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Abstract
We develop a fast enriched finite element method for solving Poisson equations involving
complex geometry interfaces by using regular Cartesian grids. The presence of interfaces
is accounted for by developing suitable jump conditions.
The immersed boundary method (IBM) and the immersed interface method (IIM)
are successfully used to solve these problems when combined with a fast Fourier transform. However, the IBM and the IIM, which are developed from the finite difference
method, have several disadvantages including the characterization of the null spaces and
the inability to treat complex geometries accurately.
We propose a solution to these difficulties by employing the finite element method.
The continuous Galerkin solution approximations at the interface elements are modified
using the enriched basis functions to make sure that the optimal convergence rates are
obtained. Here, the FFT is applied in the fast Poisson solver to significantly accelerate the computational processes for solving the global matrix system. With reasonably
small interfaces, the operational cost is almost linearly proportional to the number of
the Cartesian grid points. The method is further extended to solve problems involving
multi-materials while preserving the optimal accuracy. Several benchmark examples are
shown to demonstrate the performance of the method.
Thesis Supervisor: Jaime Peraire
Title: Professor

Acknowledgments
I would like to express my sincere gratitude to my thesis supervisor Professor Jaime Peraire
for his invaluable support, guidance, discussions and insights in the face of problems.
Without him I would not become an MIT student and this thesis would not be possible.
I would like to thank Professor Khoo Boo Cheong, Professor Nguyen Thien Tong and
Professor Le Thi Minh Nghia for supporting and encouraging me to keep my one foot
planted in MIT. I would like to thank David Joe Willis and Krzysztof Fidkowski for
spending long hours to discuss, read and revise my thesis. I would like to thank Huynh
Dinh Bao Phuong, Garrett Barter and Chad Lieberman for their valuable feedback on my
English writing. I would like to thank Nguyen Ngoc Cuong and Bui Thanh Tan for their
sound advices about the research. I would like to thank Jean Sofronas, Laura Koller,
Jocelyn Sales and Michael Lim for their important administrative works both in MIT and
Singapore sides. I would like to thank the Singapore-MIT Alliance for funding this work.
Finally, I would like to thank those closest to me for their love, patience and encouragement. To my parents who have worked so hard to bring me up. To my lovely aunties
Phuong, Hanh and Huong who have sponsored my studying in Vietnam. To my kind
aunty Thu who has cooked good foods for me every week. To my brothers and cousins
who have pushed me work hard.

Contents
1 Introduction
1.1
1.2

Motivation and literature review . . . . . . . . . . . . .
Roadmap of the thesis ..................

2 Interface Problem Formulations
2.1

9

Extended interface problems ...............

9
11
........................

12
. . . . . . . . . . . 12

2.1.1
2.1.2
2.2

Extended interface problem formulations . . . . . . . .
Artificial conditions ................
. . . .
2.1.3 Jump conditions across interfaces . . . . . . . . . . . .
Multi-material interface problems . . . . . . . . . . . . . . . .
2.2.1 Multi-material interface problem formulations . . . . .
2.2.2

. . . . . . . 12
. . . . . . .

13

. . . . . . . 14
. . . . . . . 15
. . . . . . . 15

Jump conditions across interfaces . . . . . . . . . . . . . . . . . . . 16

3 A Fast Poisson Solver
3.1
3.2

Global systems of linear equations . ..........
Fast GMRES solver coupled with FFT . ............

3.3

Using the FFT to invert K ...................

. . . .

4 A Fast Enriched FEM for 1-D Poisson Equations Involving Interfaces
4.1 One-dimensional interface problem formulations ........
. . . . . . .
4.1.1 One-dimensional extended interface problems . . . . . . . . . . . .
4.1.2 One-dimensional multi-material interface problems . . . . . . . . .
4.2 Finite Element Enriched Spaces . ................
. . . . . . .
4.2.1 Solution approximation with enriched unknowns . ... . . . . . . .
4.2.2 Enriched basis functions .................
. . . . . . .
4.2.3 Enriched trial functions .................
. . . . . . .
4.3

4.4

Weak formulations of 1-D Poisson equations involving
4.3.1 Extended interface problems . . . . . . . . . .
4.3.2 Multi-material interface problems . . . . . . .
Imposition of jump conditions . . . . . . . . . . . . .

interfaces
. . . . . .
. . . . . .
. . . . . .

22
22
22
24
25
25
26
26

... 27
... 28
... 29
... 30

4.4.1 Dirichlet jump conditions . .
4.4.2 Neumann jump conditions . .
4.4.3 Robin jump conditions . . . . .
4.4.4 Multi-material jump conditions
4.5 Global system of linear equations .
4.6 Treatment of singular interface points .
4.7 Numerical examples . . . . . . . . . ..
4.7.1 Example 1 . . . . . . . . . . . .
4.7.2 Example 2 . . . . . . . . . . . .
4.7.3 Example 3............
5 A Fast Enriched FEM for 2-D Poisson Equations Involving Interfaces 40
5.1 Two-dimensional interface problem formulations ........
. . . . . . . 40
5.1.1 Two-dimensional extended interface problems .....
. . . . . . . 40
5.1.2 Two-dimensional multi-material interface problems . . . . . . . . . 41
5.2 Finite Element Enriched Spaces . . . . . . . . . . . . . . . . . . . . . . . . 41
5.2.1 Solution approximation with enriched unknowns . ... . . . . . . . 41
5.2.2 Enriched basis functions .................
. . . . . . . 42
5.2.3 Enriched trial functions . . . . . . . . . . . . . . . . . . . . . . . . 43
5.3 Weak formulations ........................
. . . . . . . 44
5.3.1 Extended interface problems . ..............
. . . . . . . 44
5.3.2 Multi-material interface problems ............
. . . . . . . 45
5.4 Global system of linear equations . ...............
. . . . . . . 46
5.5 Treatment of special and singular interface points .......
. . . . . . . 47
5.5.1 Treatment of special interface nodes ............
. . . . . . . 47
5.5.2 Treatment of singular interface points ..........
. . . . . . . 48
5.6 Numerical examples ........................
. . . . . . . 49
5.6.1 Exam ple 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.6.2 Example 5 . .. . .. . ... . .. . ... . . .. . .. . . . . . . . . 50
6 Conclusion and Future Work
A Imposition of Jump Conditions

List of Figures
2-1

(a) An irregular domain of a Poisson problem. (b) A regular domain of an
extended interface problem. ..........................
2-2 A domain of a Poisson problem involving multi-materials. ...........
4-1

4-8
4-9

A domain of the extended interface problem in one dimension. Q, and Q3
are the extended domains while ~2 is the original domain. Two interfaces
are at x=a andx=bb. .............................
.
A domain of the multi-material interface problem in one dimension. 01 and
/2 are material coefficients, and F is an interface. . ..............
Enriched basis functions at the interface node, a E (x1, x 2 )..........
Enriched trial functions at the interface node, a E (xl, x2). ..........
Superposition of the enriched basis and trial functions at the interface element [X1 , 2] with the interface a.........................
Enriched basis and enriched trial functions at the special interface elements
where the interface node coincide with a grid point. . .............
Solution distribution and the convergence rate for Example 1. In (b), the
values are plotted in log scale. ........................
Solution distribution and the convergence rate for Example 2. ........
Solution distribution and the convergence rate for Example 3. ........

5-1

Enriched basis functions at the interface nodes. (a), (b) Continuous en-

4-2
4-3
4-4
4-5
4-6
4-7

13
15

23
24
26
27
27
34
35
37
38

riched basis functions. (c), (d) Discontinuous enriched basis functions. . . . 43

5-2 (a), (b), (c) Enriched trial functions at the interface nodes. (d) Superposition of all enriched basis functions and enriched trial functions. ........
5-3 An extended interface domain. Q2 is the extended region. Arrows show
orientations of line integrals. . ..................
........
5-4 Special interface intersections conform to the grid points at interface elements.
5-5 Singular interface intersections at interface elements. . ............
5-6 Solution distribution and convergence rate of the 2-D Dirichlet interface
problem. In (b), all values are plotted in log scale. . ..............

44
45
48
48
50

5-7 Solution distribution and convergence rate of the 2-D multi-material interface problem. ..................................

51

List of Tables
4.1 Grid refinement analysis for Example 1...................
.
4.2 Grid refinement analysis for Example 2...................
.
4.3 Grid refinement analysis for the 1-D multi-material interface problem . ...

35
37
38

5.1

Grid refinement analysis for 2-D Dirichlet interface problem. .........

