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I. INTRODUCTION

i. Brief Statement of the Problem. The object of this research is to

design and develop instruments for measuring the conductivity'of electro-
lytes without the use of electrodes, using a basic scheme which is described
elsewhere in this report. The problem is to develop an instrument in which
the deflection of a meter will be directly proportional to the conductivity
of the electrolyte being measured, and to develop another instrument
functioning on & null principle, in which the conductivity is directly or
inversely proportional to an impedance which is adjusted until the circuit
is in & null condition. The problem is of importance because when electrodes
are elimineted polarization error is absent, as well as error due to minersal
depogite,whick could become serious in industrial chemical proceséf%hsre the
measuriné cell might be immersed in the electrolyte for long periods. A
direct-reading conductivity meter viould find wide applicability in procesces
where rapid or continuous measurements of conductivity would be required.
Furthermore, an electrodeless method for measuring conductivity is useful

in the study of molten metels. Finally, the problem is also of interest
because it involves a novel approach to conductivity measurements.

ii. History of the Problem up to the Present. The chief factor which

nekes electrolytic conductivity messurements different from metallic con-
ductivity measurements is fhe polaerization phenomenon which generally tekes
plece at the surface of electrodes immersed in an electrolyte, when they
are connected to a source of emf. Polarizetion is the building up of a
counter emf st this surface when a steady external emf is applied to the

electrodes. It occurs in all cases except those in which the nature of the



electrodes is unchanged by deposition. Specifically, when pure copper
electrodes ere used in a copper sulphate solution, there 1s no polerization.
In general, if the electrodes are originally in an unpolsrized condition,
and an emf is suddenly applied to them, the current that flows initially is
determined only by the conductivity of the liquic and the applied emf, but
as time passes the counter emf builds up end the current drops to a value
which depends alsc on the electrolyte and on the electrode materisl.

In other respects, electrolytic conductivity measurements are very
much like metellic conductivity measurements. Electrolytes obey Ohm's law
(polerization notwithstanding, since polarization is a surface, rather than
a volumetric, phenomenon), except at very high field strengths which are
thousends of times grester than those encountered in ordinary types of con-
ductivity-measuring apparatus.é’ll Furthermore, the conductivity of
electrolytes is independent of frequency up to about 106 cps? Therefore,
if the effects of polerization are teken into account, if electric field
strength is kept at & value for which Obhm's law is vallid, and if the fre-
quency is kept below 106 cps, all methods of measuring conductivity should
agree within their limits of accuracy.

To reduce greatly the effecte of polerization, Kohlrauschlz, one
of the first importent investigators in the conductivity of electrolytes,
used an equal-arm Wheatstone bridge excited from en a-c source (en induction
coil). Alternating current was used because polarization during each half
cycle tends to cancel that which occurrec during the preceding.half cycle,
so that the net polarization is very low. The only polerization is that
which takes place during e half cycle, the duration of which decreases with

increasing frequency, so that polarizetion effects can be decreased by



increasing the frecuency. In fact, it has been shown1s15 that at audio
frequencies the error in conductivity due to polarization varies inversely
as the square of the frequency.

In his bridge, Kohlrausch used as the varisble arm the helical
slidewire which now bears his name. In the unknown arm, he used & con-
ductivity cell consisting of a peir of platinum electrodes immersed in the
electrolyte under test. He introduced the technicue of depositing platinum
black on the electrodes of the conductivity cell because this was found to
reduce further the polarization, supposedly because it increases the effec-
tive area of the electrodes, and hence decreases the thickness of the icnic
layer sccumulated by & given current. He also used a veriatle capacitance
scross the helical slidewire to balance out the reactaence of the conduc-
tivity cell. Kohlrauech's apperatus was capable of & maximum accuracy in
conductivity determinations of 0.1%.

The epparatus most commonly used today is basically the same as that
used by Kohlrausch 50 years ago, and differs only in certain refinements and
in the application of modern electroric techniques. Among the earliest
improvements made over Kohlrausch's apparatus were:

a. Use of a sinusoidal generator, such as the Vreeland oscillator,
to eliminate assymmetrical polarization which occurred with
assymetric wave forms supplied by the induction coil used by
Kohlrausch, and to facilitezte balancing the bridge24!26.

b. Replacement of the helical slidewire by decade resistors,
thereby greatly reducing errors due to the inductance of the

slidewir624’26.



c. Use of a telephone receiver instead of a dynamometer or a
galvanometer as a null indicator, increasing the sensi-
tivity4s26,

Around 1920 and later, the vecuum tube was introduced into con-
ductivity-measuring apparatus, and made possible more efficient, reliable
variable-frequency generators and more sensitive detectorsg’ll. The ir-
creased sensitivity of the vacuum-tube amplifier permitted reduction of
the power supplied to the bridge, without decreasing overall sensitivity,
thereby reducing heating of the electrolyte in the cell and the accom-
penying error.

Later investigators, notebly Jonesll, Dike4, and Shedlovskyzz,
incressed the precision of measurements by introducing modifications of the
Wagner ground to eliminate the effects of detector capacitence to ground.
They further reduced the reactive components of the resistance units and
developed them to the point where the a-c resistance is equal to the d-c
velue within 0.01% up to frequencies of 10,000 cps.

Jones and his co—workersll, in addition to introducing the Wagner
ground modification, contributed numerous improvements and eliminated many
sources of error, bringing the conductivity bridge to its present state of
refinement.

Paralleling the improvement of the bridge circuit, numerous inves-
tigatorsl’z’5’lo’11’14’16’17’22323’24’26 studied conductivity cells in
efforts to minimize or predict polerization errors and apparent variation

in the "cell constant*". At high conductivities, it was found that the

#Cell constant C = KR where R is the resistence of the cell when filled
with & liquid of conductivity K.



neell constent" veried due to polarization; this effect was minimized by
using platinized electrodes of large area, high resistance cells (high
cell constant), and higher frequencies (1000 to 3000 cps).

However, another kind of variation in the cell constant appeared
at low conductivities and higher frequencies. The cause of this was not

discovered until Jones and Bollinger!l found that it was due to a capac-
itive-resistive shunt across the electrodes of the cell, which existed
because of the type of cell design which had theretofore been used. They
estatlished a new cell design which eliminated this error.

Conductivity-meesuring equipment of the bridge type has now
reached the point where it is consistent to 0.001%, although the absolute
accuracy is 0.01%.

Many investigators have studied electrodeless methods of measuring
conductivity, which are inherently free of polarization. Electrodeless
techniquee have been applied ir two widely diverse fields; namely, in
studies of the resistence of molten metals (where electrodes might dissolve
in the molten metal and alter its properties) and in the study of dis-
persion (variation in the velocity of propagetion of electromagnetic fields
as e function of frequency) in liquids at high freguencies (where electrodes
pight introduce unknown boundary conditions).

In the first category, measurements have been made on & coil im-
mersed in or surrounding the medium whose conductivity is to be measured.

By observing the change in impedance of the coil when it is removed from the
vicinity of the conducting medium, the conductivity of the medium can be
determired. Grube and Speidel8 and Schmid-Burgk, Piwowersky, and Nipperzl,

described such methods. These methods for measuring the conductivity of

-5 -



molten metals at audio frequencies are not satisfaétory for low-conductivity
media such as electrolytes, except if extended to higher freguencies,
because the change in the coil impedance due to the presence of the medium
becomes so small that it cannot be distinguished from instebilities in the
coil impedance (caused, for exumple, by mechanical strain or temperature
veriations).

Another method in this category used by Grube and Speide18 con-
sists in measuring the torque on &« molten metal sample whpse conductivity
is to be determined, in a rotating magnetic field. The torque is directly
proportional to the current in the sample, which, in turn, is directly pro-
portional to the conductivity so that the torque is directly proportional
to the conductivity.

In the second category, Burton and Pitt3 described a method in
which & test tube of the liguid under test is placed within the plate and
grid coils of an oscillator, the coils being wound close together. In-
serting the test tube within the coils elters their impedance, as well as
the coupling between them, and chenges the amplitude and frequency of the
oscillations. The rectified output of the oscillator is therefore a
function of conductivity. For meximum sensitivity the oscillator is ad-
justed so that it berely oscillates. By admission of the authors, the
circuit adjustments are critical.

Powers and Dulll? used & method in which a test tube containing the
electrolyte is inserted in the coil of a tuned circuit in the grid circuit
of an amplifier, driven by an oscillator loosely coupled to the coil.. This
changes the Q and resonant frequency of the tuned circuit , and hence the

gein and output voltage of the amplifier. The output voltage is therefore
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a function of conductivity.

Zehn and Rieckhoff<01<7 ysed a helf-wavelength transmission line,
one end of which is terminated in a moveble bridge (for adjustment to
resonance) and the other end in a circular loop. A thin-walled glass cell
containing the electrolyte is inserted in the loop. The Q of the trans-
mission line is a function of the conductivity of the electrolyte, due to
the energy absorbed therein. The line is loosely coupled to an oscillator
and directly to an untuned detector. The current in the line is inversely
proportional to the ¢ of the lire, and the indication of the detector is
therefore a function of the conductivity of the electrolyte.

Grube and Speidel8 suggested a method for measuring the properties
of electrolytes at high frequencies, in which the electrolyte is placed
between the plates of a condenser,in a thin-walled glass cell. The imped-
ance of the condenser is a function of the conductivity and dielectric
conetant of the electrolyte.

The electrodeless methods just described were either methods for
messuring high«conduétivity materials (metals) at audio frequencies or low-
conductivity materials (electrolytes) at high frequencies. None of these
methods is sufficiently sensitive to measure electrolytes at audio fre-
guencies. Some of them have the disadventage that they are critical as to
the exact position, volume, and shape of the sample used. Thie is true of
the Burton-Pitt, Powers-Dull, and Zahn-Rieckhoff methods. Another dis-
advantage of some of the methods is the fact that the readinrg of the indi-~
cating instrument is not inherently zero for zero conductivity, the conduct-
ivity being determined by taking small differences between two large

quaentities, or what is practically the same thing, by reducing the reading



at zero conductivity to zero by means of & bucking current.

Piccard end Frivoldl® described a method which will measure electro-
lytic conductivity at low frequencies. This method was conceived of inde-
pendently by the writer and ie the one on which he intends to base his
thesis; it was only after many hours of pairnsteking library research that
the writer found that this was proposed csome twenty years earlier by the
abovementioned scientiste. The Piccard-Frivold method was published by
virtue of the fact that the Swies "Archives des Sciences Physiques et
Naturelles" presented a report of the April 24, 1920 meeting ol the Swiss
Physical Society, before which Picecard and Frivold gave an account of some
experiments cerried out at the Federel Polytechnieal Schsél of Switzerland.
Beczuse thie paper bears directly on the writer's research, an unabridged
idiomatic translation from the French 1s given here:

"Demonstration of Induced Currents Produced without

Flectrodes in an Electrolyte"

"The following experiment has the double purpose of showing
that induced currents are produced in electrolytes exactly as in
metallic conductors, and to show that it is possible to measure the
resistance of these solutions without electrodes, hence without
polarization.

Take a toroid made of iron wire. Put on it a winding,
called the primary, of several turns of insulated copper wire
through which flows an alternating current. Place against the
toroid a second toroid supplied with a winding, called the
secondary, of a great number of turns connected in series with a

telephone receiver or & string galvanometer. If the primary



toroid is very symmetricel, the telephone receiver or the
galvenometer will not indicate any current. Now place a winding
common to the two toroids, consisting of a single turn of a
column/of & ligquid conductor. This circuit forme a transformer
with the first toroid, of which it acts as the secpndary
winding; with the second toroid it forms a new transformer, of
which it acts as the primary circuit. At the moment when the
liquid column is closed, the telephone receiver or the galve-
nometer indicates the alternating current produced by double
induction in the secoﬁ&ary vinding of the second toroid.

"Now place‘a copper Wire so as to make one turn eround
the primary toroid and one turn around the secondary toroid,
but in so doing meking the second turr in the opposite direction

to the first (the wire then forms a figure 8), and put in this

4

circuit an adjustable non—indiétive resistence. This wire produces
in the second toroid an effect opposite that of the liguid column.
The two effects are equal and cancel each other if the two circuits
have the same resistance. It ic thus easy to determine the resist-
ance of the liguid column by varying the adjustable resistor until
the sound disappears in the telephone receiver or the galvenometer
string ceases to vibrate.

"Tt should be noted that the experiment succeeds easily
if the liquid column has & large cross-section. This can be accom-
plished by means of an inverted U tube dipping in & receiver. The
top of the tube is equipped with a small suction tube through which
it can be filled. The best method, however, is to paraffin the
two adjacent toroids so that they can be immersed completely in

the liquid.
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"These experiments were carried out at the physics laboratory

of the Federal Polytechnical School."

The writer searched through "Sclence Abstracts™ covering the
intervel from 1920 to the present time for further articles by Picezrd or
Trivold on this subject, but could f£ind none. Likewise, a search of ths
Swiss patents for a patent of this device by either Piccard or Frivold was
fruitless. It therefors appears that taey either discontinued or did not
oublish further work on this device. In a thorough search of "Science

Abstracts", no paper written by any other sclentist on s similar device

could be found.

iii. History of ¥rite

r's Interest in Problem. In his work at the

Naval Ordnszncs Leboratory, the writer found that if two coplanar coils are
immersed in a conducting medium, their mutual impedance depends on the con-
ductivity of the medium, as well as on their relative orientation, leading
hin to believe that zn electrodeless method for measuring conductivity of
liguids could be based on this phenomenon, which is due to currents induced
in the medium.

