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Abstract

Gravitational lensing is an important tool for determining the matter content of the
universe. The locations of gravitationally lensed images tend to give us information
about the overall structure of a lensing galaxy, whereas the magnifications of the
images tell us about small scale structure of the galaxy such as the abundance of
stars and dark matter condensations. In particular, flux ratio anomalies— dispari-
ties between predicted and observed magnifications of images— have led astronomers
to study the role of perturbations in determining image brightness. In this paper,
we explore the limits of demagnification due to point perturbations. We look at
configurations of perturbations that are extremely improbable but that nonetheless
illustrate interesting patterns in magnifications. Ultimately, we prove that for any
number of point perturbations the total one dimensional magnification along the axis
of curvature is constant and independent of perturbation size and location.
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Chapter 1

Introduction

Local perturbational corrections to the gravitational potentials of lensing galaxies
have been shown to be a promising explanation for the puzzling flux ratio anoma-
lies exhibited by many quadruple systems. However, as of yet this subject has only
been investigated for physically reasonable situations involving random distributions
of many perturbations and small numbers of deliberately placed perturbations. In
this paper, we look at large, deliberately placed configurations of perturbations that
are extremely improbable but that nonetheless illustrate exciting and useful patterns.
These patterns in turn give us new insight into the more physically reasonable con-
figurations of perturbations.

In chapter two we calculate the limits of demagnification due to a single pertur-
bation and prove that the maximum demagnification occurs when the perturbation
lies directly over the image, reproducing the 2002 work of Schechter and Wambsganss
[13]. We then arrange point masses in a pyramid of direct hits. We show that with
thus configuration we can demagnify a saddlepoint by any arbitrary amount, and we
observe that a distinct pattern arises in the one dimensional magnifications.

In chapter three we prove more generally that the total one dimensional magnifi-
cation along the axis of positive curvature is 1 for n=1,2,3 and 4 point perturbations.

Finally, in chapter four we show that for any number of point perturbations,
and regardless of the placements and masses of these perturbations, the total one

dimensional magnification along the axis of positive curvature is a constant.
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1.1 Scientific Context

1.1.1 Gravitational Lensing as a Tool

The study of dark matter is one of the most important areas of research in astronomy
today. Mapping out the distribution of dark matter in the universe will verify or
disprove current models of galaxy formation, and finding the total amount of dark
matter in existence will allow us to piece together the beginnings of the universe-and
the nature of its end. In short, the currently accepted model of the universe will be
made or broken by our observations of dark matter in the coming years.

However, because by definition dark matter does not absorb, reflect, or emit pho-
tons of any frequency, we must observe it indirectly through its gravitational potential.
Dark matter makes its presence known by distorting spacetime and consequently al-
tering the path of any passing photons. In particular, when a photon-emitting body
such as a quasar passes behind a galaxy containing dark matter, the photons will be
deflected around the galaxy on their way to our telescope in a way that tells us about
the distribution of mass in that galaxy. This effect is known as gravitational lensing.

In gravitational lensing, most of the light deflection occurs when a photon is within
a distance £ B of its point of closest approach to the galaxy, where B is the photon’s
impact parameter (capitalized here to distinguish it from the Einstein radius, ). Since
B is small compared to distance the photon is traveling, we can treat the galaxy as
thin and replace its 3D gravitational potential with a two dimensional projection.
In situations where the 2D-potential is perfectly circular (and the photon source lies
directly behind the galaxy), the photons will be deflected in such a way that we
observe a bright ring, called an Einstein ring. More commonly, the 2D-potential will
be oblong due either to a gravitational tide or to the intrinsic flatness of the galaxy
and the photons will be deflected in such a way that they form multiple images of
the photon source; in the case of four images this is known as a quadruple system.

The locations of the images in these systems can be found by calculating the
stationary points in the time delay surface, 7. The time delay surface gives the travel

time from the photon source to the observer as a function of angular position in the

12



sky:
1+ 21, I)L[)S
[ DLS

T=K [%(5— B —up| K = (1.1)

Here 5p is the 2D-potential of the lens, 8 is the angular position of the photon
source, # is the angular position of a given image, ¢ is the speed of light, 2y, is the
redshift of the lensing galaxy, D, Dsg, and Dpg are the distance to the lens, the
distance to the source, and the distance between the lens and source respectively. In
the case of quadruple systems, two of the observed images correspond to saddlepoints
in the time delay surface, two correspond to minima, and a typically unobservable
fifth image behind the lens itself corresponds to a steep maximum.

The magnification of a given image, j1, can likewise be found by calculating the

. . . . g
inverse magnification matrix, g%‘:
2 _ 9%ap _8%bp
'u—-l — aﬁ — 1 ox? Oxy
o0 % _ %y
8zdy Oy?

Where 9p is again the 2D-potential of the lensing galaxy.

Since the time delay surface and the inverse magnification matrix both depend on
the 2D-potential, by experimentally determining the location and brightness of the
images in a quadruple system we can work backward to find an simple but accurate
model of the 2D gravitational potential of the lensing galaxy. In this way gravitational
lensing can be used as a tool to determine how much of the mass of a galaxy is in
a smooth dark matter portion and how much is found in stars and compact stellar
mass objects such as white dwarfs, black holes, and neutron stars. However, added
complications arise when the simple 2D-potential that correctly predicts the image
locations fails to reproduce the image magnifications. These inconsistencies in image

brightness are known as flux ratio anomalies, and are the subject of this paper.

1.1.2 Flux Ratio Anomalies and Small Scale Structure

Gaudi and Petters (2002) [10] give a proof of a theorem that in a quadruple system

two closely spaced images will be of similar brightness. This theorem relies on the
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assumption that the 2D gravitational potential is smooth on the scale of the image
separation. The quadruple system PG11154+080 (Weymann et al. 1980)[7] was origi-
nally cited as experimental verification of this theory. In 2002 Zhao and Metcalf [14]
explored an extensive suite of models of PG1115 and predicted that the difference
in brightness between the two images should be approximately 10%. However, in
2006, Pooley et al. [1] noted that the difference in brightness between the two images
in PG1115 seems to have varied with time, ranging from a 5% to a 50% difference
(Vanderriest et al. 1986; Kristian et al. 1993; Courbin et al. 1997; Iwamuro et al
2000)[8][5][3]{4]. This was well beyond what Zhao and Metcalf’s models of the system
could account for. Furthermore, it is unlikely that the discrepancy in image brightness
came from the difference in travel time between the images since travel time would
only vary by a few days between the images, whereas the brightness of the quasar

acting as a photon source would vary much more slowly.[11]

This discrepancy between the observed and predicted image brightness is not lim-
ited to the PG1115 system.The system SDSS0924+0219 looks very much like PG1115,
with a close pair of images where one is nearly an order of magnitude brighter than

the other (Inada et al. 2003) [6].

At the same time, these simple models for the lensing potentials predict the image
locations very nicely. This suggests that the discrepancy between the observed and
predicted brightness might be due to small scale structure in the lensing potential. In
fact, we will see that these flux ratio anomalies arise from the incorrect assumption
that the 2D gravitational potential is smooth on the scale of the image separation. In
reality, the 2D potential of the intervening galaxy is “grainy” due to the deep local
wells of stars and compact objects perturbing the smooth 2D gravitational potential
of the dark matter.

This graininess becomes significant when one observes that saddlepoints and min-
ima in the travel time behave differently when the lensing potential is perturbed.
In 1979 Chang and Refsdal [2] demonstrated that a saddlepoint can be strongly de-
magnified by micro-lensing, whereas a minimum cannot. In 2002, Schechter and

Wambsganss [13] calculated that hypothetically one could strategically place stars in
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the 2D potential such that the saddlepoint would appear fainter than the unlensed
photon source.

Thus, it has been established that small scale structure in the 2D-potential could
account for the flux ratio anomalies exhibited by many quadruple systems. However,
as of yet this subject has only been investigated for random distributions of perturba-
tions [12][9] and situations involving one or two perturbations to the 2D-potential.[11]
In this paper, we build on previous work by taking an analytic look at the effects of

multiple perturbations.

1.2 Topics Covered in this Paper

In this paper we seek to explore the limits of demagnification due to small scale
structure. We create a hierarchy of successively smaller perturbations, each one placed
directly over the images spawned by the previous tier. The hierarchy begins with a
photon source directly behind a macro-lens, which creates two macro-saddle images
and two macro-minimum images. A milli-lens is placed in the line of sight to one
of the two macro-saddles, creating two milli-saddles. A micro-lens then put in front
of each milli-saddle, creating four micro-saddles, and so on. Though these situations
are highly contrived, they allow us to see interesting patterns in demagnification. We
will find that by strategically placing stars we can demagnify a macro-saddle by any
arbitrary amount, but that the total one dimensional magnification along the axis of
curvature will be constant. We will prove that this is the case for one, two, three,
and four perturbing masses. Finally we will show that it is constant for any number

of perturbations and regardless of the mass of those perturbations.

1.3 A History of this Project

This project was started by Lucia Tian who worked on it as an undergraduate re-
search project in 2005. Tain proved that the total 1D magnification along the axis of

curvature is 1 for the special cases of n=1 and n=2, and her work led to the general
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conjecture proved in this paper. Tian’s work was continued by Stephanie Chan in
the summer of 2006. Chan succeeded in verifying Tian’s work but she did not have
time to document the progresses she made.

The present author began work in January of 2007.
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Chapter 2

Demagnification of a Macro-saddle

with a Hierarchy of Perturbations

We begin our exploration of demagnification by creating a typical macro-saddle. We
macro-lens a point photon source (for instance a quasar) with a macro-lens of smooth
mass distribution (typically a galaxy), creating a standard quadruple system. In the
vicinity of one of the four resultant macro-images the 2D-potential can be approxi-

mated to second order as:

K
b =2+ %) + St =), (21)

where kg represents the convergence (the dimensionless local mass density) and
represents the shear (the combined effects of all tides). Typical values for a highly

magnified saddlepoint macro-image would be:
Ko = Tp = 0.53. (22)

We can find the magnification of a given unperturbed macro-image using the inverse

magnification matrix:

. 8%y 8%y
o0 o _ 2% |

T oxoy oy?

17



To find the matrix elements we take the derivatives of the unperturbed local potential

(Equation 2.1):

0‘2
5z = o+ (2.3)
0%y
dxdy 0 (24)
%y
Jy—é =HKg— Y (2-5)

Plugging these derivatives into the inverse magnification matrix we get:

08 _[1-%F g | _[1-(eotw) 0
Y - 2 2 -
o0 -2 1-3% 0 1~ (rg — 7o)
ag|”"
— = Hmacro 2.6
% Hma (2.6)
1 (2.7
dmacro = .
fhmaere = T = ko) = 70)({1 = o) +70)
A typical unperturbed macro-saddle will therefore have magnification:
1
fimacro = —— = —16.67 (2.8)

—.06

2.1 Demagnification of a Macro-saddle:

Single Perturbation Case

To find the maximum demagnification achievable with one perturbation we optimize

the perturbation position and then calculate the demagnification for that position.

2.1.1 Optimizing Perturbation Placement

In this section we present, in brief, a calculation of the optimum perturbation location
to demagnify a saddlepoint image. The full calculation is available in appendix A.

We optimize perturbation placement by perturbing the macro-saddle with a point
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mass at position a along the y-axis and then minimizing the magnification of the two

resultant milli-images with respect to a.

To perturb the local potential of a given macro-image with a point mass we add a
term that goes as [n(r) to the local 2D-potential (equation 2.1). We center this point

mass at some unspecified point y = a:
Ki M . .
Ymins = —22(5'32 +9%) + /30(932 — %) + PIn((2® + (y — a)®)/?) (2.9)

where kg represents the convergence, 7y, represents the shear, and b represents the

Einstein radius, a constant that depends on the mass of the perturbation, M:

YA 1/2
) [4(,1\1 Das } (210)

c? Dst

To minimize the magnification, p,;, Wwe must maximize the determinant of the

inverse magnification matrix, ,u,’nﬁm:

1’—1 _ (1 . {)2¢’milli)(1 _ 82’1/Jmim

PPmini o
— 2.11
) - (Gl (2.1)

To maximize this we find the derivatives and plug them into equation 2.11, giving us:

I b2 _ —20?x?
Hanitti = 0~ T (24 (y—a)?) (22 + (y — a)?)?
b2 —20%(y — a)?
1—k Yo — - ‘ '
X( ot~ By —a)p ($2+(y—a)2)2)

(—2t*z(y — a))?
B ((w'z +(y- a)2)4) (2.12)

We cannot yet maximize with respect to a because (x,y) is image position and
will clearly depend on a. Thus we must find y(a) and x(a) for the two images. We

find (x,y) by finding the stationary points in the time delay surface:

_ 1+ zZr, I)LDS

1 — —
=K |-(0 - 2"'/'mii A= s .
T=K 2(0 B — Y| K e D.s (2.13)
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where ¢,;u; is the 2D-potential of the milli-lens, ﬁ is the position of the source, 6
is the position of a given image, ¢ is the speed of light, and z;, D, Dg, and Dpg
are geometric factors having to do with the distances between the source, lens, and

observer.

We plug in for ¥,,;;; and find the gradient, \77’, noting that since the source here
is the macro-image, the source location will be 3, = 3, = 0. Since the gradient of

the time delay is zero at the image positions, we set vr equal to 0 and find:

b? .
b ["”(1‘“"'7"" (x2+(y—a>2))} ’

Fly-a) |,
7y - a>2>} ’

0 = [y(l—ﬁo—i—’yo)—( (2.14)

By symmetry the images are expected along the y-axis. Choosing x = 0, we find two

solutions:

. 2
0=yl —ro+)— = (2.15)

Rearranging and applying the quadratic formula we find:

z(a) =0 (2.16)
ot /a%+ -2
y(a) = 5 1-rot70 (2.17)

Since perturbed saddlepoints produce only two milli-images, it is safe to assume these
are the only two real answers. Now we can continue with our minimization of the

magnification. Equation 2.12 becomes:

1 by
Fomityy = (1 — Ko — Yo — m)

b2
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After rearranging equation 2.18 and taking the derivative with respect to @ we find:

Op Ly /0a = (70 L ) b (=2 + —2 ) (2.19)
il (y—a)?) (y—a)?® (-9

To minimize the total magnification with respect to a, we must minimize the mag-

-1

nifications of the two images. Adding du, ;;;/0a at the two image locations, setting

2
: P :
the sum equal to 0, and defining s——= = 1) for convenience, we get:

n— 2,32 a
0 = OpitfOa = (”"‘ |l Lt ) 24 )
Al —ar — 2 2
+ ( ol (i]n _aﬁ)g)j ' ) (—2+ ——(_an)) (2.20)

Guessing a = 0:

a1 . '70(77)2 + b
0= alttotal/aa - ( (77)5

2 2
- (————70(2]): ’ ) (2.21)

And therefore a = 0 is a solution. Looking at equation 2.20, we see that du,,;.,/0a
is third order in a, and therefore there will be two more solutions. However, the
term that is third order in a is positive, which means that du,_,,,/0a goes to negative
infinity as a goes to negative infinity and positive infinity as a goes to positive infinity.
Therefore, at the two remaining solutions, p,;,, will go from a negative slope to a
positive slope, which means they are both minima. In contrast, at a=0, ., will
go from negative slope to positive slope, implying a is the maximum in the inverse
magnification we have been looking for. Thus the maximum demagnification with

one perturbation will occur when the perturbation is placed at a = 0, directly in the

line of sight to the macro-image.

Now that we know to put the perturbation in the line of sight we can find the
maximum demagnification of the macro-image attainable with two different types of

perturbations: perturbation with a point-mass and perturbation with an isothermal
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sphere.

2.1.2 Maximum Demagnification of a Macro-saddle:

Point-Mass Perturbation

Repeating the calculation of Schechter and Wambsganss [13], we now find the max-
imum demagnification achievable with one point mass perturbation. To perturb the
local potential of a given macro-image with a point-mass (star or black hole) placed

directly in the line of sight, we modify the potential as follows:

Gimiero = o (8% + ) + 2 (& = ) + Pln((2® +4°)/?) (2.22)

where b again depends on the mass of the perturbation. The image locations can

again be found by setting the gradient of the time delay surface equal to zero:

. b2, .
0=Vr=K {(:c — x3) — (Kox + Yor + m)} &

vy . .

Since the source is the macro-saddle, 8, = 3, = 0, and V7 becomes:

. b?
0= [x(l—ﬁo—"m“m))} z

b? .
0= [y(l — Ko+ Y0 — m)] ! (2.24)

One trivial solution to this equation is:
x=y=0. (2.25)

which corresponds to a maximum in the time delay surface.

If the macro-image we are perturbing has values of x¢ and v, corresponding to a

macro-saddle, we will find only three images (this maximum at (0,0) and two addi-
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tional saddlepoints), but if the values of xq and 7, are chosen such that the macro-
image is a macro-minimum, we will find a total of five images (this maximum as well
as two minima and two saddlepoints). In this section we will solve for the case of a

general macro-image and wait until the end to choose values for £ and .

Rearranging equation 2.24 we get:

. b2 .
P =z (—— - yZ) (2.26)

I—ko—7
2
yrt =y [ — (2.27)
1 —kKo+ 0 ’

Since o # 0. it is impossible to solve this system of equations unless either x or y is

zero. This gives solutions:

b
e=0y =t (2.28)

b
(1—kKo— “/0)1/2’31

=0 (2.29)

r=4=

We find the corresponding magnifications by taking the appropriate derivatives of

Ymicro and plugging them into the inverse magnification matrix. This gives us:

= b? _ b?, 2 2')2 .
98 - L= (ko++ @) T (r22+yg)2) @AY

75 262 xy 12 022
% (-L‘2+;2)2 1= (Ko =70+ (z2+y?) t (:r2+yg)2)

For the two images on the x-axisat y = 0,z = + the inverse magnification

b
T=ro=10) 7%

matrix will then become:

o8 2—2r0—2v O
o6 0 279

Finally, to find the magnification of the two images on the x-axis we take the inverse

of the determinant of %'g and find:

1
Imicro = .
l 1CTo (4’70)(1 _ f{o - ’70)

(2.30)
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For the two images on the y-axis at z =0,y = i(T—_m_-?-W’ the inverse magnifi-

cation matrix will become:

Q@ | 2 0
o 0 2—2ko+ 2%

To solve for the magnification of the two images on the y-axis we take the inverse of

the determinant of g% and find that:

1
(=470)(1 = Ko +70)’

(2.31)

Hmicro =

which successfully reproduces the 2002 calculation by Schechter and Wambsganss.[13]

A minimum is defined by values of the local convergence and shear where (1 —xg—
v0) > 0. Furthermore, for macro-lensing by galaxies, typically xo will approximately
equal g and therefore (1 — kg +7) = 1. Under these conditions the macro-minimum
will be split into in four micro-images, two micro-minima on the x-axis (equation
2.29) with magnifications given by equation 2.30, and two micro-saddles on the y-
axis (equation 2.28), with magnifications given by equation 2.31.

If the perturbed macro-image is a saddlepoint, o will still approximately equal v,
and therefore (1 — ko + o) will still equal one, however by definition (1 — ko — ) will
negative, and the perturbation of the potential will result in only two micro-saddles.
We can see why by looking at the equations we found for the image locations. Since

(1 — Ko — 70) < O for a saddlepoint macro-image, z = %+ y = 0 (equation

b
(1—Ko—7y0)1/2?
2.29) is imaginary, and thus these images will not exist. By the same argument,
r =0y = :i:(—mi—%wg (equation 2.28) will still be a valid image location since
(1 — Ko + o) is still positive. Thus, when saddlepoint macro-image is micro-lensed
there will only be two saddlepoint micro-images, and they will both be on the y-axis.

Their magnifications are given by equation 2.31.
The images locations and magnifications are summarized in table 2.1.
Plugging in typical saddlepoint values of 79 = k¢ = 0.53, we find that for the

macro-sacddle case both micro-images have a magnification of pyicro = —1/2.12 =
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Table 2.1: Milli-Image Position for Perturbed Minimum: Point Mass

Position Magnification
— — b U S
T = O! ?/ - :t(l—KO‘i")'o)l/z umwro - (;4,7@(11_,{0_{_70)
L=t Y =0 | Hmiero = Tgi—rea

—0.47. Thus, the perturbed macro-saddle has a magnification of fiiote; = 2tmicro =
—0.94, a factor of 16 dimmer than the unperturbed macro-saddle (tmaero = —16.67)
and, remarkably, even dimmer than the original source! Since observed flux ratio
anomalies typically involve saddlepoints about an order of magnitude dimmer than

predicted, this result is in line with experimental evidence.

2.1.3 Maximum Demagnification of a Macro-saddle:

Isothermal Perturbation

An interesting variation on the point perturbation case is the isothermal perturbation
case. Whereas the presence of poiut perturbations in the 2D-potential implies a
galaxy rich in stars and black holes, the presence of isothermal perturbations implies

the lensing galaxy contains dark matter condensations.

To perturb the local potential of a given macro-image with an isothermal sphere

placed directly in the line of sight, we modify the potential as follows:

Ko, - A .
Ymilti = ?O(J?z + ?/2) + “;2(11”2 - ?/2) + b(-T2 + 3/2)1/2: (2.32)

where kg is the convergence, v is the shear, and b is a constant that depends on
the mass of the perturbation. As before, we can find the image locations by solving
for the stationary points in the time delay surface, 7. We plug in for 9/,miu;, take the

gradient of 7, and set the whole thing equal to zero, giving us:

0=Vr =K |(z = 8) = (ko(z) + 70(z) + b(a)(® +4°) /)] 2
K [(4 = B) ~ (ko(y) = n0(y) + )@ +y2) )] g (233)
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Since the source here is the macro-image and the macro-image is defined to be at the
origin, as before the source location is 8, = 3, = 0. This gives us a system of two

equations and two unknowns:

= [2(1 = f0 = 70 ~ ba® +47)7V?)] 2

0
0

[y(1 = ko + 70 = ba® +4%)7)] 3 (2:34)
Again, one trivial solution is the maximum:
r=y=0, (2.35)

As with the point mass case we can also find two minima and two saddlepoints. By

symmetry we expect y = 0, reducing equation 2.34 to:

0= [:c(l — Ko — o — b(a:z)‘m)] Z

0=0y (2.36)
Which has solutions:
b
y=0r=4—-——. 2.37
¢ L =Ko =" (237)
Guessing z = 0 equation 2.34 becomes:
0=0z
0= [y(1 - ko + %0 — b(¥*) /)] 9 (2.38)
Which has solutions:
b
r= = ——— 2.39
=0y =ty (2.39)

If the perturbed macro-image is a minimum in the time delay surface, (1 — ko —

7o) > 0. This allows all four image locations (equations 2.37 and 2.39).

In contrast, if the perturbed macro-image is a saddlepoint in the time delay sur-

face, (1 — ko — 70) < 0. Looking at equation 2.34 we see that equation 2.39 is still a
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valid solution, but that equation 2.37 results in the system of equations:

b

0=|(xt——
( l—ko—

YL~ Fog =% — 1 — Ko —l|)| & (2.40)
0= 0§ (2.41)

Since two negative numbers can never sum to zero, this system of equations cannot

be solved. Thus. only two milli-saddles are created by perturbing a macro-saddle.

