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ABSTRACT
The problem of nonlinear pulse propagation near the zero-dispersion wavelength (ZDW)
in optical fibers is investigated theoretically using asymptotic and numerical methods. The
analysis is based on the modified nonlinear Schridinger (MNLS) equation that governs
the envelope of a wave packet near the ZDW. The MNLS equation modifies the nonlinear
Schr6dinger (NLS) equation by the addition of a third-order-derivative dispersive term
needed to achieve a balance between leading order nonlinear and dispersive effects. It
is found that, in addition to two-hump pulse envelopes found in previous studies of this
problem, the steady MNLS equation accepts in general multi-hump pulse envelopes. The
envelopes are of permanent form being held together by the combined action of dispersive
and nonlinear effects and require lower peak power to launch in comparison with singlehump solitons of the NLS equation of comparable duration.
The possibility of transmitting these low power pulses in an optical communication
system is explored by examining their stability under perturbations. It is found that the
fundamental two-hump pulse for which third-order dispersion is most significant is linearly
unstable with 0(10-2) growth rate. Despite this mild instability, numerical simulations
of the MNLS equation indicate that nonlinearity has a stabilizing effect, allowing the fundamental pulse to propagate over long distances. The pulse can adjust to a perturbation
that induces a loss or gain in energy by a shift in carrier frequency either towards or away
from the ZDW, respectively. This evolution is possible provided that the magnitude of
the perturbations are within certain limits. The results of this study suggest that stable
pulse propagation near the ZDW may be possible and that the savings in power gained
by operating near the ZDW may make this an attractive point about which to operate an
optical communication system.
Thesis Supervisor: Triantaphyllos R. Akylas
Title: Professor of Mechanical Engineering
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CHAPTER 1
GENERAL INTRODUCTION

Over the past thirty years, substantial theoretical and experimental research on the
interaction of high-amplitude electromagnetic waves with matter has resulted in the field
now known as nonlinear optics. Recently, efforts have focused on investigating nonlinear
optical phenomena specific to fiber-optic waveguides of the single-mode type used for the
long distance transmission of pulses in modern optical communication systems. The bane of
communication system engineers is dispersion-induced pulse broadening that results from
higher-order dispersive effects that modify the group velocity of pulse envelopes (Agrawal,
1995). As the quest for high bit-rate communication systems demands the use of pulses of
increasingly shorter width, pulse broadening effects become appreciable over shorter distances necessitating the frequent use of costly repeater stations which reshape and amplify
pulses preserving the signal integrity. To unleash the ultra-high speed performance of future optical communication systems in an economical way, the dispersion barrier has to be
overcome.
A milestone in nonlinear fiber optics was reached in 1973 when A. Hasegawa proposed
that a single-mode optical fiber could support solitons; nonlinear wave packets in which
dispersive broadening effects are counterbalanced by nonlinear effects allowing propagation
over long distances with little change in form. The concept was verified experimentally by
Mollenauer et. al in 1980 with the advent of low-loss fiber and tunable laser sources. Using
optical solitons, the bit-rate can be increased substantially while at the same time fewer
and relatively cheaper repeater stations are needed.
Since then, research has focused on reducing the required power to launch a soliton
which is inversely proportional to the square of the pulse width and directly proportional
to the second-order fiber dispersion coefficient. A possible way of reducing the required
power is to operate near the zero-dispersion wavelength (ZDW) in optical fibers, a point
where the second-order fiber dispersion coefficient vanishes. Near the ZDW, the nonlinear

Schr6dinger (NLS) equation that describes the slowly-varying envelope of a nonlinear wave
packet must be augmented by a third-order-derivative dispersive term in order to achieve
a balance between leading order nonlinear and dispersive effects. The resulting modified
nonlinear Schrodinger (MNLS) equation governs in general the propagation of nonlinear
wave packets near a caustic of a dispersive wave system; a critical wavenumber where the
linear dispersion relation has an inflection point.
In the context of wave envelopes in deep water it was shown by Akylas & Kung (1990)
following a numerical procedure that the MNLS accepts steady pulse solutions in the form
of two-hump bound states; wave profiles resembling a fusion of classical single-hump 'sech'
profiles of the NLS. This result was also obtained using an asymptotic method by Klauder
et. al (1993) who, in addition, reported that these pulses were highly unstable when thirdorder dispersion was strong.
Three main questions have remained open from these studies. As pointed out by Akylas
& Kung, standard perturbation theory alone does not reveal that the MNLS accepts twohump bound states. It was conjectured that the presence of exponentially small terms may
be at the root of this, but this issue required further study. The analysis by Klauder et
al. produced results in agreement with the work of Akylas & Kung but the details were so
sketchy in Klauder's work that there was no general way of explaining the origin of the twohump pulses or determining whether multi-hump pulses were possible. Asymptotic studies
of the steady MNLS by several workers, notably Grimshaw (1995), used a perturbation
analysis taking into account exponentially small terms to reveal that a single-hump solitary
wave profile becomes nonlocal in the presence of third-order dispersion. Specifically, wave
tails with non-zero amplitude at infinity appear and thus single-hump solitary waves of the
steady MNLS cannot be locally confined pulses. This result is consistent with simulations
of the time-dependent problem in which a single-hump wave begins to evolve towards a
nonlocal state by radiating an oscillatory tail. Further analysis of the steady problem
taking into account exponentially small terms is needed in order to explain how locally
confined bound states can be formed by interacting nonlocal solitary waves.
Because the report of a strong instability of two-hump bound states was not completely

substantiated, a systematic stability analysis was needed to assess the behavior of perturbed bound states. Specifically, the results of a linear stability analysis combined with
simulations of the full nonlinear pulse propagation problem would permit a more accurate
assessment of stability.
Finally, it is well known that solitons of the NLS theory have the remarkably robust
property that they can evolve out of general initial conditions which may be far from the
exact 'sech' profile. As this property contributes to their usefulness in optical communication systems, it is desirable to know whether bound states of the MNLS have a similar
property.
These questions are addressed in this thesis using asymptotic and numerical methods. The second chapter deals with the steady problem of determining pulse profiles of
the MNLS. The asymptotic approach taken involves matching the tails of well-separated
neighboring nonlocal solitary wave cores such that the composite wave is a locally confined
solitary wave. The resulting multi-hump solitary waves are found to be in good agreement
with numerical calculations. Although the analysis deals specifically with the MNLS, the
asymptotic theory presented can be generally used to construct bound states of any system
that accepts nonlocal solitary waves.
The third chapter investigates the stability of the steady bound states of the MNLS.
Through a linear stability analysis and direct simulations of the MNLS it is found that the
fundamental bound state may propagate stably for long distances in the absence of large
perturbations. Results of simulations are used to predict the major challenges that might
be faced in attempting to use these special pulses near the ZDW in an actual setting. It
is hoped that this study may be useful as an aid to experimental researchers in nonlinear
optics who may be interested in exploring the possibility of low power pulse propagation
near the ZDW.

CHAPTER 2
FORMATION OF BOUND STATES BY INTERACTING
NONLOCAL SOLITARY WAVES

2.1 Introduction

The term 'nonlocal solitary wave' has been used in recent years to denote a steady
(or quasi-steady) disturbance that consists of a main core resembling a classical (locally
confined) solitary wave and features oscillatory tails with non-zero amplitude at infinity.
Nonlocal solitary waves arise in various physical settings (Boyd 1989), ranging from the
transmission of nonlinear pulses in optical fibers (e.g., Wai et. al 1990, Karpman 1993)
to the propagation of surface waves in a liquid layer (e.g., Vanden-Broeck 1991, Yang &
Akylas 1996).
For a nonlocal solitary wave to be steady, the energy flux has to be constant throughout
the disturbance and hence oscillatory tails must be present on both sides of the main core.
On the other hand, for a nonlocal solitary wave evolving from a locally confined initial
condition, an oscillatory tail is shed on one side only (dictated by the sign of the group
velocity) so the disturbance is not entirely steady.
In this chapter, we shall focus on steady wave disturbances. Our goal is to construct
multi-hump bound states, featuring more than one main core, by suitably piecing together
nonlocal solitary waves. In prior analytical studies of this problem (Klauder et. al 1993,
Buryak 1995, Grimshaw & Malomed 1993), bound states were approximated as a superposition of nonlocal solitary waves, relying on a perturbation procedure proposed by Gorshkov
& Ostrovsky (1981) and Karpman & Solov'ev (1981) for weakly coupled solitary waves.
While this approach has some intuitive appeal, it is not clear that it can be used when solitary waves have non-decaying oscillatory tails of exponentially small amplitude (Grimshaw

& Malomed 1993). Instead, following Yang & Akylas (1997), we seek steady bound states
by matching both the oscillatory and the exponentially varying tail components of nonlocal solitary waves, ensuring that the energy flux remains constant throughout the entire
disturbance.
This matching procedure is applied to the nonlinear Schrodinger (NLS) equation with
a third-order-derivative dispersive perturbation. Among other applications, this perturbed
NLS equation governs the propagation of pulses near the zero-dispersion wavelength (ZDW)
in optical fibers. Here, locally confined bound states with no oscillations at their tails are
possible, and families of such symmetric solutions with two, three and four main humps are
constructed. The analytical results are confirmed numerically by a continuation procedure.