In order to wake ths mutuzl impedance of the coils depend only on
the conductivity of the medium, it was necessary to eliminate the dirsct
mutusel inductance between them. To do this, the writer decided to use a
toroid as the driver coil, since ideslly it hes no externzl field. To
reduce further the mutual inductznce (due to leakage flux from the driver
coil) and also to eliminate the effects of stray [ields from other sources,
a toroidal pickuv coil was also used. Mschanieally, the obvious arrange-
ment was to plece the toroids together cosxially, which also rasults in

naximum sensitivity, since all ths car“ﬂut in the electrolyte linging one
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toroid also links ths other.
II. THFEORY

i. Simple Thsory of the Deviece. Ths basis of the msthod to be used

in neasuring conductivity ig shown in Plate 1. Two toroidal coils are
placed one against the other coaxially in an insulating toroidal casing and
are immersed in the electrolyte, as shown in Plate 1, which is a sectional
view of the toroids, the section being tuksn tarough their common hori-
zontal axis, in a vertical plane. A source of alternsting voltage, such as
an oscillator, is connsctsd to one ol the toroidal coils, called the driver
coil, or toroid, &nd a vacuum tube voltmeter is connected to the other,
called the pickup coil, or toroid.

An alternating magnetic flux is set up in the core of the driver

N

toroid. Ye know that around any closed path enclosing this core,

&

ﬁ EV‘J'S'V: . C—?:t-_ggu' ,7‘/0/(5-7 (l)

v . . . . . v o, N
where E is the electric field intensity, ds is an element of the vath of
L4 ¢ - . 3 .

integration s, B i1s the alteraating megnetic flux density in the core, dS
. ~ . - . V‘ -
is an element of the surface S over which the integral of B is teken, and
v. e pe . -
n is a positive unit normel to dS.

The electrolyte is a closed path linking the driver toroid, and

ince it has & non-vanishing conductivity, current will flow in it and

w

through the hole in the toroidal casing. Thus, the electrolyte acts zs the
secondary of a transformer, of which the driver coil is the primary.

The currzat flowing in the electrolyte links the pickup toroid
core, setting up an alternating flux thersin, which in tuwrn induces &
voltage in the pickup coil. The electrolyts ther=fore acts as the primery

of & transformer of which the pickup coil is the secondary.



‘y V - 3 Ix) 3 3
The integral é‘ £ 'ds is independent of the path of integration,
provided the path completely encloses the cors of ths driver toroid. £ince

v v
the integral around any flowline is ecuzl to gfff'dG'there is a vollage

Ud Vv
Ve — S [BndST (2)
s~
tending to send current around any flow line. Then the arrangements of
Plate 2(a) and Plate 2(b) are equivalent, since they have the same boundar
q s J J
conditions, namely:
a. The surface of the toroid envelope is a flow surface.
b. Tts bissctor plsne normal to its axis is an eguipotential
surface,
v
¢. The alternating flux density B in the core in Plate 2(a)
can bz rzplaced by a generator of voltage
v v
V- — 2 J/K‘Z?"7 a S
Tt S (3)
which is shown in Plate 2(D).
Then the current I that flows in the electrolyte is the same in botn cases,
provided the insulating sheet between the surfaces A and B in Plate 2 is
of infinitessimal thickness and that surfaces A and B in Plate 2(b) are the
same surfaces as 4 and B in Plate 2(a). The current can be determined by
dividing V’by the resistance of the electrolyte betwsen the surfzces A and
B in Plate 2(b).

ii. Basic Eguivalent Circuit. The electrolyte can therefore be re-

placed by a loop of resistance Rg = ¥, the resistance between A and B in
I

Plate 2(b), so that the equivalent circuit, Plate 3(a), may be drawn.

All the parameters except Re arz either predeterained or are easily

caleculated; ths calculztion of Re, on the other hand, is in general guite

Jifficult. Means of determining Re will be discussed later. The eqguiva-

lent circuit is exact, save for the omission of leakage inductence in series

-~

- 12 -



with nlzRe and capacitance in parallel with n12Re. The effects of these
are usually negligible and will be discussed in a later section.

The detailed development of the circuit theory of the equivalent
circuit is carried out fairly completely in Appendix A. In the text, only
the more important results, und the ideas on which Appendix 4 is based, are
discussed. |

iii. Voltage and Impedance Relationghips in the Eguivalent Circuits.

In Appendix A the ratio eg/eq in this equivalent circuit when the
driver and pickup circuits are tuned to the frequency of eq is shown to be

(I /

where Qp is the quality factor of thébpickup circuit, i.e.

= X L
GPpe Fnthn - ‘When QE::_"L;E )00 and ff (_/_’;%n, , We can write
— P“Lp
ed s h, = pe (4) (SA)

with en error of less than one percent.,
(4) indicates the basis for e direct-reading conductivity meter;
we see that if eq is held constant, ep is directly proportional

to stié; the conductance of the path linking the toroids. However,

b

a direct-reading arrangement with an untuned pickup circuit is superior

because of advantages which will be discussed elsewhere.

* The notation for numbering equations is as follows: In the text, the
number in the first parentheses indicates the numerical order in the
text, while the number and letter in the second parentheses indicate
the numerical order in a particular appendix designated by the letter.
If only one equation designation is shown, the equation appears only
in the text.

- 13 -



It is shown in Appendix A that when the pickup circuit is untuned,

we have /ef/___ = 7 (5) (1934)
(?d eﬂ;
Here, when “he 2t )7. 07 end G (. 7=
C'JLP <f 7.07 73,
Con wl (6) (208)
NNz

with less than one percent error. We see in (6) the basis for & direct-
reeding conductivity meter.

In the direct-reading method with tuned pickup circuit, the |
impedance looking into the input erd is shown in Appendix A to be modified

by the conducting path according to
_Zdl zm -+ n: Qp CJL/:

—

z‘/ Q‘/QJL,/ ‘—'—7—:7_ Qsp wlf 7{‘/7: e Pc
vhere €4 is the input impedance when Rg is infinite, and ie given by

(7) (94),

2y= G?,w[ . The output impedance is similarly modified to
Z.l _ plhe
£ = = (8) (128),

vhere Z,- @, wlp -

For the untuned pickup 01rcu1t the corresponding expressions are

?d' h. *Fe -/'Jw ' n z (9) (218)
Zd & ewly +n 2 Re %, A h‘
/ Z2 K
and Ze! % e (10) (224).
:Z’b /7;2 Z% 4‘1-“/ lp

In certein specizl cases, especielly when the driver end pickup
coile are of low ¢, it mey be necessary to use equation (172) for the
untuned pickup errengement, rather than (194) or (204).

Le in (194) erd (204) ie the low-frequency inductance of the
pickup coil, i.e. it is the inductence at a frequency lower than and
sufficiently remote from self-resonence that the effect of self-capacitance

end incidentel circuit capacitsnce is negligible. In practice, however,

-



these capzcitences are not negligible and cause &n apparent increese in
the inductance of the pickup toroid. Usually when the pickup toroid is
untuned, it is terminated in a resistive load which is used as & voltege
divider.

The ratic ep/ed given by (6), as modified by the sbovementioned
cernacitences and resistive load is shown in Appendix A to become

ep) . wl'R 72 |
/C-’c/ 7;%/7/% [(m)z% @ijz (11) (304)

where Z?’ is the zpparent inductesnce of the pickup toroid measured in the

presence of the self-capaciternce end incidental capacitance af frequency

£= %f% and Ry is the value of the resistive load. In genersl, the

effect ig to increase the pickup voltage in the ratio

/;S% P“LL G- *(wép)] (12) (294).

In the Piccesrd-Friveld null method for measuring conductivity, a

single loop is wound sround the toroids in such a way that in relation to
the electrolytic lo&p, it is wound in the same sernse on one toroid and in
opposite sense on the other, i.e. in the form of & figure "8', as shown in
Plate 4(2). Then & resistance in the figure~8 loop will cause & voltage
to be induced 18C degrees out of phase with the voltage resulting from q
resistance inserted in the electroiytic locp. If the mutusl inductance
between one loop end the driver toroidé is equasl to that between the other
loop and the driver toroid, and if the same is true of the mutual induct-
ances with the pickup toroid, then the voltege st the output of the pickup
circuit will go through & null when the resistences in the two loops are
ecual (neglecting the effecte cf leakege inductence and displacement
currents, which will be discussed in a later section). Since grezter
sensitivity is required in & null circuit, the tuned pickup arrengement

uged in the Piccard-Frivold null method. The most importent releztionships

-
m
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are those which occur zt balance. It is shown in Appendix A that the
input impedance of the toroic system at balance in the Plccard-Frivold

null method is , n% Re
Zd _ =z
24 IR, orwly
z

(13) (3<4)

and that the output impecdance (essuming & generator of zero internsl

Z ’7:.2,?6
3 3 e = =z 32
impedance) is —&‘Zp i o Z (14) (334).

=
If 17,.2/Fe )@ wl, the sensitivity at balence is

A& . Gpobped (15) (364).
Pai 2 7 P Ke

These expressions ax@ebased on the assumption that the mutual inductences
between & toroid and either loop ere equal, a velid assumption for perfect
toroids, since all the magnetic flux set up by either toroid is mutual flux
with any closed circuit linking the toroid. Because of the identity of
mutuel inductences, the figure=8 loop is represented in the equivulent
circuit of the Piccard-Frivold null method by an ideal phase-inveriing
transformer of unity ratio, in cescade with the balancing resistor, as
shown in Feg.. 5A%.

iv. Disgplecement Currents in the Loop. The equivelent circuit of

Plzte 3(a), #s well as the eguivalent circuits drawn elsewhere in this
report, neglects two factors. The first of these it the effect of cdis-
placement currents. If the boundary conditions on the displacement current
wers the same as those on the conduction currents, they would be divided
into two parte, those in the toroid casing end those in the electrclyte.
Those in the casing woulé be constant and their effect would be balenced

cut by a suitable bucking voltage applied to the pickup circuit; those in

- s

¥ The convention for numbering figures in the appendices is identical with
that for numbering equations.
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the electrolyte would depend on the dielectric constent of the'electrolyte
and could bé eveluated. E£ince most electrolytes are aqueous solutions, and
since the dielectric constent of water at low frequencies is of the order
of 80, in most cases the displecement currents in the electrolytes would
be much gregter than those in the casing. In Appendix A it is shown that
displacement currents in the electrolyte introduce a reactive component in

ﬁhe impedance of the loop, sugy tha£ it becomes
Zo- He _/_ftn f&8421/o"4k,o)

i..——}_
[T8842x10~ )2+ (%
We see that the magnitudes of Ze and Re would begin to differ sppreciably

(16) (414).

only for large velues of K and -2

We cen expect that the presence of conductors within the toroid
casing will alter the configuration of displacement currentis from the above-
mentioned ideal situation. Unquestionably such conductors will cause large
displacement currents to cross the insulation in the casing and'pass into
the electrolyte, but it ig difficult to eveluate their effect quantitsatively.

In the Picecerd-Frivold null method, the effect of displacement
currents is to require a shunt capacitance balance in addition to the
resistive balance.

v. Leaksge Inductence in the Loop. The second factor not included in

the equivalent circuit is the leakage inductance of the loop containing Re.
The totel inductenc® of this loop may be divided into three components.
The first component is due to the mutual flux between the loop and the
driver toroid plus the mutual flux between the loop and the pickup toroid,
end is represented in the equivalent circuit by the two mutual inductences.
Tre second component is due to flux in the toroid ecasing (exclusive of the

mutual flux) snd is part of the leakage inductance. The remsinder of the

- 17 -



leakage inductence is the internal inductence of the electrolytic path.
The effect of leskage inductance is to change (3) to
Srone ) L
& Tl TFEE fm i J‘w/.e] (17) (442)
=p
and to change (5) to . , £
e -
_,f/: &Z : Lp T, 2L J
Rete V2L #7100 (18) (454)
. == ’

where L. i the total leakage inductence of the loop.

Ordinerily, the permeability of the toroid cores will be high
(greater than 100) and the leskage inductence will be only & small fraction
of the total inductance. Only when low-permeability cores are used, and
the conductivity of the electrolyte is such that wl e is of the same
order cf magnitude as Rg, will leskage inductsnce have an apprecizble effect.
In the Piccard-Frivold null method, the effect of leakage induct-
ance ig to impose the balance condition Le::lel . If the effect of
displacement currents is present, the digplacement current and leakage in-
ductance balance may be @ffected by one control, since they are both

recctive. However, this balance would be a function of Re. By using a

W

eoarate series inductance balance and a separate shunt capacitence belance,
independence of the reactive balances from Re mey be obtained.

vi. Consideretions on Re and Inductence Anslogue. It is desirable to

predict from theoretical considerations the value of Re. The boundary con-
ditione on the conduction current induced in an infinite homogeneous isotropic
conducting medium, when an insulated toroidal corz carrying alternating
magnetic flux circumferentially ig inserted therein, are exasctly analogous

to those on the magnetic flux induced in an infinite homogeneous insulating
medium, when the boundary surface of ths abovementioned toroid, carrying

current circunferentislly, ie inserted therein. Hence the resistance of
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the conducting peth in the former case may be determined from the
reluctance of the conducting path in the latter, and since the reluctence
of a path linking & conductor, and the inductence of the conductor, are
related, the resistence of the path in the former case may be determined
from the inductance of the conductor in the latter.

It is shown in Appendix B that this relationship is

R = T (19) (108),
[0 L

where Re is the resistence of the conducting path in ohms, . 1s the
permezbility of the medium in which the conductor of external (high-
frecuency) inductence -/ henries is located, and.f,is the resistivity in
obm-cm of the conducting path. Therefore, if we wish to determine the
recistance of a conducting path linking an insulated toroidal casing, we
can calculate it from the high-frequency inductence of a conductor having
the same dimensions as the casing.

Of course, the calculation of /.  from fundamental consideretions
is the same problem as calculating Reg, and it appears to be extremely diffi-

cult in most cases. An zpproximete solution exists for the case of &

toroidsl conductor of circular cross-section, whose circumferential induct-

28
ance 1is [~ Q. 0257 a {&3034710 _/g_ﬂ — Zj (20)

in air, with good accuracy when _d </0.2? , at freguercies at which the
Za

current flows only on the curface of the toroid. [ is the inductance in

microhenries, a is the mean redius of the toroid, and ¢ is the diameter of

the cross section, both in cm, Then

4
w2 ~

00/2:7072303 /y/v /ﬁ(?— 2‘/ (21)
[«

where/p ie in ohm cm.
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If a toroidal casing of circular cross-section were used, there-
fore, the electrodeless method for measuring electrolytic conductivity would
be an absolute method. For practical reasons, in this research a rectan-
guler cross-section was used instead, and since no accurate formulae are
aveilable for the high~frequency incductence of a toroidal conductor of
rectangular cross-section, absolute measurement of resistivity was not
possible,

Rezp,can be celeulated from experimentally cetermined values of L
where L csnnot be calculated. It cen also be measured directly by placing
electrodes in the casing, as shown in Plate 2(Db), measuring the resistence
between thece electrodes in a solution of known conductivity, and correcting
for the thickness of the insulation between the plates. Finally, Reép may
be determined by means of the electrodeless method, by determining Re in
& golution of known conductivity.