50

5.2

Grid refinement analysis for the 2-D multi-material interface problem. . . . 51

Chapter 1
Introduction
1.1

Motivation and literature review

In this thesis, we are interested in solving general Poisson equations defined on complex
geometry domains by using a novel finite element method combined with a fast solver
to reduce the operational cost. If these problems of interest are solved by the FEM,
unstructured grids are generated in such a way that the elements must be aligned with
the irregular boundaries. As such, the grids used are not regular Cartesian, and hence
unable to apply the FFT to accelerate computational processes to solve the resulting
global systems of linear equations. The FEM becomes less effective if a large number of
the elements is used. This motivates the ideas of converting the Poisson problems with
irregular boundaries into equivalent forms with regular boundaries.
Let us take an example of a Poisson problem bounded by an elliptical boundary.
After embedding a larger rectangle or square over this ellipse, and adding appropriate
jump conditions at the interface, a new formulation of this Poisson problem is created
(See Chapter 2). In the new formulation, the entire domain contains two isolated regions
connected by an interface which is the ellipse in this example. The solution of interest in
the inside region is taken to be identical to the solution of the original Poisson problem.
We are free to choose the solution in the outer domain, and therefore we typically set
it equal to zero. In this thesis, we call the new Poisson problem the extended interface
problem. Another type of the interface problem involving multi-materials is introduced
in Chapter 2.
These interface problems have been successfully solved by the immersed boundary
method (IBM) [4,8,16] and the immersed interface method (IIM) [1,2,3,17]. In the IBM
and the IIM, both developed from the finite difference method, uniform grid systems can
be applied to discretize the entire domains of the interface problems, and therefore the
inverse of the stiffness matrix can be effectively computed by using a discrete Fourier
transform. This significantly reduces the operational cost, which makes these methods

very attractive for large scale applications such as biological fluid flows. However, special
corrections must be made to ensure the proper behavior of the solution across the interface.
In the IBM [8], Peskin used delta functions to represent the jumps in the solutions across
the interface. A critical disadvantage of the IBM is the slow convergence. In [8], it
is shown that the delta functions smear sharp interfaces to a thickness which is of the
order of the meshwidth, and thus the IBM is limited to first-order spatial accuracy. The
IIM proposed by LeVeque and Li [17] avoids this smearing and maintains second-order
accuracy by introducing jump conditions at the interface. However, the disadvantage of
the IIM is the inconsistent interpolation procedure that makes it difficult to characterize
the null space. For interior problems involving Neumann conditions only, the inconsistent
interpolation results in global systems that are usually singular and extremely hard to
solve. In essence, both methods cannot be used to solve the interface problems accurately
if the geometry of the interface is complex and involves sharp corners.
The objective of this research is to develop a method which not only exploits the
advantages, but also overcomes the difficulties of the IBM and the IIM. We use the
FEM as the basis for the proposed method for solving interface problems with general
boundary conditions involving complex geometry interfaces with low computational cost.
Here, we take the advantages of the jump conditions which are defined and widely used
in the IIM to represent the solutions at the interfaces. We enrich the standard discrete
continuous Galerkin solution approximations by adding special enriched basis functions.
Furthermore, we manipulate the enriched solution approximations in such a way that a
fast solver based on the FFT is applicable for solving the global matrix systems.
We call the proposed method the fast enriched finite element method (FEFEM). The
FEFEM and the eXtended Finite Element Method (XFEM) [6,7,11,12] share the same
concept of enriching the solution to account for discontinuities across the interfaces. In
the XFEM, enriched basis functions are derived from asymptotical solutions of the similar
problems [6,7,11,12], and the Heaviside or signed functions are used as the model discontinuity. However, in the FEFEM, we use special "hat" functions and "step" functions as
the enriched basis functions to characterize the jumps across the interfaces. For example,
in the one-dimensional case, the "hat" function within each interface element is equal to
one at the interface, and equal to zero at the other nodal points while the "step" function within each interface element is discontinuous at the interface (See Chapter 4 and
5). In the XFEM, enriched unknowns are added at all nodes of the interface elements,
whereas, in the FEFEM, two enriched unknowns are added at each intersection between
the interfaces and the grid systems. In addition, the XFEM and enriched FEM are capable of modeling the internal interfaces using both structured and unstructured grids.
However, we shall only consider a uniform structured grid in the FEFEM. This particular
choice allows us to employ the fast Fourier transform to solve the resulting linear system

effectively with low computational cost, which makes the method very attractive for large
scale applications.
In conclusion, we develop the FEFEM for solving the Poisson problems involving
complex geometry interfaces with high order accuracy and low computational cost. This
proposed method converges quadratically, for example, if using linear elements. In the
fast Poisson solver, the matrix-vector multiplication routines are accelerated by using the
fast Fourier transform. We are also able to solve the interface problems involving different
material properties effectively.

1.2

Roadmap of the thesis

In Chapter 2, we show the analytical formulations of the interface problems. In Chapter
3, we introduce the fast Poisson solver, including the GMRES and the FFT, for solving
the global matrix systems. In Chapter 4 and Chapter 5, we discuss numerical procedures
and numerical results for 1D and 2D cases, respectively. In Chapter 6, we discuss the
conclusions and suggestions for future work.

Chapter 2
Interface Problem Formulations
In this chapter, we show how to construct extended interface problems from Poisson
problems defined on irregular domains. In addition, multi-material interface problems
are also described. All of the formulations presented in this chapter are given in two
dimensions.

2.1
2.1.1

Extended interface problems
Extended interface problem formulations

We are interested in solving a 2-D Poisson equation defined over an irregular domain (See
Figure 2-1(a)):

-~ 2U*(X) =g(X)
*(x) =u

X E *,
x EFD,

Vu*(x) fi = gN

x E rN,

where Q* is a bounded domain, F = FD U

rN

(2.1)

is a closed boundary, u*(x) is a solution at

x = (x, y), and g(x) is a source function. Dirichlet and Neumann conditions are provided
at FD and FN, respectively.
We solve (2.1) using the finite element method. Since F is irregular, a uniform Cartesian grid cannot be used to discretize the entire domain Q*. As a result, the fast Fourier
transform cannot be utilized to solve the resulting global system of linear equations.
Therefore, we propose to expand this problem by embedding a larger rectangular or
square domain over Q*. As shown in Figure 2-1(b), F becomes an interface dividing Q
into two isolated regions, Q1 and Q2 , where R= Q1 U Q2 and Q1 = Q*. The solution in
Q1 is identical to the solution of the original problem (2.1) while the solution in Q2 is set
to zero:

u(x) = u*(x)
u(x) = 0

E ,(2.2)
x EQ2

I

I

I

I

I;

I.-

I

S=DU1IN

u(=

)
(b)

Figure 2-1: (a) An irregular domain of a Poisson problem. (b) A regular domain of an
extended interface problem.
This new Poisson problem is called the extended interface Poisson problem. For general
boundary conditions given on PD and FN, the solution u in (2.2) is not continuous across
F.
The governing equation of the extended interface problem is written as follows:
-V 2 u(x) = f(x) - F(x)

x E Q.

(2.3)

The right-hand side of (2.3) contains two source terms. The first source term f(x) is equal
to zero in Q2, and equal to g(x) in Q1. The second singular source term F(x) contains a
Dirac delta function and the derivative of the Dirac delta function, and is given by:

F(x) =j

[Vu(x) fi]6(x - X(s))ds +

j

[u(x)](V6(x - X(s)) -fi)ds,

(2.4)

where 0 < s < Lb is the arc-length parameter, Lb is the length of the interface, and X(s) =
(X(s), Y(s)) is the arc-length parametrization of F. The capital X(s) in (2.4) is the
Lagrangian representation of the interface F; thus X(0) = X(Lb). Here, 6(x - X(s)) is the
2-D Dirac delta function, and (V6(x - X(s)) -fi) is the normal derivative of the 2-D Dirac
delta function. The delta function and its derivative appear in (2.4) because the solution
and the gradient of the solution of the extended interface problem are discontinuous across
F. In (2.4), [Vu(x) - fi] represents the finite jump in the flux, and [u(x)] represents the
finite jump in the solution.

2.1.2

Artificial conditions

Since the solution in Q2 is expected to vanish, we apply homogenous Dirichlet conditions
at II and I + . In Figure 2-1(a), H is the extended boundary of the extended interface

problem, and F+ is an imaginary interface:

r+ = r + Pi, EC<1.
The homogeneous Dirichlet condition at r + is called the artificial condition in order
to distinguish it from the homogeneous Dirichlet boundary condition at II. The artificial
condition at r+ is:

(2.5)

u(X)xIEr+ = 0,
while the homogeneous Dirichlet boundary condition at II is:

(2.6)

u(x)Ien = 0.
2.1.3

Jump conditions across interfaces

In order to represent the discontinuities at F, we need to develop suitable jump conditions
to be applied at F [17].
Dirichlet jump condition
Assume that a Dirichlet boundary condition, u*(x) = u*, is imposed on rD in the original
Poisson problem. Therefore, in the extended interface problem, a Dirichlet jump condition
representing the finite jump in the solution across PD is derived:
(2.7)

[u(X)]xErD = u(X)I-Er+ - u(x)lxEr- = -U*,
where r + and PD are the imaginary interfaces (rP

= FD - edi and rP

= FD + fi with

F+

E<

1). We recall that the solution at
is equal to zero while the solution at PD is
equal to the prescribed Dirichlet boundary condition of the original model problem (2.1).
Neumann jump condition
If the Neumann boundary condition, Vu*(x) -fi = g*, is applied at rN in the original
Poisson problem (2.1), the corresponding Neumann jump condition is defined:
[Vu(x) fi]xerN = Vu(x) - f~lxer- - Vu(x) - ~IxEr- = -g*N.

(2.8)

To get (2.8), we simply subtract the flux at F+ , which is Vu(x) • ilxr+= 0, from the
flux at PR, which is Vu(x) fiN)xEr

= 9Ng.

f

1
i

L

L[YVu.i]

Figure 2-2: A domain of a Poisson problem involving multi-materials.

Robin jump condition
Analogously to the Neumann jump condition, if the Robin boundary condition, (u(x) +
rVu(x) -fi) = h* with the Robin coefficient r, is imposed on FN in the original problem,
the Robin jump condition is derived as:

[u(x) + rVu(x), fi]Cxr~ = -h*.

2.2

(2.9)

Multi-material interface problems

In this subsection, we present a model multi-material Poisson problem. As shown in
Figure 2-2, the interface F separates the entire domain into two isolated sub-domains, •1
and Q2 , each possessing a different material. The solution of this model problem can be
the temperature at steady state, for example, of a plate which contains two different heat
conductivities. Since the heat conductivities are different in •l and Q2 , the temperature
is, therefore, nonsmooth across F. For simplicity and without loss of generality, we assume
that the outside boundary II is a rectangle. If II is irregular, we apply the same techniques
presented in the previous subsections to expand this multi-material interface problem into
an equivalent form with a regular boundary.

