4) (Y5 - y3) (Y - Y2)(Y5 - Y)(Y4 - Y (4 - Y2) (Y4 - Y•3 - Y2 )(Y3 - Y1 )( 2 - YI)



g(y4)(Y5 - Y)(Y5 - Y2)(Y5 - Y)(Y - Y2)(Y3 -
(Y5 - Y4)(Y5- Y3) (Y5 - Y2) (Y5 - Y)(Y4 - Y3) (Y4 - Y2)(Y4 - Y

(Y) (Y4 -Y3)(4 - Y2) (Y4 - Y1)(Y3 - Y2)(Y3 -+
(u - Y4)(Y5 - Y3)(Y5 - Y2)(Y5 - Y1)(Y4 - Y3)(Y4 - Y2)(Y4 - Y

We add up these fractions and look at just the numerator:

Y1)(Y2 - Y1)
)(3 - Y2)(Y3 - YI)(Y2 - Yi)

Y1)(Y2 - Y1)

)(Y3 - Y2)(Y3 - Y1)(Y2 1

numerator = P(Yl)(Y5 - Y4)(Y5 - Y3)(Y5 -

o(Y2)(Y5 - Y4)(Y5 - Y3)(Y5 -

P(3)(y5 - Y4)(Y5 - Y2)(/5 -

P(y4)(y5 - Y3)(Y5 - Y2)(Y5 -

(y5)(N4 - Y3)(Y4 -Y2)(Y4 -

In the case of three perturbations we proved that:

+

(d - c)(d- b)(d- a)(c - b)(c - a)(b - a)

a3(c - b)(d - b)(d- c)

b3(c - a)(d - a)(d - c)

c3(b - a)(d - a)(d - b)

d3(b- a)(c- a)(c- b)

we can use this relation to expand the numerator:

numerator =

9(vi)) Y2(y4 -

Y3(y4 -

Y4(•3 -

Y5(Y3 -

Y3)(Y5 - Y4)

Y2)(Y5 - Y4)

Y2) - 3)

Y2)(Y4 - 3)]

- y3(Y4 - Y3) (Y5 - Y3) (Y5 - Y4)

Y/2) (Y/4

Y1) (Y4

YO)(Y3Y1 (Y3

Y/3) (Y4

Y3) (Y/4

Y2) (Y4

Y2) (Y3

Y2) (Y3

M/2) (Y3

1/i) (1..2Yl) (Y2

Y.1 ) (y2/1)Eu2
91 2(1/

Y2)

y/)

y1)

1/i)

y1(C.5)

(C.6)

Y3)(Y5 -

•2)(Y5 -

v2 )(Y5 -
Y2) (Y4 -

(C.7)



+ y.(y4 -Y1)(Y5 -YI)(Y5 -Y4)

- Y(43- Yl)(Y5 - YI)(Y5 - Y3)

+ y'(y3 -Yi)(Y- -Y)(Y-4 - Y3)]

(c.8)

+ ) Y:(4-Y 2)(Y5 -Y2)(Y5 -Y4)

+ v(y2 - Yl)(Y5 - Y1)(Y5 - Y4)

- Y4(Y2 - Y1)(Y5 - Y1)(Y5 - Y2)

+ Y(2 - yl)(Y.4 - yl)(Y4 - Y2)]

(C.9)

()- Y.(y - Y2)(Y5 - Y2)(Y5 - Y3)

+ y3(y2 - Yl)(Y5 - Yl)(Y5 - Y3)

- Y3(Y2 - Y1)(Y5 - Y1)(Y5 - Y2)

+ Y5(Y2 - Y1)(Y3 - •1.)(Y3 - Y2)]
(C.10)

+y(y)(- (y - y2)(Y4 - Y2)(Y4 - Y.3)

+ y(y23 - Yl)(Y4 - Yl)(Y4 - Y3)

- 3(2 - vl)(Y - Y1)(Y4 - Y2)

+ Y4(Y2 - Yl)(Y3 - Yl)(Y3 - Y2)] (C.11)

We can write it in even simpler components using the relation we proved for two

perturbat ions:

(a - b)(c- b)(c- a)

= -a 2(c - b) + b2(C - a) + c 2 (a - b) (C.12)

numera.I(or =

,)O -- - y) - - y) + y( -
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2+ Y( - 2 Y5 - Y2) + Y 5 - Y)
3J (.2 Y2 +

-- y(3 - Y2) (Y5 - Y2)2 + 5 3

+ ( (yAjy3 - Y2) - 4 (,U,, - 2) + y2 (y, - Y3 ))]

(C.13)
!J1 (Y2 + 352

-(Y/2)[ 1 5 (•4( - Y3) - ,•(,Y - Y/3) (Yf s - ))
3 (,j2 _Y)+ '

+ Y3l5(Y4( - YJ) y -',A) 015 y(Yj 5y1))

:1 (,2 _ 2 _Y )+

- 54(93 - Yi) - 34(9s - (Y) + yf(us - !/3))

± YI(y'I (:3 - 1Ji) - ,] (y -_ I) + v (u4 - 3))]

(C. 14)

+9(.,3)[ - 5(( (- Y2) - A•(,u5 - Y2) ± (•Y5 - 4))

3- (Y2 (1 , -_ i) -_ ,( - -I + ( -+ . ))

+ /(15' (Y2 - Yi) 2- ( - Yi) ± y4(yt - Y2))

3(!j2 _ 2 _Y)+Y-+ Y5 4 (Y2 -- Y) 2 v(Y4 1 4 -- 92))
(C.15)

(C..16)

+ - 1(14 (K - Y2) - 3 ( - 2) 4(Y - 13))

+ Y2•%( - i) - 3(Y54 - .i) + - 3))

Y3( 5 (Y2 - YJ) - 11(Y5 - 1/) + y4(yW - 12

+ 5/(1(12 - 1) -3U3 - 1 ± •y•- 1 2))] (-17)

Now that we have an expression for t he numnerator of 1,toa•., we can show that all the

terms involving perturbation location, q, will cancel out. Looking at g(y,), we see

that 9(y1i)= (y; pi y - q))(yi - 2 (Yi y3 -Y29) has terms of order y Y)0 y( ,Yand
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y4. To prove that the sum of the one dimensional magnifications is one, we must look

at these groups of terms one at a time.

First, looking at just the y terms we find:

Sy terms =
+[

+[

3 2
Y2 (½ (vy

vY4v5((Y3Y2(Y(Y2

Y(Y5(Y4
3A (½ Y2

Y4~ (½? (Y33] (2
y5 4 (Y

+[ - 3(v2v.- Yl(Y5(Y4
1 5

3 (Y 2 (Y 4+ Y2R½(/ 5
Y3 (24Y5(Y2(Y

+ y/,3d(12

±[

3 (Y2Yl (5 (Y3
3 ( (2

YI(2 (Y2
3 (Y2Y3(5 (Y2

?y12,503(Y(2

+[ - 1 (•13
3 2(Y(2

+Y:2 (4 (Y3

- Y3)

- Y2)

- Y2)

- Y2)

- Y3)

- 1.i)
- Yi)

- 1/)

- Y2)

- vi)

- 1I)
- yv)

- Y2)

- Yi)

- 1i)- yO)

- Y2)

- /I)
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- T1 (Y5

- 5(
-Y (Y5

- y. (v4

-Y2(5

3 (Y5- 2 (Y4-y. (us- .(v4

- v4 (us- Y4 (Y5
- Y (Y5
- Y3 (Y5

- ½25-3(

- Y3 (Y5

- Y2 (Y5-2(,- Y2(Y32•,- Y3(Y-1

- Y3a)

- Y2)

- Y2)

- Y2)

- Y3)

-Yi)

- YI)

- 1/1)

"2Y3 (Y5
+ Y (y5

+±½.(y5

±½y(y4

+½y(y5
+±½(y5+ Y (y4
+ Y (Y52 4

- 4Y))

-1Y4))

- Y3))

- •31))]

(C.18)

- Y4))

-14))

- Y3))

- Y3))]

(C.19)

- Y2)

-y1.)

