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Abstract

Although the classical Grant and Madsen (1979 and 1986) eddy viscosity model was
used successfully to translate wave energy dissipation measurements into an equivalent
roughness by Mathisen (1993), it fails to resolve the details of the boundary layer
velocity profile. This issue is addressed in the present study, in which three models are
presented and their abilities to predict the details of the velocity profile are compared.

First, a constant eddy viscosity model for wave boundary layer flows over two-
dimensional roughness elements simulating wave-generated, fully developed ripples is
presented. M1athisen's (1993) measurements of energy dissipation for periodic waves
over artificial bedforms are interpreted in terms of drag resistance, and a good corre-
lation is obtained for the drag coefficient . CD, and the ratio of the ripple height, ra,
to the maximum bottom excursion amplitude. Ab. This dependence of CD on r7/Ab
is shown to be in general agreement with Sarpkava's (1981) analysis of the drag coef-
ficient as a function of the Keulegan-Carpenter number. The drag law dissipation is
similar in nature to that obtained for a constant eddy viscosity wave boundary laver
model with vt oc- q/(A2T), where A is the ripple length and T is the wave period.
This eddy viscosity, as function of the inverse of the wave period, was also obtained
by Sleath (1991). However, here the eddy viscosity is also a function of the ripple
steepness (height and length), and not of any other flow parameter. The constant
eddy viscosity model is applied with the linearized boundary layer equation to pre-
dict detailed velocity profiles (magnitudes and phases) and compare favorably with
measurements from Mathisen (1993) and Barrantes (1996). The results of this study
support the use of a constant eddy viscosity for the prediction of energy dissipation
as well as the details of the velocity profile within the wave boundary layer for flows
over rippled beds.

Then a model based entirely on the classical GM model is presented, in which the
no-slip condition is modified to be at the bottom and not at z = zo. With this change



the predicted velocity profile agrees significantly better with the measurements than
does the original model. Moreover, the analysis of the theoretical boundary layer
thickness shows that the latter is proportional to the product of two monotonically
increasing functions of the relative roughness, and not only of the boundary laver scale
1, as thought before. However, some features of the profile are not described accurately
and this becomes the motivation to develop a model consisting of a combination of
the first two.

In the combined model the eddy viscosity is considered linearly varying with depth
in the lower portion of the boundary layver and then constant above that. This model
appears to describe the details of the velocity profile with the same accuracy as the
constant eddy viscosity model. Additionally, its prediction of the energy dissipation,
given a prescribed bottom roughness proportional to the ripple height, turns out to
be in slightly better agreement with experiments performed over a rippled movable
bed. than the predictions using the Constant eddy viscosity model.

Thesis Supervisor: Ole S. Madsen
Title: Professor, Department of Civil and Environmental Engineering
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Chapter 1

Introduction

1.1 Introduction

In coastal regions, understanding the interaction between ocean and land is fun-

damental in relation to several engineering topics and in general for a sustainable

relationship between humans and nature. In this sense, one of the most important

processes is the sediment transport on the continental shelf, which affects not only

the beach and coastline morphodynamics, but also waterways operations and the

stability of coastal structures.

Sediment transport is due to waves and currents, which are the events that com-

monly dominate the coastal hvdrodvnamic environment. Indeed, as wind waves travel

from deep water to the coast, entering the continental shelf, they feel the effect of

the bottom as well as the bottom feels the effect of the waves, and both transform

accordingly. The transformations to the flow due to the bottom include refraction,

diffraction, shoaling, and bottom frictional energy losses. Transformations of the bot-

tom due to the flow are related to its mobility; in fact, the bottom usually consists of

sediment which is moved by the waves and currents. More precisely the waves, with

their back and forth movement, suspend the sediment grains, making them available

to be transported by the current.



An accurate model of sediment transport depends on a proper representation of

the fluid velocity field associated with the waves and currents. In nature, the flow

is turbulent and takes place over an irregular. and often movable bed of varying

permeability. Therefore, many simplifying assumptions must be made in order to be

able to treat the problem mathematically.

With respect to the flow, the first simplification is to describe it by its harmonic

components. Some work has been done to describe some of the relevant aspects of

the flow-bottom interaction using a spectral representation of the flow (e.g., 1Mad-

sen, Poon and Graber. 1988; and Madsen. 1994) and some experiments have been

performed (e.g., Rosengaus, 1987; .Mathisen. 1989 and 1993: and Barrantes. 1996).

However, this picture is often considerably simplified in the majority of the sediment

transport related studies. For example, when faced with flow modeling in labora-

tory experiments, the currents are considered as quasi steady flows and the waves as

monochromatic with height H and radian frequency w.

Throughout most of the depth of the water, the main body of fluid motion can

be considered nearly irrotational and can typically be described by potential flow

theory. The viscous effects are usually concentrated in thin layers near the boundaries.

Indeed. at the bottom, a ."no-slip" boundary condition exists. i.e.. the velocity is equal

to zero. Therefore, near the bottom, a relatively thin region exists, called the bottom

boundary layer, in which the velocity varies from zero to the velocity prescribed by

the potential flow solution. In this region, the effects of viscosity are important and

potential flow theory does not apply.

Although natural flows tend to be turbulent, it is worthwhile to base the analysis

on the classical theory of laminar flow over a smooth bed because many of its features

are present in natural flows. The general equations of motion are the Navier-Stokes

equations. In the case of the bottom boundary laver under unidirectional waves, only

the equation for the x-component of the flow is considered, which reads (see, e.g., Le



Me1haute, 1976, pp 59-66)

dil Oal Oft 1 Op i2d
+ u- + w- --- = , --  (1.1)at- Ox z p x

where d and TZ are the wave velocities in the x and z directions, respectively, p is the

fluid density, p is the pressure, and v is the kinematic viscosity of the fluid.

Assuming the non-linear convective acceleration terms to be small, i.e. equivalent

to linear wave theory, the equation of motion becomes

a 1 Op O7
P -- + -1 (1.2)at 0x a-

where 7 is the viscous shear stress defined by r = pv du/dz.

This equation of motion can be further simplified under the assumption of hy-

drostatic pressure distribution within the boundary layer, that is, when the vertical

accelerations are negligible compared to the acceleration of gravity. Then we can use

the fact that the shear stresses vanish outside the boundary laver so that

clb 8)pPb =- (1.3)

where ib is the velocity just outside the boundary layer. Then we can rewrite Equation

(1.2) in the form
0 OTr

at Oz

For laminar flow the shear stress is simply the viscous shear stress defined above,

i.e.

7 = pv (1.5)
az

So, the equation of motion can be written as

b 02



With the definition of the tilde notation being the real part of

ui = Ui ei(wt-kx),  (1.7)

it can easily be shown that the solution of this equation, given the boundary conditions

U --) ub as z -+ oc and u = 0 at z = 0, is

ft= Ub(1 - e-(1+i)z/6 am )ei(wt - kx), (1.8)

in which

d1am = ,•- (1.9)

and, according to linear wave theory, Ub = (aw)/(sinh kh), where k is the wave num-

ber, a the wave amplitude and h the depth. This shows that the velocity within the

boundary layer approaches Ub exponentially away from the bed, with a decay length

scale of dlam. It is customary to use this parameter to define the thickness of the

laminar boundary layer.

From Equations (1.5) and (1.8). the bottom shear stress is given by

S= p u = d = PUb Viei(±+wt-kx). (1.10)
0-/ z=0 l1am

This shows in turn that there is a phase shift of ! between the bottom shear stress

and the outer flow velocity and that the maximum bottom shear stress is proportional

to ub and inversely proportional to 61am. With the definition

1
Tmax = pfwu (1.11)

from Jonsson (1966), the wave friction factor for smooth, laminar flow is

fw,tam = 2 (1.12)
WJ~



where Re = i is the Reynolds number and Ab is the bottom excursion amplitude.

Finally, the time-averaged rate of energy dissipation due to bottom friction is

given, as obtained by Kajiura (1968), by

Ed T= bb, (1.13)

where the overbar indicates a time average over one period of the oscillatory motion.

For laminar flow, using Equations (1.7) and (1.10) this leads to

Ed = 2pV u (1.14)

1.2 Motivation

When dealing with sediment transport modeling, the most important part of the

flow is the bottom boundary layer through which the main flow influences the bed.

From the opposite point of view, i.e., when dealing with flow dynamics, the bottom

boundary layer is intuitively defined as the layer inside which the flow is significantly

influenced by the bed.

Additionally, the vertical extent or thickness of the boundary layer indicates the

extent of upward diffusion of viscous effects into the flow stream. As seen in Equa-

tion (1.9) for the laminar case, it has been noticed that the boundary layer thickness,

6 is of the form

SCx V-t T. (1.15)

where vt is the eddy viscosity and T is the flow period.

Given the difference between typical periods of oscillation of currents and waves,

the wave bottom boundary layer will be much thinner than the one generated by the

current, as seen in Figure 1-1. Since thinner boundary layers mean steeper velocity

gradients and therefore larger shear stresses for a certain free stream velocity, the



waves will tend to dominate over the currents with respect to the shear stress they

induce on the bottom.

Mon

Figure 1-1: Flow over a bottom consisting of large roughness elements.

This steep velocity gradient within the wave bottom boundary layer produces high

shear stresses and turbulent flows, which affect the bottom significantly by suspending

the sediments and eventually forming bottom bedforms. Those bedforms, in turn.

increase fluid shear and enhance energy dissipation. For the purpose of estimating

the amount of sediment that can be made available for transport, the focus must then

be on the wave bottom boundary laver.

It is therefore important to obtain a reasonably accurate estimate of, and be able

to predict, both the shear stress intensity and the boundary layer thickness. Since we

lack a detailed description of the flow in the boundary layer because of its inherently

turbulent behavior, the studies performed so far have been mostly experimental, bor-

rowing concepts from river flows like the friction factor and the equivalent roughness

concepts. Several theoretical models for turbulent bottom boundary layers have also

been proposed: quasi-steady models which assume that the velocity distribution is

at all times logarithmic throughout the boundary layer: velocity distribution models

xv__ P. r,__-



which seek empirical expressions for the velocity, in analogy with smooth, laminar

oscillatory flow; eddy viscosity models which replace the kinematic viscosity by an a

priori unknown eddy viscosity; and the one-equation and two-equation models which

try to improve the description of the vertical distribution of turbulence. A more de-

tailed description of these models can be found in Fredsoe and Deigaard (1992) and

Nielsen (1992).

Nevertheless., it has been noticed that the prediction from these models of the

boundary layer thickness and of the velocity profile in the case of a periodic wave

propagating over a fixed rough bottom do not agree very well with the experimen-

tal data when dealing with large roughness elements. In particular, the predicted

boundary layer thickness 6, using the Grant and Madsen (1986) eddy viscosity model

(hereafter referred to as the Grant-Madsen or the GM model), is two to three times

smaller than the one obtained experimentally by Mathisen (1993). The purpose of

this work is to try to improve the GM model by expressing the eddy viscosity dif-

ferently. Indeed, the relation between the velocity and the shear stress is not well

understood. The simplest way of getting around this problem involves the use of the

eddy viscosity concept. With this, the relation between u and 7 is defined, by analogy

with the laminar case, as

7 = put z(•- Ub). (1.16)

Equation (1.2) takes then the form

O (· - y -b ) = -{0 ( L}Ot Oz Oz

and the problem becomes how to define the eddy viscosity, vt. The main difference

between the models is, as we will see in next chapters, the way the eddy viscosity is

expressed. This will lead to substantially different solutions.



1.3 Outline

A drag law interpretation of the flow resistance over a rippled bottom is presented in

Chapter 2. An expression for the drag coefficient, CD, in terms of the ripple dimen-

sions and the energy dissipation is obtained, which, using Mathisen's (1993) experi-

mental results for energy dissipation over artificial roughness, suggests a dependency

of CD on the ratio of the ripple height over the bottom excursion amplitude, r/lAb.

This result is in qualitative agreement with Sarpkaya's analysis (Sarpkaya and Isaac-

son 1981) of the drag coefficient as a function of the Keulagan-Carpenter number.

From the CD expression a dissipation rate similar to that of a laminar flow is

obtained. Since the drag law approach is not specific to any type of flow, and since

the laminar formulation is similar in nature to that of a turbulent flow with a constant

eddy viscosity, the drag law results are also used in combination with other proposed

eddy viscosity models.

In Chapter 3 the eddy viscosity is considered constant throughout the bottom

boundary layer and an expression for it, in terms of flow and bottom parameters,

is obtained. This expression is in turn compared to Sleath's (1991) constant eddy

viscosity , and the similarities and differences are highlighted. The Constant eddy

viscosity model, similar to the laminar model presented in Section 1.1, is applied

with the linearized boundary layer equation to predict detailed velocity magnitude

and phase profiles. These results are compared to the classical Grant-Madsen model's

prediction and to measurements from Mathisen (1993) and Barrantes (1996). The

classical Grant-Madsen model's inability to predict accurately the details of the ve-

locity profile is shown graphically.