2.2 Nonlocal solitary waves of the perturbed NLS equation

Starting from Maxwell's equations, the complex envelope A of a weakly nonlinear pulse
with carrier wavelength near the ZDW in a single-mode fiber can be shown to satisfy the
perturbed NLS equation (Hasegawa 1989):
Ax + iPAtt + yAttt + iA 2A* = 0,

(2.1)

where x denotes normalized distance along the fiber and t is a scaled time variable. The
(real) constants 0 and y, respectively, control the relative significance of second-order and
third-order dispersion: when the carrier wavelength coincides with the ZDW second-order
dispersion is absent and 3 = 0; while, in the other extreme, far from the ZDW, the thirdorder dispersive term becomes less important and (2.1) reduces to the classical NLS equation
which admits solitary-wave solutions in the anomalous dispersion regime (, > 0). Apart
from nonlinear optics, however, (2.1) governs in general the evolution of wavepackets near
a 'caustic', where the group velocity is stationary and second-order dispersion vanishes
(Akylas & Kung 1990).

|

We seek permanent-wave solutions of (2.1) in the form
(2.2)

A = a(ý) exp(-iKx),

where ( = t - vx and K allows for a possible wavenumber shift. Upon substitution into
(2.1), normalizing variables according to
1'1

5= '

ý'

(2.3)

and dropping the primes, it is found that a(() satisfies
(2.4)

aEC - a + a2a* + ic(vaC - ag) = 0,

where
EV

,,K(2.5)

In terms of the parameter E, the NLS limit corresponds to E = 0, in which case (2.4)
has as a solution the familiar NLS solitary-wave profile:
(2.6)

a = 22 sech 5.

On the other hand, equation (2.4) cannot be solved exactly for e $ 0, and it is not clear
whether solitary waves are possible close to the ZDW. In an effort to answer this question,
one may find corrections to the NLS solitary wave (2.6) by expanding a in powers of e. It
turns out (Akylas & Kung 1990) that v = 1 and
1
a = 2 S-

3
2 2 (_39
3
S+21S
2 iESR + - E
2
442

+

(2.7)

with the notation S - sech (, R - tanh (.

It is interesting that, even though the perturbation expansion (2.7) can be carried to
any order of Eand every term remains locally confined, equation (2.4) in fact does not admit
one-hump solitary-wave solutions that are locally confined. The reason is that oscillatory
tails with exponentially small (in E)amplitude, beyond all orders of expansion (2.7), appear.

Several previous studies (Wai et. al 1990, Karpman 1993, Kuehl & Zhang 1990, Grimshaw
1995) have attempted to compute these tails using exponential asymptotics but the final
results are not in complete agreement. Following a perturbation procedure in the frequency
domain (Akylas & Yang 1995) (see Appendix A for details), we confirm the results obtained
by Grimshaw (1995) through a nonlinear WKB technique in the complex plane.
Specifically, assuming that there are no oscillations at the left-hand tail, so that from
(2.7)
( --+ -0),

a - 22 e2

(2.8a)

we find that an oscillatory component of exponentially small amplitude necessarily appears
at the right-hand tail:
- i
a - 22 e-2ie e- + 2i6 e2~/

(2.8b)

( - c00),

where
6 = 22 7r-

exp

(2.9)

-

E

2E

with C = 8.58. Apart from this asymmetric nonlocal solitary wave, there is also a oneparameter family of symmetric (a(-() = a* ()) nonlocal solitary waves with oscillations at
both tails:
a

iEeT-i

2~2

6

Cos 0 exp (_-i

4

iO)

(

+ oo),

(2.10)

where -7r/2 < 0 < r/2 is a phase-shift parameter that controls the oscillation amplitude.
Our interest centers on steady wave profiles of the perturbed NLS equation in the form
of locally confined bound states. Such disturbances, if they exist, have to be consistent
with equation (2.4) which was obtained from (2.1) on the assumption of steady waves. In
particular, it follows from (2.4), by multiplying with a* and extracting the imaginary part,
that the flux

T•

= --i(a*ag - aa*) + E(a12 - a

+3

2)

(2.11)

has to be constant. Furthermore, this invariant is equal to zero for a steady wave that is
locally confined.
Hence, as noted by Grimshaw (1995), a nonlocal solitary wave with oscillations at one
of its tails only cannot correspond to an entirely steady solution because according to (2.8)
Fi

-+ 0 (( -+ -oo)

while Fi - 462/E

#

0 (( -±

00).

As a result, one may view this

solution as a quasi-steady solitary-like disturbance (evolving on an exponentially long time
scale), its main core slowly decaying as it radiates an oscillatory tail. For the purpose of
constructing steady bound states, however, we insist that the disturbance is steady and
allow for a small exponentially growing component, consistent with the linearized version
of (2.4), at the right-hand tail.
Specifically, we replace (2.8b) with
a - 2 e- Vie e-

+ D e + 2i6 e - i/

(• -

o).

The amplitude D = r ei € is determined by requiring that the two invariants
F2

_ la

2 -

a12 + ½,aI4 + ie(asa*C - a*aC)

7i1

and
(2.12)

(which follows from (2.4) by multiplying with a* and extracting the real part) vanish at
the right-hand tail (( -+ oc), as they do at the left-hand tail (( -+ -oo) where the wave is
locally confined according to (2.8a). These two constraints then yield to leading order

r=

62

I

= -7r+

E

,

and the asymptotic behavior of the right-hand tail is
2~2

C

CC -

22

eJ
i' + 2i6 e-it/6

(( -+00).

(2.13)

Note that the amplitude of the exponentially growing component of the tail is of higher
order than the amplitude of the oscillatory part, and does not figure in the asymptotic
analysis that determines the tail oscillations to leading order (see Appendix A). The exponentially growing part of the tail plays an important part, however, in matching the tails

_

__

of nonlocal solitary waves to construct locally confined bound states (see Section 2.3). In
preparation for this matching, we next consider asymmetric steady nonlocal solitary waves
with oscillatory and growing components at both their left-hand and right-hand tails. These
waves can be deduced from the symmetric solitary-wave solution family (2.10) by superposing an oscillatory component, exp(-i/ce), with complex amplitude proportional to 6.
The resulting tails then can be expressed as
a

3i ;
22 e2~i eJ - 2i

a

22 ~

3

3

sin 0+
sin(9± + 0-)

(
-i-

exp

(

sin 0
+ 2i sin(exp

e-

- i_

-i

( -+ -oo),

+

(o--

0),

in terms of the two phase parameters 0+ and 0_ (-7r/2 < 0± < r/2), the symmetric tails
(2.10) corresponding to the choice 0+ = 0_ = 0. Furthermore, we need to add exponentially
growing components to these tails so that the invariants (2.11) and (2.12) vanish and the
nonlocal solitary wave can be part of a steady, locally confined bound state. Imposing these
constraints one finds that
a -

a

1
sin 2 +
2 e7ie
2 sin 2 (9+ + 0_)
22
sin+
/)
( "•
)
- 2i sin(9
sin(0++ 0) exp
exp -i- - iO_

22 e2~

3

22 e

-

3
2

+ 2is

e

1

sin_+

sin(04 + 0_)

sin 28
exp

)

(2
(2.14a)

( - -0o),

2 1

e-E

( 22

-i

(

(2.14b)
+ iO+

E

(

00).

These are the most general expressions for the tails of a nonlocal solitary wave consistent with the requirement that it forms part of a steady, locally confined disturbance. In
particular, expressions (2.8a) and (2.13), which are valid in the special case that oscillations
appear at the right-hand tail only, can be readily obtained from (2.14) by setting 0+ = 0.
Based on (2.14), we now proceed to construct locally confined bound states with more

than one main hump.

2.3 Locally confined bound states
The overall strategy for constructing multi-hump bound states involves piecing together
nonlocal solitary waves such that their tails-both the oscillatory and the exponentially
varying components-match smoothly.

2.3.1 Two-hump bound states

We begin with symmetric (about ( = 0) bound states having two main solitary-wave
humps centered at ( = +L/2, say. For a locally confined disturbance, no oscillations should
be present at the left-hand tail ( <« -L/2) of the hump centered at ( = -L/2. Hence,
setting 0+ = 0 in (2.14b), its right-hand tail is given by
a ~

e

2 2 e-

e-

e

2 es
-S -2
(2 E2

e2

+2id exp -i ( + )/e]

(2.15)

(-L/2 <
« < L/2),

where a is a phase constant to be determined. [If a(() is a solution of (2.4), so is a exp(ia).]
Based on (2.15), symmetry of Re a about ( = 0 requires that
3
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L

cos (a-

2ei

e) =

L

e2

cos a+ ½)E

(2.16a)

and
L -a=
2E

n+ )

(n =0, 1, 2,..).

(2.16b)

From (2.16a), it follows that
a = - + -

2 2'

(2.17a)

62 = 8E2 e-L.

(2.17b)

and

Conditions (2.16b) and (2.17) also ensure that Im a is antisymmetric about

= 0 so

a(-() = a*(() as required.
Recalling the definition of 6 in (2.9), condition (2.17b) relates the spacing of the two
humps, L, to the dispersion parameter E:
(2.18)

L = - + 41n e - 2 n
2
E

Combining (2.18) with (2.16b) then yields an equation that determines the specific values
of E = En (n = 0, 1,2,...) for which two-hump bound states are possible; correct to O(e),
2En(n + 1)7 =

En

+ 4 In En - 2 In

2

(n = 0, 1,2,...).