2.2.1

Multi-material interface problem formulations

The governing equation of the Poisson problem involving multi-materials is:
-V - (/3Vu(x)) = f(x),

(2.10)

where 3 is the material property coefficient. Boundary conditions are prescribed at II to
make the problem well-posed.
When 0 in (2.10) is non-constant, the resulting matrix has non-constant coefficients,

and as a result, the FFT is not directly applicable. Here, we propose a technique to
preserve the particular format of the global matrix in order to employ the FFT. This
technique will be presented in Chapter 4 and 5 for the 1-D and 2-D cases, respectively.

2.2.2

Jump conditions across interfaces

Since 0 changes, the solution may be nonsmooth across F, and thereby require jump conditions to represent the solution across F. The jump conditions for the interface problems
involving multi-materials can be inferred from the physical features. In particular, in the
example of the heat conduction plate, as the temperature and the flux are continuous,
the following jump conditions at F are imposed on both u and its normal derivative:
[u(x)]xer = 0,

(2.11)

[PVu(x) fii]xr = 0.

(2.12)

Since the Neumann-like jump condition (2.12) involves 0, the solution is nonsmooth across
the interface.

Chapter 3
A Fast Poisson Solver
In this chapter, we present a fast Poisson solver for solving global systems of linear equations. This solver contains two main steps. In the first step, the so-called enriched
unknowns are computed using the generalized minimal residual method (GMRES) [13]
in which the internal matrix-vector multiplication routine can be efficiently conducted
using a fast Fourier transform (FFT). In the second step, the unknowns at the grid points
are evaluated after the enriched unknowns are solved. In both steps, the FFT is applied
repeatedly to reduce the operational cost.

3.1

Global systems of linear equations

Assume that after discretizing the Poisson problems involving the interfaces (2.3) in Chapter 2, we have the following global system of linear equations:

(KK1

K2 Q

(3.1)

ii

with the matrices, K E RNxN,K 1 E RNXK 2 E R kxN and Q E Rkxk, and the vectors,
u E RN, F E RN, ii E Rk and F E Rk. The vector u E RN contains the unknowns at the
Cartesian grid points, and the vector ii E Rk contains the so-called enriched unknowns at
the interface intersections. The derivations of this matrix system will be discussed later in
Chapter 4 and 5 for the 1-D and 2-D cases, respectively. The number of grid points over
the entire domain, N, is usually much larger than the number of the enriched unknowns,
k. Also assume that the matrix K has a particular structure, presented in Subsection 3.3,
so that it can be quickly inverted by using a fast Fourier transform.

3.2

Fast GMRES solver coupled with FFT

In order to solve (3.1) efficiently, ui should be evaluated first. The system can be manipulated as follows:

(Q - K 2K-1K 1 )) = F u = K - 1 F - K - 'K

2K-IF,
i-

.

(3.2)
(3.3)

The unknown vector _4in (3.2) is solved first using the GMRES [13]. In each GMRES
iteration, the matrix (Q - K 2K-1K 1 ) multiplies the vector q, a vector in the Krylov
space, many times. The most expensive task of this calculation is to find the inverse of
K. However, since K can be inverted using the fast Fourier transform, the cost of the
matrix-vector multiplication routine in the GMRES is dramatically reduced. By using
the procedure below, we are able to solve (3.2) with a considerably low operational cost:
q '

!jlKq--- KL-(Klq) -ý K 2 (K-

q -- _QqJ

(KIq))

( - K2K~K_)q.
-(Q - K2K Kl)q.

(3.4)
(3.4)

First, in (3.4) the matrix-vector product of K1 and q is computed to form the resulting
vector, Kjq, with the cost of O(kN) flops. Second, the matrix-vector multiplication
K-'(Klq) can be done quickly using the FFT with the cost of O(Nlog2 N) flops. In this
step, we do not explicitly find K - 1, and then perform the matrix-vector multiplication
K- 1 (K q) because to store K - 1 requires a tremendous memory. This matrix-vector
product can be carried out by implicitly inverting K 1 at each iteration. In the next
step, K 2(K-1(Klq)) is evaluated with the cost of O(kN) flops. Here, we simply multiply
K 2 to the vector, (K-'(K q)). As a result, the entire (Q - K 2K-'K )q matrix-vector
multiplication is calculated with the cost of O(Nlog2N + 2kN + k 2 ) flops. The worst
total operational cost of computing f is O(kNlog2N + 2k 2 N + k3 ), because the maximum
number of GMRES iterations is k, which is the length of i. In addition, since Ki, K 2 , Q,
F and F are extremely sparse, the real operational cost of these matrix-vector products
is very low. In general, we perform (3.4) by breaking the matrix-matrix products into
matrix-vector products, and do not store K and K - 1. This helps reduce the operational
cost and memory requirements.
After obtaining i, the vector of the unknowns at the grid points, u, in (3.3) is calculated
with the cost of O(2Nlog2 N + kN) flops using the FFT. Finally, it takes only O((k +
2)Nlog2 N + 2k 2 N + kN + k3 ) flops to solve the global system of the linear equations
(3.1). If k < N and N > 1, the total operational cost is linearly proportional to N. This
computational performance is particularly significant when solving large scale problems.
However, this fast solver becomes less effective if the number of the interface intersections
is large.

3.3

Using the FFT to invert K

Assume that we want to find u in the following system:
Ku = f,

(3.5)

where K E R(n- 1)2 x(n -1)2 and u, f E R(n -1)2 . The matrix K is a stiffness matrix of a

Poisson equation defined, for example, over a square. We discretize the square domain by
using a uniform Cartesian grid with the same of number grid spacings, n, on each side of
the square. Therefore, K has the following structure:

A

I

IAI

(3.6)

K =r

I

A

I

IA
Sub-matrices A and I in K are:
-2a
1

1
-2a

1
1

1

A = p2

,

1

-2a
1

1
-2a

I=

(3.7)
1
1

where p is the ratio of the grid spacings and a = (1 + p2 )/p 2. Since the horizontal and
vertical grid spacings are identical, p = 1 and a = 2.

In this case, assume that homogeneous Dirichlet conditions are imposed on the boundary. The rows and columns of K, corresponding to the grid points on the boundary, have
been truncated. The use of the homogeneous Dirichlet boundary conditions throughout
the domain is reasonable because any Poisson problem with general boundary conditions
can be converted to an appropriate interface problem with homogeneous Dirichlet conditions by using the techniques described in Chapter 2. If the Neumann and/or Robin
conditions are imposed on the domain boundary, then in some cases, the FFT can be
applied in a straight forward manner. As a result, the eigenvalues of K change but can
still be found easily.

We can explicitly write (3.5) as follows:

Au, +

= -f1

,,2

-i-

+

Au.

+

uki+

un-2

+

= -fi

(3.8)

Aui =-n-1_

i, fL E Rn-l, i = {1,... , n - 1}. Let Q denote the orthogonal matrix whose
columns are the eigenvectors of A. Since A has the special form shown in (3.7), the
matrix-vector multiplication with respect to Q can be evaluated efficiently using the fast

where

Fourier transform. We define u i = Qi and f. = Qf..
From [8], the inverse Fourier transform, uki = Q.-, is given by:
n-1

j = {1, ... , n - 1},

i,v sin Vj -

uij =

(3.9)

v=1

and the Fourier transform,

f. = Q-fi, is:
n

j=1

n

S= {1, ... ,n - 1},

(3.10)

entry of the vectors A and f-, respectively.
The eigenvalues of A can be explicitly evaluated by the following expression:

where ui,j and fi,j denote the

jth

A, = -2(1 + 2p2 sin 2lV

)
2n

= {1,... ,n-l}.

(3.11)

After inserting u i = Qi and f. = Q f into the ith equation in (3.8) and multiplying both

sides by Q-l, we obtain:

j-1
+ Q AQf + 4j+1 = -l

(3.12)

We have Q-1AQ = A = diag(A1, A2 ,... , A-1), i.e. A is a diagonal matrix whose entries
are eigenvalues of A. Then, (3.12) becomes:

4-1 + A +

= --..

(3.13)

We evaluate (3.13) for i = {1, - - - , n - 1} and substitute the resulting equations into (3.8).
The sub-matrices A and I in (3.8) become tridiagonal sub-matrices whose entries are the
eigenvalues of A and I, respectively. We are able to find & by separating the resulting

block-tridiagonal system into (n - 1) smaller linear systems as follows:
Aj1
U2,j

fl,j
(3.14)

1

Aj

1

Un-2,j

fn-2,j

1

A

Un- l,j

n- l,j

where uiij and fi,j are the jth entries of the vectors &i and Lf, respectively. Each subsystem is evaluated using the Thomas algorithm, also known as the tridiagonal matrix
algorithm, with the cost of O(n) flops. The eigenvalue Aj and the entries of the righthand side vector of (3.14) are computed using (3.11) and (3.10), respectively. After solving
(n - 1) different sub-systems to find f, we impose the inverse Fourier transform (3.9) to
compute ui, the final solution of (3.5).
In conclusion, from the proposed algorithm above, the computational cost of inverting
K using the FFT is linearly proportional to the number of the total unknowns in (3.5).
The FFT is apparently one of the most efficient direct solvers for inverting K.
By using the FFT, we do not have to store K and K - 1, and thereby reduce the memory
storage requirements. The only matrices and vectors which are needed to be placed in
memory are K 1, K 2 , Q, F and F. However, these matrices and vectors are extremely
sparse. Therefore, we expect to be able to solve large scale interface problems.