In Chapter 4 a new bottom boundary condition is included in the classical Grant-

NMadsen model formulation, and a Modified Grant-NMadsen model is derived. This

modification allows this linearly varying eddy viscosity model to be able to predict

the velocity profile close to the bottom. The new model is then compared to the

Constant eddy viscosity model, in terms of the details of the velocity profile, and



the Constant eddy viscosity model appears to give a better prediction of the velocity

profile. Then, motivation to proceed with the development of a third eddy viscosity

model is given.

In Chapter 5 a model which combines the two previous models is derived and

another comparison of each model's velocity profile predictions is performed, showing

that the Constant eddy viscosity model and the Combined model give similar results.

Additional work is done in Chapter 6 to analyze the performance of the Constant

eddy viscosity model and the Combined model in predicting the energy dissipation

due to the flow bottom interaction. This is done by comparing the values of the energy

dissipation factor obtained theoretically from each model with direct measurements

performed by several authors in wave tunnels and wave flumes over fixed and movable

beds. Finally, the conclusions are presented in Chapter 7.



Chapter 2

Drag Model

When large roughness elements are present, a simple way of looking at the flow-

bottom interaction is in terms of the force acting on the roughness elements or,

equivalently, the resistance or retarding force experienced by the flow.

The fluid forces acting on the roughness elements are of two kinds: namely drag

forces and pressure forces resulting from pressure gradients in the fluid. On one hand,

pressure forces can be evaluated on the basis of inviscid flow theory. On the other

hand, drag forces occur as form drag, which is translated in flow separation and eddy

formation, and as skin friction, which, in the case of large roughness elements, are

produced mainly by the roughness of the bedform surface and not by the bedform

itself.

The drag forces are not easy to evaluate, mainly because they are related to the

generated turbulence. This difficulty is expressed mathematically in terms of the drag

coefficient, which depends on the flow and the shape of the submerged bodies.

2.1 A Simple Drag Coefficient Relationship

In nature, by large roughness elements we usually refer to sand ripples. In the labo-

ratory, those ripples can be modeled as two-dimensional roughness elements perpen-
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Figure 2-1: Separation and eddy formation downstream a standard artificial ripple.

dicular to the flow direction, as shown in Figure 2-1.

The total force per unit length experienced by the bedform due to the flow is

1 dibF = -pC , PCD b 1Ui+b + p( )V (2.1)
2 dt

where p is the water density, jl is the ripple height, Ca is the added mass coefficient,

and V is the volume of the bedform per unit width.

This equation is equivalent to the Morison equation (see, e.g., Sarpkaya and Isaac-

son,1981,), which expresses the force acting on a section of a pile due to wave motion.

The first term is the drag force and the second term is the inertia. With iib = Ub COS wt,

Equation (2.1) can be written as

F -= I pCDu l coswt cos wt - pCmVUbWsinwt, (2.2)

where Cm = 1 + Ca is the inertia coefficient.

It can be seen that there is a phase shift d between Fmax and fib,max, i.e., the

maximum velocity at a given location does not occur at the same time as the max-

imum force is exerted on the bottom. From Equation (2.2), this phase angle is

6 = arcsin((CmVw)/(CD'uub)). In Figure 2-2 F and ub are plotted as functions of

wt for typical experimental values of the different parameters involved. The values

used correspond to Mathisen's (1993) Experiment "a" : CD = 2.3; Ub = 17 cm.s-1;

w = 2.8 rad.s- 1; and V = 772 = 2.25 cm2. The inertia coefficient was obtained from



Newman (1977, Table 4.3), where the added mass coefficient for a square with side

2 1 is Ca,square = 2.377. Therefore, for a ripple, i.e., half a square, we can take

Ca,ripple - Ca,square/2 "~ 1.19. With these values the phase shift is 4 = 13.60. It is

important to notice that, as well as in the laminar flow model, the phase shift

feature is present., but here it is a function of flow and bottom characteristics.

F', U

0 1 2 3 4 5 6 7

wt
Figure 2-2: Total force experienced by the bedform, F. and bottom velocity ib as a function
of time. Both functions have been normalized as F' = F/Fmax (circles) and i-' = ilb/Ub
(solid line).

The bottom shear stress can be expressed as the ratio of the force exerted on the

bedform over the length of the bedform:

b - - (2.3)

With this and Equation (2.2), the energy dissipation, as defined in Chapter 1 as



Ed = 7bUb, can be written as

1 r V 2Ed - pCD U COS COts m S •• Sin Icos
2 A A
2 pCD 3 (2.4)

Another way of defining the energy dissipation is in terms of an energy dissipation

factor. Indeed, we can assume the bottom shear stress to be simple periodic and write

it in terms of a friction factor as

S= pf 2 cos(wt + Wt), (2.5)

where f, is the friction factor and ;pt is the phase angle between the bottom shear

stress and the free stream wave orbital velocity. This leads to an energy dissipation

1
Ed = Pf tUP , (2.6)

4

where fe = f cos c't is the energy dissipation factor.

It is important to point out here that, for large bottom roughness, this phase

difference is not negligible.

Finally, from Equations (2.4) and (2.6) we get:

CD = 37A fe- (2.7)
8 7)

This equation shows a functional form of the drag coefficient in terms of the ripple

dimensions and the energy dissipation inside the boundary laver. The drag coefficient

can then be evaluated with the knowledge of the ripple dimensions and the energy

dissipation factor, which in turn is obtained from wave attenuation measurements.



2.2 Experimental Data

The data used to get the drag coefficient relationships comes from the experimental

measurements obtained by Paul Mathisen in his Ph. D. dissertation (1993). The

experiments were performed in a wave flume, where pure monochromatic waves were

run over 1.5 cm high bars perpendicular to the flow and with a spacing of 20 cm

between bars (experiments m, n, and o) and 10 cm (all the others). Table 2.1 gives

the data summarizing the characteristics of each experiment. The details of the

experimental setup can be found in Mathisen (1993).

Table 2.1: Artificial Bedform Data from Mathisen (1993)

Experiment T A T Ab fe
(s) (cm) (cm) (cm)

a 2.24 10 1.35 6.09 0.297
b 2.63 10 1.5 7.9 0.224
c 2.89 10 1.5 8.84 0.183
d 2.24 10 1.5 4.2 0.362
e 2.63 10 1.5 5.72 0.291
f 2.89 10 1.5 6.21 0.265

m 2.24 20 1.5 5.95 0.152
n 2.63 20 1.5 7.97 0.129
o 2.89 20 1. 9.15 0.099

From this data and using Equation (2.7) the drag coefficient was obtained for each

experiment. After looking, by trial and error , for the dependency of CD on different

parameters of the flow and the bottom roughness, as i//A and 7/Ab, a relatively strong

dependency of CD on r,/Ab was found. This dependency is shown in Table 2.2 and

Figure 2-3.

Based on the best linear fit, forcing the intercept to be zero, as seen in Figure 2-3,

the relation was obtained

1 ')
CD - 1

0.1114 Ab
(2.8)9b def DoAb Abo



Table 2.2: Drag Coefficient and wave parameters for each experiment.

Experiment
a
b
c
d
e
f

Il

n
o

U.5

0.2

0.2

0.2

0.2

0.2

0.

0.1

CD
2.333
1.759
1.437
2.843
2.286
2.081
2.388
2.026
1.505

q/Ab
0.246
0.190
0.170
0.357
0.262
0.242
0.252
0.188
0.164

CD
Figure 2-3: Ratio of the ripple height over the bottom excursion amplitude. qrl/4 b, as a
function of the drag coefficient, CD. Experimental values (circles) and linear fitting (solid
line). The coefficient of determination is r2 = 0.87.

r,/Ab

3

- -



This relation, Equation (2.8), has a coefficient of determination r2 = 0.87 indicat-

ing that 87 % of the original uncertainty has been explained by the linear model. The

standard error of the estimate (see, e.g., Devore, 1991) is Sy/l = 0.0233, which is the

standard difference between the experimental and the fitted q/Ab. It can further be

said with an 80 % confidence level, that the slope CDo lies between 7.19 and 10.62.

Another way of measuring the strength of the relation between CD and r//Ab is

to analyze its variability. Assuming that the errors of the estimate follow a normal

distribution, values of 7r/Ab can be simulated and new fittings can be obtained. In-

deed, with the knowledge of Sy/x, an error can be simulated as a random number

r'i picked from a normal distribution with zero mean and standard deviation Sy/x.

This error can then be added to the fitted value of 7/Ab to get a simulated T7/Ab as

(/q/Ab)' = (CDCDo) + ri. Repeating this procedure for each experiment a simulated

slope of the fitting and the corresponding coefficient of determination are obtained.

In Figure 2-4 are plotted 100 simulations of the slope.

0 Do

0 10 20 30 40 50 60
Simulation

Figure 2-4: Slope CDo for 100 sets of simulated r7/Ab.
mean slope (solid line) and the 66% confidence interval

70 80 90 100

The three horizontal lines are the
(dashed lines).

v°•.-



Also show in the figure are the mean simulated slope, which is CDo = 9.00 and

the 66% confidence interval, which goes from 8.70 to 9.30. The mean coefficient of

determination for the simulations is r2 = 0.81 and the standard deviation is 0.11,

which shows a weaker average fitting, compared to the fitting obtained with the real

data. However, the overall observation is that the CD dependency on r7/Ab is real and

can be used for further analysis of the flow-bottom interaction.

2.3 Analogy with the Keulegan-Carpenter Num-

ber

The parameter rj/Ab used so far is the ripple height relative to the amplitude of

the fluid motion. Sarpkaya and Isaacson (1981) studied the dependency of the drag

coefficient on this parameter, or some equivalent relation, as was originally done

by Keulegan and Carpenter and later by several other authors. Indeed, Keulegan

and Carpenter established what is now called the Keulegan-Carpenter number from

experimental results of oscillatory flow around a cylinder, relating the fluid maximum

orbital velocity Ub, the period of oscillation T, and the cylinder diameter D, as

UbT
K = D (2.9)D

or, in terms of the excursion amplitude,

AbK = 27r (2.10)
D

The analogy between this problem and waves running over a movable bed has

to be made carefully. Indeed, for a movable bed the water is not flowing around

the ripple as in the case of the cylinder, since the ripples are on the bottom of the

channel. For this reason, it would not be accurate to replace D by the ripple height

rl. However, by using the concept of images. which is sketched in Figure 2-5 and is



used to account for the existence of a solid boundary, it can be seen that a better

measure of the obstacle would be 2ry.

Flow over a Cylinder

Flow over a Ripple

t1
Analogy

Image

Figure 2-5: Analogy between flow over a cylinder and flow over a ripple.

Therefore, replacing the cylinder diameter by two times the ripple height in Equa-

tion (2.10), an equivalent Keulegan-Carpenter number K for waves over a rippled

bottom would be
-4bK =- -- (2.11)

This K is, by a factor of w, the inverse of the parameter that was used to obtain

a general expression for the drag coefficient, Equation (2.8), which, combined with

Equation (2.11) gives an expression relating the drag coefficient and the Keulegan-

Carpenter number
28

CD 28 (2.12)

In Figure 2-6 are plotted the results obtained by Sarpkaya in 1976 (see Sarpkaya

et al., 1981, Fig. 3-15), for flow around a cylinder and our results, copied from

Figure 2-3.

It can be seen that, even if the Reynolds number in Mathisen's experiments (3.5
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C•

101 102

K = 7Ab/r
Figure 2-6: Drag coefficient as a function of the Keulegan-Carpenter number. Sarp-
kaya's experimental results (circles and dashed line); Mathisen's (1993) experimental results
(stars).

10 -6. 0 . 103) is smaller than the one in Sarpkava's experiments, which is 10', the trend

is similar for the same range of K. i.e., CD decreases as K increases. Additionally, the

fact that there is this agreement between experiments made with completely different

conditions (cylinders and fixed roughness) suggests that the dependency of CD on

'1/Ab obtained from these experiments is reasonable. It is important to say that the

validity of Equation (2.8) is limited to the range of rl/Ab from which it was obtained.

Indeed, for Ab -+ c, i.e. steady flow, CD should tend to a constant non-zero value

and not to zero as suggested by Equation (2.8). Also, if Ab tends to zero CD should

also tend to zero. which is the opposite to what Equation (2.8) suggests.

The relation between CD and r//Ab can now be used to obtain a new expression
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for the energy dissipation. From Equations (2.4) and (2.8) we get:

2 r •2
Ed = -2CDooPW- 7 Ub, (2.13)

which, in terms of its functional dependency on the velocity squared, is similar to the

energy dissipation obtained from the laminar model, Equation (1.14).