We find the total magnification of these milli-images by taking the appropriate
derivatives of ¥ and plugging them into the inverse magnification matrix. We

find:

3 ba;
?ﬁ _ 1 —(Ko+ + ($2+Z"!W2 - (lz+yz 3/2) Gﬂ__gg'))/—z
08 (mz,tzz)a/z 1- (HO ~ % + (m2+y2)1/2 - L.z_wz)a/z)

For the two milli-images on the x-axis at y =0,z = £

= KO = the inverse magni-

fication matrix becomes:

af [ 1= (s0+) 0
80 0 1 — (kg — o+ |1 — Ko — Y0|)

Taking the inverse of the determinant we find the magnification of the two images on

the x-axis:

1
(L =Ko =10)(1 — Ko+ v — |1 — K0 — Y0l))

Wmilli = (242)

For the two milli-images on the y-axis at z =0,y = + the inverse magni-

1—- Kn+’)’
fication matrix becomes;

O_B'_ 1—(H0+”/0+|1—H0+’7()D 0
06 0 1 — (ko — )

Taking the inverse of the determinant we find the magnification of the two images on
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the y-axis:

1
1—kp—Y — |1 — Ko+ Y])(1 — Ko+ )

Hamilli = ( (243)

If the perturbed macro-image is a minimum, (1—kg—"0) > 0 and (1—ko+7) = 1,

so for the two images on the x-axis we get:

1
270)(1 = Ko = 0)

Hmitti = ( (2.44)

and for the two images on the y-axis we get:

1
Umilli =
Hmiltt = 000)(1 = o+ 70)

(2.45)

If the perturbed macro-image is a saddlepoint, (1 — k¢ — ) < 0 but (1 — kg + o)
will still be approximately equal to 1. There will ouly be two images, both on the

y-axis, and they will have magnification:

1
—27)(1 — Ko + 70)’

MHmilli = ( (246)

which is the same value we found for the milli-images on the y-axis when the macro-
image was a minimum. (Mathematically, this comes from the fact that |1 — ko — Yo
only appears in the magnifications of milli-images on the x-axis.) Plugging in standard
saddlepoint values g = ko = 0.53, we find that both milli-images have a magnification

of ptmayi = —1/1.06 = —0.94. Thus, the saddlepoint perturbed with an isothermal

sphere directly in the line of sight has a magnification of piotar = 2tmins = —1.89. This
is a factor of 2 brighter than the micro-lensed macro-saddle (o501 = —0.94), but still a
respectable factor of 8 dimmer than the unperturbed saddlepoint (tmacro = —16.67).

The positions and magnifications of the images are summarized in table 2.2:
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Table 2.2: Milli-Image Position for Perturbed Minimum: Isothermal Mass

Position Magnification
- — b P S
=0y = Fgmy | Hmils = (=200)(rot10)

= 5 - - :
T=Eam e V=00 | Mt = oy e =)

2.2 Demagnification of a Macro-saddle:

Hierarchies of Point Perturbations

Now we explore the limits of demagnification of a macro-saddle by creating a hier-
archy of perturbations. As described in the introduction, we create a pyramid of
successively smaller perturbations, each one placed directly over the images spawned
by the previous tier. Since a perturbed saddlepoint produces only two images, each
successive tier of the pyramid doubles in size.

We begin by creating a macro-saddle with local potential:

E(a:? —7%). (2.47)

, R
Yimacro = "22(7'2 + y2) + 2

A milli-lens point perturbation is then placed directly on top of it so as to maximally

demagnify it (see section 2.1.1), changing the local potential to
, Ko, - Yo, . . "
Vmacro = Eo(xz + %) + —;9(1.2 — ) + BAn((2? + 4H)Y?) (2.48)

and creating two milli-saddles. This process is repeated for two point mass micro-
lenses, creating four micro-saddles, which are in turn perturbed with four point mass
nano-lenses, producing eight nano-saddles, and so forth. Each time a saddlepoint is
perturbed with a point mass, a new local shear and convergence are defined in the

vicinity of the two resulting images, according to the formula:

2 i) 2,4
(1 — Kp41 — 711+1) 0 — u_l(h' 5 ) . 1-— 3132 ( ,rn) _'(%g';( Ry ’Yn)
- ‘ny In/) —
O (1 - K'-n+] + ’Yn+l) 0 1:) (I\; '-y 1 - _i(/{ / )
| . T Bxdy\Vmr I ne In

And the equation for the potential in the vicinity of each of the two resulting images
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will be:

_ rcn.,.l( Tnt1 (12 _ y2) (2.49)

24,2
“+y°)+ 5

2.2.1 One Perturbation Pyramid

We can use our work from section 2.1.2 to find the new effective £ and v after the
macro-image is milli-lensed once with a point mass. In the immediate vicinity of each

milli-image, we define an effective convergence, x, and and effective shear, v, such

that:
2 2.,
(1—k—m) 0 _ 1- %ﬁ(ﬁo,”/o) ",%a%('foa%)
24 O
0 (1—K1+m) —%(Ho,"m) 1 — &% (Ko, 70)

From section 2.1.2 the inverse magnification matrix is:

o | 2% 0
o9 0 2—2ko+ 27

so we can set up the equality:

(1 —-K1—m) 0 —27% 0
0 (1—/$1+’71) 0 2——2h‘.o+2’)’0

This gives us a system of two equations and two unknowns:

l—Rk—m=-2%
l—rki4+7m=2-280+2% (250)

Solving this system we get:

K1 = Kp
N =1-kKo+ 27y (2.51)
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And the total magnification for our typical macro-saddle is i = —0.94 as we found

in section 2.1.2.

2.2.2 Three Perturbation Pyramid

Now in the immediate vicinity of each milli-saddle the potential will be:

'lr'l}milli = %'(12 + y2) + :2/21(1'2 - y2) (252)

If we then use a micro-lens to perturb each milli-saddle, the potential in the vicinity

of each milli-image will become:

Yt = 5 (2 4 7) + 5 @ =)+ Bin((2® + 7). (2.53)

and four micro-images will be created. Now in the immediate vicinity of each micro-
image we can define an effective convergence, ky and an effective shear, «,, such

that:

(1= k2 — ) 0 4 | —2m 0
= umicro(nlfﬁfl) =
0 (1— Ko+ 72) 0 2—2k1+2v

Where we have reused use our work from section 2.1.2 by replacing kg, Y, by With

k1,71, b1 in the potential. This gives us a system of two equations and two unknowns:

=Ky =y =-27m
1- Ko + Yo = 2— 2Kk + 2’)"1 (254)

Solving this for ky and 2 we find:

Kg = K1
Y2=1—r +2v (2.55)
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And with k9 = vy = .53 the magnification of each micro-saddle will be:

1
bmicro =
Hmicro (—4v)(1 — k1 +m)

= —0.082 (2.56)

Which gives us a total magnification of pota = 4ltmicro = —0.33, fifty times dimmer

than the unperturbed saddlepoint (pya = —16.67).

2.2.3 Seven Perturbation Pyramid

Now in the immediate vicinity of each micro-saddle the potential will be:
Ko T2, . .
'l,bl’mic.ro = ?(12 + yQ) + IE(:L‘Z - yz)' (257)

If we then use a nano-lens to perturb each micro-saddle, the potential in the vicinity

of each micro-image will become:

, Ry . 8 .
Ymicro = 7 (27 +97) + -;3(562 — %) + 03in((2 + v*)'/2, (2.58)

and eight nano-images will be created. In the immediate vicinity of each micro-saddle

we can define an effective convergence, k3 and and effective shear, ~3:

(1 — K3 — ’)’3) 0 o —~2"/2 0
= :U"micv-o(ff'?’ 72) =
0 (1~R3+’)’3) 0 2*252—‘—2’)/2

This gives us a system of two equations and two unknowns with solutions:

Ya=1—FKe+ 27 (2.60)

With kg = 7 = .53 the magnification of each nano-saddle will be:

1
= —(.018 2.61
(—472)(1 — K2 +72) (2.61)

Hnano =
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Which gives us a total magnification of pypw = 8pinano = —0.14, two orders of mag-

nitude dimmer than the unperturbed macro-saddle (fyoqs = —16.67).

2.2.4 Infinite Pyramid of Perturbations
We can conclude that, in general:

Fino1 = Fin (2.62)

1— K1+ 2’)’71.—1 = Yn (263)

for n > 0. Thus, &, remains constant while 7, increases without limit. Since, for this

particular configuration of perturbations, the magnification is:

-1 27m 0
By =
0 2—-2k,+ 2y,
L (2.64)
n = 0
= 2= 2+ 270) ()
2n.+1
Hntotal = (265)

—4(1 = Kn + ) (1)
forn > 1.
To find ppese in terms of kg and v we look at the cases of n=0, 1, and 2, and we

quickly see a pattern emerge:

2
. 2.66
Hototal —4(1 — ko + 70)("/0) ( )
1
_ 2.67
—2(1 — Ko + v0) (%) o
4
Litota, 268
[t1total ~4(1 — k3 +7) (1) e
4
] (2.69)

—4(1 — Ko + (1 — Ko + 2%))(1 — Ko + 270)
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1

= 2.70
—2(1 — Ko + Y0)(1 — Ko + 270) (210
L 8 (2.71)

Hatotal —4(1 — K2 + 72)(72) .

1
= 2.72
A=t A=t 20)0-rmt2l-m+20) 1)
1

— 2.

—2(1 — Ko + 70)(3 — 3K0 + 470) 27
We can easily extrapolate to the case of n tiers of perturbations:
1

(2.74)

Hatotal = __2(1 — Ko+ ’),0)((271 — 1)(]_ - fi-o) + 2"')’0)

Therefore we can conclude that, by increasing the number of tiers of perturbations,
the magnification can be made arbitrarily small. Furthermore, for large numbers of
tiers the 1 in the (2" — 1) term becomes negligibly small and we can say that the total

magnification will look like:

1
Hntotal ~ _(2-n+1)(1 — Ko+ ’\1’0)2.

(2.75)

The information from sections 2.2.1, 2.2.2, 2.2.3, and 2.2.4 is summarized in table

2.3:

Table 2.3: Summary of Pyramid Data

Perturbations: n=1 n=3 n="7
Htotal (23/0)(1_—]&14-’)'@ ‘2(1—N+2'70~)1(1—R0+‘f0) 2@*3N+4’Y;)1(1—50+’7’0)
A1 —27 —2(1 — K+ 2v) | =23 — 3k + 47v0)
A 2(1 =Ko +7) | 4(1 — Ko+ ) 8(1 — Ko+ 7o)
Ky Ko Ko Ko
Tn 1- Ko + 27() 3 - 3&0 + 4"/0 7 — 7I~80 + 8"/()

In this table 400 is the total magnification of the macro-image after all the lens-
(=]
ing events, \; is the one dimensional inverse magnification along the axis of negative

curvature, and A, is the one dimensional inverse magnification along the axis of pos-
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itive curvature. For the limiting case of infinite magnification (kg = 7 = 0.5) table

2.3 becomes table 2.4.

Table 2.4: Summary of Pyramid Data for Limiting Case of kg = 79 = 0.5
Perturbations: n=1 | n=3 | n=7
/Ltotal(’{'o =% = 05) —1 _% *%
/\1(/1’-0 =Y = 05) -1 -3 -7
)\Q(NQ =% = 05) 2 4 8
kn(ko=7%=05) | 0.5 ] 0.5 | 0.5
(ko = o = 0.5) 1535175

Looking at the two tables we begin to notice interesting patterns in the magnifi-
cations. Whereas the total one dimensional magnification along the axis of positive

curvature is a constant, The total one dimensional magnification along the

1
1-Ko+v0'
axis of negative curvature is getting smaller by about half with each new tier. In fact,
this is true no matter where the masses are placed and no matter how large they are,

as we will prove in the following chapters.
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Chapter 3

Total 1D Magnification Along the

Axis of Curvature for n=1,2,3.,4

In this chapter we will explicitly solve for the total one dimensional magnification
along the axis of positive curvature for the cases of n = 1, 2,3, and 4 perturbations.
We will accomplish this by first finding a general equation for the 1D magnification
at a given image position (r;,y;), and then, looking at the case of each value of n
separately, by summing up the 1D magnification given by the general equation at all

image locations.

3.1 Deriving a General Equation for the 1D Mag-
nification

To find a general equation for the 1D magnification at a given image position (z;,y;)

we begin with the 2D-potential:

P = %(:c2+y2)+129(a:2—y2)+bfzn((a:2+(y-q1)2)1/2)+bgln((:n2+(y_q2)2)1/2)+b§zn((a,-2+(y~a3)2)1/2)+._,
(3.1)
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Here (0, ¢;) is the perturbation location and b; is the Einstein radius, a constant that

depends on the mass, M;, of perturbation j:

A4GM; Dy, 1'*
b-' = J -——;J 3.
! [ 2 Dst (3 2)
Without loss of generality we can set ko = 79 = 0. Then:
o= Bn((@®+ (y — )V + Bin(@* + (- @) + .. (33)

To find the total one-dimensional magnification along the axis of positive curvature
we must find the positive eigenvalue, Ay, of the inverse magnification matrix, x4, for

the two images:

0 ‘
N=1-55 (3.4)

i1 Dtotar Will then be the sum of the inverses of the eigenvalues:

taptotar = o1, y1)) ™+ (No(2, 1)) (3.5)

The time delay surface will be described by the equation:

S o 142, DD
(9—,5)2—1;;].,1\’5 +CL 5 (3.6)

T=K [

The potential ¥» has been constructed such that the source is at the origin, so =0
1=y ‘

=K [-2-(0) _ 1/;] (3.7)

r= K [562 +17) — RIn(@ + (v - @))7) + Bin((@® + (= @) %) + )

(3.8)
Differentiating:
or by — q1) b5(y — g2) )}
oK |y - —2 — + 2 + ... 3.9
=< (o s e 39
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Since every perturbed saddlepoint will split into two saddlepoints images, both on
the y-axis, after a macro-saddle has been split by n arbitrarily placed perturbations
all the resultant images will lie along the y-axis. Therefore we can set x = 0

or . aw} [ ( b2 b2 )l ‘
_—_ = ]‘ Y- —1 = ]( Yy — + I 310
dy [y dy SECET R (3.10)

Next we multiply both sides by the product of the denominators:

= W= 0= 0) = Kyl =)y - w)(u- )
— Kby — )y — g3)-.(y — )
— Kb%(y - ‘h)(y ~q3)-..(y — qn)

- . (3.11)

Conveniently g—;(y - ¢1)(y — q2)...(y — ¢») is a polynomial, which means we can also

write it as a product of its roots:

%(y — @)Y —q) Y —¢) =Ky —9)y—v2)y—v3).(y — 1), (3.12)

where we have included the factor of K on the right side to account for the fact that

the highest order term in the left side is Ky"t!. Plugging in we get:

K[ —g—ﬂ (Y—q)y—q2)-(y—a) = K(y—y1) W —v2) ¥ — ¥3)-..(4y = Yn41) (3.13)

The K’s cancel, and differentiating equation 3.13 we get:

[y - %J (4 - @)y —a)- (=) + Y- )y — @) (y — @) + ..)

24
+ [1 - i—;’;} (v —q)(y — q2)---(y — )

=y —v)W—93) (¥ =Un1) (v =) ¥ —¥3) (Y — Ynt1)) + ... (3.14)
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Now to find [1 — %zy-?] we simply need to evaluate this at root y;. Conveniently, since
[y — %‘5] is the gradient of the time delay, it will be zero for all y;, since y; is, by
definition, a stationary point in the time delay surface (so long as y; # any ¢;). Thus

we can effectively say:

[1 _ 32’!/’)] _ (=)@ —9s) (= yns)) + (W= )W = 93)-- (Y = Y1) £ ..

oy? (v —a)(y — @2)---(y — @)
(3.15)

To find 141 p ot We evaluate the inverse of equation 3.15 for all y; and sum the results.
Now we use equation 3.15 to find the total 1D magnification for the cases of

n=1,2,3 and 4 perturbations.

3.2 Total 1D Magnification: One Perturbation Case

We can use our results from section 3.1 to find the total 1D magnification for one

perturbation.

With just one perturbation (n = 1) equation 3.15 becomes:

[1 _ 02-1,--"/'1] _-—w)+—u)

‘ 3.16
oy? (v —q1) (3.16)

To find pp totar We evaluate the inverse of equation 3.16 at image positions y; and y,

and sum the results. We get:

82' -1 2 -1
D total = |:1 0 dz (l] » U1 ):l + l: 81p21 (1’.2’ yZ):l (317)
— (Jl - ql) + (J2 - ql) (318)

-y + - Ge—y)+ (42— v)

. (y1 — (11) (Y2 — 1)
1D total = ( ) ( 'yl) (319)
H1D total = ((Jl ) (y2 — ql)) (320)
(Jl -~ Y2)
_ - yz) _

40



And therefore the total 1D magnification along the axis of positive curvature for one
perturbation will remarkably be one- a constant completely independent of pertur-

bation location and size.

3.3 Total 1D Magnification: Two Perturbation Case

To find the total 1D magnification for two perturbations we follow the same basic

procedure. With two perturbations (n = 2) equation 3.15 becomes:

P _ oy —y) () —ys) + (v —y)(y — ) .
[1 0%]“ (= a) =) 3:22)

To find p1psotar We evaluate the inverse of equation 3.22 at image positions ¥y, ¥,

and y3 and sum the results. We get:

2,1, -1 2, -1
MiD total = [1 - aa;jl(l"l Ul)] + [ - %;/1(332,!/2)} + [1 6:)%21 (s, U3X} 23)
_ (v1 — q) (¥ — ¢2)
(1 =)y —y3) + (v — y) (v — y3) + (11— y) (91 — 1)
+ (!jz - (h)(?h — q2)
(Y2 — y2) (Y2 — y3) + (Y2 — y1) (v — y3) + (y2 — 1) (Y2 — 12)
(ys — (11)( Q2) .
o= 10005 — 99 + (s — ) (s — o) + (Bo o —g) 2D
For convenience we define:
o(y) =y - a1)(y — ¢2) (3.25)
o(y1) 0(y2) o(y3)
Dt = ) —99) T e ) wa =) T e s — ) 20
_ o) (ys — y2) — o(y2)(ys — 11) + o(ys) (y2 — y1) (3.27)
(1 — ) (2 — y3) (Y3 — v1) '
Looking at just the numerator:
numerator = o(y1)(ys — y2) — 0(y2)(ys — 1) + o(ys) (y2 — 1) (3.28)
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To show that the total 1D magnification is one, the first thing we must show is that
the numerator does not explicitly depend on perturbation location.! To do this we
look at the powers of y in o(y) one at a time and show that all terms containing
factors of ¢; will cancel out. Expanding g(y) we see that it will have terms of order

y°, y', and ¢*:

oy) = W—a)ly—q) (3.29)

= ¥~ qy— @y+ae (3.30)

Looking at just the y° terms:

(@) (2 — y3) + (g2} (ys — v1) + (Q1@2) (31 — 12) (3.31)
= (@) —ys+ys— Y1+ — i) (3.32)
= 0 (3.33)

So the terms containing q;¢e will cancel.

Now looking at just the y! terms:

(1 +q2)n (Y2 — y3) + (0 + @)y (ys — y1) + (0 + @) ya(y1 — ¥2) (3.34)
= (1 + @) (i (y2 — y3) + v2(ys — ) + y3(y1 — 32)) (3.35)
=0 (3.36)

So the terms containing (¢ + g2) will also cancel, leaving us with:

Y2 (ys — y2) — Y3 (ys — v1) + 2 (Y2 — 41)
(Y3 — y2)(ys — v1)(y2 — 1)

HAD total (3.37)

As expected, we have found that the 1D magnification does not explicitly depend on

1To be more precise, we must show that the total 1D magnification can be reduced to a fraction
such that the numerator and denominator are each a polynomial in image position of order n(n+1)/2,
where 1 is the number of perturbations. But for the sake of brevity, henceforth we will simply refer
to this form of the 1D magnification as “a form where the numerator does not explicitly depend on
perturbation location.”
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g. Now we must show that the remaining expression is equal to one.
To show that the numerator and the denominator are equal in equation 3.37, we
use a Taylor expansion proof. We choose to expand (ys — ¥2)(ys — ¥1)(y2 — 1) with

respect to y = ys:

fy) =—w)y—u)y—un) (3.38)

We take the appropriate derivatives and write out the Taylor expansion, g(y), which

will be exact since f(y) is a polynomial:

2(y2 — y1)y?

9(y) = vl —y) + W] — )y + = (3.39)
Rearranging and plugging in y = y3 we get:
9() = ¥i(ys — v2) — va (v — 1) + 3 (52 — v1) (3.40)

And therefore we can return to equation 3.37 and say that the total 1D magnification

along the axis of curvature is 1.

3.4 Total 1D Magnification: Three Perturbation

Case

Now we outline the calculation of the total 1D magnification for n=3 perturbations.

The complete calculation can be found in appendix B.

With three perturbations (n = 3) equation 3.15 becomes:

O ,
{1 - af} = (3.41)
Y=—v)y—w)y—v) W=y —v)y—ya) ‘
* —a)y—e)y—a) H—a)ly—e)(y—ae) (3.42)
+ (—y)y—y2)w—w) W=yl =)y —y) (3.43)

-—a)y—@)y—a) G-a)y—e)lv—g)
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To find p11p sotar We evaluate the inverse of equation B.1 for image positions y = y,,
Y2, Y3, and y4 and then sum the results. Defining a function o(y;) = (v; — q1)(y; —

¢2)(y; — g3) for convenience, the 1D magnification can more simply be written:

H1D total
B o(y1) o(y2)
(e —y) (s —y)(Wa—y1) (Y2 — ) (ys — 42) (Ys — 92)
o(ys) o(y)

- (ys — y1)(ys — y2)(ya — 3) * (Y — 1) (Ya — y2) (Y — ¥3) (3:44)

Combining these fractions and looking at just the numerator we get:

numerator =
= o(y)(ya — y3) (s — 2)(ys — )
+ o(y2)(ys — y3)(ya — y1)(ys — 1)
— o(y3)(ys — y2) (s — y1)(y2 — 1)
+ oy (ys — 12)(ys — y1)(y2 — 1) (3.45)

Where the denominator is equal to:

denominator = (yy — y3)(ya — y2)(Ya — Y1) (Y3 — ¥2) (W — 1) (w2 —91).  (3.46)
We can simplify this further using relation 3.37 derived in section 3.3:
(c=b)(c—a)(b—a) = +a*(c —b) = V*(c—a) + (b~ a) (3.47)
This gives us:

numerator =
~ o(y1) (3 (ys — y3) — v3(ya — v2) + ¥i(ys — 12))
+ o(y2) (Wi (ya — y3) — v3(ys — y1) + ¥3 (ys — 1))

— oly)(Wi(ys — o) — ¥3(ya — 1) + ¥i(v2 — 1))
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+ o(y)Wi(ys —y2) — v (ys — 1) + Y3 (Y2 — 1)) (3.48)

To simplify this we must compare the different components of g(y;) in the numerator:

o(y;) = (yj — 1) (y5 — q2)(y; — g3)

=1 — (@ + @+ 6+ @@+ ae+ ee)y — (10e)y (3.49)

First looking at the y? terms in the numerator:

> yjterms =
@293+ (Y3(ya — ¥s) — V3 (ya — y2) + ¥4 (43 — 1))
~ (yi(ya —y3) — 3 (va — 91) + 43 (33 — 1))
+ (Yiya — v2) ~ 93 (ya — 1) + ¥i(v2 — w1))
Y5 ( A

— W — ) — vy —v) + ¥y — 1)) (3.50)

We find they will sumn to 0 if we group them by the squared coefficients:
d_yjterms = qugag3(37(0) + y3(0) +45(0) + 43(0)) = 0 (3.51)

So the terms containing ¢;¢oq; in equation 3.48 will cancel.