III. HODES OF USE AND DESIGN CONSIDERATIONS

i. Introduction. There ars two busic ways in which the borold ascembly

may be used to msasurs resistance in « loop linking it. They are:

b. Null methods.
In general, an optimua design for one of these modes ol operatlion
is not necessarily an optimum design for the other. A discussion ol the

design reguiresments for the two nmodes 1s given below. Reguiremenbs common

to the tvo nethods ars:
a. The indlcation of ths insbtrument should always be tls same

for & ziven rassigstence in the loop linking the btoroid assenbly.



b. The indication sghould be a linear f{unction of the loop

resistance. or comductance.

c. A wide range of resistance valuss should be measurable,

There is one important sourcerof error in both the direct-rezding
end null methods, namely, direct coupling betwszen the driver and pickup
toroids, which must be corrected if requirements a, b, and c are to be met.
In Appendix A and in the text up to this point, it was assumed that if T
vwere infinite, thers would be no voltage induced in the pieckup coil.
Lctually, this is nob the case. Even if the toroids were perfectly astatic,
there is electrostatic coupling between them. To eliminate this coupling,
the driver toroid and ibs circuit must be thoroughly shielded =lectro-
statically from the pickup toroid and its circuit. Furthermors, ths toroids
are in fact never perfsctly astatic. Aifter the conventional precaution is
taxen of winding the toroids so that there is no current circulation about
their axes, some of the driver toroid flux still links the pickup toroid
beczuse of non-uniformity of the windings or iﬂﬂhomogeneity of the cores.
The effect of these irregularities is to cause the driver toroid to set up
2 smell external field as though it were a dipole oriented in a random
direction normal to the toroid axis, and to cause the pickup toroid to
behave as a small coil with axis in a random direction normel to the toroid
axig., By rotating the axis of the dipole with respect to the axis of the
coil until the two are at right angles, the coupling between them is
minimized. This condition may be reached by rotating one toroid with
respect to the other until the voltage induced in the pickup coll goes
through a minimum. It is possible thet this residual voltage may be [lurther

reduced by & large factor, by placing a high-permeability ring between the
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two toroids.

This minimum residusl voltage may still be of sufficient magnitude
to cause errors in both the dirsct-reading and null methods when high
resistances ars being measured. To remove this voltage, a bzlancing circuit
7nsy be used, in which two small veriable voltages spaced 909 apert in phase,
derived from the generstor of freguency ¥ =%§% , are injected into the
nickup circuit and adjusted until they completely balance out the residual
voitage.

Although large residusl voltages mey be balanced out in this way,
it is desirable that the residual unbalance voltzge be made as low as
possible. Otherwise, the condition will exist -whers the residuel voltege

fter balancing is the differznce bstween two large cuantities, with the

=2

[43]

aoor stebility which is inherent in such cases.
reduce the
After 211 oreczutions zrs taken toﬂpickup voltage to zero when Re

s infinits, there will still be a residual voltage consisting of harionics

te

of § . This voltage causes an ervor in readings in the direct-rezding
method, and obscures the null in the null method. Its effect 1s greatly
hreduced ﬁy adequate filtering in the amplifier of the pickup voltage, and by
the pickup circuit if tuned.

ii. Dirsct-Reading Method. Recuirements a, b, and c zbove determine

whether a‘tuned or untuned pickup circuit is to be used in the direct-rezding
method. Referring to (4), one sees tnat where the pickun circuit is tuned,
the pickup voltzge is directly proportional to the paréllel—resonant inped-
ance of the pickup circuit, at resonance. This impedsnce is given by

w?Llp?

R,, representing the "eonner" loss in the pickup coil, is & function

of btemperature, varying at the rate of approximately 0.4 oercent per degree C
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for cooper. Rﬁ, reprasenting the core loss, is made up ﬁé}deffy of two
components, namely, Ry representing :hysteresis and Re rspresenting eddy-
current loss. The latter has & temperature coefficient of the same order of
magnitude as that of Rp. No figures for toe temperature coefficient of Rp
are on hund, but even if it should be zero, we already have aporeclable
deviations from reguirement & as a function of temperature. Ry is a function
of the voltage across the plckup coil. Thsrefore, under certain conditions
variation of the pickup voltage mey cause deviation from reguirement a.

In (6), one sees that where the pickup circuit is untuned, the
calibration has no dependence whatever on Ry or Rp’.

(4) assumes that the condition of resonance obteins in the pickup
“circuit. If resonance does not optain, Q¥col.P is replaced by the actusl
impedance of the pickup circuit. If Gp is high, the impedance of the pickup
circuit (snd hence the calibration) will vary to a considerable extent for
relatively small deviations of s from the resonant frequency of the pickup
circuit. For example, if Qp is 100, é one-half percent change in freguency
from resonance will cause a 30 percent decrease in sensitivity; whersas (6)
shows that in the untuned opickup circuit, the corresponding change in
sensitivity is one—hélf percent,

Tt was shown that the condition for (3) to reduce to (4) was

_ ‘ 47 2
Lk, )/OO , while that for (5) to reduce to (6) was e ey 17.07+
@ WL/_-, YN 07
If ¢p = 100, ARe n"z) Joooo  is required in the former case and
- <,
P
e Z’L d7zo7 in the latter. Thue, the untuned arrangement in
CJ
/b

this case will measure resistance on a linear scale to 1/1410 the value that

the tuned arrangement will measure.

Although for & given pickup coil the tuned arrangement will develoo



Qp times the voltage of the untuned arrangement, the higher stability and
wider linear range are more important considerations. Conseguently, the
untuned pickup arrangement was selected for the direct-reading method in
this research.

Referring now to the untuned pickup arrangement, the other con-

ditions necessary to meet reguirement a must be determined.

In the first place, it should be possible to adjust eg to some pre-

determnined value, at which it should remain thereafter within close limit
(an important consideration in the design of the associated electronic
circuits). TFurthermore, the instrument which measures edq should have a
stable calibration.

Lp and Re4o are functions of temperature, but in general the
varistions are negligible over the usual temperature range. For examdle,
if the coils are wound on molybdenum-permalloy dust cores, the temveratur
coefficient of inductance will be sbout 0.0Z percent per degree C. Reéo
will vary with temoerature directly as the linear dimension because of
variation in the outer dimensions of the toroid assembly. For a thermel

6

expansion coefficient of 100 X 10~ per degree C, we have a 0.001 perceat
Der degree C change.

To recapitulate, for the direct-reading conductivity meter, the

untuned pickup circuit should be used, and eg, @, and the calibration of

=

=

the

instrunent measuring ep, should all be held constant within limits qn order

of megnitude better then the required overall accuracy. Chenges in Lp and

Rer will usually be negligible, and n]l and ng are of course constant.
For &« solution of given resistivity, the voltage ep should be as

large as possible, in order that a reasonable gain be recuired of the
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amplifier driving the indicating instrument. ey may be increased by several
expedients, which are enumerated below and critically discussed.
a. Increasing ed. This increases the power requirements on the
generztor of freouency @ and increases the power dissipatesd
=<n
in the toroid assembly.
b. Decreasing n]. This results in lower input impedance and
consequent increase in the power demand on the source of

~

frequency @ and in the éower dissipated in the toroid assembly.
20
Hznce, the effect is the same as that of increasing eq.

c¢. Increasing @. This decreases the highest resistivity that can
be measured beforz the effect of displacement currents becomes
appreciable, Furthermore, ® should not be increased above a
value at which resonance effects begin to zppear. As a
general rule, conditions should be such that the increase in
inductance of the pickup coil due to incipient resonance should
not exceed 10 percent of the low frequency inducﬁance.

d. Increasing Lp. If this is done by increasing the permeability
of the core, stability becomes poorer as the permeability is
increased. For example, excellent stability is obtained with
molybdenum-permalloy dust cores having a permeability of --1x5,
because of the large demagngtizing factor resulting from the
interstitial air gaps. If permalloy strip having a perme-
ability of 20,000 is used, the permeability is sensitive to
mechaniﬁal shock and temperature, and does not reproduce closely
from core to core. Of course, there are core materials of

intermediate permeability which might be used. If Lp is



increased by increasing np, an improvement is obtained

which is directly proportional to nz. I the dimensions of
the core are all increased in the same proportion, the sensi-
tivity will increase because of the resultant increase in the
ratio Lp/ny (see (1€)). DNote that if Lp is made sufficiently
large, resonance effects will appear and Lp should not be so

large that

L C/ .
P £ ) o.f
Lp
Increasing no. This was discussed under Lo.
Decreasing Re for a given value of P This may be done by
increasing all the dimensions of the toroid assembly in the
same proportion (see (R1)). This will require increase in
the dimensions of the cores, and will in genersl result in in-
creased inductance and ¢, and an additional increase in sensi-
tivity. However, since the ratio nggo is only inversely
proportional to linear dimension, startling improvements in
sensitivity will be obtained only if radical changes in
. I3 are > >
dlmen31on§’made from those that are fixed largely by mechanical

considerations.

It hardly seems worthwhile to go into the sensitivity problen

analytically.

By keeping all the requirements in mind and following the

abovementioned principles to obtain high sensitivity, a satisfactory design

may be arrived at. After a preliminary design is complsted, the sensitivity

mey be calculated (using an approximate value of ReAp obtained from the low-

freguency* inductance of the inductance analogue), and the amplification

necessary to

drive an indicating instrument may be determined. If this

requirement is reasonable, the design is satisfactory. If not, it will be
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fairly simple to meke a new design (using the original design as a guide)
that will have the required sensitivity.

Note that varying Re//o s Lp/ngz, or & varies the value of @ at
which (5) reduces to (6), in such a way as to reduce the range of sensi-
tivities for which (6) is valid, as the sensitivity is increased. However,
since high sensitivities are required where high resistivities are to be
measured, for the measurement of low resistivities Lp/n22, or @ may be

reduced sufficiently and Rg/, increased sufficiently to make (6) valid in

/o

that range.

iii. DNull Methods. The objecﬁ of null methods is to obtain greater

reproducability of measurements than direct-reading methods. Whereas in
direct-reading methods, reproducability might be within 2 percent; in a
null method it might be 0.1 percent or better. If the same minimum con-
ductivity is to be measured by both methods, the null method must be able
to detect a voltage 75% as great as that which the direct-reading method
must detect, where € is the error in reproducing the same reading for a
given conductivity, in percent. Hsnce, null metnods must have higher over-
all sensitivity than direcit-reading methods, to cover the same conductivity
range at full accuracy. Some of this increased sensitivity may be obtained
by using a tuned pickup circuit and by applying some of the principles
discussed under the direct-reading method. The remainder must be obtained
by increasing the gain of the asmplifier.

Referring to (15), one sees that the sensitivity of the Piccard-
Trivold method in the vicinity of balance, expressed as the change in voltage
for a given percent change in Rg, is inversely proportionzl to Rg. Thus,

the lower the maximum value of Rg that is to be measured, the lower the

sensitivity may be.



In the Piccard-Frivold null method, the conditions of balance
are Re = Re', Le = Le', and Cg = Cg', where Leg and Leg' are the leakage
inductances in the Rg and Re!' loops, respectively, and Cg and Cg' are the
shunt capacitances across Rg and Re', respectively. It was shown in
Appendix A that the balance was independent of any other factors. All those
factors discussed in the direct-rsading method which affected the cali-
bration have no effect on the calibration of the Picecard-Frivold null methoq,
except for the ratio Re4p where 0 rather than Rg is being measured. Hence,
in the Piccard-Frivold nullrmethod, the tuned pickup arrangement may be
used, high-permeability cores are permissible, egq nay vary, # may vary, and
no special pains need be taken to stabilize the gain of the amplifier driving
tae null indicator. UNote also that wﬁereas in the direct-reading msthod
there is an upper limit to the value of G§==aé; thet can be read on a
linear scaley in the Piccard-Frivold null method, theoretically there is
no lower limit of Gg at which the abovementioned balance conditions cease
to be true.

Other null methods are possible, in which a fraction of the
voltage applied to the driver toroid is injected into the pickup circuit
in such a way as to buck out the voltage developed therein. Such methods
have the advantage over the Piccard-Frivold null method that they do not
require the figure-8 loop, simplifying the construction of and connections
to the toroid aséembly, but they also have certain disadvantages.

On2 such method was incorporated into the experimental circuit
For this research, but time did not permit its analysis or experimental
investigation. This circuit is shown ingimplified form in Plute 3(b).

The voltage across the driver toroid is applied to a 90 degree phase-
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shifting network, a fraction of whose output is irnjected into the pickup
circuit 180 degrees out of phase with ep and is adjusted until the volt=-
meter V indicates & mull. The value of R, may be determined from the
ratio }§£;%$Z of the voltage divider, and Ge= 7§% is directly
proportional to this ratio, A more detailed description of the circuit used
in this method is given under IV, "Description of Apparatus",

This, as well as other null methods, are discussed under suggestions
for further work.