Chapter 3

Constant Eddy Viscosity Model

The drag model suggests, through its prediction of the energy dissipation rate sim-

ilar to that of a laminar model, that a Constant eddy viscosity model may be used

successfully to describe the flow within the wave bottom boundary layer. In fact,

the Constant eddy viscosity model is completely analogous to the laminar model

presented in Chapter 1. The only difference is that the kinematic viscosity v is re-

placed by the constant eddy viscosity vt. Therefore the solutions are the same and,

in particular. the energy dissipation becomes

E v = p-vtu~. (3.1)

3.1 Experimental Data

On one hand Equation (3.1) can be combined with Equation (2.13) to get an ex-

pression for the eddy viscosity in terms of the period and the roughness dimensions

as

S= 64 2 4 (3.2)
9r Do A2T o T (3.2

where vto is another constant.

This shows that the drag law approach can be translated to a constant eddy



viscosity approach. i.e.. the CD dependency on i//Ab is equivalent to a Vt dependency

on Tr4 /(A•T). For CDo = 9. as obtained in Section 2.2. we get vto = 183.3.

On the other hand, Equation (3.1) can be combined with Equation (2.6) in order

to relate vt with fe as
1 2

vt = T ff Ub.
4wr

With this and the knowledge of fe, ub and T (from Table 2.1) an estima

eddy viscosity can be obtained and a fit can be performed for vt as a fur

r-4/(A2T), as seen in Figure 3-1, where vto = 178.8.

U.UJ

0.025

0.02

A2 T
0.015

0.01

0.005

'

(3.3)

te of the

iction of

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

1 Tf2 2

Figure 3-1: Eddy Viscosity vt as a function of r 4 /(A 2T). Both quantities are in (cmn2 .s-).
Experimental values obtained from Equation (3.3)(crosses) and linear fitting (solid line).
The coefficient of determination is r 2 = 0.91.

Given the statistical nature of the fitting procedure, the difference in vto using

Equation 3.2 and using the fitting shown in Figure 3-1 is irrelevant and the constant

I I I I I I
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eddy viscosity can be expressed as

vt 180 1 (3.4)A2T

3.2 Comparison with Sleath's Constant Eddy Vis-

cosity Model

As shown in Sleath (1991), another way to express the eddy viscosity is in terms of

parameters that characterize the turbulence itself. Indeed, the eddy viscosity can be

expressed as

Vt = vUl, (3.5)

where v' is the vertical velocity fluctuation and t is the mixing length. In the vicinity

of the bed, he considers the mixing length to be proportional to the height above the

bed, i.e.,

oc z. (3.6)

Based on measurements from experiments performed in 1987 (see Sleath, 1987)

in an oscillatory flow water tunnel with flat beds of sand. gravel and pebbles, Sleath

found that the vertical velocity fluctuation is inversely proportional to the height

above the bed and showed that the eddy viscosity is independent of the height above

the bottom.

To obtain this result he first makes the analogy between the bottom generated

turbulence and the turbulence generated by a regular grid oscillating in still water.

In both cases the turbulence is mainly due to the formation and release of vortices

behind the roughness elements (bottom roughness or grid) at the end of each half

cycle of the oscillatory motion. These vortices interact with each other and with

previous vortices to produce a pattern of turbulent eddies which decay with height

above the bed (or grid). He uses then an expression from E and Hopfinger (1986) for



the fluctuation in velocity perpendicular to the direction of oscillation of a regular

grid with mesh size I, and translates Ml directly into the length of the roughness

elements to show that v' can be written as

4 3/2k1/2
v = 0.16 b N (3.7)

zT

where Ab is the amplitude of the oscillation. kN is the roughness length, z is the

height above the bed and T is the period of oscillation. Letting .4 be the constant of

proportionality between e and Z and using Equations (3.6) and (3.7), Equation (3.5)

becomes
4 13/2 1/2 1 /2

vt = 0.16A b N -/ b " (3.8)
T T

The constant .4 usually corresponds to the von Kairman constant, i.e., it has a

value of 0.4, but Sleath found experimentally that for the oscillatory component of

the velocity the constant was between 0.1 and 0.2. This equation shows a similar

feature to Equation (3.4), which is an eddy viscosity independent of the height above

the bottom, and inversely proportional to the wave period.

Now, considering the roughness length for a rippled bed to be proportional to the

ripple height qr, Sleath's (1985) experiments for oscillatory flow over an artificial bed

consisting of sinusoidal ripples can be used, in addition to Mathisen's (1993) data , to

test Sleath's model and the Constant eddy viscosity model presented here. Mathisen's

experiments specifications are shown in Table 2.1.

Sleath's experiments over sinusoidal ripples were performed with only one ripple

dimension: A = 7.3 cm and crest-to-trough height 1.7 cm. This height is assumed

here to be equivalent to Mathisen's r. Both. the unique ripple dimension and the

last assumption, can be of some concern and have to be taken into account, as will

be shown later in this Section.

For the purpose of the comparison, we must express both models with equivalent



equations. Thus, Equation (3.4) may be written as

[180 3/2 1 A3/22k1/ 2  3/2k1/2t K K B b N (3.9)
1/2 Ab A T T

where a is the proportionality constant between kN and 7r.

Given typical values from Mathisen's data for rl/A and /j/Ab, the term inside the

brackets in the last expression can eventually be considered as a constant, namely

B. Equation (3.9) acquires then the same form as Equation (3.8), and the constant

B can be compared to the constant A'. Assuming a = 4 as suggested by Grant and

Madsen (1982) for steep ripples, and using Mathisen's artificial bedform experiments,

Table 2.1, the value of B lies between 0.14 and 0.43 for the experiments with A = 10

cm, and in the range 0.03 to 0.06 for the experiments with A = 20 cm. This shows

that the Constant eddy viscosity model presented here and Sleath's model (Sleath

1991) differ in the sense that the constant B obtained from Mathisen's experiments

is. in most of the cases, significantly larger than the value of .4' obtained by Sleath,

which is at most equal to 0.032.

Conversely, Equation (3.8) could be transformed to become similar to Equa-

tion (3.4) and another comparison could be made. However, the constant in that

equation would involve Sleath's constant A. and the constant of proportionality a

and. at present, we do not have the tools to determine accurately the value of those

constants for sinusoidal ripples. Therefore, by assigning, to some degree arbitrarily,

the right values to those constants we could make the models look equivalent, but

this result would be artificial.

Additionally, for the models to be comparable, Mathisen's data should show a

dependency of vt on .4 /2/T, while Sleath's data should show a dependency of vt on

1r4/(A 2T). However, this is not the case, as shown in Figure 3-2.

Indeed, when testing Sleath's model with Mathisen's data and the Constant eddy

viscosity model presented here with Sleath's data, the fitting in both cases is very
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Figure 3-2: Comparison between Sleath's (1991) model and the Constant eddy viscosity
model presented here using data from Sleath (1985) and Mathisen (1993). (a) vt as a

function of r4 /(A 2T) using Mathisen's data: r2 = 0.91. (b) vt as a function of (A /2q1/2)/T

using Mathisen's data: r2 = 0. (c) vt as a function of (A /2 1/2)/T using Sleath's data:
r 2 = 0.73. (d) vt as a function of r4l/(X2T) using Sleath's data; r 2 = 0.19. Experimental
values (crosses) and linear fittings (solid lines). The circled data points in (a) and (b)
correspond to the experiments with A = 20cm. All the axis have the unit of cm .s- .

poor, as seen in Plots (b) and (d), where the coefficients of determination are r2 = 0

and r2 = 0.19, respectively.

For Plot (d), where Sleath's data is used with the Constant eddy viscosity model

presented here, the slope is vto = 51.6. Even if the correlation coefficient for this fit is

small, this value of vto, which is more than three times smaller than the 'to obtained

with Mathisen's data, is in good agreement with the intuitive idea that the turbulence

generated by a sinusoidal bottom is smaller than the turbulence generated by steep

ripples.
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Moreover, it is reasonable to say that the translation of Sleath's sinusoidal ripple

crest-to-trough height into rl is in some way an overestimation of the ripple height.

Indeed, given the smooth nature of the sinusoid, the trough and crests concepts in a

sinusoidal bed configuration are not as sharply defined as in Mathisen's experiments

bottom configuration. A sharp ripple with a height equal to the crest-to-trough height

of a sinusoidal ripple would exert a stronger resistance to the flow than the sinusoidal

ripple itself. So, a better interpretation of the ripple height in a sinusoidal ripple would

be a fraction of the crest-to-trough height. This would produce an increase in the

slope vt o, which in turn would mean a better agreement with the results obtained with

Mathisen's data. However, by scaling the value of 7r in Sleath's data, the coefficient

of determination for the fit in plot (d) would drop dramatically, meaning that the

dependency of vt on q'r/(A2T) would be lost.

Besides, a good fitting in Plots (b) and (d) would mean that the two models

are to some degree equivalent, which in turn would mean that there is a linear rela-

tion between (A /"2 q1/2)/T and r4 /(A 2T), or simply between 4 /2 and 7rl/2/A 2 . It is

clear that this dependency is unlikely to happen in experiments where the bottom is

fixed. Therefore, the study of this dependency should be made with experiments of

oscillatory flow over movable bed.

For comparison with Plots (b) and (d), the fit of Mathisen's data using our Con-

stant eddy viscosity model and the fit of Sleath's data (Sleath 1985) using his model

are plotted in (a) and (c), respectively.

The slope for Plot (c) is 0.132, which, assuming again kN = 4q, would give

a new version of Equation (3.8) for two-dimensional roughness elements with the

proportionality constant equal to 0.066, instead of A' (which is between 0.016 and

0.032 for A between 0.1 and 0.2). This suggest, first that the idea of making .4 =

, = 0.4 when dealing with sinusoidal ripples. which would mean A' = 0.064, should

be revisited, and second that more work has to be done in order to analyze whether

the value of 4rj for kv or the value of 0.1 or 0.2 for Sleath's constant .4 are valid and



applicable to all type of bottom bedforms.

As seen above. the two models share the feature that they are both based on

an eddy viscosity which is constant with respect to the height above the bottom.

However, they are not compatible in terms of the functional form of the eddy viscosity.

3.3 Velocity Profile Prediction

Finally, we look to the Constant eddy viscosity model and the classical GM model

predictions of the velocity profile measurements from Mathisen (1993). The GM

model assumes vt = ru,z for the complete range 0 < z < oc and the bottom boundary

condition is u = 0 for z = zo. A complete derivation of the model for waves and

currents can be seen in Grant and Madsen (1986). The Constant eddy viscosity

model uses Equation (1.8), replacing v by vt from Equation (3.4). The velocity

measurements were made over the trough and over the crest of the ripples and, as

seen in Figure 3-3. the velocity amplitude over the crest is significantly larger than

the velocity over the trough, for z < 4 cm, where the so-called overshoot takes place.

The increase in velocity over the crest is mainly due to the reduction in cross-sectional

area, as predicted by potential flow theory. Since this difference between the trough

and the crest velocity amplitudes is not taken into account by any of the models, the

crest measurements are shown only for completeness. Therefore, the measurements

that have to be compared with the model predictions are the trough measurements,

which are more representative of the average velocity profile, given the dimensions of

the artificial ripples and the separation between them.

In a first inspection, Figure 3-3 shows that the Constant eddy viscosity model

gives a good prediction of the measured velocity amplitude over the trough of the

ripples and a relatively better prediction of the measured velocity phase, than does

the Grant-Madsen model prediction.

The figure also shows that the GM model is not applicable when dealing with
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Figure 3-3: Velocity profiles obtained from 1) the classical Grant-Madsen eddy viscosity
model (dotted line), 2) the Constant eddy viscosity model presented here (dash-dotted line),
and 3) Mathisen's Experiment "a" measurements above the trough of the ripples (pluses)
and above the crest of the ripples (circles). The input parameters for the models corre-
sponding to experiment "a" are shown in Table 2.1. The GM model needs the additional
information of the bottom roughness magnitude. which is shown in Table 4.1.

large roughness elements. Indeed, according to the boundary condition specified in

that model, the solution is only valid for z > z0 . The problem is that for ripples

zo = kn/30 becomes large enough to produce a non-negligible gap in the velocity

profile for 0 < z < zo. This suggests that an improvement in terms of the velocity

profile prediction close to the bottom should be tried by studying an equivalent model

valid for this range.
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Chapter 4

Modified Grant-Madsen Model

As shown in Section 3.3 and Figure 3-3, the classical Grant-Madsen model's prediction

of the velocity profiles becomes inaccurate in the near vicinity of the bottom. In fact, it

cannot predict the velocity for 0 < z < zo, which is an important part of the bottom

boundary layer when z0 is large, i.e., when the bottom consists of large roughness

elements.

In this Chapter we will show in the first section that a modified model, which is

applicable for 0 < z < oc, can be easily obtained. Then, a more strict comparison

with the Constant eddy viscosity model is made, in terms of the detailed velocity

profile within the bottom boundary layer.