- Yi)

- YI)

- Y2)

- Yi)

- 1i)
- Yi)

-2)

- YI)

2+ Y2 (Y+ ½ (us" Yv (Y5

+ 2 (y4
" Y2 (Y35'+2(Y51 (Y5
+2(

- Y4))

- Y4))

- Y2))

- Y2))]

(C.20)

- Y3))

- Y3))

-Y2))

- Y2))]

(C.21)

+ y2(y4 - Y3))

+ y(yý - 1a))



±

3'(Y2 _ Y1) _ YI2(Y4 _- YI) + Y(Y4
3(Y(Y2 2- ) ) 1 1

YýI(UYl2 _- Y1 _~ 2 _ 1I) + Y293

-Y2))

- Y2))] (C.22)

Grouping the terms by the y, factor in front (henceforth called a, "leading factor"),

we get:

yfterms = +

±

+

+

±

±

+

±

+

±

y 3(y 2(y4 - y3) -

Y1(yi(Y4 -5 2) - Y (Y5
Yi'(Y,-(Y3 - Y2) - Y42(Y5

Y1(Y5(Y3 - Y2) - Y32(Y4(Y( -- )-- Y (Y4
Y2(Y(Y3 - Y2) 3 Y(

(Y(Y3I4 -- Yl) -- Y3 (Y5

3(Y(2 -Y ) -

Y2( 5 - Y3) - Y4(Y5

Y3(Y(Y4 -- Y2)- Y2(Y5

3(Y2 _ Y2

Y2(5(Y2 - Y) 3 (Y53(Y (Y32 - Y) 2 Y(Y4

yv(y~(y - ) v2 (4Y(Y5(Y2 - Y) - Y2 (

Y(Y3(2 - -) y 3(y5
(Y3 5(Y2 -- YI) 2053(Y

3• 2 _ 2 14

YoY(Y2 _Y2)
Y 5(3- -Y2) 3(Y5

IJ3 (2 _ 2

Y5 ((Y2 -- Y1) -- Y2 (Y3

--y3)±4y3(y5

Y2)± 5

-Y) + y~(5

Y2-- +Y2)(Y4

- + y2(y

- Y3) 3E (Y5
-y)+ Y2(y

-Y±1 4 (Y5

2)+ Y2y

- 1) (Y5

-Y1 )•Y•(Y4

- )+Y2(Y5

-Y1) +Y2 Y(5

2 42

--Y2)+Y2(Y4
-y) ± Y2(y

Y1 ) (Y5Y1 Y23-)+ (2-Y1+I(Y3Y21)+(Y4
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--y4))

-- Y4))

-Y3))

3y))
- 4M
- Y4))

- Y4))

-Y3))

-Y3))

-Y4))

-Y4))

Y2))

V2))

- Y3))

- Y3))

-Y2))

- Y2))

-3))

- Y3))

-Y2))

- Y2)) (C.23)



, y terms -= rn (

+

+

5+y:( +

+

+- -
+

+

±yi( +

±

y (14

12Y5 (Y41y;; ('113

9 (Y
2 (111

v (,va
,!) (y 3

29 (Y-1
5 (Y-1vv2

Y5~ (112i
v(2

v- (11

,1f Y2Y5 (Y2vv2vv2

vv2

vv2

> yts I = Y ( +

- _1)- 2 (11

-•1+ y 2•- 2) 4(- '2) - I (Y5
- !/2) + Y9 (Y4
- y) + Y2 (y

- 11) - (Y5

- 11) + Y'(Y5

y) _-Y y(,Y.Y

-12) - Y" (Y5

- 11) + Y2(

- Y2) - ai(-- 11 Y5
'2

- i) (14i 22 (5- 1i 2Y2 (

2)- Y2 93 (Y
- 11t) - v (va- Y1)- (Y5

1)+ 112(1- 1 24 (Y
- vI) _ J (!J:3

- 13)

- 2)

- 92)

- 12)
- Y3)

- 1i)

- 11)
- y1)

- 2)

-Y2)- yi)

-Yi)- 12)111)12i)

- )11
- 911
- 111)

+ Y3 (95

2Y5

+ Y2 (Y5

- Y2 (11S

+ 2(

95
- 13 (Y35+ Yj (Y5

Yl (Y45

- yj (~y9 (Y5
+ j (Y5

- Y4)

-14)

-13)

Y-1)

- 3

- Y3)

YO

14)

Y2)

Y2))

-13)

-113)

12)

-'2))

- 13)

-3)

112)

-y2))

Canceling:

(C.24)

2 (o)+ ±y(0)

- y~(0)
+- y (0)

-Y2(o))

Y5o -1v~)
yi(0) a- yj(0)
y 5 - -12)

.9(0) + ,I2(0)
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-rY2 -

+

+

+± ( +

3(+

+y ( -
+

+

+±y( +

+

y? (0)vi(o)
2(0)

Y52(0)

Y42(0)

Y52(0)

Y52(0)

Y42(0)

y52(0)

Y52(0)
2(0)

Y42(0)vi(o)

Y2(0)yv(o)0

vi(o)

vi (o)
wh(o)

Y4(o)

Y3(o)vi(o)

vi(o)

vi(o)

wh(o)

+ y(0)

-•(o)-y2(0)
- 2 (0)

2(0)

±y3(o)-y2 (0)

+ y(o)+ Y42(0)2Y2 (0)2 y(0)±y•(o)+ Y(o)±y•(o)
- y2(0)

2y(0)

-y2(0)

+y•(o)

So the yO terms will all cancel out.

Repeating this process for the y terms we get:

y~ terms =

+Y2

Y2 ( v ( - 4) - (1Y5 - 3)+ 3 (2,

Y3( ( -5 Y2)- 4 (5 - Y2) W (us
5(Y3 Y2) 3 Y 22 (Y5

3(2 ( 2 ( ,_4 + y2(y 4
Y5(Y4Y3 -- Y2) - 3( Y2) 2,

-Y4))

- Y4))

- Y3))

- Y3))]

±+ y 5((y~ - 210) -Y3() - .:1)+ ±(y5( - Y4))
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- y (0)

+ -y(0)
-y•(o)

1Y2 (0)

+ y2(0))

+ Y22(0)+y•(o)
-y•(o)
±y2(0)

+ y2(0)

-y (o))
- Y12(0))

±21(0)- Y2(0

+ y2(0)

-y (o)

+y2(o))
+Y•o

(C.25)



A 05,v (va

Y4(+ ; (Y3

Y5 (Y, (Y3
Y3 (2 ('_

1 5- yv)(y4(vy

3 (Y2 (Yi- yi(.y (.y1
+ (Y2,3 2Y4 (Yq5 (Y2

- Y2(i (- (y

+ Y2(4 (Y32
3 2)Y' i(Y1(Y-2

- YO)
- 11)

M1)

Y 9)-11i)Y1 2)

Y1v)

- ,12)

-1)
- y1)

Y1')- 1O2)

- 111)

,)a (,Y,

- Y1 (Y51

- !3 (Y5

- 114(115

- 11p23

- 114(111

-114(1113 (Y43

-. 4 (Y

- Y- (Y5
'2- Y2• (Y5

-Mj (Y5

- 1')

- vi)

- 11)

Y2)

- 91)-11)

- Yi)

- 11)

+ y (y5

+ y4(ys

±9y4(y•

+ y4(ys2

5 ," vj (Y5+j 2 (Y4
2

+ Y1(y

- Y2) + Y2 ( 5

-yi) + y (Y5
-,1) + vY(2

- 11)+1( 113

- Y2)

- lii)

- 111)

Y2~ (Y4
21(1.

- 1/) + 1(1 2

If we look at this expression we notice that within the square brackets the largest

possible power of yi for a given i is three. Furthermore, the yJ contribution of from

the )(yj) term outside the square brackets will nitever increase this power. Since the

114 factor will never be multiplied with a y9 factor, the only source of third power

terms for a given subscript is the lead(ling terms. Thus, it makes sense to group the

expression by leading term as we did for the y) case:

Z ( v1(yiyG -13) -[Y3) 1(Y5 - Y3) Y+ v4(9 - 4))

+ Y5(Y4- 112) - 11111(Y5 - Y,2) + 9 (Y5 - Y4))

1.(06

+1Y3 [

- Y4))
- Y3))

- •3))

- vY4))

- Y))

- Y2))

- Y2))]

+i_4 + Y3(Y (yv(

L 1 514(1

+ Y3(5 (Y2

5 32( (92

+Y1 [

Y3))

-'Y3))

-Y2))

- 2•)-Y2))]13))

Y13))

-Y12))

-U12))]
(C.26)



S(U 3 - 2) - Y12 - 2) - ))

± Y5(.Y(3 - Y2) - (1 Y5(y - Y2) + YY(4 3

S (u2 4 Y 2(5 3 , 3(Y5 Y4))+ Y5 (v2 3 1 22 (,Y1 2 5, ~ + 3Y- (,I( - Y2) -Y••(• - y2) 2 y 4(- - •3)
3 2 _!Ji 2Y

+ Y-I'(Y2: y5 ) - Y2 3 ( 5 - Y3) + Y2Y3(Y5 - 94))

+ Y: (Y2Y( - mI) - Y2Y2 (Y - yI) ± Y2Y (5 - ))
- y(v (2 - / 3 5 /

± (:3(Y - ) - y3 (Y54 - Y') +- Y2Y1(Y5 4- 3))

3 2 - 2) - ') 5 2Y)

S (Y2I t (Y3 - YI) - Y2 3(Y4 - Yi) - Y (I - Y3))]

+[ (3 Y (2 - ) - y2( - Y) 4 5

1 (Y435 (Y4 - Y2) 4 - Y2)- +Y32(Y5 - Y24))

( Y2 (Y4 - Y2) - Y34!] 2 (Y5 - 311) ± Y(3 -5_ 4))

± y(yEU (3 - /1) 2 /15/ - /1) ± Y3y2(Y5 - Y2))- 03 Y( (Y2 - 'l) - 'y(y - 1) ( - 2!3 ( i 2Y2 2 ' ,J~

+ 1 4(YsY (Y2 - Y1) - sy(Y-3 2) ± sy-(3- /12))] (C.27)

2yjtrms

([ + Y3 ) -3 2 3) A- 2 2(y2 - /4

+ -y:a/1(Y3 - Y2) - Y4 3 (Ys - Y2) .3 (Y5 Y34))
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91(y 5( :- Y2) 3 (Y4 5 - 2) + Y4 2(Y5 - Y3))