“he thickness, t, of the toroid winding is also a design parameter of
importance in both direct-reading and null methods., For a given set of
cores, increasding t will allow the use of more copper and will result in
higher Q. On the other hand, increasing t decreases the cross-section
area and increases the length of the electrolytic path, increasing the
ra tio Re‘ﬁ’ and decreasing the sensitivity. The Q of the coils should
therefore be no higher than is necessary to meet the requirements of fre=
quency stability, oscillator power, and in the case of methods using the
tuned pickup circuit, sensitivity, There is little value in increasing
the amount of copper on the toroids much beyond the point where the copper
losses become less than the core losses, since beyond that point an improve-
nent of only a factor of twg;‘nig obtained, even if copper losses are re=-
duced to zero,

IV DESCRIPTION OF APPARATUS
i, Toroid asgembly. The toroids are wound on Western Electric
molybdenum=permalloy dust cores mo, 475866. Design data on these cores
is given in Appendix C. Molybdenum-permally dust cores are used be-

cause of their high magnetic stability, and the no. 475866 core in
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particular was used because among the cores available, it had the largest
dimensions (making possible a large toroid casing and hence a large value
of P/R,) together with 6he of the lowest values of K (large L/n?),
making for high sensitivity,

Somewhat arbitrarily, it was decided that the resonant impedance
of the driver and pickup tuned circuits should be 1 megobzb A high value
wag selected so that the power dissipated in the toroid would be kept in
the order of several milliwatts, minimizing the heat generated in the
toroid assembly and the power demand on the oscillator, An operating fre-
quency of 10000 cps was selected. It was made as high as possible , since
fewer turns of wire are required on the toroid to obtain a givern impedance
" level as the frequercy is increased, and since it was . . considered desir-
able to operate at as remote a frequency from 60 cps as possible. The
upper frequency limit is determined by the losses in the toroid cores; in
the no. 475866 cores the losses increase rapidly above 10000 cps. 4nother
factor determininé the upper frequencyllimit is the permissable error due
to displacement current. The maximum resistivity that can be measured,
such that the displacement current error not exceed 1 percent, was cale
culated at 10000 cps for water, by (16), to be 3.2x105 ohm=-cm, which is
sufficiently high to permit satisfactory operation at this frequency.

A voltage eq of 30 volts rms was selected; it was not made
larger because of oscillator design consii?ations which will be discussed
later.,

A winding thickness t of 0.1 inch was selected, being large enough
to yield high-Q toroids, yet small enough to not increase the length and
decrease the cross=section area of the conducting path.

The abovementioned design values were chosen before a complete
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picture of the design consiqgations had been developed, and do not necces-
arily represent an optimum design,

In Appendix C it i1s calculated that in order to have a parallel
resonant impedance of 1 megohm at 10000 cps when the voltage applied to
the coil is zero, the no, 475866 cores should be wound with 722 turns of
no, 25 B & S ga. copper wire with heavy Formex insulation., With 45 volts
across the coll, it was calculated that the number of turns chould be
737. These figures are based on a winding thickness t of 0,1 inch,

The coils are wound in two equal sections, and the leads are
connected so that there is no net circulation about the axis of the core,
The coils are wound as uriformly as possible,

Four toroids were wound, two for the no, 1 torcid assembly,
which was not satisfactory and later became defective, and two for the
no. 2 toroid assembly, which was almost identical in design with the fore
mer but was assembled with greater care and was sd tisfactory. A4ll four
toroids were wound with no, 25 B & S ga. heavy Formex insulated copper
wire,

The deta on the toroids is as followss

No., 1 toroid assembly:

ns 737 turns, lg = 83.7 mh. at 30 v. rms and 10000 cps.

npz 722 turns, Lp't 83,0 mh, at 30 v, rms and 10000 cps.

No, 2 toroid assemblys

™
npz 737 turns, Lp's 89.6 mh. at 30 v. rms and 10000 cps.

737 turns, Ly = 86.2 mh. at 30 v. rms and 10000 cps.

The inductance measurements were made by a resonant method,
with the toroids in the toroild casing ard connected to the measuring
‘cireuit through the toroid-assembly cables,
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With one of the toroids uncased and cornected through short leads
to the inductance-measuring circuit, its inductance measured at 30 volts
rms and 10000 cps was 80,7 mh, with a Q of 143, giving a parallel resonant
impedance of 725000 ohms, compared with the assumed value of 1 megohm,

The discrepancy is probably partially due to proximity losses in the win-
ding, which were not considered in the calculations, and partially. :be-
c{ use the measured Q included the losses in the mica-dielectric tuning
condenser., The value of parallel resonant impedance is not critical, and
is effective only in determining the power dissipated in the driver
toroid ard the sensitivity of the Piccard-Frivold null method and other
null methods where a tuned circuit is used.

External dimersions of the toroid casing were the same for the no. 1
and no. 2 totoid assemblies, but the internal dimensions were somewhat
larger in the latter. Plate 7 and Plate 8 show the dimensions of the parts
of the toroid casing, for the no., 2 tofoid assembly. Leads erter the casing
through hollow plastic tubing which is fitted into the holes seen at the
top of the casing in Plate 7,

‘he erd caps in Plate 8 fit into the ends of the casing in Plate
7. Polystyrene is used because of its negligile water absorption and the
eese with which two pieces may be cemented together. Plate 9 and Plate 10
show views pf the toroid assembly. Plate 4(b) is a section through the axis
of the asserbly, and is complete with the exception that the figure=8
loop is not shown.

Each toroid is individually and completely shielded electro-
stéqtically by 3 mil brass shim stock cut to fit snugly against and
cemented to the inside walls of the torcid casing. The shields are shown

in the sectional view, Plate 4(b). Each shield is split so that it does
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not act as a short-circuited turn,

Leads are brought into the torcid casing through 0,125 inch
0.d, polyethylene-insulated coaxial tubing, running the length of the
polystyrere tubinge. ‘he coaxial tubing is in turn connected through
BG=-58/U ca ble to the electronic circuits. At the lower left corner of
Plate 5, which shows the complete circuit of the conductivity-measuring
apparatus developed in this research, the toroid assembly is shown
schematically with all electrical connections.,

In the no. 1 tofoid assembly, the toroids were placed in their
receptacles without any attempt to minimize the coupling between them
and without securing them to prevent relative motion, and the end caps
were cemented in place, on ‘he assumption that the coupling between the
toroids would be negligible, This was hardly the case and with eq= 30
volts, the voltage in the pickup circuit was 4 millivolts, an excessive
value since the intention was to measure voltages as low as 2 microvolts,
A balancing circuit was “herefore iniroduced, which made possible the
balancing of e, down to much less than 2 microvolts. An extremely un=-
stable balance was obtained, because in balancing,the difference is
talken between two large quantities, of which one, the initial unbalance
voltage in the pickup circuit, varied since the toroids were not fixed
in place in the casing, If toroid assembly no., 1 were moved about
vigorously, the unbalance voltage would change by as much as 100 miero-
Qolts.

Toroid assembly no., 2 was built to replace no. 1 which became
defective because of watsr leakage and rough handling. In the new assembly,

one of the toroids was wedged firmly in the casing by means of small wooden
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wedges; the other toroid was then placed in the casing and rotated until
the initial unbalance VOltagé reached a minimum, whereupon the toroid was
wedged in place and the end caps were cemented on, The initisl unbalsnce
so minimized was 50 microvolts, a factor of 80 less than in the toroid
assembly no, 1, When this voltage was balanced out by means of the
balanecing circult, only very rough handling of the probe would cause the
unbalance voltage to change as much as 2 microvolts, Such high stability
was a result of the low initial unbalance voltage and the improved
mechanical stability of the system.

The parts of the toroid assembly were joined by means of polysty-
rene cement, and the cemented parts were clamped torether until the cement
hardened. Strains set up by the clamps caused crazing of the polystyrene;
repeated dipping of the toroid assembly in a polystyrene solvent dissolved
a surface layer of polystyrene sufficiently to cause it to flow into the
cracks, maling the unit watertight.

ii. Electronic circuits. The complete electronic circuit is shom
in Plate 5, and a complete list of components appears in Plate 6,

In the upper left corner of Plate 5.is the power unit, a
conventional one which supplies the a=c heater voltage and the 300 volt
d=c stabilized voltage for the plate supply of the amplifier and
oscillator,

Slightiy higher and to the right of the power supply is the
balancing circuit, which derives from the driver cipcuit two voltages
90° apart in phase and injects them in series with the pickup coil to
balance out any voltage due to direct coupling between the driver and
pickup circuits, Each voltage may be adjusted by either a coarse or a

fine control,
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Below the balancing circuit is the amplifier which amplifies
the resultant voltage in the pickup circuit, It is a three-stare amplifier,
with first and second pentode stages Vg and Vy and an output cathode-
follower V8, The amplifier has about 27 db, of negative feedback from
the cathode circuit of the cathode-follower to the cathode of the first
pentode, for stabilizing the gain,

A 10000 cps tuned circuit from plate of the second pentode to
ground causes the high and low cutoff frequencies of the amplifier to
be closer to 10000 cps than they would be with R=C coupling alone, while
maintaining a flat-topped frequency response in the vicinity of 10000
cps, an important feature in the direct-reading method where changes in
the oscillator frequency should not cause chances in the amplifier cali-
bra tion.

It was found that the cain of the amplifier is not attenuated
suffieiently at 60 c¢ps and its low multiples gnd at low multiples of
10000 cps to give adequate filtering . Therefore a half-octave band-pass
filter with a mid-band frequency of 10000 cps and a characteristic impedance
of 1000 ohms is connected at the output of the amplifier, A Ballantine MNodel
300 vacuum-tube voltmeter is connected to the output of the filter. The
freduency response of the filter is shown in Plate 1l4; the frequency
response of the filter plus amplifier, with and without feedback, is
shom in Plate 15,

The overall zain from amplifier inpyt to filter output with
feedback is adjustedrto 500 at 10000 cps; without feedback it is about
20000, Since the Ballantine yolimeter will read a minimum voltaze of 1
millivolt, the minimum amplifier input voltage that can be measured is

2 microvolts, With feedback, the amplifier moise is below this level.



A decade attenuator is connected in the input of the amplifier,
supplying attenuations of 1, 0,%., 0,01, and 0,001, A fifth position on
this switch places a tuning condenser across the pickup coil, for use
in the Piccard=I'rivold null method and other null methods. The input
resistance of the attemuator is 25000 ohms,

Curves of filter output as a function of the input to the first
grid of the amplifier at 10000 cps, with and without feedback, are shown
in Plate 16,

Below the amplifier circuit in Plate 5 is the oscillator circuit,
which applies a constant 30 volt rms 10000 eps voltage to the driver tor-
oid, fhe circuit is essentially an L-C oscillator with the driver toroid
acting as the tank coil, and with a novel arrangement for stabilizing the
amplitude. The diode, V9, is the stabilizing or limiting element, the
- first pentode V10 is a phase splitter (for supplying positive feedback
without requiring a tapped driver toroid) and the second pentode V17 is
the oscillator, The stabilizing circuit maintains ey substantially
constant, independent of wide variations in the gain of the oscillator
tube or in the t4 nk circuit impedance,

In operation, the cathode of the diode Vg is adjusted to some
positive d-c voltd ge smaller then the normal peak amplitude of eq in the
absence of the stabilizing circuit., During oscillation, the diode .
conducts whenever the driver voltage swings sufficiently positive to
exceed the voltage on the cathode of the diode, and in so doing applies
a negative feedgack pip to the grid of the oscillator tube, V13, through
R 42. If the amplitude of oscillation should increase by a given percentace,
the amount of nega tive feedback increases by a much larger percentage,

opposing the increase in amplitude. Decreases in amplitude are prevented
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in a similar way., The oscillator stabilizes at a voltage eq whose peak
value is slightly larger that the d-c bias on the diode cathode.

Pld te 18 shows the effectiveness of this arrangement. To obtain this
data, the circuit was broken between C1g and Rjy and an alternating woltage
at 10000 cps was applied to the loose end of Rz1. The voltage at the cathode
of V1o was measured as a function of this input voltage, in one case with
V9 removed and Rjo disconnected from the grid of iy (upper curve in Plate
18) and in the other curve with Vg in the circuit and R42 connected (lower
curve), With the limiter circuit connected, the output increases roughly
in proportion to the input, until it reaches a value where the diode conducts,
above which the output increases only slightly for increasing input. The
two curves differ below the point where the diode begins to conduct,
because of the loading effect of R42 which was not connected when the
upper curve was taken,

In this type of amplitude control, negligible distortion is
introduced, since the diode draws negligible energy from the tuned cir-
cuit, Although the negative feedback pulse applied to the oscillator tube
V11 is rich in harmonics, Vi) acts as a tuned amplifier and amplifies
the fundamental-frequency component of this pulse much more than the harmon-
ics,

With a 45 volt positive bias on the diode cathode, and a 6.3
volt rms heater voltage throughout, the voltage at the cathode of Vig
varied from 32 volts rms to 33 volts rms, when the plate supply voltage
of the oscillator was varied from 200 to 350 volts, and the frequency changed
by 0,02 percent over this same range, With the plate supply voltage held
constant at 300 volts, the voltage at the cathode of Vyg varied from 31
volts rms to 33 volts rms when the heater voltage was varied from 7 volts



rms to 5 volts rms, and the frequency changed by 0,01 percent over this
same range,

The oscillator voltage is stabilized against changes in the
impedance of the oscillator tank circuit, provided the impedance does not
drop so low that the peak value of the voltage eq in the absence of the
limiting diode drops below the value of the diode bias, since if this
condition obtains the diode never conducts,

High=-conductivity solutions cause a decrease in the impedance
of the driver (tank) ecircuit, according to (7). In order to permit direct=
reading measurement of as high conductivity as possible, the voltage at
which ey stabilizes should be low. On the other hand, for high sensitivity
eq should be high, A value of 30 volts rms was selected for e4, as a com-
promise between these two requirements,

To the left of the-oscillator cireuit in Plate 5 is null circuit
B. This is the null arrangement that was shown in simplified form in Plate
3 (b). The phase splitter Vg is used to supply the voltage to the phase-
shifting network of this null circuit., A decade attenuator receives the
output of the phase-shifting network, and in turn applies its outrut to
a General Radio type 654-A decade voltage-divider. 4 nulliﬁg voltage
from the output of the decade voltage-divider is injected into the
plckup eircuit, in series with the pickup coil, In obtaining a balance
by this method, it will be necessary to adjust the phase control Cpj to
take care of incidental pé%e shifts,

This nmull circuit is intended to measure resistances as high as
14000 ohms with an accuracy of 0.1 percent, and resistances as high as
140000 ohms with an accuracy of 1 percent,

Although the phase~shifting network in Plate 5, consisting of
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Rsa, C23, Cps, Rog and Rgmy looks like the conventional bridge-type R-C
phase-shifter, it is a generalization of the latter., In the ordinary
R-C bridge phase=-shifter, of Phe type shown in Fig, 1,

oo L[zt T (22) (15D),

S

Fig. 1

provided the source of ey has zero internal impedance and the impedance
across the output is infinite. If these regyirements are not met, |e,/ei|
is not independent of ﬁhe phase shift, and the phase shift is not given
by the simple expression § = 2 ta;'ln'/h. In the use of the circuit shown
in Fig., 1, the source impedance should be negligible compared with the
input impedance of the bridge and the load impedance should be large
compared with the output impedance of the bridge.

| There are many cases where these requirements cannot be easily
filled, yet where it is desirable to have a phase-shifter which behaves
according to an expression similar to (22).

