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Abstract

The force density in polarizable and magnetizable fluids in nonuniform motion is

evaluated in a way that is consistent with the special theory of relativity. The derivation

is based on a generalization of the principle of virtual work. For application of the

principle, it is necessary to know the energy density and power-flow density in a local

rest frame of the fluid element under consideration. These are obtained from thermo-

dynamic information and an extrapolation of the Poynting theorem applied to a rigid,

nondeforming medium. Two different formulations of electrodynamics of moving and

deforming media are compared. It is shown that they lead to the same force density if

the same thermodynamic information is used in each of them. A simple model for the

force density is obtained, starting from the E-H formulation.
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I. INTRODUCTION

This report deals with the problem of predicting the force of electromagnetic origin

in moving and deforming material bodies. Our theory takes account of the special theory

of relativity and treats materials with fairly general electrical and mechanical constitu-

tive relations. Viscosity and intrinsic angular momentum are the most important phys-

ical phenomena that are not included. For simplicity we shall discuss, in detail, only

polarizable and magnetizable fluids. The same technique can also be applied to solid

bodies that are moving and being deformed.

The theoretical bases of electromagnetism and of continuum mechanics are well

established. We are interested here in the interaction between electromagnetic fields

and mechanical motion; therefore, these well-established theories must be augmented.

Several formulations of electromagnetism of moving media have been developed. 3

These formulations appear to be formally different, but all give the same predictions for

fields in free space surrounding moving bodies or in slots made (or imagined) in the body

for the purpose of measuring fields. The formulations predict different fields inside

material bodies, but these different predictions are not in themselves contradictory,

since such fields are not directly accessible to measurement.l Indeed, measurements

of the deflection of particles injected into the material cannot be used to determine the

macroscopic fields inside the material because the average of the microscopic fields

seen by the particle is not necessarily the same as the average fields used in the macro-

scopic analysis; in fact, the former depends upon the velocity of the particle. Thus, any

one of these theories formulates the effect of moving matter upon the field correctly if it

predicts the correct fields in the space surrounding the moving fluid.

To account for the effects of the polarization and magnetization of moving matter upon

its motion, the theory of continuum mechanics is augmented by forces of electromagnetic

origin. Since the theory of electromagnetism is not consistent with nonrelativistic

mechanics, we shall use relativistic continuum mechanics. For example, see M0ller. 4

The force equation 5 of relativistic continuum mechanics which we shall use is

atnmv + V (nm) = fk, (1)

where nm is the relativistic mass density, v is the velocity, fk is the force per unit

volume, and a/at is the partial time derivative. The aim of this report is to determine

explicit expressions for fk under a variety of conditions.

The equations describing moving and deforming continua in the presence of electro-

magnetic fields consist, on the one hand, of Maxwell's equations and the appropriate

electromagnetic constitutive laws (which may involve mechanical variables), and, on the

other hand, of Newton's law (1) and a specification of the way fk is related to mechanical

and electromagnetic variables. The equations have not been determined before in the

generality that we envision. Many workers have derived what they call a force density,

1
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or a force of electromagnetic origin (or, the equivalent, an electromagnetic energy-

momentum tensor), but fail to state explicitly the mechanical equation in which this

force, or energy-momentum tensor, is to appear. The various forces or energy-

momentum tensors did not always agree with each other, and there has been consider-

able discussion about which of these, if any, is "correct." Such discussions are

irrelevant unless the particular force or tensor is accompanied by a statement of the

mechanical equation in which it is to be used to predict motion and deformation of the

continuum.

Some workers have appreciated this point, and have accounted for it either by explic-

itly giving Newton's law or by giving the total energy-momentum tensor, the sum of a

kinetic tensor and an electromagnetic tensor. Of these workers, only Meixner and his

associates 7 1 0 have obtained results that agree with ours in the common area of appli-

cation. Meixner has treated the thermodynamic aspect more thoroughly than we have,

but the only rest-frame electrical constitutive relations that he has considered are linear,

We allow for nonlinear relations, partly for greater generality, but also for easier phys-

ical interpretation of many terms. We also permit constitutive relations that describe

dispersive media. We believe our derivation of the force density, as given in this paper,

uses fewer and more reasonable postulates than those of Meixner and de Sa,7 and also

requires somewhat less complicated mathematics. Furthermore, we were able to

reconcile the apparently different force densities predicted by the different formulations

of electromagnetism of moving media. This is important because some of the theories

have rather simple physical interpretations in terms of microscopic models, and these

models help toward an understanding of the force density.

In Section II we give the equations of electrodynamics in the Minkowski formulation,

and in Section III those of the E-H formulation. In Section IV we study the kinetics of a

continuum. In Section V we discuss the force density, energy flow, and momentum flow

for a continuum of free charges and currents in the presence of electromagnetic fields.

We discuss the generalizations necessary when matter is present. In Section VI we

derive the necessary relativistic transformation laws. It is assumed that the reader is

familiar with the basic coordinate transformations of special relativity. However, four-

vector and tensor notation is not used and four-space geometry is not employed. In

Section VII we introduce the principle of virtual power, a generalization of the well-known

principle of virtual work. In Section VIII the principle of virtual power is applied to the

Minkowski formulation to obtain the force density and power-conversion density for a

moving, deforming, nondispersive, polarizable and magnetizable medium. In Section IX

the same principle is applied to the E-H formulation of electrodynamics, and it is shown

that the same force is obtained provided the same thermodynamic information is used.

Finally, in Sections X and XI the pressure and force density are interpreted, the latter

in terms of a microscopic model. In the Appendix it is shown that the force predicted

by the Minkowski and E-H formulations are equivalent.
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II. EQUATIONS OF ELECTROMAGNETISM IN THE MINKOWSKI FORMULATION

In this section we summarize the equations for electromagnetic fields in the presence

of polarizable and magnetizable matter. We present the Minkowski formulation first

because it is better known. The E-H formulation appears in Section III.

Minkowski's equations for the electromagnetic fieldl are

V X 0 + aB = 0 (2a)at

V -= 0 (2b)

V XH at= Jf (2c)

V D= pf. (2d)

The terms Jf and pf are the free current density and charge density associated with con-

duction current and convection of the charge. They obey the continuity law

V- Jf+ pf =0. (3)

In the Minkowski formulation the same field equations (2) are used to describe the

electromagnetic field, whether in vacuum or in the presence of polarizable and magnetiz-

able matter. The influence of matter is incorporated in the constitutive laws.

The constitutive laws depend, in general, upon the velocity of the matter.

Equations (2) and the constitutive laws determine the electromagnetic field, provided the

velocity field V(F, t) of the matter is known. In order to predict the velocity, one needs

to know the forces acting upon the medium. The determination of the force density is the

main goal of this report. Because certain insights may be gained from the study of fields

in free space with free charges, we shall consider this in some detail first. This study

serves as a useful introduction to the E-H formulation that is considered in Section III

and to the study of the forces on charges in free space considered in Section V.