Chapter 4
A Fast Enriched FEM for 1-D
Poisson Equations Involving
Interfaces
In this chapter, we propose a novel numerical method based on the continuous Galerkin
finite element method for solving 1-D Poisson equations involving interfaces. First, we
present derivations of the 1-D interface problems. Second, we introduce 1-D enriched
basis functions which are used to represent discontinuities across the interfaces. Finally,
we discuss several benchmark numerical examples to show the performance of the method.

4.1
4.1.1

One-dimensional interface problem formulations
One-dimensional extended interface problems

The proposed method will be described for the following 1-D model Poisson problem:
-u*"(x)

=g(x)

x E (a, b),

u*(x) =uv

= a,

u*'(x) = g*A

x = b,

(4.1)

where u*"(x) denotes the second spatial derivative of the solution u at x, and g(x) is an
arbitrary function of x. Dirichlet and Neumann conditions are prescribed at x = a and
x = b, respectively. In Figure 4-1, we expand [a, b] to its right- and left-hand sides to
obtain a 1-D extended interface problem with a larger domain. Three isolated regions
appear within the new domain, Q = [li, 121. Two separate regions, %, and 923, outside of
[a, b] are called the extended regions that are connected to Q2 by the two interfaces, F1
at x = a and r2 at x = b. The solutions in Q1 and Q3 are set to zero while the solutions

Interface F,

Interface F,

x=lI

It=0

u =u

u1=0

x=a

x=b

Extended

Original

Extended

domain 0,

region 02,

domain ••,

x=y

Figure 4-1: A domain of the extended interface problem in one dimension. Q, and Q3 are
the extended domains while 9 2 is the original domain. Two interfaces are at x = a and
x = b.

in 02 remain the same as the solutions of (4.1). To set the solutions in 1,and Q2 to
zero, two artificial conditions are imposed on the left- and right-hand sides of F71 and z2,
respectively, and homogeneous Dirichlet conditions are applied at x = 11 and x = 12 (Refer
to Chapter 2).
Assume the nonhomogeneous Dirichlet and Neumann conditions are applied at x = a
and x = b in (4.1), respectively. Therefore, the solutions across FI and the fluxes across
r2 of the extended interface problem are discontinuous. As such, a so-called Dirichlet
jump condition and a so-called Neumann jump condition must be derived to represent
the jumps in the solutions and the fluxes, respectively. The Dirichlet jump condition is
the difference of the solutions at the right- and left-hand sides of F, while the Neumann
jump condition is the difference of the fluxes at the right- and left-hand sides of F2.
The governing equation of the extended interface problem reads:
-u"(x)

= f(x)- F(x)

u(x) = 0

x E (l,12),

(4.2)

x = {i,/1 2 ,

where f(x) in (4.2) is:
0
f(x) =

ifx E 21

g(x) ifx E 2 ,
0
if x E 23

(4.3)

and F(x) in (4.2) is:

F(x) = [u]lx=aS'(x - a) + [u']1x=bb(x - b).

(4.4)

In (4.4), [u]lx=a and [u']l=b denote the Dirichlet jump condition and the Neumann
jump condition, respectively:
[U]lI=a = ulx=a+ - Ulz=a- = uD,

(4.5)

Interface F

=1

x=a

x= l2

Figure 4-2: A domain of the multi-material interface problem in one dimension. 01 and
P2 are material coefficients, and F is an interface.

ll=b = UIx=b+ - UIx=b- = -g9N

(4.6)

F(x) contains the 1-D Dirac delta function, 6(x - b), and the 1-D doublet, 6'(x - a). In
the IBM [8], smeared forms of the delta function and the doublet are used to enforce the
continuities across the interfaces, and thus the IBM converges with first-order accuracy.
However, by employing the jump conditions derived by LeVeque and Li [17] to enforce the
continuities across the interfaces, the FEFEM is expected to converge with second-order
spatial accuracy. As a result, (4.2) can be rewritten as follows:

-u"(x)

= f(x)

x E (11,12) \ {a,b},

[u(x)] = *
[u'(x)] = -g

u(x) = 0

4.1.2

=

a,

x = b,

(4.7)

x = {ll, a-, b+,1 2}.

One-dimensional multi-material interface problems

In this section, we consider a heat conduction problem in a bar which is made of two
different materials as an example for the 1-D multi-material interface problem (Refer to
Figure 4-2). This model problem is given as:

-(/3u')'(x)
u(x)

= f(x)
= UD

u'(X) = gN

x E (11,12),
x = 11,

(4.8)

x = 12,

where / denotes the material properties, for example heat conductivities. Assume that
3 varies across the interface F at x = a E (11,12). The solutions is, therefore, nonsmooth
across F. Dirichlet and Neumann boundary conditions are prescribed at x = 11 and x = 12,
respectively. The jump conditions of this multi-material interface problem are different
from those of the extended interface problem presented in the previous section, and they
can be inferred from the physical features of this model problem:
[u]lz=a = ulx=a+ - UIz=,- = 0,

(4.9)

[PUl-=a= 2 x=a+ -

1/1=C = 0.

(4.10)

In this example, the temperature and the heat flux are continuous over the entire
domain. As a result, the two jump conditions associated with the solutions and fluxes
are equal to zero. However, the temperature and the flux are nonsmooth since , changes
across F.

4.2

Finite Element Enriched Spaces

In this section, standard CG solution approximations in interface elements are modified
to represent the discontinuities across the interfaces by using enriched basis functions.
The development of the enriched basis functions shall be discussed in details.

4.2.1

Solution approximation with enriched unknowns

We start with the standard CG solution approximation used in an element [zI, x 2 ] that
does not intersect any interface:
2

u•G =

UhiNi,

(4.11)

i=1

where Uhi and Ni are the unknown and the standard CG basis function at node i, respectively. In 1-D, Ni is a "hat" function whose value is one at node i and is zero at the other
nodes in the entire domain. For elements where the solutions are smooth enough, (4.11)
can be used to accurately characterize the solutions. Now assume that an interface, say
F, lies at a E (x 1, x 2 ), and that the solution is nonsmooth across F; therefore, (4.11) must
be modified to represent the nonsmooth solution accurately.
For simplicity, assume that F does not coincide with the two grid points at x = xz
and x = x 2. In 1-D, the interface F is considered as a special grid point or an interface
grid point at which two enriched unknowns are added, and two enriched basis functions
are defined. Specially, in an interface element, (4.11) becomes:
2

UhiNi + UhSS + UhDD,

Uh =

(4.12)

i=1

where UhS and UhD are the so-called enriched unknowns, and S and D are the two socalled enriched basis functions. In general, if the element of interest is a normal element,
which does not include any interface, we use (4.11). In contrast, if the element of interest
is an interface element, which includes an interface, we use (4.12).

S
D
1r------------S-----------------------

1-----------------------x,

a

a

x2

X2

(b) Discontinuous

(a) Continuous

Figure 4-3: Enriched basis functions at the interface node, a E (x1, X2).

4.2.2

Enriched basis functions

The enriched basis function S is used to describe the discontinuous flux across the interface
a. Therefore, S is continuous but nonsmooth, and the slope of S across a is discontinuous.
In addition, the enriched basis function D is chosen to be discontinuous at F in order to
represent the jump in the solution at the interface. For simplicity, D is chosen to be zero
on the left-hand side of the interface I and linear on the right-hand side of F (See Figure
4-3). We call S the special "hat" function and D the "step" function.
The enriched basis functions are defined as follows:
S =

ah

ah

(1-a)hD=

if x E [xl, a]
(l-a)h if x E [a, x 2]
if x E [xl,a]

(1)•x+

(4.14)

if XE [a,x 2]

S(1-a)h

where h is the length of the interface element: h = X2 - x and a =

4.2.3

(4.13)

h.

Enriched trial functions

In the FEM, to convert the strong formulation of the interface problem (4.7) into the
corresponding weak formulation, we multiply trial functions to the strong form, do integration by parts, and impose the prescribed boundary conditions. However, since the
solutions in (4.7) are nonsmooth across the interfaces, we have to use enriched trial functions at the interface elements. In the interface element [x1, x2], for example, the enriched
trial function at node j, Nj is a linear combination of Nj and S:
Nj = Nj -(

- a)S,

(4.15)

Nj+1 = Nj+1 - aS.

(4.16)

1

x,

a
(a) At node 1

(b) At node 2

Figure 4-4: Enriched trial functions at the interface node, a E (x 1, x 2 ).

x,

a

x2

Figure 4-5: Superposition of the enriched basis and trial functions at the interface element
[x1, x 2] with the interface a.

As illustrated in Figure 4-4, Nj decreases from one at node j to zero at a. The weights
in Nj are determined by enforcing the condition that Nj is equal to zero at x = a.
The reason of choosing S, D and Nj lies in Figure 4-5, which shows all of the necessary
bases within an interface element. It is observed that this element is implicitly broken into
two adjacent elements connected to each other at x = a. Although the actual solution is
nonsmooth across a, the numerical solution approximation can be found precisely because
a node was implicitly added at a. S, D, IV1 and N 2 can be treated as the CG basis functions
for the two "broken" elements.

4.3

Weak formulations of 1-D Poisson equations involving interfaces

By recalling from Section 4.1, we can see that all domains of the interface problems
presented in this thesis are divided into isolated sub-regions by the interfaces. Therefore,
the weak formulations of the interface problems can be formulated as the sum of integrals
over the isolated sub-regions.