4.1 Theoretical Formulation

4.1.1 Velocity Solution

As in the classical GM model, the eddy viscosity is not independent of the height

above the bottom anymore. Here, the eddy viscosity will be expressed as

Vt = ,U*(z + 0o), (4.1)



instead of vt = Kuz. In that equation, i is the von Kairman constant, z is the height

above the bed., and z0, which is proportional to the bottom roughness, is defined as

zo = kN/30. Additionally, u, is the shear velocity and is defined as

Tb max
- Ub

p'
Ffw7, - (4.2)

With Equation (4.1), the equation of motion for turbulent flow. Equation (1.17),

can be rewritten as
a

K*(z +z•0%I}-7 (4.3)

where Uid is the deficit velocity defined as

Ud = i - Lb. (4.4)

Expanding and using the definition of the tilde notation, Equation (1.7), Equa-

tion (4.3) simplifies to

Mud = + + ZO) -ud (4.5)

This equation can be further simplified by scaling the vertical coordinate by the

boundary laver scale I as
S+ zo

=

instead of ý = z/l. as in the classical GM model, where

(4.7)

(4.6)

Then Equation (4.5) becomes

0 ( ud
ZUd

which is a Bessel-type equation that has a general solution in terms of Kelvin func-

(4.8)

1 KU
1 =



tions. With the boundary conditions

d --+ 0 as C ~ - , and d = -b at ( = o = o/1, (4.9)

the solution of Equation (4.8) is

Ker (2/) + iKei (2/V')
bKe r (2 /•) + iKei (2/)' (4.10)

where Ker and Kei are Kelvin functions of zeroth order, which can be evaluated with

polynomial approximations from Abramowitz and Stegun (1972, page 384). This

solution, is analogous to the original Grant-Madsen solution. The only difference is

the definition of ý, which makes the expression valid for the range 0 < z < oc and

gives rise to a no-slip condition at z = 0, instead of at z = zo.

4.1.2 Closure

In Equation (4.10) the bottom roughness and the friction factor, involved in &, are

still unknown. To close the problem, the definition of the maximum bottom shear

stress is used to write

b.max Ou vt Ou
= U = vt  = (4.11)P i• z=0 1 08 E=( o

which, using the definition of the eddy viscosity, Equation (4.1), and the definition of

the deficit velocity, Equation (4.4), can be written as

7bmaz 2 U, (Z + ZO-) OU= u2 (4.12)
p 1

Substituting the expression for the deficit velocity, Equation (4.10), into this last

equation we get

u = K OUb FAod( 0)I, (4.13)



where
-Ker' (2riýo) - iKei' (2v-o)
d(er (2 V&) + iKei (2- 4.1)4

The phase angle between the shear stress and the near bottom velocity is given

by

(9( = arctan 'am [F.Mod~O) (4.15)( Re [F.Nlod ] 0

In addition, from Equations (4.2) and (4.13), the friction factor can be written as

fw = 2 o JF lod( 2(4.16)

It is seen that Equation (4.13) is an explicit expression for the shear velocity, whose

solution must be obtained iteratively. In the case of laboratory experiments, where

the energy dissipation is measured, the procedure can be summarized as follows:

1. Given initial guesses for kN and f,, z0 , I and ýo are evaluated.

2. Then, Equation (4.14) is used to obtain FArod( 0), which in turn is substituted

into Equation (4.16) to get fw.

3. From Equation (4.15), ;t is computed and the energy dissipation factor is then

obtained from fe = f, cos Cýt.

4. This value of f, is compared to the energy dissipation factor obtained from

measurements, fe,exp.

The procedure is repeated until the desired approximation is reached. For that, the

new friction factor is obtained from f, = fe,exp cos t and the bottom roughness

from kN/30 = zo = 1to, where ýo and I are obtained from Equations (4.16) and (4.7),

respectively.



4.2 Velocity Profile Prediction

The velocity profile prediction using Equation (4.10) is identical to the prediction

from the classical GM model, except for the fact that the profile is shifted down by

a distance z0o. The modified velocity profile can be seen in Figure 4-1. The input

parameters for the models are shown in Table 2.1 and in addition the friction factor

and the bottom roughness are shown in Table 4.1.

Table 4.1: Bottom roughness kN, obtained from Mathisen's (1993) and Barrantes' (1996)
experiments, using the Modified GM model.

Exp. a b c d e

fw 0.371 0.276 0.223 0.444 0.363

kN (cm) 25.2 19.6 15.1 23.5 22.8

a: Barrantes (1996) experiment.

f m n o PWOa

0.329 0.183 0.154 0.116 0.349
21.0 7.2 7.0 4.7 27.0

Looking to Figures 3-3 and 4-1, and specifically to the classical GM and the

Modified GM models' velocity profile predictions for this particular experiment, i.e.,

Mathisen's (1993) Experiment "'a", we can say that the new model gives a better

prediction for z < z0 , and that the overall form of both the velocity amplitude and

the velocity phase are in better agreement with Mathisen's measurements.

Now, the Modified GM model and the Constant eddy viscosity model seem. from

a qualitative view. to give similar predictions of the velocity profile. A comparison

between them has to be made carefully, in order to highlight relative advantages and

disadvantages of the two models.

4.2.1 Comparison of the Velocity Profile Predictions

For the Constant Eddy Viscosity Model, Figure 4-1 shows that the velocity amplitude

overshoot, found in the experimental data for the measurements between 2.5 and 5

cm above the bed, is relatively well described. On one hand, both the location of

the lower part of the predicted overshoot and the prediction of the height at which
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Figure 4-1: Velocity profiles obtained from 1) the Modified Grant-'Madsen eddy viscosity
model (dotted line), 2) the Constant eddy viscosity model presented in Chapter 3 (dash-
dotted line), and 3) MIathisen's Experiment "a" measurements above the trough of the
ripples (pluses) and above the crest of the ripples (circles).

the velocity is maximum fall only slightly above the corresponding measured values.

Moreover, the predicted maximum velocity amplitude is in very good agreement with

the experimental data. On the other hand, the upper part of the predicted overshoot

extends further from the bottom than the measured values. However, the vertical

shift of the predicted curve relative to the measurements remains practically constant

throughout this upper part of the overshoot, meaning that the shape of this section

is also well described by the Constant vt model.

In addition, the predicted approach of the overshoot to the outer velocity Ub is

in good agreement with the measurements . Indeed, the trough measurements show

that the velocitv at z = 6 cm corresponds approximately" to the outer velocity, while

the Constant vt model's prediction shows that this velocity is reached at 7.5 cm.

oo

+ 00

) - . . -IT I



The figure also shows that the predicted profile using the Constant vt model is in

very good agreement with the lower measurement values.

The Modified GM Model presents a relatively weak overshoot prediction. In fact.

there is a section of the predicted velocity amplitude profile where the velocity is

greater than the outer velocity. However, the form of this overshoot is significantly

smoother than the form obtained from the measurements. This produces that the

predicted height for which the velocity is maximum and the predicted height for

which the outer velocity is reached do not agree with the values obtained from the

measurements.

In terms of the phase angle yt, none of the two models is in very good agreement

with the measurements. However, Figure 4-1 shows that the Constant eddy viscosity

model follows better the general trend of the experimental data points. Indeed, the

high phase values found experimentally in the lower zone of the boundary layer are

relatively well predicted by this model. Besides, the measurements show what could

be called a phase undershoot, which is a feature exhibited more by the Constant eddy

viscosity model, although to a lesser extent.

Given this behavior of the two models, it would appear that the Constant eddy

viscosity model predicts the details of the velocity profile better than does the XMod-

ified GM model. This conclusion is based on comparison with a single experiment.

However, in Appendix A are shown comparisons with the other pure wave velocity

profiles obtained by Mathisen (1993), from which similar conclusions can be drawn.

4.2.2 Comparison of Boundary Layer Thickness Predictions

The boundary layer thickness is one of the most important features that a model

should predict and a good model's velocity profile should contain the information

needed to define it with a reasonable accuracy. As mentioned before, the classical

Grant-Madsen model fails to predict accurately this parameter, when dealing with

large roughness elements. This has been solved by artificially increasing the boundary



layer thickness, as in Mathisen and Madsen (1996).

In addition to the velocity profile itself, Figure 4-1 also highlights the existence

of a well-defined boundary layer thickness. 6. Indeed, according to the experimental

data shown in the figure, the bottom boundary layer has a thickness of approximately

6 cm. This value corresponds to the height, above the overshoot, at which the velocity

is the closest to Ub, i.e., the elevation just after the end of the overshoot and before

the velocity starts to increase, as predicted by linear wave theory. In column II of

Table 4.2 are shown the estimates of the boundary layer thickness obtained visually

from the experimental velocity amplitude profiles shown in Figure 4-1 and in the

figures of Appendix A. Unfortunately only one of them corresponds to an experiment

with 20 cm roughness spacing, Experiment "'n". where partial measurements were

done, allowing a rough estimation of what could have been the top of the boundary

laver.

Since there is no standard way of defining the predicted 6 from a particular model,

we are limited to compare the models using consistent but subjective criteria.

On one hand, the scale of the boundary laver thickness for the Modified GM model

can be defined, as in Grant and Madsen (1986), by

od = Al 1 = A - (4.17)

where 1 is the parameter used to define ý in Equation (4.8) and A is a scaling constant.

Grant and Madsen (1986) suggest 1 < A < 2 and here, initially, A = 2 will be used.

For the Constant eddy viscosity model the scale of the boundary layer thickness is

given by

,vt=cte = 2 / (4.18)

where B is another scaling constant, which will also be set tentatively to 2. The

estimates of the boundary layer thickness using Equations (4.17) and (4.18), with

A = B = 2, are shown in Table 4.2 (columns III and IV). Comparing these results



with the estimates of the boundary laver thickness from the measurements, also shown

in the table, we can say that the values of 6•lod and 6,,,cte, for A = B = 2, are two

to three times smaller than the observed values of the boundary laver thickness.

This suggests that, when dealing with large roughness elements, the value of A in

Equation (4.17) should be higher than the value proposed by Grant and Madsen

(1986), and that the validity of setting B = 2 should also be studied.

On the other hand, a numerical scheme can be used to estimate more rigorously

the values of A and B to be used when dealing with large roughness elements. Indeed,

the boundary layer thickness given by Equations (4.17) and (4.18) can also be defined

as the height above the bottom at which the deficit velocity amplitude Udj becomes

smaller than a prescribed fraction of the free stream velocity ub.

For the Constant eddy viscosity model this approximation is defined as the value

of z for which
S1%

-e = e L < 5% . (4.19)

10%

Since the results from this equation correspond to the estimations of the boundary

layer thickness, z can be substituted by Equation (4.18), and Equation (4.19) becomes

1% or S > 4.6

e- B <• 5% or S > 3.0 . (4.20)

10 % or 8 > 2.3

This values of B can then be used to obtain 6 from Equation (4.18). Since the eddy

viscosity for this model is a linear function of rl4/(A 2T), given by Equation (3.4),

the prediction of the boundary layer thickness will only be a function of the ripple

dimensions ir and A and not of any flow parameter, as shown in Table 4.2. Even if

this is in some way unrealistic since we would intuitively expect the boundary layer

thickness to be some function of the flow, it is consistent with the idea of using



fixed ripples while varying flow parameters. In other words, real movable ripples

are sensitive to flow variations and transform accordingly, producing changes to the

boundary layer thickness, while fixed ripples do not translate the flow variations into

boundary layer thickness changes. It can be seen from these results that the measured

values of the boundary layer thickness (column II) lie between the 1% and the 5 %

results using the numerical scheme. In fact, except for Experiment "a", the 1 % results

are closer to the measurements than the 5% results.

For the Modified GM model, a similar approach is taken, leading to

Ker (2V) + iKei (2v) <  5% (4.21)
Ker (2V) + iKei (2 O_) -

10%

with which the value of (, and then the value of z corresponding to 6, can be obtained

for a given Co. From that, and using Equation (4.17), the value of A can be estimated.

These results are also shown in Table 4.2.

\When dealing with the Modified GM model, it can be seen that while the 1%

approach predictions of 6 are far above the experimental measurements (GAM,1 % --

26dep.), the 5 % approach predictions are in relative good agreement with the mea-

surements.

Comparing the predictions from each model, shown in Table 4.2 (columns V-XII),

it can be seen that, as said before, the 1% approach is appropriate when using the

Constant eddy viscosity model, while the 5 % approach is the best for the Modified

GM model. This suggests that the decision on which model's predictions are in better

agreement with the measurements will depend on the approach used in the numerical

scheme. However, it can also be seen that the variability in the predictions of 6 when

using one approach or the other is smaller for the Constant vt model than for the

Modified GM model. Therefore, the subjective and arbitrary choice of a specific value

for the numerical approach seems not to be so crucial when using the Constant vt

52



Table 4.2: Boundary layer thickness predictions using the Constant vt model and the
Modified GM model. All the values are in cm.