In free space, the constitutive laws are

D= E0 (4a)

B = 0gH, (4b)

where 0 is the permittivity of free space, and ,u0 is the permeability of free space. When

these constitutive relations are used in Maxwell' s equations, we find that only two fields,

rather than four, are necessary. If we choose E and H as the two fields to use,

Maxwell' s equations become

V X + a I H = 0 (5a)

V H = 0 (5b)0

3

� I



V H at EE = Jf (5c)

V E0 E pf. (5d)

The fields E and H are completely determined by this set of equations, once Jf and

Pf are known as functions of space and time. Equations (5) will be used in Section V to

discuss a system of charged particles in free space. They also serve, however, to indi-

cate the philosophy behind the E-H formulation. Instead of retaining the form of the

equations of electrodynamics when introducing matter into the vacuum, one may instead

treat the changes wrought in the E and H fields as being due to the sources (electric or

magnetic) brought in by the matter and introduce them explicitly on the right-hand sides

of these equations. This approach results in the E-H formulation. The equations that

are obtained and the field variables within polarized and magnetized moving matter are

different from those of the Minkowski formulation.

4



III. EQUATIONS OF ELECTROMAGNETISM IN THE E-H FORMULATION

In the E-H formulation only two field vectors, E and H, are used in free space. The

effect of matter upon the field is taken into account through the polarization density vec-

tor P and magnetization density vector M (as observed in the laboratory frame). The

equations of electromagnetism include on the right-hand side modifications due to the

presence of matter as sources of the field.

3H 3 (
VxE 0 at -at 0 M - (6a)

V ~ = -V. HM (6b)

V X H- _ o 0 aE _ a P + V X (X v-) + -fXH-EP at at TPX(PXV)+Jf (6c)

V · E = -V · P + pf. (6d)

Note that the left-hand sides of (6) and of the equations of the Minkowski formulation in

free space (5a) are identical and that the right-hand sides become identical when M and

P are zero.

It should be pointed out that the E and H vector fields of the present formulation

are not the same as those of the Minkowski formulation inside matter if M and P are non-

zero. In fact, comparison of (6) and (2) shows that both sets of equations contain the

same information if one sets

EM = E + M X v (7a)

BM = P' 0 (H+M) (7b)

HM= H- P X v (7c)

DM = E + P, (7c)

provided the free charge density pf and free current density Jf are taken to be the same

in the two formulations. Our notation does not distinguish the two sets of field quantities

except in those cases where confusion could arise. Then we denote all Minkowski quan-

tities by the subscript M, and use no subscript for the field quantities of the E-H formu-

lation.

The polarization and magnetization are determined from two constitutive laws

relating P and M to E and H and, maybe, their derivatives or integrals, and the geo-

metric state of the matter.

5
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In free space, the Minkowski E and H fields are identical with those of the

E-H formulation. Thus both formulations predict the same fields in the space sur-

rounding polarizable and magnetizable matter and in slots cut into the matter, provided

equivalent constitutive relations and the same velocity fields are assumed in both. The

velocity fields predicted by the two formulations will be the same if the force densities

are the same. The force densities will be shown to be the same in the Appendix.

6
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IV. KINETICS OF A CONTINUUM

Consider a continuum, such as a fluid or deforming solid, whose motion is described

by a velocity field V(F, t). It is convenient to obtain the equations for such a continuum

as the limit of a system of particles of density n, with relativistic mass m, because then

some of the transformation laws become particularly clear. The relativistic equation of

motion (1) is

a
V nmvv+-nmv fk (8)

where the relativistic mass m is related to the rest mass m 0 by

m0m = (9)
v2

c

The continuity equation (law of conservation of particles) is

a
a-n + V · nv = 0. (10)at

If the fluid consists of many species of particles that are clustered together so that a

single velocity field describes the macroscopic motion, the same approach is applicable.

The mass density nm retains its meaning in this case. The particle density is replaced
nIn

by quantity n> where <m> is the average mass per particle.

One vector equation and one scalar equation describe the kinetics of the system. A

different scalar equation, which may be used instead of the continuity equation, is obtained

by dot-multiplying (8) by v and using (9) and (10):

2- a 2 
V · nmc v + -tnmc = fk . (11)

This is the equation of conservation of energy, nmc being the relativistic (kinetic plus

rest) energy density of the fluid.

Equations (8) and (11) express conservation of momentum and energy. In (8) nmrnvV =

Tk is the dyadic density of kinetic momentum flow and nmrn = Gk is the kinetic momen-
2- - 2

tum density; in (11) nmc v = S k is the density of kinetic energy flow, and nmc = Wk is

the kinetic (including rest) energy density. Using these symbols, one may recast (8)

and (11) in the form

V Tk + at Gk = fk (12a)

· Sk + Wk k (12b)

where

ck = fk '(13)

7
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is the power conversion density into kinetic form. Conservation equations of the form

(12) may be written for forms of momentum and energy other than kinetic. Because the

force density appears on the right-hand side of Eq. (12a), this equation and the remaining

similar conservation equations for the electromagnetic field and the internal energy flow

in the matter provide the means for determining the force density.

In the next section we arrive at the well-known expression for the force density for a

simple physical system, a pressureless charged fluid in an electromagnetic field. The

derivation will help us interpret the steps we shall use later to arrive at the force density

in a more general medium.

8



V. MACROSCOPIC FORCE DENSITY FOR A FLUID OF CHARGED PARTICLES

Consider a fluid of charged particles with zero dipole moment moving through free

space. The equations of the Minkowski formulation and those of the E-H formulation

become identical. The force density acting on the particles is obtained directly from the

Lorentz Law

fk = pfE + Jf X [I0H (14)

where

Jf= pf. (15)

This force density appears on the right-hand side of the momentum equation (8).

The momentum law (8) and the energy law (1 1) (which adds the same information as

the continuity equation) describe the motion of the fluid in terms of the electromagnetic

fields. Equations (5) and (15) describe the fields in terms of the motion (velocity field v)

of the fluid. Thus, the pressureless fluid of free charge is completely described by these

two sets of equations.

It is informative to study the laws of conservation of momentum and energy for the

present example. The fluid obeys the momentum law (8) and energy law (11). The elec-

tromagnetic field in turn obeys momentum and energy laws. The momentum law is

obtained by cross-multiplying (5a) and (5c) by E0 E and uOH respectively, and adding. The

left-hand side (VX E) X oE+ (VX H) X gLoH can be expressed as a divergence using (5b)

and (5d) so that a momentum conservation theorem results:

17 Z(,0 +E -(E ER-yLa~] f + (E p. 0EX H)V 02 6(1loH+ at 0 0

= -(pfE+JfXO±H)

-fk' (16)

Dot multiplication of (5a) and (5c) by-H and E respectively and addition yields

Poynting' s theorem

V (EXH)+ t (eE + 1 o2) -E Jf

fk v (17)

where (14) and (15) were used.

Equations (16) and (17) are the electromagnetic counterparts of the momentum and

energy laws of the kinetic system, (8)and (11). One may write them in a form analogous

to (12)

V7 7 + G = (18a)e at e e

9
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V · Se + We = e (18b)

Here

T-e = (L +E ) - (E0 fEE++ 0 HF) (19)

Ge E0 L0E X H (20)

Se = EXH (21)

1 -2 1 -22)
e = 2 

= -(pfE+JfX LTH) (23)
e 0

e =-E .Jf. (24)

In the present simple case fe = -fk and e = -k Thus, adding (12) and (18) one obtains

V (Te+Tk) + at (Ge+Gk) = 0 (25a)

V (Se+Sk) + t (We+Wk) = 0. (25b)

These two conservation relations are in the form of conservation relations with no

sources of momentum or energy. Such a conservation relation must be obeyed if a

complete description of a system which includes all momenta and energies is used.