9 (-•9~y (Y3 - Y2) + •s• (Y4 - 92)- y5y (4 ,J 93))

2 ) + !(s -+ ) -- Y2 (5s -_ 94

Y ' - Y3) - 939( - ) 39 (Y - 94))

U (-#9 (s - 91) + 4919 (yS -- y1) -- y4y (US -- 3

1(&3 Y2 ( -_ - 9s2 (Y5 - Y)) + Y5(912( - Y4))

l(9I9 I Y2) + Y9 (l5 - 92) 1 Y4Y2(Y5 - 94))

3 Y29 -1) 2 (S-1 - 929 5-94

Y2(U19 (2 -( 91) - Y524 (Y4 - 9') + Y5(ys - 92))

9 (-959(Y2 ) 99 - Y - 9s9 -Y2

Y3 5 ((Y - Y2) - IY(4 S - 92) - 99 Y -

& 2 yi -9) Y 293 (y 5- 91) ±929 (y5 -- 93))

ii( 939 (92 - 91) ± y39 (95 - #1- 9:+ (9s 9 2)

!A9s!I (Y2 - Yt - 3s~ - 91) 5I- ysy 3 - 92))
S 2I9(3 92 194 -2 2 9 - 3)

5 9 )+ - )- 92 Y4 93))

Y (Y95 (Y2 - 9I) 4 -2 ) ( I:n (Y5 - Y2))

Y (-59 (Y2 - 91) +94Y3 1- Y) 2 (Y5 - 92)) C.28)

St1emrrins =

Y25 (Y4 - 93) 2- 9 (5

Y3Y5 ( - 2) 93+ Y3

Y4Y5 (Y3 - 92) - 3 4(Y5

,59)(Y - 92) + Y4(53

YIs (U4 - 93) + YIY1 (Y5

- 93)

-2)

-2)

-Y2)

S9293 (5 -Y4)

2939Y2(5 - 94)

+ YY2(Ys - Y3)

- Y59 ('9 - 93))

- 3:)- 91i (•5 -9Y4)
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Y3Y5 (111

111,?j (114

Y4115 (12

,2 4

#42(

If we wanted to go about this systematically we could flurther group the terms by the

y2 factors (henceforth referred to as secondiary factors), but it is easy enough to see

how the terms cancel in the current form:

Z !crms =

( ( +

+

12y1(0) -- y2y (0) Y2 3)

23iy(0) + y2y (0) -- y2y (0)

Y4 ) 5 - Y4Y3 (0) 2 1141 2(0)

109

') I

- 1V51 U3S2

+ I2 N(93

Y-- 35(Y32

+ 9 (2
+Y:53 (Y2

,19 (93

Y2

YY ( Y2

Yi)

11)
1I)

Y2)

Yl)

1)Yl)

112)

11 )

111)

112)

111)

1i)

91!)

3Y 4 05

92 5

Y4 Y3(5Y5 3!J2(11i

12 Y4 (15

92 5YZ5 Y2(Y51

3 J5 2Y

Y2Y: (Ys

113192 (Y5

2 4+ Y2Y(14

Y2 3 (Y4
±3 214112(,y

2/_
111)

11)

112)

YO)

y1)

911i

12)

11'

,11

1')

Y2)

YO)11)

11)

Y 19 2

2 4Y2Yl (Y4I

Y3f (Y4

4 1Y42 (!5

1 (Y
92 5

+ !1141112(115

Y 1 (95+ Y42I1(Y15Y59 I(Y

- 3Y(

+ 11511111

-11.1)

- Y:3)

- •3))

!4)
- 11)

4y)

Y2)

- 12))

- 11:3)Y2:3)Y2)

-#2•
- )3)

112)

-112))) (C.29)



- yU f(0) + y5Y2(0) - y5Y2(0))

yiy (0)

!3Y5 (0)

*YYn (0)

+ yty2(0)2((

- y3• (0)

+ y,•J Y(0)
2YL Y1 (0)

ye y (Q)

+ Yi(U) - y4 Y (0) + y5(I))

I (0) (

,2& (0)

,29 (o)
yny (U)2~(())

hi yn (0)

LI2!I (U)

YsY5 (0)

2; (0)

LI' W (0)

Y~Ly (0)

L 2(0))Y2

y5y9 (0)

y, y (0)

L52y2 (0)

3Y2 (0)Yry2 (o)
Y52

yi y~ (0)

2YY (0)

2:(0)

Y5 ,y (0))

- y, y (0)

+ Y2Y2(o)

- YOI2((0)

(2

+ Y5 1 (0))

+ Y1 (0) - yy(0O) + yy2(0)

Y2Y4

L2y (o)

2= (0)

= 0

2- y:~y (0)
+v ygy (0)

Y:02(0)

y4y2(0)))

So thie ,j termrs will all cancel out.

Repeating this process for the y2 termns we get:

y2irm

110

+Yi (

+Y41(

(C.30)



(Y~2( 1 [

+(y2[2 3 (Y2(

3 (!,J2(y

3(y• 2

3 23 ( (y3

Y(1 (Y5:Y5 -1 (Y35I (Y~(123 (i (Y13

3~ (Y2f(yY2(Y2 (Y3

3 v(ý!J2
Y3( 5 uY2

J2 4 (,Y3

3 (wY2s
Y:3 4 (Y2

v(Y' (Y2
v :3iv2

- y1)

- Y2)

-v2)
-112)

- 3)

- 111)
-Y2)

-t )- J2)- 1i)

- 11)

- 111)
- 1)

-1- i)

- 111)

-Yi)

y1 (11r)

' 5 2

4 (Y5,

'Y (115

11' (115

11 (v4" 2

Y3 (115

2 (Y1

a (115

a (115

yv (111

If (Y5

Y3 (Y4

- Y3)

- 92)

-12)

- Y2)

-113)

- 11)

- 11)

- 112)

- ý1)

-112)

- yi)

-11)

- 2)
- v•)

-2yf(ys+ y (ys

+ If(y,4.

+ •(- yf(y.
+ yf(y.•-Y (•sA- y2 (Y

- y2 (Ys

4 (Y

A- y (y5

+ y (Ys" Y2 (Y5A- y f(.y

A (yj512

A- yfI(Y4A- y2 (Y5

A- If'y5

-11))

- Y4))

-•3))
- 113))1

- :,))

- 4:))]- va))-Y))
-11:))]- 13))

112M

- 2)

13)

- 11))

-12))]

-113) )

Y3))

- 2))

-Y12))] (C.31)
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Following the samne algebraic steps as in the y.' case we get:

( 3I (

+y3 (

2 '2

Y2• Y5 (Y-1

yiyi (111

YF1Y4 (11
2 2

M13J5 (Y4
2 2)Y:-05 (1132L 2 (Y ý'
2 2

y5 Y5 (Y4

'2 2

2 2)

Y1 ~Y5 (y4

YOTI1 (Y2Ž

2 2

+ y 2 .) 2
112 !15 (Y3

+3 5 (Y12- v!d~v2
+ y 2 Y: 2

5, -j (Y,2

2 ' ( :232 2Y3 Y-1 (92•
2 2

Y. Y:iY2

- 113)

- Y2)

- Y2)

- 12)

- us)

- yi)

Y'2)

- i)-- 91)

-- 1)-,)
Y12)

- i)

-Yi)

-1i)

- Y2)

111)

--Yl)- 11i)
- v1)

2 2)

2 ')

2 2y4 Y3• (Y5

2 953
Ys & 5 (Y

9 9+ y L Y4 (Y5sY3,114 (Y5
+ y 2(y 2
- 31 (Y54

2 2)-,:Y,, (Y4

2 2
Y.1Y4 (Y5

2 2
9 9 5Y2Yu (Y5

2 2

Y4 Y (Y5

9 2+ yIY~j (,Y5
2) 2

112 Y3 (115

2 2+y3Y2 (Y5

2 '2
Y5 Y2 (s

2 2
l Y3 (vY4
2 ') "l

2 2Y2 (21
1 12(11'

y 1v2 (111

1k)

Y2)

Y2)

Y2)

113)

911'

11i)

hi)

12)
Y2)

1i)

12)

Yi)YO

11 )

yi)

-12)

- 1I)

- Yi)

Y2 Y3 (Y5s

922

Y3 Y2 ('Y42Y2(Y2 (Y5

2 2
1Iy2 (1142 2
YI Y3 (Y5

2 2"
Y3 Y I (Y5

2 2.

Y5 y i (Y4

+ y 2y 2y
2 2 (Y2 1 (Y5

+ Y9 Y(

-yY1 (Y4

11111(,1152 2

Y 2Yl ( 15

9 5(2 2Y Yl (Y5

2 2

Y• g (us

Y0 I( (
y IY2 (Y94

2 2)

2 2 (va

0 1)

- 113)
113)- us:)

-2)

- Y2))) (C.32)

112

- va)- 4)

-Y3)
- 13)

- 111)

- Y4)

- 3)
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- 113•)

- 113)

Y2)-2))
-v2))



This clearly cancels:

Syterins- = (y(o) + y~(o) + y(o) + y4(0) + y'(0)) = 0

So the y? terms will all cancel out.