(2.19)

Equations (2.18) and (2.19) are consistent with the work of Klauder et. al (1993); the only
difference is in the value of the constant 7rC/2 = 13.4 which they approximated numerically
as 12.94.
The asymptotic expressions (2.18) and (2.19) are expected to be valid when en is small
(n > 1) so the two humps are well separated. Comparison with numerical results (Klauder
et. al 1993, Akylas & Kung 1990), however, indicates that (2.18), (2.19) provide a reasonable approximation even for n = 0!

2.3.2 Three-hump bound states
We next proceed to construct symmetric bound states with three humps centered at
S= -L, 0, L. The middle hump is symmetric about ( = 0, and using (2.14a) with
0+= 0 = 0 the asymptotic behavior of its left-hand tail is found to be
ic

a

2 aeZeý
e2 e
a ~ 22

-

c

1

1

-

8x/ý cos 2 0
exp (<-i

-iO

-2
2

1e-.
E-

e

C

(-L

< -1).

(2.20)

Now, the left-hand tail of the middle hump must match smoothly with the right-hand tail of
the hump centered at ( = -L. This hump has no oscillations at its left-hand tail, however,

_ _

and setting 0+ = 0 in (2.14b) the asymptotic behavior of its right-hand tail is
a

2
2Cifee

e ieia

,

i
-L
i~

e-

~

-

2E2life ie J L e

-

e e

Se22

(-L <

+ 2i exp [-i( + L)

(2.21)

< -1),

where a! is a phase constant to be determined.
Matching of expressions (2.20) and (2.21) requires that
L

-8e
- _e

eiE
cos 2 0

e22

2i6 exp i

exp i(

= -32 e-

-

[E

+

(2.22a)

E

exp( [i

= -i

-

(2.22b)

e.

(2.22c)

cos 0

For (2.22a) to be compatible with (2.22b), it is necessary that
62 = 8

cos 0 = 12'

2

(2.23a)

e-L

and
(2.23b)

a = Ir + c.

Hence 0 = -7r/3 and

L = - + 4 In - 2 In
e

(2.24)

2

so the spacing of the humps of three-hump bound states as a function of e obeys the same
relation (2.18) found for two-hump bound states. Furthermore, combining (2.23) with
(2.22c) and using (2.24), the values of c = en (n = 1,2,...) for which three-hump bound
states are possible satisfy the eigenvalue relation

E
En (2n+

3

r=-+E

4 In En - 21n 2

(n = 1, 2,...).

(2.25)

Note that, for each n, the eigenvalues cn form pairs corresponding to the two values of
0=

±

7r/3. The asymptotic relations (2.24) and (2.25) will be compared against numerical

results in Section 2.4.

2.3.3 Four-hump bound states
Finally, we sketch the details of constructing symmetric bound states with four humps.
Taking the point of symmetry to be at ( = 0 as before, the centers of the humps are
placed at ( = ± L 1/2 and at ( = ± (-L'

+ L 2 ) = + L. It is then clear that, in addition

to imposing symmetry about ( = 0, we need to match the right-hand tail of the hump
centered at ý = -L with the left-hand tail of the hump centered at ( = -L

-L << •

1 /2

in the region

-L 1/2.

Specifically, making use of (2.14b) with 0+ = 0, the right-hand tail of the hump centered
at ( = -L is given by
a
• -e
ei 'l 2 Clii e-•

2 ee i
ze
el 'eL
2262

+ 2i6 exp [-i (6 + L) /E]

}

(2.26)

(-L << <K -L 1 /2),

al being a phase constant. Similarly, using (2.14a), the left-hand tail of the hump centered
at ( = -L 1/2 is given by
a
ei

2

{2• eie

L 1/2

e

sin 2

1

Ssin2 (

-

sin(

exp [-i

+

+

62 -- iee-L1/2 e-

9+

)

+0

(2.27)

(-L < < -L1/2),

where a2 is another phase constant.
Matching of expressions (2.26) and (2.27) is achieved when
sin0+ = sin(O+ + 0_),
62

-

8.2 e- L 2,

(2.28a)

(2.28b)

al + IE = a2 + ~E + 7r,
L2 = a 1 - a2 + 0- +
(2n - 1)7r

(2.28c)
(n = 1, 2,...).

f

(2.28d)

From (2.28a), one has
0+ =

(2.29a)

2 2

while (2.28b) gives
L2= -+ 4 In - 2 In

(2.29b)

2

the same relation found earlier for two-hump and three-hump bound states (see (2.18) and
(2.24)). Also, according to (2.28c),
a1 - a 2 = 7r + E,

(2.29c)

and (2.28d) becomes
L2
E

= 2nxr + 0_ + E

Next we impose symmetry about
centered at ( = -L
a

eia 2

1 /2

= 0.
0 Using (2.14b), the right-hand tail of the hump

is given by
21

e-L/2

e-

2
+ 2i6 sin

(2.29d)

(n = 1,2,...).
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+

sin(04 + 0_)

sin 2 9_
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eL1/ 2 eE

(-L1/2 <
<

< L1/2).
(2.30)

This is symmetric about

= 0 (a(-ý) = a*(()) if
62 = 8
a2

L1
-

2E

-

2

sin 2 (0+2 + 0_) e-L
sin 0_
•_
=2 i "--

2,E,

2-

= mr - - +a+
2 + a2 + 0+

1

(m = 1,2,...).

(2.31a)
(2.31b)

(2.31c)

Combining (2.31a) with (2.28b) and (2.29a) yields
exp(L 2 - L 1 ) = 4 sin

2

0
2

(2.32a)

Furthermore, according to (2.31b) a2 = (7r + e)/2, and, using (2.29a), (2.31c) becomes
L1

2E

m + 2

2

2

2

2

(m = 1,2,

.

(2.32b)

Eliminating then L 1 and L 2 from conditions (2.29b), (2.29d) and (2.32), one is left with
two equations for 9_ and E:
+
E(2nr + 0_ +)

7r

= -- +41n

- 2n

7rC

2
exp {[2(n - m) - 1] ire + 20_ } = 4 sin -2

(2.33a)
(2.33b)

that determine the values of E = Emn (and the corresponding phase shifts 08_) for which
four-hump bound states are to be expected. The eigenvalues Emn now depend on two
integers, m and n, that control the hump spacings L 1 and L 2 through relations (2.32b) and
(2.29d), respectively. (In general, for symmetric bound states having 2N or 2N + 1 humps
the eigenvalues depend on N independent integers.)
The analysis above of bound states with four humps is already typical of the general case
where an arbitrary number of humps are pieced together, and we now turn to a comparison
of the analytical predictions against numerical results.

2.4 Numerical results
In computing symmetric bound states of equation (2.4) numerically, we followed a shooting procedure combined with continuation in the parameter E,as in Akylas and Kung (1990).
Briefly, for a given value of e close to an analytically predicted eigenvalue, equation (2.4)
was integrated numerically towards the symmetry point ( = 0 starting at the right-hand
tail where the disturbance is known to decay exponentially:

a ~ (C1 + i C2) e-

(ý + 00).

Using as initial estimates the analytical predictions, the constants Ci and C2 were adjusted
by Newton iteration such that
Re aý = Ima = 0

(a = 0).

The exact eigenvalue was then determined by continuation in E so that the remaining
symmetry condition, Im aýE = 0, was also met at 6 = 0.
As mentioned earlier, detailed comparison between analytical and numerical results for
two-hump bound states has been made elsewhere (Klauder et. al 1993); here we focus on
three- and four-hump bound states. Figure 2.1 shows a comparison of numerically computed
eigenvalues and corresponding hump spacings against the asymptotic results (2.24) and
(2.25) for three-hump bound states. The agreement is generally good and, as expected, it
improves for higher eigenvalues (increasing n) corresponding to bound states with larger
hump spacing. It is worth noting that, for each n, there is indeed a pair of eigenvalues
depending on the choice of the phase shift 0 = ± 7r/3, consistent with (2.25). The two
lowest eigenvalues predicted by the analysis for n = 1 could not be located numerically,
however, suggesting that the eigenvalue relation (2.25) is not reliable for this low value of
n. Numerically computed profiles of three-hump bound states for n = 2, 3, 4 and 0 = 7/3
are displayed in Figure 2.2.
Turning next to four-hump bound states, recall that the eigenvalues emn depend on two
integers, m and n, according to equations (2.33). For fixed m and n, these equations turn
out to have multiple solutions (between 5 and 11 for 1 < m, n < 20). For reasons discussed
in Appendix B it was decided to fix m = 1 and search for the four-hump bound state
corresponding to the minimum eigenvalue for each value of n in the range 1 < n < 20. In
Figure 2.3, the hump spacings L 1 and L 2 are plotted against the corresponding eigenvalue
Emn together with the analytical predictions from equations (2.33), (2.32b) and (2.29d).
Again, the agreement between analytical and numerical results is quite good and becomes
better as n is increased. For n < 7, on the other hand, the numerical procedure did not
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FIGURE 2-1. First few eigenvalues e and corresponding hump spacings L of three-hump
bound states. (o): analytical results (2.24) and (2.25); (9): numerical results.

converge to a solution, suggesting that the bound state with the highest degree of thirdorder dispersion (least eigenvalue) is the n = 0 two-hump wave for which E= 0.258 (Klauder
et. al 1993 , Akylas & Kung 1990). The numerically computed profiles of four-hump bound
states for m = 1 and n = 8, 9, 10 are displayed in Figure 2.4.