In Appendix D, the author determined the conditions for which
the bridge=type R-C phase shifter, fed from a source with non-vanishing
internal resistance and supplying a load of finite resistance, would
shift the phase of the output voltage up to 1809 without change in the
magnitude of the output voltage, if the input voltage is maintained
constant, Fig. 1D shows the circuit diagram for this phase shifter,

The condition for constant output voltage is shown in Appendix D to be

A N

p= s (23) ().
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In order for p to bes positive,

I FZm)r? (24) (20D).
Then (23) obtains, L
~'rn
g =i m2m=r?) [Z7 F (25) (13D).
Lin [ 7Fm#n ]+ 1#p)2
(22) and (25) were used in ths design of the phase-shifting netiork

uced in null circuit B, since it is driven by & generator with non-venishing

internal impedance and drives a load of finite impedance.

The circuit in Fig. 1 is only s special case of tnat in Fig. 1D.

Between null circuit B znd the toroid assembly in Plate 5 is null
circult A, which concists merely of the standarc variable resistor cna
standard variabls caaacitor used for obtaining bslance in the Piceard-rrivold
aull nethod.

The circuits of the power sudply, amplifier, oscillstor, and null
circuit B {exclusive of the decade voltage-divider) ars all on ons chasgsis
and penel assevbly. 4 front view of this essembly spoears in Plate 12 and

ct

13, In Plate

(VS

Corear

incorrsct; 1t should

siteh is €W 1 in Plate 5; it is U
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’
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Plate 10

&y}

aeens of cables.

Th= lter chassis

These were made in a five—gallon

iii. lleasurement of electrolytic conductivity.



Pyrex battery jar. Instead of using standard solutions, thé conductivity

of the electrolyte was reasured by means of a conventional conductance
bridge and a dip cell. The bridge is a Leeds and Northrup type 4960 portable
electrolytic resistance indicator, having a resistance range from 0.3 to
30000 ohms, with a & 1 per cent 1limit of error when measuring resistance
near the center of the slidewire scale. The cell is a Leeds arnd Northrup
type 4920 dip cell, This cell is intended for use with low=ccrductivity
solutions, and uses platinized electrodes of 3.1 sq. cm. area per electrode,
spaced about 0.3 cm, apart, and has a cell constant of 0,975 cm:l The
electrolyte enters the glass case containing the electrodes, through

flow holes,

A model of the toroid casing was made, to be used in determining
the ratio Re/yo « This model has the same external dimensions as the
toroid casing, with the exception that in the center hole are two copper
dise:. electrodes at right angles to the axis and of the same diarmter as
the hole, and separated by a polystyrene wall, The outer surfaces of the
discs are spaced 0,17 inch apart,.leads to the electrodes are brought
in through polystyrene tubes corresponding to those in the toroid assembtly.

An inductarce analogue was also made, This 1s a toroidal alumirum
conductor of the same external dimensions as the toroid casing, cut into
two equal C's alpng a plane containing its axis, so that a sheet of
dielectric material can be placed between them, The C's are held together
by a wood framework having & long dielectric path.

In Plate 131, the upper object is the inductance analogue and

the lower one is the model with electrodes.



V. DESCRIPTION OF TXPERIVENTS AND DISCUSSION OF RFSULTS

i. Model with Flectrodes. 4 value of Re//4; was determined, using

the model of the toroid assembly with copper electrodes, which was described
under IV, "Description of Apparatus", and shown at the bottom of Plate 1l.
The procedure was to immersge ths model in a battery jar (vhose dimensiong
are large compared with the toroid assembly) conteining a copper sulphate
solution, and to measure the resistence of the model, using the L and N
bridge. Resistivity of the solution was detsrmined with the same bridge and
the L and N dip cell. After a measursment was made at a given conductivity,
conyer sulphate was added to the solution and ueasurements were nmade again;
this procedure was repeated several times.

To get the true value of R%/§o , 1t was necessary to make an

additive correction to the resistence of the model as measured, to account

5

for the decrease in vath length in the model dus to the spacing betiesn the
electrodes.

The test was begun with freshly-brigatened electrodes. The [irst point
texen is indiceted by the number 1 in Plate 19; the numbers inuicats the
order in which the measurements wers made. DNots that for cuccsssive measure-

ments, the points deviate more and more from a straight line through the

origin and point 1, and indicate a higher ratio of Re//o . ALfter point 5
was taken, it was noticed that the model electrodes had darkened. On the
suspicion that this darkening of the electrodsc vas relatsd to the deviation
from linearity, the electrodes wers cleaned with an abrasivs and noint 6

wes taken, vhich falls on the straight line joining ocoint 1 and the origin.

On the assumption that the ratio Re//o was increased over the

true velue by darkening of the electrodes at points 2, 3, 4, and 5, the

- b2 -



straight line through points 1, 6, and the origin was teken as the true

relationship of Re vs. L . From the slops of this line, a valué of
Re/ 0 = 0.758 is obtained.

The darkening effect was studled further, and the results are shown in
Plate 20. Here, the apparent increase in resistance of the modél is
plotted as a function of time, measursments being made in a solution of
fixed resistivity and temperature. There is a rapid increase in resistance
at first, and later an gfsymptotic a?proach to a limiting value. This
effect cannot be atiributed to some sort of polarization due to the bridge
current, since the bridge current was applied for a negligible fraction of
the duration of the entire iest. At ﬁhe beginning of the test, the model
electrodss were bright and shiny; at the end they had a dark rouge hue. It
apoeared cgrtain that the darkening wag due to the formation of cuprous
oxide. This conviction was strengthened by the observation of a photo-
voltaic effect when a strong light was played on the slectrodes while the
model was immersed in the copper sulphéte solution.

Plate 21 shows the effsct of oroximity to the walls of the jar on the
resistance of the model with electrodes. The increase in the resistance of
the model is plotted as a function of its position. As the model approaches
the walls, one would expect the resistance to increase because of con-

striction of the conducting path. £ grsater increase would

3
ta

a broadside approach than for an edgewlse approach, since in the former case
the central hole becomes obstructed. The variation should obey some highsr-
power law, similar to the variation in inductance of a coil in proximity to

e conducting sheet when the frequency is so high that there is negligible

_penetration. All these expectations are verified in Plate 21, where the
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curve showing the larger effect is for broadside approach. Since the
current flow in the electrolyts i1s the sume for the toroid assembly zas for
the model, these curves apply egually well to the toroid assembly. In order
to avoid this effect as much as possible, the toroid assembly or model was
placed at the cenber of the tank where the variation of the s“i&tance with
position is negligible.

(149), p. 129, ref. 29, the offect of a cylindrical conducting shield
on the inductance of a coil symmetrically placed within it coaxially is

gilven as

Actual inductence [ (r" 2l ¢ (26)
Inductance in absence of shield Iz«

ns

where r, and ro are the resnective radii of the coll and the shield, 1
c s g sy e

ae

and lg are the respective lengths, and K is & function of the diameter-to-
length ratio of the coil.

On the bvasls of the inductance znalogue, this expression avolies to

(4]

the model in the bzttsry jer. Since the axis of the tank was at right
engles to the axis of the model in all the measurements, the conditions on
which (26) is based are not fulfilled. Since a section through the axis

the tank is square, however, interchanging the length snd diameter of the
tank should heve little effect (this is further justified by the fact that
(26) was derived by replacing the actusl shield with = sphere of diameter
equal to the geomstric mean of the three dimsnsions of the actual shield).

Te can therefors write
Resistunce in absence of tank /— m Z ZL, {;}7 (27)
Actual resistance of model Z;

where dp and dt are the respective diameters of ths Jod°l and tani, and

1 and 1y are the respective lengths.



Using the dimensions shown in Plate 21, we find that the diameter-
to-length ratio of ths model is 1.8. Lccording to Fig. 83, p. 130, ref. 28,

K is 0.57, and we get

Pesistanes in absence of tank = -
: —y ; 0.9765 (28)
Actual resistance of model

i.e. there is & 2.35 percent increasz in the resistance due to the oresence

of the tank. The wvalue of Re/‘/9 of the model, after applying this

Re/pp = 0741 (29).

ii. Inductance fnalogue. Rg/ Ve was also determined by the inductance
analogue method, using a split toroidal conductor like that described in
IV, "Descriotion of Apparatus", with the excsptlon that the axial lengtih
was inadvertently made 1.33 inches instead of 1.87 inches.

L sheet of dielectric material was placed between the two halves of
the conductor, fhich were then matched up and clamped in the wood [ramswork,
and the capacitance between them was meagured at 1000 cps on & General
Radio type 716-B capacitance bridge. Care was taken to account for all lead
capacitances.

The conductor was then coupled loosely to a loop connectasd to the
output of a General Radio tyoe 357-4 u.h.f. oscillator. A general Radio
tyne 726-4 vacuum-tubs voltmeter indicated the voltage developed across the
loop (see Plate 22). The frequency of the oscillator was varied until the
loop voltage dipped, due to resonance of the conductor. The separation
betwesn the conductor and the loop was then increased until the dip could
just barely be observed (minimizing reaction of the loop circuit on the

conductor), the oscillator was retunsd for maximum dip, znd the resonant



frequency was recorded. This procedure was repeated with two, three, and
four thicknesses of dielectric material between the halves of the toroid
conductor,

In Plats 22, the resonant frequency is plotted as a‘function of one-
fourth the capacitance measured by the bridge, since the capacitance
measured with the bridge is four times the effective capacitance in series
with the conductor.

The cepacitances Cp and Cp (see the drawings in Plats 22) are not
necessarily equal, due to varying thickness of the air gap between the con-
ductors and the dielectric sheet, znd varying thickness of the dielectric
sheet. In Appendix B, the error is evaluated,from assuming Cp = Cp vwlen
in reality Cp = Cp, and it is shown to be negligible for reasonabls dif-
ferences between Cp and Cg.

In order for this method to e successful, the dielectric constant of
the dielectric sheet should be indenendent of freguency from 1000 cns un to
the ton frecuency used; for this reason Jolystyrene was employed.

If the measursments are accurate, all the measured points should lie
on a straight line having a negative slove of one-half, when plotted on
log-log paper. In Plate 22, a straight line was drawn through the experi-
mental points (the clusters of pointé were obtained by varying the capzcitance
slightly, thie being done by changing the clemping pressure applied by the
framework to the two halves of the conductor). Twice the Y intercept of
this line was lzid off on the X axis. The difference between the resultant
point (located in Plate 22 by a small arc intersecting the X axis) and the
actual X intercept is one indication of the reliability of measurement, and

we see that the agreement is excellent.
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The inductance was calculated as the average of the extreme induct-
anceg represented by the X and ¥ intercepts in Plate 22, i.e. by the points

F1, C1 and Fg, C2 in Plate 22, and has a value of

L = 0.0171 microhenry (30).
Using this value in (19), we get for Re//o 5
Re//0 = 0.735 (31).

This value is obtained from the inductance of a conductor which is
axially shorter than the toroid assembly by 0.04 inch. To obtain the value
for a conductor of the same silze as the torold assembly, we first note that
the resistance of the central hole in the toroid assembly is given by

Re/ = 0.487 (32),
which is about 65 percent of (31). The remainder of the resistance is made
up of two radial paths znd an axial oath, and hence this last path contri-
butes only & small fraction of the total resistance. Since a small change
in the axial length of the toroid assembly has little effect on the
resistance of the axial vpeths, most of the increase in Re//o forka

small change in axial length is due to increase in the length of the central

hole.
Tor a 0.D4 inch increase in length, this increase in Reﬁﬁ’ is
A Fe/p = 0.012 (33).
For an axial length of 1.87 inch, the value of Re//o is given by

(31) plus (33), or
Re/p = 0.747 (34).

iii. Measurement of Resistance by Direct-Reading llethod. One experiment

wae guccessfully concluded with toroid assembly no. 1; this was msasursment

<

of the pickup voltege ey &s & function of the resistance of & decade resistor

in an sxternal loop linking the tordid assembly, using en untuned oickup



circuit., Prior to the test, 8y wag balanced down to well below 2 microvolts,

sults

ﬂ."

with the external loop open-circuited. Plotted in Plate 23 are the r

.

of this exzperiment, showing ep/é as a function of the loop resistance in
' ~ iy . . . . . . s e

ohms. A & predicted in (6), the pickup voltage is inversely provortional to

the loop resistance Rg. From the slope of the line in Plate 23, it is calcula-

ted that

ep= 0.296/R volts ‘ (35)

Using (11) end the following data on toroid assembly no. 1l:

ea= 30 volts rms

w an: 62800 rps
m- 737 turns

np= 722 turns

Rr= 25000 ohms

Lé: 83.0 mh., we get

i

e,= 0.283/Rg volts (36)
The digcrepancy between the theoretical and experimental values is 2.7
per cent, and mey be due to the normal tolerance in the permesbility of the

cores, errors in counting the number of turns on the the torcids, sznd ex—

S

perimental errors.

