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Abstract
Due to the unique electronic properties of bismuth, bismuth nanowires provide an
attractive low-dimensional system for studying quantum confinement effects, and
have generated much interest in both optical and thermoelectric applications. Two
especially interesting features of bismuth nanowires are the non-parabolic nature of
the electronic energy bands near the Fermi level and the large anisotropy of the carrier
pockets. As a result of these features, the electronic properties of bismuth nanowires
depend strongly on both crystalline orientation and nanowire diameter.
In order to study the effect of crystalline orientation, we first derive a simple
method to transform from hexagonal to Cartesian coordinates in the bismuth lattice.
We then investigate an important indirect electronic transition in bismuth nanowires,
and we use the Lax two-band model to develop a theoretical model for studying the
diameter dependence of the energy of this transition for nanowires of any crystalline
orientation. Our theoretical model shows good agreement with previous experimental results, and demonstrates that the parabolic approximation of the non-parabolic
electronic energy bands is inappropriate.
Finally, we perform room-temperature IR spectroscopy measurements, in both
the reflection and transmission modes, on three sets of bismuth nanowire samples of
different crystalline orientation, each fabricated by a different research group. Our
results confirm that the notable differences in the measured electronic spectra of the
three sets of samples are physical in nature, and are not due to differences in the
experimental setups.
Thesis Supervisor: Mildred S. Dresselhaus
Title: Institute Professor
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Chapter 1
Introduction
1.1

Bulk Bismuth

In bulk form, bismuth is a semimetal, which means that its valence and conduction
bands have a very small energy overlap near the Fermi level. While metals have carrier
densities on the order of the density of atoms (

,

1023 cm- 3 ), the band overlap in

bismuth is only - 98 meV at 300K [5], leading to a carrier density of

-

3 x 1017

cm - 3 . The effective masses of the charge carriers in bismuth are very small (at OK,
the effective mass components vary from 0.001 me to 0.26 me for electrons, and
from 0.06 me to 0.63 me for holes), resulting in a large de Broglie wavelength and a
long mean free path (-250 nm at 300K [6]), which is useful for electronic transport,
especially. Bismuth also has a relatively high atomic mass, so its nuclei are very
effective at scattering phonons. Together with its long mean free path, this makes
bismuth a highly attractive material for thermoelectric applications.

1.2

Bismuth Nanowires

Cylindrical bismuth nanowires maintain the same crystal structure as bulk bismuth,
with the same lattice constants, down to at least 7 nm [7]. Due to the low effective
masses mentioned above, bismuth nanowires display quantum confinement effects at
relatively large diameters, which lead to electronic properties markedly different from

those of bulk bismuth. With decreasing wire diameter, the band overlap and carrier
densities decrease. As the diameter of the nanowire is decreased even further, the wire
undergoes a transition from a semimetal with a small band overlap to a semiconductor
with a small bandgap, schematized below in Fig. 1-1. The critical wire diameter at
which this transition occurs depends strongly on temperature and on the crystalline
orientation of the nanowire. Present estimates give a transition diameter of ,-'15 nm
at 300K [8].
The Fermi surface of bismuth is highly anisotropic, and as a result its carrier effective masses depend strongly on crystalline orientation. Consequently, many electronic
properties (such the critical diameter at which the semimetal-semiconductor transition occurs) depend strongly on the crystalline orientation of the nanowires. We now
turn to a discussion of crystallography in order to have a framework for analyzing the
effect of crystalline orientation on the electronic properties of bismuth nanowires.
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Figure 1-1: The semimetal-semiconductor transition resulting from quantum confinement. The dashed curves represent the bulk bismuth valence and conduction bands,
while the solid curves represent the highest valence and lowest conduction subbands
for nanowires of decreasing diameter.

Chapter 2
Crystallography of Bismuth
2.1
2.1.1

The Direct Lattice
The Rhombohedral Lattice and Associated Symmetries

Bulk bismuth crystallizes in the rhombohedral lattice (space group R3m), with two
atoms per unit cell. This rhombohedral lattice is generated by three primitive vectors
{ri, r-, 'r}of equal magnitude r = 4.7458 A, and the angle between any pair of the
primitive vectors is the rhombohedral angle a = 57.230 [9]. It is helpful to visualize
the crystal structure of bismuth as two inter-penetrating face-centered cubic (fcc)
lattices, which are stretched slightly along their common body diagonal, as shown in
Fig. 2-1. In this case, the three primitive rhombohedral vectors become the vectors
from the origin to the three nearest face-centered atoms in the fcc lattice of Fig. 2-1.
The rhombohedral angle a = 57.23' is slightly distorted from its value of 600 degrees
in a perfect fcc lattice. As we shall see in the next chapter, this distortion is largely
responsible for bismuth's unique electronic properties.
The body diagonal 6 = r'i + r + r represents a three-fold axis of symmetry, and is
known as the trigonalaxis. Two other axes of symmetry are indicated in Fig. 2-1: the
bisectrixaxis (at a right angle to the trigonal axis), so named because the mirror plane
defined by the bisectrix and trigonal axes bisects the rhombohedral unit cell, and the
binary axis, defined to be perpendicular to both the trigonal and bisectrix axes. Each

of these has two-fold rotational symmetry, and as a result of the three-fold trigonal
symmetry there are three equivalent sets of bisectrix and binary axes. Together, the
trigonal, bisectrix, and binary axes describe a Cartesian coordinate system, as will
be discussed below in section 2.1.5.

trigonal (z)

mirrorblane
r

mnary (x) ,Jo-

bisectrix (y)

Figure 2-1: The crystal structure of bismuth (adapted from [1]).

2.1.2

The (3,3) Hexagonal Lattice

Although the primitive vectors defined above are useful in their own right for visualizing symmetries, in crystallographic calculations the rhombohedral lattice is most
often described instead in terms of hexagonal coordinates. Following the (3,3) Miller
hexagonal notation, the hexagonal basis vectors {aj, ad, ca are defined in terms of the
rhombohedral basis vectors as follows:

(2.1)
a2 = ri - r2
S=

ri + r2

r

(2.2)
(2.3)

These relationships can be clearly seen in Fig. 2-2. Note that the hexagonal vector
' is aligned with the trigonal direction, and is perpendicular to a', and a', which are
1200 apart and are aligned with two of the three binary axes. Using equations (2.12.3), the hexagonal lattice parameters for bismuth can be derived from the values of

r and a given above as c = Icl = 11.862 A and a = j4dl = 4d1= 4.5460 A.

Figure 2-2: The relationsip between the rhombohedral and hexagonal basis vectors
(adapted from [2]).

2.1.3

A Brief Word on Notation

Given a coordinate system with basis vectors {b1 , b2, b3 } 1 , we note that a specific
lattice direction ubl + vb2 + wb3 is conventionally written as the triplet < uvw > for
integers u, v, w, while a family of directions is written as [uvw]. To define a lattice
plane, we calculate where this plane intersects the direct lattice basis vectors. If the

intercepts of the plane at bl, b2 , and b3 are (, }, and 1, respectively, then we define
the plane by the triplet (hkl). These are known as the Miller indices of the plane
1This

notation is commonly used to denote reciprocal lattice vectors, but we use it here instead

to emphasize that we are referring to basis vectors.