2.5. Discussion

We have developed an asymptotic theory for constructing steady multi-hump bound
states of nonlinear wave systems that admit nonlocal solitary-wave solutions. The proposed
technique is based on matching the oscillatory and exponentially varying tail components of
steady nonlocal solitary waves, ensuring that the energy flux remains constant throughout

_

_

FIGURE 2-2. Numerically computed profiles of three-hump bound states for n = 2, 3, 4
and phase shift 0 = 7r/3.
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FIGURE 2-3. Eigenvalues Eand corresonding hump spacings L 1 and L 2 of four-hump
bound states for m = 1 and 8 < n < 20. (o): analytical prediction for L 1 ; (.):
computed value of L 1; (A): analytical prediction for L 2 ; (A): computed value of L 2.
the disturbance. This approach seems more robust than superposition of nonlocal solitary
waves used in previous work (Klauder et. al 1993, Buryak 1995, Grimshaw & Malomed

1993).
The asymptotic procedure has been applied to nonlocal solitary-wave solutions of the
perturbed NLS equation. The NLS equation with a third-order-derivative dispersive perturbation governs in general the propagation of wavepackets near a caustic, and, in the
context of nonlinear optics, it is central to the transmission of pulses near the ZDW in
optical fibers. Contrary to claims that there are no locally confined steady bound states of
the perturbed NLS equation (Buryak 1995), we have explicitly constructed families of such
bound states with two, three and four humps, and it is clear that states having an arbitrary
number of humps are possible as conjectured by Klauder et. al (1993). The procedure has

also been applied to construct bound states of the the fifth-order KdV equation (Calvo &
Akylas 1997) in which nonlocal solitary waves also arise.
It is noteworthy that bound states of the perturbed NLS equation are eigensolutions
since they occur at specific values of the parameter E defined in (2.5).

In view of the

scalings (2.2), (2.3) and (2.5), this implies that, for each eigenvalue E, there is a oneparameter solution family, and the envelope profile is completely determined when the
carrier wavenumber is specified. This is in contrast to the usual NLS solitary waves which
form a two-parameter family-both the carrier wavenumber and the peak amplitude can
be specified arbitrarily-and raises the question of stability of bound states. As there are
conflicting suggestions in the literature regarding this issue (Klauder et. al 1993, Buryak
1995), it will be considered in detail in Chapter 3.
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FIGURE 2-4. Numerically computed profiles of four-hump bound states for m = 1 and
n = 8, 9, 10.

CHAPTER 3
STABILITY OF BOUND STATES NEAR THE ZERO-DISPERSION
WAVELENGTH IN OPTICAL FIBERS

3.1 Introduction
The propagation of weakly nonlinear pulses in optical fibers is governed by the nonlinear SchrSdinger (NLS) equation which combines leading order dispersive and nonlinear
effects. It is well known that the NLS equation accepts solitons with a single-hump sech
profile if the carrier frequency of the pulse is in the anomalous dispersion regime of the
fiber. The power required to generate a soliton is inversely proportional to the square of
the pulse width and directly proportional to the strength of fiber dispersion. Early studies
of optical solitons by Wai et. al (1987) focused on reducing the power by operating near
the zero-dispersion wavelength (ZDW) in optical fibers; the borderline between normal and
anomalous dispersion where dispersive effects are relatively weak. To describe propagation near the ZDW, a third-order-derivative dispersive term must be included in the NLS
equation resulting in a modified nonlinear Schrodinger (MNLS) equation. It is known from
asymptotic studies (Grimshaw 1995) of the steady MNLS equation that the third-order
term gives rise to nonlocal solitary waves; disturbances with a main core consisting of a
classical solitary wave profile with non-decaying tails at infinity. In numerical studies of
the time-dependent problem (Wai et. al 1986), the higher dispersion causes short-scale
oscillations to radiate from a single-hump initial condition leading to a decay of the pulse
amplitude. Because of a continuing interest in operating near the ZDW, recent studies have
considered techniques of absorbing the radiation (Uzonov et. al 1995) while the objective
of others (Buryak 1995) has been to search for special pulse structures that do not radiate
when dispersive effects are weak.
Past studies (Akylas & Kung 1990, Klauder et. al 1993) have shown that the MNLS

equation does in fact accept locally confined symmetric pulses in the form of two-hump
bound states; envelope profiles resembling a fusion of single-hump profiles of the NLS equation. These solutions are possible for discrete values of a third-order dispersion parameter
and are obtained in the case of anomalous dispersion. The asymptotic theory presented in
Chapter 2 has shown that the MNLS equation accepts locally confined symmetric bound
states featuring any number of humps greater than one; a result in agreement with numerical findings. In this chapter, we examine the stability of these steady solutions.
There are conflicting reports in the literature on the stability of bound states in general.
Studies by Buryak (1995) and Buryak & Akhmediev (1994) of a fourth-order nonlinear
Schrodinger equation address the stability question using variational methods to analyze
weakly interacting solitary waves. Unfortunately, these methods cannot be applied to the
important case of strongly interacting solitary waves and it is not entirely clear if these
methods can be applied to the interaction of nonlocal solitary waves. As shown in Chapter
2, the construction of steady bound states cannot be completely explained as a suppression
of radiation by superposing small amplitude periodic waves between solitary wave cores.
Thus, it appears that the stability of bound states may depend greatly on nonlinear effects
within the interacting regions between solitary waves. The stability of two-hump bound
states of the MNLS equation has been discussed previously in the work of Klauder et al.
(1993) where it was concluded that strongly interacting solitary waves are highly unstable.
We reconsider this conclusion using linear stability analysis and direct simulation of the
MNLS equation to show that strongly interacting solitary waves are in fact stable within
certain limits. We also examine the effect of fiber loss, discuss the power requirements
needed to establish these pulses, and simulate the propagation of approximate pulse profiles.

3.2 Steady bound states
The electric field envelope of a nonlinear pulse near the ZDW in a medium with loss is

governed by the MNLS equation (Agrawal 1995).
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(3.1)

where z denotes the propagation distance, t is the retarded time, n2 is the Kerr coefficient,
wo is the carrier frequency, c is the vacuum speed of light, aeff is the effective fiber core
area, and a is the fiber loss coefficient. The coefficients k0 and k.' are the second and third
derivatives of the carrier wavenumber evaluated at the carrier frequency.
It is convenient to non-dimensionalize this equation by introducing the following transformations:
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where To is a characteristic pulse duration.
Substitution of (3.2) into (3.1) brings the MNLS equation to the following form:
Az + iPATT + ATTT + iA 2 A* + FA = 0.

(3.3)

The constant P controls the relative significance of second-order dispersion in the above
equation. Exactly at the ZDW, k0' vanishes and 0=0; while far from the ZDW (To
0 kgl >
jkg•'),

[I1

> 1 and we recover the NLS equation in this limit.

For the determination of steady bound states we set 1=0 and consider the effects of loss
in a later section. The bound states to be analyzed translate at a velocity relative to the
reference frame moving at the group velocity at the carrier frequency. We assume a translating duration coordinate and factor out possible frequency and wavenumber constants
from the envelope. Accordingly, we introduce the transformation
A = a((, Z)exp[i(Qý - KZ)]

(3.4a)

( = T - vZ

(3.4b)

where v, K, and Q are constant parameters. Upon substitution of (3.4) into (3.3), it is
found that a satisfies
-iaz + ,atK - Ka + a 2a* + iat

- iattt = 0

(3.5)

where

S=

+ 3

K = K + v=
Q +3Q 2 +

3

= v+ 2f

+ 3Q 2 .

(3.6)

It is convenient to normalize variables according to
1

-1

a =IK a'

Z = II-Z'

= |-'

(3.7)

and after dropping the primes, (3.5) becomes
-iaz + AaC - sa + a2a * + ivaý - iag = 0

(3.8)

where

v

A=

-

2

s = sgnK

(3.9)

Permanent form solutions of (3.8) are obtained by setting az = 0. Expressing the envelope
as a = r e'O the boundary condition

r -4 0

(|0 -+ 00)

is imposed. Furthermore, with no loss of generality, the normalization

94 - 0 (|-| - 00)
is made.
From Akylas & Kung (1990) it was determined that solutions of (3.8) of the above form
are possible provided that v = 1 with sA > 0. As discussed in Chapter 2, solutions of
(3.8) are known in both numerical and asymptotic forms. Symmetric bound states can be
obtained numerically by a shooting procedure combined with continuation. Details of this

procedure can be found in Akylas & Kung (1990). It is found that bound states are possible
for eigenvalues An corresponding to different relative strengths of third-order dispersion.
Solitary waves of the NLS equation form a two-parameter solution family. Apart from
translations in time and phase, a solitary wave of the NLS equation can be completely
determined by fixing the peak amplitude and carrier frequency which may be specified
independently. Solutions of the MNLS, on the other hand, form a one-parameter solution
family as is clear from (3.6),(3.7), and (3.9).