Experi- Scale Scale Modified GM model Const. Vt modela
Exp. mental .Alod 6.t =cte 10% 3 1 % 0 %

6 (A= 2) (1 = 2) A S A 6 B 6 1B 6
I II III IV V VI VII VIII IX X XI XII

a
b
c
d
e
f

Imb

nb

PO

PWOd

6.0 2.22
7.2 2.50
7.0 2.52

1.68
2.06
2.14
1.54

3.5 c  1.90
1.90

7.3 2.56

3.40
3.40
3.40
3.40
3.40
3.40
1.70
1.70
1.70
3.40

12.7
11.6
10.9
13.4
12.6
12.3
10.3
9.8
9.0
12.5

13.4
13.63
12.87
10.64
12.32
12.35
7.42
8.66
7.99

15.09

6.2
5.5

5.1
6.7
6.2
5.9
4.7
4.4
4.0
6.1

6.54
6.50
6.02
5.29
6.02
5.99
3.41
3.91
3.50
7.35

4.6
4.6
4.6
4.6
4.6
4.6
4.6
4.6
4.6
4.6

7.85
7.85
7.85
7.85
7.85
7.85
3.93
3.93
3.93
7.85

3.0
3.0
3.0
3.0
3.0
3.0
3.0
3.0
3.0
3.0

5.11
5.11
5.11
5.11
5.11
5.11
2.56
2.56
2.56

5.11

a: vt from Equation (3.4)
b: Experiments with A = 20 cm.
c: Rough estimation from incomplete measurements.
d: Barrantes (1996) experiment.

model.

It is important to point out that, since the solution of Equation (4.21) can be

written as ( = (6 + zo)/1 = A + &o, the value of A is a function of ýo or. in terms of

.4bl/k

A A(o) A 6 2 k) (4.22)

With the knowledge of the bottom roughness and the friction factor, obtained

with the closure procedure (Section 4.1), A can be plotted against Ab/kN, as shown

in Figure 4-2.

While Grant and Madsen (1986) found 1 < A < 2 for large values of Ab/kN, which

is shown in the figure to be an adequate range for 5 < Ab/kN < 102 when using the

10% approach and for 102 < Ab/kN < 104 with the 5% approach, it is clear that A

increases as Ab/kN gets smaller, i.e., as the bottom roughness gets larger. In other

words, the constant A can safely be chosen between 1 and 2 for small roughnesses

but its value has to be higher when dealing with larger roughnesses, as in the case of



A
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Figure 4-2: Constant A, from Equation (4.17), as a function of Ab/kN, for different ap-
proximations of vUdl to Lib: 1) 1 % of Ub (pluses), 2) 5 % of Ub (circles), and 3) 10% of Ub
(crosses).

rippled beds. Therefore, since the shear velocity u, is also an increasing function of

the roughness, the boundary layer thickness 6 cannot be considered a linear function

of the boundary laver scale 1, at least when dealing with flows over large roughness

elements. A summary of the data plotted in Figure 4-2 is shown in Table 4.3.

Table 4.3: Constant A, from Equation (4.17), as a function of Ab/kN, for different approx-
imations of LUdI to Ub.

Ab/kN 0.2 1 10 102  103  104  10e

41, 13.17 9.99 7.23 5.62 4.59 3.88 3.36
A5,% 6.51 4.54 2.89 1.98 1.44 1.09 0.86
A10.% 4.34 2.87 1.68 1.04 0.69 0.47 0.38

Finally, after the velocity amplitude, velocity phase and boundary layer thickness



comparisons, the overall conclusion in terms of the detailed velocity profile prediction

is that the Constant vt model's results are in better agreement with the measurements

than the Modified GM model.

Actually, the Modified Grant-Madsen model fails to predict a well defined over-

shoot and a clear end of the boundary layer. However, before discarding the idea of an

eddy viscosity which varies linearly with the elevation above the bottom, an attempt

to understand the poor agreement between this model's velocity profile prediction

and the measurements should be made. In that sense, it is clear that the continued

growth of vt for z -4 oc represents an unrealistic feature in both the classical GM

model and the Modified GM model, since by definition the turbulence is virtually

zero above the boundary layer. This in turn supports the idea of a constant eddy

viscosity above a certain height from the bottom. Therefore, another model should

be studied, namely a combined model, where first the eddy viscosity varies linearly

with depth, in a lower layer, and then remains constant above that level.



Chapter 5

Combined Model

As seen before, it is well known that the turbulence vanishes gradually with height

above the bottom. In that sense, the idea of a constant eddy viscosity after a cer-

tain height above the bottom can be of interest. Therefore, a model which elim-

inates the unrealistic growth of the eddy viscosity as z -+ oc will be derived, as

a combination of the Constant eddy viscosity model presented in Chapter 3 and

the Modified Grant-.Madsen model presented in Chapter 4. and its performance in

terms of the velocity profile prediction will be addressed. The eddy viscosity for this

model is defined. similarly to Madsen and Wikramanayake (1991), as shown below.

Hypothetical vt

Modeled Vt

V { ,u.(z + Z), z < m (3.1)

KU,(Zm + o0), Z > zm

where

. .- , . . ._ ru 9
rn -(t•m L r (-in - CUlstLntllL. \'

Vt

Combined model's eddy viscosity.

S

Vm



5.1 Theoretical Formulation

The governing equation in this case is the same as Equation (1.17), i.e..

a-(Ld) -_ o_ - _ (5.3)
at az Oz

where iLd is the deficit velocity defined in Section 4.1. Since the definition of the eddy

viscosity is not the same for the lower and upper parts of the boundary layer, the

analysis has to be made for each part separately, and the solution has to match at

the interface.

A. z < zm

In this portion Equation (4.8) still holds and the general solution reads

d = A [Ker (2 +) + iKei (2 ) + B [Ber (2

where A and B are constants to be determined with the boundary conditions.

B. z> zm.

Now, substituting the definition of the eddy viscosity for this portion into Equa-

tion (5.3), we get

where ,m is defined as

The general solution for this equation is

1+i

+ De 22 ,
m

where C and D are other constants to be determined.

V) + iBei (2 ) ] (5.4)

02 Ud

i -2Ud

C m + 70
I II

(5.5)

(5.6)

I+iC

Utd+ = Ce 0 •vm (5.7)



The boundary and matching conditions for this system are

Ud- = -Ub, at -- = 0 or & = ý0 = zo/1,

Ud+ = O, as -+ oc or & -+ oc,

(a)
(b)

Ud- = Ud+,

OUd_ _ Od
J- - -z

at z = Zm or

at z = zm or ý = (M = am + 0o,

-= m = am + ýo,

(d)

Now, applying the boundary condition (a) in Equation (5.4) we get

A K0 + B 30 = --ub,

where

Ki = Ker (2v) + iKei (2v'i), and 3i = Ber (2 v/) + iBei (2\v/i).

Applying the boundary condition (b) in Equation (5.7) we get simply

C = 0.

Then, applying (c) and (d) in Equations (5.4) and (5.7) we get

AKm + B 3m = De- (1 + ) ,'

A K' + B m = -D V e- (1+i)v=

(5.9)

(5.10)

and

(5.11)

respectively, where

and 3! = Ber' (2 V) + iBei' (2 Vi).

(5.8)

Ki = Ker' (2v) + iKei' (2vi),



and Ker', Kei', Ber' and Bei' are the first derivatives with respect to the argument

of the Kelvin functions of zeroth order, which can be evaluated with polynomial

approximations from Abramowitz and Stegun (1972, pp 384-385). Solving for the

constants A, B and D in Equations (5.8), (5.10) and (5.11), leads to

A= Ub mV + 7 (5.12)

0 -( / K( +

D -= /b (5.14)
Uo (mV/7 + :m) - Co (•m7 + 3,)

5.2 Closure

In order to evaluate Equations (5.12) to (5.14), it is first necessary to specify the

value of am.

Given the definition of the Combined model, its prediction of the velocity profile

will always lie between the corresponding prediction from the Modified GM model

and the prediction from a Constant eddy viscosity model in which vt depends on the

choice of am. Indeed, for a large am the Combined model will tend to the Modified

GM model, and for a small a, Zm will be small and the Combined model will tend

to a Constant eddy viscosity model. On one hand the choice of am will determine

the thickness of each portion of the model and on the other hand will determine the

magnitude of the constant eddy viscosity in the upper portion. Ideally, the value of

am has to be big enough to produce a non-negligible lower portion and, at the same

time, has to give a constant eddy viscosity similar to the result obtained in Chapter 3.

As seen in Figure 5-1, for small values of am the profile will tend to the Constant

eddy viscosity model's profile and for large values of am it will approximate the

Modified GM model's profile. The figure shows that for am, = 0.5 or smaller, the

Combined model is similar to the Constant eddy viscosity model, in terms of the



velocity profile. This is indeed what we want since the conclusion from Chapter 4

was that the Constant eddy viscosity model gives a better prediction of the velocity

profile than does the Modified GM model. Besides, given the values of the parameter

1 shown in Table 4.2, the value of am should not be too small, in order to avoid zm

to be also very small, which would suggest the use of the simpler Constant vt model

instead of the more complicated Combined model. Following the recommendation of
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Figure 5-1: Velocitv amplitude profiles obtained from 1) the Constant eddy viscosity model
presented in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity
model presented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented
here, for different values of am (solid lines).

Madsen and Wikramanavake (1991), the value of a, was finally chosen to be

am = 0.5. (5.15)

With this value, the magnitude of the constant eddy viscosity for the combined



model (vt = -Cu,(zm + Zo)) is similar to the magnitude of the eddy viscosity used in

the Constant vt model (vt = vtor 4 /(A 2T)).

Now, with am = 0.5 specified, f, and kN have to be obtained to close the problem,

similarly to the Modified GM model. Following the same approach as in Section 4.1,

Equation (4.13) takes the form

u, = K FComb O) , (5.16)

where
FComb( 0) = AK + . (.17)

The phase angle ,t becomes

t = arctan (n [Fcomb(1) (5.18)
( Re [FComb(S0)

and the friction factor f, reads

f, = 2 ý FComb(0) 2 . (5.19)

The same iterative procedure as for the Modified GM model is then used. and the

results are shown in Table 5.1. It should be noticed that both f, and kN vary from

one model to the other, for a given experimental fe.

Table 5.1: Bottom roughness kN, obtained from Mathisen's (1993) and Barrantes' (1996)
experiments. using the Combined model.

Exp. a b c d e f m n o PWO a

fW 0.403 0.299 0.240 0.496 0.394 0.357 0.197 0.164 0.123 0.379
kN (cm) 30.6 23.3 17.5 30.2 27.7 25.2 8.1 7.7 5.0 32.6

U: Barrantes (1996) experiment.

By comparing Table 4.1 to Table 5.1 it can be seen that while f, only varies 8%

on average between the two models, the variation of kN is significantly higher. 15%



on average, reaching 22% for Experiment "d".

Finally, the solution for the velocity is complete and is given by Equations (5.4)

and (5.7), where A, B, C and D are given by Equations (5.12), (5.13), (5.9), and (5.14),

respectively.

5.3 Velocity Profile and Boundary Layer Thick-

ness Predictions

In Figure 5-2 are plotted Mathisen's (1993) Experiment "a" measurements and the

corresponding velocity profile predictions from each of the three models. For this

(cm)

Velocity Amplitude (cm.s -')

(cm)

0 0.1 0.2 0.3 0.4 0.5

Velocity Phase (rad)
0.6 0.7 0.8

Figure 5-2: Velocity profiles obtained from 1) the Constant eddy viscosity model presented
in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity model pre-
sented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented here,
with cam = 0.5 (solid line) and, 4) Mathisen's Experiment "a" measurements above the
trough of the ripples (pluses) and above the crest of the ripples (circles).
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experiment, the values of the constant eddy viscosities used in the Constant vt model

and in the Combined model are of the same order: 4.07 cm2.s- 1 and 4.80 cm2 .s- '

respectively. The other experimental results from Mathisen (1993) and Barrantes

(1996), with the corresponding predictions, are shown in Appendix A.

Figure 5-2 shows that the velocity amplitude profiles from the Combined model

and the Constant vt model are almost identical in the lower part of the boundary

layer. Above that, we can see that in the overshoot the Combined model is slightly

above the Constant vt model. Similar behavior can be seen in the other figures of

Appendix A.

In general terms, we can say the main features of the predicted velocity profiles

using the Constant eddy viscosity model are maintained with the Combined model.

Considering the prediction of the boundary layer thickness, SComb can first be

defined as

uComb = C (5.20)

In addition, using the same numerical scheme as in Section 4.2, kComb can be

defined as the value of z for which

1%
De < 5% (5.21)

10%

where ( and ým are given by Equations (4.6) and (5.6), respectively. The results are

shown in Table 5.2.

This table shows first that, similarly to the analysis of the Modified model's ability

to predict the boundary layer thickness, the parameter C, used to evaluate 6 from

the knowledge of the boundary layer scale 1, cannot be considered constant as the

relative roughness Ab/kN varies.

Additionally, it can be seen that the magnitude of the available boundary layer

thickness measurements lie between the 1% and the 5 % approximations of both



)le 5.2: Boundary laver thickness predictions using the Constant vt
iel and the Combined model. All the values are in cm.