Note the deviation in the high-voltage end of the curve, from
a straighﬁ line. This could not be explained by the derived scuations
s, and vas later found to be caus ed by failure to include in the

for ep

value of Ry the resistance of the wire used in the external loop, as well

Y o

A similar experiment was carried out with toroid ascembly no. Z.
Plotted in Plate Z4 ere the resulis of this experiment. From the slope of
the straight line in Plate 24, we get
en= 0.296/F, volts (37)
Using (11) and the following data on toroid assembly no. 23

e



eg= 30 volts
azf— 62800 rps
n = 737 turns
ng_ 737 turiis
Rr= 25000 ohms
Lp= 89.6 mh., we get
ep_; 0.303/R, volts (38} ,
yielding & discrepancy of 2.4 percent between the experimentsl and theor-
etical values.
“In Plate 24, as in Plate 23, thers is a devdation from:the straight
line at the extreme right, for the same reason. - |
Another experiment of this %ype was carriéd out with toroid
'assembiy no. 2, for lower valueg of résistance, with the resistance of the
wire in the externél loop and the zero resistaﬁcs of the resistance box
included in'Re. The resulte are plotted in Plete 25. Note that the deviation
f;om a straight line now commences ct & lowsr value of rezistance.. A portion
of this deviation is a fesult of the decrease in ey as Re decreaseé. A1though
the'oscillétor is amplitudefstabiliée&, the impedence reflescted into the |
tank cireuit when Rg= 0.1 ohm-is (737)%% 0.1= 54000 ohms which reduces the
tank impedance from its normel value of 600000 ohmgs to onl o 50000 ohms. A
drop inbed under these cond}tlons is gndgrstandaale. gd we.e measured as &
function of R and the curve in Plate 25 was then correetzd for the drop
in By, yielding a new curve which is so lzbeled. The deviaticn of the new
curve from the straight line is smaller, and could be caused by a 00L ohnm
error in the determination of.the total rssistance of the loop. In Platev
25, the value of ep is once more
| epg 0.296/Ravolts . (39).

Note that in Plates 23, 24, and 25, the deviation of the points

from the line over the straight portion doeg not ekceedi'z percent.
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Thege tests verify (11) end demonstrate the feasgztility of & diresct-
reading conductivity end conductance meter.

v. Measurement of Electrolytic Conductivity by Direct-Reading Metlod.

| o

In sttempt was nade to measure e, as a function of the conductivity of en

electrolyte, using torold assembly no. 1. The pickup voltege was first

reduced to about 0.1 microvolt by meang of the balancing circuit. Upon

immersion of the toroid agsembly in th

m,
tx.
g8
B
[N
=
o
ctr
[ty
|

B

slectrolyte, eg increass

1y but did not reach a gtable value; it contipusd to drift upwards and ugon

o

removel of the asgembly from the electrolyte, a large Lﬁb&L .nce voitage

femained. The behavior weas erretic and entirely unsatisfactor and was
b

attributed to leakege of electrolyte into the torold caging. Upon openiung ths

=

m

caging, several droplzts of watler were found btherein, and it was observed

that one of the polystyrene tubes had not been thoroughly cemented into the

with & soclium chlorice

colution with a resistivity of about 70000 ohm-cm., and ey wag measursd

]

L1 L2 3yl domr WIS B T2 aln e o Aapres cod T
ss a funetlon o7 the resistiviity of the electrolyte, which wag decrsassed ra-—
fo ) s o B 2>

eatedly in steps of approximetely & factbor of two by addition of sodium

3

chloride. The resistivity was msssursd independently using the Lesds and
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The resistance Rg of the electrolytic path was calculated frowm ed,
vsing (37), and the ratio of this resistance to the resistivity of the

electrolyte is plotted s¢ o function of resistivity in Plete 26, showing

a substentislly constant value of Re4o of
Re /o = 0.760 ‘ (40)
over & reslstivity range from 15 ohm-cm.to 20000 ohm-cm. Applying the
correctbicn given by (28), we get
Re@ = 0.743 (41).
In this sxperiment, at the Lom-r . glstivity end the resistance
the L & N conductivity ecell wae so low that it was necessary to take
inte account the calculated resistance of the leads connected thereto. Meas-
urement of the lsad rasistence was impossible because the cell end c¢f the
cable is lnaccesgsible.
The points on the dotted curve on the left in Plete 26 were

taken when the voltage ed had dropped aboubt 2 vercent below 1ts normsl

‘U

value, poseibly dus to a sudden chenge in the sperating voltage of one

the type 991 reguistor tubes in the stabilized powsr supply, which
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0

on the cathode of the

in turn would cause a drop
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On the bacls of the theory develeped in Appendix A, the drop
in the curve ab low resistivitise cannot be attribubted to the toroicd
assenbly. The error in the measurement of resgistance rsoulred to cause
the observed drop &t a resgistivity of 10 ohm-cm. isvabout 0.04 ohm, since

the resistence of the cell for this resigtivity is about 1 ohm.



Plate 25 shows not only that ep is & linear function of the loop

L4

conductence to & conductance 20 times higher than that at which the decrease

et the left side in Plate 26 begins to appea r, but also that the deviation

(WN
cf

in ey from linearilty when does occur is such as would cause an apparent

increase in Re/}g.

designed that polarzza‘tion 2TTOTE  are

o

o9
i
)

Conductivity cells

negligible over the range of conauct1v1t1ec for which they are intended.
Since the cell used is described by the manufecturer as bsing n"for low
conductivity solutions", it is unlikely thet precautions wsre taken te
minimize polarization errors at high conductivities. It ig therefore reason-
able to attribute the cbserved drop at low resistivities to polarization
error in the cell. Polarization céuses an gpparent incresse in resistivity,
which is in eagreement with the observed decresse in the ratio R 40

At the high-resistivity end of the curve in Plate 26, decrease
in Re/}y ig obs=rved to comm;nce at about 20000 ohm~cm. In ordsr to observe

.

the elfsct at higher rssisgtiv

s

tiss, an experiment similer to the previcus
one was carried out, starting with resistivities of the order of 10 ohm-cm.;
the results are plottsd in Plate 27. A curve of the theorstical effect of

4

displacement currents linking the toroid assembly, calculeted from (16), is
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vlotted on the seme shest for comparison. Note that tn

.
2

. . 31, L3, g e m A
ig not the theorsticael sifsct

occurs
effect appears,

At first, one might attribute this discrepency to circulating
eurrents entering the shield through the shield-to-electrolyte capucitance.

This explanation may be studied with the ald of Fig. 2, which shows one half
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battery jar are small comparedeith the total cireculating current linking
the toroids, as‘is evident from Plate 21,

However, if we consider the electrostetic coupling between the
two toroids to consist of an eguivalent T network with the center leg
grounded, the body capacity would change the impedance of the center leg
appreciably (since body_capacity is of the order of several hundred
micromicrofarads to»gréund), changing the coupling and causing the observed
decrease invpickpp’voitage. At high conductivities, the coupling is shorted
to ground, and thé voltage due to 1t becomes negligible compafed with that
due to circulating conduction currenté. |

~In Plate 26, the deviation of the points from the curve is about
+ 1 percent, indicating thet a highly accurate electrodeleés conductivity
ﬁeter kas been developed. Where the instrument is not direct-reading, e. g.

where decreases for high resistivities, curves similar to Plate 26 and Plate
e/ ’

¥
27 may be used as corrsction curves.
In the preceding experiments, three values of Re/}p were obtained

by three different methods. They ares shown in the following table.

Method Value of Reép
Model with electrodes  (29) | 0.741
Inductaice analogue (34) 0747
Teroid assembl& (41) B © 0.743

The agreement is within experimentsl error and proves the velidity

of the r=asoning used herein,

v. Piccard-Frivold Null Method. Plate 28 shows the results of an ex-
perimenﬁ to éétérminé the performance of the Piccard—Frifold null method,
using toroid asgsembly no.’2 with tuned pickup circuit, and the electronic
circuits.devéléped for this reseg&ch. In this experiment the decade redsknce
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boxes Ry and R, are connected to the figure-8 loqp and to an external loop
snugly linking the toroid agsembly,‘as shown in the circuit diagram in
Plate 28, Both sw1tch° are in an up or down position, so that when Ry

is in the extsrnal loop, Ry is in the internsl loop, and so that Ry and

R may be interchanged by throwing the switches. The resistance in the

external loop is called Re; that in the internal loop Re!

The procedure ig to first reduce ey to zero by means of the
balancing circult, with both loops open-circuited, and then to set the

switches such that, say, Reéﬁl and Ré: Ry By is set 2t some value Ry,

and Ro is adjusted to the value fﬂgu‘ ed for balance, Rp. Because of the
uneqﬁal 1l=ad capatitances acrogs the resi stgnce boxes, a cdpacitive
balance is required. A fixed 500 mnf. condenssr C. is placed across Ry
and a gtandard vzriable air condenser with en 100 mmf.- 1100 mmf. range
is placed across Rj..

‘fter balance is obtained, the error is taken a§éfe deviation
of R} from R, in percent, i. e.,

e'= 'RG;T_?"‘ X (00 (42)

After throwing both switches, R, is set at Ry snd By is adjusted
to a nsw value recuired for balance, RR. The error in this case is
, .
[} — -
e Re —I% yi00 (43).
j;ﬂ
) & . ,
The diff:rence between ¢' snd € is a check on the measurements

. ] . H
=z=nd a eheck on the cccuracy oi the ¢051stance boxes. The aversge of ¢! and €

is used, giving -,
G""G":’Re_ﬁje)(/ao
= T (44).

Ls the resistance Ry is decreased, the capacitance Cy assumes
values which differ mors and more from C,. If only shunt capecitance

were present, the capaciterce balance would be independent of Bg



Since the capacitance belsnce chengss, it appears that sezries inductance
is present. In one experiment, Cy was lsft at the value recuired for
talance when Re= lOOOOO ohmg; in order to obtain balance at 100 ouhms without

i~

ging C1, it was necessery to add an inductance L of 12 microhenries

e

in geries with Ri. No explenztion is fortheoming for this lerge value of

inductance rnuu¢red for oulance, zines the lergest cert of the inductancs 7

of &

(}!

¢ loop, that contributed by the toroids, is ornly 0.30 micronenry.
In Plate 28, € ie plotted as = function of B,. For values of

L

Re less than 3000 .ohms, ¢ is ﬁitﬁlu 0.1 percent of 2 psrcent; above

3000 ohms, € 1incrsss :nt «t 110000 ohms.

Such errors b0 explain. It was polnted
out in the theory that if the teoroids sre verlzsctly eymmetrical, R_=R{,

since the mubtuel flux between a toroid and elther loop must be the same.

L congtant error, independent of Ry, could be atiributed to asuymmetry
of the toreoids, since in this case, in genersl one loop would 1link more

of the toroid flux than the other. The

<

o]
=
fo )
I
o
b
o

link mors flux, and hence for balance the resistaence in that loop w
to be higher than that in the other lcop. In the sxperiment under dis-
cussion, this is the case, since the higher resistance is in the external

1

eater dlameter than the internal loop.

*._‘
Q
[o]
T
e
Iy
‘_,E s
o)
)
i.l .
w
o
iy
4
D

Yo plausible explanation has bteen found for the large increase

in error shown in Plate 28, when Rp exceeds 3000 ohus.

P

The failure to find explanatiocns of some of the results obtained

with the Piccard-Frivold method indicates that the eguivalent circuit in

Appendix A for this method is not complete. For one thing, it neglects

the mutuzl inductance between the two loops. If perfect symmetry were
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maintained, we would expect this mutual inductence to be zero, since the
mutual inductance between one-half of the figure-8 loop and the external
loop is of opposite sign to that between the other half and the external

loop. In general, however, these mutusl inductances do not balance out, and

a complete equivalent circuit for the Piccard-Frivold method should include
this mutual inductance.

- It may be thét some of the unexplainable effects are due to some
unintended mutuel impedance involving the driver, pickup, and loop circuits.
Every precaution was taken to avoid such impedances; the shields of the
driver and pickup circuits were separately grounded, the driver shield being
grounded directly to Cp, to prevent flow of driver current in the chassis.

Unfortunately, time does not permit further work on the Piccard-
Frivold method, although a considerable amount rémains to be done. The
direction that this work might follow is given in VII, "Suggestions for
Further Work".

If the error in Re is independent-of Re, it is tolerable, since
it can be corrected by means of a constent factor. We see in Plate 38 that
the Piccard-Frivold method-using the circuits of this research is satis-
factory for measuring resistances below 10,000 ohms. Undoubtedly, it can
be improved.

VI CONCLUSIONS
i. An electrodeless dirzct-reading conductance meter has been developed,
in which the output voltage is directly proportional to conductance over
ﬁhe conductance range from 10 micromhos to 10 mhos. The meter can be
calibrated to read conductance directly, and is accurate to &£ 2 percent.
The theory of this instrument has been developed, and the experimental

results agree with the theory, witThin experimental error.
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ii. An eldectrodeless direct-reading conductance meter has been developed,
in which the output voltage is directly préporpional to electrolytic
conductivity over the range of conductivities froﬁ 50 microﬁho-cmfl to
greater than 0.l,mho-cmfl. The meter can be calibrated to be direct-
reading in'conductivity over this range, with an accufacy of 2 1 percent.
Lower conductivities may be measured if & calibration curve is used.

The heart of the device is an inaulatéd assembly containing
two toroids, in the form of a toroidal casing with an outside diameter
of.3.4 inches and an axial length of 1.87 inches. Provided~the_dimensions
of the non—cénducting tank in which the measurements are made are grzater
‘then three times the dismeter 66 the toroid assembly, the¢ calibration
of the device is decreased by less ﬁhan 3 percent by the finite extent
of the conducting medium, and the calibrétion is independent of the
posiiton in the tank within 2 percent provided the spacing between
the toroid & ‘ssembly and the tank is not less than the axial thickness
of the assembly. ¢
| The theory of this instrument has ‘been developed, and the
experimental results agree with the theory within experimental error,
over the condwetivity range in which the output is a linear function
~of conductivity. At lower conductivities the deviation from linearity
is attributed to electrostatic coupling between the toroids, through
the electrolyte, but no quantitative theoretical explanatién of the ex-
perimental results at low concuctivities h@s been obtained. |
iii. Using the null method proposed by Piccard and Frivold, regis—
tance was measured over a resiét&nce'range from 100 ohms to 100000

ohms, with an error which was constant within 0.1 percent of 2 percent

' 458-



up to 3000 ohms, and which increassd rapidly to 6 percent at 100000 ohms.
Although the constant error may be expliained by agp&mmetry of the toroids,
no explanation has bsen found for the error at low conductances. V

iv. An equivalent circuit of the toroid assembly has been developed,
which explains its behavior adequately over a wide conductance range.