Once the carrier frequency is specified by

fixing P and Q, the envelope profile and speed are completely determined. Solutions of
the MNLS equation also differ from the NLS equation in that the instantaneous frequency
distribution
Im{a }Re{a} - Im{a}Re{aC

(3.10)

varies throughout the wave profile. The two-hump bound state that will occupy most of
the discussion in this chapter corresponds to A = 2.4647 the profile of which is shown
in Figure 3.1. This value of A corresponds to the strongest third-order dispersion of any
bound states found and also yields a relatively simple instantaneous frequency distribution
in comparison to other multi-hump bound states. For the remainder of this study, this
pulse will be referred to as the fundamental with A = A0 . Bound states obtained at larger
values of A, corresponding to weaker third-order-dispersion, feature humps that are spaced
further apart and are weakly interacting solitary waves in this limit. In the calculations
presented in this study, the bound states used will be the numerically determined steady
solutions of (3.8) unless otherwise noted.

3.3 Stability of bound states
As a starting point, we examine the fundamental bound state when perturbed by infinitesimal disturbances.
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FIGURE 3-1. Fundamental bound state: amplitude lal (-);
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3.3.1 Linear stability analysis

We consider small perturbations about the steady fundamental bound state,
a(6, Z) = ao( ) + b(6, Z)

(3.11)

Substitution of (3.11) into (3.8) and retaining terms linear in b we obtain the disturbance
equation:

-ibz + Aobýý - b+ ab*+ 2laol'b
2 + Abb- ibýCC = 0.

(3.12)

It is useful to construct a conservation relation from (3.12) by multiplying the above equation by b*, adding it to its complex conjugate and integrating:
d

d

oo
oo
_foJbj2d = if o(a*2 b2 - a b*2 )dý.

dZ _mo

(3.13)

-oo

The above relation shows that the disturbance energy may grow by drawing energy from
the steady state and serves as a check of the numerical procedure.
To investigate linear stability, two methods were used. For a given bound state corresponding to Ao, an initial Gaussian perturbation was tracked by solving (3.12) numerically.
If the steady state is unstable, the energy of the perturbation grows indefinitely. A more
general approach, however, is to use a modal decomposition of b and look for unstable
modes. The modal analysis begins by expressing the steady state as ao(O) = f(6) + ig(6)
and the perturbation as b(6, Z) = p(6, Z) + iq(6, Z).
Introducing this decomposition into (3.12), a system for p and q is obtained:
2

+ g2 )p + 2fgq -

1

1o qý + qýý = 0

(3.14a)

Pz - Aoq0ý + q - (f 2 + 3g 2 )q - 2fgp - - p6 + p~ = 0.

(3.14b)

qz + AoPýE - P + (3f

We seek normal mode solutions of (3.14) in the form
{P} = {

)

(3.15)

exp(Z)

and obtain the system
(a + 2fg)Q + AoPýý + (3f 2 +

2

1)P -

(a - 2fg)P - AoQ0• + (1 - 3g 2 - f 2 )

Qý + Qw = 0

(3.16a)

= 0.

(3.16b)

_

+ P

To determine the conditions for instability, we first examine the behavior of (3.16) far from
the steady wave. In the limit IJI -- oo, (f, g) -- 0 and (3.16) reduces to
aQ + AoP

= 0
- f -P+1QE Q+E
+

(3.17a)

aP - AoQýý + Q -

IoPý + Pw = 0

(3.17b)

(|( -+oo)

(3.18)

With the substitution

-I

exp(K

the far-field dispersion relation is found to be

)(1Ao2)

A O

(3.19)

From (3.19) it is apparent that if n is pure imaginary then a must be pure imaginary
which implies that for an instability to be possible (Re a > 0), there must be a mode shape
that is trapped:

Q

0

(|j

- + 00).

(3.20)

The system (3.16) and boundary conditions (3.20) define an eigenvalue problem for
the parameter a. For an eigenvalue a and mode shape (P((), Q(()), (3.17) also accepts
-a; (P(-0), -Q(-ý)) and hence the existence of a trapped mode is a sufficient condition
for instability. Because (3.17) also accepts a*; (P* (), Q* ()), the eigenvalue spectrum must
be symmetric about the Rea and Ima axes. We now turn to numerical results of the above
two methods.

3.3.2 Numerical results
The possibility for instability was first explored by solving (3.12) numerically using a
Gaussian initial conditions with the same full-width at half-maximum (FWHM) as the basic
state being considered. To implement this solution, a split-step fourier spectral method
was used. As a check of the numerical procedure, it was verified that the energy relation
(3.13) was satisfied. As an additional check, computations were performed using a finitedifference method. There was negligible difference between the results. The evolution of
the disturbance corresponding to AXis shown in Figure 3.2. The solution indicates that

A

100

Z

-120

-100

-80

-60

-40

-20

0

20

FIGURE 3-2. Unstable evolution of an infinitesimal initial disturbance to the fundamental bound state.

part of the initial disturbance disperses away from the steady wave leaving a growing peak
that eventually dominates the disturbance. To confirm the presence of instability, the modal
analysis was implemented numerically using a 4th-order-accurate finite-difference method
to discretize the system (3.16) subject to the boundary conditions (3.20). This results in a
matrix eigenvalue problem
[C] {B} = a{B}.

(3.21)

where the eigenvector {B} contains the mode shapes of P and Q corresponding to the
eigenvalue a. A global eigenvalue solver was first used to determine the spectrum for a.

To improve the mode shape resolution and eigenvalue accuracy, the inverse power method
with shifting was employed once an initial guess for the eigenvalues of interest had been
obtained (see Appendix C for details).
The eigenvalue spectrum of the fundamental bound state consists of a number of periodic
waves lying on the Im a axis and a pair of eigenvalues lying of the Re a axis corresponding to
a trapped mode. The trapped mode of this bound state is shown in Figure 3.3 corresponding
to a growth rate of a = ±0.026. This instability is weakly trapped over a large extent
relative to the span of the steady wave and develops over a long propagation distance as
indicated by the small growth rate. This behavior is consistent with the roots K of (3.19)
when given the growth rate a. Specifically, there is a root corresponding to a short-scale
oscillation slowly decaying in ( < 0. As an additional check, the mode shape was used as
an initial condition to (3.12). The growth rate of energy agreed with that determined by
modal analysis within 8% relative error. Based on this analysis, we conclude that if the
two-hump bound state is slightly disturbed, the disturbance will begin to grow at a slow
rate. This result raises the question of how nonlinearity will affect the disturbance and so
we now turn to simulations of the MNLS.

3.4 Nonlinear evolution
As a starting point, we solve the MNLS equation (3.3) without loss given the unperturbed initial conditions of typical two, three, and four-hump bound states existing in the
presence of strong third-order-dispersion. In this case, the waves are perturbed only by the
small truncation error. All calculations were performed using the symmetrized split-step
fourier method (Agrawal 1995) with a AZ = 5E - 4 and AT = 0.15 (see Appendix D for
details). A prominent feature of the MNLS equation is the possibility of a resonance of
linear waves with the solitary wave. According to the linear dispersion relation of (3) the
excited radiation propagates in the direction of T < 0. Thus, as the calculation proceeds
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the -oo edge of the domain is closely monitored for incoming waves and the entire domain
is doubled to accommodate this radiation. As a check of the calculations, it was verified
that the energy relation

dZ S-oo IAI2d< = -2Fr

-ooIA2d<

(3.22)

derived from (3.3) was satisfied. For convenience, the choice Q = 0 and K=1 was made
giving P = A in (3.9).
Using three- and four-hump bound states with moderate third-order-dispersion as initial
conditions to the MNLS equation, it was observed that a break up of the pulse profiles into
separate radiating pulses occurred at Z r 30 and 50 units, respectively as shown in Figures
3.4 and 3.5. In contrast, the two-hump bound state corresponding to Ao showed no sign of
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FIGURE 3-4. Evolution of a three-hump bound state A = 2.735 perturbed by only
truncation error.

breakup at Z m 250. Simulations over longer distances (Z • 1000), after reducing the size
of the solution domain, showed that only a small amount of radiation was being emitted in
the direction of T < 0. Although the wave is linearly unstable, it appears that nonlinear
effects provide a stabilizing action. This result differs from that presented in the work of
Klauder et. al where it was reported that two-hump bound states with close hump spacings
were unstable and rapidly destroyed by perturbations (truncation error, presumably). To
clarify this further we now simulate propagation of the fundamental bound state when the
initial conditions are altered by relatively large perturbations to magnitude and phase.
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3.4.1 Amplitude perturbations
Keeping the phase and hence the instantaneous frequency distribution constant, we add
a Gaussian perturbation with the same FWHM as the unperturbed state. Solutions of the
MNLS equation are shown in Figures 3.6 and 3.7 for perturbation amplitudes of 0.14 and
0.15, respectively. For clarity, only part of the solution domain is shown. In the first case,
energy is radiated mostly in the direction of T < 0 over the first 15 units of Z. After 130
units of Z, the pulse amplitude shows an increase from 1.615 to 1.804 and the FWHM
decreases from 6.454 to 5.993 as shown in Figure 3.8. The change in amplitude and width
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FIGURE 3-6. Evolution of the fundamental bound state under a Gaussian disturbance
at Z=0 with amplitude of 0.14.

is in accordance with the scalings (3.7) derived in the analysis of steady bound states. Also,
the wave speed and minimum instantaneous frequency evolve to values that are in excellent
agreement with steady state values computed from (3.6),(3.9), and (3.10). It should also
be noted that the instantaneous frequency shows a shift at the tails of the envelope from
its initial value of zero. To explain the significance of this result, we note that after the
pulse has evolved into this new state of higher amplitude and total energy the scalings
indicate that /> p. By (3.4a), (3.5), and (3.6) it becomes apparent that if the amplitude
is normalized such that instantaneous frequency is zero at the tails of the envelope, thereby
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FIGURE 3-7. Evolution of the fundamental bound state under a Gaussian disturbance
at Z=0 with amplitude of 0.15.

absorbing the difference in frequency into the carrier frequency of the wave packet, then
second-order dispersion becomes more dominant. Hence, the change in scale indicates a
shift in the carrier frequency of the pulse away from the zero-dispersion wavelength. Also,
this result has some intuitive appeal if we consider that a solitary wave of permanent form is
the result of a balance between nonlinear and dispersive effects. The increase in amplitude
should come with a commensurate increase in dispersion. As the disturbance amplitude is
raised to 0.15, however, an instability develops that overtakes the pulse over a distance of
75-100 units of Z. Thus, the pulse shows conditional stability to perturbations of this type.
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FIGURE 3-8. Comparison of profile at Z=130 (-)
of the fundamental bound state under a Gaussian initial disturbance at Z=0 with
amplitude of 0.14.