Repeating this process for the y3 terms we get:

y3 terms

1vl - A (Yi(Y4

+± y(y(y 4

± yiv(yv(yY2 5S(Yiy (Y4
+ YA3 55 (Y(Y33 (2

± yiv(yu(y

+ Y (5(4 (Y 1(Y2(Y4

± (Y2 (y,+ 3 
2

+ YI1(Y2va54(Y(Y3
3 (Y2

- Y (Y (Y3

3 (Y2-- Y1 (5 (Y4

Y3 (2

_- Y2(5 (Y2

3 (2

+Y3'(Y5'(Y2

- y3)

- Y2)

- Y2)

- Y2)

- Y3a)

-YI)

- 1i)
- 1I)

- Y2)

- /1)
- /i)
- YI)

- Y2)

- /i)

_-y:•(y5- Y (y5

- Y4 (Y52 r
- Y3 (Y5

- y3 (y

-y:(y5- Y (Y5-Y (y5

- y3(y5
- Y3 (Y4

- Y4 (Y5

-Yv, (Y5- Y2 (Y52 4

- Y2) ± yi(y- Y3)÷3 (Y5

+)Y2- Y2 Y2(Y5

+ +Y24
--Y2)÷Y2 (Y5

- Y3)

- /J)

- Yi)

- /)

- Y2)

- 1))

-Y1)
- 1i)
- 11)

- Y2)

- 1i)
- y1)

+ Y (Y5

+ y2 (y5

+ yv (Y5+ 4

2

+ y2 (y,
± (

±1/ (Y/5

+2(y+" y(Y4

±2(1+"Y(Y5
+2(

"+1.(Y5

- 3( 2 - i) -(Y(23 - YI) + I (y3 - Y2))]
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- Y4))

- V3))

- ,3))]

- Y4))

- Y4))

- Y3))

-Y3))]

-m)]
- Y/4))

-Y4))

- Y2))

- •)2

-13))

- Y3))

- Y2))



,-YY_, y(y - 1) - (4- Y2) + Y (Y -Y3))

+- yi(yi(ys i) --(4i -( i) (Y4 - Y3))

- y(,Y(PY2 - ) - Y2(u -yi) +- y (y4 - Y2))

Y- • i (• 2 - YI) - (,3 -Y 1)+ I•(y - Y2))] (C.34)

Now that we have third order p(1j) terms we cannot just group by leading term as

we did in the previous three cases. Instead we miust distribute y):

( - 0311(112(2 y u) - u( - Y3) +- oi(ya - Yi))

-1- y>4(yd(yi - 02) - Th( 2 u) +- yv(y - 04))
31 3 2 ''

- 0124v~v - 2) - P4# 2 ) H-i( u)

. (2 - !j- y(j -2 2) + Y2(Y4 -± y2 (v5 (Y4 - Y3) - (Y5 - Y3) + yi(Y 5 - Y1))3 3•Y (Y2 (.Y• _. ... Y

- yl((y4- Yi) -- - Yi) - ( - Y4))

+ 16vil~Y 5 - Y2') - yj(ys - y) + 16(Y5 - ys))
3 3 2 I2 2YY4 v (Y-(Y3 - i)- 6 (y5 - yi) + Y2(Y5 - Y3))

- 'A(y2 (yi -qe) - vis- y2) +- ,'i(w v)

31.33 ) +) 2 gui- YY (Y1(•Y - yi) - ' -Y Y -•)+ 2( -Y3))
3 3 ') ) ') +

Y- YilJ5 i(Y- - 01) - Y Ys - Y) -+ Y (Y5s - Y4))

- Y2 (!3 - Y) - 2(Y5 - Yi) + v(Y5 - Y1))
3 1 9)

+ -i(:•: 02,_) - •(: - 02-)+ ±. (- 03))

H- f, Y/ (j.-I -( , - Y _) - - YI,) + YT (Y- - Y3))

- Y: (Y-(?- - Y2) - ,/(Y5 - Y2) + ±Y(Y3 - 2-))
3 2 2 242+012Y5 (YI(Y - 02) - Y4~(Yi - 'Y2) H- YI(Y - Y)

H 3 3 2
'3 3(Y _ '2)

114



3,11 )1(2 1- +l -21 4 - Y2))
3 3 (,2!2 IJ + ,2

+ Y4Y53(Yf(y 2 - -1- i) 2 yY (Y3 - 92))) (C.35)

Rearranging:

yte'irm's =
!3, Y3 (,t2 (Y 2 + Y

r( - vl v5( _ Y 3)- ( -- ( Y 3) - y(y 5 - ))

3 3 2 ' '5 4+ yiy (yf(yj -Y2 -_ 3) + 5 y3
+ +b(v(vy -] - - 2 5 -3

- yili(Yf(Yi -5 2) - -3) (!+5 3 4))

- 3 Yii(yf(Y3 - Y2) - Yv 2 - l3SyIY3 5v (Y• - Y2) - ( Y• - ) + vY (Urs - vY,))

+ ' (YI (y- - Y2) - 4 (Y5 - Y2) + Y2 (Y - Y4))S- ) -3 - 2) ( -

+ . 4 vi(Y5(93 - Y2) - U (Y5 - Y2) 2 y (.Y5 - UY))- y (1 (.Y3 - Y2) - (Y5- yV) + _, (!y -._ ))S3 :1 (!2_ 2(Y4 + 2

+ •,y(y(y5 4(Y3 - Y)- f (3 - Yi) + v•4(U - v3))

- 3i2( ()2 ' 5  2 )

- i(( - Y) - Y3 +21 3 Y2))

+ i(2 1231 32))) (C.36)+ Y2v (4 (Yvi _ y ) _ !j 2 (,!, I _ Y ) + , .2( l -Y ))
:1!,3 (y• _22 _Y )+ Y

3 3 (2 -9 ) 2(5I(5 -Y )

?3 3/ ( 2 _Y

3 35 2 2

3 3 Y_

+ y !Y5 (Y2y -- Yl)- ,2 (Y3 I y)÷ 2(.Y3 - Y12))) (C-.36)
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Which clearly cancels:

yjterms = 0 (C.37)

So the yj terms will all cancel out.

Repeating this process for the y94 terms we get:

y4terms =

(y4 3 - (vI - Y3) - 5 - Y3) + y'(y5 - 4

+ y+ 22+ Y3(5(Y4 - 2) A 5 -2) y(y5 -Y4))

+3 v(vY2v Y2 + Y2 4 3- (Y(Y3 - Y2)- 3(Y5 - Y2) + (Y5 - ))
+ yv(y•(y3 - v() - (,- Y2) + y,(y4 - Y3))

+ ±5 Yi(y( - Y2) -3/ (y5 -/3) +2/ (m 1/4))

- yid(yv(y - y') - ( - 1/') ± y (ys - /3))+( + y( - )- -2 + y2(y_ - y2 ( (Y4 - Y3) -A (Y - y3) + - y4))

- Y3( - 2) - - 1/) +y2(y - Y))

±+ -i(Y(4- - -i) - A- (Y ) + I (Y - 2))

- 2(Y+5(Y34 - Y 2) - - i) (y5 - Y3))

+ 5(Y4( - Y2) -v (Y - Y1i) + Y1(iU - 3))
3(Y2 _2 I +Y

+([+ ± 5(yy( - /)- 4(5 - 1/) •(± 5 - 4))

- W(y( -Y1) -y(Y5 - ) + 1/ (Y5 -Y2))
3 _22Y I 2Y+ Y5(Y2(Y2 - YI) -2h151/l1/? - Y2))]1 5( ( - Y2) - y.(Y5 - Y2) ± (Y5 -Y3))
Y 5(3 -21 (5I(5-Y)

Y5 (Y2 -Y1) 2 ,(Y3 - I (Y -Y2))]
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- (Y((Y - Y2) - - Y2) (4 -• ~3))
+ •Y(3 - l) y2(24 _-Yl)"+-Y2(Y4 -- 3)

Y+ y 4(Y3 - yI) - Y( -(Y I) + •( - ))

SWIV(Y2 - Y•) • 1 y( - Y2))
+ U 3(UY(2 - 1 3I 21(Y3 I 2)) (C.38)

These terms cannot possible cancel to zero because the five y4 factors from the o(yj)

are the only fourth order factors that appear in the expression, and each has a dif-

ferent subscript. Therefore, the yj terms will remain, and the total one dimensional

magnification will be:

•1D,total =

U (Y5- Y4) (Y5 - Y3) (Y5 - Y2) (Y4 - Y3) (Y4 - Y2) (Y3 - Y2)

(Y5- Y4)(Y5 - Y3)(Y5 -Y2)(Y5 -YI)( Y4 -- Y3)(Y4 - Y2)(Y4 -- )(Y3 - Y2)(Y3 - Y)(Y2 - Yl)

Y2(Y5 - Y4)(Y5 - Y3)(Y5 - Y1)(Y4 - Y3)(Y4 - 9)(3 -l)

('- Y4)(Y5 - Y3)(Y - Y2)(Y5 - Y1)(4 - 3)(Y4 - Y2)(Y4 - )( - Y2)(Y3 - Y1)(Y2
(s5 - Y4) (Y5 - Y2) (Y5 - YI)(Y4 - Y2)0(4 - Y)(,Y2 - Yi)

(Y5 - Y4)(Y5 - Y3) (Y5 - Y2) (Y5 - Y1)(Y4 - Y3)(Y4 - Y2) (4 - YI)(Y3 - Y2)(Y3 - (Y2 - YI)

'I - )(Y5 - Y2) (Y5 - Y2)(Ya - Y2)(Y2 -

(Y - Y4) (Y5 - Y3) (5 - Y2) (Y5 - Y1) (4 - Y3)(W4 - Y2) (4 - YO)(Y3 - Y2) (Y3 1 (Y2 -1

- Y3)(Y4 - Y2)(Y4 - Y)(Y3 - Y2)(Y3 - 2 - Y)
(Y - 4 5 - 3 5 - Y2 5- Y(Y4 - Y 4 3 4 - 2 - Y1) (Y3 - Y2) (3 Y 2-YI)

Which again does not depend on the perturbation location qj.