’A coupling element ;n the equivalent circuit repreéents the resistance

of the path linking the toroids. This coupling element has been measured
by three different methods:

L a. The‘output voltage of the toroid assembly was detexmined.
under known conditinns; and this in conjunction with the
equivalent circuit was used to determine the value ;f the
coupling element. |
b. The resistance of the path was determined by inserting
electrodesqtherein, B
c, The resistance of the} path was calculated from a. knowledge

) of the high-frequency inductance of a conductor having the

same external dimensions as the toroid a;sembly, using a
férmula developed in the theory, which gives the relationship
between high—frequenﬁ} inductance and resistance. The effect
of an insulated container of finite dimensioﬁs on the path
resistance may be determined by measuring the high-frequency
inductance in a conducting contaziner of the same dimensions.
The values obtained for the coupling element by these three

methods are in close agreemenﬁ. |

v. the convarse of iv(c) is useful; the high-fregusncy inductance of a

conductopﬁéy be determined from measurements of the resistance of the

conducting path linking an insulsted model of the same dimensions.
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vi. A new type of amplitude-stabilized vecuum-tuve oscillator has been
develbped; in which the amplitude of oscillatién is independent of wide
changes in the plate supply voltage, heater voltage, parame£ers of ﬁhe
oscillator tube, and tank circuit impedance.
vil. The conditions huve been determiped for which the magnitude of the
tufput voltage of a bridge-type R-C phase-shifting netwdrk. ie independent -
of the phase shift, when the source resistance is noﬁfVanishing and the
terminal resistance is finite. ,
.viii. A method has been devised for the accurate determination of the
‘high-frzguency inductance of clos=d conductors of extremely low inductance.
ix. The methods described in this report, with modificatidns or improve-
ments, may be used fof the direct~re;ding or null measurement of electrolytic
conductivity,'conductivity of molt?n metals, resistance, capacitance,
or inductance. |
VII SUGGESTIONS.FOR FUTURE'WORK .

i. The methods described in this report may be adapted to the electrodeless
me4 surément of the conductivity of molten»metgls, by modifying the désign.

Bécause of the high ﬁemperatures at which such meaéufements
 would be made, magnstic materials must be elimiuated and air-core toroids
- used. The toroid windings should be wound of some metal which does not
oxidize réadily, and the toroid éasing should be made of a refractory
material. »

To maintain iinearity in the measureﬁent of such high conductivities

-as those of metals} some or all of-the following changes should be made

(see 96)):

a. Greatly reduce the cross-section area of .the central hole
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in the toroid asssmbly.

b. Greatly reduce the inductances of the driver and pickup

toroids.

c. Reduce the frecguency of operation,

L direct-reading, electrodeless, compact instrument for
measuring the conductivity of moliénchmetals should be of great use in
metallurgical research and production, and the possibility. of using
thig method for that purpose should be investiguted. Perhaps the
electrodeless method will ultimately be more useful in metallurgy
thé‘ﬁ in the measurement of electrolytic conductivity.

ii, The direct-reasding electrodeless conductivity-measuring method
shou'd be further investigated, aiming toward electrical and mechanical
improvement of the toroid assembly, as weli as improvement and simplifi-
cation of the elsctronic circuits. Improvement of the toroid assembly
might.include better shielding of the toroids, improvement of their
symmetry, increéasing the spacing between them, and placing a mégné;ic
shield, such as a permalloy ring, between them. The cause of the decrease
in the ratiouRaca at low conductivities (see Plate 26) should be
investigated.

iii. .. Astoroid assembly shou.d be designed specifically for the Piccard-
Frivold method. Use of high-pérmeability cores in this design shquld
result in a considsrable improvement in the form of greater equality
between R,' and R, at balance, since a larger proportion of the flux

of each toroid will Be coniined to its core, improving the symmetry.

The Piccard-Frivold method should be examined theoretically:
to develop a complete and accurate equivalent circuit. An exhaustive
'experimental study should also be carried out, with the object of ex-
plaining and rectifying the unsatisfactdry behavior observed in Platezg,
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iv. ~ Other null methods should be investiggted theoretically and
experimentally, including that which wasbincorporated in the circuits
developed for this research, but which was not used.

Another null method ﬁorthy of investigation, somewhat similar
in basic principie to the Piccard-Frivold null method, involveé the
use of a bridging resistor connected from a voltage-divider across
the driver %oroid,to the uﬁgrounded end of the pickup coil, which
is untuned. The bridging resistance should be large compared with the
reactance of the pickup coil, in order to get a 90o phase shift.
Polarity of the pickup coil should be such that the voltage appliea to
it by the bridging resistor is opposite in phase to.that due to. the ci?—
culating currents linking the toroid assembly. Balance may be obtaineg
by adjusting either the bridging resis;or or the voltage divider.

v. The effecﬁ of a conducting tank on the calibration of the
electrodeleés conductivity meter should be studied.
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APPENDIX A

1. Direct-reading Method with Tuned Pickup Toroid.
/7'1

-z e
T ]
=20 1 ]
s -T- T '77%6/9
%
| e

Fig. 1A
The equivalent circuit of the toroid asseébly with tuned pickup
(shown in Fig. 1A, which is the same as PlateIB(a)) is exact excent for the
omissilon of leakage inductance in series with blzRe and capacitance in
parallel with ﬁlzRe. These will be diséussed later. This circuit was
eyolved by usiné the conventional equivalent T representation of a trans-

former. In.Fig. 14, if Qg » | and G P/

(where Qy = P‘d _idp , and Op: %% ' ), we can draw a simplified
d d P
: ~
equivalent circuit as shown in Fig. 24.
2,2 e
I o A
. /2
Cq | A %
g - | ‘e he V=
d ; P ' 2 ¢ U_) 2 77z e,,
l ) '1 L"'_1265
7 S (R R) rEe
Fig. 24

In Fig. 24, if the pickup circuit is tuned to the frequency of eq,

77, — € 1
- e = _-e (
nz r ry Z'e ﬂLZ (1A) .

where ZP-.—_ C;)'° w lﬁ

|
G
o
I



Then = /’?z[ Fa’
| .

?-
FC, Z’ /73
or - wl _/?‘.
G [ _F B 7 ] (34).
n/zﬁf wl /?z"-
Then
&
—_—r = Nz
r Z‘/+ £e ret ] Z/-f Penz] (42)
0',, cwloy
Then ?enzz) /00 Z,,
e Y i (5£)
€r Y. e Re
with an error of less than 1 nesrcent. If Rghgz =0,
oo 0 (54)
cr A,

~

If ths driver circuit is tunzd to the same frecuszncy as e the
T b

-2, [ R AEL 2/ (78)

Lo F N2 TR A T 2 2
vhere  Zys Qe A d e

2= @JW d[/"z)?’ sz OJ"JZ"] (84),
OJ«JZ/ + )'7, P w[ #rnhe

inout impedaonce is

’ /’7127t>e7L “'-'z @P wé

= (9L).
Za/ @J G/Z‘{ 51-7-;'-2—2 O,dwlp+ﬂ’z@

(94) shows how the input imoedance is affected when the toroid

. 4 s - . . 2
agssembly is immersed in a conducting medium, If ﬂ,zﬁ))@'w[/i-/% @ «lp,
2z
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If the generator eyoplying eg hes zero intesrnal impesdance {a con-

Eahay)

.

cition that ic gtrived Jor), the outpub impedance iz ziven by

—Z,_,/: n:% fe
Zz N22Fe+ @, i,

2 Hathod, Untunsa Pickup Toroid.

In tha czge vhers the pickup circuit is untuned the equations will be

deterained in a mor: rigorous manner beceausc Lhi

1 in the dirsct-rzading method and graater

Yriting the loop egustions,
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(154).
From these we get, by solving for ey,
Zf]; 7y Lin[iﬁﬁ ¢C%>¢ﬁqzl );7 ‘)
Ep - s Ty~ 2,2 L PSS (164).
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This may be rewritten ag
Ep L/ﬁ{ Jle/][ +Jw 7

“r
RR 2 1Rt Ry o (s S ) ety TRty 57

o QA W wi RVl 22 4)

N .
ec:é = 2= (i) (152)
Hen? Lywl,
Henez, (& = ' / Z’
S e en; 727‘ (l{%‘) )
wLp /
17 ?enz ) 70 07,
o fus &by (204)
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with less than 1 percent error.
The input impszdance variation is given by
. nee
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Then the pickup circuit is untuned, there may be sowe digtribute

ko

czpacitance snd circult capzcitance across it (due, for example, to capaci-

tance to shield or cable czpacitance)., In addition, thers ney be a

resisbive lozd. Thessz circult slement: will czusc the plckup voli: o)
differ from the velue civen oy (L748), (134), (194) or (Z0L). Using the

circuit of Fig. 44, we will evaluals e aew voltage ey' in terms of ep.

A

4

Fig. 4h.
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=
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ig. 4k, Lpis the low-Trequency inductance of the pickup toroid, i.e.

L4 + o
iy

le the inductence ot & frec uency lower bthan and rzmote from ths fregusncy

e
ok
e

of’ resonance with the cunacitance C which represents the total incidentel

canecitance Since the corrsction now to be evaluaied is & sgecond-ordsr
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- ; . ' c s T s .
effect, ths resicstance 7?,:'/' P,o of Lp ic 1gnored since it heg a th wird-

order effect, orovided O,, ))/ . Referring to Fig. 44,
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actuzlly not knowvm directly;

V-
2

the operating frecuency

operating fracuency by = resonant methoc,

Cx is reguired to czuse resonznce. Then

wl) wCptwlf=]

or y C
R ——— R
wl wl, d
But e (x = ——/——-’ , vherse L’ d
“

herefore,

' /

.fii_ = T —

ckuy borold inductunce as measured in thsz

its effect 1s to incrssse the
oresence of Cy at
In measuring ths inductence at

& certein additlonzl capscitance

(25L),

i ~ay
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(g ‘Z“Q 'H“P‘ wlp Lat, 7R

Thersfore, to get the true output voltage, (174) and (134) must be

corractad by applying (282). There only

corr=zcbtion is recuirsd

ths sbsolute magnitude of the
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3. Piceard-Trivold Null lethod.

In the Plccard-Frivold null method, &an zdditions’. loop in introduced

8]

into ths scuivalent circult, represeating the nulling loop. This loop is

in opposite sense bto th:z vath in the conducting medium, with respsct to one

toroid; hence 1t is rapresented by an idsal trencformer of -1 ratio in
caccale with the bslencing resictance Reg'. The equivalent circuit is shown

in Fig. 54. WYote thet the »nickup cxrc%?t is tuned for added sensitivity.

. ,7’2 ’
e @ 7 v
1 n,'—f\’e i
e
<d .
Cag —_
Fig. 54

If & voltage £ is adplied, at balance the point { is at zero
ootentizl. Then the bzlance condition is
Re=Fe' (314)
and they may be considered to ve in operallel as {ar as the driver toroid is

8

concarned. The impedance of the input end at the resonant freguency of the

driver circult is then ’ e Toe
Z =
Z2d ?/Pe A

at bslznce.

3

By similar reasoning, the impedance looking into the pickup =nd is

E%b, _ ’712/a5/€2
% ﬂz;ﬁje + @, wL,, (334).
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If £, % Fe )) OP wlﬂ , we find, using (54), that the

sensitivity at balance ic given by

£ - pFCCr_ @pwip / / 7

E S P, e Toe ——Pe-l‘d > (344),

whence
A _ _ @pwler 4R

—

o non: ke  F (354).

—_ Ae
Then =P _ __ Qp fvlﬁ o
“ﬁ-_—

A Fe iy
7?6 7, nz X e (jéﬁ) .
Thus, the sensitivity at balance to a glven percentage chunge in Rg is

invarsely proportional to Rs.

4. Disnlacement Currents.

The resistance between the ovnositz faces of a centimetsr cube is
7'?: 7o ohms (37;1.)
where /2 is in ohm-cm. The capacltance bDetween these sanme ends 1is
C- 8649z x 0%k Ffarads (38:)
wnere k is the dielectric constent. The impedance beltieen the two [aces

of the cubs is

—. R(I1—yw R

w?pzrt _/—/ (39—"‘)
or 2= s 474:. e PC
(e )= (404) .

Substituting for R and C the values given by (374) and (384), we get

= _ )t “1(8.892 X105 k)

= /f& &4zx 107"y, » &)+ ] z

/
/}ié / - —— (424)

—
frosraris oo

(412)
or



This ig true of any medium in which the displacement currsnt {low lines

are everywiaere parallel to the conduction current flow lines. If

&.892 X 10~ e ok D10,

z . [-7
R Geverio apk (438)

If the error in determining P is to bs less than 1 percent,

—t
8. 842 x10% "o £ 0.02
In +the Piccard-Trivold null method, the effect of displacement

currsnts is to introduce a capacitive belance. The displacement currsnts

introduce shunt capacitance across Reg and Re'!. If we call this capacitance

Ceoand C.', the capacitive balance condition is Cg = Cg'.

e ?

5. Leakage Inductance.

As vointed out in the theory, leskage inductance is osresent only in

the loop containing Re. It is important only if of sufficient magnitude

to alter the current flowing in this loop, end it is usually of much smaller

magnitude.

In the direct-reading method with a tuned oickup toroid, Uhs eflsct

of the leakage inductence le is to modify (44) to

p = ’7iZ{ |
/+ _’& ( 7 +sz,,) (4Lh),

and is less then 1 percent if _ le o .« e .

In the direct-rsuding method with untunsd pickup toroid, the effect

e}

of leaksge inductence is to modify (194) to

/

C— (ﬁ% Me ) 4 (4,;,,2[‘,)2] (45L)

2
lag‘* N:te is the ratio of tus

containing Re, to the autuel inductance between thal loop and the pickun

otal inductance in the looo

Pas

toroid.
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In the Piccard-Frivold null method, the leakage inductance imposes

snother balance condition, neacly an inducilve balance L e = Ae .