(not to be confused with Miller hexagonal notation, which will henceforth be referred
to as simply the (3,3) notation to avoid confusion). A family of planes is designated
{hkl}. As we will mention in section 2.2.1, there is a nice relation between Miller
indices and reciprocal lattice vectors.

2.1.4

The (4,4) hexagonal lattice

When dealing with directions in a lattice, it is often desirable to add another vector a-d
to the hexagonal basis vectors. As shown in Fig. 2-3, a- lies in the a'-ad plane, tilted
at an angle of 1200 from each of these vectors. We define a new set of basis vectors
{A 1, A 2 ,

, C} - directions or planes written using this basis have four components,

and this notation is called the (4,4) or the Miller-Bravais notation2
The (4,4) notation is useful because it reveals the hexagonal symmetry of the
lattice in a more apparent way. For example, in the (3,3) notation it is not intuitively clear that the members in the family of the plane (110) are:

{110} =

{(110), (120), (210), (110), (120), (210)}, whereas the members of the family of same
plane (1120) in the (4,4) notation can be derived by simply permuting the first three
indices and including negative values: {1120} = {(1120), (12T0), (2110), (1120), (1210), (2-10)}.
It is clear that there is some redundancy in this (4,4) notation; in fact, any (4,4)
vector < uvtw > and plane (hkil) must satisfy the relations t = -(u + w) and
i = -(h + k), respectively. For this reason, some treatments place a dot instead of
the third component, as [uv.w], or even just omit the third component altogether, but
this seems to defeat the purpose of introducing the 4th vector A 3 in the first place.
In this thesis, we will employ the full (4,4) representation.
To arrive at a relation between vectors in the two notations, we recall that A 3 =
-(A

2

+ A,) and t = -(u + v). To describe a direction [uvtw] in terms of its (3,3)

coordinates [u'v'w'], we observe that
uA1 + vA 2 - (u + v)(-(A2 + A)) + w1 = u'IA + v'A 2 + w'C
2

(2.4)

Although Al=ad, X 2=ad, and C=c, we have capitalized the (4,4) basis vectors in order to
distinguish them from the (3,3) basis vectors.

C

A3.
120
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L%'

A2

~K7

A
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I.
IZ

IL£A

(3,3) Basis Vctors.

(4,4) B asis Vectors

Figure 2-3: Hexagonal basis vectors in the (3,3) and the (4,4) notation. C is perpendicular to the A 1 - A 2 - Aa plane.

from which the relations follow:
UI = 2u + v

(2.5)

V1 = 2v + u

(2.6)

w/ = w

(2.7)

u = -(2u' + v')

1

(2.8)

1
v = -(2v'
+ u')
3

(2.9)

t = - 31 (U+ v') = -(u +v)

(2.10)

W= W

(2.11)

Similarly, the inverse relations are:

3

Note that a lattice plane is defined by its intercepts with the basis vectors, which
do not change with the addition or removal of a basis vector. Thus the plane (hkil)

in the (4,4) notation is written in the (3,3) notation as (hkl).

2.1.5

Cartesian Coordinates

Finally, it is useful for many applications to describe the bismuth lattice in terms
of Cartesian coordinates. A natural choice for the directions of the orthogonal basis
vectors are the three symmetry axes defined above in section 2.1.1. We let Y correspond to the binary direction, y to the bisectrix and ' to the trigonal. All three
vectors are given the magnitude c, the length of the trigonal vector CI in hexagonal
coordinates. In the remainder of this thesis, we will employ (4,4) coordinates to visualize symmetries and transform them to Cartesian coordinates in order to carry out
calculations.

2.2
2.2.1

The Reciprocal Lattice
Definitions

The concept of the reciprocal lattice was introduced in order to deal with lattice
planes in a natural way. Given a three-vector direct lattice basis {bi, b2, b3}, we define
the corresponding reciprocal lattice by its basis vectors {b1, b , b } as follows:
b = 2Xr b2 x b3

V

(2.12)

b2 = 27

b3 x bl
V

(2.13)

b = 2•

bi xV b2

(2.14)

where V = bl. (b2 x b3) is the volume of the direct lattice unit cell. Each basis vector b6
in the reciprocal lattice is perpendicular to the direct lattice vectors bj and bk. A bit
of calculation shows that a vector < hkl > in the reciprocal lattice is perpendicular to
(and therefore defines) the plane (hkl) in the direct lattice, wherein lies the usefulness
of the reciprocal lattice! Note that, in our Cartesian coordinate system of section

2.1.5, the reciprocal lattice basis vectors {X, y*, z*} are actually oriented in the same
direction as the direct lattice basis vectors {F, , } (their magnitudes are I

=

y* = Z* = 2w/c by equations (2.12-2.14)). In a standard three-vector basis this is
only true for orthogonal coordinate systems.

2.2.2

The (4,4) reciprocal lattice

When we employ the (4,4) notation, which has a four-vector basis, we can no longer
define our reciprocal lattice in a manner analogous to equations (2.12-2.14) above,
since a given vector cannot in general be perpendicular to a set of three other vectors.
Instead, we define the (4,4) reciprocal lattice basis vectors so that they satisfy the
criterion that a vector < hkil > in the reciprocal lattice is perpendicular to the plane
(hkil) in the direct lattice. We follow the derivation in [10] to find the reciprocal
lattice basis vectors {A*, A*, A*, , *.
Assume we have a lattice plane (hkl) in the (3,3) notation. The vector normal to
this plane will be ha*+ ka• + cZ. To satisfy our criterion above, we must define our
(4,4) reciprocal lattice basis {Af, Al , A2, C*} so that the following relation is valid:

ha*+ ka( + Ic = hA* + kA* - (h + k)A* + 1C-*

(2.15)

Using equations (2.12-2.14), we derive a ,a~, and c5 in the standard way:

4w(2ai + a()

-

a

-

a=

3a 2

(2.16)

4(a,3a+2 2a)

(2.17)

C- =2w"

* = c2

(2.18)

After substituting these into equation (2.15), we find the (4,4) reciprocal lattice
vectors
4_ 4x
A; = 3a 2
25

(2.19)

S 47 -

4*=
a2

-

41

A = 3a2

C* =

(2.20)

3

27r

2

(2.21)

(2.22)

Thus, it turns out that the (4,4) reciprocal lattice basis vectors are actually oriented in the same direction as their respective direct lattice basis vectors. As we have
seen above, this is also true of the Cartesian coordinate system. Although the directions are the same, the lengths of the direct and reciprocal vectors are different, so it
is still important to keep track of which lattice one is referring to when performing
calculations.
Throughout this thesis, any discussion of vectors will take place in reciprocal space
unless specifically stated otherwise.