Now that we have shown that all the terms involving perturbation location, q, will

cancel out, we must show that the remaining terms sum to 1. To prove that equation

C.39 is equal to 1, we show that the denominator equals the numerator:

denominator =

(Y5 - 4)(Y5 - Y3)(Y5 - Y2)( (Y5 - Y1)G4 - Y3)(Y.4 - Y2)(Y4 - Y1)O(Y3 - Y2)(Y3 - Y1 )(Y2 - Y1)

= [( - Y4)( -(Y )(Y - Y2) 4 Y3• )(Y4 - Y2)(Y3 - Y2)]
X[(Y5- Y1)(Y4 - Yl)(Y3- Y1)(Y2 Y1)] (C.40)
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Substituting in the relation we found for n=3 perturbations:

+

±

(Y5 --

y3(y4

yiI (Y3

3 (y3

Y4) (Y5 - Y3) (Y5 - Y2) (Y4 - Y3) (Y4 - Y2) (Y3 - Y2)

- y•3)(Y - Y)(Y - y4)

- Y2)(Y5 - Y2)(Y5 - Y4)
- Y2)(YD - Y2)(Y5 - Y3)

- Y2)(Y4 - Y2)(Y4 - Y3),

we can write:

denominator =

([ - ( - 3)(Y5 Y)Y5 - )
+ y2(Y4 -Y2)(Y5 - Y2)(Y5 - Y4)
+ Y3(Y4 - Y2)(Y, - Y5)(Y2 - Y4)

-Y'(Y3 - Y2) (Y5 - Y2) (Y5 - Y3)

+ Y (y3 - Y2)(Y4 - Y2)(Y4 - Y3)1
x [(95 - Y1)(Y4 - Y1)(Y3 - Y)(• - YOi)]

2 (Y4 - Y3) (Y5 - Y3) (Y5 - Y4) (Y5 - YO 4

Y34- Y2)(Y5 - Y2)(Y5 - Y4i)(Y5 - Y1)(Y4

Y (Y3 - Y2)(Y - Y2)(Y5 - Y3)(Y5 - Y1i)Q4

5 (Y3 - Y2)(Y4 - Y2)(Y-4 - Y3)(y5 - YI)(Y4

(- Y )[( Y4 - 3) (Y5 -Y3))(Y5 - Y)(Y5

Y (Y3 - ) [(Y4 - Y2) (Y5 -Y2)(Y5 Y4)(Y5

Y (Y4 - UI)[(Y - Y2))(Y5 Y2) )(5 - Y3))(Y5

5 (Y5 - YO -[ Y2) (94 Y2) (Y4 - Y3) (Y-4

- Y1 )(Y3

- YI)(Y3
- YO)(Y3
- YI)(Y3

- YO)(Y4
- Y1 )(Y4

- Y1)(Y3
- YI) (Y3

- Y1 )(Y2

- YI)(Y2

- YI)(Y2
- Y1)(Y2

- Y1)(Y3

- Yl)(Y2

- Y1)(Y2
- Y1 (Y2

- yI)

- Y)
- Y)
-yi) (C.43)

- Y1)]

-Y01

- Y1)]

- yi)](C.44)
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+

+

+

+

+

+

I1y (3[Y43

#9 13[(1143

YIY4 [(Y3

3Y 1 Y5 [ ('-3

-Y2)(

- ,Y2)(

(Y3 - Y1 Y) (Y4

(Y4 13)5
2Y"[(Yýf - Y:iy )(yj

3 [Y4 - Y2) (Y5

Y (Y:3 - Y2) (Y

Y5'[(Y3 - Y2)(Y4

- Y3)(y5 -

- Y2) (Y5 -

- Y2 Y-

- Y2) (Y4 -

- Y3) (Y5 -

- Y2) (Y5 -

- 92) (Y5 -

- 2 )(YI -

/5 - Y3)(,5

/5 - Y2) (15

5 - Y2) (Y5

/4 - Y2) 014

Y/2) (Y5 -

Y2)(Y5 -
Y2)(Y -

•4)(Y5 -

Y4) (Y5 -

Y3)(4 -(

- Y4;)J(y5

- i13)(Y5

- y3)(yY4

.Y)(Y5 -

Y3)(Y5 -

13 )( -

YI)(Y4 -

YI) (Y4

Y1 )(Y3

- Y1) (Y34

- YI)(Y4

- )(Y3

y t (Y:

Y1 (12

Y1 (Y2

Y I (Y2

- y1)]-Yi)]

- 1)](C.45)
1 13Y1)(y:i -

1 )(Y2 -

1)(Y2 -

- )()Y2

- I)(Y2
->(,-2

' yi)]

But in equation C.37 we already proved that ' y7 termns = 0:

yU [(y/

Y3 (Y43

y' (,Y3

- -(!5 Y 5) (Y24(- 13)4(Y - Y2) (Y3

- Y3)(Y5 - - Y4)(Y5 - 9 Y 1) (3

-92)(Y- - Y2)(Y 5 - Y5 1 4 -i1)(-2-

Y2) (Y5 12 15 Y3) (Y5 3 - Y1)(Y2

- !12)(Y 24 -3 - ( I - Y)(Y3 1 YI)(Y2

-)12-1)]
- 1)

- 1)

- 1)

(C.47)

Therefore we can sa'y that:

21 y[(Y4 - )/3I:3)(3 -5 4 )(Y5 - 1 y I)(Y3 I1

y I N(Y3 -( /2 Y5 Y2 5 Y I 5 Y ')(Y4 Y)(Y2 -YIi

'! Y~Y[(/3 - Y2)(5 Y2)(Y2 -5 -3 Yl)(Y3 - 12 - 1
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- yIY'[(Y3 - Y2)(Y4 - 2 1 3)(Y )3 1- Y)(Y2 -Y)]

' (Y5 - Y)(Y5 - Y3)(YS - Y2) (Y4 Y3) (Y4 - Y2) (Y3 Y2)

d eno- • ) i,(1 -at or =

- v Y[(v -w)(v5 - 3)(vY5 - j4)(J5 - Y )(Y4 -1Y)(Y3 - Yl)]

vlv:• [(- v2.)(us-
Y3[(,Y - Y2)(Y5 -

Y [(vY3 - Y2)(w4 -

2 [(vY1 - v3)(•Y5

y IYj[(Y- Y2) (Y5

v1 ,[(Y3 - Y2)(Y5

j, 3 [(Y3 - Y2)(9-

y l1[(95 - vY_)(Ys -

vY [(Y4 - Y3 ) (Y5 -

y: [(y -Y2)(us -
vY(v( - Y2)(vY5 -

'12) (YOI

ratort

Y2)(Y5 -

vY2)(Y5 -

v'2)(Y4 -

- v12)(Y5

- 2 (Y5

- Y2)(Y1l

Y:)(

Y2)(

92)(

va)(u -ya)(ya -

113) (95 -

- Y4)(Y5

- ya)(yI
13) (45

Y5 - Y2)(Y• -

Y5 - y4)(Y -

Y5 - Y)(us -

!5 - Y3)(YS -

Y- 2)(Y•4 --Y3)(Y- - l)(Y3 - A)(Y2 - YI)]

(C1.5 0)

And we have proven that the numerator equals the denominator, which proves that

for n=4 l)erturbl)ations the total 1D miagnification is 1.
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(C.48)

+

+

+

+

+

-yI)]

- y1)]

Y•)(Y2 -

Yl)(Y2 -

YI)(Y2 -

- yl )(:•3

- Y1) (Y2

- Yl)(Y2

Y1Y2-1 ) (3Yvi ) (v2 -
vl)(,2 -

y 1) (Y4-
Y )(Ya -

Y )(Ya -

-YI)(Y-1

Yhi)(Y. -

,m)(Y-vw)(a -

VI)( -(

Yi) (Y3

(C.49)
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Appendix D

Total One-Dimensional

Magnification:

N Perturbations

Now we prove that the total 1D magnification along the axis of curvature is 1 for n

perturbations.

As the cases of one, two, three, and four perturbations have demonstrated, the

proof that the total 1D magnification is 1 can be broken down into two parts: a proof

that the total 1D magnification is independent of the locations, qj, of all perturbations,

and a proof that the remaining terms will sum to 1. We prove these two parts in

sections D.2 and D.1 respectively.