3.4.2 Phase perturbations
As mentioned previously, unlike the single-hump pulse envelopes of the NLS equation,
envelopes of the MNLS equation feature a variable frequency distribution or "chirp". Since
this feature apparently keeps the two-pulses bound together, it is useful to know how
sensitive the pulse structure is to variation in the instantaneous frequency. To examine
this, we first consider a shift in frequency of the fundamental bound state by a factor Q':
A(T) = a(T) exp(iQ'T)

(3.23)

By similar reasoning as before this shift results in a change in the significance of secondorder dispersion. Numerical results for Q' = -0.065 are shown in Figure 3.9. Over a distance
Z 0 10, the pulse radiates a part of its energy as it evolves to a new state of lower total
energy with a new amplitude of 1.57 and a pulse width of 6.57. Once again, the change in
scale is consistent with the analysis of steady bound states but in this case 0 < P indicating
that the pulse has evolved into a state closer to the ZDW where dispersive effects are weaker.
However, for Q'

<

-0.065 the pulse cannot adjust to the change in structure and breaks up

over a distance of Z e 50 indicating again that this type of evolution is conditionally stable.
When the initial frequency is shifted by Q' > 0, a displacement away from the ZDW, pulse
breakup was observed over short distances even for very small 2'. If we consider a more
general disturbance to the instantaneous frequency by adding an erf distribution to the
phase resulting in a Gaussian perturbation to the local frequency, we find qualitatively the
same behavior. Specifically, the pulse appears to evolve into a state of lower total energy
if the minimum local frequency is decreased by 10% but shows a breakup over Z=96 when
the frequency is decreased by 15%. As before, any shift in frequency away from the ZDW
results in rapid instability and breakup. The reason for this can be explained by noting that
as the carrier frequency of the pulse is moved away from the ZDW, steady bound states
require a higher amplitude because of the increased second-order dispersion. Because this
would require an increase in the total pulse energy, the pulse cannot adjust to the change in
frequency. In contrast, as second-order dispersion becomes less dominant, a steady bound
state requires less energy which the pulse can accommodate by radiating dispersive waves.

3.4.3 More general initial conditions
The basic states tested in this study are solutions of the steady MNLS determined by
numerical integration. For simplicity, we present a fit which matches the exact two-hump
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FIGURE 3-9. Evolution of the fundamental bound state under a frequency shift
Q' = -0.064 at Z=0.

initial condition reasonably well:
A(T) = exp(-i 0.01 T){[2.9258 sech3 (0.637 T) - 1.9786 sech(0.637 T)]
(3.24)
+i[-3.160 sech(0.6868 T) tanh(0.6868 T)]}.
If this expression is used as an initial condition to (3.3) with the choice P = 2.4647, there
is some dispersion but the pulse largely maintains its shape over long distances.
From a practical standpoint, it may be difficult to tailor the pulse shape and phase
exactly and thus it is desirable to know how far from an exact state the initial condition
can be if a stable shape is to evolve. From the results presented thus far it is clear that if

the amplitude and phase are slightly distorted, a stable shape will still be obtained under
certain conditions. In this section we consider initial conditions that may be easier to obtain
in practice than the exact two-hump state. Specifically, we solve the MNLS equation given
an initial condition in the form of a single-hump gaussian with roughly the same width as
the two-hump state and a phase close to that of the exact state but with a slight "upchirp"
at the left tail. In the coordinates of equation (3.3) this initial condition is described as
A(T) = 1.7 exp(-0.067 T 2 ) exp -i[( 1.49 atan(sinh 1.76 T)

-1.24 erf 0.4(T + 5.25)].

(3.25)

When the above expression is used as an initial condition to (3.3), again with the choice
=
- Ao and neglecting loss, the result is shown in Fig. 3.10. Over a very short distance,
a depression forms in the peak of the pulse leaving two well-defined peaks. As the pulse
adjusts to this change, energy is radiated over a distance of Z=9. Although the pulse closely
resembles a two-hump state in both amplitude and instantaneous frequency, an instability
develops near Z e 45 that eventually overtakes the pulse. Between Z e 9 and Z • 45, the
pulse evolves to a peak amplitude of 1.54 and the FWHM of 6.86. The pulse speed V =
0.493. The scale and speed of the pulse is in approximate accordance with the scalings but
agreement is not as good as in the cases considered in the previous section. If the same
gaussian pulse is launched without a phase modulation, it will evolve into a continuously
radiating single peak which differs from the quasi-steady result obtained here. The fact that
a phase modulation could possibly stabilize pulses in the presence of third-order-dispersion
was recognized in a study by Uzonov et.

al (1995) where it was shown that trains of

single-hump pulses could be stabilized by applying a proper phase modulation. However,
these results were achieved only for the case of weak third-order-dispersion while the results
presented here are for strong third-order-dispersion. To attach significance to the distance
Z=45, it should be noted that for a carrier wavelength 0.3 nm away from the ZDW in pure
silica (Marcuse 1980) where the group dispersion coefficients are k" = -0.035ps 2 /km and
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FIGURE 3-10. Evolution of a pulse which at Z=0 has a Gaussian amplitude profile
and phase close to that of the fundamental bound state.

k"' = 0.074ps3 /km, the distance Z=45 translates to 19,000 km. Thus far, dissipative effects
have been neglected, and will be discussed.

3.5 Discussion

This chapter has focused on the fundamental two-hump bound state for which thirdorder dispersion is most significant.

From a practical standpoint, the relatively stable

behavior of this pulse is favorable since, for a given pulse duration, the fundamental bound

state can exist closest to the ZDW and hence has the lowest peak-power requirement in
comparison with all the other bound states. The required peak power may be computed
from (3.2), (3.7) and (3.9) as a function of carrier wavelength and aeff (Agrawal, 1995).
For instance, if once again a carrier wavelength 0.3 nm away from the ZDW is chosen, the
peak power to generate the fundamental two-hump bound state turns out to be about one
third of that required to launch an NLS soliton with duration comparable to one of the
humps at the threshold of radiation (P/ e 4). Thus, considerable savings in power can be
attained operating close to the ZDW.
On the other hand, it is important to ask how dissipation will affect pulse propagation
near the ZDW. It is known that in the presence of relatively weak dissipation an NLS
soliton undergoes a gradual change in amplitude and width as it loses energy (Agrawal,
1995). To determine whether loss is a weak perturbation to the MNLS equation (3.3),
the coefficient F may be computed. Specifically, for a carrier wavelength 0.3 nm away
from the ZDW and using the value a = 0.05km - 1 for the fiber loss coefficient which
can be obtained for a dispersion-shifted fiber (Ainslie et. al 1982), the normalized loss is
Se' 10. In view of the fact that the nonlinear and dispersive terms in (3.3) are O(1),
loss is clearly not a weak perturbation to the MNLS equation and in this case pulses are
expected to be heavily damped over a short distance. In practice, a judicious choice of the
carrier wavelength (which also fixes the peak amplitude of the bound state) must take into
consideration the waveguide dispersion relation at hand and the minimum loss attainable
in a given situation. It is possible that a distributed amplification scheme such as Raman
gain could possibly work well with the fundamental pulse considered here. In fact, it has
been demonstrated that, in the absence of large disturbances, the fundamental pulse can
propagate over a long distance. The benefits of using Raman gain depend of course on the
amount of power required to excite the Raman process compared with the savings in power
gained by operating close to the ZDW. As these loss-related issues require further study,

they will not be pursued here.
In an actual waveguide, some fluctuation of the group-dispersion coefficients is expected
and hence it is useful to determine how stable the pulses are to variations of this sort. Based
on the frequency perturbations considered earlier, we can obtain a rough idea of what
might be expected in practice. The frequency downshift 2' = -0.065, for instance, results
in an effective second-order dispersion of

/

= 2.275 according to (3.6), and, at a carrier

wavelength 0.3pm away from the ZDW, this value of / corresponds to an 11% decreases
in 1k"l which would normally occur over a wavelength range of 0.05 nm in pure silica. As
mentioned before, the pulse will radiate a part of its energy for a decrease in Ik"l but will
completely collapse for any increase in Ik"|. Therefore, from a systems standpoint, loss
and variations in the group-dispersion coefficients present the most formidable obstacles to
transmission.
Finally, we note that contrary to the arguments in Buryak (1995), the fact that bound
states are eigensolutions does not necessarily suggest that they are inherently unstable.
While it is true that solitary-wave solutions of (3.8) do not form continuous families in
the parameter A, when we consider (3.4), (3.5), (3.6), and (3.7), it is clear that a bound
state corresponding to an eigenvalue may physically assume a continuous range of energies
depending on the carrier frequency. The results presented in this study suggest that the
carrier frequency may shift towards or away from the ZDW depending on whether a perturbation induces a loss or gain in pulse energy. This adjustment, however, appears to occur
only when changes are not too drastic. The relatively stable behavior of the fundamental
two-hump bound state demonstrated in this study certainly warrants further experimental
and theoretical investigations of pulse propagation near the ZDW.