4.3.1

Extended interface problems

In this section, the derivation of a weak formulation from the strong form of the extended
interface problem (4.7) is presented. The three weak forms corresponding to the three
separate regions, Q1, Q2 and Q3 in Figure 4-1, can be easily derived as follows:

Ju'v'dx

-

u'v'dx - u'vjb
a

fdx

u'vji =

-x_ Uv

=

J

d

(4.17)

a

= J fvdx,

'v11dx - u'vlb12 = 1a
b

b

Recall that the enriched trial functions are used in the interface elements. Since these
enriched trial functions are equal to zero at the interfaces, x = a and x = b, and the
homogeneous boundary conditions are imposed at x = 11 and x = 12, the trial functions
v at the interface nodes and the boundary grid points are equal to zero. Summing the
three equations in (4.17) together, and replacing v with the suitable values at x = a,
x = b, x = 11 and x = 12, the final weak formulation of the extended interface problem is
obtained:
12

12

u'v'dx =

fvdx.

(4.18)

We discretize the entire interval of the extended interface problem using a uniform grid
with N grid points. Therefore, there are N unknowns corresponding to these N grid
points. Since two enriched unknowns are added at each interface node, and there are two
interface nodes in this model problem, the total number of enriched unknowns is four.
In general, the total of unknowns is (N + 4), and this leads to the requirement of using
(N + 4) linear independent equations to find these (N + 4) unknowns.
We can only use (N - 2) trial functions at (N - 2) interior grid points to form (N - 2)
independent linear equations because the two trial functions at x = 11 and x = 12 were
used within the derivation of the weak formulation. In addition, the two jump conditions
and the two artificial conditions at the two interfaces can be used to form four independent
equations. Therefore, we have (N + 2) linear equations at this step. Together with the
two prescribed boundary conditions at x = 11 and x = 12, we are able to balance the
number of unknowns and the independent linear equality constrains. This ensures that
the solution of the linear system is unique. Recall that the interfaces are assumed not to

coincide with the grid points. In the cases where the interfaces exactly traverse the grid
points, the solution of the linear system is not unique. This issue shall be discussed later.

4.3.2

Multi-material interface problems

In this section, we derive the weak form of the multi-material interface problem, which
was introduced in Subsection 4.1.2. In this model problem, the material coefficient 3 is
coupled with the spatial variable u in the strong form of the Poisson equation. Here, 3 is
assumed to be piecewise-constant, and discontinuous across the interface. If we explicitly
discretize the weak formulation including 3, the special structure of the global matrix
is eliminated. As a result, the fast Fourier transform can not be used to accelerate the
GMRES solver. On the other hand, if we shift 3 in (4.8) to the right-hand side of the
strong form while deriving the weak formulation by using integration by parts shown in
the previous section, we may lose accuracy. This is because we have strongly modified the
weak form of the multi-material interface problem by shifting 3 to the right-hand side of
the Poisson equation.
Therefore, we propose to change the original spatial variable, u, that is coupled with
3, into a new spatial variable, w, that is decoupled from 3, such that:

= 01u
02u

ifx e (li, a]
if x E (a, 12)

(4.19)

thereby giving new jump conditions in w at the interface x = a:
[Iw]x=Q = [u],=a,

(4.20)

[w']x=a = [Pu'],=a.

(4.21)

The corresponding Poisson equation is derived as follows:

-WI/ =f x E(11,a) U(a,12),

(4.22)

with the two new jump conditions in w. Since we have replaced u with w, the boundary
conditions at x = 11 and x = 12 must be modified to make the new problem in w consistent.
As a result, the multi-material interface problem is converted into a normal interface
problem in which the material coefficient 3 is not coupled with the spatial variable in the
governing equation. This means that the multi-material interface problem can be solved
efficiently in terms of computational cost and accuracy. After obtaining w, we interpolate
u from w using (4.19).

4.4
4.4.1

Imposition of jump conditions
Dirichlet jump conditions

In this section, we show the imposition of the Dirichlet jump condition of the extended
interface problem that was presented in Section 4.1. Assume that the Dirichlet boundary
condition of the original problem is given at x = a. Hence, after converting the original
problem into the corresponding extended interface problem, we define the Dirichlet jump
condition at rl as seen below:
[U]jx=a = Uhlxz=a+ - Uh x=a- = UD.

(4.23)

Since N 1, N 2 and S are continuous across a, whereas D is discontinuous across a, (4.24)
can be derived easily by inserting (4.12) into (4.23):
UhD = [U]lx=a.

(4.24)

In short, this Dirichlet jump condition has been strongly imposed on the linear system
and the enriched unknown UhD is explicitly evaluated from (4.24). This imposition does
not affect the accuracy of the proposed numerical method in general because the Dirichlet
boundary condition is always strongly imposed in the standard finite element method.
However, this is not the case for the Neumann jump condition.

4.4.2

Neumann jump conditions

In the standard finite element method, Neumann conditions naturally appear in weak
forms. That is the Neumann conditions are weakly imposed. Therefore, we shall impose
the Neumann jump conditions in a similar manner. Assume that the Neumann boundary
condition is used at x = b in the original problem (4.1) introduced in Section 4.1. As a
result, this Neumann boundary condition is used to derive the Neumann jump condition
(4.6) at x = b after converting (4.1) into (4.7).
We consider an interface element [x1, x 2 ] that includes the interface at x = b. Then,
we weakly impose (4.6) using the following procedure. First, we multiply the equation
(4.7) by the enriched basis function S, which is defined in this interface element:
X2

X2

J-u"Sdx = fSdx.
X1

Xl

Second, we integrate the resulting equality by parts over the interface element, resulting in

the following equation on which the Neumann jump condition has been weakly imposed:

u'S'dx +[u']=b = JfSdx.
X1

(4.25)

2:1

The equality (4.25) contains two unknowns at the two grid points, x = xl and x = X2,
and the two enriched unknowns at the interface, x = b. This is one of the independent
linear equations in the global linear system that we are generating. Note that we cannot
explicitly evaluate any unknowns from (4.25), as we did while imposing the Dirichlet jump
condition.

4.4.3

Robin jump conditions

In this section, we show how to manipulate a Robin boundary condition into a linear
equation in the global system like (4.25). Assume that the Neumann boundary condition
at x = b in the problem (4.1) is replaced by a Robin boundary condition, u + ru'lx=b.
Hence, a Robin jump condition, [u + ru']x=b = [u]x=b + r[u'],=b, can be easily derived.
Since the Robin jump condition is a linear combination of the Dirichlet and Neumann
jump conditions, we are able to apply a similar technique to the one in Subsection 4.4.2
to weakly impose the Robin condition:

r

f u'Sdx + [u + ru]x=b

- [U]=b =i r

1

fSdx,
2:1

thereby giving,

r

f Sdx

u'S'dx - UhD = r

- [u + ru']x=b,

(4.26)

21

21

where r is the Robin constant.

4.4.4

Multi-material jump conditions

In this section, we deal with the model multi-material interface problem presented in
Subsection 4.3.2. We show how to impose the two new jump conditions (4.20) and (4.21)
defined at the interface. The new spatial variable w in (4.20) is coupled with 0. Thus,
we cannot explicitly compute whD from [-w]2:= as we did for the normal Dirichlet jump
condition (4.5) of the extended interface problem presented in Subsection 4.4.1. However,
we are still able to strongly impose this jump condition to obtain an equality constraint
as follows:
=
Whlx=a+ 1Whl=a-,
(4.27)

a1

0

1

02

'31

2

where Wh =

whiNi + WhSS+WhDD. The new Neumann jump condition in w is imposed
i=1

by using the procedure proposed in Subsection 4.4.2.

4.5

Global system of linear equations

In Chapter 3, we presented the fast Poisson solver for solving the global matrix systems
of the interface problems. In this section, we explain how to obtain the structure of the
global matrix systems as in (3.1).
We discretize the weak form (4.18) by replacing u and v with a set of appropriate discrete solution approximations and a set of suitable discrete trial functions. For example, at
elements which do not intersect interfaces, standard CG discrete solution approximations
and standard CG trial functions are applied. At interface elements which intersect the
interfaces, enriched solution approximations and enriched trial functions must be used.
In (3.1), K 1 , K 2 and Q exist because of the enrichments that we used to describe the
discontinuities across the interfaces.
The following equations are the discretizations of the weak formulation (4.18) at an
element [x1 , x 2] which does not intersect any interface:
22

22

hiJd

(4.28)

= {1, 2},

JfNdx

1 i=1

and at an interface element [xi, x2] which intersect an interface:
z2

2

(
1

x2

ffN]d

uhiN'N + uhsS'+ UhDD')N dx

i=1

j

{1, 2}.

(4.29)

X

After applying (4.28) and (4.29) to all of the elements discretized within the entire domain, and imposing all of the necessary jump conditions, artificial conditions and
boundary conditions, we obtain the following global system of the linear equations:
K

K,

u

F

(4.30)

with matrices, K E RNxN ,K E RNxk ,K 2 E RkxN and Q E Rkxk, and vectors, u E R N ,
F E RN, _fE Rk and F E Rk. The vector u E RN contains the unknowns at the
nodal points, and the vector i E Rk includes the enriched unknowns at the interface
intersections. Let k be the number of the enriched unknowns. For example, in the
extended interface problem presented in Section 4.1, k is equal to four because there are

two interface intersections, and at each interface intersection, two enriched unknowns are
added. However, if we explicitly evaluate the enriched unknowns UhD using the Dirichlet
jump conditions, k will decrease. As a consequence, the size of the global system becomes
smaller. In general, N is much larger than k.
Since the following inner product is always equal to zero:

J NlS'dx = 0 i = {1,2},
X1

the entries of the matrix K are evaluated from the following integral:
2

X2

UhiJ NNJdx j = {1,2},
i= l

zz

(4.31)

X1

and the entries of the matrices K1 are evaluated from the integral:

(uhsS'+ UhDD')Njdx

j = {1, 2}.