2.2.3

Transforming Between Cartesian and (4,4) Hexagonal
Coordinates

In crystallographic computations, one is often dealing with lattice planes (hkil). In
our case, bismuth nanowires can be grown in several orientations, each of which is
defined by the lattice planes perpendicular to the nanowire axis. Since a plane (hkil)
is represented by the reciprocal lattice vector < hkil >, and since it is mathematically easier to perform computations in Cartesian coordinates, we will often need
to transform a (4,4) reciprocal lattice vector into its equivalent Cartesian reciprocal
lattice vector.
Recall from section 2.1.2 that the hexagonal vectors A1 and A 2 (and therefore A 3
as well) are aligned with the binary axes, and from section 2.1.5 that we designated
the Cartesian vectors X and ' to be along the binary and trigonal axes, respectively.
It is conventional to define vector F in the [1210] hexagonal direction and vector
'7in the [1010] direction. This is schematized in Fig. 2-4. Recall that the Cartesian
vector ' is exactly the hexagonal vector C, and therefore z* = C* as well.

.A,.'

x

2
l

B

Figure 2-4: The F and ' directions defined in the A 1 - A 2 - A 3 plane. Note that any
rotation of the Y and ' by 120' could have also formed a valid x-y basis also valid £'basis by trigonal symmetry.
To derive the 3 x 4 matrix that transforms a vector hA* + kA- + 1A- + mC*, it is
important to keep track of reciprocal lattice vector lengths as well as directions. We
begin by writing the vector

5x

, which we know to be of length 27/c and oriented in

the [1210] hexagonal direction, in terms of the vectors {A , A* A, C}.
S2

A - 2A + A*
c

No ,

Now, since A+

-2

(2.23)

+a

we have A 1- 2A
L2 + A13

= -A,
3211

-3A-/ = 47/a, using

equation (2.20). Equation (2.23) now becomes:
-

x* =-

a 2
41

-(A

Uc

-

- 2A* + A*)=

2c (A*1-

2A* + A*)3
2

(2.24)

Similarly, we obtain:

Y/

27 A - A3 27r A*- A*
3 = 2-F A 1 - A*3
A* c V3 47r
A*A
1- 3
C -2
2 3a

Sc (A - A*)

(2.25)

z- = 0*

(2.26)

Equations (2.24-2.26) can be neatly summarized as the following matrix equation 3 :

-

--

2c

c

X*

2c

aV

0

RvF
0
c

0

0

0

c

A*
1

0

a-

A*
3*

1

Z*

(2.27)

z*

C*

We can similarly derive the matrix that transforms the Cartesian basis vectors
into hexagonal basis vectors:

3a

2c
3a
3a

6a

c00

0

0

c_

0

6a

A*

=

y

0

(2.28)

A*3
z *#

0

AI

1

L

J

C*

We finally have the mathematical machinery necessary to address the initial goal
of this section: given a vector i' with coordinates < a, b, c, d > in the {A,

~, A, C*}

basis, we wish to find its corresponding coordinates < a', b', c' > in the {x, y, 7 z }
basis. A bit of matrix manipulation, using equation (2.28), gives us:

A

3a c 6a 0

1

A*

a' b

c'

y*

a b c d

_2
A*
3

Z*

C*

=

a b c d

3a

0

0

3aC

c/
6a 0

0

0

1
(2.29)

Thus, the coordinates < a', b', c' > can be obtained by left-multiplying the given
hexagonal coordinate-vector < a, b, c, d > by the 4 x 3 matrix in equation (2.28).
3It is worth pointing out that this matrix, and in fact all the analysis in this chapter, is applicable
to the arsenic and antimony systems as well, which have different values of a and c, but whose lattice
structures are crystallographically equivalent to bismuth and therefore have the same space group.

Z*

2.3

Crystallographic Orientations of Nanowires and
the Bismuth Brillouin Zone

Since the bismuth crystal lattice is essentially a stretched fcc lattice with a two-atom
basis, its Brillouin zone is a bcc lattice compressed along the trigonal direction, as
shown in Fig. 2-5.

Wole

eket (A)

•etrix (Y)

po0lo!
binary (:

lI1i!O]

Figure 2-5: The Brillouin zone of bismuth. Electron carrier pockets B and C are
obtained from pocket A by rotation about the trigonal (z) axis.

The axes of the bismuth nanowires studied in this thesis are oriented primarily
in the [0112] and [1011] hexagonal directions (equivalently, they are normal to the
(0112) and (1011) crystal planes, respectively). Following the analysis in the previous
section, these coordinates can be expressed in Cartesian coordinates:
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0

0

where we have used the values a = 4.54602

and c = 11.862A [9].

Finally, due to the three-fold trigonal symmetry of the lattice, each vector v7 can be
rotated by ±1200 about the trigonal axis to obtain a family of three crystallographically equivalent lattice directions. In Cartesian coordinates, this ±1200 rotation is
achieved by multiplying iYby the rotation matrix R:

S=

cos (1200)

- sin (1200)

0

sin (1200)

cos (1200)

0

0

0

1

in Cartesian coordinates. To obtain a rotation of -120'

(2.32)

about the trigonal axis, we

multiply V by R - = R 2 .
In Cartesian coordinates the vector [0112] becomes the family {< -2.6093, 0.7532, 2 >
,< 0.6524, -2.6363, 2 >, < 1.9568,1.8831,2 >} and [1011] becomes the family {<
0, 1.5605, 1 >, < -1.3514, -0.7802, 1 >, < 1.3514, -0.7802, 1 >}.

Chapter 3
Electronic Properties of Bismuth
Nanowires
3.1

Band Structure

The electronic energy bands in the vicinity of the Fermi energy of bismuth are shown
below in Fig. 3-1. In an ideal fcc lattice, the L and T points would be equivalent
(see the Brillouin zone of Fig. 2-5), but the rhombohedral shear breaks this symmetry, lowering the energy bands at the L points and raising them at the T-point. The
resulting band overlap is responsible for the semimetallic properties of bismuth. Electron carrier pockets in bismuth are ellipsoids centered at the L points, and the hole
carrier pocket is an ellipsoid of revolution centered at the T-point. Since the bismuth
crystal has trigonal symmetry, there are 3 equivalent L-points and one T-point.
The constant energy hole ellipsoid at the T-point may be characterized by the
effective mass tensor at the band edge, written in Cartesian coordinates:

Mh

=

mh*

0

0

0

mh2

0

0

0

mh3

(3.1)

We have mL = mh2 due to symmetry, and mh3 > m 1 , indicating a large
anisotropy in the T-point hole Fermi surface. At OK, the effective mass compo-

rb

T
Figure 3-1: A schematic of the bismuth band structure near the fermi level at the
L- and T-points. Eo denotes the overlap of the L-point conduction band with the
T-point valence band, and has a value of 115 meV at 300K. EgL and EgT denote the
L- and T-point bandgaps, respectively.
nents are mT,