Now looking at just the y} terms of equation 3.48:

Y yjterms = (3.52)
=@+ e +ae)( — Wyl —ys) — vy — ) + viy (¥ — 1)
+ (Wlya(ys — y3) — 3y2(ya — u1) + Y3ua(ys — 1))
— (ys(ya — v2) — v3ya(va — v1) + Y3ys(y2 — 1))

+ (Yya(ys — v2) — vaya(ys — y1) + ¥5ua(y2 — 1))03.53)
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We find that they too will sum to zero if we group them by the squared coeflicients.

Z'yjl't€37“77l3 = (0193 + @03 + 0192) (4 (0) + 5(0) + 43(0) + y3(0)) =

(3.54)

So the terms containing (q1qs + ¢2g3 + g1g2) will also cancel out in equation 3.48.

Now we look at just the y? terms of equation 3.48:

> yiterms

= (q1 + g2 + @3)(

Y195 (ya — ys) — Y303 (ys — vs)
Yiva(ys — v2) — yay: (ys — )
Yiys (ya — o) + 397 (Y4 — 1)
You3(ys — u1) — Y395 (Ya — 1

)
g2 (ys — 1) + 202 (ys — m1)
)

yaya(ye — 1) — y3v5 (y2 — 1))

(1 + 2+ ¢3)(0) =

(3.55)

(3.56)

So the terms containing (g + g2 + ¢3) will also cancel to zero and we are left with:

numerator =

+

Y3 (ys — y2) (s — y2)(ys — y3)
yS(yg —y1) (s — Y1) (Y4 — 13)
Y3(y2 — y1) (s — 11) (2 — 42)
)

Y (ya — 1) (Y3 — 1) (ys — 32)

(3.57)

Notice this leaves us with an equation for the 1D Magnification that does not explicitly

depend on perturbation location or size.

By inspection we see that the yj-‘ terms cannot cancel to zero; If we expand the

expression 43 only appears once for each j and the coefficient of a given 2 is only zero
Y J J

when y; = y; for i # j. So now to prove that the total 1D magnification is one, we

must show that the numerator of jyuq (equation 3.57) is equal to the denominator

(equation 3.4G). We can see this by Taylor expanding the denominator with respect
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to y = 1. (The complete proof that equation 3.57 is equal to equation 3.46 is given in
appendix B, equations B.32 through B.66.) After a lengthy calculation we find that
the numerator equals the denominator, and therefore that the total 1D magnification

is equal to 1 for the case of three perturbations.

3.5 Total One-Dimensional Magnification: Four Per-

turbation Case

Now we outline the calculation of the total 1D magnification for n=4 perturbations.
The complete calculation can be found in appendix C.

With four perturbations (n = 4) equation 3.15 becomes:

n (y = v2)(y — y3)(y — ya)(y — ) + (y=y)y =)y — ya)y — ys)
Y-a)y—e)y-B)y—au) G-a)yv-—e)yv—a)ly—qu)

N (=) —w)y—y)y— ys) N (y —y)(y —v2)(y — 3)(y — ¥5)
Y—a)y—a)y—qg)y— W—aq)(y— @)y —a)y—u)
(y—y)(y — )y — ys)(y — y ) .

RS YN Y Ty (3.58)

To find p1p totar We evaluate the inverse of equation C.1 for image locations 1, ¥a, ys,

ys and y5 and sum the results. We get:

g P B
HiDtotal = Z [1 (()y (I’, yz)]

i=1
(g1 — @)y — @) — gs) (g1 — q))
(Ys — y1) (v — 1) (s — 1) (2 — v1)
(2 — a) (g2 — @) (92 — 33)(y2 — qu))
(s — y2) (Ys — 2)(ys — v2) (y2 — 1)
((y3 — 1) (ys — @2)(ys — @) (ys — q4))
(s — y3)(ya — y3) (Y3 ~ ¥2)(ys — 1)
((ya —01) (s — g2) (s — 93)(ya — CI4))

)

)(

)

(Ys — ya)(Ya — y3) (ys — ¥2)(ya — v1)
((ys — 1) (w5 — 92) (s — @3) (w5 — q4))
(s — ya) (s — ¥3)(ys — ¥2) (ys — v1)

(3.59)
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We define (y; —q1)(vi — ¢2) (¥ — q3)(ys — q1) = o(y;) for convenience and combine these

fractions into one large fraction with numerator:

numerator =

(1) (Ys — va)(ws — y3) (s — v2)(4a — y3) (4 — 1) (43 — 12)

— 0(y2)(ys — ¥a) (s — ¥3)(¥s — y1)(va — y3)(ya — y1)(y3 — 1)

+ 0(ys)(ys — ya) (s — ¥2)(Ys — 1) (Y2 — ¥2)(ya — 1 )(y2 — 1)
— o(ya)(ys — ya) (ys — ¥2) (¥s — y1) (Y3 — ¥2) (¥ — ) (2 — 1)

o(ys) (Ya — y3)(ya — y2) (s — 1) (ys — ¥2) (13 — y1) (2 — 1), (3.60)

and denominator:

(w5 — ya)(ys — y3) (ys — y2) (ys — Y1) (ya — y3) (Y4 — y2) (ya — 1) (ys — ¥2) (3 — Y1) (%2 — y1).-
(3.61)
Since we proved in section 3.4, that equation 3.46 is equal to equation 3.57), we can

say that:

(d—c)(d - b)(d - a)(c - b)(c —a)(b—a)

= — a’(c=b(d-b)d-o)

+ Uc—a)(d—a)d~c)

— (b-a)(d-a)(d-b)
a)

+ @b —-a)(c—a)(c—1D), (3.62)

and since we proved in section 3.3, that equation 3.37 was equal to one, we can say
that:
(c=b)(c—a)(b—a) = +a*(c - b) — b*(c — a) + (b — a). (3.63)

Therefore, we can rewrite the numerator (equation 3.60) as

numerator

48



= oy — v (wi(ys —vs) — vi(ys — ys) + v3(ys — ya))
) —

2
5

1
Ve (ya — y2) — Vi (ys — v2) + U3 (Y5 — y)
5(

(
3(
Halys = y2) — va(ys — y2) + 45 (s — y3))
Y (s — v2) — 13 (s — 42) + s (g1 — y3))]
—o(y) = wiWAya —ys) — yiys — ys) +¥3(ys — va))
Swa (e — ) — v (ys — 1) + ui(ys — 1)
— YWz — ) = vslys — o) + yiys — o))
Y5 ( )

yilys — ) — 3 (ys — 1) + 41 (s — 3))]

o) = vl Wy — v2) — vy — o) + ¥a(ys — 1))
+ Wi — ) — yilys — ) + 55 (s — ma))

— YA =) — s — ) Fyi (s — 1)

5( )

)
3080y — y1) = v (s — v1) + Ui (g — 12))]

—o(u)| — YWy — ) — v (ys — ) + 15 (ys — us))

( )+
+ usWiys — ) — ys (s — )+ ui(vs — )
— R —y) — 15 — ) + 41 (ys — 1))
+ y?(yﬁ(yz—yl)—vz(y% ) + Ui (ys — 12)]
+olus) — Wiy — y2) — i (ya — v2) + 45 (s — y3))
+ il — ) = ys (s — o) + yi (s — 1)
2y — 1) + yi(ys — 1))

+ Wiy — ) = va(ys — ) + ui (s — v2)))] (3.64)

— Wiy - ) — v

o(yi) = (i — 1)) (Wi — ¢2) (i — q3) (i — qu) has terms of order 3, y}, 7, y}. and y}. To

ultimately prove that the sum of the one dimensional magnifications is one, we must
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look at these groups of terms one at a time and show that all but the g} terms will
cancel to zero. This is an algebraically involved process, and so we have relegated
the details of the calculation to the appendix. We refer the reader to appendix C,
equations C.18 through C.39.

At the end of a lengthy calculation we will find that the y3, 2, 3!, and o terms
will all cancel to zero, and we will be left with only the ¥ terms. Therefore the total

one dimensional magnification will be:

HiD total =

yil('yo y4)(yo Y1) (Ys — yz)(y4 - ys)(y4 — Yo (y3 — Ya)
(ys — ya) (w5 — y3) (s — y2) (s — 91) (s — y3) (s — y2) (Wa — v1) (Y3 — yz) ys — y1) (Y2 — 41)
) (ys

)

(

ya(ys — ya) (s — ¥3) (Us — 1) (W2 — ¥3 (y4—y1) y:

(ys — ya) (Ys ~ y3)(ys — y2)(ys — y1)(ya — ys) Ya — y2)(ys — y1)(y3
)
(y3

)
(
) (s
( (
y3(ys — )(Jo —32)(ys —y1) (Y — 32) (1 — 1 (yz — Y
(s — ya) (ys — y3) (ys — ’y2)( (ya — Us)(!/4 ~y2)(ya — y1)(y3 — y2)(ys — 1) (%2 — 1)
Yalys — )("Js y2)(ys — y1) (s — y2) (Y3 — 1) (2 — 41)
( ( (
) (y: ) )
y2)( (

(
Y1)
)( — ) (Y2 —y1)
)
(

Y1)
2
Y1)
Yo
(ys — ya)(ys — u3) (y5 — y2) Ys — ¥1) (ya — y3) (ya — ¥2) (ya — 1) (s — ¥2) (w3 — 1) (2 — 1)

Ys (y4 — Y3
(ys — Y1) (Ys — y3) (Ys —

— y2)(ya — Y1) (Y3 — y2) (Y3 — y1) (Y2 — 1) (2 GEN

¥ U

Ys — Y3)(Ya — yY2)(Ys — 1) Yz — v2) (ys — y1)(yz\— Y

2
y5—y1)

Which again does not explicitly depend on the perturbation location g;.

Taking a step back, we notice that this looks very similar to the ’g-independent
form™ of the 1D magnifications for the cases of one two and three perturbations. In

each case, the 1D magnification took on the form of:

11w — v)), foralluniquecombinationsof (i, j)wherei, je[1,2,3..n,n + l]andi # j.

= + Y1 ([[(wi — ;), foralluniquecombinationsof (i, j)wherei, je[2,3...n, n+1]andz;éj)

vy (I (vi — ;) foralluniquecombinationsof (i, j)wherei, je[1,3, 4..n,n + l]andi # j.)

+ ys([1(vi — y;), foralluniquecombinationsof (i, j)wherei, je[1,2,4..n,n + llandi # j.)

~ H(Jl y;), foralluniquecombinationsof (i, jlwherei, je[1,2,3...n + l]andi # j.)

2Here g-independent means not explicitly dependent on the perturbation location, g. In this form
the total 1) magnification will still depend implicitly on ¢ through the image locations.
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+ yna ([ [(wi — y;), foralluniquecombinationsof (i, j)wherei, je[1, 2, 4..nJandi # j(B.66)

We show in the next section that not only does this relation hold for n=4, complet-
ing the above proof that for four perturbations the total 1D magnification (equation

3.65) is 1, but that this pattern will allow us to prove this relation holds for all n.

3.6 Mathematical Patterns

A pattern had begun to emerge in the g-independent 1D magnifications. Each time we
have cancelled out the g-terms and shown that the 1D magnification does not depend
explicitly on perturbation location, the remaining terms have followed equation 3.66.
We summarize this pattern for n = 1,2,3 in section 3.6.1 and prove that the pattern

continues for n=4 in section 3.6.2.

3.6.1 A Summary of the Pattern forn =1, 2, 3

So far we have proven relation 3.66 for the case of n=1,2,3.

In the case of one perturbation, we proved that:

(2 — 1)
= -y

+5 (3.67)
In the case of two perturbations, we proved that:

(y3 — y2) (ys — 1) (Y2 — v1)
= yi(ys — v2)
—y5(ys — y1)
+y3 (g2 — 11) (3.68)
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In the case of three perturbations, we proved that:

(ya — y3)(Ya — v2)(Ya — v1)(y3 — y2) (y3 — 1) (Y2 — 1)
= ~ y(ys — o) (Y1 — 1) (ya — 3)
+ ya(ys — y1)(va — 1) (ya — 93)
~ Y3 — ) (s — 1) (va — )
2 (

+ Yy — yi)(ys — y1)(Ys — y2) (3.69)

And for four perturbations we found but did not prove that:

HiDtotal =

—y2) (Y3 — y2)
y1) (s — ¥2) (s — y1)(¥2 — 1)
Yo — y1)(¥s — 4n)

Yi(ys = ya) (s ~ y3) (s — 42) (1 — ¥3)
(Y5 — ya) (Y5 — ys3)(ys — u;)(ys Y1) (Y — ys) (ya — JQ)(
Yo (ys — ya) (ys — ya)(Ys — v1) (Ya — ¥3)
(ya (
)
(Y4

(Y4
Y4
(

3 Y3

(s — ya)(Ys — y3) (Us — y2) (U5 — Y1) (ya — y3) (Y2 — y2) (Yo — y1) (Y3 — ¥2) (¥3 — 1) (¥2 — 1)
Y3 (s — y)(ys — v2) (s — y1) (¥a — 92) (¥4 — 1) (32 — )

(s — ya) (s — ¥3) (Y5 — ¥2) (U5 — ¥1) (Ys — y3) (¥4 — y2)(ya — y1)(yz — ¥2)(yz — 1) (¥2 — 1)
Ya(ys — y3) (s — v2) (W — v1) (U3 — 1) (ys — 1) (%2 — 1)

(Ys — ya)(Ys — ya) (Y5 — y2) (Y5 — Y1) (Ys — ¥3) (Y2 — y2) (¥ — v1){ys — ¥2)(y3 — 1) (y2 — v1)
Ya(ys — y3)(Wa — 2) (0 — 1) (Y3 — y2) (Y3 — y1) (Y2 — 11)

(ys — ya) (s — y3) (Y5 — Y2)(Ys — 1) (Y2 — ¥3)(ya — Y2) (Y2 — y1)(ys — ¥2)(y3 — 1) (2 — 91)

(3.70)

We will prove this in the following section.

3.6.2 Extending the Pattern to n—=4

To prove that equation 3.70 is equal to 1, we begin with the denominator and arrange

it in a revealing form:

denominator =
[(ys — ya) (s — ya) (ys — y2) (ya — ¥3) (92 — v2) (Y3 — y2)][(s — ¥1) (ya — y1) (s — ¥1)(y2 — 11)]

52



(3.71)

In this form it becomes clear that we can substitute in the relation we found for n=3

perturbations (equation 3.69). This gives us:

numerator = [~ y3(ya — ys)(ys — 43)(ys — va)
+ Y3 (ya— 92) (s — w2) (s — 1)
— Yi(ys — v2) (Y5 — ¥2)(¥5 — ¥3)
+ ya(ys — v2)(wa — y2) (wa — w)l[(¥s — 1) (9a — 1) (s — 1) (12

— )l

(3.72)

Next we move all terms with the same subscript as the leading factor, yj-‘, to the front

and rearrange the equation:

numerator =
— Y5y — y)l(ya — ys) (s — y3) (w5 — va)(ys — 1) (s — w1) (3 — 1))
+ 3 (ys — y1)[(9a — v2) (5 — ¥2) (Y5 — 3) (W5 — v1) (9a — 1) (g2 — 1)
— Yy — y0)[(ys — 92) (u5 — v2) (U5 — ¥3) (5 — v1) (3 — ¥1) (2 — )]
+ ya(ys — y0) (U5 — ¥2) (9 — 92) (42 — ) (ya — 1) (s — v1) (2 — 1)) (3.73)

Distributing the front term we get:

numerator =
— Yal(ys — 93)(ys — 93)(y5 — ya) (U5 — 1) (3 — 91) (3 — )]
+ sl(ys — 92) (s — ¥2) (¥ — va) (s — y1) (ya = 1) (v — )]
~ yal(ys — v2) (s — ¥2) (5 — v3) (95 — 91) (45 — 1) (g2 — 1))

Ys(ys — y2) (¥s — ¥2) (ya — 3) (92 — 1) (s — 91 (w2 — )]

+ iyl ya — y3)(ys — y3) (ys — va) (ys — v1) (s — 92) (U3 — 01)]

— 193 [(ya — v2) (ys — 1) (ys — Ya)(ys = y1)(ya = 1) (2 — )]
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+ 1'/13!2[(?/3 — Y2)(ys — Y2)(ys — y3)(ws — v1) (s — 1) (Y2 — ’91)]

- ’!/1?!?[(’93 — 1) (Ya — ¥2) (s — y3) (s — v1) (W3 — v1) (w2 — 1)) (3.74)

In section 3.5 and in appendix C (equation C.37), in the process of showing that the
sum of the 1D magnifications was not explicitly dependent on perturbation location

for n=4, we already proved that:

— Y l(ys — va)(ys — y3) (ys — vo) (ys — y3)(va — v2) (Y3 — 2)]

Yo) )( )
+ y3(ys — ya) (ys — ya) (s — ya)(¥s — y1) (s — 1) (33 — 9]
(s — y2) (s — ya)(ys — 1) (ta — v1) (¥2 — v1)]
+ yil(ys — v2) (s — y2) (¥s — ¥3) (ys — 1) (s — 91) (2 — 1))
— yl(ys (Y4 = y2) (ya — y3)(ya — y1) (Y3 — y1)(y2 — v1)] (3.75)

=0 (3.76)

)
y3)
— Y31y — )
Y2)
Y2)

Therefore we can say that:

+ iy (va — va)(ys — y3) (ys — ya) (w5 — 1) (Wa — 1) (Y3 — 1]
— y1yl(ys — v2)(ys — v2)(ys — ¥a) (¥s — 91) (Wa — v1) (¥2 — 9]
+ ni¥al(ys — v2)(ys — y2) (s — y3) (s — 1) (ys — 1) (g2 — )]
— Y ((ys — 1) (ya — 92) (ya — ys) (e — 1) (Y3 — 1) (2 — 91)]
= yf(’ys — ya)(ys — y3) (s — y2) (Ys — y3) (Ya — ¥2) (Y3 — ¥2) (3.77)
and thus:
numerator =

+ i {(ys — ya) (s — y3) (ys — y2) (Ua — y3) (Y2 — ¥2)(y3 — )]

— yallya — y3)(ys — y3)(ys — ya)(ys — v1) (ya — 1) (ys — )]

+ Y3 l(ya — yo)(ys — v2) (s — y) (U5 — 1) (v — y1)(v2 — )]
)

= yillys — v2) (s — 12) (s — vs) (¥s — 1) (y3 — v1) (Y2 — v1)]



+ ysl(ys — y2) (ya — y2) (s — y3) (wa — y1) (¥3 — 1) (y2 — 1]

= denominator (3.78)

And we have proven that relation 3.66 holds for n=4, which completes our proof from

section 3.5 that for n=4 perturbations the total 1D magnification is 1.






Chapter 4

Total 1D Magnification: N

Perturbation Case

Now we outline the calculation of the total 1D magnification for n perturbations. The

complete calculation can be found in appendix B.

As the cases of one, two, three, and four perturbations have demonstrated, the
proof that the total 1D magnification is 1 can be broken down into two parts: a
proof that the total 1D magnification does not explicitly depend on the locations,
gj, of the perturbations, and a proof that the numerator of the g-independent 1D
magnification is equal to the denominator. We prove these two parts in sections 4.2
and 4.1 respectively. Note that the order of the two parts of the argument is inverted

in this chapter.

4.1 Proof: The Perturbation-Position-Independent
Total 1D Magnification Sums to 1

Now we show that the g-independent total 1D magnification sums to 1 for n pertur-
bations. The argument we just made in section 3.6 for four perturbations informs

how we can extend the proof to n perturbations. Following the pattern described in
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equation 3.66, we guess that the n perturbation case will look like:

Sl Dtotal =

(Wns1 = Yn) Wnt1 = Yn-1)--(Ynt1 — ¥2) Wnt1 — 1))

X ((Yn = Yn-1)(Yn = Yn-2)---(Yn = ¥2) (Yu — 1))

X ((Un—1 = Yn—2)Wn—1 = Yn-3)--(Yn-1 — ¥2) Yn-1 — ¥1))
X...

X ((ya — y3)(ya — y2) (2 — 1))

X ((ys — y2)(ys — 1))

X(y2 — 1)

(_1)n( F0 (Wnt1 — Yn) Wnt1 — Yn—1)--(Uns1 — Y2) ) ((Yn — Yn— 1) (Un — Un- 2).. (yn —

~45 ((Un+1 = Yn) Y41 = Yn1) - Unr — Y1) ((Yn = Yn=1)(Yn — Yn—-2)-..(Un

y2)) () (3 -

— 1)) () (93 -

+7J:§L((yn+l - !/n) (yn—H - yn—l)-"(yn+l - yZ)(y'n—l-l - yl))((yn - y-n—l)(yn - 'Un—?)'--(yn — Y2

Y ((Yns1 = Yno1)o WUnt1 — Y2) (Ynt1 — y)) () (w3 = y2) (s — 1)) (w2 — v1))

Fym ot ((Un = Yn=1) - (Un — ¥2)Wn — 11)) () (3 — 12) (y3 — 1)) ((y2 — 1))

For odd and even n, respectively. This can be written more compactly using product

and summation notation:

=2 j=1
H H (ye — '!/j) =

l=n+1 j=£—1
é=n+1 =2 j=
__1 n /) 4.3
(( ) Z} (!/z (e — Jp)lInIH =) )) (t_llu_l;ll(ye ) (4.3)

In this compact form we can more easily prove that it is true for any n. As is suggested
by the proof for the case of n=4, one way to prove this is with a recursive argument—
in other words by showing both that equation 4.3 is true for n=1 and that if it is true

for n=k, it will be true for n=k+1.



First we will show that the basc case is true. For n=1 equation 4.3 becomes:

(Y2 — v1) =

1
= (yl(yl - yl)(’!/z — Y1)y — ’!/1))
+ (yz(y2 — y2)( . )) X ((y2 —m1)) (4.4)

Y2 — Y2) (1 — 1)

(o —y1) =
— (1)
+(42) (4.5)

Which is certainly true.