Experi- Combined model Const. vt modela
Exp. mental 1% 5% 1% 5 3

6 C 6 C B6 6 B 6
I II III IV V VI VII VIII IX X

a 6.0 7.7 8.40 5.0 5.43 4.6 7.85 3.0 5.11
b 7.2 6.8 8.30 4.4 5.33 4.6 7.85 3.0 5.11
c 7.0 6.2 7.66 4.0 4.91 4.6 7.85 3.0 5.11
. 8 d 71d 0 ; -; A 4 4 7 8R 3I n ; 11

e 7.6 7.74 4.9
f 7.3 7.67 4.7

mb  5.8 4.34 3.7
nb 3.5c 5.5 3.02 3.5

ob  5.0 4.57 3.2
PWO 7.3 7.5 9.53 4.8

a: vt from Equation (3.4)
b: Experiments with A = 20 cm.
C: Rough estimation from incomplete
d: Barrantes (1996) experiment.

5.00
4.94
2.77
3.18
2.86
6.09

4.6
4.6
4.6
4.6
4.6
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7.85
7.85
3.93
3.93
3.93
7.85

measurements.

models. For the Combined model the 5 %c approximation seems to be in slightly better

agreement with the measurements than the 1% approximation, and the opposite is

true for the Constant vt model. If we chose the 1% approximation the Constant

vIt model's prediction of 6 is the best in 4 out of 5 experiments and if we choose

the 5 % approximation the Combined model's results are the best, also in 4 out of

5 experiments. In fact, a 3 % and a 2 % approximations would be the best for the

Combined and the Constant vt models, respectively. However, given the arbitrariness

of the choice of a specific approximation. we can say that there are no convincing

arguments to say that one model is predicting the boundary layer thickness better

than the other.

This suggests that other features of the models should be analyzed in detail. In

fact, the models can also be used to compute a theoretical energy dissipation factor,

which can then be compared with the corresponding measurements.

Tatl
imo

3.0
3.0
3.0
3.0
3.0
3.0

5.11
5.11
2.56
2.56
2.56
5.11



Chapter 6

Energy Dissipation Factor and

Bottom Roughness Analysis

In the last chapter we show that both the Constant eddy viscosity model and the

Combined model give a similar prediction of the velocity profile within the bottom

boundary layer. A comparison in terms of other aspects of the flow-bottom interaction

is therefore needed. In this chapter, an analysis of each model's prediction of the

energy dissipation is performed and then an attempt is made to determine which

features from each of the models contribute to a better prediction of the flow behavior

close to the bed.

Indeed, the models can also be used to compute a theoretical energy dissipation

factor, fe,t, and the results can be compared to values obtained from experiments. For-

tunately, this parameter of the flow-bottom interaction has been extensively measured

in experiments performed by several researchers. We are going to take advantage of

this by including in our discussion more experimental data than the limited results

from Mathisen (1993). The new data correspond to the experiments performed by

Carstens et al. (1969), Lofquist (1986), Rosengaus (1987) and Mathisen (1989). All

these experiments were performed over movable bed. The data from Rosengaus and

Mathisen was obtained directly from their publications, while the other data was ob-



tained from WVikramanayake and Madsen (1991). The information relevant for this

work is summarized in Appendix B.

6.1 Performance of the Constant vt Model

For the Constant eddy viscosity model, based on the dependency of CD on q/Ab

obtained in Chapter 2 or, equivalently, on the dependency of Vt on r1
4/(A 2T) from

Chapter 3, the energy dissipation factor fe may be expressed as a linear function of

r72/(AAb). Indeed, from Equations (3.3) and (3.4), a theoretical fe can be written as

180 772 2
fe.t -= _ -A4 1 7.6 (6.1)

Given the fact that both CD and vt are originally obtained with the knowledge

of a measured fe, this expression can only be used to give an idea of the model's

response in terms of the energy dissipation. Moreover, this expression is only valid

for the fitting obtained in Figure 2-3 or in Figure 3-1, i.e., for Mathisen's (1993) data.

If we want to use other sets of data we have to recompute the relation shown

in Equation (6.1) and obtain another constant of proportionality between fe and

r2 /(AAb), which reflects the corresponding fitting. Then. the variation, if any, of such

constant has to be analyzed.

Besides, it is important to say that both, Rosengaus (1987) and Mathisen (1993),

did not use the concept of energy dissipation factor and assumed the phase angle at

to be zero. They wrote the energy dissipation in terms of the friction factor, fe, as

2
Ed = -pf, ub. (6.2)

3w

Then, using this expression along with the rate of energy dissipation for a constant

eddy viscosity model. Equation (3.1), and the more general argument from Wikra-

manayake and Madsen (1991) that for practical purposes f, and fe are identical when



dealing with rippled sand beds, the expression for the eddy viscosity, Equation (3.3),

becomes
16 2 (6.3)Vt = 973 T f . (6.3)

Expressing the eddy viscosity vt as in Equation (3.2), a new expression for the "-the-

oretical" fe, valid for the movable bed data sets reads

fe, t = 3 q2-- , (6.4)
8 AXAb

where C is a new constant to be found by fitting the data, as was done in Chapter 2

and Chapter 3 for Mathisen's (1993) data. This constant corresponds to the linear

regression slope of vu as a function of r1
4 /(A 2T), using Equation (6.3). The results are

summarized in Table 6.1 and Figure 6-1.

Table 6.1: Values of the constant of proportionality C
for Equation (6.4) using data from Carstens et al. (1969),
Ca.; Lofquist (1986), Lo.; Rosengaus (1987), Ro.: and
Mathisen (1989), Ma.

Coefficient of
Data Used C Determination.

t'

Ca.. Lo. 68.3 0.637
Ca., Lo., Ma. 68.3 0.670
Ca.. Lo.. Ro., Ma. 68.3 0.696

From this table, we can see that the value of C does not vary when Rosengaus

(1987) and Mathisen's (1989) data are added. This is due to the fact that the period

of the oscillatory motion, and in particular the bottom excursion amplitude in those

experiments are smaller than in Carstens et al. (1969) and Lofquist (1986) exper-

iments. Indeed, since the fit is forced to pass through the origin, the data points

close to it (see Figure 6-1) will contribute to strengthen the linear dependency. Then,

Equation (6.4) can be written as



-2

fe,t = 5.5 A-
AAb

(6.5)

which, compared to Equation (6.1) shows that, as expected, the energy dissipation

factor is smaller for rippled movable bed than for fixed ripples, given the roundedness

of the natural ripples.

4

A2T
Figure 6-1: Eddy Viscosity vt = ~-• Tfu2 as a function of r74/(A2T). Both quantities are
in (cm 2 .s-1). Experimental data from Carstens et al. (1969)(pluses), Lofquist (1986)(cir-
cles), Rosengaus (1987) and Mathisen (1989)(crosses). The linear fitting (solid line) has a
coefficient of determination r2 = 0.70.

Now, using Equations (6.1) and (6.4), the value of the energy dissipation factor

can be obtained for each of the available experiments and compared to the actual

measurements. For that, the statistics used are the mean p and the standard deviation

a of the ratio of the measured and the theoretical fe. First, the value of C = 68.3 and



of Vto = 180 can be kept fixed and the mentioned statistics evaluated or, conversely,

the mean of the ratio can be set to unity and the corresponding C and vto obtained,

as shown in Table 6.2.

Table 6.2: Statistics of the ratio of the measured and the theoretical fe, using
fixed bed data from Mathisen (1993) and movable bed data from Carstens et al.
(1969), Ca.; Lofquist (1986), Lo.; Rosengaus (1987), Ro.; and Mathisen (1989),
Ma.

Data Used vto or C a u Vto or C /L 01
Mathisen (1993) vto = 180 1.03 0.092 vto = 189 1.0 0.089
Ca., Lo. C = 68.3 1.267 0.577 C = 110 1.0 0.454
Ca., Lo., Ro.. Ma. C = 68.3 1.203 0.537 C = 99.5 1.0 0.445

It can be seen from the table that the standard deviation corresponding to Mathi-

sen's (1993) data is much smaller than the standard deviation corresponding to the

movable bed data. This is due to the fact that the coefficient of determination corre-

sponding to the fixed bed data fitting is higher (r2 = 0.91) than the one corresponding

to the movable bed data (0.63 < r2 < 0.70). Given that, by fixing y to be unity, the

change in Vto (from 180 to 189) is also smaller than the changes in C (from 68.3 to

99.5 and 110), mostly because this model was calibrated with Mathisen's fixed bed

data. In addition, it can be noticed that here again, as for the energy dissipation

factor, the eddy viscosity corresponding to the sand ripples is smaller than the one

for the fixed bed, which is a reasonable result.

The results of Table 6.2 will be compared with the corresponding values obtained

by using the Combined model.

6.2 Performance of the Combined Model

The Combined model involves , for the portion where the eddy viscosity is not con-

stant, the use of the bottom roughness concept. Indeed, as seen in Section 5.1, the

determination of the friction factor f, depends on the determination of the bottom



roughness kN and both are obtained iteratively with a somewhat cumbersome pro­

cedure. Explicit formulas are also available, which express fw as a function of kN .

Using the same functional form as in Madsen (1994) and performing a non-linear

regression, as shown in Appendix C, the friction factor for the Combined model can

be obtained with

(

A ) -0.059

fw = e8.89 ?N -10.68, £valid or Ab 2
0.2 < k

N
< 10 , (6.6)

(6.7)(

A) -0.106

fw = e
5.63 ?N -7.33,

valid for

and
A

10
2 < k; < 10

4
•

The error associated with this expressions is very low. For Equation (6.6), the sum

of squares of the differences between the exact and the approximate friction factors is

5.89 10-6 and for Equation (6.6) is 7.35 10-7, which represent, on average, less that

0.5% of the exact value of fw.

The energy dissipation can then be obtained from Ie - fw cos <{Jt where <(Jt in

degrees is given by

Ab
CPt = 38.1 - 8.3 log k

N
' valid for

Ab 2
0.2 < k

N
< 10 , (6.8)

and
Ab

<{)t = 30.6 - 4.71og k
N

' valid for (6.9)

In turn, the errors associated with this two expressions are slightly bigger than

the errors associated with the explicit friction factor formulas shown previously, but

they only represent, on average, 3% error of the exact <{Jt value. Now, in order to

compare the theoretical and the measured fe' a value of kN has to be associated with

each measured fee For that, kN has to be obtained from known parameters of the

flow or the bottom. Indeed, the bottom roughness has often been considered to be

70



proportional to the roughness height as

kv = ar. (6.10)

For example, Grant and Madsen (1982) suggest kN 477 for steep ripples. Here,

the value of a will determine how well Equation (6.6) predicts the energy dissipation

factor. This is done, as in the previous section, by analyzing the mean and the

standard deviation of the ratio of the measured and the predicted energy dissipation

factors. First, a = 4 is used and the mean ,p and the standard deviation a are

computed. Then. by varying a, the mean is forced to be 1, and the corresponding a

is computed.

Additionally, the same analysis is conducted by considering, as in Grant and

Madsen (1982), the bottom roughness to be proportional not only to the ripple height.

but also to the ripple steepness or ripple concentration, i.e., to the ratio of the ripple

height over the ripple length as

k = 3 9- (6.11)

The results using Equations (6.10) and (6.11) are shown in Table 6.3. From this

Table 6.3: Values of a and 3 and statistics of the ratio of the measured and the
theoretical fe. The data used is the fixed bed data from Mathisen (1993) and the
movable bed data from Carstens et al. (1969), Ca.; Lofquist (1986), Lo.: Rosengaus
(1987), Ro.; and Mathisen (1989), 'Ma.

Data Used a P a p 0 3 p Cr
-Mathisen (1993) 4 1.81 0.550 13.5 1.0 0.300 103.7 1.0 0.184
Ca., Lo.Y 4 1.82 0.450 13.8 1.0 0.242 87.3 1.0 0.289
Ro., Ma.b 4 1.34 0.429 7.3 1.0 0.320 47.8 1.0 0.284
Ca., Lo., Ro.. Ma. 4 1.72 0.486 12.3 1.0 0.279 78.0 1.0 0.308

a" wave tunnel experiments: 136 data points.
: wave flume experiments; 36 data points.

table we see that, for the fixed bed data and most of the movable bed data. the best



values for a are more than three times higher than the value of c = 4. suggested by

Grant and Madsen (1982), which used for that the experimental results of Bagnold

(1946). This discrepancy in the magnitude of the constant a is mainly due to the

differences in the theoretical friction factor when the shear stress is evaluated at

ý -4 To or at --- 0. In other words, when ý -- 0 is used, the corresponding roughness

for a given f, and a given .4b is much smaller than its value when ý --+ o is used,

implying that a has also to be small in order to get a good agreement between the

data and the model.

Another important feature shown in the table is that, for the fixed bed data, the

use of Equation (6.11) is more appropriate than the use of Equation (6.10) to estimate

the roughness corresponding to the experimental energy dissipation factors. This is

a consequence of including the ripple concentration in the analysis. Indeed. since the

bottom roughness is proportional to the ripple height and the ripple concentration,

and since these parameters do not vary in a given fixed bed experiment. a natural

way to take into account any variation in A. from one experiment to another. is by

including in the model the ripple concentration, rl/A, as in Equation (6.11). With

this equation the bottom roughness is kNv = 23.3 cm for A = 10 cm and k v = 11.7

cm for A = 20 cm. In turn, with Equation (6.10) k,v = 20.3 cm, regardless the ripple

concentration, which seems unrealistic.