D.1 Proof: The q-Independent Total 1D Magnifi-

cation Sums to 1

Now we show that the )position independent total 1D magnification sums to 1 for n

perturbations. The argument we made in section 3.6 for four perturbations informs

how we can extend the proof to n perturbations. Following the pattern described in
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equation 3.66. we guess that the ii perturbation case will look like:

((0n+1 - Yn)(Yn+1- - in-1)...(Y,+I - Y2)(!n+1

> ((Y, - -, --I) (!U - n-,2) ... (Ijln - Y2) (• n

y,))

lI))

X ((Yi- L - Yu-2)(,l 1-

" ((y,tI - 13) (Y4 - Y2) 4

x ((Y3 - Y2) (Y3 - 1,))

x (y2 -1 )

( 1)'"(

l,,i3)...(Y-I, - Y2)(Yn-I - )

1ii))

2))(( j,,- lYn,_)(Yn - Yin-2 ...( 2- Y12))(...)

X ((Y1 - 3) (4 - Y))((Y: - Y2))

2"(0 - ,)(y - )...(o - ))((n - 11) ( - !Ir-2) ... (Y - )) ..

X((14- YI3)(Y4 - Y I ) ) ((!3 -YI))

!A(1(+1 - YI)(Yn+I - Yn-1) ... (N +1 - Y2)(Yn±1 - Yi))((Yn. - Yii 1)(Yr1

x ('Y, - •2)(Yn - Y1))(...)(( 4

Y,-2 )...

Y2)( 14 - Y1))((Y2 - 1I))

± 1]((Yn1i - Y!n 1).. (9•n+ - Y2)(!n,,+ - 91 ...)

x ((Y4 - Yu3) (Y - 'Y2) (Y1 - yI)) ((Y3 - Y) (Y3 - YI)) ((Y2 - I))

Tl,)+i ((On - Yn- I)...(Y - Y2)(Yn --l))(...)

X ((Y - Y3) (Y-1 Y2) (4 - 1)) ((Y3 - Y2) (Y3 - Yl))((Y2 - Yi))) (D.1)

For odd and( even iin, resp)ectively. This call b)e written more comipactly usinlg pro(dulct

and suilnmmation notation:

j =1 j=1 j=1 j 1

17 (Unt+ - ) X 1j (!, - y) X X (...) (3 - Yj) X (Y2 - yj)
j=11 j =n- I j=2 j=1
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i=1
i=n+1 (Yi - Yi)
i=1 1

i=n+1 (Yi - Y2)

i=1

-Y(Y3 - Y3) 1
i=i+1 (Yi - Y3)

I)-TI. (YI - 1~~. N
i=n+1 kYi - Yrn)

i=l1 1

- '+) i Y 1)
i=n+1 (i - Yn+1)

j=1

- j y) X (...) Y (3
j=2

(fJ1(yei - yx) f i (y,.
j=1 j=n-1

WVriting this even more compactly:

f=2 j=1

H fJ (ye - y)
f=n+i j=e-I

((1)n ~="+1
i=1 1 )

- y f) He)
i=n+1 l i(y, (Ye

j=1

-yj) x H (Y2
j=1

- yj))D.2)

/ =2 j=1
x H (yw - y)

e=n+l j=f-I

Now that we have derived a compact form we can prove the that it is true for any

n. As is suggested by the proof for the case of n=4, one way to prove this is with

a recursive argument- in other words by showing both that equation D.3 is true for

n=1 and that if it is true for n = k, it will be true for n = k + 1.

First we will show that the base case is true. For n=1 equation D.3 becomes:

E=2 j=1

2H 1 (-1)=
f=2 j=e-1

(D.4)

j=1

Hy (- Yj)
j=2-1
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(D.3)

( f) 2 i=]y1 Y=2 j=1
(-1)1 yg~y - ye) 11 x H (Hye - y,;

e=1 i=2 -= W=)-



=i= 1
(- Y(UI - y) 1H

i=2 (Yi YI)

922 29i=1 
j=1

- Y2 (Y2 -Y2) 1 24v (ifH(Ye
i=2 -i 2 j=2-1

(Y2 - YI) =

(- l(YIY- 9 (Y - Y)(YI - YI)

Y2) )
(Y2 -Y2)(Y- Y12) S((Y2 - YO))

(Y2 - YI) = - (yl) + (Y2) (D.7)

Which is certainly true. Now to complete the proof we must show that if equation

D.3 holds for n = k, it will hold for n = k + 1. In other words, we want to show that

for n = k + 1:

t= 2 j=1
1 H2 (= -yj)=

e=k+2 j=f -1

(ye (yF - ye)
i=+2 ( y)) ( (Y- Yj) 1 .8)

i=k.+2 (\ t )) (=k+2 j=f- 1
given that for n=k:

f=2 j=1

it=k+1 j= (-1 Ye=k+l1 j=e- 1

t=k+ I

1)k Z
F=1 (ye (ye

i=- 1 )

- ye)
i=k+l i yt.)

(i=2 j=x Hk=k+l j=f-1 (ye - yj)) . (D.9)

To begin, we use equation D.9 to rewrite the left side of equation D.8 as:

le f tside =

j( 1= ) =2 j=1e-

j= k+1 f= k+ j= £-
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+ (Y2 Y2 (D.6)

( 1k

e=k+2

f=1



j=1 f=k+1 i=1 f=2 j=l
S (Yk+2- Y•) (-1) -)k( L U) f ( ) (j 1()
j=k+l £=1 i=k+1 1 i y1=

Expanding the sunm:

le ftside =

( + L(YI- Y,) (,,

+ (Y = U2+ )Si=1+ (y I i=k,+1 O i 1f)+ ~(Y2 - Y2) I _

i=+i=k,+1 (i Y2)

+

+ ,: - Yi) I)

i=k+ i k3)kN
" (YA- 'I ,Yhk+ 1 - Jk~ I 1-

i=A!+ 1 i - ký+1)
e =2 J=1 j=1

x (-1) k H (Yk q) (YA,+2 -;j) (D.11)
f=1, + 1 j=- f (j=k+1

le ftside =

+ (lk+2 - 91)

+ (Yk+2 - Y2)

+ (YA,+2 - Y3)

k•(,Ij I _ , i ( II
Y ( 2 Y2)

i=4k+2 (Yi Y2)

i=,k+2) i )

k+(Y±2 - Yk) ( kYA - k)~±ki=1 I
i=k+2 Y

Yk+2 y/k+1 l 1 k+1 - .k+1)Yk+ L k i=k-+2 (Yi W-f1)
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(D.12)
f=2 j=l

x×(-1)k I1 I (ye - yj)
V=k+2 j=e-1

Distributing the factor in front:

le ftside =

( +

(k+12 2 - Y2)

~i= 11)
k+l I+ Y3 (Y3 - Y3) fII ( _ )

i=k+2 Y -Y3

k+l+ yk (y - yk)

k( -+ Yk (Yk+1 -

i=k+2 i k)

i= 11

ik+2)
i=k+2 (i - Yk+1)

+ (y (y, i=A21 )- Yl) I
i=k+2 (i 1I

+ ( (92- Y2)
i=[ 1 )

i=k+2 i -2)

i=1- Us) II(0 3
i=k+2 (i 13)

Si=11 H)-U k,) (, _ Yk)
i=k+2 i k

± (1+l(Uk+1
i=l 1 )

Yk+l) ( - kl)
i=k+2 (i

=k+( 2 j=e-
(-1)+ 1 1 (ye - yj)

(t=k+2 j=e-1

le f tside =
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+ (: (Yuk

+ ( k (Yk

+

(D.13)

!

i=l 1

i=k+2 (i 1)

i=1 1 )

i= k+2i 2



Si=1
( + 1 1•+'( - Y)

i= k+2 1

+ (Y(Y2 - Y2)
i=1 1

i=k+2
i=k±2 (Yi - Y2))

+ Y3 (Y3

+ (Yk Yk

i=1 1
i=k+2 (Yi Y3)

i=1
YAk) H

i=k+2i k

+ (Y', (Yk+1- Yk+,) f
i= k+2 (i - k+1)

p= k+ L =
Yk+2 Z (YP-Yp) H

p=1 i=k+2 i )

X(-l)k+1 ( H (y - y)
= k+2 j=f-1

(D.14)

Following our strategy for n=4, we now attempt to show that:

p=k+2

p=1

i=1 1t=2 j=1

-yp) II H H ((, - Yj)
i=k+2 (Y\ YP) ) e=k±2j=f-1

=0

To show this we expand the expression.

p=k+2

p=1 ( kW (yp

p=k+2
= \-" •,k

i=1 (f=2 J: =1

-yp) H( ×) x (H -Yj)
i=k+2 i - ) =k+2 j= -1

[(Yk+2 - Yk+1) (YAk+2 - Yk)...(Yk+2 - Y1)]

(D.15)

(D.16)

p=1 k+2 - Yp) (Yk+ 1 )-) - -k( - Yp)(Y• - yp)
x [(yk+1 - Yk)(Yk+1 - Yk-1)...(Yk+1 - Yl)][...][(Y --3 - Y2)(Y3 - Y1 )][(Y2 - y .1-7 )

Since all yp terms will cancel out except for the leading yp factor, the coefficient of y4

contains only k + 1 distinct variables. Therefore we can write the coefficient in the
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form of equation D.9:

P=k+2 k [(Yk+2 - Yk+1)(Yk+2 - Yk) ...(Yk+2 - 1)
E wP1 (Yk+2 - Yp)(Yk+-1 - Yp) (Yk - Yp) ...(Y2 - Yp)(YI - Yp)

X - yk)(Yk+l - Yk-)---(Yk+1 - yi)]... ][(93 Y2)(Y 3 - 1Y)]RY2 - YI)]

x [...][(y~ - Y2)]

- i[(YLk+2 - Yk+1) (Yk+2 - Yk)--- Yk+2 Y1) [(Yk+1 - Yk (Yk+1 - Yk-1)... (Yk+1 - Y1)

X [. ][(Y3 - YI)][(Y3 - YI)]

+ Y[(Y-+2 - Yk+l)(Yk+2 - Yk) ...(Yk+2 - Yl)][(Yk+1 - Yk)(Yk+1 - Yk-1) ... (Yk+1 - Y)1

X[ .. [(Y2 - Y.)]