Equation (18) is typical of conservation theorems obeyed by a partial description not

including all momentum and energy terms of the system. The source densities, fe and

e of momentum and energy, account for the effects upon the electromagnetic part of

the system by the kinetic part.

The derivation of the force densities and conservation principles was simple in the

present case with a fluid of noninteracting particles in an electromagnetic field. The

force density was obtained from the Lorentz law because the electromagnetic force acts

directly toward acceleration of the fluid. In a fluid with pressure or a medium containing

polarization and magnetization, the force density cannot be computed directly from a

Lorentz-like law: in part, because there are contributions to the force density from

particle interactions of classical, as well as quantum-mechanical, nature; and in part

because the use of a macroscopic field quantity implies an averaging process. The

Lorentz force density is the product of two macroscopic quantities, charge density (or

current density) and a macroscopic field. The force itself, even if it were legitimately

computed on a nonquantum basis, would be the average of a product of microscopic quan-

tities. An average of a product is not necessarily equal to a product of averages. We

conclude that, additional information beyond Maxwell's equations, the Lorentz law, and

the relativistic Newton's law is needed to determine the force density or motion and

10



deformation in a system in which interaction forces are important because of the high

density of the particles. In a nondissipative system such information is macroscopically

given once the internal energy density and power-flow density are known. From them

one may evaluate the momentum-flow density T e, and the momentum density Ge. These

in turn determine the force density through an equation of the form (25a).

11
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VI. RELATIVISTIC TRANSFORMATION LAWS

Relativistic transformation laws are needed in a derivation of force density in moving

matter for two reasons: (a) The constitutive laws are usually stated in the rest frame,

a frame instantaneously at rest with respect to the material element under consideration.

The constitutive laws in the laboratory frame of observation are derived from those in

the rest frame by relativistic transformations. (b) The derivation of the force density

from thermodynamic information leads naturally to the force density as observed in the

rest frame. The force density in the laboratory frame is then obtained by a transforma-

tion.

6. 1 TRANSFORMATION OF LENGTH AND TIME

The basic transformation relations, on which all others are based, relate the space

and time coordinates in two frames of reference. If the primed reference frame moves

with respect to the unprimed one at a velocity u then one has 112

' = y(rll -ut) + r (Z 6a)

t' 2) (26b)

r = y(rj +ut') + r5 (2 6c)n I

Y( +2) (2 6d)
c 

where

¥ = ---- r~·(27)

1 -u z
2c

Here the subscripts II and indicate components of vectors parallel and perpendicular

to the relative velocity u.

Equation (26) predicts the Lorentz contraction of a measuring stick at rest in the

primed frame (now denoted by the superscript 0) when viewed from the unprimed frame,

which moves at a velocity v = - with respect to the rest frame.

2 -0O -0
d = /1 1-- +d (28)

c

A more complicated equation results where the measuring rod is compared in two

frames, and neither is'the rest frame of the rod. This transformation relation is useful

for the determination of the transformation of polarization and magnetization density.

12



MEASURIING ROD \,

T(r)

T( t)

-- V

Fig. 1. Measuring rod moving at an arbitrary velocity.

Since it is less well known, we go through the derivation here. The motion of the two

endpoints of the measuring rod in the unprimed frame is described by (see Fig. 1)

r = + t (29a)

(29b)

where K and k are constant vectors. The vector length of the rod as measured in this

frame is obtained from the above by setting T=t.

d = r(t) - p(t) = k - K. (30)

We next apply (26a) to (29). If the rod is to be measured in the primed frame,

positions of the endpoints of the rod must be recorded simultaneously, i. e., t'=T'.

vector difference of the two endpoints is then the vector length d'.

d' = r'(t') - p'(t')

=ri - (T) + y[II (t)-p 11 (T)] - yU[t-T]

the

The

(31)

where the right-hand side is evaluated at the times t and corresponding to simulta-

neity in the primed frame, t'=T'. The time difference in the unprimed frame for events

simultaneous in the primed frame is obtained from the transformation (26b) applied to

t' and T' and setting t'=T'.

t - _ t=', [F(t)-P(T)] 2
c

C 2
c c

= d u +v (t-T) (32)

c c

and thus

13
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- u
d

2
c

t - it,=T, (33)

1 2
C

Introducing this expression into (31) and noting that p is a linear function of according

to (29), one finds

_ d 11 u X(d X )
d +--

d' = c (34)

2c

V_

v' = _ ----. (35)

2
c

From (26) and (27) the laws of transformation for the gradient and time derivative follow

directly. In order to evaluate the derivative 7i parallel to the velocity u in the primed

frame, one writes rl in terms of r and t and uses the chain rule of differentiation. In
II

this way one finds

7i= + c + 1 (36a)
C

a = a v) (36b)

Next we turn to the transformation relations of the mass and particle density. Since

the number of particles observed is an invariant, particle density transforms inversely

as a volume element. Consider a set of particles moving with the common velocity in

the unprimed reference frame and occupying a volume V. It is convenient to use for V

a rectangular parallelepiped with one side along T, the velocity of the primed frame, as

seen from the unprimed frame. Application of (34) to the three sides of this parallele-

piped yields the transformation law

V' V/y (37)

u v

c

14



Thus, the transformation law for particle density is

1 u2 (38)n' = yn (-1 ). (38)

The mass of a particle with rest mass m 0 is, in a frame in which the particle moves

with the velocity v,

m 0m (39)

v

c

Using the transformation law for velocity, (35), one may find the mass m' as observed

in the primed frame

m' = m I - u (40)

6.2 TRANSFORMATION OF CURRENT DENSITY AND CHARGE DENSITY

The transformation law of electric current density and charge density follows

directly from the laws of transformation for particle density and velocity. Let us con-

sider a current density J produced by a single species of charges of charge density p

flowing at a velocity v. Then

J = pv. (41)

Since p = qn, where q is the charge of one particle and a relativistic invariant and n is

the particle density, we may use transformations (35) and (38) to obtain

'= Y -up) J (42a)

= 2u j (42b)
c

The derivation of the transformation laws was based on a model involving one simple

species of charges. In this special case it is possible to find a reference frame in which

the current density vanishes (the rest frame of the charge particles), but it is not pos-

sible to find a frame in which the charge density vanishes. In four-space terminology

this means that J and p form a timelike four-vector. The transformation law is, as

yet, limited to a special case. However, it is easily generalized to apply to a general

current flow (for which one might find reference frames in which the charge density van-

ishes) by applying the transformation to current densities and charge densities that are

the superpositions of the flows of different species. Applying (42) to each species and

adding, one finds laws still of the form of (42), but not limited to a single species.

15
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6.3 TRANSFORMATION OF FIELDS

14
In the Minkowski formalism the transformation laws for the fields are

E' = E1 + y(EL+u X B) (43a)

H = H + y(H'-uX D) (43b)

D' = DDl + u> ) (43c)
C

B'B + (B Z) (43d)

When one applies the transformation laws to constitutive laws stated in the rest frame

of the material, one identifies the primed frame with the rest frame and u with the

velocity v of the rest frame with respect to the laboratory frame. In this special case

we shall identify the quantity y by a subscript 0.