In the case of the movable bed data the opposite holds, that is, expressing the

bottom roughness as a linear function only of the ripple height gives slightly better

overall results (a = 0.279 versus a = 0.308), and the inclusion of the ripple concentra-

tion does not seem to have an important effect on the fit. This suggests, as we should

expect, that the ripple dimensions for a movable bed are coupled in some way, and

therefore the ripple height contains information about the ripple steepness. making

unnecessary the use of both to estimate kN. In fact, this is indeed the case since the

cross-correlation coefficient for q and A is 0.92.

Comparing Table 6.2 with Table 6.3, we can say that, for the fixed bed data. the



best performance is from the Constant eddy viscosity model (a = 0.089 versus a =

0.184). As said before, this is in some way artificial since the Constant eddy viscosity

model itself is derived and calibrated with this same data set, and therefore should be

expected to perform better. Thus, for the purpose of comparing the energy dissipation

factor prediction, the more meaningful and relevant data set, from a practical point

of view, is the movable bed data. So. taking into account only the movable bed data.

the Combined model is giving a better prediction of fe than the Constant vt model

(ao = 0.279 versus a = 0.445).

It is important to point out that the values of a and 3., obtained when fitting the

wave flume movable bed data (Rosengaus, 1987 and Mathisen, 1989), are significantly

lower than the results corresponding to the wave tunnel experiments. This implies

that, even if we should expect the results to be similar, regardless the type of model

used, the measured energy dissipation in a wave tunnel appears to be higher than in

a wave flume, for the same range of relative roughness. This is due in part to scale

differences between the two types of experiments, since the wave flume experiments

were performed with relatively small amplitudes and periods of oscillation, compared

to the values used in the wave tunnel experiments. Additionally, given the complexity

of the general setup and in particular of the way the energy dissipation is measured

in a wave tunnel. we can say that the difficulty to distinguish and separate accurately

the energy dissipation due to the bedforms from the energy dissipation due to other

factors can potentially be a source of energy dissipation overestimation.

In Figure 6-2 are plotted the theoretical and the measured fe corresponding to

the movable bed data, for which kN = 12.3 rq was used, according to the results of the

analysis with all the movable bed data, shown in Table 6.3.

It can be seen that, except for some points with high f., the theoretical curve fits

relatively well Carstens' and Lofquist's data. The data points from Rosengaus and

Mathisen fall lower than the theoretical curve, since the value of a for these data

should in fact be 7.3 and not 12.3. However, a unique value for a is used, which
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10-  100 101 102

Ab/kN
Figure 6-2: Measured and predicted energy dissipation factors, as a function of the relative
roughness. Ab/kN. Theoretical values using Equation (6.6) with k.v- = 12.3 (solid line);
data from Carstens et al. (1969) (pluses); data from Lofquist (1986) (circles): data from
Rosengaus (1987) and Mathisen (1989) (crosses).

represents the overall fit.

We can finally say that, in terms of the ability to predict the energy dissipation

factor. the Combined model is having a slightly better performance than the Constant

eddy viscosity model.



Chapter 7

Conclusions

The present study was conducted to try to obtain an eddy viscosity model able to

predict accurately the details of the velocity profile, in particular the boundary layer

thickness, when dealing with pure waves over large roughness elements. Based on a

drag formulation of the flow-bottom interaction, a simple relationship was obtained for

the drag coefficient. From this, a constant eddy viscosity model was obtained. Then,

a model based on the classical Grant-XMadsen model was derived and compared to the

Constant eddy viscosity model in terms of their ability to predict the velocity profile

and the boundary layer thickness. Following that, another model which combines

the Constant eddy viscosity model and the Modified GM model was presented and

also compared to the Constant eddy viscosity model in the same terms. Finally, the

Combined and the Constant eddy viscosity models were compared in terms of their

capacity to predict the energy dissipation.

The drag formulation was used to express the energy dissipation in terms of the

drag coefficient. This result was combined with the standard expression of the energy

dissipation, which involves the energy dissipation factor, to derive an expression for

the drag coefficient as a function only of the ripple dimensions and the energy dissipa-

tion factor. This expression was then used to find that the drag coefficient CD can be

expressed as a linear function of rl/Ab. Given this relation, the drag model's predic-



tion of the energy dissipation became similar to that of a laminar model, suggesting

the use of a constant eddy viscosity model.

The Constant eddy viscosity model is identical to the laminar model, except in

the fact that the kinematic viscosity is replaced by the eddy viscosity. This approach,

combined with the drag coefficient relationship found before yields to an expression for

the eddy viscosity vt as a function of r4 /(A2T), which is compared to Sleath's (1991)

model based on analysis of experimental results. They both share the constant eddy

viscosity feature but they fail to agree on the functional form of the eddy viscosity in

terms of wave and bottom parameters.

The Modified Grant-Madsen model was derived in order to have a linearly varying

eddy viscosity model with a valid velocity profile prediction throughout the bottom

boundary layer, which is not the case of the classical Grant-Madsen model, especially

when dealing with large roughness elements. The result was a velocity profile identical

to that of the classical Grant-Madsen model, but shifted down such that the no-slip

condition was applied at z = 0, instead of at z = zo = kN/30.

The Combined model was designed to eliminate the unrealistic continued growth

of vt as z -s oc. present in the Modified GM model. The eddy viscosity in this model

was defined as linearly varying in the lower portion of the bottom boundary layer and

constant in the upper part. The height at which this change occurs was determined

by a constant am, which is also responsible for setting the magnitude of the constant

eddy viscosity.

When comparing the models, their predictions of the velocity profile and the

boundary layer thickness were first analyzed. It was found that the Constant eddy

viscosity model's details of the velocity profile, in particular the overshoot, were in

better agreement with the measurements than those of the Modified Grant-Madsen

model. Then the Constant eddy viscosity model and the Combined model were

compared, showing that they give similar results. Finally, the analysis of these two

models' ability to predict the energy dissipation showed that the results from the



Combined model were in slightly better agreement with the measurements.

The estimation of the boundary layer thickness was done by using an expression

from Grant and Madsen (1986) for the Modified Grant-Madsen and the Combined

models (Equation 4.17) and its equivalent for the Constant eddy viscosity model

(Equation 4.18). These equations involve constants which are not fixed a priori,

meaning that each equation has, strictly speaking, two unknowns and therefore the

determination of a theoretical boundary layer thickness cannot be made directly.

Hence, these constants were evaluated by using a numerical scheme, described in

Section 4.2.2, in order to obtain an estimate of the boundary layer thickness which is

truly comparable with observations.

The criteria used in the numerical scheme to estimate the boundary laver thickness

appeared to be consistent and rigorous for the three models, but it was not conclusive

in determining which model gives better predictions of this magnitude. However, an

interesting feature arose when developing this method, showing that, for the linearly

varying eddy viscosity models, the boundary layer thickness 6 is not a linear function

of the boundary layer scale, 1. Indeed, it appeared that 6 is a function of the product of

two monotonically increasing functions of the bottom roughness (one of them being 1).

This can be considered as an improvement of the boundary layer thickness modeling

In addition, when performing the energy dissipation analysis, expressions from

each model for the energy dissipation factor were obtained. In the case of the Constant

eddy viscosity model, the result was a simple expression involving known parameters

and a constant which could be obtained by fitting the available data. At the same

time, the prediction of the energy dissipation factor fe using the Combined model

implied the estimation of the bottom roughness kN. This was done by assuming

k, to be proportional to bottom parameters. However, the determination of the

constant of proportionality became a problem, and the only way to solve it was by

finding the value of kN with which the predicted fe was in average closest to the

measured fe. Then the comparisons consisted of analyzing the variability of the



individual predictions relative to the measurements. Based on this premise, a simple

expression for the bottom roughness over a rippled movable bed was found as

kN = 12.3 r, (7.1)

where •r is the ripple length. It is important to point out here that this expression

depends on the theory used in the energy dissipation factor analysis and therefore is

only valid when used with the Combined model presented in Chapter 5.

Finally, we can say that the models which are in better agreement with the mea-

surements, in terms of the velocity profile, are the Constant eddy viscosity model and

the Combined model. The first is very simple but the second presents the advantage

that it predicts slightly better the energy dissipation. The choice of one or the other

depends on the kind of information needed. If only an estimate of the velocity profile

is needed, it can be obtained from Equation (1.8), with the knowledge of the period

of oscillation, the wave amplitude, the water depth, and the ripple dimensions to

evaluate the eddy viscosity given by Equation (3.4). If an estimation of the energy

dissipation is desired, the Combined model is more suitable.



Appendix A

Velocity Profiles

The velocity profiles shown in this Appendix include the theoretical predictions from

the Constant eddy viscosity model, the Modified Grant-Madsen model and the Com-

bined model. Additionally the corresponding measurements from Mathisen (1993)

and Barrantes (1996) are included.
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Figure A-1: Velocity profiles obtained from 1) the Constant eddy viscosity model pre-
sented in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity model
presented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented here

(solid line)and, 4) Mathisen's Experiment "a" measurements above the trough of the ripples
(pluses) and above the crest of the ripples (circles).
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Figure A-2: Velocity profiles obtained from 1) the Constant eddy viscosity model pre-
sented in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity model
presented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented here

(solid line)and, 4) Mathisen's Experiment "b" measurements above the trough of the ripples
(pluses) and above the crest of the ripples (circles).
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Figure A-3: Velocity profiles obtained from 1) the Constant eddy viscosity model pre-
sented in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity model
presented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented here
(solid line)and. 4) Mathisen's Experiment 'c"' measurements above the trough of the ripples
(pluses) and above the crest of the ripples (circles).
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Figure A-4: Velocity profiles obtained from 1) the Constant eddy viscosity model pre-
sented in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity model
presented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented here

(solid line)and, 4) Mathisen's Experiment "n" measurements above the trough of the ripples
(pluses) and above the crest of the ripples (circles).
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Figure A-5: Velocity profiles obtained from 1) the Constant eddy viscosity model pre-
sented in Chapter 3 (dash-dotted line), 2) the Modified Grant-Madsen eddy viscosity model
presented in Chapter 4(dotted line), 3) the Combined eddy viscosity model presented here
(solid line)and, 4) Barrantes' Experiment "PWO" measurements above the trough of the
ripples (pluses) and above the crest of the ripples (circles).



Appendix B

Movable Bed Data

The movable bed data comes from Wikramanavake and Madsen (1991). Carstens et

al. (1969) data come from the first experiments in which the energy dissipation over a

movable bed was measured. Those experiments were performed in a wave tunnel and

the energy dissipation was measured by monitoring the air pressure and the water

level in the risers of the water tunnel. The data in Table B.1 is divided into three

sections, corresponding to three different sandy beds: in the first section, the mean

diameter is d50 = 0.19mm and the relative density s = 2.66: in the second section

d5o = 0.297mm and s = 2.47: and in the third section d50  0.585mm and s = 2.66.

Lofquist (1986) data also come from experiments performed in a wave tunnel. He

used different types of sand and the measurements were made over equilibrium ripples

as well as over growing ripples. The captions of the Tables are self explanatory.

Rosengaus (1987) and Mathisen (1989) experiments were done in a wave flume

and the energy dissipation was measured by recording the change in wave height

along the flume. The second section of Table B.6 and the first section of Table B.7

correspond to experiments performed with spectral waves.



Table B.1: Carstens et al. (1969).Wave tunnel data on ripple geometry and energy dissi-
pation under regular waves.

A b A r fe

(cm) (s- ') (cm) (cm)
18.16 1.77 10.9 1.5 0.112
23.70 1.78 10.6 1.3 0.091
31.33 1.78 10.0 0.5 0.085
8.18 1.77 10.4 2.1 0.202

8.92 1.77 10.6 1.8 0.265
11.99 1.77 12.7 2.2 0.198
13.66 1.77 14.5 2.6 0.18
15.37 1.77 14.5 2.6 0.183
20.85 1.77 19.4 3.3 0.142
23.39 1.77 22.1 3.6 0.155
26.11 1.78 24.5 3.2 0.155
32.39 1.77 27.0 3.1 0.115
35.60 1.78 20.1 2.1 0.106
44.50 1.78 19.1 0.5 0.077
39.05 1.78 22.0 1.4 0.0717
28.08 1.77 24.5 3.2 0.134
8.00 1.76 10.4 1.9 0.385

10.11 1.76 14.6 2.8 0.254
12.01 1.77 16.7 3.3 0.279
13.77 1.77 18.1 3.4 0.340
16.07 1.771. 20.4 3.9 0.321
18.54 1.78 23.9 4.5 0.211
19.65 1.76 25.2 5.2 0.326
22.35 1.77 29.0 5.8 0.293
24.19 1.77 25.7 4.8 0.277
24.77 1.78 26.4 4.9 0.270
26.64 1.78 30.0 5.6 0.254
29.08 1.77 26.2 5.0 0.256
30.80 1.76 30.4 6.0 0.257
32.68 1.77 39.1 5.6 0.244
35.18 1.78 37.8 6.8 0.225
37.43 1.77 35.7 6.2 0.226
39.22 1.81 -146.3 6.9 0.202
42.35 1.77 44.1 6.9 0.199
12.45 1.78 17.4 3.1 0.517



Table B.2: Lofquist (1986). Wave tunnel data on ripple geometry and energy dissipation
over equilibrium ripples with regular waves. Bed characteristics: d50 = 0.18rmm and s =
2.65.