(4.32)

X1

and Q are generated by imposing the jump conditions, artificial conditions and boundary conditions. If linear elements are used to discretize the interface problems, K in (4.31)
is a tridiagonal matrix whose entry values are determined by the element sizes. Ni and
K

2

N, are the standard CG basis functions which are "hat" functions in 1-D. The structure
of K leads to successful applications of the fast Fourier transform to inverse K quickly.
In Chapter 3, the procedure of solving (4.30) was introduced. The FFT was used to
accelerate the iterative solver GMRES to compute _i. Since N is much larger than k, the
number of iterations of the GMRES is relatively small, and thus, we expect to solve (4.30)
with the order of N.

4.6

Treatment of singular interface points

For flexible interface problems where interfaces deform and/or move with time, the interfaces will absolutely align with grid points. Therefore, the assumption that the interfaces
do not coincide with the grid points is not valid.
We consider two adjacent elements, [x, x 2] and [x2 , 3], and assume that there is an
interface a traversing these two adjacent elements at the connection node, a = x 2 . Hence,
these two elements become two "singular" interface elements. Figure 4-6(b) shows that
the enriched trial function N 2' at x 2 of the singular element I is equal to zero while RI
is identical to SI and N[. In other words, S I , N1, and .N[ are linearly dependent. In
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(b) Enriched trial functions

(a) Enriched basis functions

Figure 4-6: Enriched basis and enriched trial functions at the special interface elements
where the interface node coincide with a grid point.
Figure 4-6(a), the enriched basis function D' is equal to zero on the entire element I. We
have the following basis functions and trial function relations at the "singular" interface
element I:
NiI - N,
' D'

0,

.

(4.33)

In the singular interface element II, the basis functions and the trial functions can be
similarly derived, and they are:

N I" NI2,
S" = D" =_ NfI.

(4.34)

In these cases, the continuous enriched basis functions are identical to the standard CG
basis functions at the grid points where the interface are exactly coincided. In other words,
these functions tend to be linearly dependent, resulting in the singularity for (4.30). As
such, in the two singular elements shown in Figure (4-6), S t and S I are removed by
setting ush to zero to make the global matrix system well-defined.

4.7
4.7.1

Numerical examples
Example 1

In Example 1, the solution of the following equation is explored:
-u*" = sin Zrx

x E (a, b),

Table 4.1: Grid refinement analysis for Example 1.
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Figure 4-7: Solution distribution and the convergence rate for Example 1. In (b), the
values are plotted in log scale.
with the Dirichlet boundary condition, u*(a) = - sin ira+ (-0.1 + !)a, and the Neumann
boundary condition, u*(b) = cos irb + (-0.1 + -). This Poisson problem is converted
into an extended interface problem as follows:

-U" =

0

if x E (11, a)

sin 7x

if x E (a, b)

0

if x E (b, 12 )

with the Dirichlet jump condition, [u]l x=a = ' sin ra + (-0.1 + -)a, which is derived
from the Dirichlet boundary condition of the original problem; and the Neumann jump
condition, [u']x=b = - cos rb- (-0.1 + ), which is derived from the Neumann boundary
condition of the original problem.
The boundary conditions, which are u(l1 ) = 0 and u(12 ) = 0, and two artificial conditions, which are u(a-) = 0 and u(b+) = 0, are imposed to set the solutions in the extended
regions to zero. In this example, we choose l = 0, a = 0.253, b = 0.823 and 12

=

1.

The exact solution of this interface problem is given below:
0

if x E (0, 0.253)

S= sinrx±
+ (-0.1 + )x if x E (0.253,0.823)
0

if x E (0.823, 1)

Figure 4-7 shows the solution distribution and the convergence rate of the proposed
numerical method for Example 1 where the Dirichlet jump condition and the Neumann
jump condition are imposed on the interfaces, x = a and x = b, respectively. Although
the solutions are discontinuous across the two interfaces, the jump in the solution at x = a
and the jump in the gradient of the solution at x = b are precisely represented by using
the FEFEM.
In all numerical examples in this thesis, linear elements are used. Table 4.1 shows the
errors which are measured in the L2 norm and the convergence rate of the method. If the
grid spacing decreases by half, the corresponding error reduces by four times. That means
this problem converges with second-order accuracy. In other words, by using the enriched
basis functions and enriched trial functions, the high-order accuracy at the interface is
perfectly maintained.

4.7.2

Example 2

In Example 2, an interface problem with a Robin jump condition is considered. In addition, we assume that singular interface nodes are exactly aligned with the grid points.
We use Example 1 and change the Neumann jump condition into the Robin jump
condition at x = b as follows:
[u + 2u'] l=b = -(-

1

2
1
sin rb + - cos rx + (-0.1 + -)(b + 2)).

We also change the positions of the interfaces such that they exactly coincide with
the grid points: a = 0.25 and b = 0.8125. Figure 4-8 shows the solution distribution
and the convergence rate of the proposed numerical method for Example 2. In this
case, the two interfaces coincide with the grid points, and therefore, two interface nodes
become two singular interface nodes. It is observed from Figure 4-8 and Table 4.2 that the
discontinuous solutions at the special interface nodes were precisely represented regardless
the singular positions of the interfaces and the jump conditions applied. From Example
1 and Example 2, we conclude that the FEFEM can be accurately used to solve the 1-D
interface problems with general jump conditions and general positions of the interfaces.

Table 4.2: Grid refinement analysis for Example 2.
M
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Figure 4-8: Solution distribution and the convergence rate for Example 2.

4.7.3

Example 3

In this example, we solve a multi-material interface problem where the materials are not
uniform over the entire domain. The governing equation of this benchmark problem is:
-(pu')' = sin rx

XE

(0, 1),

where the material coefficient is:

{0.1

i

if x E (0, a)
if x E (a, 1)

/= 0.2

and the interface is at a = 0.52. The boundary conditions, u(0) = 0 and u(1) = --( ) sin ra + L(1 - a) + a, are imposed on the two ends of the interval [0, 1].
The material coefficient, /, is coupled with the normal derivative of the solution, and
thus the Neumann jump condition has the following format:

[Pu'] x=a = /32U x=a+ -

31U11X=a--

Table 4.3: Grid refinement analysis for the 1-D multi-material interface problem.
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Figure 4-9: Solution distribution and the convergence rate for Example 3.
We change the original spatial variable u(x) into w(x) such as:

{

w(x) = '3u(x)

if x E (0, a)

w(x) = 02U(X)

if x E (a, 1)

therefore the new jump conditions in w(x) at the interface are:

1,
{[w']
[ZWI1Xa = 1112=a
= [,Qu']

Ix=a

The Poisson equation can be represented as:
-w" = sin rx.
In this example, we know both Dirichlet and Neumann jump conditions at a:

R-[w]|_=-= 0
[w'] J=- = 0

The numerical solution will be compared with the following exact solution:
U

sin irx + x
TT, sin rx + (

i•

-

sinra +

(x - a) +a
(•

if x E (0, a)
if x (a, 1)

It is observed that the absolute values of the errors shown in Table 4.3 are larger than
those of the errors shown in Table 4.1 and 4.2 though we solved the similar interface
examples. However, these results are logical. In Example 1 and Example 2, we did
not include the errors of the solutions in the extended regions while in Example 3, we
included the errors of the solutions over the entire domain. Figure 4-9 shows that the
nonsmooth solutions of the model problem are precisely captured, and Table 4.3 shows
the quadratic convergence rate of the method. That means the variation of 0 does not
affect the accuracy of the numerical method.
In the three examples, we did not show the operational cost. However, as shown
in Chapter 3, the global matrix systems can be solved quickly using the fast Fourier
transform. From Example 1, 2 and 3, we conclude that the FEFEM can be employed to
solve 1-D interface problems effectively with high-order accurate and low computational
cost regardless the types of the jump conditions and the relative positions of the interfaces.
For 1-D cases, the FEFEM converges with optimal convergence rates and the operational
cost is linearly proportional to the number of the Cartesian grid points.

Chapter 5
A Fast Enriched FEM for 2-D
Poisson Equations Involving
Interfaces
In this chapter, we extend the 1-D FEFEM presented in Chapter 4 to solve 2-D interface
problems. First, we start with the descriptions of the 2-D extended interface problems and
the 2-D multi-material interface problems. Second, the enrichment analysis for 2-D cases
is considered. Third, the 2-D fast Poisson solver is presented. Finally, several numerical
examples conclude the chapter.

5.1

Two-dimensional interface problem formulations

5.1.1

Two-dimensional extended interface problems

In this section, an extended interface problem is considered (See Chapter 2):
-V 2u(x)

=f(x) x E\F,

[u(x)] = -u

x

r,

[Vu(x) - fi] = -g_* x E F,

u(x) = 0
u(x) = 0

(5.1)

x E I,
x E r +,

where F is an interface which divides the entire domain Q into two sub-domains, R, and
Q2 (Refer to Figure 2-1(b)). The jump conditions, [u(x)] and [Vu(x) - fi], on F which
can be derived from the prescribed boundary conditions of the original Poisson problem
are provided. The artificial conditions on r + , and the homogenous Dirichlet boundary
conditions on II are applied to enforce the solutions in the extended region, Q2, to be

zero.
Figure 2-1(b) shows that the geometry of Q is a rectangle, and thus a 2-D regular
triangular Cartesian grid system can be applied to discretize Q regardless the geometry
of F. This means that F is allowed to not conform to the grid. In this thesis, only linear
triangular elements are used. The development for nonlinear elements could be done in an
analogous manner although it is considerably more complex. As expected, the solutions
across F are nonsmooth or even discontinuous, and the interface is not always aligned
with the grid system. Therefore, it is required to use enriched basis functions to represent
the discontinuities across the interface.