1 (44)
0 =

2
V

c

In the frame instantaneously at rest with respect to the volume element of the medium

under study (the rest frame), one class of constitutive laws is

D0 = 0(E ) (45a)

B0 = B0(H ). (45b)

-0-0 -0-0 - -o
Here D (E ) and B (H ) are in general nonlinear vector functions of E and H . These

equations imply that the polarization and magnetization depend upon the E and H fields

respectively at the instant of interest and at the point of interest. These laws do not

describe materials in which the polarization may be affected by the H field and the mag-

netization by the E field and further, do not include space-dispersive and time-

dispersive media in which the polarization or magnetization depend on space or time

derivatives of the electromagnetic fields.

In order to use (45) in Maxwell's equations in the laboratory frame, with respect to

which the medium moves, one makes use of the transformations (43) relating the field

variables in the rest frame (identified with the primed frame) to those in the unprimed

frame when the former moves at a velocity v with respect to the latter.

The transformation laws in the E-H formulation 5 are similar to a certain extent to

those of the Minkowski formulation. In particular, since the left-hand sides of Maxwell's

equations for the E-H formulation are identical with those of the Minkowski formulation

in free space, it is clear that the E-H fields of the former (even in the presence of

16

�� __ _. I



polarized matter) should transform like the latter in free space, with B = oH , D E= E

One has,

E' = EII + y(El+u X .OH) (46a)

H = HII + y(HL-uX EOE). (46b)

There are no quantities analogous to D and B in the E-H formulation. Instead there are

P and M. The transformation for P may be constructed by applying physical reasoning

to a model for polarization. The polarization density in any frame may be written as the

product

P = Nqd (47)

where d is the vector distance separating the charges ±q, and N is the dipole number

density.

The transformation law for vector distance (34), the law for particle density (38),

and the fact that charge is an invariant under relativistic transformations yield immedi-

ately the transformation for polarization density

P' = N'qd'

dll u X (dXv)
= Nq - j (48)

or

uX (PX )
P' = P + YP - * (49)

C

Since the magnetization density appears in Maxwell's equation of the E-H formulation in

a similar way, one expects that it should transform in a way similar to that of P. One

finds indeed

u X (MX v)
M' = Mii + M 1 - y (50)

It is of interest to compare the Minkowski transformations and those of the E-H

formulation. Equation (7) expresses the Minkowski variables E M , HM , DM and BM in

terms of the E and H field of the E-H formulation, and the polarization P and M. One

may check easily that the transformation laws for the Minkowski variables are consist-

ent with those of the E-H formulation by transforming the left-hand sides of (7) by the

Minkowski transformations (43) and the right-hand sides by the transformations (46),

(49), and (50) of the E-H formulation.

The next question to be resolved is whether the same fields are predicted by both

formulations either in the free space surrounding moving matter or in slots cut into
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moving matter. In order to evaluate the fields in either formulation, it is necessary to

use constitutive laws relating DM and B M to E M and HM in the Minkowski formulation

and relating P and M to E and H in the E-H formulation. An example of such constitu-

tive laws is given in (45) for the Minkowski formulation for the case of nondispersive

polarizable and magnetizable matter. These laws are applied in the rest frame and then

transformed into the moving frame by the relativistic transformation (43).

Corresponding constitutive laws may be applied in the E-H formulation. In the rest

frame the quantities in the two formulations are simply related

DM EE + (5la)

E - (5b)M

-0
BM 0(H0 M 0) (51c)

-0 -0
Hm H. (51d)

Thus, if one sets

-- O -0 -O -0
P (E ) DM(E ) EE (52a)

0(H) = (H) - i0 H (52b)

-0 - -0 -0
where DM(E ) and BM(H ) are the specific functional dependencies of (45), the constitutive

laws as well as the four Maxwell's equations of the E-H formulation can be cast into the

Minkowski form by using (7) since the velocity field V has the same meaning in both

formulations. Since EM = E and HM = H in free space the two formulations predict the

same fields in free space surrounding the medium. The predictions of velocity are the

same if the force densities of the two formulations are identical. We shall demonstrate

this in the Appendix.

The arguments presented here are applicable to other than nondispersive materials

provided the correspondence between the constitutive laws of the two formulations is

maintained in the manner illustrated above.

6.4 TRANSFORMATION OF FORCE AND RELATED QUANTITIES

The transformation of force density and power-conversion density may be obtained

by recognizing the transformation of the quantity f = pEM + J X BM, which is a force

density in the Minkowski formulation, and b = EM J, which is a power-conversion

density. By using the transformation laws (42) and (43) one finds

f' Y f 1 ) + f (53a)
11 
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o' = y(-u f). (53b)

2Note that the vector f and scalar /c transform like the space coordinate r and time t.

Next we consider the transformation of momentum density G and momentum-flow

density T, of energy density W and energy-flow density S. These quantities appear in

conservation relations of the form (12) or (18) which we repeat here in a general form

V* T + aG= f (54a)

V ·S + W = q. (54b)at

A force density and power-conversion density appear on the right-hand side of these

equations. The transformation relations for these are (53) and the transformations of the

operators V and a/at are (36). If one requires that the conservation relations (54) remain

in the same form in any inertial frame, one finds the transformation laws for T, G, S,

and W are

T Tl + y(T + T - )+ YT IY - iG - + 2) (55a)

( - = 412 + y Z C2 + (55b)

S'= y(S-Tl II-) + y2 [Sl-Tllll u-uW+u(uG)] (55c)

W =2(Wu u 2 (55d)
cY\~u 2 c 2 /

where the subscripts II II, 11, 111, and I I refer to components of a tensor with the first

or second index parallel or perpendicular to the transformation velocity u. These equa-

tions may be put to test by applying them to the kinetic quantities Tk , Gk , Sk, and Wk

and to the electromagnetic quantities T e, G , S , W . As derived here, the laws are of

greater generality, because they apply to cases where S G/c , whereas both the kinetic

and free-space electromagnetic example satisfy this relation.

We have now provided the necessary background for a statement of the principle of

virtual power, and its application to the derivation of force density in moving matter.
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VII. PRINCIPLE OF VIRTUAL POWER

In the application of the principle of virtual work, one assumes that the medium is

subject to a (virtual) deformation by an external agent (this agent may be a set of Maxwell

demons properly placed within the medium). The change in the energy is the work per-

formed by the agent causing the deformation. This work is, in turn, directly related to

the stresses within the medium against which the deformation is performed.

In this section we shall develop a more general formalism for the application of the

principle of virtual work. In particular, allowance will be made for power supplied during

the deformation, a generalization not usually treated in the literature. It is convenient

to treat the deformation on a time-rate basis, and thus we use the name principle of

virtual power. We shall make use of the energy-conservation equation which, when

applied to a virtual rate of deformation of the medium under consideration, will enable

us to evaluate the momentum density and stress (or momentum-flow) tensor from knowl-

edge of the energy density, power-flow density, and power-conversion density in the rest

frame of the medium.