+ Y[(Yk+±2 - Yk+1)(Yk+2 - Yk) ... (Yk+2 -1 )][(Yk+ - Yk )(Yk+1 - Yk-1) ... (Yk+1 - I)]

X .[(Y - Y2)(Y:3 - Y) [(Y3 - Y)[(Y2 - YI)]
ik

SYk+[(Yk+2 - Yk+)(:+2 - Yk(Yk+2 - Y)Yk+1 -Yk)(Yk+1 - Yk-1) ... (uk+1 - 1)]

X[ ...][(Y - Y2) (Y3 - Y) [(Y3 - Yl)] [(Y2 - Y1)]

Sk+2[(Yk+2 - Yk+l)(Yk+2 - Yk)...(Yk+2 - Yl)][(Yk±I - Yk)(Yk+1 - Yk-1)...(Yk+1 - YI)]

X[ ...][(Y3 - Y2)(Y3 - Y)1[(Y:3- Y)][(Y2 - Y)1

(D.18)

=(-1) (

+ [ k (
f=2,3,...k+1 k+2

S=1,3 ....k+1,k+2

k+ Y3l
t=1 ,2,4...k+1,k+2

e=1,2,3...k+l,k+2

k( , 1(t - v) I ( )( LI H (e - Y))]
i=k+2,k+1l....3,2 (Y - e£=k+2,k+1...4,3 j=-1, 2 -2...3,2

1

( (-) i 1 II (t-Y))]
i=k+2,k+l.....3,1 (i - Ye) =k+2,k+1 ...4,3 j=-l,-2...3,1

1
(0,(yt - w) H _ )( I I (We - u,))]

i=k+2,k+l,...4,2,1 Y =k+2,k+L...4,2j=e-1,-2...2,1

(ye(Vf- Ye) 11 ) 11 11
i=k+2,k+,32 1 (Yi - Ye) e=k+2k+l ...3,2 j=•- 1e-2...2,1

(Y - yj))]
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e=1.2,4...kik+2

•k Y+2[ ((Yk)
t=1.2,4...k,k+1

111 1y• H ) (Yf - YM))
i=Ak+2,k,....4,2.1 £=k+2,k...4,2 j=e-1.l -2...2,1

1
i 1_ y))( H H (Yf- Y))])

i=k + l,k .... 4,2.1 (Y=k+1,k...4,2j=t-1.t-2...2,1

(D.19)

For k odd and k even, respectively. Dropping the overall sign and expanding again:

kt[ + (Y•'(Y2-Y)oY[ 2 (Yi~2 -- Y2)

± (j3(y3 -Y3)

+ (4(Y4 - YN)

1

i=k+2,k+1,...3,2 (Yi - Y2)

1
] [ )

i=k+2,k+1 .... 2 (Yi - Y3

1
+ ,k 3)

i=k+2,k+1,...3.2 (Yi ~ Y4)

1(" (Yk -YA I•) H( • •
i=k+2,k+1,...3,2 (i - k

Y ±1kr- (Yk+l(k+ -- Yk+l)

i=k+2.k+ 1,...3,2 ( k+
k 1

+ (,+2k+2 -- Hk+2 -i=k+2,k+1...3,2 k+2)

x ( IIH (ye- y))
F=k+2,k+1...4,3 j =E -1,-2...3,2

1
- (Yk(i - i) - )1

i=k+2,k+1,...3,1 iYO
1

- ( (Y3 - Y3) H )1
i=k+2,k+1 ,...3,1 (Y Y3)

1
- (Y.:(Y4 - Y4) H (yi-4

i=k+2,k+1 .... 3,1 i 4

•. 1

- (¼(Yk - Hk)
i=k+2,k+1,...3,1 (i - k

k 1

(Ykk+l(Yk+l - Yk+)(
i=k+2.k+l ... 3.1 (i k )

k 1

- (Y•42(Yk+2 - Yk+2) H
i=k+2,k+1....3,1 (i - Yk+2)

129



x ( (w', -JJ))
(=k +2,k+ L ...4.3 j= -1,-2..3 1

-!ii ) H
i= k+21 k+ A-1... ,2,1

-Y) fl
i=k+ 2,k+ 1,... 4,2,1

i=k+2,k -1 ... 4,2,1

1

S 2)(lii, -110,

1
)(i - 4)

+ (Y(. - 9k) A ]H A)
i=k 2,k+1.... 4,2,1 - k

+ (L4-(Yk+1 - Yk+A)
1

i=k+2,k+1l,...4,2,1 k+

1
(Y2(k+2 -A+( -)2)

i=k+2,k+1,...4,2,f (i- [k+2

H1- H1 (Olt- !2))
-+2,+ 1. 2 j=- -1' -- 2...21

+y[ ± (vyk( 1

i - )+ ... 1-Y k) Hk (I....3 j y))
i--k+2,k+ 1.... 3,2,1 .i -

1

i=kA+2 A 1...3,2,1 i 93)

±(Y' +i (k+l - Yk+)

± (i,2 (Yk+2 - Yk+2)

13()

+ ! + (,Ik (I

+ (Y' (Y2

+ (Y-(Y1

I1
i=k+2,k+ 1,...3,2.1

i=k+2,k+l ,...3,2,1

1I1i=k+2,k+ I .... 3,2.1

1

1

(Yi- Yk-1)

1

(Yi - Yk-.+2



x ( fJ J (ye- yj))
f=k+2,k+l...3,2 j=P-1,f-2...2,1

+ (k(y - yl)

" (Y3 (Y2 - Y3)

H 1

1i==*, .. ,. (yi _ O)H)
i=k+2,k,...4,2,1 (i 2)

1

i=k+2,k....4,2,1 (Yi 3)

S( (Yk-1 - Yk-1)
i=k+2.k....4,2,1

1

(Yi - yk-1)

i=k+2k,...4,2,1(Yi - Yk)

- ( (Yk+2 - Yk+2)

x ( =2 1J
£=k+2,k ... 4,2 j=t-1,t -

± (u,(Yi- yi)
i=k+l

+ (Y2(2 -Y2)

+ (Y3(Y3 - Y3)

1

i=k-+2,k,...4,2,1 i k+2)

(ye - yj))
2...2,1

[ , 1

,k,...4,2,1 (w -

i=k+ , .... 4,2,1 ( i 2)

i=k+1,k,..4,2,1 1i 3)

+ (Yk-l(Yk-1 - Yk-1)

± ( (k(Yk - Y•)

(yk+lu(Yk+1 - Yk+1)

x ( ±1 1
t=k+1,k...4,2 j=e-1,U-

i=k+1,k,...4,2,1

1

(Yi k-1)

i=k+1,k.....4,2,1

1

i=k+1,k,...4,2,1 (Yi Yk+I)

(ye - Yj))

If we look at only the -yjyi factors, we see that each combination of i and j will
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k (Yk - Ak) -rr

k+2
+yk+2[



appear exactly twice. For instance, looking a.t just the -ytyk terms:

n"

11
+2,k+1,...3,2 (Yi - 2)

nr

i=k+2,k+1,...3,1 (1i - 1)

H H (Ye
F2,k+1 ... 4,3 j =f-1 ,e-2...3,2

e=k+2,k+l...4.3 j=f-1,e-2...3,1

[(Yk+2 - Yk+1)(Yk+2 - Yk)... (Yk+2 - Y3)][(Yk+1 - Yk)(Yk+1 - Yk-1) ... (Yk+1 - Y3)][...] [( Y4 - Y3)]

- [(Yk+2 - Yk+l)(Yk+2 - Yk)...(Yk+2 - Y3)][(Yk+1 - Yk)(Yk+1 - Yk-1)..( Yk+1 - Y3) [...] [(Y4 - Y3)]

) (D.22)

= 0

In fact, the y4 yt pairs will always cancel. We can see this by noting that out of the

k + 2 possible variables, the coefficients will each contain only k variables, and that

neither coefficient will contain the variables yj or yj. Since all the pairs cancel we can

say:

p=k+2

p=1

= 0)
( t 4 ('

)1 ( =2 j=1

i=k+2 ( p)) =k 2 '= - 1 )

(D.23)

and therefore:

i=1 I=2 j=1

i=k+2 P/ £=k+2 j=C-i

i= 1 )
- yk+2) - )

i=k+2 (Yi - k+2

( W (yu
i=1 1.. k+2) 1 _

i=k+2 i YP
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vY [2 (Y2 - Y2),
i=k