5.1.2

Two-dimensional multi-material interface problems

The formulation of the 2-D multi-material interface Poisson problem reads:
-V - (Vu(x))

= f(x),

(5.2)

where 0 represents the material property which varies across F (See Chapter 2 and Figure
2-2). For simplicity, Dirichlet conditions are assumed to be prescribed at II. Homogeneous
Dirichlet and Neumann jump conditions are imposed on F. These jump conditions can
be directly derived from the physical features of the interface problems involving multimaterials. For example, in a heat conduction problem in which the heat conductivity
changes across an interface, the temperature at steady state is the solution of (5.2). As
expected, the temperature is nonsmooth across F. Since the temperature and the heat
flux are continuous, the jumps in the temperature and the heat flux across F are equal to
zero. This leads to the presence of the homogeneous jump conditions imposed on F.

5.2

Finite Element Enriched Spaces

In this section, the 2-D standard CG solution approximations are modified to represent the
discontinuities across the interfaces by using enriched basis functions. The development
of the enriched basis functions shall be discussed in details.

5.2.1

Solution approximation with enriched unknowns

For each element not intersecting the interface, the standard CG solution approximation
is used:
3

UG = ZU
i=1

hiNi,

(5.3)

where

Uhi

and Ni are the unknown and the standard CG basis function at node i of this

element, respectively. For problems where the solutions are smooth enough, (5.3) can be
employed to approximate the solutions accurately. However, if the solutions within this
element are nonsmooth or discontinuous, (5.3) is not applicable.
We consider an interface element where the interface I cuts through at two separate
intersections. Assume that these two intersections do not exactly coincide with any grid
points. We treat the interface segment inside the interface element as a straight line.
Situations in which the interface aligns with the grid, or in which the interface geometry
is not a straight line inside the interface element will be presented in Section 5.5.
The standard CG solution approximation for this interface element is modified by
adding two enriched unknowns and defining two enriched basis functions at an interface
intersection. As a result, (5.3) becomes:
3

5

UhiNj

Uh =
i=1

+ E UhSmSm + UhDmDm,

(5.4)

m=4

where uhSm and UhDm are the two enriched unknowns at the interface intersection m, and
Sm and Dm are the enriched basis functions at the interface intersection m. Since there
are two separate interface intersections within each interface element, the total number
of enriched unknowns is four, and the total number of enriched basis functions is four as
well. The shapes of S and D shall be discussed in the next subsection.

5.2.2

Enriched basis functions

Figure 5-1 shows the enriched basis functions, S and D, of an interface element with
local grid points, {1,2,3}, and local interface nodes, {4,5}. This interface element is
divided into three sub-triangles. The analytical expressions of S and D depend on the
geometries of the three sub-triangles. S is chosen to be continuous but nonsmooth across
the interface. The gradient of S, which is VS, is discontinuous across the interface. As
such, S provides the basis to represent the finite jumps in the gradients of the solutions
at the interface. Figure 5-1(a) depicts the enriched basis function S4 at the interface node
four. S4 is a linear function over the sub-triangle which contains the grid point four,
i.e. triangles {1, 2, 4}, {1, 4, 5} and {4, 3, 5}. In this case, because all of the sub-triangles
share the same interface node four, S 4 is linear over the three sub-triangles. However, S 5
is linear over two sub-triangles that share the interface node five, and is equal to zero over
the other sub-triangle that does not contain the interface node five.
In some cases where the jumps in the solutions are finite across the interfaces, discontinuous enriched basis functions D are defined in order to represent these jumps.
Analogously to S, D depends on the geometry of the sub-triangles. For example, Figure
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(D

(a)

(b)

D_
D4

D

(d)

(c)

Figure 5-1: Enriched basis functions at the interface nodes. (a), (b) Continuous enriched
basis functions. (c), (d) Discontinuous enriched basis functions.
5-1(c) and 5-1(d) describe the discontinuous enriched basis functions for the interface
element {1, 2, 3}. D4 and D5 are equal to zero on Q2 and linear on 91.

5.2.3

Enriched trial functions

Figure 5-2(a), 5-2(b) and 5-2(c) show the enriched trial functions at the interface element
with the local grid points {1, 2, 3}. The enriched trial function Nj is defined as:
5

, = N, + E AmSm

j = 1, 2, 3,

(5.5)

m=4

where Nj is the standard CG trial function at vertex j, and Am is a weight that can
be easily computed from the constraint that Nj must be equal to zero at the interface.
In other words, Nj is a linear combination of Nj, S 4 and S5 . Figure 5-2(d) represents
the superposition of all the enriched basis functions and enriched trial functions. This
interface element is implicitly broken into three smaller elements which coincide with the

(a)

(b)
(b)
(a)

M
(@) W

(d)

(c)

Figure 5-2: (a), (b), (c) Enriched trial functions at the interface nodes. (d) Superposition
of all enriched basis functions and enriched trial functions.
interface and the grid system. We note that the FEM with an unstructured mesh exactly
aligned with the shape of the interface can precisely represent a discontinuous solution
across the interface. Therefore, from Figure 5-2(d), the FEFEM is expected to represent
the discontinuous solutions across the interface well.

5.3
5.3.1

Weak formulations
Extended interface problems

In this section, the weak formulation of the extended interface problem (See Figure 2-1(b))
is presented. We multiply the strong form (5.1) by a set of trial functions, v, and then
integrate the resulting equation using the Gauss-Green theorem over the two separate
regions, Q1 and Q2 (Refer to Chapter 2 and Figure 5-3). Then, adding the two resulting
weak forms together, we have the following equation:
S

vd s

-

[c
J

SfJi

vds +

Vu. Vvd
foJ

2flU

= ,

fvdQf,

(5.6)

Figure 5-3: An extended interface domain. Q2 is the extended region. Arrows show
orientations of line integrals.

where:

au

au
= 5[ rIxer+ -

au

Ixer+ = [Vu(x)

.

In (5.6), Fir and fin denote the unit normal vectors on r and H, respectively. For simplicity,
we assume that v is equal to zero on H. Within an interface element, v is an enriched
trial function, and thus v is equal to zero on P. As such, (5.6) is simplified as follows:

j Vu. Vvd f =

fvd

(5.7)

,

where u is a solution approximation (5.4) and v is a trial function (5.5). We note that on
elements that do not intersect the interface, the enriched terms in (5.4) and (5.5) are not
used.

5.3.2

Multi-material interface problems

In the model multi-material interface problem presented in Chapter 2, / is assumed to
be piecewise constant and but nonuniform across the interface. The governing equation
reads:
(5.8)
-V. (/Vu(x)) = f(x).
Boundary conditions are prescribed at II to make the problem well-posed. The structure
of the global matrix system is determined by 3. Therefore, we convert the original variable
u(x), which is coupled with /, into a different variable w(x), which is decoupled from 0, in
order to be able to apply the fast Fourier transform to accelerate the fast Poisson solver:

w(x) = 31U(X)

if x E

w(x) = 32 u(x)

if X

(5.9)
22(5.9)

As a result, (5.8) becomes:
-V.

(Vw(x)) = f(x).

(5.10)

The new strong form of the model multi-material interface problem (5.10), which does not
involve 0, is identical to the strong form of the extended interface problem. Therefore,
we expect to apply the almost same techniques for solving these two interface problems
except the treatments of the jump conditions. Since the original variable of the multimaterial interface problem is changed, the original jump conditions must be changed as
well:
[ w(x)]lxEr = [u(x)]xEr
(5.11)

[Vw(x) i]lxer = [WVu(x) . fi]1Er

The jump condition of the solutions at F in (5.11) is coupled with 3, but the jump
condition of the gradients of the solutions at I is not. Since we strongly impose the jump
condition of the solutions and weakly impose the jump condition of the gradients, (5.11)
can be imposed using the same techniques presented in Section 4.4.

5.4

Global system of linear equations

After discretizing (5.7) using (5.3) for normal elements and (5.4) for interface elements,
we have the global matrix system:

K K,
K2 Q
with matrices, K E RNxN,K, E RNNx,K

F

a
2

= P_

(5.12)

E RkxN and Q E Rkxk, and vectors, u E RN,

,f

F E RN
E Rk and F E Rk. We recall that the enriched unknowns are stored in _f
while
the unknowns at the grid points are stored in u.
Assume {E} denotes the set of all elements including the interface elements over the
entire domain; {EI} denotes the set of the interface elements only, and {T,} denotes the
set of grid points of the interface elements. As shown in Chapter 3, the fast Poisson solver
is applicable only if K has a special structure which is generated from:
3

Uhi

VNi - VNjdQ

j = {1,2,3}, I E {E}.

(5.13)

However, in 2-D interface problems, the following term coming from the enrichment ruins
the whole special structure of K:
3

Z•Uhi/
i=1

,

VNi. - (A4jVS 4 + A5jVS 5)dQ
1

j= {1,2,3}, lE {Ei}.