= mT2 = 0.059 and m*t = 0.634 [11] 1 . We were unable to locate room

temperature studies in the literature of the T-point band structure for this thesis.
However, since the T-point band structure is not strongly affected by temperature,
we will assume, as other groups have, that the OK values hold for room temperature
as well. The band structure near the T-point is well approximated by a parabolic
dispersion relation:
h2

ET(k) = ET,o - 2
2mo

M 'k-

(3.2)

'All effective mass values in this thesis are given as a fraction of the free electron mass mo.

where ET,O is the energy at the T-point valence band edge, mo is the free electron
mass, and Mh 1 is the inverse of the T-point hole effective mass tensor. Expanding
equation (3.2), we obtain

k
k2
E2 k2
X +
+
mh2 mhZ)
2mo m
3
2

ET(_) - ET,o

(3.3)

We see that the constant energy surfaces are indeed ellipsoids centered at the Tpoint and having their major axis in the trigonal (z) direction. The two minor axes
are equivalent and can therefore be aligned with the binary and bisectrix axes.
The dispersion relations for the L-point carriers are more complicated. To begin
with, the principal axes of the L-point ellipsoids are not aligned with the trigonal,
bisectrix, and binary axes, and the effective mass tensor is therefore not diagonal in
Cartesian coordinates. The L-point electron pocket shown in Fig. 2-5 is characterized
by its effective mass tensor

Me =

where me2

»

mrel

0

0

m2

0

me4 me3

0

M*

(3.4)

e4

I

m*l, me 3 . At OK, the effective mass components in units of mo are

are m*, = 0.00113, m* 2 = 0.26, mn*= 0.00443, and mn*= 0.0195 [12]. The L-point
band structure, unlike that of the T-point, has a strong temperature dependence for
temperatures above 80K [5, 13], and the L-point effective mass components vary with
temperature approximately according to the empirical relation [13]

m*(T)

m*(0)
*(0)
1 - 2.94 x 10-3T + 5.56 x 10-7T 2

(3.5)

obtained from magneto-reflection studies.
For T=300K, equation (3.5) becomes m*(300) = 5.951 x m*(0), so the L-point effective mass components at room temperature become m, 1 = 0.00672, m

2

= 1.547, m3 =

0.02636, and m*4 = 0.116. The other two L-point pockets are obtained by 1200 rotations of Me about the trigonal axis. As we can see from Fig. 2-5 and from the

effective mass tensor in equation (3.4), one of the minor ellipsoid axes is along the
binary axis, while the major axis and the other minor axis lie in the trigonal-bisectrix
plane. As indicated by the positive off-diagonal element me4 , the major axis is tilted
towards the trigonal axis. The tilt angle, which can be calculated by the formula

tan(20) = 2m*4 /(m*

2

- me3 ),

is - 60 in bismuth.

Due to the very small bandgap between the L-point valence and conduction bands
(EgL= 36 meV at 300K [13]), these two bands are very strongly coupled, and a
parabolic dispersion relation is not appropriate. Instead, the L-point band structure
is best described by the Lax model, which makes use of k -p perturbation theory for a
strongly coupled two-band model. A good treatment of the Lax model can be found

in reference [14].
Taking the energy at the band edge of the L-point conduction band to be zero,
the Lax model gives the following non-parabolic dispersion relations:

EL(k) =

EL

gL(I

2

1_

2h2
EgLmo

_
k

-M

k)

(3.6)

The + and - signs describe the dispersion relations of the L-point valence and
conduction bands, respectively, which are mirror images of each other due to their
strong coupling. Note that the dispersion relation becomes parabolic for energies very
close to the band edge, whereas for energies further away it becomes asymptotically
linear. Although for the purposes of this study we are only concerned with energies
near the band edge, non-parabolicity affects the change of the L-point bands as a
whole with quantum confinement, and must therefore be accounted for.

3.2

The Indirect L-T Transition

In bulk bismuth, optical absorption is dominated by the direct L-point valence band
to conduction band transitions. At low temperatures, the threshhold energy for this
transition is EgL + 2Ef, assuming mirror L-point bands as in the Lax two-band model.
The electronic features of bismuth nanowires differ from those of bulk bismuth

due to quantum confinement, which causes the valence and conduction subbands at
the L and T points to split into subbands. As the nanowire diameter decreases,
the lowest L-point conduction subband increases in energy as the highest valence
subband correspondingly decreases in energy. This effectively increases the L-point
bandgap, EgL(d), which becomes a function of nanowire diameter d. At same time, the
highest T-point valence subband decreases in energy, lowering the band overlap. For
nanowires of diameter N 20 nm, the band overlap becomes zero at room temperature,
and the semimetal-semiconductor transition is reached.
In a nanowire, assuming parabolic bands, the subbands split apart in energy
proportionally to h 2 /(m d 2 ), where m* is the in-plane effective mass of the nanowire
and depends on crystalline orientation. Note that the highest L-point valence band
subband decreases in energy faster than the highest T-point valence subband, since
the L-point effective mass components are smaller than the the T-point effective mass
components.
Black et al. investigated a sharp and intense absorption peak near 1000 cm - 1 in
bismuth nanowires oriented along the [01T2] direction [15]. The energy of this peak
increased with decreasing diameter, but not as fast as would be expected of a direct
inter-band or inter-subband transition. Black et al. explained this energy feature
as an indirect transition from electrons in the L-point valence band to unoccupied
states above the Fermi energy in the T-point valence band. In this case, the L- and
T-point subbands both decrease in energy with decreasing wire diameter, but the
L-point subbands decrease in energy faster than the T-point subbands, due to the
lower effective mass at the L-points. Hence the energy peak of this indirect transition
increases with decreasing diameter, but not as rapidly as would be expected of a
direct inter-band or inter-subband transition.
Although this indirect valence band transition (which we shall hence call the L-T
transition) may occur in bulk bismuth, it is not easily observable because the optical
absorption in bulk bismuth is dominated by the direct L-point transition and free
carrier absorption processes.
In a nanowire, the situation is different. If the incoming light is polarized parallel

to the nanowire axis, then carriers are free to move in response to the electric field.
However, when light is polarized perpendicular to the nanowire axis, carriers no longer
are free to move, as they are strongly scattered by the nanowire boundary. This results
in a suppression of free carrier absorption, which allows other absorption mechanisms
such as the indirect L-T transition to dominate. Indeed, Black et al. noticed that the
1000 cm -

1

energy peak was present for perpendicularly polarized light but absent for

light parallel to the nanowire axis.
However, even though free carrier absorption is suppressed in nanowires for perpendicularly polarized light, it is still unexpected that an indirect transition would
have such a large absorption peak, because indirect transitions generally require a
phonon for momentum conservation. Black et al. [16] have proposed a transition
mechanism that does not necessitate a phonon. For electrons traveling in the direction perpendicular to the wire axis, the assumption of an infinite periodic potential is
no longer valid. Momentum is no longer a good quantum number, and states which
in the bulk are orthogonal, now overlap partially. This allows for coupling between
states which in the bulk are associated with different points in the Brillouin zone.
Because of the coupling between these states in the nanostructure, these electronic
transitions do not require phonons for momentum conservation.