Now to complete the proof we must show that if equation 4.3 holds for n = k, it

will hold for n= k+1. In other words, we want to show that for n = k+1
=2 j=1
IT II we—w)=
E=k+2 j=f—1
b=k+2 i=1 1 =2 j=1
((—1)k+1 ) (U"H(’W Ye) —ye))) X ( H H Ye — Yj ) (4.6)
O=k+2 j=f—

=1 =kt (Ui

given that for n=k:
=2 j=1
H H (ye —
0=k+1 j=—1
f=k+1 i=1
((‘Uk > (yé'(yg—yg) II 'i%))) (H H Ye — ) (4.7)

p=1 izitr (Yi o=k+1 j=f—1

To begin, we use equation 4.7 to rewrite the left side of equation 4.6 as:

leftside =
Jj=1 =2 j=1
H(yk+2—JJ H H (ye — yj)_
J=k+1 =k+1 j=0-1

(4.8)



[

Jj=1 b=k41 i=1 =2 j=1
( I1 (yk+2—yj)) ((—1)’“ > (yé"(ye—ye) 11 *i—)) X ( IT II (e
j=k+1 =1 izir1 (Wi = Ye) t=k+1 j=t—1

Expanding the sum:

leflside =

( + (yf(yl - 1)
+ (yé"(yz ~ 4)
%

+ (s -w) [ —
( ’ imit1 (Y — Us)

y yk — Yi)
l;l - yk)

+ (JA+1(?IA+1—'JA+1 H 1/ yk+1)>)
2

i=k+1

( I JH (e — ) (]ﬁ (yk+2—y]~)) (4.10)

f=k+1 j=t-1 j=hk+1
Pulling out a factor of (yx4+2 — v;), distributing, and simplifying with summation

notation we get:

leftside =

(( (1 — 1) Ik] = yl))
(J (Y2 — 12) ﬁ

1,—k:+2

(y§+1(y3 - ’!/3)

i=k+2 (y’ y3 )

(J,’:“ Yi — i) H —

i= k+2 J"
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p=k+1
—Yr+2( Z (

(ym Yh+1 — Yier1) l;[ yk+1))

;lj -—yp))

(Jé’ — Y ))
={-1

p=1

Following our strategy for n=4, we now attempt to show that:

p=§z (

p=1

If we expand out equation 4.12, we see that the p*

_A+z £=k+2 j=f—1

(4.11)

—- Up) 1:I yp)) ( H H (ye — y ) =0 (4.12)

term of the sum is independent of

Yp, except for the leading yp factor, and that furthermore the coefficient of yp contains

only £+ 1 distinct variables. Therefore we can write the coefficients of yp' in the form

of equation 4.7:

wl +
_I._

+

+yhl -

(yg(’!lz — 1) H

i—hs2dt1..32 (Ui — U2)

(ysk(ya ~ Y3) H

i=k+2,k+1,...3,2

Wi —wa) ]I

i=k+2.k+1,..3,2 (v — ya)

(¥i —y3)

(yk(yr — yx) I1

k2 et 32 (Ui = Yr)

, 1
(yl]:+1(yk+l - yk+1) H )

imha2dg..32 (Ui — Yrkt1)

1
(yf+2(yk+2 — Yit2) H Y
i=k+2.k+1,...3,2 (Yi — Yrt2)

( 1I I w-v)

(=k+2,k+1...4,3 j=£-1,6-2..32

Wiwi—wn) 11 ! ))]

imki2kt1,.31 (Y — W
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. 1
- (?J~A (ys — y3) RS
’ izk-wgl....:ﬁ,l (yi = ys)

, 1
- (‘yi‘(m — Y1) —
i=k2, k1,003, (yi — va)

- (yﬁ(yk ~ k) H .

i=kA2. k41,31 (i — ys)

)l

. 1
— (W W1 = Yot —
a i:k+2E—l,...3J (Vi = Yrs1)

1
- ('!/A: o (Yrgo — Yit2) —
i i r+2H1),,‘331 (yi — Yrt2)

x (11 I we-v)

f=k4+2 k+1..4.3 j=0-1,6-2..3,1

1
+ohl 4+ i — ) —
: l 'i:k+2.gl..,.4,2.1 (yi =)

: 1
S UGy
’ i:k+2.l¥—;[l.‘..4,2‘l (yi — v2)

' 1
+ (Wil =) 1
4 Ti=ﬂ'+2ﬁl\1-_k[1...,1,2_1 (i — ya)

)

1
+ (il — i) 11 —
kg2t (Y Yk)

)

(4.13)

x 1
+ (Y (e — Yar) —
" i:A»+2,/£I1,,H472¢1 (i = Yr1)

, . 1
+ (U2 — Ys2) 11 —
=kt 2.h+1,..4,2,1 (Yi — Yr2)

x 11 II (ye = ;)

(kA2 k142 j=l—1,0—2..2,1
+:
K[ (K 1
+upl £ Wiy —w) H

ik 2.k 1,321 (yi —y1)
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1

VAR B || (—
=k 2.k+1...3.2.1 (Y = 2)
‘ 1
+ (y§ (Y3 — u3) H —)
t=k+2,k+1,..3.2,1 (yi — u3)
+ ok . 1
Wr—1 (a1 = Y1) H —_—)
i=k2.k41,...3.2.1 (i — Yk-1)
S 1
+ (yk:+1(yk‘+l - y/y:Jrl) H P E——
i=k42.k+1,...3.2,1 (Wi = Yt1)
: 1
+ (y/l,‘-+2(yk+2 = Yr+2) H V NEE—
=k 2. k41,321 (Ui — Ynso)
< ] T ey
C=k+2.k+1..3.2 j=0—1,0-2. 2]
k : 1
ol FOOIi-un) ] ——)
i=hA-2. k.. 4.2, (i — Y1)
. 1
F - [ ——)
i=k+2,k....4.2.1 (Yi = yo)
. 1
F Ws-w) [ —)
imtt2de 120 (Ui = Y3)
ok \ 1
F W (Y1 =y 11 —)
i=h42.k...4.2,1 (y: — I‘/k—l)
, 1
SR CTACTAE TR B | [—
ik bn 421 Wi — Uk)
; 1
+ (l//}:+ Q(yk-f-Z - ?/IH—‘Z) —
=kt 2k 42,1 (Yi = Ynya)
x H H (L’/l’ - Ll/j))
C=ht2k. 4,2 j=0—1.0-2..21 ‘
1

I

i=h+1.k,.

[

i=k-+1.k,.

[I

i=k+1,k..

ok ;
o] £ (‘3/?(!/1 — )
£ (2 — o)

+ (!/zé‘(‘;l/:a — U3)
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1
(Yo (e — ) S
- i=k+1],.—k‘,[..¢4,2,1 (i — Yr—1)

1
£ (vt (on — o) )
' i=k+1,Il\1..4,2,1 (¥ — )

1
+ (?I;: (Yt — Yr+1) —_
" z:=k+1g...4,2,1 (% — Yrt1)

x (11 T we—y)) (4.14)

i=k+1,k..4,2 j=€-1,6-2...2,1

If we look at ouly the —yj"fyf factors, we see that each combination of ¢ and j will

appear exactly twice.

In fact, the yFy¥ pairs will always cancel. We can see this by noting that out
of the k+2 possible variables, the coefficients will each contain only k variables, and
that neither coefficient will contain the variables y; or y;. Since all the pairs cancel

we can say:

p=k+2 2k " = I = Up — Us
p=l (J”(J” IJ (v — Jp)) (=H :1;[_1(‘” i)

= 0 (4.15)

and therefore:

-t -y i
i g _!;.[}.2 (¥ — Jp)
= (y£+2(yk+2 — Yk+2) H JI.+2)) (4.16)

-‘-—l\+2

The left side of equation 4.6 will therefore equal:

leftside =

k+1 =
((Jl =1;[ — yl))
k41 o i=1 1
( (¥2 — y2 )121]12 = '/2))
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=hk+2

=1 1
k+1
y - l/ —
’ : H (ya:—yz))
k+1

=l 1
Ui (Uk — Uk —
z_I];-[}-z (yl y’\))

g
(
(yk+1 (Yrr1 — Yrs1) H ! )
(

yk+2(yk+2 Yrk+2) ﬁ —1——3))

i=k+2 (y yk+2

M(H T Jl,_%)

(=k+2 j=£—1

£=k+2 o=y =1
e (o o)« o)
icitz (Y — o) I=k+2 j=-1

=1

Which completes the proof that equation 4.6 holds for any n.

4.2 Proof: 1D Magnification Does Not Explicitly

Depend on Perturbation Position

To prove that the total one dimensional magnification does not explicitly depend
on perturbation position for n perturbations, we write another recursive proof. The

numerator of the total 1D magnification for n perturbations can be written as:

numerator =
i=1 1
=D + oely)y — ) —
: —171.1 (vi — 1)
i=1 1

+ o(y2)(y2 — y2) H m

i=1

+ o(ys){ys — y3) _111 ‘———(yl — )
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=1
1
+ Q(yn)(yn — Y ) Y
l 1= g}l (J Jn)

i=1 1

+ 0(Ynt1)(Ynt1 — Yni1) —
n n n i H_l (yt _ y"—*—l)

(ﬁ J]f[ (ye — ) (4.18)

)

t=n+1j=0—1

where o(y;) = (45 — )5 — 42)-- (45 — dn)-
We have already proven the base case in section 3.2, now we need only show that
what holds for n=k-1 holds for n=k. Let’s say that we have proven equation 4.18

does not explicitly depend on perturbation location ¢; for n=k-1 perturbations:

k—1 my, . =t 1
+ ¥ (Y2 — y2) ﬁ -
i Wi =)
+ Y3 (Ys — vs) ﬁ -
i=k (v — y3)
+ Yo (Yk-1 — Ye—1) ﬁ _—1'—“—
imk (J — Yr-1)

+ v yL_JA)H = )

X (f[ ﬁ (ye—'yj))

=k j=t-1
= 0,for(0<m<k—-1) (4.19)

Then we must show that for n=k perturbations equation 4.18 also does not explicitly

depend on perturbation location:

=DM+ witn - yl)tllﬂ_ﬂ—_—‘/‘—)

i=1 1

+ Y3 (y2 — o) —
’ igﬂ (% — 32)
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+ 77! -
z-—IkIH y3)
_I__
i=1 1
+ ) ]

i=k+1 (i — )
i=1 1

+ Y1 (k1 — Yes1) —)
ki " " 11]11 (y yk+1)

X ( I:I ﬁ (ye—yj))

e=k+1 j=0—1
= 0,for(0 <m<k) (4.20)

Looking at expression 4.20, we sec that a given y;” will have a coefficient that contains
all possible y terms except y; itself. For this reason each coeflicient can be rewritten

using identity 4.3 from section 4.1. This gives us:

numerator =
(=DM=1)*(
. 1
+ y Yo M-y I ——] x II I (we—w)
6=2,3. .k k+1 =kt 1k..3.2 (yi — ) 0=k+1,k.4,3 j=0—1..3,2
. - 1
- > v we-v 1 (”—_) II I we-w)
=13 kk+1 i=ht1k..3,1 Ye C=k+1 k. 4,3 j=L=1..3.1
- 1
+ y3 Z yé Y(ye — ye) H T~ | X H H (ye — y5)
f=12...k,k+1 i=k4+1.k..2,1 (?/i - yf) f=k+1,k.4,2 j=£~1..2,1
1
+ ( Y5 (ye — i) II | X I1 I we—w)
=1,2. k-1 k+1 i=k+1k~1..2.1 (i — ye) e=k-+1.k—1.4.2 j=0-1...2,1

F oy (ﬂ > uw  we—v) 11 m)X( II [I (ye—yj))(ﬂ-?l)

=1,2..k—1.k i=k,k-1...21 (=k.k-1.42j=¢-1..21

For k odd and k even respectively. Expanding and grouping this by leading factor,

y{‘"l, we get:

numerator =
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Yi — JQ)

1
=y | (s — us) —
’ ( 'i:k+11_[.l~x.,3,2 (yi — )

—wt ((!/2—U‘)> H (—l—-)

1
=y | (yn — yn) —
‘ ( i:kJH.‘.x,z (9 — )
m 1
Yt ((yk+l — Yer1) H ——‘—)] X ( H H l/( —Yj )

it s Wi — Yk+1) =kt 1.3 j=l—

i=h+1.k..3,1

, 1
+yit | (ys — y3)  —
’ ( z':l.'+];[l\t.,.3,1 (vi = ys)

1
it | (e = yi) -
’ ( z‘:k+l;[k...3,1 (1’/‘1‘ - i‘/ke))
' 1
+le—H (?/l.erl - yk+l) H Ty ] X H H (yk _ yj>
(i — Ynr1)

i=k+1,k...3,1 C(=k+1,k.. 4.3 j=0-1..3,1

1
(y1 — S
( i= A‘+1I,;:[...4,2,1 (yi — Y1)
+J”l lj J H .1
> — U -
’ ikt 1k 4,2,1 (yi — v2)

w10 __1__)

=k 1,k..4,.2,1 (Ji—yk)

1
+ys [t | () —
CO A U L S

+y§~] 'l'Ji”

m

Y

Tt ((!/k-H — Ykt1) H ————l——)] X ( H H (ye {@%2)
i=k+1.k...

2 (Wi — Y1) P=kt1,k.42 j=-1..42]1
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+yf"1 [+yl" <(yl - Y1) H (—,!;;—i_bl—))

t=k+1,k-1...2,1

+y ((yz—yz) 11 (——1—;2—))

i=k+1.k-1...2.1

+y5 ((?/3—3/3) 11 ———1——)

i=k+1,k—1...2.1 (yi — ¥3)

+yn, ((ykﬂ ~gen) I ——1———)] X ( 11 II (ye—yj))

i=k4+1.k—1.. ZI(y UHl) O=k+1.k—1..4.2 j=0—1,k+1.k—1..2,1

ot ( —u L. 21(91 )
( z-—kh 1. 21(/: )
+y5" (

k1
+Yrt1

Y3 — U3)
i= hh 1.21 '/7

+yp ((yk -w) ]I —i—)] x ( 11 IT —‘y,,-))) (4.23)
i=kk—1...2,1 (yi — ui) 0=k k—1..42 j=0—1..2,1

Written in this form, we see that each coefficient of y;-‘"l is in the form of equation
4.19 and that we can therefore say that for any 0 < m < k — 1 they will be zero.
But we already showed in section 4.1, equation 4.15 that the m = k£ — 1 terms will
be zero! So equation 4.20 will be zero for any (0 < m < k and we have completed the
recursive proof. This proves that the 1D magnification does not explicitly depend on
perturbation location for n perturbations.

Together sections 4.1 and 4.2 prove that the total 1D magnification will be 1 for

n perturbations.
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Chapter 5

Conclusions

In this paper we showed that the greatest demagnification is achieved when the per-
turbation is placed directly on top of the saddlepoint. Following Schechter et al.
[13] we showed that for a single point mass perturbation a macro-saddle could be
demagnified by a factor of sixteen from ptmeero = —16.67 t0 ot = —0.94. We also
showed, as an interesting variant, that an isothermal sphere perturbation can demag-
nify a macro-saddle from pipacro = —16.67 to figorar = —1.89. Next we looked at the
case of infinite point perturbations, and showed that with enough direct hits we can
make the magnification of a macro-saddle arbitrarily small. We also found that in
our hierarchy of point perturbations each time a saddlepoint image is split, the new
local values of the shear and convergence are £' = k and v = 1 — k + 2. We then
showed that with kg and vy set to zero for convenience, the total 1D magnification
along the axis of curvature is one for any number of perturbations and irregardless of
perturbation size and location.

In this study, the assumption that k¢ and v, can be set to zero without loss of
generality was taken as a given, but for future study we suggest that this assumption
be investigated. Another useful extension to the project would be to derive an expres-
sion for the total 1D magnification along the axis of negative curvature. Finally, we
suggest statistical studies of small numbers of randomly distributed perturbations, in
particular focusing on the likelihood of various magnifications for a given number of

perturbations.
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Appendix A

Optimizing Milli-lens Placement

In this section we calculate where along the y-axis a point perturbation should be
placed to maximally demagnify a macro-saddle. This is accomplished by minimizing
the sum of the magnifications of the two images, jt014;, With respect to the perturba-

tion location.

We begin by modifying #,,;;; to include a point perturbation centered at some

unspecified point y = a:
K Yo, -
Vrmitti = —29(:1:2 +y°) + '30(:132 ~ %)+ BIn((z* + (y — a)?)"/?) (A.1)

To minimize the magnification of one image, ftn:;1;, we must maximize the determinant

of the inverse magnification matrix, ;.

P mini Pmini 0%, s .
L_1~ = (1— milli 1— milli _ Yimilli \9 A2
Honint; ( 8w2 )( ayz ) ( Byé)x ) ( )
To maximize this we must first find the derivatives:

OVmiui v 2 2\-1/2 .

9z KoT + Yo% + (22 + (y — a)?)1/? (@) (=" + (y — a)*) (A.3)

MWomini b’z
oy~ 0¥ + Yox + T g —a)) (A.4)
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2. 2 2, :
O i b —2b%?

T = ko + 0+ 5
e Y AR ERA VR
azdl'lnillz _ _b21(2( )
Oxdy (22 +(y —a)?)?
D'I/Intilli v?

— o A ,:2 o — A\2\=1/2N\0,
(,)y Koy ’70y+ (.'172 + (y_ (1:)2)1/2((1 + (y a’) ) )(y (l-)

Mmini b*(y — a)
y KoY — Yoy + 2ty —ay
(‘)meillr v’ v (y - (l)
A = Ko — = : —2(y —
L PR L ¢ a-)2)2( w=a)
Ppmini b? —2b%(y — a)?
Wmilli = Ko — "o + (J )

oy N A R PR

Plugging in the expressions for the derivatives we get:

i 1—(ko+ v+ v + 2 )
/ mlllz - 0 /o (1;2 + (J — (l)z) (1132 + (!/ - (1)2)2
o b2 —20*(y — a)®
X<1—(h'0_ /0+;);2+(y—a) +( + (y — a)?)? ))
(

( —b2x(2(y — a)))
(% + (y — a)?)?

. b2 —2b%22
T, = _I_ — Ko — Yo —
Hmiti ( 0~ 0 (224 (y— a,)'z) (2 + (y — a)Q)z)
b2 —20%(y — a)?
1—& — —
* ( N T Ty —a? @+ (y -

_C—%%@—®V)

@7+ (y = ap)’

(A.8)

(A.10)

(A.11)

(A.12)

We cannot yet maximize with respect to a because (x, y) is the image position and
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will clearly depend on a. Thus we must find y(a) and x(a):

((;_ B‘)Z - d’milli 51\, = L+ °L 'DLDS (Al&)

1
=K |-
’ 2 ¢ Dis

r= B[S0 — 0P+ (= B - (R +0) + 2w 12) 4 Bl + (g = a) 1)

2
(A.14)
h?
@+ (= ap)

2
(x2 + (yb_ a)2)1/2 (y — (’-‘)(-”’2 +(y — a)z)—l/z)] {A.15)

=

Vr=K [(a: — B:) — (Kox + Yor +

172 (;]5)(;1:2 + (y — a)Z)_l/Q)} 2

+K [(y — By) — (Koy — Yoy +

- b’z )
0=Vr= [(a“ — By) — (Ko + Yoz + @+ (g =P )} Z

, 4 v*(y — a) A :
+ {(y = By) — (Koy — Yoy + @t (= a);,))] (0 (A.16)

Since the source here is the macro-image, the source location is simply:

Be =8, =0. (A.17)

2,
0= [m—mo:zr—*fosr— 5 Ve 5 )] &
(72 + (y — a)?)
V*(y —a)
0= — K ‘ol — - 7, 1
[y KoY + Yoy Grg—ap|’ (A.18)
b2
0= |x(l — kg — v — 2
[‘L( ko Yo (1_2 + (y _ (l)2) )} T
b? b%a
0= |y(l1 —kKo+7 — ———— ‘ - — | g A.19
[y( Ko Yo (1131+(y—(l)2))+(.'1;2+(y_(1)2):| Y ( )
If we choose x = 0, we find one solution:
b? b%a
0=y(l-=x 0 — .
y(1 — Ko+ G T o (A.20)
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By —
0=1’!(1—H0+70)—(_(y—1)

y—a)?
b2
=y(1 = Ko + )
(y —a) ‘

v .
——=yly—a
— yly —a)

b2
0=y —ay — ——————
1 =Ko+
z(a) =0
at/a®+ 5 46°
, — —Ko+70
y(a) 5

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

Since perturbed saddlepoints produce only two milli-images, it is safe to assume these

are the only two real answers. Now we can continue with our minimization of the

magnification. Setting x = 0, equation A.12 becomes:

62
Mot = (1 — Ko— Y — ———-—2)
(y—a)

X|11—kKg+17 4 + 2°
TR T y—a2 " (y—a)

1 v
Fonitti = (1 A (U (y — (1)2)
b2
X (1—N0+’:i’0+('_y"—(1:)2)

Let vy + =y = =/, then:

ya)

/milll, (l—ho—"‘)(l—ho-i-’}’)

— 2 2
N’-mlilli = (1 - RO) - (’Y,)
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N . 0 .
3.Umiuz'/ da = "% (7’)2

0 b?
I —1 = .
Opbmini/ O = 90 (( Yo + (

Ottmis/ 90 = =2 (0 + )y — 0)7)) (=2) 1)y — @) *(dy/da — 1)

b‘z

y—a)?

b2
a;;,.aazzl( + )

7 (dy/da —1)

(A.30)

(A.31)

(A.32)

(A.33)

We can simplify this expression by finding (Q)g as a function of y. Starting with equation

A.25 we get:
a  [a® v

4  1—-kKo+ 7

da 2 4 4  1-ko+7

Using equation A.34 we can say:

and therefore

gy 1 ay,  a
5[f2+(4)(' 3

Plugging this in to equation A.33 we get:

2 2
Otrpas /00 = 4 (’Yo + b ) W b - ! + =

(y—a)) (y— 6)3(2
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b> a
T EA oy

b2
Oniu/o0 = 0+ ) ) (4.39)

(y —a)?

To minimize the total magnification, pieqr, With respect to @, we must minimize the
magnifications of the two images. We add derivatives at the two image locations and

set this equal to O:

0= 8#’1._0%(11/ Oa =
_ (‘)M-,_niﬁm(ﬂ’l,?ll) n (’)ﬂ;?uu(@a’y‘z) _

da da
a+4/a%+ _:1'2 -
’Y()( 21 o+ _a)2+b2 (—2+ a )
whyfa = why/a =
( 21 +70 —(1)5 ) ( 21 v %)
( a— a2+1 '“'i
" ( . —Kg+70 _a)2+b2 a
+| = 22+ 402 (=2 24 ) (A40)
a—yf ettt A7\ Y T TR a
\ ( 21 Fo_a)s ( 21 )+0_§)
@it
Letting @ =
Yo(n — a/2)? + V? a
0 = Dpyt/0a = ("’(” af ) o4 X
Hiotar/ (n —a/2)5 ( (.,7))
Yo(—n — a/2) +02) a_.
Iy 24 A4l
( Comar ) TP (A4l
Guessing a = 0:
_ () + b
0 = iy /00 = (—0—'(37—)5— (—2)
2 p2
/\/ — +b
N (0_((_7)’_’)5_) (=2) (A42)
0= ptjptq/da = (————“’0(") . )
Hrotat/ (n)?
~ 2 + b2
_ (%_) (A.43)
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And therefore a = 0 is a solution. Looking at equation A.41, we see that du,,},/0a
is third order in a, and therefore there will be two more solutions. However, the
term that is third order in a is positive, which means that du;,,/0a goes to negative
infinity as a goes to negative infinity and positive infinity as a goes to positive infinity.
Therefore, at the two remaining solutions, j,, will go from a negative slope to a
positive slope, which means they are both minima. In contrast, at a=0, pu;,;, will
go from negative slope to positive slope, implying a is the maximum in the inverse
magnification we have been looking for. Thus the maximum demagnification with
one perturbation will occur when the perturbation is placed at a = 0, directly in the

line of sight to the macro-image.

79



80



Appendix B

Total One-Dimensional
Magnification:

Three Perturbation Case

Here we prove that the sum of the one dimensional magnification along the axis of
curvature is 1 for 3 perturbations. To prove this we find fiyp1q;, show that all the terms
involving perturbation location, ¢, will cancel out, and then show that the remaining

terms sum to 1.