It is often convenient to separate the description of a deforming medium into separate

characterizations of its kinetic properties, its electromagnetic properties, its thermo-

dynamic properties, etc. Each of these partial descriptions obeys a set of conservation

equations of the form

V T+ -G=f (56a)at

V ·S + -w= d~ (56b)

where T is the stress tensor, G the momentum density, f the force density, S the power-

flow density, W the energy density, and the power-conversion density. The quantities

f and connect this partial description to the remaining partial descriptions. The prin-

ciple of virtual power may be applied to any of these partial descriptions. Examples of

partial conservation equations like (56) are given earlier for the kinetic aspects (12) and

for electromagnetic fields in free space (18).

In applying the principle of virtual power to a partial description, we assume the form

of S, W, and in the rest frame is known, i. e., that we know the form of S0 , W0 , and

0 We also assume knowledge of the differential equations obeyed by the system. Then

the transformation laws (55) are sufficient to enable us to calculate T, G, S, W, f and

4 in arbitrary frames.

We wish to investigate (56b). Evaluation of the derivatives V S and aw/at in (56b)
-0- 0-

requires knowledge of S(x, t) and W(x, t) whereas we know only S (x, t) and W (x, t). The

relation between them, to first order in v, is

W(,t) (,t) -v(-,t) 0 Gv((x, t)V( t) · S (x,t)
W(x, t) = W(x, t) + v(x, t) · G0(x, t) + c2 (57a)

C
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-0- =0- 0-S(x, t) = S (x, t) + T(x, t) v(x, t) + W(x, t) v(x,t). (57b)

Note that (57b) has a simple nonrelativistic interpretation. The "power-flow" density S

in a frame with respect to which the medium moves has to include, in addition to the

rest-frame power-flow density S0, the convection of energy W 0 , and the rate at which

work is performed by the stresses represented by T0 .

Consider a material element at the point x at time t. The rest frame corresponding

to that point at that time is the inertial frame for which V(x, t 0 ) = 0. For convenience

we shall call this the "virtual" frame. Note, however, that in the "virtual" frame, Vv

and a/at need not vanish. We assume that virtual deformations can be applied to the

material to produce arbitrary Vv and a/8at in the "virtual" frame at this point, but keep

(x, tt ) = 0.

Introducing (57) into (56b), collecting the terms involving 0, W and S on one side,

and evaluating for the point x and time t in the "virtual" frame (so that a/at and Vv

need not be zero), one obtains

OV . S° S v a0 + a t W0 + W0 V -T Vv-G 0 (58)2 at at atc

where the colon denotes the double dot product between two tensors; in subscript notation,

A:3 = A. .B... An alternative form for (58) can be found from the law of conservation of1J 1J
particles (10), applied in the virtual frame

an 0
at + n v = 0. (59)

Thus, substitution of (59) into (58) yields

(wf\+ 0 -
+n 2 0 av 0 =T - - 0 av

V S n + -T :Vv- G - (60)00 2 at 0at

We suppose now that we know S0 , a(W/n 0)/at, and 40 in terms of the pertinent phys-
ical variables (for example, particle density, polarization density), at least to first

order in the derivatives of v. We may introduce the appropriate expressions for these

quantities into the left-hand side of (58) or (60). Usually S, (W /n )/at and p0 are

found in terms of the physical variables in the actual rest frame and not the "virtual"

frame, which is not a rest frame at all points and all times. In order to apply the deriv-

atives in (58) or (60), it is first necessary to express all physical variables appearing

in S a(W /n )/at and 40 in terms of their values observed in the "virtual" frame, by

first-order transformation laws of the sort discussed in Section VI.

When this is done, some terms on the left-hand side of (58) or (60) contain V7 or

av/at and some do not. One may then apply the equations of motion in the "virtual"

frame to eliminate those terms that do not contain VV and av/at, a process that will, in

general, introduce new terms that contain Vv and av/at. (This is why one cannot

simply omit the zero-order terms.) By consistently neglecting second-order terms in
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Vv or av/at, we have thus reduced the left-hand side of (58) or (60) to the form

0 o av 3 /a 0 3a --
V. +. - a -n a -+ p: V (61)

C

for some a and p.

Because the space and time derivatives of v can, by hypothesis, be adjusted

arbitrarily and independently in the "virtual" frame, (61) and (60) can be identified term
=O0 -

by term so that T and G are related to the derived a and P as

G = -a (62)

T 0 --- (63)

In this way one obtains the stress (or momentum-flow) tensor and the momentum density

to zero order in V and the derivatives of V. It should be noted that this method does not

yield contributions to the stress and momentum that depend upon velocity gradients or

accelerations. Viscous forces are of this type. To find such stresses or forces, one

needs additional physical information or insight, beyond the knowledge of S0, a(W 0/n 0)/at,

and 0 to first order in the derivatives of v.

Suppose, however, that T0 or G0 do not contain terms dependent on velocity gradient

or acceleration. Then, the stress (momentum-flow) tensor T and momentum density G

can be obtained in an arbitrary (laboratory) frame in which the material moves with the

velocity V by a relativistic transformation of T 0 , G 0, S0 , and W according to (55). The

force density is obtained from T and G by means of (56).

It is worthwhile to summarize the procedure leading to the evaluation of the force

density in a series of specific steps. Equation (58) or (60) serve as the starting point.

In order to bring the left-hand side into the desired form, one uses the dependences of

S, a(W /n )/3t and 0 on the physical variables in the rest frame. The resulting equa-

tion contains, in general, space and time derivatives of rest-frame variables. To carry

out these derivatives conveniently, one needs instead "virtual"-frame variables, which

are found in terms of rest-frame variables by means of the transformation laws (to first

order in v) of the variables. In general, some terms now contain the derivatives of v

and some do not. Those that do not can be eliminated through the use of the known equa-

tions of motion. The result, when evaluated to first order in Vv and av/at, holds for

arbitrary Vv and a/at, and hence (if T0 and G do not contain Vv or av/at) we can eval-

uate T0 , G0 through term-by-term identification. T, G, S, and W in the laboratory

frame are obtained through the use of the relativistic transformation laws, and the

coupling terms f and can be found by application of the conservation laws to find

f and 'p.
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VIII. PRINCIPLE OF VIRTUAL POWER APPLIED TO THE

MINKOWSKI FORMULATION

In the Minkowski formulation one may conveniently subdivide the description of a

moving and deforming medium into two parts. One part describes the kinetic properties

of the system with conservation principles (12)

T k at CGk fk' (64a)

V Sk + at Wk = k (64b)

The other part describes the electromagnetic and thermodynamic properties of the sys-

tem. This description in turn obeys momentum and energy-conservation principles of

the form [compare with the free-space expressions (18)]

V= a -
V M +at G = fM (65a)

SM + at WM = 9 M' (65b)

If the description of the system is complete, it must obey conservation principles for the

total momentum and the total energy and no source terms should appear on the right-hand

sides of these equations. In other words,

V· (Tk+T ) + (Gk+G ) = 0 (66a)

V (Sk+) + at (Wk+WM) = 0, (66b)

so that

fM -fk (67a)

M k' (67b)

It follows from (67) that the kinetic force density fk may be found, once TM and GM are

known. These are found through the use of the principle of virtual power.