The momentum

change in the nanostructure is instead transferred to the boundary (the truncation of
the lattice).
In order for the L- and T-points to couple, one part of the wall at the edge of
the wire needs to be oriented in the direction to couple one of the L-points with the
T-point. Preliminary calculations show that for both [0112] and [1011] crystallographically oriented nanowires, part of the edge of the wire is in the correct orientation to
allow coupling between one of the L-points and the T-point, while for wires oriented
in the [1120] direction, no part of the wire boundary couples any L-points to the
T-point. This is consistent with results of Reppert et al. [3], who observed this peak
in the spectra of [01T2] oriented nanowires, and Cornelius et al. [4], whose spectra of
[1120] oriented nanowires did not display this peak. Surface states may also play a
key role in enhancing this indirect transition.

However, since the samples of Cornelius et al., Reppert et al., and Black et al.
were all measured on different FTIR setups, these results could stem from differences
in experimental apparatus. In Chapter 5 of this thesis, we measure samples from each
of these three groups on the same FTIR apparatus, confirming that these differences
are indeed physical and are not associated with the experimental setup.
In Chapter 4, we will model the energy of the L-T transition as a function of
diameter for nanowires of different crystalline orientation. Here, we derive a formula
for the energy of the L-T transition.
For simplicity, we will find the energy from the band edge of the highest L-point
valence subband to the band edge of the highest T-point valence subband. This is a
reasonably accurate approximation for the L-T transition energy [15], but a complete
treatment of energies associated with different subbands would require joint-densityof-states calculations, as well as more in-depth study of the L- and T-point coupling
and selection rules.
Figure 3-2 shows again a schematic view of the electronic band structure of bulk
bismuth near the Fermi energy (without the T-point conduction band, which does not
play a role in the L-T transition). Notice that the energy difference between the Land T-point band edges can be expressed as EgL,O +Eo in bulk bismuth. The situation
remains the same in nanowires, except that the highest valence subbands decrease
in energy due to quantum confinement. We will call AEL(d) the energy difference
between the bandedges at the L-point of the valence band in bulk bismuth and the
highest L-point valence subband of a nanowire of diameter d. The corresponding
term at the T-point will be AET(d). Hence, for the case of nanowires, we obtain the
formula for the energy of L-T transition:

EL-T(d) = EgL,O + Eo - AEL(d) + AET(d)

(3.7)

Note that EgL,o and Eo are bulk quantities. Also, when the diameter d becomes
small enough, the nanowire undergoes a transition from semimetal to semiconductor.
For this value of d, the highest valence subband at the T-point will go below the

L

Figure 3-2: Bismuth band structure near the Fermi level.
Fermi energy, and there will no longer be enough states to accept L-point valence
electrons, quenching the L-T transition. In the next section we will further analyze
equation (3.7), and calculate the dependence of EL-T(d) on crystalline orientation.

Chapter 4
A Square Wire Model of the L-T
Transition
In this section, we will introduce a model for calculating EL-T(d). Since EgL,O and
Eo are constants, we can focus on computing AEL(d) and AET(d). In section 4.1,
we introduce a simple square wire model based on an isotropic effective mass, which
qualitatively explains several key features of the L-T transition. In section 4.2, we
extend this model for non-isotropic effective mass tensors, and in section 4.3 we
develop a robust mathematical tool to calculate the in-plane effective masses at the
L- and T-points for nanowires of any crystalline orientation. Finally, in section 4.4 we
use the full scope of our model to calculate EL-T(d) for wires oriented in the [01T2]
direction, and compare our values with experimental results.

4.1

Isotropic Mass Model

In our simplest model, but one that still explains several key features of the L-T
transition, we assume that the L- and T-point carrier pockets each have an isotropic
effective mass', which we designate m* and m* respectively2 . In this case, k. M,- 1.
'In other words, the carrier pockets are assumed to be spherical for both electrons and holes.
2
To avoid confusion, we mention again that m* and m* refer to the effective mass values at
the L- and T-points of the bismuth Brillouin zone, respectively, and not to the longitudinal and
transverse effective mass components of the nanowire.

in equation (3.2) becomes

k2/m*.

Furthermore, we will perform calculations for very long square wires of side length
d, treating the nanowire as an infinite potential well. The square wire model is easy to
implement, and the infinite potential assumption is generally quite accurate, since the
nanowires we study are electrically isolated due to protective oxide coatings, dielectric
mismatches with the outside environment, etc. Let z' be the direction of the nanowire
axis and let x' and y' be oriented along the sides of the square wires, in the plane
of the nanowire cross-section. Since the mass is assumed to be isotropic, it does not
matter how we choose our axes x' and y', as the in-plane mass is always the same in
this simplified model. The values of ks, and ky, will be quantized:

k

=
-, ky-,
=

(4.1)

For the highest valence subband, as we are considering, we have n = 1. To find
AET(d), we first note that, by definition

h2

AET(d) = ET(d) - ET,o =

2

2mo

- M-

h

·-

=

2
2m mo

(k , + k2, + k),)

Now, we can substitute equation (4.1) into equation (4.2), noting that k,

(4.2)

=

0 at

the band edge:

AET(d) -

h22
2m*m o

2

2
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d2

(4.3)

2

4m*mod2

Similarly, we use equation (3.6) to obtain AEL(d)

AEL(d) =

EL

2
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(4.4)

To gain more intuition for this quantity, we take the Taylor expansion of AEL(d)
about k,, = 0:

AEL(d)

h2

1

4mmod 2

h2

16EgL mL*mod 2 )2 -_1.

(4.5)

The first term in equation (4.5), just like the corresponding term in equation
(4.3), is the correction to EL due to quantum confinement, and decreases the subband
energy. The second term is the correction due to non-parabolicity, which, as we can
see, serves to increase the subband energy, and becomes increasingly important as
d becomes small. Thus, the energies of the non-parabolic L-point valence subbands
decrease with quantum confinement, but not as much as if they had been parabolic.
Combining equations (4.3) and (4.5), we can approximate the energy of the L-T
transition for the isotropic square wire model:

EL-T(d)

EgL,o + E +

h2
1
(
2
4mod m,

h2
1
2
2
4d EgL mL

1
mT

)

(4.6)

In section 4.3, we will calculate the in-plane masses of [0112]-oriented wires. In
section 4.4 we will use the values we thus obtain to compute EL-T(d) with and without
corrections, and compare these results with experimental data.