CHAPTER 4
CONCLUDING REMARKS
The questions of existence and stability of steady solitary waves of the MNLS equation
have been investigated in this thesis using asymptotic and numerical methods. A clear
picture of pulse propagation near the ZDW has emerged out of this study.
It has been shown that single-hump solitary waves of the steady NLS equation become
nonlocal with the addition of the third-order dispersive term needed near the ZDW. As
the resulting MNLS equation does not accept locally confined solitary waves featuring onehump, a locally confined initial condition to the MNLS equation evolves to a nonlocal
solitary wave. As radiation is shed on one side of the solitary wave only, a steady state
cannot be reached and the pulse amplitude slowly decays.
An analysis of the steady MNLS has shown, however, that it is possible to form locally
confined solitary waves by interacting nonlocal solitary waves to form bound states. These
bound states may have an arbitrary number of humps greater than one and occur in the
case of anomalous dispersion for discrete values of a third-order dispersion parameter, i.e.
they are solutions of a nonlinear eigenvalue problem. Bound states of the MNLS form a
one-parameter solution family. Upon fixing the peak amplitude say, the carrier frequency is
immediately determined in contrast to NLS solitons. The asymptotic theory that has been
presented can generally be used to construct bound states of systems that admit nonlocal
solitary waves (Calvo & Akylas 1997).
A complete stability analysis focusing on the fundamental bound state for which thirdorder dispersion is most significant has been presented. It has been found that the fundamental bound state, although linearly unstable, may propagate for long distances stabilized
by a nonlinear effect contrary to the results of Klauder et. al (1993). It has also been discovered that a perturbed fundamental bound state may approach a neighboring bound state

either closer to or farther away from the zero-dispersion wavelength depending on whether
a perturbation induces a loss or gain in pulse energy, respectively. These changes are only
possible, however, when perturbations are not too drastic.
The evolution of a more general initial condition consisting of a single-hump Gaussian
with a similar phase as the fundamental two-hump state was also considered. This initial condition evolved to a state qualitatively similar to the fundamental bound state but
eventually became unstable.
Based on the results of this thesis, the practical significance of bound states to communication systems can be assessed. It was found that the fundamental bound state does
in fact yield savings in power by a factor of one-third in comparison to an NLS pulse with
duration comparable to one of the humps at the threshold of radiation. If however, the
comparison is based on the full-width at half-max of the entire two-hump bound state, then
the comparison is less favorable with the two-hump bound state requiring a higher peak
power than an NLS pulse. Thus, this fact must be considered in determining how to encode
information in terms of a low-power train of bound states.
A disadvantage of the fundamental bound state, and all bound states for that matter,
is that the speed of the pulse is dependent on the amplitude. Thus, in a train of pulses,
if a single pulse was to either lose or gain energy more than a neighboring pulse, its speed
will change and thus arrival timing errors would be expected in an optical communication
system. Another disadvantage of the bound states is that, as the ZDW is approached, the
pulse width increases drastically as the amplitude decreases. Thus, in an attempt to save
power while using bound state pulses, the bit-rate encounters a limitation due to a pulse
width limitation.
Besides communication systems, however, the possibility that optical solitons can be
stabilized by interacting near the zero-dispersion wavelength is interesting in its own right,
and an experimental verification of such a phenomena would certainly contribute to the

field of nonlinear fiber optics.

APPENDIX A
EXPONENTIAL ASYMPTOTICS OF THE PERTURBED NLS EQUATION

Here we sketch the derivation of expression (2.8b) for the oscillatory tail of a one-hump
solitary wave of the perturbed NLS equation (2.4) close to the NLS limit (C< 1).
Following Akylas and Yang (1995), we find it convenient to work with the Fourier
transform of a(() = f(ý) + ig((),
1

a(k) = 2Ir
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a(ý) e- ikC dc.
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These expansions become nonuniform in the wavenumber domain when ck = 0(1) and are
replaced with the uniformly valid expressions
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From (2.4) (with v = 1), f and ý satisfy the equation system
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Upon substitution of (A 1) into (A 3), it is found that F and G are governed to leading
order in e by the coupled integral equations
K2F

0dA F(K- A)

- O3 G + 2

2 G - K3F

+ 2

dA1 [G(A- Ai)G(A1 ) - F(A - A1 )F(A 1)] = 0, (A 4a)
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dA G(r,- A) j0
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dA1 [G(A - A• )G(A 1 ) - F(A - A• )F(A 1 )] = 0. (A 4b)

Introducing the new variables
U = F+ G,

(A5)

V = F - G,

equations (A 4) are equivalent to the following system
K2(1

- K) U- 2 fdA V(n - A)

JA
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(A 6a)

dAl V(A - A1 ) V(Aj) = 0.

(A 6b)

dA1 U(A - A• ) U(A•)

dA U(n - A)
0

The solution of this system is posed as a power series,
00

(U, V) =

(A 7)

(an, bn) 0n
n=O

with ao = bo = 1, al = -bl

= 3/2, a2 = b2 = 21/8, etc., according to (A 2).

Upon

substitution into (A 6) it is found that bn = (-1)n an where an satisfies the recurrence
relation
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with ao = 1, al = 3/2, a 2 = 21/8, etc.
With the change of variable 6n = 2nan, (A 8) is identical to the recurrence relation (29)
in Grimshaw (1995). Hence,
an ~NC

(n -+ oo)

with C = 8.58 and from the power-series solution (A 7) it is concluded that
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Therefore, taking into account (A 5), F and G have simple-pole singularities at r = ±1:
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Returning then to (A 1), these singularities translate into simple-pole singularities of f and
j at k = +l/6:
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Finally, in inverting the Fourier transforms, the integration path is indented to pass
below the poles of f and - at k = ±1/E, in accordance with the condition (2.8a) that no
oscillations are present as 6 -+ -oo.

On the other hand for ( > 0, these singularities make
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in agreement with (2.8b) and with equation (41) in Grimshaw (1995) (when one accounts
for the different scalings used in that paper).
We also remark that one may obtain a one-parameter family of symmetric nonlocal
solitary waves with oscillations at both tails (see (2.10)) by inverting the Fourier transform
as follows

a

aeik
e dk +lj

aeik( dk,

taking C+(C - ) to pass above (below) the singularities of a at k = +1/E, and then superposing a symmetric oscillatory component, exp(-i~/E), of exponentially small (proportional to
6) amplitude.

APPENDIX B
NUMERICAL SEARCH FOR BOUND STATES

As discussed in Section 2.4, symmetric bound states of the steady MNLS equation can
be determined numerically by a shooting procedure combined with Newton iteration to
determine the special set of constants E, C1, and C2 which satisfy the three symmetry
conditions at ( = 0. For the numerical analysis it is convenient to rescale the steady MNLS
equation (2.4) with v = 1 using

3=
As reported by Akylas & Kung (1990), if A is treated as a free parameter to be varied to
satisfy gý (0) = 0, folds of the solution curve in A - gýý space occur where standard Newton
iteration fails as the Jacobian becomes ill-conditioned. To proceed with the search, A,C1,
and C2 can be parameterized in terms of the arclength of the solution curve in A- C1 - C02
space. Thus, the arclength may be varied until the condition gýý(0) = 0 is satisfied. The
details of the pseudo-arclength continuation procedure are presented in Kung (1989). An
updated plot of the A - gig space featuring solution branches of the three and four hump
bound states is given in Figure 3.11.
As mentioned in Section 2.3.1, two-hump bound states occur for eigenvalues An. Solutions with n odd correspond to ja(0)I = 0 while n even correspond to la(0)I # 0. The
numerical results presented in Akylas & Kung (1990) are in excellent agreement with the
bound states corresponding to n even, however, for n odd the continuation procedure approached solutions with la(0)I = 0 but convergence at these points was not reached. By
varying the arclength parameter, the search could be continued to n even where convergence
was easily obtained. The numerical difficulty could perhaps be circumvented by integrating
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FIGURE 3-11. History of numerical search for bound states: two-hump branch (Akylas
& Kung 1990)(- - -); three- and four-hump branch (present work) (-).

on the full domain starting from -o

and terminating at +Jo where the amplitude is small

but not exactly zero and then checking for symmetry.
While searching for the n = 1 two-hump wave expected to be in the vicintity of A =
2.744, a separate solution branch was accidently discovered.