Ab A fe
(cm) (s-') (cm) (cm)
26.9 0.86 31.8 3.8 0.126
:30.7 0.75 36.4 4.1 0.13
29.9 0.63 36.4 4.0 0.13
29.3 0.53 36.4 4.2 0.15
30.7 0.75 36.4 4.0 0.124
33.5 0.89 36.0 3.3 0.159
36.7 0.63 42.4 4.8 0.11
34.7 0.54 42.4 4.9 0.128
39.3 0.76 42.2 3.1 0.126
44.3 0.52 50.9 6.3 0.14
42.7 0.44 50.9 6.7 0.171
48.3 0.62 50.9 4.9 0.15
26.9 0.86 31.8 4 0.127
25.9 0.73 31.8 3.9 0.167
29.5 1.01 31.0 2.6 0.168
19.6 1.18 23.1 3.2 0.189
19.0 1.00 23.1 3.4 0.183
14.4 1.61 17.0 2.4 0.211
14.0 1.35 17.0 2.6 0.223
55.3 0.42 65.3 7 0.139



Table B.3: Lofquist (1986). Wave tunnel data on ripple geometry and energy dissipation
over equilibrium ripples with regular waves. Bed characteristics: d50 = 0.55mm and s =
2.65.

Ab w A 7 fe

(cm) (s') (cm) (cm)
23.9 1.13 31.8 7.1 0.285
23.9 1.69 31.8 6.8 0.218
23.9 1.38 31.8 7.1 0.248
31.9 1.04 42.4 8.5 0.255
25.5 1.30 31.8 6.7 0.247
22.0 1.51 31.8 6.1 0.258
20.6 1.60 31.8 5.4 0.211
27.7 1.20 34.0 6.9 0.264
17.4 1.56 23.1 4.6 0.218
17.4 1.90 23.1 4.5 0.269
17.4 2.33 23.1 4.4 0.283
17.4 2.33 23.1 4.3 0.277
31.9 1.04 42.4 8.8 0.289
31.9 0.85 42.4 8.2 0.315
23.9 1.69 31.8 6.5 0.184
25.9 2.01 31.8 5.2 0.181
28.9 2.21 31.8 4.8 0.163
23.3 1.42 31.8 6.6 0.212
23.3 1.16 31.8 6.7 0.271
23.7 1.70 31.8 6.3 0.183
25.5 2.04 31.8 5.4 0.186
28.9 2.21 31.8 5.1 0.142
17.2 1.93 23.1 4.6 0.275
17.2 1.57 23.1 4.8 0.224
17.6 2.31 23.1 4.5 0.257
24.1 1.68 31.8 6.4 0.182
25.5 1.59 31.8 6.4 0.175
22.0 1.84 31.8 5.7 0.164
20.8 1.95 31.8 5.1 0.184
27.5 1.47 31.8 6.3 0.177
31.9 1.27 43.5 8.2 0.283



Table B.4: Lofquist (1986). Continuation of Table B.3.

Ab rf A rI fe
(cm) (s - ) (cm) (cm)
31.9 1.63 39.3 7.9 0.240
38.3 0.71 52.2 10.1 0.348
38.3 0.87 58.0 11.5 0.351
38.3 1.06 58.0 12.0 0.314
31.1 1.68 37.3 6.9 0.236
33.9 1.88 37.3 6.2 0.199
28.3 1.43 37.3 7.3 0.220
27.9 1.18 37.3 7.2 0.277
27.5 0.98 37.3 7.1 0.273
33.9 1.54 43.5 8.4 0.215
35.1 1.49 43.5 8.2 0.247
38.7 1.65 43.5 7.7 0.184
32.3 1.25 43.5 8.6 0.253
31.9 1.03 43.5 8.6 0.317
31.9 0.85 43.5 7.8 0.345
38.3 0.86 52.2 10.3 0.309
38.3 0.70 52.2 10.2 0.395
38.7 1.05 52.2 10.5 0.281
41.9 1.25 52.2 9.8 0.229
46.3 1.38 52.2 8.9 0.238
47.9 0.69 65.3 12.6 0.330
47.9 0.56 65.3 13.5 0.415
48.3 0.84 65.3 12.9 0.329
51.9 1.01 65.3 12.2 0.248
24.3 1.65 28.1 5.8 0.178
24.3 1.35 28.9 5.9 0.198
24.3 1.11 30.3 5.8 0.236
26.7 1.95 30.2 5.5 0.150
29.5 2.17 31.2 4.7 0.128
24.3 1.63 28.8 5.6 0.191
24.3 1.63 29.0 5.9 0.209



Table B.5: Lofquist (1986). Wave tunnel data on ripple geometry and energy dissipation
over growing ripples with regular waves. Bed characteristics: d50 = 0.18mm and s = 2.65
for the first section of the table and d5 0 = 0.55mm and s = 2.65 for the second section.

(cm) (s1)(cm) (S-'
30.7 0.76
30.7 0.76
30.7 0.76

24.3
24.3
24.3
30.3
30.3
30.3
30.3
17.6
17.6
17.6
38.7
38.7
38.7
38.7
38.7
38.7

1.63
1.63
1.63
1.32
1.32
1.32
1.32
1.32
1.32
1.32
1.05
1.05
1.05
1.05
1.05
1.05

(cm) (cm)
25 2.8
26 2.9

26.7 3.1

10.3
24

25.7
14.6
24.2
32
45
8

13.8
21.3
7.6

12.6
15.8
21.3
36
35

0.75
4
5

1.75
3.7
6.3
7

0.65
2.4
3.9
0.3
1.4
1.7
2.8
0.0

6

fe

0.12
0.138
0.105

0.068
0.147
0.177
0.098
0.163
0.216
0.245
0.079
0.168
0.226
0.039
0.048
0.081
0.123
0.168
0.188



Wave flume data on ripple geometry and energy dissipation
over sandy bottom.

Exp. -4b A T fe = fw fe
(cm) (s- ') (cm) (cm)

N 9.082 2.39 9.90 1.570 0.1728 0.147
P 5.545 2.39 7.37 1.290 0.2425 0.206
Q 7.231 2.39 8.92 1.488 0.2230 0.189
R 12.045 2.39 10.62 1.603 0.1803 0.153
S 6.068 2.90 8.57 1.345 0.1652 0.140
T 9.157 2.03 10.16 1.598 0.1129 0.096
U 6.43 2.62 8.66 1.426 0.1874 0.159

VI 9.271 2.39 10.91 1.672 0.1766 0.150
W1 9.008 2.39 10.10 1.548 0.1564 0.133

C' 5.7737 2.30 8.68 1.520 0.2782 0.236
E' 5.312 2.39 9.09 1.450 0.2260 0.192
G' 6.6691 2.1 9.14 1.473 0.1355 0.115
X 5.5178 2.55 8.45 1.420 0.2626 0.223
Y 5.682 2.29 8.61 1.516 0.1941 0.165
Z1 7.9163 2.23 10.05 1.581 0.0275 0.023
Z2 5.4131 2.37 8.2 1.447 0.2090 0.177
A' 5.1926 2.38 7.97 1.382 0.2635 0.224
B' 5.8601 2.2302 8.21847 1.388 0.2084 0.177

Table B.6: Rosengaus (1987).



Table B.7: Mathisen (1989). Wave flume data on ripple geometry and energy dissipation
over sandy bottom.

Exp. Ab
(cm)
4.81
8.68
5.92
6.23
6.27
7.45
7.63
5.49
6.44
6.56
5.91
7.51

4.61
6.44
8.00
9.39
10.30
7.16

(s 1)
2.57
2.48
2.38
2.44
2.45
2.43
2.42
2.46
2.68
2.66
2.65
2.68

2.39
2.39
2.39
2.39
2.39
2.39

A
(cm)
7.66
8.64
8.45
8.22
7.93
9.37
9.11
7.71
8.26
8.66
7.56
8.18

6.76
8.69
8.83
9.30
9.29
8.42

(cm)
(cm)
1.08
0.95
1.183
1.052
1.095
1.087
1.111
1.218
1.032
1.135
1.210
1.022

1.46
1.36
1.02
1.16
1.18
1.37

fe = fw fe

0.17.5
0.047
0.167
0.118
0.101
0.066
0.08

0.142
0.102
0.133
0.174
0.108

0.193
0.190
0.107
0.094
0.084
0.178

0.149
0.040
0.142
0.100
0.086
0.056
0.068
0.121
0.087
0.113
0.148
0.092

0.164
0.161
0.091
0.08

0.071
0.151



Appendix C

Details of the Energy Dissipation

Factor Non-linear Regression

As shown in Sections 4.1 and 5.1, a bottom boundary layer model using a linearly

varying eddy viscosity has the disadvantage of involving the determination of the

bottom roughness and the friction factor through a somewhat complicated iterative

procedure. In order to avoid this time consuming step, simple explicit formulas have

been developed, which express the friction factor f, as a function of the so-called

relative roughness Ab/kN.

For the classical GM model, Madsen (1994) suggests

7.02 -0.078 -8.82
f, = e kN (C.1)

valid for 0.2 < .4b/kN < 102, which is the range of interest in our study, and then the

energy dissipation can be obtained from f, = f, cos y:t where

t = 33 - 6.0 log valid for 0.2 < b < 103 . (C.2)
Ske kN

These expressions are also valid for the Modified GM model. The constants in



these expressions were obtained by using known points. In particular, Equation (C.1)

was obtained by fitting three points with a curve of type

At kA +A3
= e kN (C.3)

where .41, 4A2 and 43 are the constants to be found.

Another way of getting an explicit expression of the type of Equation (C.3) is

by using a larger number of pairs (k, fW) and performing a non-linear regression.

For that the Gauss-Newton method was chosen, which is based on determining in an

iterative fashion the values of the constants A. that minimize the sum of the squares of

the residuals between data and nonlinear equations. The key concept underlying the

technique is that a Taylor series expansion is used to express the nonlinear equation

in an approximate, linear form. Following is a simplified description of the method.

The details can be seen in Chapra and Canale (1990, pp 358-362).

Letting the exact friction factor be y and the approximation using Equation (C.3)

be f,, the relation between them can be expressed as

yi = f.(xi) + ei, (C.4)

where x = Ab/kN and ei is the ith error. Expanding in Taylor series and retaining

only the first derivatives, the nonlinear model reads

( + f(Of(xi)x O + + f,()j (C
fw(xzi)j+l = f,(a,)j + AA + 0 42 3 -OA I OA2 OA3

where j is the initial guess, j + 1 is the prediction, AAk = Ak,j+ - kj, (k = 1, 2. 3).

Thus, having linearized the original model, Equation (C.5) can be substituted into

Equation (C.5) and we get

f(- f() f,f(xi)j 2  fw(xi)j (C.6)
S- (i)j= A 2  A 3 (C.

8Atl 83A2 A



or in matrix form

{D} = [Zj]{AA} + {E}, (C.7)

where the vector {D} contains the differences between the exact and the approximated

friction factors, [Zj] is the matrix of partial derivatives of the function evaluated at

the initial guess, j, the vector {AA} contains the changes in the constant values and

{E} is the vector of errors.

Applying linear least-squares theory to Equation (C.7) results in the following

normal equations

[[Zj]T[Z=] {XA} = [Z]"{D}. (C.8)

The approach consists then of solving Equation (C.8) for {AA}, which can be

employed to compute improved values for the constants as 4Ak,j+l = Ak,j + A.k,

(k = 1, 2, 3). This procedure is repeated until the solution converges, that is, until

1k= Ak,j+l -Ak k = 1,2,3,Akj+1

falls below an acceptable stopping criterion.

With this method, the values of the constants A,4, A 2 and A43 are significantly

different than in Equation (C.1), and Equation (C.3) becomes

f = e kN (C.9)

However, the errors associated with the non-linear regression and with the "three-

point method" used in Madsen (1994) are of the same order. Indeed, the sum of

squares of the differences between the exact and the approximate friction factors is

7.82 10-5 when using Equation (C.1) and 1.33 10- 5 when using Equation (C.9), and

for both equations the average error represents less than 1% of the exact value. There-

fore, even if they appear to be different, Equations (C.1) and (C.9) are equivalent for

the purpose of evaluating f, or fe with the knowledge of kN.
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