APPENDIX B

1. The Inductance Anclogy.

of a single conductor, its inauctance
is given by /= &z (1B)
-z
where ¢ is the total magnetic flux set up by the current I. The megneto-

mobive force due to the current I around a path enclosing it is

. v
wuE= pHdL S T (28)

v v
where H is the field due to the current I and dZis an element of the path.
Hence, /= Lr B (3B).
MArM~

. I

The ratio of MMF in a magnetic circuit, to the totel mezustic flux,
is called the magnetic reluctance,ﬁ.
Hence L= ﬁ_ (4B) .
The reluctance of a cylindrica].&eilp.ement in a mediun of magnetic
permesbllity M is given by
f c" c (55)
where & is the length of ths ed.ement end A i1s its cross-sectional arsa.
Tae resistance of the same element is
Az

where P is the resistivity of the me

o
:8,}

wn. Tliminating /€ between

joN]
e

)

(5B) and (63), ve get = _[Te (7B).
e/
Hence, if any three of the cuantities in (78) ers known, ths fourth

mey be determined. This relationship applies, furthermore, to any volume

in which the boundary conditions for the magnetic field are the same as
- ad &

.

those for the electric field. It still further apolies to two identical

volumes such that if the boundary conditiong for the magnetic field in one



are identical with those for the eslectric field in the other; a knowledge
of /4 and ﬁ in the former determines the relatlonshi) between /Oand lad
in the latter, or vice versa.

Since the inductance of the conductor linking & magnetic path is
related to the reluctazncs of the path by (4B), the resistance of the path
nmay be determined if the boundary conditions on the electric field corres-
pond to those on the megnetic field. The relationship between resistance

znd inductance may be determined by eliminating ﬁ betueen (43) =znd (7B),

civing e = 4_?__“Lo (38).

o

L
In perticular, 1f the medium for which L ig determined has a permezbility
of 1, o= 272 (92) -

The validity of (83) will be checked diméesionally. iriting the

Gimensional ecuation of (85B), we get

Lure7= Ladlewt ¢/
/u[

Luré ™/ = fulf "7

(8B) is in emu. Convsrting to oractical units, we get

Foe = L (103)
/0.
where /¥ is in ohms, Ve is in ohm-cm, and A is in henrys, (9B) becoass
Re =_F7p (118).
(07 L
In teras of the conductivity o= £ ,
= 77 oy
Ke = —ZF—— (128)
/0oL

In oroctice, to determine the value of Fe for the conducting path
linking the toroid casing, it is necessary to measure the inductance of a

conductor of the same dimensions as the casing. Ve are inbterested in thet



inductance which obtains when the current flow in the conductor is about

the axis of the casing. Since we are dealing with a conducting path in
which no current penetrates the casing, it is necessary to measure the high-
frecuency, or external, inductance of ths conductor. If this inductance and
the verameability of the medium in which it is measured are known, the ratio
of 3%Z: nay be obtained from (12B).

2. Evaluztion of Capacitance FErrors in Ilsasuring the Inductance of the
Inductance Analogue.

In measuring the inductance of the toroidal conductor of the szme
dimensions as the toroid casing to determine the ratio 7§%§; by the
method of the inductence anazlogy, ths conductor was cut along a plane passing
through the toroid axis, and a thin sheet of polystyrene was placed between
the two halves. Thus a loop was formed consisting of two ecual inductances
in series with two sporoximatsly ecual capacitances, Cp and Cy (we say
agproximately ecual because of the varying thickness of the dielectric material
and the varying air gep between the material and the conductor). The resonant
freguency of this circuit was measured by a resonance method. The capaci-
tance between the two halves was measured at low frequency, giving the value
Cp of Ci ena Cp in par sllel, from which the value Cg of Cj and CB in series

was determined. The inductance [ could then be calculated from a knowledge

of the resonant freguency and Cg.

ey Ca=Cg=C, Cp=ZC (138),
while Cs= S~ (14B).
Thus, o= Crry (15B).
i Ca#C, Cp=Crts (168)
and (e = CaCe , (178)

O +C5



A = CacC
or .C} —?Eifg | (13B).

Thus we see that when C;; £ Cg » Cg cannot be deternined from
knowledge of Cp alone, since 1t depends also on the valuss of Cg and Cg.
Since Cp and Cp cannot be meassured separately, it must be assumnsd that they
ere ecual, znd 1t is necessary to determine the error »ar&thq from this
‘assumpition.

The scssuned value of each condenser must be

C'=Cr . Ca *Co (198).
=z =
The assuaed seriss cavacitance is then
GE=cl-Co- C"i___..’/'(é (20B).
2 a <

This is the cazpacitance celculated from the measured value of Cp;

we wish to compare it with the true capacitance

Ce = Cﬁ Co o
P o A (178)
et Cp=C and Cp=hC . Then
CG'= G(1+n) (21m)
and - Cn (228)
s (1+»)
The percent error arising from the use of C} rether than C} is
G ’—-C}) .
o 3
/oo ( & (233)
= /0(5 .é;(f/ﬁo) - Lo
or Erre = #7) (24B).
L
7))
— )z — 2
Errer = /00[ (L’ii-——fj: /OL_[”_’J o

In the following table, the error is given as a function of n.



n Percent Error

1.90 0

1.01 0.21
1.02 0.04
1.05 0.24
1.10 0.91
1.X0 3.33
1.50 16.66

Thus we see that the error in assuming Cz = Cp is less than one

percent provided (( 3—*(/}) ( 0./
Ch




APPENDIX C

dp, inner diameter dj, end axial height h, 1t can be easily shown that the

inductance of a uniform winding on this toroid is

/= /ﬁ70*/0_1un2/l A’j/o 6_/72 /wnry

(1)
where M 1s the permeability of the cors, n is the number of turns on

the winding, and dimensions ars in inches.

n

It can also be shown that the d-c resigtance of
netsly o . et [ 2ht I —di +at]
pDCc” 2
G (4-%)€

uhere/ais the registivity of the wire used and t is the msaen thickness of

the winding is &pproxi-

the winding. (<C) is derived from ’7?='/° ﬁ? , where T is the total
length of wire and 4 is the cross-sectional area of the wire. In (&C),

Zh+do—d 7 g€ is the mean turn length,&rand nlr=7, n/c/,—if')-{—
2od,-X)€C

in (2C) is the cross-sectional arsa of the winding. i;—
n

. . . . . -
(2C) is the cross-sectional area of the wire, and is obtained from ”(CJ'?Z)1F

in

by dividing by n, multiplying by,%; to account for the space lost by using
round wire, and multiplying by an additional space factor of 1/2 to include
correction for the area tsken up by the Formex insulation and for the area
wasted in not having a layer winding.

The a-c resistance of z winding on an iron-core toroid of inductance [,

30
due to core losses, is given by

PHC :/' /L?ca ?‘n '*"Z.f(C‘/'?[y (30)’
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Where7c is the frequency in cycles per second, ?,,, is the peak flux density
in the core in gauss, &nd a, c, and e are empirically determined constants
depending on the core material.

B 1s given by

2= Lru (o.0352)
d' /"JZ

where I is the rms current in the core in amperes, Bm is in gauss, and 41

(4C),

and d2 are in inches. This is the mean value of B, and is the value at a

radius ecual to __‘{’Z"f/ ¢

Then —
Rivc= 2/ ZrfL T apu (00359  4p (m’,ﬂ)/ (50) -
Since Paflr=c ' (60),

the voltage develoned acroge the coil,

7?”(___/«/94,7/0 (0.0353 %Lf(cfﬁ‘y

Znldt o2) (7¢).
The totel resictance Ag-of the coil is
~r= e+ FKoc (8¢),
hence 7\)7’:/0 {@h/’/'« +Lffc+€fy+”zp (9c),
where p= (0.0353) (1oC)
2 (C/l /—0/2)
and
D= & > 2h #dz = ‘/'4“] (110).
TEL g —£)¢
Now p= Fnf 3L (12c),
r

o

vhere T ig the narallel rescnant registance of & tuned circuit consisting of

the winding end a lossless condenser at frequency f.
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Tliminating /¥ between (9C) end (12C), we get

r
If we write /
/‘(2 = (140):
170 X107 w h éym d%
(1.C) becones ] = n< (15C).
KZ
Substituting this for L in (12C),
N3z .ﬁ’K74 — )
a7 € Bt 1 ,mfgfead_/_ 7/ (16C).

Suppose we wish to design a toroid to have a given paraliel resonant
resistaace7e,at a frequency f. We start with a specific.core, selectec from
other congiderations, which determines Kﬁ/«, c, e and A. A knovledge of the
dimensione of the winding epace (also chosen from other considerations) end

- - -

esigtivity of the vire determines 7. e ig chosen at gome degirsd

O
iy
ot
a
™
H

velue, for cxample from & consideration of scllowable power dissipation in
the winding. 7 and f are given. Then (16C) is & cubic equation in n, all
the coeflficients teing known. To solve for n, plot the right-hend ancd left-
hand menbere on the seme sheet of coordinate peper. The intersection of the

two curveg cdetermines the only physically significant value of n.

The dute on thz T no. 475866 cores, vhich ers used in ths btoroid

dp = 3.060 inches
dy = 1.938 inches
h = 0.500 inches
K = 2.62 % 10°
a = 1.6 X107
¢ = 30%10°°
e = 19 ¥ 1079

_’79_



In addition, the following design parameters were chosen:
'Winding thickness t = 0.1 inch

Voltage across coil,e= 30 volts rms
f = 10,000 cps
Parallel resonant impedance¥= 10° ohms

Substituting ell this date in (13C) and associated &jwatidhs, and

solving for n as outlined, we get: n = 737 turns.

This is the value calculated for the driver toroid: for the pickup toroid,
e = 0 and the calculated value of n is: n = 722 turns.

The available winding area is given by

A= nld-¥
W.h.=n(d-£)F (170)

With the above dimensions, W.A. = 0.298 sq. ins., requiring about 2470 turns

per sq. in. No. 25 B and S ga. heavy PBormex insulated wire, which gives a

winding of 2520 turns per sq. in., is used.
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APPENDIX D bj&i’,‘/ -

Fig. 1D
In the bridge-type R-C phase shif ter in Fig. 1D, in which the
bridge is supplied from a generztor of int=rnal emf ey and source imped-

ance pRy, and develops & voltage e, across the load mRy, we wish to find

(o)

the conditions under which /€°fis independent of the phase shift, as well

&
as the value of /gg / and the expgression for the phase shift, when these
conditions are fulfilled. Writing the loop ecuztions,

(=Rl W) Loy R (thmgn) =0 (1D)
( (2R) 4 R0’ (240 )T+, T/ tn) =0

STR (2D)
(R (24p) —cy (2R) #¢5 f7 = €
S : (3D).
Then ] =(HA) o '
' _ | 2 '[)‘thanﬂ o
R [ot) —2 <
(35 _ (17 m#n)
2 / ((fn)
L ey e
| @+) —2 /
where m, n, n' and p are all resl. - -
Expanding the determinents s
(= Sk Cin'tr) —
3 "/'J',,’—L(th)’—(/"”)z(z’l'é)-4(/““ *4) (5D).

= [jn'em)](erp ) 1% mtn) 77 (110 ) /7
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T his expression simplifies to

(3= __e_" /bﬁhl)

F (ﬂ-/.ﬁ')ﬁz,?)(/v‘mf’h)ﬂfﬁ [142m -hfj—-Zn z <6D) )
If we set /e[/me’hf]=an ’
_ Zr°* |
/b - /I #Z2m—r2 (7D)
and (6D) reduces to
G G _(aejr) (eD)
01 (ﬂ-j ” ')[E?-FP) {/J'Infll) "‘_/] .
or '
R
(3~ 7?’ (9D).
R [ (2en) (1 min) =7
Then

—r !

gim [E2 T
[{247,)(/14».,«,,) —~7 (100).

& = (',7/»2 =

Henge, if (7D) is fulfilled, the ratio /c_?/ is independent of
n! and the phsse shift depends 6nly on the ratio n/n'. It is unfortunate
that the results apply only to variztion in n', the impedance level of
the capacitive arm, rather tﬁan to n, the impédance level of the resis-
tive arm.

If my, n, n' and p are all multiplied by the same factor q,

(10D) is altered to

4

- n
v [72,@)//*/»%”/‘{7 (11D).

In particular, if ¢=J, i. e. if all the resistive arms are made
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capacitive and the capacitive branch is made resistive,

/
com [ T
&= —1%" 2

[—[?fp)( thm#n)=1]

where n! is now the impedance level of the resistive branch.The ratio

(12D),

/ —;‘o / is now independent of the impedance level of the resistive

branch.
Using (7D), p may be eliminated from (10D), giving
o< e m(/Fem -»3) [ Z»‘—-‘i-:—,’—’
Iimlr#atnd+ (r40)2 (13D).
Referring to (7D), let us decreszse p to zero, at the seme tine
increasing 1+2m-n< / " to meinintein 2n2 constant. When l+2m-r.12.becomes

very lerge, 2,,,8/4,2,/,,_,,2 , and (7D) becomes
»
<
g H (14D).
”m
In the 1linit, when p becomes zero, m must simultaneously become infinite
if n is to maintained constent. Then (10D) reduces to
- . -t rf
& = __c; [#
- (15D).
This is thé special and commonly used cese where the source has zero
internal resistance and the load resistance is infinite. In this case,
o . . .
X is irdependent of both n and n'.
<
Another special case occurg wien p is increased indefinitely
. - - . s . . s AR : -
in (7D) and l+2m-n? is decreased to meintain 2n° constent. In the limit,
when p —>» 0o |,

p= (1#2m)E ) (16D),
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Tith this condition, (10D) reduces to
. -ip!
G Cm [ T

/»(H-;mﬁ-n) (17D).
This is the case wheve the bridge is fed from g constant-current source,

such as a pentode vacuum tube.
4 third special case occurs wien n= 1 and m=l. Then (7D)
reduces to
p=1 ‘ (18p)
and (10D) reduces to
& T 67'£{2£E2_;?5—

>3 (19D).

Note that in general, if p is to be positive,
IHZmPpn* : (20D).
The smallest value of n for which m may be made ~imnfinitely small without
requiring & negative value of p is n-1l. For large values of n, the minimum

velue of m for p to be positive is

~ hZ .
mz = (21D)
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