4.2

Orientation-dependent Mass Model

Although the isotropic effective mass model provides a simple qualitative model of
the dependence of the L-T valence band transition energy on non-parabolicity and
quantum confinement, we can obtain more accurate results by incorporating crystallographic orientation into our calculations. Specifically, we will use solid geometry to
find the in-plane effective mass values m', and m*, given a nanowire axis direction,
leaving d as the only variable in equation (4.6).
Recall that the L- and T-point carrier ellipsoids are characterized by their respective band-edge effective mass tensors Me and Mh given in equations (3.1) and
(3.4).
Following the reasoning in [8], the in-plane masses of equations (4.3) and (4.4)
can be accurately given as:

1
mp

11

1

( + )
2 m* m*

(4.7)

where ml and m* are the two principal mass components in the plane normal to
the nanowire axis. A quick calculation shows that this designation is equivalent to
setting the orientations x' and y' of the square wire sides along the directions of the
two principal in-plane mass components mT and m*.
Mathematically, the equation for an ellipsoidal carrier pocket can be given as

- M - 1 - k= 1

(4.8)

Equation (4.8) represents an ellipsoid with half-axes of length

V/•,

ý/m

and

•M*, where m*7,m2, and m* are the three principal effective mass components.
Given a nanowire whose axis may be represented by the vector [a, b, c] in Cartesian
coordinates, the intersection of the plane perpendicular to the nanowire axis with the
carrier ellipsoid in equation (4.8) will be an ellipse, as shown in Fig. 4-1. The halfaxes of this ellipse will thus be exactly v

and

, where mt and m; are the two

principal effective mass components in the plane normal to the nanowire axis. Thus,
we must find the lengths of the half-axes of this ellipse in order to calculate mP.

4.3

Calculating mp

The calculation of m* can be rephrased as a problem in solid geometry: given an ellipse
formed by the intersection of an ellipsoid and a plane, which are defined respectively
by the equations:

X y z

M-

1

ax + by + cz = 0

y

=1

(4.9)

(4.10)

Figure 4-1: The intersection of an ellipsoid with a plane is a two-dimensional ellipse.
Given the carrier ellipsoid described in equation (4.9), the half-axes of the resulting
ellipse are /Ii and V 2 as shown in the figure.
where a, b, and c are the Cartesian components of a vector perpendicular to the plane
(representing the nanowire axis), find the lengths of the major and minor axes of this
ellipse.
This problem can be solved by the following procedure we have developed:
1. Use equation (4.10) to find z(x, y) (z in terms of of x and y) 3
2. Choose new coordinates x'(x, y) and y'(x, y) that satisfy the criterion x 2 + y 2 +
z(x, y) 2 = x12 + y' 2 . The equation d2
plane given by equation (4.10)3To

-

x' 2 + y12 defines a distance metric on the

any point P on the plane can now be given

avoid confusion, note that x,y, and z are the spatial directions in Cartesian coordinates- z
is not aligned with the nanowire axis.

by its coordinates (x', y') instead of (x, y, z), and the square distance of P from
the origin can be written as d2 = X12 + y 12 instead of d2

-

x2 + y2 +

2.

3. Find the inverse relations x(x', y') and y(x', y').
4. Substitute z(x, y) from step 1 into equation (4.9), which becomes an equation
of x and y. Now, insert into this equation the relations x(x', y') and y(x', y')
from step 3, to obtain an equation for the ellipse in {x', y'} coordinates.
5. This ellipse most likely will not be diagonal in the {x', y'} basis. It will have
the form k 1x' 2 + 2k 2 x'y' + k 3 y' 2 = 1, for some constants kl, k2 , and k3 . This
equation can be elegantly written in matrix form as

x'

y

i

k2

Y
X1

k2 k 3

y'

1

6. Find the eigenvalues A1 and A2 of this 2 x 2 matrix. The quantities i
1

(4.11)

and

are the half-axis lengths of the desired ellipse. Recalling that the half-axes

have length

/

and V/2, we obtain our desired result:

1
2
m =-- , m =

1

(4.12)

which we can insert into equation (4.7) to obtain m*.
This method is particularly robust because we can simply plug in the Cartesian
coordinates [a,b,c] of any desired nanowire direction into equation (4.10), and proceed
to calculate the desired in-plane effective mass.
Table (4.1) lists the values of m*, m;, and the resulting mp for wires oriented
in the [0112] direction obtained by the above procedure for the T-point and for
each of the three L-points. We obtained the three L-point in-plane effective masses
by using Mj- ' in equation (4.9), and using the the family of vector coordinates
{[-2.6093, 0.7532, 2], [0.6524, -2.6363, 2], [1.9568, 1.8831, 2]} we derived in section 2.3

as the components [a,b,c] in equation (4.10). To obtain the T-point in-plane effective
1
4
mass mT,,
, we used M ' in equation (4.9) [-2.6093,0.7532,2] in equation (4.10).

Pocket

m*

m;

0.0835 0.059

0.143

L(A)
L(B)

0.020
0.011

0.011
0.007

0.138
0.031

L(C)

0.014

0.009

0.036

T

m*

Table 4.1: Values of the confined effective mass components m*, m*, and the resulting
values of m* for each carrier pocket, calculated for nanowires oriented in the [0112]
direction.

4.4

Energy of the L-T Transition

Having found the in-plane effective masses at the T-point and the three L-points, we
now have two models to consider. The first is the simple, parabolic model, which
ignores the effects of non-parabolicity at the L point. Inserting equations (4.3) and
(4.7) into equation (3.7), we obtain:

EL-T(d) = EgL,O + Eo +

h2
4mL,pmod 2

-

h2 2
4m ,mod2

(4.13)

The non-parabolic model uses the full expression for AEL(d) in equation (4.4)
instead of the parabolic approximation of equation (4.5):

EL-T(d) = EgL, + E -

E
(1 2

1+

1
h2
h2
4m,pmod 2
EgL mLmod 2

(4.14)

A major difficulty in implementing these models lies in the fact that the bulk
bismuth band parameters are not accurately known at room temperature. The Lpoint bandgap and the L-T band overlap have been estimated to be EgL,O = 36 meV
and Eo = 98 meV, respectively, but it is not clear how accurate these values are.
4

Note that the T-point in-plane effective mass remains the same for the other two vectors in the
[0112] family, due to the trigonal symmetry of the T-point.