With three perturbations (n = 3) equation 3.15 becomes:

Py ]
[1_ ayz] _ (B.1)
(J ¥2) (W — y3) (Y — ya) (y y)(y — ys)(y — ya) (B.2)
(—a)(y—aq)(y— (13) (v—a)ly—aq)(y—gs) .
(y—y)(y —y2)(y — ) (y—y)(y — )y — y3) ‘
R P v T Sy e v P R o

To find pyp joear We evaluate the inverse of equation ?? for image positions y1, y2, s,

and ys and then sum the results. This gives us:

9% - o -
41D total = [1 By ;1(31 ?/1)] [1 - d;/)l(Tz Jz)]
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Rewriting:

[l B 0%,
dy*

v —q)(n

¢) (v — s

(z3, Js)J_ + [1 - 8 111 (14,J4)]

-1
(B.4)

(yZ“(II Y2 — @) (Y2 — 3

— 42)(

Y2 —Ys

Yo —UYa

H1D total

(
(41
(3 — 1) (Y3 — @2) (s — 43
(ys —y1) (Y3 — v2)(ys —

) )
Y1 — J3)(J1 Ya) (92 - Y1)
) (ya—@)
v )

(

( )

(Y4 — q2)

(Ya —y1) (s — ) (ya — 3

_ (v — @) (]2)(?/1 — )
(ya —y1)(ys — y1)(y2 — 1)
+ (y2 — q1)(y2 — (12)(3/2 q3)
(ya — v2) (3 — ¥2) (W2 — 1)
_ (y3 — qu)(ys — @2)(y3 — @)
(ya — y3)(ys — y2)(y3 — 1)
" (Yys — 1) (Y1 — ©)(ya — @)
(Y2 — y3)(Ya — ¥2)(ya — 1)

We can simplify this by defining a function o(y;):

o(y;) = (Y5 — )y — @) (yj — @3)

Then the 1D magnification can more simply be written:

H1D,total

o(y1)

(y2 — v1)(ys — y1)(ya — 1)
o(y2)

(Y2 — y1) (Y3 — y2) (Y2 — 1o)
o(y3)

(ys — y1)(y3 — y2)(ys — ys)
o(ya)

(ya — 1) (ya — ¥2) (Y1 — y3)
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Combining these fractions we get:

H1Dgotal =
o(y1)(ya — y3)(ys — y2)(y3 — v2)
(Ya — y3)(Ya — y2) (Ya — 1) (y3 — y2)(y3 — v1) (Y2 — 91)
o(y2)(Ya — y3)(ya — y1)(ys — y1)
(s — y3) (ya — y2) (Ya — 1) (Y3 — ¥2) (3 — y1) (¥2 — 91)
0(y3)(ya — y2)(ya — y1) (g2 — w1)
(Ya — y3) (ys — y2) (Wa — y1)(ys — y2) (y3 — y1) (%2 — 41)
Q(y4)(?/3 —yo)(ys — ) (y2 — 11) (B 9)
(Ya — y3)(ya — y2)(ya — 1) (w3 — y2) (3 — 1) (y2 — 1) '

We can simplify this further using the relation 3.37 derived in section 3.3:

(a—=b)(a—c)b—c)=c*(a—b)—b*(a—c)+a(b—c) (B.10)

UiDtotal =
o(y) (W3 (ya — ys) — 3 (ya — v2) + ¥3(y3 — ¥2))
(Ya — y3)(ya — v2) (Ya — v1) (Y3 — ¥2)(y3 — 91) (%2 — Y1)
o(y2) (Wi (s — y3) — 3 (ya — y1) + ¥i(ys — 1))
(
(v?

1)
)
)
(ya — y3) (Y2 — y2)(ya — v1)(¥3 — ¥2) (y3 — v1) (2 — 1)
)
)

+

o(y3) (Y (ya — ¥2) = ¥3(ya — v1) + (32 — 1))
(Y4 — s (!/4 — Y2 (3/4 - yl)(lla - yz) yl)(yz - y1)
o(ya) (Wi (ys — 1) — ¥3(ys — w1) + l/:s(yz Y1)
)

(ya — y3)(ya — y2) (Y2 — y1)(ys — 92)(y3 — y1)(v2 — 1) (B.11)
Now, looking at just the numerator:
numerator =
— oy W (ya — y3) ~ ¥3(ya — v2) + 13 (ys — 92))
+ 0y (Ui (ya — ys) — ¥3(ya — v1) + ¥5 (g3 — 1))
— oy (i (ya — y2) — ¥3(ya — 1) + Y3 (g2 — 1))
+ oy (Wi(ys —v2) —¥3(ys —y1) +y3(v2 — 1)) (B.12)
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To simplify this we must compare the different components of p(y4) in the numerator:

oys) = (yj — )y — @) (Y5 — a3) (B.13)
=y =y — Ry QY — UG T syt ey — 06 (B.14)
=y — (@ + @+ 6 + (@@ +aes+ ee)y; — (@ees)y] (B.15)

First looking at the y;-) terms in the numerator:

Z ;zj?t(")"'ms =
Qs+ (Walya = ys) — U3 — 1) + 43 (g5 — 92))
— (il — ) — u5 (= ) + i (ys — )
+ (i = v2) — U3 (s — ) + Y3 (g2 — 1))
) — o

— (yiys — v2) — B3 (ys — 1) + 5 (2 — u1)) (B.16)

arouping by the squared coefficients we get:

O
> yiterms =

Q@ — yilys—ys) +yilys — 1) — vi(ys — 1)
+ g — ) — Bl — ) + (s — 1)
— Gl —y) + 93 — 1) = Uil — )
+ oyl —un) — Uiys — u) + Ui (ys — u2)) (B.17)

= q1q2q3( Y (—(ys — ys) + (s — v2) — (Y3 — y2))
+ By —ys) — (i —y) + (ys — )
+ (=l — )+ (g — ) — (1 — 1)

+ (e — ) = (ys — 1) + (s — 12))) (B.18)

= q1os( Y1 (0) +43(0) + y3(0) + 43(0)) (B.19)
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=0

So we can get rid of the terms containing ¢;qsq3 in equation B.12, and our new

expression will be:

numerator =
— (¥~ (@1 + g2 + @)yt + (01a3 + G203 + 0142)y1) (Y3 — 2)(
+ (U5 — (@ + g2+ 43)95 + (105 + G205 + ©142)y2) (U3 — 1) (s — y1) (ya — ¥s)
- (13— (1 + @2+ 6+ (016 + 20+ ae (
+ (U — (0 + @2+ )5 + (0105 + @05 + Q102)y) (U2 — 1)

7/2) Ys — Yo (y4 - ’y:s)

) )
) )
)Y3) (v — y1) (s — y1) (4 — y2)
)y )

y1)(ys — y1)(ys — £8)20)

Now looking at just the y]1 terms of equation B.12:

Zy}terms =
(= (@0 + a5 + 0102)y1 (y3(ya — y3) — ¥3(ya — 42) + 43 (ys — 1))
+ (193 + 20 + 0102)y2(y7 (92 — ¥3) — 43 (ya — w1) + 43 (ys — 1))
~ (0103 + Q205 + 0102)y3 (Y1 (Y2 — y2) — Y3 (ya — 1) + Y3 (32 — 1))
+ (g3 + q203 + 102)va (Wi (s — v2) — Y3 (ys — v1) + Y3 (32 — 1))
(B.21)
= (193 + Q283 + ©1¢2)(
— (Y1 (4 — y3) — Y3u1(va — v2) + Y3un (35 — 12))
+ (yiye(ya — 93) — v3v2(ys — 11) + Yive(ys — 1))
— (Yiya(ys — v2) — v3ys(ya — 1) + viys(y2 — 1))
+ (yiya(ys — v2) — v3va(ys — 1) + Vavae — 1)) (B.22)

Again grouping by the squared coefficients:

2 y_,l-terms =
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(13 + @203 + qug2)(
+ (s — vs) — viys(ys — v2) + yiyalys — v2)
— Yayalys — 1) + vaus(ys — y0) — Gaui(va — us)
+ yayalye — ) — v3y2(ya — 11) + vy (s — v2)
)

— yiui(ys — )+ uiw(ys — v1) — vivs(ye — 1)) (B.23)

= (0143 + @203 + 1G2)(
Ui (go(yn = y3) — ys(va — 42) +yalys — 1))
Y (—yalys — y1) + ya(ya — 1) — v1(ya — y3))
(

Uiyl — 1) — yalys — 1) + ui(ya — )

+ o+ o+ o+

v (= (ys — yo) + oy — 1) — ys(ye — 1)) (B.24)

Canceling:

Z y}tm"m,s =

= (g3 + a3 + G182) (Y (0) + y3(0) + 5(0) + y£(0)) = 0 (B.25)

So the terms containing (¢ g3 + gags + ¢1g2) will also cancel out in equation B.20. This

leaves us with:

numerator =

— (1 + @2+ 42)y7) (s — y2) (92 — v2)(
+ (= (g 4 @) (s — ) (ya — y1){ys — u3)
— ( (
— (g (y

Y1 — Y3)

O+ G2+ 43)u3) (Yo — y) (s — 1) (Y — 32)

+ ( G +f12+(13)'3/§)(’!/2—Jl)(l/s— y){ys — o) (B.26)

Now we look at just the yf terms of equation B.12:

Z yjtcrms =
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(4 (@ +a+a)yis s —vs) — vilys — 1) + ¥ (ys — yo))
— (@ + @+ )y —ys) = v — ) +yilys — )
+ (g g+ )iy — ) — v (s — ) +¥i (g — )
— @+ e+ ey s — ) — 6B — ) +yle - )

(B.27)
= (g1 + g2 + 43)(
+ gt (s = ys) — yiys (yn — v2) + iy (ys — )
— syt (ya — ys) + v (ya — y1) — vaui(ys — o)
oyt — ) — Yy (ua — o) + sy (ge — )
— yh s = v + Ui (s — ) — Yavs (v — 1)
(B.28)
= (1 + @+ @)(
+ uis (s — ys) — vy (va — 0s)
+ uiyi (s — v2) — viyi (vs — o)
— ytys(ys — y2) + U3y (g —
+ s (g — ) — Y3y (ga — )
— ysui(ys — 1) + yivs(ys — o)
+ yiu e — ) — vy (g — v1) (B.29)
Canceling:
Zy?tcv*ms =(n+a¢g+q¢)0)=0 (B.30)

So the terms containing (q; + ¢2 + ¢3) will also cancel and equation B.26 will Decome:

numeralor =
— yiys — u) (= v2) (= y3)

+ (s — ) (s — y) (v — y3)
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— (e — y) (s — y1) (s — yo)

+ Yl —y) (s — v (s — v2) (B.31)

By inspection we see that the l/j terms cannot cancel to zero; if we expand the

expression yj only appears once for each j and the coefficient of a given yj is only
zero when y; = y; for @ # j. Notice this leaves us with an equation for the 1D

magnification that does not explicitly depend on the perturbation locations or sizes.

We can derive an even more interesting result if we continue simplifying. We will
find that equation B.31 is in fact equal to the denominator, (y» — y1)(ys — y1)(ys —
y2)(ya — v1) (ya — y2) (ya — y3), which we can see by Taylor expanding the denominator
with respect to y = y,.

Let f(y) = (y2 — w)(ys — v)(ys — y2) (g — ¥)(ys — y2)(ys — y3). Instead of just
expanding f(y) directly as we did last time, here we must be sneaky to avoid excessive
algebra. We will expand F(y), a function defined to be f(y) minus the last three terms
in the numerator. Since F(y) is a polynomial, owr Taylor expansion will be exact.
If we find that F(y) equals the first term in numerator, we will have shown that the

denominator f(v) is equal to the numerator.

Fy)=fly) — vily2— )y —v)(ys — 1)
+ Uy — ) — v) (o — )

— gy — ) ys — v) (s — vs) (B.32)
We find the values of the derivatives of F(y) at y=0:
SW) = (o —y)(ys — )Yz — v2) (g — ¥)(va — y2)(Ys — y3) (B.33)
F(0) = yaysya(ys — y2) (ya — v2) (41 — y3) (B.34)
F(0) = yoysyslys — y2) (s — y2)(ys — y3)

—yyays (s — yo) + Ysy2yalyr — o) — Yayayalys — ys) (B.35)
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g _ —(ys — ) (s — ) (s — o) (yr — 2 ) (s — y3)

dJ
—(o — 1) (s — )3 — y2) (ys — y2)(ys — y3)
—(y2 — )Yz — Y)Yz — y2)lys — y2) (s — y3) (B.36)
dr

i —(ys — ) (s — y) (s — o) (ya — 12) (s — ¥3)

—(y2 = ) — Y)Yz — y2) (ya — y2) (s — u3)

(

(

—(y2 — ) (s — ) (s — y2) (s — y2) (Y1 — y3)

i (s — ) (s — 1) — 13 (wa — 0) (s = o) + (s — ) (s = us)
(y

2 — ) (s — y2) — Ui (ye — ) (s — 1) + ¥ (ya — y)(ya — y3) (B.37)

dF(0)
dy

= —yayalys — o) (Y1 — y2) (Y1 — y3)
—y2y1(Ys — Y2) (ya — y2)(ya — ys)
—y2y3(ys — y2) (s — y2) (Y1 — y3)
Fyiys(ys — v2) — vy (s — 1) + voys(vs — ys)

e (ys — yo) — vy (ys — o) + varn(ya — ys) (B.38)

dF*

(yi )(Us Yo (1/4 Uz) Ya — y;)
dy?

)
+(ys — ) (Y3 — y2) (Y1 — y2) (Y4 — y3)
)

)

)?J;

(
(94

+(ya = y) (s — y2)(ys — y2) (s — y3)
+(y2 = Y)Yz — y2) (ya (
(

(
+(ys — y)(ys — y2) (ya — y2) (v — U3
(y

Ys)
)
(2 = y)(ys — y2) (ya — y2) (ya — y3)
i (s — y2) — u3(ys — y2) + s (Y1 — ys)

)

Fiys — v2) — 3y —v2) + iy — (B.39)
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2
(;—y]; = 2(ys — y)(y3 — ¥2) (¥s — ¥2) (Y1 — ¥3)

+2(ys — y) (Y3 — y2) (ys — ¥2)(ys — ¥3)

+2(y2 — y)(y3 — v2) (ya — v2)(ys — ¥3)

+2y3(y3 — y2) — Ya(Ya — ¥2) + Ya(ya — ¥3) (B.40)
d*F(0) = 2u4(1 y2) (ys — 1
a2 Y4\Y3 — Ya — Y2)(y1 —

+2y3(ys — ¥2) (ya — ¥2) (ya — U3

) (Y1 — y3)
( )
+2u2(y3 — y2) (ya — y2) (Y1 — ¥3)
> )

+2y3 (ys — 2) — ya(ys — v2) + v3 (Ya — 3 (B.41)
BF
e —6(ys — 2)(ya — y2) (g1 — us) (B.42)

Using the Taylor expansion formula and our results from equations B.35, B.38, B.38

and B.38 we write out a Maclaurin series for Fy:

G(y) = [y2y3y1(ys — y2) (Ys — y2) (Ya — y3)

—yi'yz‘y;s(% — ) + y§y2y4(y4 —Ya2) — yg'y.xy:s(y.i —u3)]
+y[—y3ya(ys — y2)(ya — y2)(y1 — y3)

~y2ya(ys — y2) (Y2 — ¥2) (Y2 — y3)

—y2y3(ys — ¥2) (Y2 — y2) (Y1 — Ya)

+yiya(Ys — o) — Y3y (ya — 92) + Y33 (Ya — ¥3)
+uiy2(ys — o) — Y3y2(ya — ) + Yayalys — ys)]

Y2)
+4°/2[2y4(ys — y2) (Y1 — y2) (Y4 — y3)
+2y3(ys — y2)(ys — y2) (¥ — y3)
(

+2y2(y3 — ¥2)(Ya — Y2)(Ya — y3)

+2u3(ys — y2) — Y3 (ya — y2) + v3 (1 — y3)]
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+4°/6[—6(ys — y2) (ya — %2) (ya — y3)]

G(y) = [~y2ysya(ys — ¥2) (Y2 — ya) (ya — ¥3)
—12ysya (s (Y3 — y2) + U3 (Y2 — va) + Y3 (s — ¥3))]
—Ylysys(ys — y2) (Y2 — ya) (Y4 — ys)

+y2ya(ys — Y2) (Y2 — Ya)(ys — y3)

+y2y3(ys — y2) (Y2 — ya) (ys — ¥3)

+yys(ys — Y2) + ¥3ya(y2 — vs) + 4503 (s — y3)
+yay2(ys — y2) + Y3y2(y2 — Ya) + Y3ya(ya — v3))

Ya)
+y?[~ya(ys — y2) (2 — ya) (e — )
—ys(ys — y2) (Y2 — ya) (Y2 — u3)
—y2(ys — y2)(y2 — ¥a) (ya — ¥3)
i (ys — y2) + U3 (Y2 — ya) + Y5 (ya — )]

+3*[(ys — ¥2) (2 — y1) (Ya — y3)]

Plugging y; back in for y and looking at just the coefficients of y{:

[—y2y39a(ys — y2)(y2 — ya)(va — y3)
~Yoysya(Y1(ys — y2) + ¥3(y2 — ya) + 45 (4 — )]
= [~42y3y4(ys — y2) (Y2 — ¥4) (s — ¥3)
—~y2y3ya(—(y3 — ¥2) (Y2 — ya) (y1 — y3))]

=0

(Here we used relation B.10) So now G(y) is:

Gy) = - [y3y4(y3 - yz)(?/z — ) (ya — ys)
+y2ys (Y3 — Y2) (Y2 — ya)(Ys — y3)
Y2y (ys — v2) (Y2 — ya) (¥a — ¥3)
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+yiys(ys — vo) + Usua(y2 — 1) + vous(ys — ys)

Fydua(ys — 1) + viy (o — ya) + voya(ys — ys)]

)
Fyi[=ya(ys — y2) (Y2 — va) (v — 93)
—y3(ys — v ){y2 — Yy )(ya — ys)
(2

)

—y2(ys — 12) (Y2 — ya)(ys — ¥3)

Fyi(ys — yo) + y3 (v — ya) + 43 (s — y3)]

+y [(ys — y2) (y2 — ya) (ya — v3)] (B.48)

Looking at just the coefficients of y;:

— nlwsyalys — y2) (2 — va)(ys — y3)

+ yoyalys — y2)(y2 — ya)(ys — y3)

+ yoys(ys — y2) (Y2 — ya)(ys — y3)

+ yyslys — g2) + Ui (e — wa) + vhys(ys — ys)

+ uie(ys — y2) + Uiye(ye — ua) + gyalys — ya)]

(B.49)

= — nl(yeys + ysya + yay2) (Y3 — v2) (g2 — ya) (Y2 — y3)

o (Yaye + yay) Y (s — ) + (Yt + Ysya) Y3 (2 — ya)

+ (ypoys + yzy.f;)yij(y»«t —y3)] (B.50)
= — yil(—y2us — ysys — vav) (Wi (ys — 92) + U5 (g — ya) + 45 (ya — )

+ (Ul‘!/‘z + ?/»1‘!/3)&/3(‘3/3 — Y2) + (ysy2 + y;sy,i)yﬁ(yz — Y1)

+ (yays + Yaya) s (ys — y3)] (B.51)

— o [(—yous — ysys — ya2) (02 (ys — vo) + va(ve — va) + 3 (1 — 1))
(g + vy y2 (s — v2) + (Usye + ysya) v (o — ya) + (Y2ys + youa)ys (1 (B o)
= — i [(~yays — ysys — Yave)yilys — y2)
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4+ (~Y2ys — Ya¥s — Yay2) V3 (Y2 — Ya)
+ (—Y2ys — Y3Ys — Yay2)Va (Y1 — ¥3)

(yay2 + Yaya)ya(ys — v2) + (Y3y2 + ysya)ys (y2 — ya) + (Y2ys + voya)ys (y4 B3]

+

= — yil(—yoys)vs (ys — v2)

+ (—yay2)y3(y2 — ya)

+ (~ysya)ys (ya — 93))] (B.54)
= — yil—va080F + vaysyi — vavays + Viveys — vsvavs + y3yays) (B.55)
= 0 (B.56)

So now G(y) is:

Gly)= + yil—valys — 92)(v2 — ya) (ya — s)
= y3(ys — y2)(y2 — ya)(ya — y3)
= Y2(ys — y2)(y2 — va)(va — ¥3)
+ ya(ys — v2) + 43 (%2 — ya) + 43 (ya — )]
+ 9il(ys — v2)(y2 — y4) (a2 — ¥3)] (B.57)

Finally, looking at just the coefficients of y?:

yiterms =4[ — ya(ys — ¥2) (2 — ya)(ya — ¥3)
= ys(ys — y2) (Y2 — ya) (Y — ¥3)
— 1olys — .?J2)(y2 - y4)(y4 - y3)

+ yi(ys — ) + Y5 (yo — ya) + v3(ys — y3)] (B.58)

=2[(~ya—ys — ) X (3~ y2) (Y2 — ya)(vs — ¥3)

+ yi(ys — ) + Ya(ye — ya) + Ys(ys — u3)] (B.59)
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=P+ ys+1) % (W3(ys — y2) + YA (W — ya) + Y5 (4s — 33))

+ yays —y2) + 3 (y2 — ya) + y3(ya — u3)]

(B.60)

= Plys+ys + y2)vi (s — v2) + (Ya + ys + y2)s (%2 — va)

+ (atys+ Y2)ya(Ya — y3))

+ Y (ys — yo) + Ys(ye — va) + Ya(ya — ys)]
= + vi(ys—y2) + (ys+ Y2)ys (Y3 — o)

+ y3(ye —ya) + (ya + Y2)y3 (Y2 — Y1)

+ ya(ys—ys) + (pa + y2)ys (Ys — ¥3))

+ i (s — o) + Y5 (Y2 — ya) + 3 (v — )]

=’ ~— (s —v) —¥5(y2 — va) — ¥3(ya — us)

+ yiys — ) + Ys(y2 — ya) + Ya(ys — u3)]

Thus the coefficient of y? is also 0, and G(y)=F(y) is simply

F(y) = y3l(ys — v2) (w2 — v1) (ys — v3)],

which is the fourth term in the numerator. Thus:

Fly) = %l(ys — v2) W2 — ya)(ys — )]
= f(y) — vily2 — 1) (y3 — 91) (Y3 — v2)

+y3 (2 — 1) (g1 — 91) (ys — %2)

~y3(ys — 1) (ys — 1) (Ys — ¥a)
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fly) =

va (2 — y1)(ys — v1) (43 — v2)

~¥3(y2 ~ y1)(Ys — 1) (v — )

45 (Y1 — y1) (93 — y1) (Y2 — y3)
—4;[(ys — 92) (41 — ) (s — 3)] (B.66)

Which proves our original claim and finishes the proof that the total 1D magnification

is equal to 1 for the case of three perturbations.
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Appendix C

Total One-Dimensional
Magnification:

Four Perturbation Case

Here we prove that the sum of the one dimensional magnification along the axis of
curvature is 1 for 4 perturbations. To prove this we find 044, show that all the terms
involving perturbation location, q, will cancel out, and then show that the remaining

terms sum to 1.