-yk '(y1 y - yi)

- vyty(
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p=k+l
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p= 1 (k"(Yp - 1p) 'Y/)))
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/ =2 j=1

g=k+2 j=e-1

p=k+l

p=-
12=1

",,

= kU +2(Yk+2



•~~=1 1 )= Y +2(Yk+2 - Yk+2) i=k+2 Yi k+2)

Now we can go back to equation D.14 and substitute in equation D.25:

leftside =

( +1 V 1 _ 1)

( -

k+1Y (Y -
3( k+l(y -

( Y

S k+ 1
+Y k+2 ]A .k + 2

+yk+2 (Yk+2 (Yk+2

(D.25)

i= 1

i=k+2 i ( 1)

i=l 1

Y2)fl U)
i=k+2 i 2

i=1 I
Y3) (f )

i=k+2 i 3

i=1 1

Uk) 1 k)
i=k+2 i k

i= 1

- Yk+1) Y )
i=k+2 (Yi Yk+

i= 1I
- Yk+2) f+

i=k+2 (i - Yk+2)

(( =2 j=l
X(-1)k+l 1- rl (Ye - yj)

\t=k+2 j=f-1

(( +'(y

(D.26)

i=) 1
i- Yl) i Y)
.i=k,+2 i yl

i= 1

i=k+2 i 2

i=1
1(Y3 - Y3) f i

i=k+2 (i

( k - Yk)

i= 1 )

i=k+2 i -k
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Ik+1 - Y/k + 1)

(YA+2 - Yk+2)

i=1

i=k+2 (Yi Yk+)

i= k+2 1s /+

x (-)k1~j£t= +2 j=,-1 i)

leflsidc =

1'=k+2(-1)+ Z
£=1

i=t1 =2 j=I
q) I j) x HfJ (!p - yj) (D.28)

i=k-+2 ( ( \ t'=k+2 j=f- 1

QED.

D.2 Proof: 1D Magnification Does Not Explicitly

Depend on Perturbation Position

To prove that the total one dimensional magnification does not explicitly depend on

p)osition for n p)erturblations we write another recursive I)roof. The numerator of the

total 1D minagnification for n perturbations can be written as:

'-I li C', IoI- 2))((n - n-1)( ---- 2-n - 2
(--1 )>( -+-/.(y1) ((yJ,, - ,Jn.) ( Yn,.+ - Yii-- i)...(Ydn.+ i -- YlJ ))((Yu - Yin.-1)(Y'n - Y'n-2)...('Yn - Y2))

X (-) ((Y - Y3) (Y1 Y2))((Y3 - Y2)

-0(,12) ((U,,( -t ,n) , +I - Yn - )... (n+-1 - Y))((Yn - n- (uYn -Yn 2-)...(n - YI))
X (...)((Y4- Y3)(94 - Y,))((Y3 - Y1)

+ 0:0()((Y+ I- 91)(Y-f1+ - Yn, 92)(11+1 - YI))((y 0 Yv- 1)

X (Yo- !n-2)...(,- 22)(n -( i))(..)((y - Y2)(Y1 - Y1))((Y2 - Y1))

±O(,, )(( ( - 1) - )•... ( +1 Y2)()Y,,+, - Y),)(...)((Y- - Y3)(Y- Y2)(Y4 - Yi))
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x((y3 - Y2)(Y3 - Y1))((Y2 - Y1))

TP(Y-n+1)((Yn - Yn-1)...(Yn - Y2)(Yn - Y1))(... )((Y4 - Y3)(Y4 - Y2)(Y4 - Yi))

X ((Y3 - Y2)(Y3 - Y1))((Y2 - Y•)))

For odd and even n, respectively, and where p(yj) - (yj - q)(yj - q2)...(y - q,).

Equation D.29 can be written more compactly using product and summation notation:

numerator = (-1)" (

+ e(YW)(Y• - yi)

+ Q(Y2)(y2 - Y2)

+ O(Y3)(Y3 - Y3)

i=1fI
i=n+l
i=1

iHn+1

i=1

i=n+1l

1i(.,- Wi)
1

(Yi Y2)

1i 3(yi - y3)

i=1 i
+ P(yn)(Yyn - Yn)

i= .n+1 i

i== 1

+ & i±1) yn±1 - Y n i) = !I 1 ( i - n +1)~

X H (y - y)
\=n+1 j=f- I

(D.30)

WVe have already proven the base case in section 3.2, now we need only show that

what holds for n = k - 1 holds for n = k. Lets say that we have proven equation D.30

does not explicitly depend on perturbation location qj for n = k - 1 perturbations:

(-1)k-1( Y, i)

+ 2 '(Y2 - Y2)

+ y (y3 - y3a)

i=1 1

i= Ii= k i Y2)
i=1 1

i= k 3
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i= 1

k- I (Yk-Ik - !J k--l) -
i=ki k-

i=1

+ ut (va- 1e (i

(= j=2 - I )
= . for(O < /it < k - 1)

SThen we must show that for n=k perturlbations equation D.30 also does not explicitly

depend on perturbation location:

+ y( "(yI - YI)

+ ',(•1 2 -2 -2)

+ "(,Y3 - uy3)

M+ (YA - 'k)

+ )I M (- k+1 - -i+1)

=k+l j=(-1

= 0, for(0 < n, < k)

i= 1 1

i=k+1 I

- 'j) )

(D.32)

Looking at expression D.32, we see that a given "'g will have a coefficient that contains

all possilble y termns except yj itself. For this reason each coeflicient can be rewritten

using identity D.3 from section D.1:

Ii 11 (,e- ½)-
'= k j = -
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-=k i=1 1 (f=2 j=1

(_1)k-1 ik-1(ye_ ye) U ) (yk t - yj) (D.33)
f=1 i=k i - Xe=k j=e-1

Which gives us:

numerator =

(-1)k(-_)k-1(

+ zm (I
f =2,3... k,k+ 1

- YU zm
=1,3 ... k,k+1l

± oy•.n( zt=1,2 ... k,k+1

\ =1,2. k-1,k

Yk+1
e=1,2 ... k-1.

yh-(ye_ ye)

e"(E- Ye)

k (ye - ye)

y+1 (Ye -
+1

YeW(yE - y

1 ) (
k+1,k...3.2 £=k+1,k..4,3 j= - 1...3.2

1)(
k+1,k...3.1 Yi £ =k+I1,k..4,3j=£-1 ... 3,1

I1-i (• H• 1 (II (- Yj)i=k+1,k ... )21 (i -y=k+1,k4,2.j= f-1...2.1
f) l-I (x• y) We H - Yj)

i=k+lk-1 ...2, (i=k+1,k-1..4,2 j= e-1...2,11 )H ) HY ) x ( n i (ye - yj) 1)).34)
i=k,k-1...2,1 =kAk-1..42 j = -1...2.1

For k odd and k even respectively. Expanding and grouping this by leading factor we

get:

numerator =

-(yl [y+2n (Yl ) - Yl) H x H H (Yf - YJ)i=k+P k... 3,1 (Yi Y ( ,=k+I..4,3 j=t-1...3,1

+Y3 (Y - Y1) H (Yx - YJ)
i=k+.k ...2.1 - Y) / e=k±1 ..4,2j=f-1...2,1

Yk ((Yi - Yi)) X H 1 (ye - YJ)
i=k+ 1,k--1...2,1 -i Y1) £=k+1,k-1..4,2 j=f£-1...2,1

TYT+1. (Y1 - YO) H Y.) (y, - yj) ]
i=k,k-1...2,1 ( i 1=k,k-1..4,2 j=f-1...2,1
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x fl fl ye - !Jj
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H f . X ( .H -(Ye

i=k+Ak...3,2 i / A A 30 - 1 ... 31 /
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1± , I. (Y( 3 - 1

[+y± ((YA - k

\
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TYkiI( m y

)
•=

S1
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1Y)
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J=k+1,k- 12)=e- 1...2.1

3) H 1 x (ye -yj)
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i=1k I l ) A=k+1 ,k..4,3 j= A-...3.1

x X l0 -(j)
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ky1 [+yj, (Yk+1 - Yk+1) 11 x ( 1- 1J)- /,

i=k+ 1,k. 3,2 (i k+1 \= k+ ,k..4,3.j=t(-1...3,2

-Y2 (k+l --k+l1) l (Mi ) ) H (yt - Y)/
i=k+l,k...3 i k=k ..4,3 j= -I ... 3,1

+Y3 ((Y'+t - Yk+1) (ye - Yj)
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For k odd and k even respectively. Rewriting:

nuiim.Cra"t.O --

( I [-Y" ((2 - 122
Si=k+1,k...3,2 Mi 2)

-$ ((A - ) 1i=A*+1.k.. 3,2 (i 9:3)
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Written in this form, we see that each coefficient of y-1 is in the form of (equation

D.31)and that we can therefore say that for any 0 < m < k - 1 they will be zero.

But we already showed in section D.1, equation D.23 that the m = k - 1 terms will

be zero! So equation D.32 will be zero for any 0 < m < k and we have completed

the recursive proof. This illustrates that the 1D magnification is does not explicitly

depend on perturbation location for n perturbations.

Together sections D.1 and D.2 prove that the total 1D magnification will be one

for n perturbations!
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