For the application of the principle of virtual power, one needs to know the expression

for the time rate of change of the rest-frame energy density, aw/at, the power-flow
~~~-'O~~~~~~~~ 0

density in the rest frame, SM, and the rest-frame power-conversion density %M. This

"thermodynamic" information in turn must be consistent with Poynting's theorem for

stationary media. This fact serves as a guide for the form that the energy density and

power flow may assume. Poynting's theorem in the rest frame of a stationary lossless

material assumes the form

V (EXH)+E aD + H. aB = 0 (68)at at
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We assume that the material is conservative. From Poynting's theorem one

then concludes that, since E X H is to be interpreted as a power-flow density,

E dD + H dB is to be interpreted as a change of stored energy, dW M, in the rest frame

of a stationary material. Even for conservative media this interpretation is not neces-

sary. A somewhat more general case is treated in Section IX.

If the material is being deformed, the energy density must also depend on the rest-
0frame particle density n ; if the process is adiabatic, the change of energy will be

dWM = E dD0 + -0 dB + dn (69)
an

This is the expression for the change of energy density which is generally accepted.l6

From (69) one obtains the time-rate of change of the energy directly

aW0 -o 0
M 0 aD WO OI3 WM an

at at at On0 at (

0
Poynting's theorem (68) further suggests that the power-conversion density cM in

the rest frame is zero.

0 = 0. (71)

The power-flow density in the rest frame has already been identified as

S M EO XH. (72)

Note that the power flow is assumed to be electromagnetic in nature. Heat flow, if pres-

ent, would have to be added, but we shall limit our investigation to adiabatic processes.

We shall accept (70), (71), and (72) as available thermodynamic information. From

these, we shall derive the expression for the force density in moving and deforming

media. Since no further assumptions will be made, except that the deformation is slow

enough (reversible) so that higher order terms in v may be disregarded in the rest

frame, the predicted force density tests the correctness of these equations.

Making use of the continuity law (59) we obtain for the left-hand side of (58), to

first order in V,

-0 0

- SM V W M 0 0
V· SM +-- at- +R ++ WMV V - 4~M

c

E X H av
2 at

c

iaw O WO 0
-0 aD0 -0 (B0 M W M an+- + - (+Eat an 0 n0 at

Q. (73)
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For convenience, we use the symbol Q to define the expression (73). Next we shall use

the transformation relations for the field variables and the appropriate field equations in

order to express Q as a quantity involving the virtual velocity field v to the first order.

The transformation relations for the fields, to first order in v, are

0 _EvXE = E+ X (74a)

H = H - v X D (74b)

D = D+vX2H (74c)
c

Bo = B v- X E (74d)
c

It is convenient to introduce the Legendre transform of WM with respect to n0 , D0

and B0

0 M 0 + 0 00 ) 0n M W +E D+H B (75)
0 M

We subtract (1/2)E · DO + (1/)H B from this transform so as to render it zero in

vacuum and use the symbol rM to denote the resulting quantity.

awo
0 M 0 1-0 0 1-0 0

"M=n° aw WO + -E D + *- H B (76)
an0

Introducing (74) into (73), one finds to first order in V

- D B E -Q V (EXH) + E- +H' -+ BH+DE- 6M

[at )] (X H). (77)

The first three terms add up to zero because of Maxwell' s Eqs. (2). The remaining terms

are of first order in v, and since we evaluate these in the "virtual" frame only at the

point x0 and at time t 0 , we can write the rest-frame values instead. Term-by-term

identification of (77) with the right-hand side of (58) yields

=0 00 00T = ( +- E D O +-HO - B H - DE (78)M M2 2

and

G = X H (79)
c

The resulting expression for a linear nondispersive material is in agreement with
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Eq. 56. 17 of Landau and Lifshitz. 1 7

The Lorentz transformation laws of Section VI applied to T0 M, - imply
TM GM SM WM imply W

TM= 6(B-I+D-E)--DE-BH+r=M6+ Y (M+UO)

+ ¥ v xT
c

2 EX H
GM = Y0 2

c

5X B)+

-- 2
-Y 2 D X

c

+ Y2 X (DXE+BXH)
c

y2 V- X (DX E+BX H)
0c c

(80a)

+ YO v2 (M+UO)0 c( 

(80b)

-M = E X I + YOv(M+UO) + y2 -(E 2-SNI:EXHy O 0 )

WM =(E D+H -B) +y [02 0

2
v

c+ V 
c

+
2

c

(80c)

(80d)(EXH-c 2 DX B)]

where we have defined the quantity

0 1 -o0 (81)
U W M -(E *D +H BO). (81)

The force density in the laboratory frame f is obtained from (67a) by using the
expressions above for TM and GM

expressions above for TM and GM

k M at Xf k= - TrM at iD

+ Uo

2 2
c -v

-V(E. D+2HB

+V'DE +BH - R 22 
Hei# weheic -v q

Here, we have defined the quantity

2 - E H (BXH+DXE)
2 2

c -v

(82)

(83)2 2
c -v

The power-conversion density Ok is

Ok fk .

The above force density is relatively complicated.

(84)

A physical interpretation of each of
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the terms is not straightforward. We shall not attempt an interpretation at this point.

We shall, instead, interpret the corresponding expression in the E-H formulation, which

lends itself better to an interpretation on the basis of a simple model of polarization and

magnetization.

27



IX. PRINCIPLE OF VIRTUAL POWER APPLIED TO E-H FORMULATION

In the E-H formulation (6) the presence of matter is described in terms of sources

of the electric and magnetic kind acting on the electromagnetic field just the way free

charges and free currents act on the electromagnetic field in free space, provided that

one allows for the concepts dual to electric charge and current, magnetic charge and

current. Therefore, in the E-H formulation, it is natural to subdivide the description

of a moving and deforming medium into three parts. The first part describes the kinetic

properties of the system and obeys the conservation laws of kinetic momentum and

energy (12)

- (85a)
k at k fk (85a

V Sk + at Wk = k. (85b)

The quantities fk and 4 k are as yet unknown. The second part describes the energy and

momentum associated with the electric and magnetic fields. Conservation laws of energy

and momentum for a fluid of charged particles have been derived (18). A similar deri-

vation in the case of a polarizable and magnetizable matter yields the same equation

= a
V T + G f (86a)e at e e

V · Se at We= b (86b)

with Te, Se, G , and We still given by(19)-(22),but now fe and 4e are changed. Now

ef =EVt +X(PXv)} X 0 H + HV M

{at poM +V X (I. MX)} X E0 E (87a)

and

e - [ * + M+V (P Xv)- o+ VX (L Xv) - (8 7b)

The description of the interaction of matter and field is contained in a set of conservation

relations of momentum and energy of-the general form

V ' T + G = f (88a)m at m m

V S + a W = * (88b)m at m m

If the above three partial descriptions include all aspects of the medium and of the
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electromagnetic field, then the total momentum flow and momentum density must obey

the conservation theorem

7 .=_ _ _~ a = 0
V (T+T +T + at(Gk+Ge+G) )=

which implies that

fk = -V (Te+Tm) -at (Ge+Gm)

In a corresponding way the energy conservation relation

V' (Sk+Sm+ e ) + at (Wk+Wm+We) = 0

implies that