First we find pyorqr. With four perturbations (n = 4) equation 3.15 becomes:

A _
[1” a2 ]—

(v —v2)(y —v3)(y — ya)(y — 5) N (v —y)(y —93)(y — ya)(y — vs5)
(v — @)y - z)(y B)Y—a) Y—a)y—a)y—a6)y—au)
4 (y Y1) (Y = 42) (Y = ¥a) (¥ — ys) + (y=—y)(y —92)y — y3)(y — us)
—q) Y-y —w)y—q)  (Y—a)y—g)Yy—a)y—au)
( 1)(3/ yg)(y z)(y Ys) (C.1)
(y— o)y — )y — @)y —q) '

To find p1p 101 We evaluate the inverse of equation ?? for image locations y1, y2, ¥3,
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¢4 and ys and sum the results. We get:

-1

5 32’%
ota. = 1 — 75 Qi Y;
1D total ? 1: [ oy (i, y )]

(11 — @)y — @) — @) () — @)
(y1 — y2) (1 — ) (v1 — ya) (Y1 — ¥5)
((y2 — @) (v2 — ©)(y2 — @3) (Y2 — @)
)
)

(
* (y2 — 1) (Y2 — y3) (v — ya) (¥2 — ¥5)
n ((y3 — 1) (y3 — @) (Y3 — 43)(y3 — 1))
(ys — 1) (ys — Y2)(ys — y4)( — Ys)
n ((ys — 1) (ya — (12)(’!/4 — q3)(ys — q4))
(= y) (s — v2)(ys — y3)(Ys — ys)
((ys — 1) (ys — qz)(ys 43)(ys — qa))
- ((ys — n1)(ys — ¥2)(ys — y3)(ys — ) (©2)
Rewriting:
HiDtotal —
_ (- - flz)(yl — )y —a1))
(s — y1){ya — y1)(ys )(yz — 1)
N ((JZ_QI) y2—Qz)(l 33)(y2 — qu))
~(ys — Y2)(ya — y2) (y3 — !/2)(?/2 - 1)
+ ((ys — (h)(Js — @) (ys — q3)(y3 — q1))
(Y5 — y3)(ya — y3)(ys — 92) (3 — 11)
+ ((ys = q1) (ya — q2)(y1 — 3) (31 — q4))
—(ys — ya)(ys — y3)(ya — ) (va — 11)
((ys — a1) (g5 — @) (5 — ) (5 — qu))
* (ys — ya) (Y5 — 3/3)(!/5 —y2)(Ys — y1) (©3)

Defining (y; — q1)(yi — @2)(vi — ¢3)(v; — q4) = 0(y;) and combining these fractions we

get:
MDD total =
4 o(y)(ys — ya) (s — y3) (W5 — ¥2) (Ya — y3) (Ya — ¥2) (U3 — 12)
(Ys — ya) (Y5 — y3) (Y5 — ¥2) (¥s — Y1) (Y2 — ya)(Ya — y2) (Ya — y1)(y3 — ¥2)(y3 — y1)(¥2 — 1)
_ o(y2)(ys — ya) (s — ¥3)(Ys — y1) (Ya — ¥3)(¥a — 1) (ys — ¥1)
(s — ) (Us — ¥3) (Us — ¥2)(ys — Y1) (Ya — ¥3) (Ya — y2)(Ya — y1)(ys — ¥2)(¥3 — v1) (¥2 — ¥1)
+ o(y3)(ys — ya)(Ys — o) (s — 1) (s — ¥2) (Y4 — 1) (%2 — 41)

(ys — ya) (s — ¥3) (s — ¥2) (Ys — 1) (Wa — y3) (ya — ¥2) (s — v1) (s — ¥2) (W3 — ¥1) (2 — 1)
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0(ya)(ys — y3)(ys — ¥2)(ys — y1)(ys — 1) (3 — y1) (y2 — 1)

(s — ya) (s — y3) (ys — yz)(y.s ~y1)(Ya — y3) (Y4 — y2) (va — y1)(y3 — y2)(y3 — y1) (%2 — 11)
0(ys)(ys — y3)(ya — y2) (ya — y1)(ys — 12) (s — 1) (w2 — y1)

(s — va) (s — y3) (s — y2) (s — y1) (¥4 — ¥3) (s — v2) (ya — 1) (y3 — ) (¥ — ¥

4)

Y

+

7al
Yo ~ U

We add up these fractions and look at just the numerator:

numerator =+ o(y1)(ys — y4)(ys — ¥3) (Y5 — ¥2) (Y2 — y3)(ya — ¥2)(y3 — v2)
= 0(y2)(Ys — ¥a)(ys — y3) (s — 91) (s — ¥3)(ya — 1) (ys — 1)
+ 0(y3) (s — ya) (ys — y2) (W5 — Y1) (Y2 — ¥2) (Ya — Y1) (32 — 1)
— o(ya) (s — y3) (s — ¥2)(ys — 1) (3 — 2)(ys — y1) (¥2 — v1)
+ 0(ys)(ys — y3)(Wa — y2) (Ya — y1) (3 — ¥2) (33 — ¥1) (32 — yi(C.5)

In the case of three perturbations we proved that:

(d-o)(d~b)(d - a)(c - b)(c - a)(b—a)
= — Bc—b)(d—0b)d—c)
+ bc—a)(d—a)(d-c)
— Ab—a)(d—a)(d-b)
+ d*(b—a)(c—a)(c—D) (C.6)

we can use this relation to expand the numerator:

numerator =

oyl - Y2 (ya — y3)(ys — y3) (Y5 — vu)

5( (

+ 3 (s — y2)(ys — v2) (45 — va)

— yilys — v2)(ys — v2) (5 — ¥3)
( (

+ yi(ys — y2)(Ya — y2) (va — ys)]
(.7)

—o(y2)l - y:f(y4 —y3)(ys — y3)(ys — va)
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+ Y (ys —v1)(ys — 1) (s — ya)
— 3 ys — ) (s — 1) (Y5 — us)

+ iy — y) (s — 1) (ya — u3)]

(C.8)
+olys)l — yd(ya — y2)(ys — y2)(ys — 1a)
+ Y5y — v1)(¥s — v1) (Y5 — ya)
— yi(y2 — v1) (s — 1) (Y5 — )
+ 93y — v1) (v — 1) (91 — 1))

(C.9)
—o(y)l — ¥i(ys — v2)(ys — y2)(ys — v3)
+ ys(ys — y1)(ys — v1) (Ys — y3)
— Y3y — y1)(¥s — 1) (Us — %)
+ ya (e —y) (s — 1) (ys — )]

(C.10)
olys)l — i (ys — v2)(ys — v2) (1 — y3)
+ y3(ys — y1) (s — v1) (2 — 93)
— Y3y — 1) (W — 1) (va — 1)

+ vilye —y)(ys — 1) (ys — 1o)] (C.11)

We can write it in even simpler cotnponents using the relation we proved for two

perturbations:
(a —b)(c —b)(c—a)
=—a*(¢c—b) +b*(c—a) +*(a—b) (C.12)
nurneralor =
o)l — w3 (WE(ya — ys) — yiys — y3) + 43 (y5 — )
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oy Ry — y2) — yi(ys — 1) + U (s — 1))
- ‘!/Z(.U.g(?/?» - yz) - yg(y;) —Ya2) + y%(yg) - ‘y:z))

+ i ys — y2) — Yilys — y2) + y3 (s — y3))]

(C.13)
—o(y)| = wiwa(ys —ys) — ¥iys — ys) + 5 (s — y1))
+ ys R — ) — i (s — )+ ui(ys — )
— YR ys —v) — va(ys — v1) + yi(ys — ys))
+ syt = v) — v (ya — o) + yi (s — ys))]
(C.14)
+o(y)l = wii(yn —v2) — yi(ys — y2) + y3(ys — wa))
+ ys iy — ) — yiys — ) + yilys — )
— YWy — 1) = va(ys — 1) +yi(ys — y2))
+ Wi e —y1) — (s — 1) + ¥ (ys — )]
(C.15)
—o(u)l — (W (s — y2) — ¥a(ys — v2) + ¥ (ys — y3))
+ oy walys — ) — yi(ys — u) + 03 (s — )
— YR — ) — v (s — w1) + Ui (ys — 1)
+ (e — ) — vs(ys — o) + yilys — o))
(C.16)
+olys)| — l/ (!/ (Y3 —y2) — y?(m Ya) + Jz(m —13))
+ oy ilys —y) =y (g — v0) + i (g — ys)
— W e — ) = 3l — v+ ui( — w2))
+ e — ) = s — ) F i —w)]  (C17)

Now that we have an expression for the numerator of fis1q, We can show that all the
terms involving perturbation location, ¢, will cancel out. Looking at o(y;). we see

that 0(y:) = (3 — 1) (5 — @) (% — @) (i — 1) has terms of order g2, y!. 2 y?, and
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y#. To prove that the sum of the one dimensional magnifications is one, we must look

at these groups of terms one at a time.

First, looking at just the y;

> ylterms =

+

O terms we find:

ys (Y3 (ya — ys) — v (ys — y3) + U3 (ys — yu))
Y3 (Y3 (Ya — v2) — v (ys — v2) + 45 (Y5 — )
yi (3 (ys — v2) — U3 (ys — y2) + 45 (ys — vs))
Y (U3 (ys — v2) — ¥ (Ya — 1) + 95 (ya — y3))]
Y (W3 (ya — ys) — ¥i (s — ys) + U3 (45 — va))
Y32 (ya — v1) — vi(ys — 1) + U3 (ys — ya))
Y (e (ys —v1) — v3 (s — m1) + Ui (ys — u3))
Y3 (ya (s — v1) — v3 (s — 1) + 47 (ya — ys)))

YR (Y2 (Ya — ¥2) — Y(ys — ¥2) + ¥a (s — ya))

y2)

vy (s — y1) — ¥a(ys — y1) + ¥i (95 — ya))

va(WE (e — v1) — 13 (ys — y1) + Y3 (ys — v2))

Ye(wi(ye — 1) — v (va — y1) + 41 (ya — 12))]

Y3 (43 (ys — Y3 (ys — y2) + 43 (ys — ¥3))
Y3(ys — 1) + 45 (Y5 — v3))

¥ (ys — y1) + ¥i(ys — v2))

Ya2) —
Ya(vs(ys — 1) —
Y(y5 (v — 11) —

) —

YR (Y — 1) — v (ys — 1) + Ui (ys — 12))]

Y33 (ys — yo) — ya (Y1 — v2) + v3(ya — ¥3))

Y3 (y2(ys — 1) — Y3 (ya — 1) + ¥i(ya — ¥3))
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Grouping the terms by the y3

we get:

Z y.? terms =

+

YW (s — v1) — ¥a(ya — 1) + v (ys — v2))
va(u3(ya —v1) — va(ys — 1) + ¥i(ys — ¥2))]

(C.22)

factor in front (henceforth called a ”leading factor”),

L (va(ys — y3) — Ya (95 — y3) + 93 (y5 — 1))
Sy —v2) — ¥a (s — y2) + 45 (ys — )
y2) — s (s — y2) + v5 (s — ¥3))
2) = ¥3(ya — y2) + 43 (ys — y3))
v — 9s) — 3 (5 — vs) + 93 (s — )
) — )
) — Ys — ¥3))

Ys — Y1) + U5

(

Yi(ys — y1) + vi (ys — va)
ys( (
(

g
2 .2

— Yy (Ys —y2)+!!2(3/ — Ya))
y4-?}1)‘"y2(

(

Yo — ) — ¥ (ys — ) + i (ys — va

(:

(

5 (Y3

2

Yo (Ui (Y3 — 91) — Y3 (va — 1) + ¥i(va — ¥3
(

(

3(

( 2

)
)
ys — 1) + yi(ys — va)
)
)

Y3 (Wi(ye — 1) — Y3 (ya — v1) + YE(ys — wo

)
)
)
+ Y3 (ys — ys))
+ i (ys — 3))
Y (3 (y2 — y1) — w3 (ys — 1) + ¥ (ys — o)

+ i (ys — o)

)
)+
27, 22/,
Yi(Us(Ys — y2) — ¥3(ys — y2)
!/l}(yg(ys yl) - Z/g(ys yl)
)
Y1)

Yy ?/3(!/2 y1) — !/2(7/%

3
5

)

)

Y3 (Vi (ys — v2) — U3 (ya — 1) + ¥3 (ya — 3))
)

)

$y2 —y1) — (s — y1) + yi(ya — v2)

A
(y
Vs (Ui (s — y1) — ¥3(ya — 91) + vi (v — v3)
vs (Y
(:

Y332 — 1) — v (ys — 1) + 2 (ys — 12))
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(Y5 — Y1)

2
3

(Y5 — y3) + v

(ys — y3) — o

2
5

( + v

3
Yy

terms

0

2.

?

(ys — v2) — U3 (ys — y1)

2
4

) +y.

2

(’!/4 —Y

2
5

Yr

(?/5 —Y3)

2
2

(ys — y2) + ¥

) — v

1>

(43 —

P)
Yr

+

(Y1 — v3))

2
>
(45 — y3) — ¥3(ys — va)

— s — ) + iy — ) — v

2
3

(ys — y3) + y

2
5

( — v

3
2

+y

(y5 — 1) + i (ys — 1)

2
1

+ vy —m) -y

Sys — ) — vi(ys — y3)

(s — ) + ¥

9
Ys

(Y4 — y3))

2
1

(Y2 — 1) + 5

2
3
(1

('!/3 —Yi)— Y

2
Ya

+

(Y5 — y4)

2
2

5 — Ya2) + U

2
1

(g1 — 1) — v

2
H

Yr

_|_

il

+y.

(’U.s — Y1)

s —y1) — i

(ya— 1) + v

ys

(5 = y1) + yi(ys — v2)

('!/2—’11)*!/3

i
Ys

_+_

(Y1 — y2))

5(?/4 - Y1) — lUf

(42 — 1) + v

2
Ys

(ys — y3)

) =3

2

(ys —y

2
3

(43 — y2) + v

2
5

¥

i

+y

(‘!/5 - 2/3)

2
1

(ys —y1) —y3(ys — 1) +y

N

)

A

Y

+

(Us —2)

f(!/s—’ll) —ZI%

(o — 1) + v

2
Ys

(Y3 — 1))

(ya — y2) + 5 (y1 — va)

2
L

(3 =) +y

2
2

(’!/2 ~ ) — !/{

2
3

Y:

+

(ys — ’!/2) - !/f

( + v

3
5

+y:

(ys — 1) + y3(ys — 1) — yi (ya — y3)

2
1

T

(o — 1) — U3 (s — 1) + P (s — v2)

.

)
4

+

(C.24)

(ys — 1) — ¥ (ys — v2))

2
2

(Y2 — 1) + v

2
3

Y.

Canceling:

(0)
(0)

(0) + v3

)
1

(0) —y

2
Ys

..I.

{

Y

terms

0
2

>

2
2

(0) =y

(0) + i

2
5

y‘

(0)

2(0) = y3(0) + u3

Y

(0))

2
2

(0) — v

2
3

(0) + 4

9
Yy
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+93( — ¥3(0) +45(0) — 43(0)
+ 93(0) — %£(0) + yi(0)
— 53(0) +43(0) — 43(0)
+ 43(0) — 43(0) + 43(0))
+y3( + 95(0) — y3(0) +y3(0)
~ 43(0) +y(0) — y7(0)
+ 3(0) — y3(0) +43(0)
— 1(0) + y3(0) — y{(0))
+yi( = y5(0) +33(0) — 43(0)
+ y2(0) — 43(0) + 4}(0)
— 45(0) +3(0) — 43 (0)
y3(0) — 43(0) + 47(0))
+y3( + 93(0) —43(0) +3(0)
— 1(0) +y3(0) — ¥3(0)
+ ¥3(0) = y3(0) +43(0)
~ 43(0) + 53(0) — 47 (0)) = 0 (C.25)

So the y? terms will all cancel out.

Repeating this process for the y! terms we get:

Zygterms =

nl — v —us) — vi(ys — us) + Y5 (ys — va))
+ y3(v3 (v — v2) — ¥4 (Y5 — v2) + U3 (us — va)
— yi(WR(ys — v2) — 5 (s — v2) + U3 (us — us))
+ y2(YE(ys — o) — ¥ (va — v2) + U3 (va — ¥3))]
+yl Y (WE(rs — ys) — ¥i(ys — us) + V3 (s — wa))
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— B =) — s — ) Yy — ya)
+ gy —w) = v (s — )+ ui (v — us))

— Bl —y) — iy — ) + ¥l (s —ys))]

+ys[ — Jl(Jg Yo — 1/2)—'?}5(!/5 Jz)+Jz(J Y1)

(
+ ey — ) = yilys — y1) + ¥ ys — va))
(

2
5

) —
— e —y1) — w3 (ys — 1) + Ui(ys — v2)
) =

+ iy -

=

0 = (s — 1) + iy — )]
fusl G WE s — ve) — Yalys — v2) + u3(ys — ys))
— yswElys — ) — v (s — ) + vi(ys — us)
+ (e —y) — s — ) + ¥y — v2))
— ys(ys (2 = u1) — v (ys — y1) + yi(ys — )]
tusl =y (s — o) — U5 (ya — v2) + U3 (ys — y3))
+ il =) — v — ) + Yy — us)
- "Ug(!/;")(?/’z — ) - yg(Ul —n) + ‘!/f(!h —2))

+ Y =) —uslys — o) +uilys —w2)] - (C.26)

If we look at this expression we notice that within the square brackets the largest
possible power of y; for a given i is three. Furthermore. the yj. contribution of from
the p(y;) term outside the square brackets will never increase this power. Since the
y} factor will never be multiplied with a yf factor, the only source of third power
terms for a given subscript is the leading terms. Thus, it makes sense to group the

expression by leading term as we did for the yj’ case:

Syiterms = — ys(nya(ys — ys) — n1yi (s — ys) + Y193 (s — ys))

+ iy — 1) — v (us — v2) + yiys (Ys — ya))
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- !/Z(!/J!/g(yzz —Y2) — 1y (Ys — v2) + AL ys))

+ Uy (s — v2) — vivs (s — v2) + (s — )

FF (s — us) — 1oy (s — ) + 2y2(ys — 1)
— Ys(vays (ya = v0) — 120 (s — v1) + voyi(ys — 1))
+ yi (vl (s — v0) = v23 (s — 1) + 1oy (g5 — 13))
— U (i (s — v1) — v23 (ya — 1) + ya0i (g — 1))

= wsyE (s — o) — vavi(ys — o) + vsv(ys — )
+ yg(y:syfé(;w — ) - !/3?/.3(;1/5 — i)+ 1/3!}12(1.’/5 =)
— sy (2 — 1) = yaya (ys — u1) + v (ys — 1))

+ oy (s (e = 1) — vsvi(ya — 1) + ysys — )]

+ + (Ulflé(yd —y2) — Y1y (Ys — ) + Y1y (ys — ys))
— s (gayi (s — 1) — s (s — 1) + wa(ys — )

+ ys i — ) —

( )

3(
yays (s — 1) + i (ys — 12))
5( (

VN
[l ]

- (UU/ Yo — 1) — vays (yz — 1) + yayi (Y3 — y2))]

+Ho— iy U4(7/z—1/z)—l/'l/;(fll—l/z)+1Uz('?/»l ys))
+ s (usyi(ys — i) — ysys (ya — 1) + ysyt(ys — ys))
= (s (e — 1) — usys (s — 1) + sy (ys — o))
+ yiwsys (v = yn) = usy3 (s — 1) + usy(ys — 2))] (C.2

Z yf terms =
O+ i ma (o — vs) — w3 (s — ys) + 03 (s — 1))

oyl (s s — ) + i s — ) — ustA(ys — )
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Y (ava(ys — y2) — yas (s — v2) + a3 (s — u3))
Y (—ysyi(ys — v2) + ysys (ys — v2) — Y525 (a — ys))
Yo (=13 (s — ys) + 9191 (s — y3) — 193 (ys — va))
ysy3 (ya — 1) — ysyi (s — 01) + Ysyi(ys — va))
s (=ysy3 (ys — 1) + yays (s — v1) — ayi(ys — ys))
Y5y (ys — 1) = ysys (ya — v1) + ysyi (s — v3))

y1ve (s — y2) — 910 (Y5 — y2) + y1ys (ys — ya))

45 (

(—

v (

yi(

Y (=2t (s — y1) + 42y (s — v1) — Y2yt (ys — va))
Y (e (2 — 1) — yaya (gs — 1) + vawi (vs — 1)
s (=ys i (2 — un) + ysys (ys = 91) = vsyi(vs — 1))
i (=905 (ys — v2) + 9195 (s — 12) — 193 (ys — 43))
Y (ay3 (ys — v0) — v (s — w1) + 120 (ys — y3))
yi(—ysy3 (g2 — v1) + Y5 (us — 01) — vs0i (ys — v2))
yilysys (v2 — y0) = Yoy (ys — 1) + Usyi (Us — 1))
Y1y (s — 12) — 13 (ga — v2) + 0105 (s — y3))

Yati(ys — y1) + yyi(ys — 1) — vaui (va — us))

+ o+ 4+ o+ A+ A+ o+ o+ o+ o+ o+

ys(—
Ui (g — y1) — sy (ys — 1) + 43y (g — va)
Ys(—

2=yt (2 — ) + vy (ys — 1) — nayi(ys — ) (C.28)

Z y} terms =
(Wi0 + w3 (ys— ys) — v2yilys — ys) + y3(ys —

— e (yn — vo) + ysyi(ys — vo) — sy (Ys — ya)

+ s (ys — y2) — yays(vs — v) + vays (Ys — ys)
— ysy (s — y2) + ysys (ya — y2) — ysys(ys — ys))

+ys( = gy — us) + i (ys — us) — viy3(Ys — ya)
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oy — ) — usyi (s — 1) + vyt (ys — va)
— yayays — y1) + yav (s — u1) — wabi (s — va)
+ ysyi(ys — ) = ysys (s — un) + Yoyt (ya — y3))
FUsC + Ry — v2) — i (ys — go) + 115 (ys — ya)
— gt (s — 1) + 1aui(ys — 91) = Y2y (Y5 — 11)
+yayi (e — ) — s (ys — ) + yw?(; )

— st (g2 — ) + ysya(ya — 1) — ysyi(ya — y2)

Fut( — v ys — ve) v (vs — v0) — mys(ys — ys)
+ yoh (s — v1) — vy (vs — ) + vy (U5 — ya)
— ysyaly2 — v1) + usts (Y5 — 11) — Yyt (5 — )
+ ysya (e — y1) — Usya(ys — 1) + Usyi(ys — vo))

+?/j( + '/194(93—7/2 —yw(g; Y2) l/H/ Y4 — Y3)

=N

— oy (s — v1) + v2ys (Ya — Y1) — Yoy

—_—N

Yg — l/z)

5y

( (l 1/3)
+ ysyi (e — 1) — vsys (s — 1) + ysyi(
(

— sy — y) F s (s — ) — uyi(ys — ) (C.29)

If we wanted to go about this systematically we could further group the terms by the
y? factors (henceforth referred to as secondary factors). but it is easy enough to sce

how the terms cancel in the current form:

> yiterms =
(i + yay2(0) — vy (0) + y2y3(0)
— 32 (0) + 13y1(0) — yay3(0)

+ i (0) — yaya(0) + yay5(0)
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+ys( —

+us( +

+yi( -

+yi( +

So the y! terms will all cancel out.