Since the value of EgL,O is likely to be more accurate than the value of E 0 , we will
use the published value of EgL,O = 36, and we will find Eo using our model.
There are three experimental data points available that have been identified with
the L-T transition, all for [0112]-oriented nanowires. Black et al. measured peaks of
965 cm-' (119.6 meV) and 1090 cm - 1 (135.1 meV) for nanowires with diameters of
200 and 45 nm, respectively, while the ~10 nm nanowires of Reppert et al. had a large
absorbance peak at 1393 cm -

1

(172.7 meV), as well as a smaller peak at 1460 cm -

1

(181.0 meV). We will discuss the fabrication details of the samples of both groups in
more detail in Chapter 5.
To obtain a value of the band overlap Eo, we insert the values EgL,O = 36 meV,
m*, =0.0835, and mL,*=0.014 (the middle value of m*, in Table (4.1)) into equation
(4.14), for d = 200 nm. This gives us a value of E0 =82.5 meV, which we shall now
use in our calculations.
In Fig. 4-2, we have plotted the energies of the L-T transition vs. 1/d 2 for our two
models, along with the three experimental data points mentioned above. We have
used the values E0 =82.5 meV, EgL,O = 36 meV, m*, =0.011, and m*,,=0.0835.
Note that the cross-sectional area of a cylindrical wire of diameter d is smaller
by a factor of 7/4 than the cross-sectional area of a square wire with side length d.
Therefore, we have multiplied d2 by 7/4 in equations (4.13) and (4.14) in order to
generate the plots in Figs. 4-2 and 4-3.
We see that our non-parabolic model agrees fairly well the experimental data, and
we note that it is far more appropriate than the parabolic model, which predicts a
linear E vs. 1/d

2

relation.

Let us now examine the parameters of the non-parabolic model in more detail.
In Fig. 4-3, we have plotted the EL-T VS. 1/d 2 for each of the 3 in-plane L-point
masses in Table (4.1). We have again included the three experimental data points for
reference, and use the values E o =82.5 meV and EgL,O = 36 meV. As we can see, the
energy of the transition has a strong dependence on the value of m*,.
We can see from Fig. 4-3 that our non-parabolic model shows very good agreement
with experimental values, especially when we use the L(B)-point in-plane effective

rlrlrk

E
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x 1016

Figure 4-2: A plot of EL-T VS. 1/d 2 for our two models, with d ranging from 300
to 10 nm. The dashed curve shows the parabolic model of equation (4.13), while
the solid curve graph shows the non-parabolic model of equation (4.14). The three
experimental data points (d = 300, 45, and 10 nm) and their respective energy peaks
are plotted as well. The value of m*, =0.011 was used throughout.
mass, m,,-=0.011. However, it is important to mention that the relevant bulk band
parameters of bismuth (EgL,O, E 0 , and the L- and T-point effective mass tensors) are
not known very accurately at room temperature. Increasingly accurate measurements
of the values for these parameters are expected to increase the accuracy of our model.
It is interesting to note that, below a certain critical diameter, our model predicts
that the highest T-point subband decreases in energy faster than the highest L-point
subband, thus decreasing the energy of the L-T transition. The value of this critical
diameter depends on the in-plane effective masses m*L, and m,*

.

Finally, it is important to raise a legitimate concern about the point in Fig. 4-3
for the -10 nm nanowires of Reppert et al. We know that below the semimetalsemiconductor transition, the L-T transition is quenched, as there are no more empty
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Figure 4-3: A plot of EL-T VS. 1/d2 for the non-parabolic model, with d ranging from
300 to 10 nm. The solid curve uses a value of m*,=0.011, the dashed curve uses
m}I,=0.014, and the solid curve with points uses m*, =0.020. The three experimental
data points (d = 300, 45, and 10 nm) and their respective energy peaks are plotted
as well, and fit best for m*, =0.011.
states in the highest T-point valence subband to accept electrons. Lin et al. [8] predict
this transition to occur at 14.0 nm for nanowires oriented in the [0112] direction [8].
How, then, can we still be seeing this transition in FTIR measurements? There are
three possible explanations for this curious fact:
1. The semimetal-semiconductor conduction could actually occur at <10 nm in
[0112]-oriented nanowires. This is unlikely, because it would require a large
correction to the known values of the effective masses at room temperature.
Although these values are not well-characterized, a large inaccuracy is unlikely.
2. The samples of Reppert et al. could be doped so as to lower the Fermi energy and open up electron-accepting states at the T-point. This possibility is

currently being investigated.
3. A third possible explanation relies on the fact that the nanowires of Reppert
at al are distributed about 10 nm, but do not all have this value. As shown in
Fig. 4-4, about 1 in 4 of their nanowires actually have diameter >14 nm. It
is possible that the peak associated with the L-T transition is only seen from
these larger-diameter nanowires. This could also explain why the energy of this
peak is higher than our model predicts.
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Figure 4-4: The diameter distribution of -100 Bismuth nanowires of Reppert et al

[3].

Chapter 5
Experiment
In this chapter we describe measurements of the infrared spectra of samples from all
three groups mentioned in section (3.2) on the same FTIR apparatus. Section (5.1)
discusses the fabrication details of each set of samples, and our experimental results
are described in section (5.2)

5.1

Sample Fabrication

5.1.1

Black et al.

The samples of Black et al. were prepared by template-assisted synthesis [15]. First,
anodic alumina templates were produced by anodizing pure Al in acid. Under carefully chosen conditions, a regular array of parallel and nearly hexagonal channels
formed on the resulting oxide film. The channel diameter and length could be controlled by varying the anodization voltage and the acid etch time, respectively. The
channels were then filled by high-pressure injection of liquid bismuth. Finally, the alumina template was etched away, leaving an array of free-standing bismuth nanowires.
The resulting nanowires possess a high degree of crystallinity, and XRD measurements
show a dominant crystal orientation along the [0112]-axis.
It must be noted that the etching of the alumina template leaves a significant
bismuth oxide coating on the nanowires. For example, the 45 nm nanowires mentioned

in Section (4.4) actually have a diameter of 60 nm, but Black et al. estimate that they
have a coating -7 nm thick coating of bismuth oxide (Bi 2 0 3 ) that is transparent to
infrared light, while the bismuth crystal core corresponds to a diameter of -45 nm.

5.1.2

Reppert et al.

Reppert et al. used a novel approach based on the pulse laser vaporization (PLV)
method to produce their samples [3]. A Nd:YAG laser was used to ablate a rotating target of Bi powder (99.5%) and an Au catalyst. A continuous flow of Argon
and Hydrogen gas caused the ablated material to flow downstream and collect on a
water-cooled cold finger, where the Au particles served as a seed for the nanowire
growth. After the reaction, the apparatus was cooled to room temperature, and the
ablated material was collected from the cold finger. The resulting deposit consisted
predominantly of bismuth nanorods (short nanowires) with an average length of '200
nm dispersed among spherical Bi nanoparticles and flat sheets of bismuth oxide.
The nanorods contained a crystalline Bismuth core encapsulated in a 2 nm layer
of Bi 2 03. As noted in section (4.4), the predominant nanorod diameter was 10 nm,
and XRD analysis showed a [0112] nanorod growth direction. Moreover, the lattice
spacing of the planes oriented along the length of the nanorods was found to be 0.328
nm, which is consistent with the [0112] growth direction.
3 mg of the nanorod deposit was then mixed with 50 mg of KBr powder, and the
resulting mixture was pressed into a pellet 5 mm in diameter. After the sample chamber was evacuated to 0.002 mbar pressure to eliminate interfering infrared absorption
features in the IR spectra from atmospheric CO 2 and water vapor, transmission FTIR
spectra showed two distinct absorption peaks: a large one at 1393 cm - 1 , and a smaller
one at 1460 cm - 1, as shown in Fig. 5-1. The split peak is consistent with the value
of 70 cm -

1

for a phonon spanning the L- and T-points, necessary for momentum

conservation [17].