For A = 2.744, C1 and C2

were found that converged g(0) = fý(O) = 0 to a high degree of accuracy. At this point
of convergence, gý (0) = 0.279. To investigate the possibility of solitary waves on this new
branch, continuation was applied to trace the branch in a direction towards the NLS limit
(A > 1) and away from the NLS limit. Going towards the NLS limit, g9ý(0) first obtained a
value of zero for A = 2.7346. Continuing in this direction the g9ý(0) curve oscillated between

m

positive and negative values in a manner similar to the curve determined in Akylas & Kung.
The points at which gýý(O) = 0 correspond to three-hump solitary waves. Over the range
A = [2.7346, 3.886] a total of eleven three-hump waves were found, a frequency larger than
that of the two-hump waves.

When continuation was applied to trace the branch in a

direction away from the NLS limit starting at A = 2.744, the gýý(0) curve increased rapidly
as A was decreased attaining a maximum of 6.654.

At this point, a fold in the curve

occurred and gý (0) again oscillated between positive and negative values first becoming
zero at A = 2.7104. These zeros of g~ (0) corresponded to four-hump solitary waves. In
this case, the density of four-hump waves found over a range of A was even higher than
that of the 3-hump waves; e.g., A = [2.7104,2.7583] contained fourteen solitary waves.
Continuation was applied until the point where it was observed that four-hump solitary
waves formed dense clusters about certain values of A.
The four-hump waves used for the comparison with the analytical results were computed
by first choosing m = 1 and looking for solutions corresponding to 1 < n < 20. The choice
of m = 1 was made because the analysis predicted hump spacings that were moderately
far apart. Hence, the analysis delivered a reasonable initial guess for the far-field behavior
used as an initial condition for the shooting method. Starting with values for A, C1, and C2
from the asymptotic analysis, the value of A was slightly adjusted until g(0) = fC(0) = 0
was satisfied to a high degree of accuracy. At that point, gýC(0) was usually close to zero
and so continuation was used to refine the accuracy.

APPENDIX C
CALCULATION OF EIGENVALUES AND TRAPPED MODES

The matrix eigenvalue problem

[C]{3} = a{B}
was first solved on a coarse grid using a global eigenvalue solver (EISPACK routines implemented on MATLAB). Based on estimates of the eigenvalues corresponding to trapped
modes, the inverse power method with shifting (inverse iteration) was employed on a finer
grid to improve the eigenvalue accuracy and mode shape resolution. The method (Fr6berg,
1965) is as follows. Provided that a random vector {bo} can be represented as a linear
combination of eigenvectors of [C] it follows that
{bo} = ao {Bo} + a, {B3} +... + an {3B}.
Repeated multiplication by [C] k-times yields
{bk

k{bo} = ao ak{Bo) + al a {Bi} +...
= [C]kbo

+ a af1n{1}.
k

As k -+ oo, the term involving the largest eigenvalue dominates. If each time we normalize
{bk} with Il{bk} oo then I {bk+l

Ioo tends to lamaxz and {bk+1} tends to the corresponding

eigenvector. Now, we may easily search for the smallest eigenvector by considering
[C] -1{B} = o -

{B}

so

{bk} = ([C]-l)k{bo} = a0 (ul)k{B0} + al (a.-1)k{j 3 1} +... + an (onl)k{BL}.

and the smallest eigenvalue dominates. Because finding [C] -

1

is costly we may instead

solve
{bk-l}

{bk-

[C]{b} =

1

repeatedly. Since [C] does not change, this requires only one LU decomposition. Finally,
we may locate any eigenvalue at of [C] by shifting the eigenvalues by a quantity at' which
is the initial guess for at. Provided that at' is close to at then the smallest eigenvalue of
[C]' = [C] - at'[I] will be at - at' which can be found by the inverse power method. The
eigenvalue of interest can then be found from
lim brka

k-+oo

m

x -

ax

where imax corresponds to the index of I {bkI

t -

0.

aU

In this study, when one LU decomposi-

tion was performed on [C]', convergence was usually obtained within seven iterations. The
rate of convergence could be increased by reshifting [C] by an improved value of at' found
after three or so iterations. This caused at - at' to dominate even faster and so convergence could be obtained within five iterations. The required cost of this, however, was a
second LU decomposition. Because the trapped mode shape of the A = 2.4647 bound state
was weakly trapped and featured short scale oscillations in its real and imaginary parts, a
fourth-order finite difference method was used to discretize (3.16) resulting in matrix sizes
that were manageable computationally.

APPENDIX D
NUMERICAL SOLUTION OF TIME-DEPENDENT PROBLEMS

The MNLS equation (2.1) and the linearized disturbance equation (3.12) can be solved
numerically by both pseudospectral and finite difference methods. It is well known (Vliengthart 1971), that when finite difference methods are applied to solve partial differential equations, linear stability criteria of the form

y

< C usually occur for conditionally stable

schemes where n is the order of the highest spatial derivative. For equations that contain
a high-order derivative such as the third-order NLS (MNLS) or the fifth-order KdV, the
stability criteria often restricts the choice of At to unpractical values. Although the time
stepping schemes used in pseudospectal methods may also lead to stability criteria of this
form (Fornberg & Whitham 1978), the use of fast-transform methods to evaluate derivatives results in spatial accuracy of exponential order and thus a relatively large value of
Ax can be used. This leads to an increase in computational speeds by up to an order of
magnitude when compared with most finite difference methods. A performance comparison
of several finite difference and pseudospectral schemes applied to nonlinear evolution equations is given by Taha & Ablowitz (1984). For equations involving nonlinearity of the NLS
type, the split-step pseudospectral method has the fastest execution time compared with
other spectral schemes. Most of the computations done in this thesis used this scheme but
as a check of the numerics a finite difference scheme was also used which will be described.
I. Split-step Fourierpseudospectral method

We may generally write the MNLS in the form,
OA
_Z

D = -ip

022

dT2

-

(D 1)

(D + N)A

=
_3

TT3

-F

N = -iAI12

where D and N are the dispersive and nonlinear operators. The standard splitting of each
solution step involves advancing the solution first with nonlinearity acting alone, and then
completing the full solution step with dispersion acting alone. The formally exact solution
of (D 1) over a solution step is given by
A(Z + AZ, T) = exp[AZ(D + N)] A(Z, T)
provided that N is independent of Z. The error incurred in using the split-step fourier
method lies in treating N and D as commutating operators. The order of the error term
can be reduced by splitting the steps in different ways. The standard split-step method
due to Tappert (1974) reads
A(Z + AZ, T) = exp(AZ D) exp(AZ N) A(Z, T)
and is accurate to second order in AZ. An improvement of this method is the symmetrized
form (Agrawal, 1995)

A(Z +AZ,T) = exp

(AZ
D

exp

2

Z+AZ
z N(z')dz')

A T) (D2)
exp

2

A(ZT) (D 2)

which is accurate to third order in AZ. To execute (D 2) numerically for the MNLS over
a single time step the algorithm is:
A' = F-

{exp [A

F{D}] F{A(O,T)}}

A" = A' exp[AZ N(A')]
A(AZ,T) = F-

{exp [Z

F{D}] F{A"}}

where F denotes the fast-fourier-transform (FFT) operation (Fornberg, 1996). For small
time steps, N in (D 2) can be taken as constant over the integration, otherwise iteration
must be used to compute the integral. The above method is unconditionally stable, and so
initial computations were done on various grids sizes to determine the optimum time step.

As a check of the procedure, three of the conserved quantities of the MNLS (Hasegawa
1989), the lowest representing energy, were verified. Because the pulse propagation problem does not have periodic boundary conditions, care was taken to expand the domain
when necessary to avoid an unphysical wrap-around effect. Using a Fourier series simplified numerical implementation in comparison with other orthogonal sets of functions. To
minimize the significance of any error due to aliasing (Lo, 1986), a high number of modes
was used relative to the domain size.
II. Finite-difference method

In past studies, the MNLS was solved by a semi-implicit Crank-Nicolson scheme (Kung,
1989). Although this scheme gives reasonable results for short computation times, a slow
growing numerical instability arises and hence this method is not reliable for long-time
simulations. A better method is to use an Adams-Moulton (implicit) predictor/corrector
time stepping scheme combined with a fourth-order accurate finite-difference approximation
for the spatial derivatives. Using the notation
aA

=f

the scheme reads
Predictor:
A+, = A7 + fi AZ

Corrector:
A+1 = An + [fn + fin+(Ai)]

AZ
2
AZ

= A + [fi + f
A+1
i
22

2
2(Ai)

The corrector steps can be applied as many times as necessary until finl shows little change.
Typically, two corrector steps were sufficient. Although this method is centered and secondorder accurate in time identically to the Crank-Nicolson method, it is more stable. Using

fourth-order accurate finite-differences for the space derivatives allows a larger AT for a
given amount of accuracy and thus a AZ can be used which is practical. This scheme was
stable for AZ

< 0.36. Calculations using this method were performed with AT = 0.075

and AZ = 1.5E - 4. An advantage of the finite difference scheme is that the domain can be
extended by variable amounts unlike the domain doubling that must be done when using
the base-2 FFT.
These two methods can be easily adapted to solve the linearized disturbance equation
simply by taking into account variable coefficient terms. If the spectral method is used, the
variable coefficient terms can be treated as nonlinear terms.
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