. . : ”
Repeating this process for the y;

02 oran o —
ZU:‘ terms =

Yst/3 (0) + ysy3(0) — ys33(0))

iz (0) + 13 (0) — yiy3(0)
Y32 (0) — ysy7(0) + ysyi(0)
Yaya (0) + 1193 (0) — yayi(0)

Ysy1(0) = ysy3(0) + ysy7(0))

1y (0) — 11y (0) + y1y3(0)
otz (0) + 1oy (0) — yoyi(0)
yays (0) = 13 (0) + yayi(0)

ysy1(0) + y5y5(0) — ysy7; (0))

Y195 (0) + 153 (0) — 11y3(0)
212 (0) — 1215 (0) + vy (0)
Y32 (0) + 4315 (0) — 43y (0)

ysy3(0) = sy (0) + ysy7 (0))

9151 (0) = 9153 (0) + 513 (0)
yay1 (0) + 4203(0) — yay7(0)
y3y1(0) = ysy3(0) + yayi(0)
y193(0) + 4193 (0) — 9491 (0)))

= ()

terms we get:
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A

+(y

Al

4

ya (2 (s — y3) — 3 (ys — us) + y3(ys — 1))

Ys — Y3))

)+ y3(
Vi — y2) — Ui (ys — y2) + 5 (ys — 94))
Ui ys — ) — va(ys — ) + 03 (

>

ye(yi(ys — y2) — ¥ (ya — y2) + v (ys — y3)))

2
5

vy (s —ya) — Vi (ys — ys3) + u5 (ys — )

yi(ys — 1) + i (s — ya)

2
Ys

(
(sl — 1) —
tu( (

i

( )
ys — 1) — 3 (ys — 1) + 5 (g5 — )
( )

o

Syi(ys — i) — vy — i) + i (s — u3))]

(s — y2) — 3 (ys — y2) + yays — ya))

=N

ys (3 ys — ) —

(

(ys — 1)+ yilys — 1))
Yi Ry — yi) — v (
s (

)
ys — 1) + i (ys — y2)
)

VA — ) — o (ya — ) + ¥ (s — y2)]

Y (e (ys = y2) = Y3 (ys — y2) + 45 (Y5 — 1)
(Y lys = vi) — Y (ys — 1) + yilys — y3)
(3 — ) — s (ys — y1) + ¥i(ys — 12))

s (U3 (v — y1) = valys — 1) + i (ys — 12))]

i (Witys — v2) — U3 (un — w2) + 45 (s — u3))

s (Ui s — 1) — U3y — un) + Ui (ys — v3))

sy (ya — 1) — v (s — un) + i (ya — 12))
v (

Ui sy — yi) — (s — 1) + ui (ys — v2)))]
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Following the same algebraic steps as in the y} case we get:

Z yf/cwms =
(!/%( + ygyﬁ(!ﬁl —y3) — yﬁy}(ys, —y3) + y%il/g(’!ls — Y1)
— YUy — v2) Ui (s — y2) — U3y (ys — ya)
+ vy (s — v2) — Uiys (ys — o) + yavs (us — vs)
~ s — u2) + vavs (s — u2) — Uavs (s — us))
s =y = ys) Ui (s — ys) — v (ys — w)
+ oy — 1) — uavi (s — un) + 43 (vs — ua)
— yiys(ys — o)+ uius(ys — un) — vy (us — us)

+ (s — ) — iy (s — v + vy (s — ys)

Fs(+ Ui — ) — yiya (s — v2) + uivs(ys — va)

— i (s — ) + v (s — u1) — vy (ys — wa)
+ oy (e — y) — Ui (gs — 91) F uiYi(ys — va)
(

— Yyl — ) + vy (e = y1) — vayi (ys — 42))

i = YiuE (s — v2) + Uiy (Us — o) — yius (ys — us)
+ gy — ) — vy (s — v1) + syt (ys — us)
— ysye (e — y) + u3ys (vs — u1) = U3 (ys — 42)

+ Ry (e — ) — veys (s — un) + vy (ys — o)

+us( + Yt = ve) — viys (v — ) + Uiy (e — )
— i ys — y) + s (v — i) — vayi (yn — )
+ oy (e — 1) — Uays (s — ) + U4 (v — o2

)
— PRy — ) e (ys — ) — (s — ) (C.32)
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This clearly cancels:
Y- yiterms = (7(0) + y5(0) + 33(0) + y3(0) + ¥3(0)) = 0 (C.33)

So the y? terms will all cancel out.

Repeating this process for the ¢} terms we get:

> ylterms =

Wil — va(y5 (s — ys) — ya(ys — ys) + 43 (s — )
+ Y5 (s — 32) — ¥i(ys — 92) + Y5 (ys — 1))
— Ya(U5 (s — ) — 3 (ys — Y2) + ¥3(ys — 3))
+ Y (Ui (ys — 1) — 93 (94 — 12) + U3 (ys — 9s))]

+usl + YRy —us —y3) + y3(ys — ¥a))

( ) — yi(ys
— ya(Wa(ys — y1) — ¥i(ys — 1) + 45 (ys — wa))
(y3 —91) — (

( ) — y3(

+ iyl —y1) + 45 (ys — vs))
— Wil —n ys — 1) + yi(ys — v3)))

+usl — R (s — o) — vi(ys — o) + U2(Ys — v4))

(

+ Y3 (Y5 (s — y0) — ¥i(ys — w1) + vi(ys — )

— Ui WE e —w1) — 43(ys — v1) + yi (s — v2))
0

+ B — ) — vy — ) + vy — v2))]
Ys — ¥2) — Y3(ys — v2) + ¥ (ys — y3))

+yil + By

4l
= % (Ws — 1) = ¥5(ys — 1) + 47 (us — 93))
+ Y (e — y1) — v (s — 1) + ¥ (s — 1)
(

— Wi — ) — v (ys — yi) + yi(ys — v2))]
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+’Jf[ - yf(yf(‘l E)!/4—yz +Jz Y1— Y3

( )
+ oy — ) — v — ) + ui (s — us)
— (i — ) — yalys — v1) + i (s — v2))

)

+ W =) = By =) Hyi(ys — )] (C.34)

Now that we have third order p(y;) terms we cannot just group by leading term as

we did in the previous three cases. Instead we must distribute y?:

Z yiterms =

(= vl ys— us) — vilys — us) + v3(ys — )

yi(ys
- y'?l/;(y (g — 1) — U3y — 1) + i (ys — )
+ o s — un) — valys — on) + uiys — 4s))
— Yun(wilys — ) — Ui (ya — un) + yi (g — v3))
)

— Wy — v2) — yi(ys — o) + 3 (ys — ya)

fo2 [\.f

(

+ ysys (W (ys — un) — U3 (ys — y1) + 41 (ys — ya))
- ym(uf(;/o — 1) = y3lys — 1) + yilys — v
+ s (i(y2 — v1) — vl i

(

)
)
y1 =)+ uilys — )
Us — o) + ¥5(ys — )

)

(
23,37.,.27, L2, . a2, .
— oy sy — ) — y3(ys — o) + i (s — ys
(

+ oyl e — ) — (s — yn) + i (s — 1)
— PR — ) —vays — un) Uiy — )
— Uy (yi(ys — y2) — vilys — v2) + 45 (ya — y3))

+ e (yilys — ui) — v3(ys — i) + i (us — ys))
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Rearranging:

Z y?tcr ms =

(

sy (e — 1) — Y2 (ys — i) + w3

Ysye(ysye — y1) — y2 (s

vilys — us) + y3(ys —
)"1"/5(

Yiys — v2) + v2(ys

s (2 (ys — s
J17/z(

(1 —

) —

Vil — y3) = yi (ys
Y1Ys (Y y2) —
)

Yy (Y2 (s — 1o — yi(ys — ya) + 3 (ys —

(
Yy (ys — 12) — Y2 (ys — ya) + ¥2 (s
s ) +

U1J4( Ys — 2 Y3 — Y2

yiye (i (ys — va) — v

Ysys Wy — 1) — 2 (ys — ) + 4 (s

3
Ysys (e (s — 1) — v
1 (

Uyt (3 (ys — 1) — o2

sy (2

— )
)
—y3))
) = y3(ys + 45 (55 — ys))
) =y )
Yy (Ui (ys — y2) = 03 (g — 1) + U3 (y1 — ya)

) = yi(

yi) — il

) = y3(

)
)
ys = 1) + iy — y1))
)
)

— 1))

— )+ Yy — )

ys))
Y1)

)
Ya))

Y3

Ya— ) + 3 (ys — 1))

—

Ys — 1) + yi(Ys — u3)

yilys — u3)

Yays (U (s — 1) — w3 (s — 1) + wi (s — wa))

)
)
)
vs = y1) = yilys — ) +
)
)+

yaye (Wi (ys — y1) — v (ys — u

2
)

Ysys (3 (e — 1) — v lys — y1) + y°

) —
sy Wiy — 1) — ya(ya — )+ iy —
?Jf;yg(yi(y2 Y1) —

Uity — v1) = u3(ys — 1) + 42 (ys

YiyR (3 (ya

(
( (

( yi (v,
Yy (v (v — 1) = 43 (ys — 1) + s — e
( 3 )+ yi(

(

5(
Ya(ys — i) + yi (s — o)
*‘!/2))

— 1) — ya(ys — ) + v ys —

)
Y2)
)

y2)))

(C.35)

(C.36)



Which clearly cancels:

> yiterms =0

So the ¥ terms will all cancel out.

Repeating this process for the 4} terms we get:

> ylterms =

+

+

+

(i

(vl

(3]

(sl

+

Y5 (Y5 (ya — ys) — vi(ys —
Y3 (Y3 (ya — v2) — ¥ (ys —
Y (U5 (ys — 92) — Y3 (s
ys (yi(ys — v2) — o3 (g

J1(y5(y4 —y3) — Ys(ys —

y4(y5(y3 - ) — !I

i(
y3(ya(ys — y1) — Ui (ys

(ys

3 (

(!J4(Js — ) — .7/ Y — )+

J] (?/5( yz) (J5
Ys (?/5( ?/1) (ya
J4(Jo lll)
ys(!/4(J’ ) —
2
Yy (s (ys — o)
Y3z (2 — 1) — va(us
Y (ya(y2 — 1) — va(us
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)+
—y)+
Y5 (ys — 41) +
)+

?/z Ya—

3

y3 (Y2 (ys — y1) — v3 (s — 1) + 42 (us
3 — i) +4i(ys
2 (y

ys) + y5(ys — 1)

3( )
Y2) + U3 (Y5 — ya))
— y2) + 3 (ys — )

( )

) + U3 (ys — ys))]

ys) + 3 (Y5 — ya))
—y1) +yi(ys — ya))
Y1) + 7 (ys — y3))

+ 41 (s — y3))]
yo) + 3 (vs — )
Y: (Y5 — va))
Ys — Y2))

Y (
Yi(ys — 2))]

— Y3 (ys — ¥2) + Y3 (ys — ¥a))

- Y3))
—¥2))

—y1) + i (ys — 12))]

(C.37)



sl — o (WE(ys — ) — v3(ua — 1) + Y2 (ve — )
+ ya(yilys —91) — 5 (s — v0) + i (ga — va)

5 (94 — 1) )

Ya(ys — 1) Y2))

(
(

- B —y) - — ) + (v — e
(

+ R — ) — YR (ys — 1) iy — )] (C.38)

These terms cannot possible cancel to zero because the five y} factors from the p(y;)
are the only fourth order factors that appear in the expression, and each has a dif-
ferent subscript. Therefore, the y‘;‘ terms will remain, and the total one dimensional

magnification will be:

H1D total =
Y1 (ys — ya) (s — ys) (s — o) (s — ¥3) (e — v2) (y3 — ¥2)
(5 — ya)(ys — y3)(ys — ¥2)(ys — Y1) (ya — y3)(ya — ¥2) (Y4 — y1) (y3 — ¥2) (y3 — v1) (2 — 11)
B y2(yo Ya) (s — y3) (ys — y1) (Ya — y3)(ya — y1) (Y3 — 1)
(s — ya)(ys — y3)(ys — ¥2)(Us — 1) (Y — ¥3) (ys — ¥2) (Wa — 41) (Y3 — v2) (y3 — v1)(y2 — Y1)
+ .7/3(!/5 — ya)(ys — yz)( — Y1) (s — yz)(y4 —y1)(y2 — 1)
(ys — ya)(ys — y3)(ys — ¥2)(¥s — ¥1) (Y — ¥3) (Ya — Y2)(ya — 1)y — yz)(ys —y1)(y2 — y1)
3 yi(ys — y3) (Y5 — v2) (s — v1) (3 — v2) (¥3 — 91) (%2 — 1)
(ys — ya)(ys — y3)(y5 — y2)(ys — ?/1)(? — ¥3)(Ys — y2) (Y1 — v1) (v3 Jz)(yz —y1)(y2 —y1)
Ys (Y2 — y3) (ya — 1) (ya — y1) (s — 2) (s — yl)(yz — 1) [ am
(s — ya) (Y5 — ¥3) (Y5 — y2)(y5 — ?JL)(?M —y3)(Ya — y2) (Y4 — y1) (Y3 — ¥2) (y3 — y1) (¥ \TZT

Which again does not depend on the perturbation location g;.

Now that we have shown that all the terms involving perturbation location, g, will
cancel out, we must show that the remaining terms sum to 1. To prove that equation

C.39 is equal to 1, we show that the denominator equals the numerator:

denominator =

(¥s — va) (s — y3) (s — y2) (Y5 — y0) (Ya — ¥3) (Y2 — y2) (Ya — ¥1) (y3 — Y2)(ys — y1) (¥2 — v1)
= [(ys — ya) (s — y3) (45 — v2) (94 — 93) (va — y2) (45 —92)]

X[(ys — y1)(ya — 1) (y3 — y1) (g2 — 1)) (C.40)
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Substituting in the relation we found for n=3 perturbations:

(Ys — ya) (Y5 — ¥3) (Y5 — y2) (ya — ¥3) (vs — ¥2)(y3 — v2)

= - y:%(y4 - ;/;)(’95 — y3)(ys — Y1)
+ Ys(ys — v2) (Y5 — y2) (s — ya)
— ysys — yo)(ys — y2)(ys — y3)
+ ya(ys — y2)(Ys — v2) (Y — ¥3), (C.41)
we can write:
denominator =

([ — w5y —ys)(ys — y3)(ys — va)
+ 3 (ya — v2)(ys — y2)(ys — va)
- yfi(y3 — y2)(ys — ¥2)(ys — y3)
+ y3(ys — 1) (s — y2)(vs — ¥3)]

X [(ys = y1)(ya — 1) (s — y1)(y2 — )] (C.42)

= — 4y —y)(¥s — ¥3) (s — va)(ws — y0) (ys — v1) (3 — v1) (%2 — v1)
+ Y3 (ya — y2)(ys — v2) (95 — y)(ys — y1) (w4 — y1) (3 — y1) (92 — 1)
— ya(ys — ¥2) (s — v2) (s — ya) (s — y1) (ya — y1) (3 — 91) (2 — 1)
+ yays — y2) (Y2 — y2)(ya — ¥s)(¥s — 1) (v — y0) (s — 1) (y2 — 1) (C43)

= — ya(ye —y)(ys — v3)(ys — y3) (w5 — ya) (s — v1)(ya — 1) (s — 1))

) ) )

+ ya(ys — y) (e — 12) (W5 — y2) (ys — ya) (s — v1) (Wa — y1) (¥2 — 1))
— yi(ya — ) [(Ws — 12) (W5 — 12) (s — ¥3) (s — 1) (ys — y1) (y2 — 41)]
Y1) ) y1)](C.44)

+ uR(us — u) (s — 92) (0 — 92) (0 — ¥s)(Wa — 1) (s — w1) (3
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= = (o~ vy s = 93) (s — ys) (s = wa) (w5 — 1) (s — w2) (s — 1)
+ (s = ) =92 (05 = 92) (w5 — wa) (s — 0 (s — 1) (2 — )]
~ (i = s — 92) (s — 1) (s — y3) (w5 — v) (s — y1) (12 — )]
+ (s = sy [(s = 92) (g5 = 1) (s = ys) (s = v0) (s — y1) (w2 — y1))(C.45)

= — Ul — 1) (s — y3) (s — va) (s — ¥) (s — v1) (s — 1)

It )

+ sl — 92 (s = 92) (s — ya) (w5 — 01) (s — 1) (2 — )]

— yillys = 92 (g5 — 92) (s — ) (05 — 1) (s — 1) (2 — )]

+ysl(ys — v2) (v — v2) (s = ) (2 — 90 (s — 1) (g2 — 1))

+ sl = ) (s — ws) (s — ) (s = w0) (= 1) (s — )]

— yial(ys — 92) (g5 = 2) (45 — ) (s — 1) (va — 1) (y2 — )]
)

]

— ywal(ys — v2) (v — v2) (s — y) (v — v1) (s — 1) (g2 — 1) (C.46)

+ yilys — v2) (s — v2) (s — y3) (s — w1 (s — 1) (y2 — w1

But in equation C.37 we already proved that Y= ytterms = 0:

- uillys — Ya) (s — ys)(ys — v2) (ya — y3) (s — y2) (y3 — y2)]
+ yg[(?/-:l = y3)(ys = y2) (Y5 — ya) (s — y1) (1 — u1) (wa — )]

(
)y
ys = y1)(y2 — y1)
)
(

— allya — v2) (ys — y2) (s — ya) (g5 — 11 )( )
+ yil(ys = v2) (s — 12) (05 — w2) (w5 — w) (s — 1) (g2 — 1))
— al(ys = v2) (= v2)(ya = va) (s — 1) (s — w) (2 — 1))

= 0 (C.47)
Therefore we can say that:

+ vt l(ya — vs) (s — vs)(ws — v (ys — vi) (s — 1) (ys — )]
— 1y [(ys — v2)(ws — v2) (s — v (s — y) (s — w1) (v — y1)]

+ i l(ys — v2)(ys — Y2)(Ys — y3)(ys — y1) (ys — 1) (y2 — 1))
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— i l(ys — ) (ys — ) (s — ) (v — v1) (s — 1) (2 — 1))

= Yt s — ya)(ys — v3)(Us — v2) (s — v3) (v — 92) (y3 — ¥2) (C.48)
And thus:

(i€7'b0‘7'71 mnator =
— yallyn — ) (s — va){ys — wa)(ys — y1)(ma — v1)(ys — )]
+ yalln — 1) (s — 92) (s — ya) (s — 1) (s — 1) (w2 — )]
— yillys — u2) (s — 92) (s — u3) (s — 1) (ys — ¥1) (12 — )]
+ ’!/51[(93 = y2) (s — y2) (s — y3)(wa — ) (ys — y1)(y2 — 1))
+ sy — y3) (s — ys) (s — v (s — 91) (W = w1) s — )]
- yl!/::z[(!/—l_"/) Wys = 42) (s — ya) (s — v ) (ya — 1) (W2 — )]
+ sl ys — v (s — u2) (s — ws) (95 — 91) (ys — ¥ (y2 — 1)
)

— yil{ys — v2) (s = o) (s — w3) (v — y)lws — y) (g —y1)] - (C.49)

= + y'l(ys — ) s — v2) (s — y2) (s — us) (va — v2)(ya — vo)]

(
- [ — Y3 (,U Y3 ) Ys - 1/1)(!/1 - l/l) Yys — ]

)
+ yally — 92) (s — y2) (s — ) (s — 90) (a — y1 )2 — 1))
— Yl — ) (s — p2) (s — ) (s — 1) (3 — v1) (2 — )]
+ oyl — 92 (g1 — y2) (s = ws) (= 90) (s — 1) (w2 — )]

= numerator (C.50)

And we have proven that the numerator equals the denominator, which proves that

for n=4 perturbations the total 1D magnification is 1.
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Appendix D

Total One-Dimensional
Magnification:

N Perturbations

Now we prove that the total 1D magnification along the axis of curvature is 1 for n
perturbations.

As the cases of one, two, three, and four perturbations have demonstrated, the
proof that the total 1D magnification is 1 can be broken down into two parts: a proof
that the total 1D magnification is independent of the locations, g;, of all perturbations,
and a proof that the remaining terms will sum to 1. We prove these two parts in

sections D.2 and D.1 respectively.

D.1 Proof: The g-Independent Total 1D Magnifi-

cation Sums to 1

Now we show that the position independent total 1D magnification sums to 1 for n
perturbations. The argument we made in section 3.6 for four perturbations informs

how we can extend the proof to n perturbations. Following the pattern described in
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equation 3.66, we guess that the n perturbation case will look like:

(W1 — Y)Wt = Y 1)oo- (U1 = 42) (Yo — 1))
X ((yn‘ - ynfl)(!/'n - y-n‘42)~--(.yn. - (I/‘_))(yn - Ul))

X ((Yn—1 = Yn—2) Wn-1 = Yn—3)-(Yn=1 = ¥2) (Yn—1 — 1))

X ((yr — y3)(ya — 2) (s — 1))
X((ys — y2)(ys — 1))

X (y2 = 1)

(—1)"(

AU (Yot = 9n) Wt = Yne1) o Wnrt — 922080 = Y1) Wn = Yn—2)--(Yn — y2)) ()
X ((ya = y3) (s — y2))({ys — 2))

=5 (Wt = Y)Wt = Y1) Wkt = ) (W = Yn=1) (Yo = Yu2)- (Y — 1))
X ((ga = y3)(ya — 1)) ({yz — 1))

FU3 (Was 1t = ¥n) Warr = Y= Waer = ¥2) (Y1 — ) (Yo — Y1) (Yo — Yu—2)-.
X (Y = y2)(yn = y1)) ) = y2) (g — 1)) ((y2 — 1))

Y (Y1 = Y1) (Ynr1 — 92) (Y1 — 1)) ()
X (g = 3) (W — y2) (w1 = 1)) ((ys — y2)(ys — 1))y — w1))

FYnr (Yo = Y1) (Yo = y2) (Y — 1))

X ((ys = 3) (1 — y2) (s — 1)) (s — y2) (ys — v1)) (2 — 1)) (D.1)

For odd and even n, respectively. This can he written more compactly using product

and sumination notation:

j=1 i=1
(Jn-l—l l/} X H Yn — Yy X () X H(QJ - JJ H Yo — Jj
j=1

n J=n--1 1=2

b
Il

Il



( ~yy—wn) ﬁ !

iznt1 (Wi —41)

i=1
1
—y5 (Y2 — ¥2) Y
2 j—l;!i.l (i — y2)
i=1 1

—y5(ys — U3 —_
s -w) 11 =5

i=1
1
— " (Y — Yn -
y,.( n y") Z=InI-|_1 (y1 _ yn)

i=1
1
—Uni1(Yn+1 — Ynt1 —)
n+l( (g n+ ) _I'nIH (y yn+1)

j=1 j=1 j=1 j=1
X (H(yn.+1 —4) % IT (o —9y) < () x [T —93) x [T (42 — ;) (D-2)
Jj=n j=n-1 =2 j=1
Writing this even more compactly:
=2 =1
[T I @w-9)=
f=n+1 j=£-1
t=n+1 i=1 1 =2 j=1
0 Y (- Il ——= I II we—yy) | (D3)
=1 i=n+l (y1 - yf) t=n+1j=¢-1

Now that we have derived a compact form we can prove the that it is true for any
n. As is suggested by the proof for the case of n=4, one way to prove this is with
a recursive argument— in other words by showing both that equation D.3 is true for

n=1 and that if it is true for n = k, it will be true for n =k + 1.