C
0
4-~

0~r

(I)

1000

1200

1400

1600

l[cm - 11
Figure 5-1: IR absorption spectrum taken by Reppert et al. of the as-prepared
nm nanorods [3].

5.1.3

10

Cornelius et al.

Finally, the samples of Cornelius et al. were created by irradiating polycarbonate
foils with energetic heavy ions [4]. The latent ion tracks were subsequently etched in
NaOH, and the diameter of the resulting pores was controlled by etching. In the next
step, a conductive electrode was deposited on one side of the polycarbonate membrane, and nanowires were grown electrochemically inside the pores. These nanowires
were highly oriented along the [1110] direction, as shown by TEM, XRD, and electron
diffraction measurements, and possessed a high degree of crystalline order. The membrane was then dissolved in dimethylformamide, and the wires were detached from
the electrode by means of ultrasound. Several drops of the resulting solvent-nanowire
suspension were put on a silicon wafer. The solvent completely evaporates at room
temperature, leaving behind the nanowires.

For their FTIR measurements, Cornelius et al. selected single nanowires by means
of an aperture and took infrared transmission spectra, using as a reference nearby
areas on the wafer without any nanowires. As one can see from Fig. 5-2, they did
not notice any large absorption peaks in the 1000-1500 cm -

1

range.
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Figure 5-2: IR transmission spectrum taken by Cornelius et al. of an area on the
silicon wafer containing a single 120 nm nanowire [4]. The inset shows an Optical
microscopy picture of this area (1), as well as an area without wires (2).

5.2

Experimental Results

To perform our FTIR measurements, we used a Nicolet Magna-IR 860 Fourier Transform infrared spectrometer and a Nic-Plan IR Microscope with a 1.5 mm aperture.
Data were taken in the range 600-4000 cm - ' at 300K, with a resolution of 2 cm - .
The microscope stage on which the samples rested was not evacuated, and remained
at room pressure. It is also important to mention that, although the light incident on

the sample is mostly normal to the plane of the sample, some of the light is incident
at an angle. Nicolet reports that this angle can vary from 0-40'.
Fig. 5-3 shows a spectrum from one of the Black et al. nanowires in reflection
mode, where we have used a polished gold mirror as a background. We see that there
is a large dip in reflectance in the vicinity of

-1000

cm - 1 , which is not observed in

bulk bimsuth and corresponds to the L-T transition.
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Figure 5-3: IR reflectance spectrum of one of Black et al.'s nanowire samples in
alumina.
Next, in Fig. 5-4 we have a transmission spectrum from the nanowire pellet of
Reppert et al. The peaks at 1393 and 1460 cm -

1

are clearly visible, confirming that

this feature is physical, and not related to differences in experimental setup. The
additional peak at -850 was observed by Reppert et al. as well, and its origin is
unclear.
Finally, Fig. 5-5 shows reflectance spectra we obtained from the 40 nm and 100
nm samples of Cornelius et al., mounted on silicon wafers. Since the resolution of
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Figure 5-4: IR spectrum of the KBr pellet containing the nanorods of Reppert et al.
Unlike the absorbance spectrum in Fig. 5-1, this spectrum is taken in transmittance
mode. To compare the two, note that T(w) = 1 - A(w).

our aperture was 1.5 mm, we could not select individual nanowires as they did, but
instead took spectra of an area containing the nanowires. We used a polished gold
mirror as our background, instead of a nanowire-free area of the wafer as they had
done. However, background spectra we took from the gold mirror and from the silicon
background looked very similar, so this difference cannot account in any qualitative
differences with their spectra.
It is difficult to extract any quantitative features from these two spectra, due to
the large aperture spot size and the irregularity of the bismuth nanowire suspension
droplet on the wafer surface. Nonetheless, we see that there are no large absorption
features in the 1000-1500 cm - 1 range, and we note an overall decrease in reflectance
for wavenumbers larger than 2000 cm - 1
Thus, our results confirm that the L-T transition peaks visible in [0112]-oriented
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Figure 5-5: IR reflectance spectra of 100 nm and 40 nm Cornelius et al. samples.
The reflectances of the 40 nm sample (top, blue) and the 100 nm sample (bottom,
green), are shown on the left and right y-axes, respectively.
nanowires are absent in [11T0]-oriented nanowires.

Chapter 6
Conclusions and Outlook
6.1

Summary of Main Results

In this thesis, we have studied the effect of the non-parabolicity of the L-point subbands on the indirect L-T transition of [0112]-oriented nanowires. In Chapter 3, we
summarized the available knowledge of the crystal structure of Bi, and used this to
derive a simple way to transform vectors from the (4,4) hexagonal coordinates to
Cartesian coordinates.
In Chapter 4 we developed a robust mathematical treatment that enabled us to
calculate in-plane effective masses for nanowires of any crystalline orientation. We
then fed the in-plane masses we thus obtained into a square wire model of the L-T
transition that we developed. The model accounts for the non-parabolicity effects
at the L-point, and indicates a range of electron effective masses in the confined
direction at room temperature that account for the experimental results. Our results
for [0112]-oriented nanowires agree very well with previous experimental data, and
we showed conclusively that the parabolic approximation of the L-point bands yields
highly inaccurate results.
Finally, in Chapter 5 we performed room-temperature FTIR spectroscopy measurements in both the transmission and reflection modes on three sets of nanowire
samples from three different groups. Our experimental results demonstrate that the
differences in optical properties between the three sets of samples are physcial in

nature, and are not due to differences in the experimental setups.

6.2

Sources of Error

The main source of error in our theoretical models is the lack of accurate band parameters for bismuth at room temperature. Improvements in the accuracy of these the
band overlap energy, the L-point bandgap, and the effective mass tensor components
at the L- and T-points will serve to improve the accuracy of our model.
The precision of our FTIR measurements suffered due to factors such as unfocussed
beams (leading to some light being incident on the sample at an angle), spectral drift,
contamination peaks due to water vapor and C0 2 , and a slightly scratched gold mirror
for reflection measurement backgrounds. Nonetheless, we were able to successfully
observe qualitative features such as the presence or absence of large peaks in the
energy range of interest.

6.3

Future Directions

In order to improve upon our theoretical model of the L-T point transition, we can incorporate more subbands, which would require an in-depth study of selection rules and
joint-density-of-states calculations. Furthermore, we can use a cylindrical nanowire
model such as the one developed by Lin et al [] instead of our square-wire model.
A more in-depth study of the L-to-T point coupling mechanism in nanowires could
explain why the L-T transition peak is seen for some nanowire orientations but not
others. Once we have a more sophisticated model we can investigate the dependence
of the L-T transition energy on temperature and doping.
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