k = -( e+ m )

(89)

(90)

(91)

(92)

Thus our problem is solved if we can find Tm , Gm , S , and W m. We now find these by

means of the principle of virtual power.

To apply the principle of virtual power, we need, for (60), expressions for S0

o 0 m
a(WM/n 0 )/at, and m. First, from (92), since k = fk v we have in the rest frame

=0, so

' . [a ---- -- + o0 V- - 0O° = 0 =R at +P 7 v- P0. Vv] H * at + po0M V7 v- L0M Vv

(93)

which becomes, from (59),

0 0 0O aT(P0 0 a MO
= n . - FE :Vv + n - n -oMOH0: v.

Next, consideration of a rigid, stationary, nondeforming medium leads to reasonable

expressions for S and a(WO/n 0 )/at. Thus from (87b)
m M

'e = -E ' H at 

But, (88) and (92) imply, since k = 0,

aw at_
m at at at

(95)

(96)

For many media operating adiabatically, the right-hand side is a perfect time derivative,

and hence we identify
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m _ aP - 0
-- + H (97)at at at

and

S = 0. (98)m

Equation (97) is not altered in this case by writing it in the form

a(Wm/n) _ a(P/n) _ a(oM/n)
n t = nE a + nH at (99)

since for stationary media n is constant.

Conservative media in general are of this type, including dispersive and nondispersive

media, and gyroelectric and gyromagnetic media.

These results about stationary media do not prove anything about deforming media,

but they suggest reasonable assumptions. First, we retain (98), even though Vv and

aV/at may not be zero:

S0 = 0. (100)
m

And second, to allow for an additional possible dependence of Wm upon mechanical vari-
~0 ~~m

ables (for the fluid, only n), we generalize (99) to the form

n at n at()+n at n (101)0 n 0 n0n
where the new variable rm will be called the "total pressure."

A word may be in order about (101). As it stands, it holds for media that may be

time-dispersive (but not necessarily space-dispersive), gyromagnetic, or gyroelectric,

just as long as there is a rest-frame energy density W . It is not assumed that W0 is
0 m 0 m

a function of P, M, and n o , but only that the time derivative of W in the virtual frame
0 m

be of the form of (101). In dispersive media, for example, WM is not a function of thesem
variables yet its time derivative is of the form stated. We have not made any assumptions

as to the form of the constitutive relations between E0 , T0, rm, P M0 , and n ; these
relations may in fact involve time derivatives of these variables. Some examples are

discussed in Section X.

We are now in a position to apply the principle of virtual power. Thus, (60) becomes

0 -0=0 -0 a- -0 0 /WOm SM\ 0
-T :Vv - G a V + no_ 

m at m at no 2 at m

rm an ° + 0
at +0 (102)

By using the continuity law in the rest frame (59) we put (102) into the form
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=0 - -0 8v [-0-0 -- 0]--
-T0 :Vv- G = O POE +oOM HI]:Vv - V v

m m at m

and term-by-term evaluation shows that

=0 -0-0 0 0T = -PE - ~MOO +1T 6
m 0 m

(103)

(104)

(105)

and

-0G =0.
m

Next, we determine the stress tensor Tm, the momentum density G , the power flow

density S , and the energy density W in the laboratory frame by means of the trans-

formation laws (55) with u = -V,

T = r rm - P(E+vXI H) - BoM(H-vX0E ) (106a)

Gm = YO 2 m+Wm)
C

Sm= ¥V(m+Wm) -YS (=?v )
m 0 m

(E.V) - ( TIV 0 M, Y 2Y 0 2 [(P v)(E v)+(0OM v)(H-v)]
c

(106d)

W =yW0+
m = m +

2 v2
Y -

2

C 2 [(P v(E v) + (M (v)(H v)].
c

(106d)

Carrying out the operations implied in (90) to obtain the force density, one finds

fk -7m + (P-V)E + (O M .7)H

+vX (P .V)P.oH-vX ( 0
M. V)EOE

+ P+V- (vP) X OH

-[oIM +V ( VoM)]
XE E0

(107)-atG m -V (vG ).

In a similar way one finds that

k = k . (108)

A remarkable feature about the expressions for force, pressure, stress, and momen-

tum in the E-H formulation is that they can be interpreted easily by means of a
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reasonable model for a polarizable and magnetizable fluid. Because this model gives

good physical insight, we develop it in Section XI.

We have used the Minkowski and E-H formulations to predict the force density fk'

The expressions, (82) and (107), look different formally, yet it is shown in the Appendix

that they are, in fact, identical.
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X. INTERPRETATION OF THE PRESSURE

The pressure, stress, momentum, and force predicted in Section IX can be inter-

preted in terms of a simple model for polarization and magnetization. In this section

we discuss the pressure wrm , without relying upon the model. Then in Section XI, we

interpret the stress, momentum, and force by means of a dipole model for P and M.

The pressure Tm was introduced in (101) in order to account for changes in energy

per particle caused by changes in density. If the various particles do not interact except

through macroscopic fields, then the energy of each particle (for the same polarization

per particle P/n and magnetization per particle M/n) should not depend on whether or not

other particles are nearby or how many are nearby. Thus we have established the gen-

eral principle that for noninteracting particles, wTm = 0. This is true regardless of the

constitutive laws of the individual particles and holds for a wide class of material,

including time-dispersive, gyromagnetic, and gyroelectric media. Thus the pressure

M accounts for interaction of particles.

For the next example for calculation of wTm suppose that the rest-frame energy

density W is known to be a function of P0, M0, and no for adiabatic processes. It is
m 0 0 -00 -00 0

equivalent to say that W M/n is a function of P0/n0, M0/n , and n. Then

m =m

aWl ) 8(WO/n0) (P 0 /n 0 ) a(Wo /no) a(o 0 M0 /n 0 ) 8(wO /n 0 ) n 0

ata -50 0 ~ at +at + ann a(P/n) A -(O0/no) aan at
a(L0~/n0

(109)

and comparison with (101) shows that the three partial derivatives of W /n o are,

respectively, 0, H0 and rm/(no) But since W0m/n 0 is a function of the three vari-

ables, second cross-partial derivatives are equal in pairs. Consequently we can find

the derivatives of Trm with respect to P0 and M0 in terms of the constitutive relations

between the electromagnetic variables. Thus Trm is of the form

1T 'ff ~~~~(~OnO)+ (nO0) Pna 0 2 M / n O 0 TiTm= h ( n + (n )a 0
O/n 8+E0 d(Lo0 M 0/n 0 )

an 0 an

(110)

-0 0 -00where the partial derivatives are evaluated for constant P0/n and M /n, the integrals
0 0are evaluated for the final value of n , and rh(n ), which is the pressure for zero fields,

0is a function of only n . This formula (110) is for the case for which the constitutive
- 0 -0 0 -0 0 0laws relating P to E and n do not involve H, and the laws relating M to H and n
-0

do not involve E . This formula can be put in a variety of additional forms, including

a = -0/ 0 0 8 (L0 )/n)
iTmiT (n0

-(n
0 dE - (n)2 dH (111)M h 0 an 0an 0
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where E and H are held fixed in the derivatives, and

(0 -00 EO O 0 n
m 

LQ ( an0

M n

+ 0M (nO aH _ O d-0

-0
where P and M are held constant in the derivatives.

For a linear medium satisfying the relations,

P = E Xe(n 0 ) E0 e

M= Xm(no ) H0 ,

ir reduces to
m

m = rh(n 0 ) + E(E ) 
-~-60 ~0 

n0 aXe) + (H0 2 - n 2 L01
axm\
an 0 /'

(116)