First we will show that the base case is true. For n=1 equation D.3 becomes:

I ',:jn

I T -
- CZ (yf("” be) Hm w))) (HH ) (D4

H (Y2 —

j=2-1
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(- (yl('yl - 41) ﬁ @i_?/l—)_)

i=2

- (312('212 — Y2) ﬁ —*‘1—)) X (iﬁ (ye — yj)) (D.5)

i=2 (i — y2)

(!/2 - ?/1) =

1
= (yl(‘“ )(yz—yn(ul—m)

+< (92 — 2) 1
Y2lY2 — Y2 (y2 — y2) (4 — ¥2)

x ((y2 — y1)) (D.6)

(12 —y1) = — (y1) + (32) (D.7)

Which is certainly true. Now to complete the proof we must show that if equation
D.3 holds for n = k, it will hold for n = k£ + 1. In other words, we want to show that

forn=%+1:

_ k+1€:k+2 K41 B i=1 1 -2  j=
(1) o | v (e — ve) T H H ye — y;) [D.8)

i=k+2 (!/i - ye) P=k+2 j=0—1

given that for n=k:
ﬁ _ﬁ (ve —yj) =
f=k+1 i=1 1
(UZ(’WJ& ye) 11 )) (H H(ye )DQ)

ik Wi — Ye) t=k+1j=£—1

To begin, we use equation D.9 to rewrite the left side of equation D.8 as:

leftside =

j=1 =2 j=1 »
I e =w) | { TT 11 we—w)
Gkt 1 f=k41 j=b—1
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j=1 ik i=1 1 =2 j=1 ‘
= | II Grez—w) | [ (=15 D0 i (we — we) — ] ] X T 11 (ve 0
j=k41 =1 iz (Wi — ve) (=k+1 j=0-1

Expanding the sun:

leftside =
" 1==x] 1
( + {vilyi—w) —
i=hk41 (y; — Y1)
A i=1 1
+ |y (2 — v2) e
i=k+1 (i — 12)
+ | y3(ys — ys) ﬁ .
53— U3 —
’ =k-+1 (y - US)
+
+ | uiloe — w) ﬁ :
k— Yk —
* —h+ (lj, - le)
+ (1/1]:+1(Uk+1 = Yrr1) H _— )))
+1
=2 j=I j=1
—1)k( IT II (we—up) ) ( I hr2—w, ) (D.11)
(=ht1 j=(—1 =k+
le flside =

i=1

( 4+ Wez—v) [y — )

’:1

i=h+2 (yi = ‘/1)

i=1
: 1
+ (Y2 — 1) [ (02 — ) —‘( )

+ (Wrro — v3) [ U (ys — 1)
i=h

=h+2

+ (Yrr2 = Yi) (?/A(Uk — Ur) ﬁ ﬁ)

+ Whrz = W) { U Ukt = Yarr) H )
« Zkt JAH)



Distributing the factor in front:

leftside =

(

—Yn+2(
leftside =

+

+

o
(
S
(1
-

[
g
g
(
(

l ?/11:[
+
=1

vs 1J3—J3

k+
yk+1 ‘/2 — )

k+
= k+2 (y’

k+

it (ui H
1=k

i=1
yk+1(yk+1 Jk+1 H )
k42 = Y+1)
i=1 1
yi (o — ) H
=k+2 ?/l
=1
Ya (Y2 — o)
y i — Jz
ys (ys — y3)
i= A+2 (U‘ - )
! k= Yk)
JA(!/ H (Wi — o) )
!/+1 (Yr+1 — Yrt1) H (—— )
i=k+2 Jl\+l)
L+1 H H (ye —
O=k+2 j=0—1
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y ykl Yr+1)
k‘+1 + =1A—I yk+1))

- Ykr2 D (yp(yp H )
=kt — Up)

=1

k+1(ﬁ ﬁ (ye — ) (D.14)

0=k-+2 j=¢—1

Following our strategy for n=4, we now attempt to show that:

p=k+2 i=1 =2 j=Il
> (s T s ) < (T T o)
=1 -_;.+2 ~ Up) (=k+2 j=t—1

=0 (D.15)

To show this we expand the expression.

p=k+2 i=1 =2 j=1
> (y,’.f(yp—yp) II Zyi—yp)) X ( I 1II (ye—yj))

p=1 i=k+2 f=k+2 j=0~1
(D.16)

= IFZ"":*? Yt [(Yr+2 = Yr1) Yrr2 — Yr)- (Yraa — 91))]

p=1 P (Ypyo — yp)(ykﬂ - 7/17)(% - z/p) (y2 — Yp) (Y1 — yp)
X[(Yrt1 = U6) Wrrr — Yr=1)-- (a1 — y)][-(ys — v2) (w3 — y1)][(y2 — yP.17)

Since all y,, terms will cancel out except for the leading y;; factor, the coefficient of yl’;"

contains only k& + 1 distinct variables. Therefore we can write the coefficient in the
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form of equation D.9:

p—iq ] [('Jk+z Y1) (Wry2 — yk) (yk+2 - !/1)]
o Wirz — 0) Wrts — Up) Wk — Up) (U2 — Up) (91 — Up)

[(Jk+1 — ) W1 — Y1) (W1 — YOI — w2) (3 — v0)][(v2 — 91))]

= + Y(Whs2 — Y1) Wrr2 — U) - Wrrz — 92D [(Wrr1 — w) W1 = Ya—1) - (Yp1 — 32)]
[ J[(ys — y2)]

— Y rae — Y1) W2 — Y)Wz — YO(Wrt1 — U6) Wrtr — Y1) - (Wrr — 91))]
X[ (ys = y)l[(ys — v1)]

+ Y5 [k — ) Werz = Yr) - (Wrrz — YOI W1 = ) @rar = Yo-1)-- (Y1 — Y1)

[ l(y2 — w1

+ YWtz = Ykr) Wrrz = Ui) - Wrr2 — YOk — Yk) Wk — Ye=1) - (W1 — 91))]
x [ J[(ys = g2) (ws — v)l[(ws — w)]{(m2 — )]
Foykia[Wrr2 — Y1) Wrt2 — U)o Wir2 — YOkt — 90) a1 — Ya—1) - (W1 — 91)]

)
(
[ J[(ys — y2) (s — )] [(ys — y)l[(g2 — )]
£ yh ol Wtz = Yrr) Wrsz — U)o Wrrz — YOI W1 — ) Whar = Y1) (Yhrr — 91))]
y2)

x [ ][(ys — y2) (s — )] [(ws — yo)l[(v2 — w1)]
(D.18)
= (—1)%(
' . 1
+ Y Wiye—we) II —) 11 I we—y))
=23, k+1.h+2 i=k+2.k+1,...3,2 (¥ — Ye)" pproin.. 4,3j=0-1,0-2..32
' . 1
-yl Y Wwe-vw 11 —)( ]I I we—y))
€=1,3,.. k+1,k+2 i=h+2,k41,...3,1 (¥ = ¥0)" ompi2bi1 a3 jme-1.0-2..31
. ! 1
+ Y > (ve (ye — ye) 11 — ) 11 I we—u))l
6=1,2,4.. k+1,k+2 =k 42,k 1,..4,2,1 (% — Ye) C=h+2,k+1..4,2 j=0—1,6-2..2,1
) 1
= oyl > Wy —we) I1 —)( 1[I I (we—w))
£=123. k+1,k+2 i=k2,k41,..3.2.1 (Yi — ye) (=k420+1..3,2 j=0-1,6-2..2,1
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2

+ yllj+][

=124..k.k+2

* ?/1’:-:+2[

2

=124..kk+1

1
(yi — Ye)

1

(y{f(ye — Ye)

)

I

(ye — yj))]

=k 2,k,..4.2.1 =kt 2k 4.2 j=0—14-2..2.1
1
wiwe—v) I ——=) 1l T @e—u)D
i=k+1,k,..4.2,1 (i — e) b=kt 1k 4,2 j=0—1.0-2..2]1

(D.19)

For k odd and k even, respectively. Dropping the overall sign and expanding again:

+

+

uil + W — ) _i:m’Ikme (—y{_@)
. 1
(yg(yg ~ ) 1'.=k+2:‘|l:¢-[H,..‘3.2 (yi — y3))
: 1
(ioa =) i=lc+2.1111,...3,2 (yi — )
(i vk — ) II —1—)
i=k+2,k+1,...3,2 (¥ — ur)

+yhl

1

i=k+2.k+1,...3.2

II

k
(yk+2(yk+2 — Ykt2)
i=k+2.k+1,...3,2

( II [I

f=k+2.k+1..4,3 j=0—1,4-2...3,2

(?/15+1(yk+1 — Yrt1)

1

(yi — 'ZIL;+1.))

1

(% — Yr+2) )
(ye — v5))

‘ 1
Wi — ) i=k+2,1111,...3,1 (yi — yl))]

. 1
KA I i

, 1
SR L S ek
Wi —we) 11 L

i=h+2,k+1,...3.1 (v — yn)

I1

i=k+2.k+1....3.1

11

i=hk4-2.k+1....3.1

(i‘/15+1(’yk+1 — Ykt1)

(?/I’::+2(yk+2 — Yr+2)
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(Yi — Yrs1) )

1

(yi - yk+2))



+yh]

+Yy.

H

(I T we—u)

b=k 2 kb 1o A3 j=b—1,0—2..3.1
) . 1
wipm—-v) I  —)
=k 2.k 41,...4.2.1 (yi —y1)
) 1
(Y5 (2 = o) e
i=k /,];[1131 ('!/‘i. - 3/2)

il 1

42
ikt 2k 14,20 (4 = ya)

)

(s — )

. 1
(b (. — yi) 1

=k b2k, 4,20 (yi - i‘/k)

W (et = Yain)

(?/I,:~i-2(yk+2 — Yit2)

( 11 1T ’(yz'—ij))

C=k+2 k+1..4.2 j=-1,6-2..2,1

— 1
(Z/k(?/l - 1) VY
' i:k+2,]\‘11[1,...3,2‘1 (v — v1)
. 1

(Yh (g2 — 1)
1

3201 (yi —y3)’

—)
A~+2,A~IIH..,.3,2,1 (v = y2)
(Y5 (ys — ys) H

12k 1

i=ht

o 1
(k-1 (k1 — ) —
;zg-+2‘/gl7.,,;;72,1 ('!}j, — Y1)

: 1
(Uéﬂ(!/!«ﬂ - ZUk+J) H 7)
i=k+2,k+1,..3,2,1 (Yi — Yrs1)
: 1
(‘!}hz(ykw = Yn+2) H

ikt 2.k4 13,21 (Y = Yrt2)
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x (]I T @e—w))

(=k+2,k+1...3.2 j=0—1,0-2...2,1

+y,’§+1[ F Wi —wn) H : )

i=k+2,k,..4,2,1 (yi — 1)

, 1
+ (yé(llz —¥2) H T
i=k+2,k,..4,2,1 (i — 92)

1
F (5(ys — v3) —
: ,:=k+2g.‘.4,2,1 (4 — y3)

)
)

+ (yll:—l(’!/k—l — Yr-1) H ! )

i=k+2.k....4,2,1 (Yi — Yr-1)

' 1
F Whwe-w) I ——=)
=k 2.k, 42,0 \Yi T Yk)

1

i=k+2.k,...4,2,1 (y’ - yk+2)

><. ( H H ye—yj))

b=k+2,k..4.2 j=0-1,£-2...2,1

+ (y£+2(?/k+2 — Ykt2)

+ybal £ Wi —w) i=k+1],g...4,2.1 (yl—iyl—))
" 1
R I )
: 1
+ ('!/é (ys — y3) i=k+1I.;[,...4,2._1 m)
1

+ (yI’:—l('yk—1 — Yr-1) H )

i=k+1,k,...4,2,1 (i — Yr-1)

1
£ (yh(ye — yn) —
-i=k+11;[,.“4.2,1 (Yi — yx)

1
+ (yF o (k1 — Y1) —_
+1 i=k+1£[,...4,2.1 (y-i - yk+1)

< (11 I Ge—w) (D.20)

P=kt1 k. A2 j=0-1.6-2..2.1

If we look at only the —ykyF factors, we see that each combination of i and j will
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appear exactly twice. For instance, looking at just the —y{"yé’ terms:

e 1 1
vl —w) I ——=Ix( 1l I we—w)
=kt 2,k+1,..3,2 (yi — v2) b=kt 2.h41..4,3 j=b—1,0-2..32
L 1 '
—?/!} [y — 1) H — )] < ( H H (ye —v5)) (D.21)
i=k+2,h41,...3,1 (vi — 1) O=h+2,k+1..4.3 j=0-1,0-2..3,1

yiys (

[(Uk+2 = Y1) Wiz = Yo) - (Yrer2 — Y3l [(Ur1 — U) Wrr — Yrm1)-- (Wrr — y3)][- ] [(9a — 93)]
[(Yre+2 — Y1) a2 = Yr) oo (Wrrr = Y3)l (W1 = ) (Y1 — Yr—1) (Y1 — 3)][---][(Y2 — 3)]
) ' (D.22)

0

In fact, the yF yJ pairs will always cancel. We can see this by noting that out of the

k + 2 possible variables, the coefficients will each contain only k variables, and that

neither coefficient will contain the variables y; or y;. Since all the pairs cancel we can

p=k+2 i=1 1 =2 j=1
Z Jp(Jp Yp) H X H H (Ye — y;)
o1 et (yz — Up) b=k42 j=t-1
=0 (D.23)

and therefore:

p=1 i= k+2

p=k+1 i=1 =2 j=I
- (y:f(yp H Jp)) X ( (Ye — JJ))
oo

i=ht2 (Ui — Yrt2)

i=1 =2 j=1
= (y£+2(yk+2—’yk+2) 11 -—1—> X 1T (ye )) (D.24)
j=e—

p=k+1

_ K/ o i=1 1

i=k+2
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i=k4+2 (yz - yk+2)

i=1
= (y£+2(‘yk+2 ~ Yr+2) H —“1_—) (D.25)

Now we can go back to equation D.14 and substitute in equation D.25:

k+1(y =
( ( =1,:I yl))

1
(y§+1(Jz - yz) )
i=k+2

k+1 = 1
Y, 3 Y TR
3 (313 3) iiss (yz _ y,3)
1

leftside =

i (o — i) H
i=k+ yk)
"
+1y, ,
Yt Ukl — Yrr1)
ke i=l;.[|.2 (Yi — Yrt1)

—

( i=1 1
+Yk+2 yfw (Y42 — Yr+2) H —— )
i=k42 (yz' - yk+2)

( ﬁ I e .w)) (D.26)
j=£-1

leftside =

l\-}-l
( ( — ) l 1112 yl))
(yé“(yz — yz)

i= k'+2

(’”“ ys—y)zl}H =) )

(Uf“ Yk — Yk) H

i= k+2 yk)
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QED.

D.2

i=1
!//fi} (Y1 — Yrr1) H
i=h+ ;T ’JA+1)

' 1
k41
Yirs (Ykt2 — Ynt2) — )
( R it (J Jk+’))

A(H H U(_JJ)

i

..L

le flside =

(D.27)

b=k+-2 i=1 =2  j=1
COREDY (J (Ye = ye) H — w)) x ( I1 (yzt—yj))(DQS)
Yi ¢ Jj=t-1

=1 =h+

Proof: 1D Magnification Does Not Explicitly

Depend on Perturbation Position

To prove that the total one dimensional magnification does not explicitly depend on

position for n perturbations we write another recursive proof. The numerator of the

total 1D magnification for n perturbations can be written as:

(1)

numerator =

F0(y1) (a1 = ¥u) Wner = Yn1) - Warr — Y2)) (W = Y1) (Y
X () (s = ys)(ys — 92)) (v = v2)

—0(y2) (Wt 1 = Yn) Wt = Yu1)eo-(Ynr = 90)) (Y0 — Yot (Y —
X () (s = ya) (s — y1))((ys — 1)

+Q(y3)((yn+l - yn)(y'n-i—l - y-n‘—l) (U:Hl Y2 )(I/n+l - {/1) ((y‘n

- y-rz-2> (y'n, -

Yn— 2) (J

— Yn—1)

X (Yn = Yn—2)- (Y — y2) (W — 91)) () ((ya — y2) (g1 — y1)) (g2 — 1))

y2))

- )

(Y ) (Ynrr = Un—1)-(Wnt1r — ¥2) Wt — 1)) ) (e = 3) (va — y2)(ys — 1))
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X ((y3 — y2)(ys — y1))((y2 — 1))
FOWnt1)(Un — Yn—1)--(Un — ¥2) (Wn — Y1) () ((vs — y3) (ws — y2) (Y2 — 1))
X ((ys — y2)(ys — 1)) (2 — 1)) (D.29)

For odd and even n, respectively, and where o(y;) = (y; — ¢1)(¥j — @2).-.(y; — @n)-

Equation D.29 can be written more compactly using product and summation notation:

numerator = (—1)"(

+ oy e
—1711 3/1)
i=1

1
+ o)y — yz)1 InI+1 =

i=1 1
+ o(y3)(ys — ¥3) —
’ —17—;].;.1 (y ?/3)
+ Y(Yn = Yn)
" i= 1;11 (yz Yn)
i=1 1

+ 0(Ynt1)(Yn+1 — Ynt1) H )

i=n-+1 (y yﬂ‘l—l)

=2 j=1
( T <yf—yj>) 030)

f=n+1 j=£-—1

X

We have already proven the base case in section 3.2, now we need only show that
what holds for n = k£ —1 holds for n = k. Lets say that we have proven equation D.30

does not explicitly depend on perturbation location q; for n = k — 1 perturbations:

=
f
-

1

(1" + g - w7
i=] 1

v —w)ll —

g ( 2 )le (yi — yz)
=1 1

+ y3'(ys — s Ty

’ (@ ),= (¥ — y3)
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+ v (Wt — Y1)

=1

,-_ﬁ/\‘ Yi — Yk 1)
=1 l
+ oy (e — i) ——)
g H (i — yi)
(=2 j=1
X IT (we—y))

(D.31)

Then we must show that for n=k perturbations equation D.30 also does not explicitly

depend on perturbation location:

(=1

—

JTH (/1 gl -
: ,-_IA] (i — J1>
— 1

i:l~'+l (yi — '!]2)

-‘-&-

m

Yo (U:Z - (,/2)

Il!

.':IN

I — P ———

s (ys — y3) Al 7 w
i=1

m Ul\ ""Jl\ H

i (J[—JA)
= 1
I/HI(UAH ~ Y1) H m)
i .

0=2  j=1
X ( 11 11 (?/E—'!/j))

e=k+1 j=0-1

0, for(0 <m < k) (D.32)

Looking at expression D.32, we see that a given y!" will have a coefficient that contains

all possible y terms except y; itself. For this reason each coeflicient can be rewritten

using identity D.3 from section D.1:

=0

H Yo — ‘/J =
Je=t—
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(o

Which gives us:

numerator =
(—1)F(-

+ ( Z v ye — ve) H
£=23...k.k+1 i=k+1,k...3.2

- Yy ( vy we—ve) ]
¢=13..kk+1 i=k+1.k..3.1

+ vz ( Z “Hye — o) H
£=12.. kk'+1 i=k+1,k...2.1

+ ( > y5  (ye — ye) 11
=1,2..k— 1k+1 i=k+1,k-1..2,1

q:

m
Y1 Z
=12 k-1.k

i=1

> o=

("Jz (ye — ye)
=1

e (Ye — ye)

I1

ek (¥ — Ye)

i=k,k—1...2,1

1
— X H H (ye —
(yi — ye)) (e:k,k_l_A,z j=0-1..2,1

1
— | x( TI II we—-w)
(yi — LW)) (£=k+1.k..4,3j=1z-1...3.2 !

1
— x| TI IT (ve- y~))
(yi — :l/c)) (L’:L:+1,k..4,3j=€——1...3,l !

1
— | x 11 I e—w)
(yi — yE)) (£=k+1,k..4,2j=£—1...2,1 !

1
(yi — TJC)) g (ﬂ=k+11;cl—l..4,2jzég..2.l(y£—-yj))
yj))l))-34)

For k odd and k even respectively. Expanding and grouping this by leading factor we

get:

numerator =

~(yi™!

m

+Y3

[~v3' ((yl - 1)

((%
=T ((y1

:Fyi-n+1 ((yl — 1)

II

i=k+1,k...3,1

1

i=k+1.k...2,1

- Y1)

II

i=k+1.k-1..2,1

I

i=k,k—1...2,1

— 1)
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1
—— x| II (ye = v;)
(3/:‘ - yl)) (F=k+l.k..4,3 j=0-1..3,1 ’

II I

S (e~ ;)
— Ye — Yj
(Yi — 1) O=k+1,k..4,2 j=0-1..2,1

I1 II

! x (ve — 5)
— ¢ — Yy
(i — 1) b=k+1,k—1.4,2 j=£—1..2,1 ’

(yi 1?/1)) * (1’:};./!;[1 42'=ﬂ£l 21(y[_yj)>]



+ys~ [y ((‘!/2 — )

H ; ——1—~) x ( II 11 (W—?/j))

i=k41k...3.2 (yi — y2) O=k+1,k.4,3 j=0-1...3,2

i=k+1.k..2.1 (=k+1.k .42 j=0-1..2,1

+yy' ((yz—yz) I1 (y—_l_y)—)>x( 11 I (y«—;l/,-))

e 4 \ 1
Ty | (92— v2) II — | X 11 I -y
i=h+1.4-1..2.1 (U'f' - ?/‘2) O=k+1.k-1..4.2 j=0-1..2,1

Tyr (('yz —y) ] -1—> X ( I I1 (ye—yj))]

i=kk—1..2.1 (Y = yo) (=hk—1.4,2 j=C-1..2,1

U [y ((y:wya) I ﬁ) X( II IT (ye—w))

i=h+1,k...3.2 (=k+1,k.4,3 j=£—1...3.2

' ((y:s — y3) H “‘1—‘) x ( H H (ye —11},1)>

i=k+1.k..3,1 (Vi —ys) f=k+1,k. 43 j=0—1..31

Ty ((yg —~ y3) 11 @*_%/3) X ( 11 I - ’!/j))

i=hk+1,k—1..2] (=k+1.h-1.4.2 j=0-1...2,1

T—’Uﬁq (('!/3 —U3) H *1—) X ( H H (1 _yj))}

ik, 20 Wi —Us) (=kh—1.42 j=0-1..2.1

it Lk 3,2 (yi = uk) (=kt 143 j=C-1..32

, 1
o e —w) Il ——=]x 11 I we-w)
ik ke 30 (i = yi) =kt 1k A3 j=€-1..3.1
‘ 1
+y5' ((Ul« -u) 1 —) x ( I - ;Uj))
Omhei | 4,2 j=b=1..2.1

FUih ((yk ~ Yk H —l—) X ( II I1 ('!/(i"?/j))]

+ye [y ((!/k"!/k) 11 #) X( 11 11 (;l/«—yj))

—-
—

=k Lk 2.1 (yl - yk)

ittt Wi = Yi) =k k—1.42 j=(-1.2]1
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tyi o [y

i=k+ 1432 (Ui - ka) f=k+1k. 43 j=(—1..32

Ukl — Y1) H ———1——) X ( H H (yﬁ’”?/j))
=k 3.1

=kt 1 k3.1 (Y = Yre+1) =kt Lk 43 j=-1..3,

-
it
( 1
|

43" | (Wt — Year) H T [ X H (Ye — ;)
im0 (M= Ykt1) O=k+1 kA2 j=0-1..2,1
1
' | Yrrt — Yrs1) 11 e 11 IT we—u)|D
i=h L= 1..2.1 (i = Y1) b=ht Lh—1.4.2 j=0—1..2,1

(D.35)
For k odd and k even respectively. Rewriting:
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gkt 4y ( w—u) ]I m)
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1
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Written in this form, we see that each coefficient of y}""l is in the form of (equation
D.31)and that we can therefore say that for any 0 < m < k — 1 they will be zero.
But we already showed in section D.1, equation D.23 that the m = k — 1 terms will
be zero! So equation D.32 will be zero for any 0 < m < k and we have completed
the recursive proof. This illustrates that the 1D magnification is does not explicitly
depend on perturbation location for n perturbations.

Together sections D.1 and D.2 prove that the total 1D magnification will be one

for n perturbations!
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