In order to preserve K as in (5.13), we create a new unknown UhR such that:
3

Uhi

jVNi - (A, VS
4

4

+ A5jVS5 )dQ =

j = {1,2,3}, 1 e {E,},

UhRj

(5.14)

where A4 and A5 are given from (5.5). In other words, we add one additional unknown,
UhR, at a grid point of each interface element. Therefore, K 1 is constructed from:
5
m=4

SUhSm
VSm
J

(VNj + AmVSm)dQ

J = {1, 2, 3},

E {EI},

(5.15)

{1, 2, 3}, 1 e {E 1},

(5.16)

5
UhDm

/

VDm (VNj + AmVSm)d

=

m=4

UhRj

j = {Ti}.

(5.17)

K 2 and Q are generated from the jump conditions (Subsection 2.1.3), the artificial conditions (Subsection 2.1.2) and the additional conditions (5.14). We store UhR in f. The
size of the global linear system increases as we add UhR. However, if we do not add these
additional unknowns, we are unable to apply the FFT to invert K. Let k be the total
number of the enriched unknowns and the additional unknowns. As shown in Chapter
3, the GMRES is used to compute _iand the fast Fourier transform is used to accelerate
the matrix-vector multiplication routine in the GMRES. For problems with reasonably
small interfaces, N is much larger than k. Therefore, we expect to solve (5.12) with the
approximated cost of O(N) flops.

5.5

Treatment of special and singular interface points

We assumed that the interface intersections did not align with the grid points in the previous sections. However, this assumption is not always true for moving interface problems.
Hence, this motivates us to examine cases where the interface intersections coincide with
the grid points as shown in Figure 5-4. In addition, challenges occur at singular interface
areas where the jump conditions switch from Neumann to Dirichlet jump conditions, or
where the orientations of the interfaces roughly turn around sharp corners as shown in
Figure 5-5.

5.5.1

Treatment of special interface nodes

We consider an interface element where the interface exactly aligns with a nodal point.
We call this interface node the special interface node, and recall that the enriched basis
functions are defined based on the geometry of the interface. In the case shown on the left

us =0

us =0

Figure 5-4: Special interface intersections conform to the grid points at interface elements.

Singular Point

Different Jump
Conditions

Singular Point

Different Jump
Conditions

Figure 5-5: Singular interface intersections at interface elements.

of Figure 5-4, the enriched basis function S at the special interface node is identical to the
standard CG basis function at the same grid point. In other words, S and the standard
CG basis function are linearly dependent, causing the singularity of the resulting global
matrix system. To prevent this singularity, we remove the dependent enriched basis
function S by setting the enriched unknown Uhs at this special interface node to zero.
For cases where there are two special interface intersections within an interface element,
we also apply the same rules presented above to these special nodes. For example, enriched
unknowns uhS corresponding to the three special interface nodes shown on the right of
Figure 5-4 are set to zero.

5.5.2

Treatment of singular interface points

Another special case occurs when the interface geometry is nonsmooth, or the jump
condition type changes along the interface. For example, if an interface has a rectangular

shape, the interface changes its orientations roughly at the corners. The current IBM
and the IIM are unable to precisely approximate the discontinuous solutions at these
singular corners provided that these singular interface points do not coincide with the
grids. However, the FEFEM, which is developed from the finite element background,
is able to accurately evaluate the discontinuous solutions at these singular points. We
simply treat the singular areas of the interfaces as interface nodes.

5.6
5.6.1

Numerical examples
Example 4

In Example 4, the solution of the following equation is explored:
-V 2 u*(X) = -1
*(x) = (x2 +y 2 )

X E Q2,
xEF,

8

where Q* is a circular domain bounded by a boundary F whose level set is ¢(x, y)
Vx 2-

y2 - R, R = 2, and the Dirichlet boundary condition is prescribed at F. In

order to apply the FFT to accelerate computation processes, we expand this problem by
embedding a larger rectangular domain, (x, y) E [-1, 1], over the original circular domain.
The strong form of the Poisson equation for this extended interface problem is derived
as:
a_V2u

=

-1

S0

if x E

1\

F

ifx EE 2 \F2

with the Dirichlet jump condition, [u] xr = ( 2 + y2 ) + 8. The homogeneous Dirichlet
boundary condition at the outside boundary of the new domain, un = 0, and artificial
condition ulr+ = 0 are used to set the solutions in the extended region Q2 to zero (See
Chapter 2).
We use the level set function O(x, y) = Vx 2 -y 2 R to represent the interface F. The
exact solution of this extended interface problem is given below:
(x2 +y2) + 8

=
0

ifxE

1l

if x E Q 2

Figure 5-6 shows that the solution in Q2 is equal to zero, and there is a finite jump
of the solution across the interface F. Table 5.1 shows the convergence rate of the proposed method for this problem. If we reduce the size of the grid spacings by half, the
corresponding error measured in the L 2 norm decreases by four times. This means the
convergence rate is quadratic, and the discontinuities of the solutions are captured well

Table 5.1: Grid refinement analysis for 2-D Dirichlet interface problem.
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0.015625

1.208257
2.987235
7.643609
1.912530

x
x
x
x

10-

3

10- 4

10- 5
10- 5

10

I
10o-

Gridgence rateh

(a) Solution distribution
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Figure 5-6: Solution distribution and convergence rate of the 2-D Dirichlet interface
problem. In (b), all values are plotted in log scale.
at the interface.

5.6.2

Example 5

We consider a Poisson equation which involves an interface shown in Figure 2-2. The
interface F divides the whole domain into two sub-regions. Each sub-region corresponds
to a different material property. The material coefficient, 3, is piecewise constant, but
discontinuous across the interface F. The solution is nonsmooth because of the variations
of 0. We choose the following multi-material interface Poisson problem as an example:
-V. (Vu)={

4 if x E Q 1
4 if x Et2

where

0.2 if x E Q1
2 if x E t2
For simplicity, the homogenous Dirichlet boundary condition is applied at II. The
entire domain is a rectangle which is defined as (x, y) E [-1, 1]. The circular interface is
represented by the level set function ¢(x, y) =
x2 + y 2 - R with R = 2/3. There are

Table 5.2: Grid refinement analysis for the 2-D multi-material interface problem.
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Figure 5-7: Solution distribution and convergence rate of the 2-D multi-material interface
problem.
two homogeneous jump conditions, [u]x,,r = 0 and [3Vu fi]lxEr = 0, at the interface F.
The exact solution to this problem is given:

S (•-•2
(
Y2 )
-

(X2

y2) + (

if x ~E
)R2

if X EQ 2

We apply the same techniques presented in Example 1 to solve this 2-D multi-material
interface problem. The solution shown in Figure 5-7 is nonsmooth across the interface.
Table 5.2 shows that the solution converges with second-order accuracy. The variation of
3 did not negatively affect the performance of the proposed method. We conclude that
the 2-D multi-material interface Poisson problems are efficiently solved with high-order
accuracy and low computational cost.
We did not show the operational cost of the two examples above. However, as shown
in Chapter 3, the global matrix systems can be solved quickly using the fast Fourier
transform. From Example 4 and 5, we conclude that the FEFEM can be employed
to
solve 2-D interface problems effectively with high-order accurate and low computational
cost regardless the types of the jump conditions, the difference of the materials,
the
complex geometries of the interfaces. For 2-D cases, the FEFEM converges with
optimal
convergence rates and the operational cost is linearly proportional to the number
of the

Cartesian grid points provided that the interfaces are relatively small compared to the
number of Cartesian grid points.

Chapter 6
Conclusion and Future Work
We have presented a novel numerical method based on the finite element method for
solving Poisson equations involving interfaces. We believe this is a practical method
to address the interface problems because it not only employs the advantages but also
overcomes the disadvantages of the FEM, the IIM and the IBM. The FEFEM converges
with optimal convergence rates. In addition, the interface problems involving multimaterials can be efficiently solved with high accuracy and low operational cost.
We are currently upgrading the fast solver for solving Helmholtz equations for both
linear and nonlinear elements. Then, we will go to address more interesting NavierStokes equations involving flexible and rigid boundaries. Applications of these complicated
Navier-Stokes equations are related to biological fluid flows such as the deformation of red
blood cells in a shear flow, the flow in elastic blood vessels and the swimming of sperm.
One of the classical problems that we need to solve is the flow past a cylinder because
this benchmark problem provides validation for our proposed method. Since the fast
Fourier transform is used to accelerate the computational processes, we expect to solve
more realistic large-scale interface problems which require tremendous operations and
huge memories.

Appendix A
Imposition of Jump Conditions
Appendix A shows how to impose Neumann and Robin jump conditions on the linear
system using weak formulations in 1-D Poisson problems involving interfaces.
The Neumann jump condition, [u']lI=l
, must be weakly imposed using the weak formulation because of the nature of the FEM.
We weight the enriched basis function S as follows:
Xj+1

-

zj+1

u"Sdx = ]fSdx,
Xj

Xj

thereby giving:
Xj+1

Xj+1

Su'S'dx + [u'l =aX

=

f Sdx.

We notice that the Robin jump condition is the sum of the Dirichlet and the Neumann
jump conditions, [u + ru']lx=a = [u] l=, + r[u']x=c, with a Robin constant, r. Therefore,
we can weakly impose the Robin condition on the linear system using the same techniques
as we do for the Neumann jump condition as follows:
xj+1

xj+1

r

J

u'S'dx + [u + ru'] = - [u] = = r
Xj

fSdx,

Xj

therefore,
Xj+1

r

Xj+l

u'S'dx -

UhD

=

r

fSdx - [u + ru']I=a.

This
be
procedure
similarly
can
applied to the 2-D cases.

This procedure can be similarly applied to the 2-D cases.
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