a form that is in agreement with results on stationary media. 18 Furthermore, if the par-

ticular dependence of Xe and Xm is given by the Clausius-Mossotti relations 1 9' 2 0

(o2
h ) P ) -(Mo).

Irrm = 66 6
0

For more complicated constitutive laws the expression for rm would be different.

In all cases, however, 1rm accounts for particle interactions other than those through

macroscopic fields, and generally includes the hydrodynamic pressure, if any.

34

(117)

- ) - d 0

(113)

(114)

(115)

_ _



XI. MODEL OF A POLARIZABLE FLUID

In this section we shall discuss a model 1 for polarization for which it is possible

to derive the force density without recourse to thermodynamics. We shall limit our dis-

cussion to a polarizable fluid and shall not consider magnetization in detail because the

extension to this case is exactly analogous. We shall consider a fluid consisting of non-

interacting electric dipoles each of vector strength

5= qd (118)

where q is the magnitude of the charges, and d is the vector distance between them.

(Compare Section VI.) We interpret the dipole strength (118) as that observed in the lab-

oratory frame in which the dipole may possess an arbitrary velocity V. We assign to the

negative charge portion of the dipole, the velocity V(r). The positive charge of the dipole

then possesses the velocity

V+(r) (r) = r) + ddt' (119)

The forces acting on the dipoles are assumed to be due to 1nmg-range forces only. Thus

a fluid of this kind cannot exhibit pressure or electrostrictive effects and we cannot

expect to reproduce the term VTnm in (107).

The net force acting on a dipole as evaluated in the laboratory frame is obtained as

the sum of the force acting on the + charge of the dipole and that acting on the - charge.

In this connection one must take into account the possible variations of the electric and

magnetic fields over the distance d. One obtains, to first order in d,

Fd = q[E(r+d)+V+(r) X 0tH(r+d)] - q[E(r)+v(r) X oH(r)]

dd -
= qd VE + qv X L0 (d V)H + q dt X 10 H. (120)

The polarization density P of the dielectric fluid is obtained as the dipole strength per

unit volume. If N is the number of dipoles per unit volume, one has

P = Nqd. (121)

The expression F d of (120) can be converted into a force density by adding the forces

acting on all dipoles per unit volume

f = NF = P VE + v X 0 (P V) H+ + -+ V (vP) X H. (122)
d d - at (

Here we have used the continuity law satisfied by the dipole number density

a + - (vN) = 0. (123)
at

Equation(122) gives the force per unit volume acting on the dipoles in the dielectric fluid.
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Not all of this force density is utilized

in the acceleration of the fluid mass

density. The binding forces between the

+ and - charges store energy. Energy

in motion acquires momentum according

to the relativistic transformation laws.

Furthermore, a stress is introduced on

a volume element dV containing the mass

p dV. Indeed, if one draws the bound-

aries o inls volumIle tLmeeIIUiL Lt: rt1L

Fig. 2. A volume V with outward-directed frame as shown in Fig. 2, one finds that
normal n on its surface. the binding forces of all those positive

charges outside the element whose neg-

ative partners are inside the volume element, pass through the boundary. The net force

passing the boundary dyo dzo is equal to the product of the force (qE x) times the number

of dipoles piercing this boundary (No dyo dzo). One has for the net force per unit area

n - POE (124)

where n is the unit vector normal to the element dyo dzo. In this way one concludes that

the polarization of the fluid has an associated stress tensor -P E . Furthermore, it has

the energy density W. Stress and energy densities in motion possess momentum rela-
m

tivistically. The force density fd of (122) must overcome this momentum as well as the

inertia associated with the mass of the fluid. The momentum associated with the stress

and energy density may be found from the results of the preceding section as Gm. The

force density fk producing the acceleration of the fluid is that portion of fd that remains

after the force density responsible for the total rate of change of the momentum has been

subtracted.

- - a-_ __f f -G - (vGm)
k fd at m m

= . VE +vX0I(PV) H+ +V. (vP) X 0H - (125)at X t RG -Nat m m

This equation checks with (107) if magnetization effects are omitted and nrm is set equal

to zero. The generalization to a fluid exhibiting magnetization is easy.

In this way we have found a simple interpretation for most of (107). Pressure effects

and electrostrictive effects can be included phenomenologically by assigning instead of

the tensor (124) a new stress tensor in the rest frame, rrm -POE . The inclusion of Trm

has two obvious consequences. First of all, it contributes through its gradient to the

force density; second, it contributes to the momentum associated with the stress tensor

in a moving fluid. This is exactly the way in which the inclusion of pressure affects (107).

We have therefore interpreted every term in (107).
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APPENDIX

We have used both the Minkowski and E-H formulations to derive expressions for f,'

(82) and (107). These appear to be different, and we now wish to prove that the two are

actually the same. Since in the Minkowski formulation

aG
_ _ aM (A. 1)k M at

and in the E-H formulation

fk =-V (Te+T ) - t (GeGm) (A. 2)

we need only prove that

T M =T +T m (A. 3)M e m

and

GM G+Gm (A. 4)
e m

But each of these quantities is related to corresponding quantities in the rest frame by

means of the transformation laws (55), and hence it is sufficient to show

=0 =0 =0
T T +T (A. 5)M e m

-0 - 0Go = G +G (A. 6)
M e m

S= S + (A. 7)M e m

W = W0 +W (A. 8)
M e m

To facilitate comparisons, we note from (7) that in the rest frame the relations

between the field variables in the two formulations is particularly simple: E and H

are the same in the two formulations, and D and B of the Minkowski formulation are

equal, respectively, to oE0 + P and LO0(H +M ) in the E-H formulation. We can easily

verify (A. 6) by use of (79), (20), and (105) and verify (A. 7) by use of (72), (21), and(100).

It is more difficult to prove (A. 8). In the absence of electromagnetic fields, (A. 8) is

certainly satisfied. However, the energies are not measurable, and what we really should

prove is that for equivalent constitutive relations, (A. 8) is satisfied. Consider first the

case with no magnetic fields. If the constitutive relations for the electric-field quantities

are that D0 and P are functions of E and n , then from (69)

0
0 =WM(50=0)+ 0 d (A 9)
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whereas from (22) and (101),

W0 + W0 = W 0 (P=0 ) EdP (A. 10)

Because D0 = E0 E + P0 these two expressions are equal. Similar arguments hold if

magnetic fields are present.

Our only remaining task is to demonstrate (A. 5). From (78), (19), and (104), we

see that (A. 5) holds provided

M+1 E0 D 0 + 1 0 B =rr 2 Eo(0O)2 + (H ). (A. 11)
Ths fc2 m 202 0 

This fact is most easily shown from (76) on the one hand, and (101) and (22) on the other

hand, making use of (A. 8).
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